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Cox rings, semigroups and automorphisms
of affine algebraic varieties

I. V. Arzhantsev and S.A. Gǎıfullin

Abstract. We study the Cox realization of an affine variety, that is,
a canonical representation of a normal affine variety with finitely gener-
ated divisor class group as a quotient of a factorially graded affine variety
by an action of the Neron-Severi quasitorus. The realization is described
explicitly for the quotient space of a linear action of a finite group. A uni-
versal property of this realization is proved, and some results in the divisor
theory of an abstract semigroup emerging in this context are given. We
show that each automorphism of an affine variety can be lifted to an auto-
morphism of the Cox ring normalizing the grading. It follows that the
automorphism group of an affine toric variety of dimension > 2 without
nonconstant invertible regular functions has infinite dimension. We obtain
a wild automorphism of the three-dimensional quadratic cone that rises to
the Anick automorphism of the polynomial algebra in four variables.

Bibliography: 22 titles.

Keywords: affine variety, quotient, divisor theory of a semigroup, toric
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§ 1. Introduction

Let X be a normal algebraic variety without nonconstant invertible functions
over an algebraically closed field K of characteristic zero. Suppose that the divisor
class group Cl(X) is free and finitely generated. Denote by WDiv(X) the group of
Weil divisors on X. Let us fix a subgroup K ⊂ WDiv(X) that projects onto Cl(X)
isomorphically. Following Cox’s famous construction from toric geometry [1] (see
also [2], Definition 2.6), we define the Cox ring (or the total coordinate ring) of the
variety X as

R(X) =
⊕
D∈K

O(X,D), where O(X,D) = {f ∈ K(X) | div(f) +D > 0}.

Multiplication on graded components of R(X) is given by multiplication of rational
functions, and extends to other elements by distributivity. It is not difficult to
check that the ring R(X) depends on the choice of the lattice K only up to isomor-
phism. The ring R(X) is proved to be factorial, see [3] and [4]. There is a proof of
this fact based on the concept of graded factoriality [5], that is, uniqueness of the
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prime decomposition in the semigroup Ass(R(X)) of association classes of nonzero
homogeneous elements of R(X). This semigroup is naturally isomorphic to the
semigroup WDiv(X)+ of effective Weil divisors on X, hence it is free.

If the group Cl(X) is finitely generated but not free, the definition of the Cox
ring R(X) requires more effort (see § 2). Here R(X) is also factorially graded, but
may be not factorial; see [5], Example 4.2 and Example 3.4 below.

The Neron-Severi quasitorus of a variety X is a quasitorus (that is, a closed
subgroup of a linear algebraic torus) N with a fixed isomorphism between the
character group and the group Cl(X). Suppose that R(X) is finitely generated. The
quasitorus N acts naturally on the spectrum X of R(X), and X is the categorical
quotient for this action. The quotient morphism q : X → X is said to be the
Cox realization of the variety X. This construction has already been used in affine
algebraic geometry. For example, the calculation of the Cox ring has enabled one to
characterize affine SL(2)-embeddings that admit the structure of a toric variety [6].
In [7] it is shown that the Cox realization leads to a remarkable unified description
of all affine SL(2)-embeddings, which was not known before. The Cox realization
can be defined for a wide class of normal (not necessarily affine) varieties. If the
Cox ring is finitely generated, the realization results in a combinatorial description
of varieties via the theory of bunched rings. This approach enables one to describe
many geometric properties; see [8] and [9].

We construct explicitly the Cox realization of the quotient space of a finite linear
group. As a corollary, quotient spaces that are toric varieties are described. In § 4
we prove the following universal property: the quotient morphism of a factorially
graded affine variety by the quasitorus action that does not contract divisors can
be factored through the Cox realization of the quotient space. For an affine vari-
ety X, the embedding of the algebra of regular functions K[X] into R(X) as the
zero homogeneous component defines an embedding of the semigroup Γ of prin-
cipal effective divisors on X into WDiv(X)+. This is the divisor theory for the
semigroup Γ in the sense of [10], Ch. III and [11]. Some problems on Cox rings
and varieties corresponding to them can be reformulated and solved in terms of
semigroup theory. Conversely, geometric intuition suggests assertions about semi-
groups that are of independent interest. One of the aims of this paper is to show
the effectiveness of this correspondence. For example, the universal property of the
Cox realization mentioned above leads to the following result: an embedding of
a semigroup Γ into a free semigroup S under certain conditions can be extended to
an embedding of the divisor theory of Γ into S (Theorem 7.3). All definitions and
statements concerning semigroups are gathered in the last section.

One of the main results of [1] is a description of the automorphism group of
a complete simplicial toric variety using homogeneous automorphisms of its Cox
ring. Later Bühler [12] generalized this result to arbitrary complete toric varieties.
We prove that each automorphism of a normal affine variety lifts to an automor-
phism of the Cox ring normalizing the grading; see Theorem 5.1. It is known that
the Cox ring of a toric variety is a polynomial ring [1]. This allows us to prove
that the automorphism group of an affine toric variety of dimension > 2 without
nonconstant invertible regular functions has infinite dimension (Theorem 5.4).

We say that an automorphism of an affine toric variety X is tame if it can be rep-
resented as a composition of automorphisms inducing elementary automorphisms
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of the polynomial algebra R(X) in the sense of the theory of automorphisms of the
polynomial ring; see Definition 5.3. Other automorphisms are called wild. In § 6
we give an example of a wild automorphism of a three-dimensional quadratic cone.
Here we do not use recent results of Shestakov and Umirbaev [13]. Our automor-
phism lifts to the famous Anick automorphism of the polynomial algebra; see [14],
p. 49, p. 96 and [15]. The Anick automorphism is one of the candidates to be
a wild automorphism of the algebra of polynomials in four variables. We show
that this automorphism cannot be decomposed into a composition of elementary
automorphisms preserving the grading.

In the text standard notations of invariant theory are used. If G is a reductive
group acting on an affine variety X, then X//G is an affine variety isomorphic
to the spectrum of the algebra of invariants K[X]G, and q : X → X//G is the
quotient morphism corresponding to the inclusion K[X]G ⊆ K[X]. If the quotient
morphism is geometric, we use the notation X/G. Note that the quotient morphism
is automatically geometric if the group G is finite.

The authors are grateful to E. B. Vinberg, who attracted their attention to
the relation between graded factoriality and the divisor theory of a semigroup,
to A. van den Essen, who referred them to papers on the Anick automorphism,
and to J. Hausen for fruitful discussions of the theory of Cox rings.

§ 2. The Cox ring of an affine variety

Consider an irreducible normal variety X with finitely generated divisor
class group Cl(X) and without nonconstant invertible regular functions. Let
K⊂WDiv(X) be a finitely generated subgroup projecting surjectively onto Cl(X).
Consider the ring TK(X) =

⊕
D∈K O(X,D). Let K0 ⊂ K be the kernel of the

projection K → Cl(X). Fix some bases D1, . . . , Ds in K and D0
1 = d1D1, . . . ,

D0
r = drDr in K0, r 6 s. We call a set of rational functions

F = {FD ∈ K(X)× : D ∈ K0}

coherent if the principal divisor div(FD) coincides with D and FD+D′ = FDFD′ .
It is clear that the set {FD} is determined by the functions FD0

i
, i = 1, . . . , r: if

D = a1D
0
1 + · · ·+ arD

0
r , then FD = F a1

D0
1
· · ·F ar

D0
r
. Fix a coherent set F .

Suppose that D1, D2 ∈ K and D1 − D2 ∈ K0. The map f 7→ FD1−D2f is an
isomorphism of vector spaces O(X,D2) and O(X,D1). It is easy to see that the
vector space spanned by the vectors f−FD1−D2f for all D1, D2 ∈ K, D1−D2 ∈ K0,
f ∈ O(X,D2), is an ideal I(K,F ) C TK(X). We define the Cox ring of the var-
iety X as

RK,F (X) = TK(X)/I(K,F ).

The ring RK,F (X) does not depend on the choice of K and F up to isomorphism
(see, for example, [5], Proposition 3.2). Further we denote it by R(X). Since
K/K0 ∼= Cl(X), the ring R(X) has a natural Cl(X)-grading.

Definition 2.1. Let M be a finitely generated Abelian group and R =
⊕

u∈M Ru
an M -graded associative commutative algebra with unit. A nonzero homogeneous
element a ∈ R \ R× is called M -irreducible if the condition a = bc, where b and c
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are homogeneous, implies that either b or c is invertible. The graded algebra R is
called factorially graded if R does not contain nonconstant homogeneous invertible
elements, each nonconstant homogeneous element can be represented as a product
of M -irreducible elements and this representation is unique up to association and
order of factors.

Recall that two homogeneous elements a, b ∈ R are associated if a = bc, where c
is invertible. The set Ass(R) of association classes of nonzero homogeneous elements
of R is a semigroup with multiplication induced by multiplication in R. It is clear
that graded factoriality of an algebra R means that the semigroup Ass(R) is free.
If R = R(X) and M = Cl(X), then the semigroup Ass(R) may be identified
with WDiv(X)+. Hence R(X) contains neither homogeneous zero divisors nor
nonconstant homogeneous invertible functions, and is factorially graded.

Recall that a quasitorus is an affine algebraic group isomorphic to the direct
product of a torus and a finite Abelian group. The group of characters of a qua-
sitorus is a finitely generated Abelian group whose rank is equal to the dimension
of the quasitorus. It is easy to check that each finitely generated Abelian group can
be realized as the group of characters of a quasitorus, and a quasitorus is deter-
mined by its group of characters up to isomorphism. We define the Neron-Severi
quasitorus of a variety X as a quasitorus N whose character group is identified with
Cl(X). The quasitorus N acts by automorphisms of the algebra R(X): a homo-
geneous component R(X)u is the weight subspace corresponding to the weight u.
The subalgebra R(X)N of invariants of this action coincides with R(X)0 = K[X].

Further we assume that the variety X is affine and R(X) is finitely generated.
Consider the spectrum X = Spec(R(X)) and the induced regular N -action on
the affine variety X. Since X ∼= Spec(R(X)N ), the variety X is realized as the
N -quotient of X. The quotient morphism q : X → X ∼= X//N is said to be the Cox
realization of the variety X.

Proposition 2.2. The variety X is irreducible and normal.

Proof. Let Xreg be the set of smooth points of X. It is an open subset with
complement of codimension > 2. Fix a finitely generated subgroup K ⊂ WDiv(X)
that projects onto Cl(X) surjectively, and consider the ring TK(X). This ring has
no homogeneous zero divisors and hence has no zero divisors at all ([5], Lemma 2.1).
Every point x ∈ Xreg has an affine neighbourhood V , where any divisor is principal.
Thus the spectrum of the algebra TK(V ) is isomorphic to the direct product V ×T ,
where T is a torus with a character lattice identified with the lattice K. It is
known that such a spectrum is isomorphic to the preimage of V in the spectrum
of the algebra TK(X); see the proof of Theorem 4.3 in [8]. This shows that the
projection of the preimageW of the varietyXreg ontoXreg is a locally trivial bundle
p : W → Xreg with fibre T ; see also [9], Proposition 2.2. Factorization by I(K,F )
corresponds to a closed subvariety U = q−1(Xreg) ⊆W . Since Cl(X) ∼= K/K0, the
intersection of this subvariety with p−1(V ) ∼= V × T is identified with V ×N .

It suffices to show that the variety U is irreducible. Indeed, for dimension rea-
sons U is contained in an irreducible component of X that is the closure of U .
Consequently, this component is N -invariant. The union of other components is
also N -invariant, and if it is nonempty, then there are homogeneous zero divisors
in R(X).
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The subvariety q−1(V ) is defined in p−1(V ) = V ×T by the equations tdi
i = FD0

i
,

where the functions FD0
i

are irreducible in K[X]. Hence q−1(V ) is irreducible and is
contained in one component of U . Such components are N -invariant and cover U .
Since Xreg is irreducible and the image of a closed N -invariant subset under the
morphism q is closed, the variety U is irreducible.

The proof of the fact that R(X) is integrally closed can be found in [5], Propo-
sition 2.7, Remark 2.8 and [9], Proposition 2.2(i). The proof is complete.

It is easy to check that the algebra R(X) is factorially graded if and only if
each N -invariant Weil divisor on X is principal. With any N -linearized line bun-
dle over X one may associate an N -invariant Cartier divisor corresponding to an
N -semi-invariant regular section. This shows that any N -linearized line bundle
over X is nothing but an N -linearization of the trivial line bundle.

The following proposition contains a necessary and sufficient condition for the
quotient morphism of an affine variety by an action of a quasitorus to be the Cox
realization of the quotient space. This condition emerged in several former papers;
see for example [16], Remark 4.2 and [7], Theorem 2.2.

Proposition 2.3. Let q : X → X be the Cox realization of an affine variety X .
Suppose Q is a quasitorus acting on an irreducible affine variety Z , which is facto-
rially graded with regard to this action. Let π : Z → Z//Q be the quotient morphism.
Suppose that there exists an isomorphism ϕ : X → Z//Q. Then the following con-
ditions are equivalent :

(i) there exists an open Q-invariant subset U ⊆ Z such that codimZ(Z \U) > 2,
the Q-action on U is free and each fibre of π having nonempty intersection
with U is a Q-orbit ;

(ii) there exist an isomorphism µ : Q→ N and an isomorphism ξ : Z → X such
that ξ(gz) = µ(g)ξ(z) for all g ∈ Q, z ∈ Z , and the following diagram is
commutative:

Z

π

��

ξ // X

q

��
Z//Q

ϕ // X.

Proof. For the Cox realization q : X → X one can take q−1(Xreg) for U (see the
proof of Proposition 2.2).

Conversely, consider the restriction of π to U :

π : U → U0 ⊂ Z//Q.

Reducing U we may assume that U0 consists of smooth points of the variety Z//Q.
For each divisor D its intersection with U0 is a locally principal divisor, thus it
determines a line bundle LD. The lift of this bundle to U gives a Q-linearization of
the trivial bundle on U , and hence on Z. Conversely, every Q-linearization of the
trivial line bundle on Z comes from a divisor on U0. This defines an isomorphism
between the group of characters of the quasitorus Q and the Picard group of U0

coinciding with Cl(X) ([17], Proposition 4.2). The space of invariant sections of
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the Q-linearized trivial line bundle on Z with respect to a character ξ of Q is
identified with the subspace of semi-invariants of weight −ξ in K[Z]. The algebra
K[Z] is a direct sum of subspaces of Q-semi-invariants, so we get a homogeneous
isomorphism between K[Z] and R(X), which completes the proof.

Finally we give an example of an affine variety with nonfinitely generated Cox
ring. If Y ⊆ Pn is an irreducible projectively normal projective subvariety and
X ⊆ Kn+1 is the affine cone over Y , then R(Y ) and R(X) are isomorphic as
(nongraded) algebras. Indeed, for every divisor D on Y the quotient morphism

π : X \ {0} //K×−−−→ Y determines an isomorphism between the space O(Y,D) and
a weight component with respect to the action of the torus K× in the space
O(X,D′), where D′ is the image of the class of D in the exact sequence

0 → Z → Cl(Y ) → Cl(X) → 0.

But O(X,D′) is a direct sum of weight components corresponding to divisors D
mapping to D′ ([17], Proposition 4.2).

Let us take as Y the blow-up of the projective plane P2 at nine generic points.
By [18] (see also [4], Remark 3.2) the ring R(Y ) is not finitely generated.

§ 3. The Cox realization of a quotient space

Let V be a finite-dimensional vector space over the field K and G ⊂ GL(V )
a finite subgroup. We shall describe the Cox realization of the quotient space
V/G := Spec K[V ]G. Recall that a linear operator of finite order A ∈ GL(V ) is
called a pseudoreflection if the subspace V A of A-fixed points is a hyperplane. By
the classical Chevalley-Shephard-Todd theorem the algebra of invariants K[V ]H of
a finite subgroup H ⊂ GL(V ) is free if and only if the subgroup H is generated by
pseudoreflections. We denote by H the subgroup generated by all pseudoreflections
in G. It is clear that H is a normal subgroup of G. Let ϕ : G → F := G/H
be the projection, [F, F ] the commutant of the group F , N := F/[F, F ] and
H̃ := ϕ−1([F, F ]). Put Z := Spec K[V ] eH . The finite Abelian group N acts natu-
rally on the variety Z.

Theorem 3.1. The quotient morphism Z
/N−−→ V/G is the Cox realization of the

variety V/G.

Proof. We denote the variety Spec K[V ]H byW . It is easy to prove that the group F
acts linearly on W . Let F̃ ⊆ F be a subgroup generated by pseudoreflections. Then
the algebra of invariants K[W ] eF ∼= K[V ]ϕ

−1( eF ) is free. This shows that F does not
include any element acting on W as a pseudoreflection. Hence there exists an open
F -invariant subset U ⊆ W such that codimW (W \ U) > 2 and the F -action on U
is free. Let

ζ : W →W/[F, F ] ∼= Z

be the quotient morphism. Then codimZ(Z \ζ(U))>2 and the N -action on ζ(U) is
free. According to Proposition 2.3, it is sufficient to prove that the N -variety Z
is factorially graded. Let D be an N -invariant Weil divisor on Z and ζ−1(D) its
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preimage in W . The divisor ζ−1(D) coincides with div(f), where f is an F -semi-
invariant function on W . This implies that f ∈ K[W ][F,F ] and D = div(f) on Z.
The proof is complete.

Corollary 3.2. The variety V/G is toric if and only if the group G/H is commu-
tative.

Proof. The Cox ring of a toric variety is a polynomial ring [1]. Therefore the
group [F, F ] is generated by pseudoreflections, and hence it is trivial. The converse
assertion follows from the fact that a linear action of the finite Abelian group G/H
on the space W is diagonalizable.

Remark 3.3. Assume that R(X) is a polynomial ring. It is natural to ask whether
the variety X is toric. In general, the answer is negative: one may take a toric
variety of dimension > 2 and remove a finite set of points. Nevertheless, this
is true for a complete variety with a free finitely generated divisor class group
([8], Corollary 4.4). The question whether this is true for affine varieties reduces to
the linearization problem for actions of quasitori (see, for example, [19]), which is
open.

Example 3.4. Let V = K2 and

G = Q8 =
{
±E,±

(
i 0
0 −i

)
,±

(
0 1
−1 0

)
,±

(
0 i
i 0

)}
,

where i2 = −1. Here H = {e}, H̃ = {±E} and the variety Z is a two-dimensional
quadratic cone. Thus the Cox ring of the variety V/G is not factorial.

Theorem 3.1 can be partially generalized to the case of infinite groups. With
any affine algebraic group G we associate the group of characters Ξ(G) and the
intersection of kernels of all characters G1 :=

⋂
ξ∈Ξ(G) Ker(ξ). It is clear that G1

is a normal subgroup of G and N := G/G1 is a quasitorus. If G is reductive, then
G1 is reductive too.

Proposition 3.5. Let G be a reductive algebraic group and Y an irreducible affine
G-variety such that

(i) K[Y ]× = K×;
(ii) each G-stable Weil divisor on Y is principal ;
(iii) for the quotient morphism π : Y → Y//G := Spec K[Y ]G there exists an open

subset U ⊆ Y//G such that codimY (Y \ π−1(U)) > 2 and the G-action on
π−1(U) is free.

Let Z = Spec K[Y ]G1 . Then the quotient morphism p : Z
//N−−→ Y//G is the Cox

realization of Y//G.

Proof. It is easy to see that codimZ(Z \p−1(U)) > 2 and the N -action on p−1(U) is
free. Hence it is sufficient to prove that each N -stable divisor D on Z is principal.

The preimage ζ−1(D) of the divisor D under the quotient morphism ζ : Y
//G1−−−→ Z

is a G-stable divisor on Y . Hence ζ−1(D) = div(f) for some G-semi-invariant
f ∈ K[Y ]. Then f ∈ K[Y ]G1 and D = div(f) on Z.
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Example 3.6 (see [20], Ch. 3 and [5], Theorem 4.1). Let Ĝ be a semisimple con-
nected simply connected affine algebraic group and G ⊆ Ĝ a reductive subgroup.
It is known that Ĝ is a factorial variety, K[Ĝ]× = K× and the homogeneous space

Ĝ/G is affine. Hence, the map Ĝ/G1
/N−−→ Ĝ/G is the Cox realization.

More generally, consider the Cox realization of the variety of double cosets. Let
G and G′ be reductive subgroups of a simply connected semisimple group Ĝ. Then
G × G′ acts on Ĝ as (g, g′)ĝ = gĝg′−1. We denote by G\Ĝ/G′ the categorical
quotient for this action. To prove that G1\Ĝ/G′

1 → G\Ĝ/G′ is the Cox realization
one needs to check condition (iii) of Proposition 3.5.

Example 3.7. Let Ĝ = SL(3), G′ = SO(3) and

G = T 2 = diag(t1, t2, t3 : t1t2t3 = 1).

Here Z = G1\Ĝ/G′
1 = SL(3)/SO(3) is the variety of symmetric matrices (aij),

i, j = 1, 2, 3, with determinant 1, N = T 2 acts on Z as aij → titjaij , and X =
G\Ĝ/G′ = Z//T 2 is a three-dimensional hypersurface. As the subset π−1(U),
one may take the preimage in SL(3) of the set of symmetric matrices with at
most one zero element aij , i > j. Thus the spectrum of the Cox ring of the
hypersurface X:

2x3
1 + x2x3x4 − x2

1 − x2
1x2 − x2

1x3 − x2
1x4 = 0

is the hypersurface Z:

y1y2y3 + 2y4y5y6 − y1y
2
4 − y2y

2
5 − y3y

2
6 = 1.

Example 3.8. Let Ĝ = SL(4), G′ = Sp(4) and

G = T 3 = diag(t1, t2, t3, t4 : t1t2t3t4 = 1).

Here Z=SL(4)/Sp(4) is the variety of skew-symmetric matrices (bij), i, j=1, 2, 3, 4,
with Pfaffian Pf = b12b34 − b13b24 + b14b23 equal to 1. In this case condition
(iii) of Proposition 3.5 is not fulfilled: the closure of the T 3-orbit of any point
on the divisor {b12 = 0} contains a point with b34 = 0. It is easy to prove that
X = T 3\SL(4)/Sp(4) ∼= K2. Therefore the spectrum of the Cox ring cannot be
realized as a homogeneous space of the group SL(4).

§ 4. A universal property of the Cox realization

Let Z be an irreducible affine variety with an action of a quasitorus Q. We call
the action uncontracting if for any prime divisor D ⊂ Z the closure of its image
π(D) under the quotient morphism π : Z → Z//Q has codimension 6 1 in Z//Q.
Note that if Q is a finite Abelian group, then every Q-action is uncontracting.

Theorem 4.1. Let Z be an irreducible normal affine variety with an uncontracting
action of a quasitorus Q and let π : Z → Z//Q be the quotient morphism. Suppose
that the Q-variety Z is factorially graded and the quotient space X = Z//Q has
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the Cox realization q : X → X . Then there exists a surjective homomorphism
µ : Q → N and a dominant morphism ν : Z → X such that ν(gz) = µ(g)ν(z) for
all g ∈ Q, z ∈ Z , and the following diagram is commutative:

Z
π

  @
@@

@@
@@

@
ν // X

q

~~}}
}}

}}
}}

X.

Moreover, the homomorphism µ is unique, and the morphism ν is determined up
to composition with the automorphism of Z defined by an element of Q.

This result can be obtained using restriction of divisors to the subset Xreg and
lifting the corresponding line bundles to Z; see the proof of Proposition 2.3. We
leave the details of this proof to the reader.

Now we prove Theorem 4.1 in terms of semigroups of association classes of homo-
geneous elements. In § 7 we present an independent proof of Theorem 7.3, which
may be considered as a semigroup version of Theorem 4.1. Here our aim is to show
that Theorem 7.3 implies Theorem 4.1.

Proof of Theorem 4.1. Existence. Let A = K[Z] and let A =
⊕

u∈M Au be
the grading defined by the Q-action. By assumption, there is an isomorphism
δ : K[X] → A0. We have to prove that there exists a homogeneous embedding
ψ : R(X) → A coinciding with δ on the zero component and mapping different
homogeneous components of R(X) to different components of A. Let S = Ass(A)
be the semigroup of association classes of nonzero homogeneous elements of A,
Γ = Ass(K[X]) and D = WDiv(X)+. The embedding τ of Γ in D as the semi-
group of principal effective divisors defines the divisor theory of the semigroup Γ.
The isomorphism δ defines an embedding α : Γ ↪→ S satisfying conditions (i) and
(ii) of Theorem 7.3. Indeed, the first condition follows from the existence of grad-
ings and the second is satisfied because the Q-action is uncontracting. Thus there
is an embedding β of the semigroup D, which is identified with Ass(R(X)), into
the semigroup S extending the embedding α. We shall ‘lift’ this embedding to
a homogeneous embedding of algebras.

Suppose the group Cl(X) has rank r. Let C1, . . . , Cr, B1, . . . , Bs be Weil divisors
on X such that their classes generate Cl(X) with relations d1[B1]= · · ·=ds[Bs]=0,
di ∈ N. Fix nonzero elements of the Cox ring

f1, . . . , fr, h1, . . . , hs, fi ∈ R(X)[Ci], hj ∈ R(X)[Bj ],

and nonzero homogeneous elements a1, . . . , ar, a
′
1, . . . , a

′
s of A such that the classes

of the fi (respectively, of the hj) in D are mapped to the classes of the ai (respec-
tively, a′j) in S under the embedding β. Note that hdj

j = Fj ∈ K[X]. Therefore,
we need the isomorphism δ to map Fj to (a′j)

dj . This can be achieved by changing
the elements a′j with proportional ones.

The isomorphism δ extends to an isomorphism of the field of fractions
δ : K(X) → QA0. Consider an element u ∈ Cl(X),

u = u1[C1] + · · ·+ur[Cr] + v1[B1] + · · ·+ vs[Bs], ui ∈ Z, vj ∈ {0, . . . , dj − 1},
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and the element fu := fu1
1 · · · fur

r hv11 · · ·hvs
s ∈ (QR(X))u. For any f ∈ R(X)u we

have f = f
fu
fu and f

fu
∈ (QR(X))0 = K(X). Put

ψ(f) = δ

(
f

fu

)
ψ(fu) = δ

(
f

fu

)
au1
1 · · · aur

r (a′1)
v1 · · · (a′s)vs .

It is easy to check that the map ψ is linear on any homogeneous component R(X)u
and corresponds to the embedding β of semigroups. In particular, the image of ψ
lies in A. The grading defines a homomorphism of the semigroup D (resp. S) to
the group Cl(X) (resp. M), and the kernel of this homomorphism is the semi-
group Γ (resp. α(Γ)). The semigroup D projects onto the group Cl(X) surjec-
tively. Extending the above homomorphisms to homomorphisms of groups gener-
ated by the semigroups, we obtain an injective homomorphism Cl(X) → M . This
proves the assertion of the theorem concerning homogeneous components.

We have to check that for f ∈ R(X)u and f ′ ∈ R(X)u′ the condition

ψ(ff ′) = ψ(f)ψ(f ′)

holds. It is sufficient to prove this for f = fu, f ′ = fu′ , where it follows from
ψ(Fj) = δ(Fj), j = 1, . . . , s.

Thus, the restriction of ψ to any component R(X)u is linear, ψ is multiplicative
on homogeneous elements, and one can extend ψ to a homogeneous embedding of
algebras ψ : R(X) → A via distributivity.
Uniqueness. Theorem 7.3 implies that the embedding of semigroups β : D → S
is unique. Hence two embeddings ψ and ψ′ of algebras can differ on a1, . . . , ar,
a′1, . . . , a

′
s only by scalar multiples; moreover, the multiple for a′j has to be a root

of unity of degree dj . Since the group Cl(X) is embedded into M , this corresponds
to the action of an element of Q on A. This proves Theorem 4.1.

The condition of graded factoriality of Z in Theorem 4.1 is essential: one may
take Z to be the quotient of X by a proper subgroup Q ⊂ N . The following
examples show that the condition of uncontracting is also essential.

Example 4.2. Let Z = K3, Q = K× and t(z1, z2, z3) = (tz1, tz2, t−2z3). Here Z//Q
is isomorphic to a two-dimensional quadratic cone X, and the torus Q does not
admit a surjective homomorphism onto the Neron-Severi quasitorus N consisting
of two elements. An analogous example of a variety X with a free divisor class
group gives the cone X = {(x1, x2, x3, x4) : x2

1x2 − x3x4 = 0} realized as the
quotient Z//Q, where Z = K5, Q = (K×)2 and

(t1, t2)(z1, z2, z3, z4, z5) = (t1z1, t2z2, t−1
1 t2z3, t1t

−1
2 z4, t

−1
1 t−1

2 z5).

Example 4.3. Let Z = K5, Q = (K×)2 and

(t1, t2)(z1, z2, z3, z4, z5) = (t1z1, t1z2, t2z3, t2z4, t−1
1 t−1

2 z5).

The quotient space Z//Q is a three-dimensional quadratic cone X. Here X = K4,
N = K× and the action is given by

s(y1, y2, y3, y4) = (sy1, sy2, s−1y3, s
−1y4).
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In this case, there is a coherent embedding of the Cox ring K[y1, y2, y3, y4] into K[Z]
extending the embedding of semigroups, but it is not unique: one may take either

y1 → z1, y2 → z2, y3 → z3z5, y4 → z4z5,

or
y1 → z1z5, y2 → z2z5, y3 → z3, y4 → z4.

§ 5. Lifting automorphisms

Let R =
⊕

u∈M Ru be an associative commutative algebra with unit graded
by a finitely generated Abelian group M . We define a subgroup Ãut(R) of the
automorphism group of R as

Ãut(R) =
{
ϕ ∈ Aut(R) | ∃ϕ0 ∈ Aut(M) : ϕ(Ru) = Rϕ0(u) ∀u ∈M

}
.

We say that elements of Ãut(R) normalize the grading of the algebra R.

Theorem 5.1. Let X be an irreducible normal affine variety with a finitely gen-
erated divisor class group Cl(X) and the Neron-Severi quasitorus N . Assume that
K[X]× = K×. Then there is the following exact sequence:

1 → N
α−→ Ãut(R(X))

β−→ Aut(X) → 1.

Proof. Each automorphism φ ∈ Ãut(R(X)) induces an automorphism of the alge-
bra R(X)0 = K[X], and this defines the map β. The quasitorus N acts by homo-
geneous automorphisms of R(X), which are identical on R(X)0. This defines α and
shows that the composition β ◦α maps elements of N to the identity automorphism
of X.

Lemma 5.2. Let u ∈ Cl(X) be a nonzero element. Then the R(X)0-module R(X)u
is not cyclic.

Proof. Suppose that there is f ∈ R(X)u such that any g ∈ R(X)u has the form
g = fh for some h ∈ R(X)0. Let D be a Weil divisor from the fixed set of
representatives corresponding to the class u. Then the divisor

(D + div(g))− (D + div(f)) = div(h)

is effective. Put
D + div(f) =

∑
i

aiDi, ai ∈ N.

There exists a rational function F ∈ K(X) with pole of order one on D1. Multi-
plying it by a suitable regular function we get div(F ) = −D1 +

∑
j bjDj , bj ∈ N.

Then fF ∈ R(X)u, but div(fF )− div(f) is not effective. The proof is complete.

Let us show that Kerβ = Imα. Suppose ϕ ∈ Kerβ and f is a prime homogeneous
element of R(X). If f ∈ R(X)0, then ϕ(f) = f . Let f ∈ R(X)u, u 6= 0, and let
g ∈ R(X)u be an element not divisible by f . The automorphism ϕ induces an
automorphism of the quotient field QR(X) which is the identity on QR(X)0. Since
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f/g ∈ QR(X)0, one gets fϕ(g) = gϕ(f). Since R(X) is factorially graded, f divides
ϕ(f). The element ϕ(f) is also prime, therefore ϕ(f) = λf , λ ∈ K×. Thus φ acts
by scalar multiplication on prime homogeneous (and on all homogeneous) elements.
Moreover, ϕ |R(X)u

is a scalar operator, so ϕ defines a homomorphism from Cl(X)
to K×, that is, it belongs to α(N).

Now we have to prove that the map β is surjective. Let ψ ∈ Aut(X). Then
ψ induces automorphisms of the groups WDiv(X) and Cl(X). Suppose K is
a subgroup of WDiv(X) from the definition of R(X) (see § 2), and ψ(K) is its
image. Since the ring R(X) does not depend (up to isomorphism) on the choices
of K and a coherent set F , we can fix an isomorphism τ between the Cox rings
Rψ(K),ψ∗(F)(X) and RK,F (X) with the identical restriction to R(X)0 = K[X].
Then the composition of ψ∗ : RK,F (X) → Rψ(K),ψ∗(F)(X) and τ is an element
of the subgroup Ãut(R(X)), which induces the automorphism ψ∗ on R(X)0. The
proof is complete.

Let X be an affine toric variety. The Cox ring R(X) is a (graded) polynom-
ial algebra with homogeneous generators [1]. Hence the description of the group
Aut(X) may be reduced to the description of the group of automorphisms of the
polynomial algebra normalizing the grading. In the study of automorphisms of
the polynomial algebra the concepts of tame and wild automorphisms play an
important role.

Definition 5.3. (i) An automorphism of the algebra K[y1, . . . , ym] is called
elementary if it is either a linear map or a map of the following form:

(y1, . . . , ym) → (y1, . . . , yi−1, yi + f, yi+1, . . . , ym),

where f ∈ K[y1, . . . , yi−1, yi+1, . . . , ym].
(ii) An automorphism is called tame if it can be decomposed into a composition

of elementary automorphisms.
(iii) An automorphism, which is not tame, is called wild.

Define an elementary automorphism of the algebra K[X] as the image under
the map β of an elementary automorphism of the algebra R(X) belonging to the
subgroup Ãut(R(X)). Accordingly, we call an automorphism tame if it can be
represented as a composition of elementary automorphisms and wild otherwise. In
the next section we illustrate these concepts with the example of quadratic cone.

Recall that for any affine variety X the group Aut(X) has the structure of an
infinite-dimensional affine algebraic group in the sense of [21]. This group is said to
be finite-dimensional if Aut(X) has the structure of an affine algebraic group such
that the action Aut(X)×X → X is algebraic (an equivalent definition of a finite-
dimensional group of automorphisms is given in [22]).

Theorem 5.4. Let X be an affine toric variety of dimension > 2 and K[X]×=K×.
Then the group Aut(X) is not finite-dimensional.

Proof. LetR(X) = K[y1, . . . , ym] be the Cox ring with the Cl(X)-grading. The com-
ponent R(X)0 contains a monomial h, which does not depend on y1. Indeed, if this
is not the case, the Cox realization q : Km → X contracts the divisor y1 = 0, in
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contradiction with Proposition 2.3. Lemma 5.2 implies that the homogeneous com-
ponent containing y1 contains a monomial f which does not depend on y1. Consider
homogeneous automorphisms of R(X) mapping y1 to y1 + fF (h) and preserving
the variables y2, . . . , ym, where F (t) ∈ K[t]. They induce homomorphisms of the
algebra R(X)0. The images of any monomial depending on y1 are not contained
in a finite-dimensional subspace. Thus the group Aut(X) is not an affine algebraic
group. The proof is complete.

§ 6. A wild automorphism of the quadratic cone

Consider the quadratic cone

X = {(x1, x2, x3, x4) : x1x4 − x2x3 = 0}.

The variety X can be realized as the cone of singular 2 × 2 matrices. Here R(X)
is the polynomial algebra K[y1, y2, y3, y4] with Z-grading deg(y1) = deg(y2) = 1,
deg(y3) = deg(y4) = −1 and x1 = y1y3, x2 = y1y4, x3 = y2y3, x4 = y2y4.

Consider the automorphism τ of the cone X defined by the formula

τ :
(
x1 x2

x3 x4

)
7→

(
x1 x2 + x1(x3 − x2)

x3 + x1(x3 − x2) x4 + (x3 + x2)(x3 − x2) + x1(x3 − x2)2

)
.

Its inverse is

τ−1 :
(
x1 x2

x3 x4

)
7→

(
x1 x2 − x1(x3 − x2)

x3 − x1(x3 − x2) x4 − (x3 + x2)(x3 − x2) + x1(x3 − x2)2

)
.

The lift of this automorphism to the Cox ring is defined as

ζ : (y1, y2, y3, y4) 7→ (y1, y2 + y1(y1y4 − y2y3), y3, y4 + y3(y1y4 − y2y3)).

This is known as the Anick automorphism of the polynomial algebra in four vari-
ables.

Theorem 6.1. The automorphism τ is wild.

Proof. An elementary automorphism φ of R(X) that preserves the grading either
multiplies the variables by nonzero scalars or maps (y1, y2, y3, y4) to one of the sets

(y1 + y2H1(y2y3, y2y4), y2, y3, y4), (y1, y2 + y1H2(y1y3, y1y4), y3, y4),
(y1, y2, y3 + y4H3(y1y4, y2y4), y4), (y1, y2, y3, y4 + y3H4(y1y3, y2y3)).

Therefore, the group of tame automorphisms is generated by these automorphisms
and the transpose automorphism (y1, y2, y3, y4) → (y3, y4, y1, y2), which reverses
the grading. Suppose that the Anick automorphism is equal to a composition of
elementary automorphisms normalizing the grading:

ζ = ϕn ◦ · · · ◦ ϕ2 ◦ ϕ1.

Since ζ preserves the grading and the result of conjugation of an elementary auto-
morphism preserving the grading with the transpose automorphism is an elementary
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automorphism preserving the grading, one may assume that each ϕi preserves the
grading.

Let us replace all nonlinear automorphisms changing y3 or y4 in the above com-
position by their linear parts. Denote the new composition by ρ. Since the linear
parts of ζ and the identity automorphism are the same, we obtain ρ(y3) = y3,
ρ(y4) = y4. Let f = ζ(y1)− ρ(y1) and g = ζ(y2)− ρ(y2). Then

ρ : (y1, y2, y3, y4) → (y1 − f, y2 + y1(y1y4 − y2y3)− g, y3, y4).

Consider the ideal I = (y1, y2) C K[y1, y2, y3, y4].

Lemma 6.2. The polynomials f and g are in I3.

Proof. Let ζj = ϕj ◦ · · · ◦ ϕ1 and ρj be the composition obtained from ζj by
replacing automorphisms changing y3 or y4 with their linear parts. We set fj =
ζj(y1)− ρj(y1), gj = ζj(y2)− ρj(y2), hj = ζj(y3)− ρj(y3) and sj = ζj(y4)− ρj(y4).

Let us prove by induction on j that fj , gj ∈ I3 and hj , sj ∈ I. The case j = 1 is
easy. At the step from j = k to j = k + 1, only one of the polynomials fj , gj , hj ,
and sj is changed. We consider the cases when fj and hj are changed, other cases
are similar.

1) Assume that fj is changed. Then ϕk+1 has the form

(y1, y2, y3, y4) 7→ (y1 + y2H1(y2y3, y2y4), y2, y3, y4).

Thus,

fk+1 = ζk+1(y1)− ρk+1(y1)

= ζk(y1) + ζk(y2)H1

(
ζk(y2)ζk(y3), ζk(y2)ζk(y4)

)
− ρk(y1)− ρk(y2)H1

(
ρk(y2)ρk(y3), ρk(y2)ρk(y4)

)
= fk + gkH1

(
ζk(y2)ζk(y3), ζk(y2)ζk(y4)

)
+ ρk(y2)

(
H1(ζk(y2)ζk(y3), ζk(y2)ζk(y4))−H1(ρk(y2)ρk(y3), ρk(y2)ρk(y4))

)
.

By the inductive assumption, fk and gk belong to I3. We have to prove that
the last term belongs to I3. It is sufficient to do it when H1 is a monomial.
Let H1(u, v) = ulvr. The automorphisms ζk and ρk preserve the grading, hence
ζk(y2) ∈ I and ρk(y2) ∈ I. Therefore, if l + r > 2, then

ρk(y2)
(
H1(ζk(y2)ζk(y3), ζk(y2)ζk(y4))−H1(ρk(y2)ρk(y3), ρk(y2)ρk(y4))

)
∈ I3.

If l + r < 2, then either l + r = 0, so that H1 = const and

H1

(
ζk(y2)ζk(y3), ζk(y2)ζk(y4)

)
−H1

(
ρk(y2)ρk(y3), ρk(y2)ρk(y4)

)
= 0,

or l + r = 1 and without loss of generality one may assume that l = 1 and r = 0.
We get

ρk(y2)
(
H1(ζk(y2)ζk(y3), ζk(y2)ζk(y4))−H1(ρk(y2)ρk(y3), ρk(y2)ρk(y4))

)
= ρk(y2)

(
ζk(y2)ζk(y3)− ρk(y2)ρk(y3)

)
= ρk(y2)

(
(ρk(y2) + gk)(ρk(y3) + hk)− ρk(y2)ρk(y3)

)
= ρk(y2)

(
ρk(y2)hk + gkρk(y3) + gkhk

)
.

Since ρk(y2), hk ∈ I and gk ∈ I3, the sum belongs to I3. Thus, fk+1 ∈ I3.
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2) Suppose hj is changed. Then ϕk+1 has the form

(y1, y2, y3, y4) 7→ (y1, y2, y3 + µy4 + y4F (y1y4, y2y4), y4),

where F is a polynomial without constant term. Hence

hk+1 = ζk+1(y3)− ρk+1(y3)

= ζk(y3) + µζk(y4) + ζk(y4)F
(
ζk(y1)ζk(y4), ζk(y2)ζk(y4)

)
− ρk(y3)− µρk(y4)

= hk + µsk + ζk(y4)F
(
ζk(y1)ζk(y4), ζk(y2)ζk(y4)

)
.

Since hk ∈ I, sk ∈ I, ζk(y1) ∈ I and ζk(y2) ∈ I, we obtain hk+1 ∈ I. The proof of
the lemma is complete.

Let us calculate the Jacobian matrix J of the automorphism ρ. Since a partial
derivative of a polynomial from I3 is in I2, we obtain

J =


1 0 0 0

2y1y4 − y2y3 1− y1y3 −y1y2 y2
1

0 0 1 0
0 0 0 1

 +Q,

where Q is a matrix with elements in I2. Therefore,

det(J) = 1− y1y3 + c, c ∈ I2.

Since the determinant is not a constant, ρ is not an automorphism. This contra-
diction completes the proof of the theorem.

It is interesting to note that if one adds the fifth ζ-stable variable of degree
zero, the automorphism ζ becomes tame in the class of automorphisms preserving
the grading [15]. Let us write down a decomposition of this automorphism into
elementary ones:

(y1, y2, y3, y4, y5) 7→
(
y1, y2, y3, y4, y5 + (y1y4 − y2y3)

)
7→

(
y1, y2 + y1y5 + y1(y1y4 − y2y3), y3, y4, y5 + (y1y4 − y2y3)

)
7→

(
y1, y2 + y1y5 + y1(y1y4 − y2y3), y3,

y4 + y3y5 + y3(y1y4 − y2y3), y5 + (y1y4 − y2y3)
)

7→
(
y1, y2 + y1y5 + y1(y1y4 − y2y3), y3, y4 + y3y5 + y3(y1y4 − y2y3), y5

)
7→

(
y1, y2 + y1(y1y4 − y2y3), y3, y4 + y3y5 + y3(y1y4 − y2y3), y5

)
7→

(
y1, y2 + y1(y1y4 − y2y3), y3, y4 + y3(y1y4 − y2y3), y5

)
.

Remark 6.3. The famous Nagata automorphism

(y1, y2, y3) → (y1 − 2y2(y1y3 + y2
2)− y3(y1y3 + y2

2)2, y2 + y3(y1y3 + y2
2), y3)

is a wild automorphism of the polynomial algebra in three variables [13]. This
automorphism is homogeneous with respect to a grading if and only if

deg(y1) = 3 deg(y2), deg(y3) = −deg(y2).
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For a Z-grading, one gets the action t · (y1, y2, y3) = (t3y1, ty2, t−1y3) of a one-
dimensional torus with a quotient space isomorphic to an affine plane. Here the
quotient morphism is not the Cox realization of the quotient space. Nevertheless, in
the case of a Zn-grading, the quotient morphism for the action (ε3y1, εy2, ε−1y3),
εn = 1, is the Cox realization of Xn := K3/Zn, and the Nagata automorphism
induces a wild automorphism of the variety Xn. In particular, the Nagata auto-
morphism defines a wild automorphism of the cone X2 ⊂ K6 over the image of the
Veronese map P2 ⊂ P5.

§ 7. Appendix. The divisor theory of a semigroup

In this section a semigroup is a commutative semigroup with unit e such that
all nonunit elements are not invertible. We use multiplicative notation for the
operation. A semigroup S is called free if there is a subset P ⊂ S \ {e} such that
each s ∈ S \ {e} can be expressed as s = pk11 · · · pkm

m , pi ∈ P , ki ∈ N, and this
representation is unique up to the order of factors. Elements of P are prime (or
indecomposable) elements of S, so P is uniquely determined by S. Sometimes it is
convenient to say ‘factorial semigroup’ instead of ‘free semigroup’.

Let Γ be an arbitrary semigroup. The following definition can be found in [10],
Ch. III, § 3 (see also [11]).

Definition 7.1. The divisor theory of a semigroup Γ is an embedding τ : Γ → D
into a free semigroup D such that

(i) if a, b ∈ Γ and τ(a) = τ(b)c1 for some c1 ∈ D, then c1 = τ(c) for some c ∈ Γ;
(ii) if for d1, d2 ∈ D one has

{a ∈ Γ | ∃ d ∈ D : τ(a) = dd1} = {b ∈ Γ | ∃ d ∈ D : τ(b) = dd2},

then d1 = d2.

In [10], Ch. III, § 3, Theorem 1 it is proved that if a semigroup Γ has a divisor
theory, then this theory is unique up to isomorphism. So we denote D as D(Γ).
Also we do not distinguish between elements of Γ and their images in D(Γ).

Suppose Γ is a finitely generated semigroup. Let us explain when Γ admits a divi-
sor theory and recall a known realization of this theory. Since there are only finitely
many prime elements of D(Γ) in the decomposition of any generating element of Γ,
the semigroup D(Γ) is finitely generated and Γ can be embedded into the lattice
ZD(Γ). The saturation condition emerging in the following lemma is necessary for
the existence of the divisor theory of Γ (cf. [10], Ch. III, § 3, Theorem 3).

Lemma 7.2. Let Γ ⊆ D(Γ) be the divisor theory of a semigroup Γ and L the
subgroup of the free Abelian group ZD(Γ) generated by Γ. If for an element l ∈ L
there is m ∈ N such that lm ∈ Γ, then l ∈ Γ.

Proof. The condition lm ∈ Γ implies l ∈ D(Γ). Since l = ab−1, a, b ∈ Γ, we have
a = bl, and condition (i) implies l ∈ Γ. The proof is complete.

It is known that for a finitely generated Γ the saturation condition is equivalent
to the condition Γ = σ∩L, where σ is the cone in the space LQ := L⊗Z Q generated
by (generators of) Γ. Let σ∨ be the dual cone in the dual space L∗Q, that is,

σ∨ = {f ∈ L∗Q : f(x) > 0 ∀x ∈ σ},
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and let f1, . . . , fr be primitive vectors on the edges of the cone σ∨. Then the
embedding

Γ ↪→ Zr>0, a→ (f1(a), . . . , fr(a)),

is the divisor theory of Γ. Note that this embedding defines a minimal realization
of σ as the intersection of the positive octant and a subspace V ⊆ Qr.

Conversely, let V ⊆ Qr be a subspace such that for the cone σ := V ∩ Qr
>0 the

subsets σi := σ ∩ {xi = 0}, i = 1, . . . , r, are pairwise distinct and form the set of
facets of the cone σ. Suppose also that L ⊆ V ∩ Zr is a sublattice whose images
under the coordinate projections to each axis Oxi coincide with the set of integer
points on the Oxi. Then the embedding Γ ↪→ Zr>0 is the divisor theory of the
semigroup Γ := L ∩ σ. Indeed, the set of coordinate functions xi coincides with
the set of primitive vectors on the edges of σ∨.

Now we focus on non-finitely generated semigroups. The theory of Weil divisors
provides an example of the divisor theory in algebraic geometry. Let X be a normal
irreducible affine algebraic variety and Γ the semigroup of association classes of the
algebra K[X]. The semigroup Γ can be identified with the semigroup of principal
effective divisors on X, and the semigroup D(Γ) can be realized as the semigroup
of effective Weil divisors on X. Examples of divisor theories appearing in number
theory can be found in [10], Ch. III.

The aim of this appendix is to prove the following result generalizing the unique-
ness theorem for the divisor theory.

Theorem 7.3. Let τ : Γ → D(Γ) be the divisor theory of a semigroup Γ and
α : Γ → S an embedding of Γ into a free semigroup S satisfying the following
conditions :

(i) if for some a, b ∈ Γ there exists s ∈ S such that α(a) = α(b)s, then s = α(c)
for some c ∈ Γ;

(ii) if all elements of some subset A ⊆ Γ are coprime in D(Γ), that is, they are
not divisible by a nonunit element of D(Γ), then all elements of α(A) ⊆ S
are coprime in S.

Then there exists a unique embedding β : D(Γ) ↪→ S such that the following diagram
is commutative:

Γ
τ

""D
DDDDDDD

α // S

D(Γ).

β

<<zzzzzzzz

Proof. Existence. Let P be the set of all prime elements of S and P1 ⊆ P the subset
of elements that divide at least one of the elements α(a), a ∈ Γ \ {0}. Without
loss of generality we may assume that P = P1. For any d ∈ D := D(Γ) and s ∈ S
we define

L(d) = {a ∈ Γ | ∃ d′ ∈ D : a = dd′}, N(s) = {b ∈ Γ | ∃ s′ ∈ S : α(b) = ss′}.

Lemma 7.4. (i) Let p∈P . Then there is a prime element q∈D with L(q)⊆N(p).
(ii) Let q ∈ S be a prime element. Then there is p1 ∈ P such that N(p1) ⊆ L(q).
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Proof. Since N(p) 6= ∅, there exists a ∈ Γ such that α(a) = ps, s ∈ S. Let
a = qk11 . . . qkl

l be the prime decomposition in D. If L(qi) * N(p), then for every
i = 1, . . . , l there is ai ∈ Γ divisible by qi such that α(ai) is not divisible by p.
Consider b = ak11 . . . akl

l . Then a divides b. But α(a) is divisible by p. This implies
that p divides α(ai), a contradiction. Assertion (ii) can be proved in the same way.
The proof of Lemma 7.4 is complete.

Lemma 7.5. Let q, q1 ∈ D be prime elements with L(q) ⊆ L(q1). Then q = q1.

For the proof it suffices to observe that there is a ∈ Γ, which is divisible by q
and is not divisible by qq1, hence it is in L(q) \ L(q1).

For a fixed q ∈ D there exist p ∈ P and prime q1 ∈ D such that

L(q1) ⊆ N(p) ⊆ L(q).

Hence q = q1 and N(p) = L(q). Let {p1, . . . , pt} be all the prime elements of S
satisfying N(pi) = L(q). Since

⋂
j∈N N(pji ) = ∅, for any i there exists ri ∈ N such

that
N(pi) = N(p2

i ) = · · · = N(pri
i ) 6= N(pri+1

i ).

Thus, with any prime q ∈ D one can associate the set of prime elements {p1, . . . , pt}
and the set of exponents {r1, . . . , rt}.

Let us define β(q) = pr11 . . . prt
t and extend this map to a homomorphism

β : D → S. Since the sets {p1, . . . , pt} corresponding to different q have empty
intersection, the map β is injective. It remains to prove that β(a) = α(a) for any
a ∈ Γ.

Assume that a prime divisor q ∈ D appears in the decomposition of an element a
with multiplicity k, β(q) = pr11 · · · prt

t , and any pi appears in the decomposition of
α(a) with multiplicity ni. For every pi there exists q′ ∈ D with L(q′) ⊆ N(pi). If
this inclusion is strict, then there is an element b ∈ N(pi) which is not divisible
by q′. But then the elements of L(q′) and the element b are coprime in D. This
contradicts condition (ii) of Theorem 7.3. Therefore, L(q′) = N(pi). Hence each
prime divisor pi of the element α(a) corresponds to a (unique) prime divisor q of
the element a, and it is sufficient to prove that ni = kri for every i = 1, . . . , t.

Lemma 7.6. For s ∈ S suppose that p1, . . . , pt do not divide s. Then there exists
b ∈ Γ such that α(b) is divisible by s and is not divisible by p1, . . . , pt.

Proof. Let s = s1 . . . sn be the prime decomposition. If N(sj) ⊆ N(pi) = L(q),
then, as we have just seen, N(sj) = L(q) and sj coincides with one of the elements
p1, . . . , pt, a contradiction. Hence there are bj ∈ Γ such that α(bj) is divisible by
sj and not divisible by p1, . . . , pt. We put b = b1 . . . bt and the proof is complete.

We have L(q) = N(pr11 · · · prt
t ) % N(prj+1

j ). Therefore, for every j there exists
aj ∈ Γ such that α(aj) is divisible by pr11 · · · prt

t , but not by prj+1
j . Then

α(aj) = p
r1j

1 · · · prtj

t hj , rij > ri, rjj = rj ,

and the element hj is coprime with p1, . . . , pt.
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Lemma 7.7. rij = ri for all i, j = 1, . . . , t.

Proof. Assume that there is a pair (u, v) with ruv > ru. We subtract the vector
(r1v, . . . , rtv) from the vector (r1u, . . . , rtu). At the uth position we obtain a negative
number. Let k1 be the first position in the difference corresponding to a negative
coordinate. We add the vector (r1k1 , . . . , rtk1) to this difference. We repeat this
operation till a vector (z1, . . . , zt) with nonnegative coordinates is obtained. Then
we have

(z1, . . . , zt) + (r1v, . . . , rtv) = (r1u, . . . , rtu) +
m∑
i=1

(r1ki , . . . , rtki).

Note that m > 1 and zkm
< rkm

because zkm
is obtained from a negative number

by summation with rkmkm = rkm . Put c = auak1 . . . akm . Recall that α(av) =
pr1v
1 . . . prtvhv, and Lemma 7.6 implies the existence of b ∈ Γ such that α(b) is

divisible by hv and not divisible by p1, . . . , pt. Then bc = avb
′ for some b′ ∈ Γ.

Therefore α(b′) = pz11 . . . pzt
t f , where f is not divisible by p1, . . . , pt. From the

conditions zkm
< rkm

and N(pkm
) = N(prm

km
) it follows that zkm

= 0. But N(pi) =
N(pkm), so all the zi are equal to zero. On the other hand,

zv = rvu +
m∑
i=1

rvki
− rvv >

m∑
i=1

rvki
> 0,

a contradiction. The proof is complete.

Lemma 7.8. There is an element c ∈ Γ divisible by q, but not divisible by q2 such
that α(c) is divisible by pri

i , but not divisible by pri+1
i , i = 1, . . . , t.

Proof. The previous lemma implies that the element a1 satisfies the last two prop-
erties and is divisible by q. Let us prove that any element c with these properties
is not divisible by q2. Suppose that c = qrh, where the element h ∈ D is coprime
with q, and r > 1. Fix an element b ∈ Γ that is divisible by qh and not divisible
by q2. Then br = cg, g ∈ Γ and g is coprime with q. Hence α(b)r = α(c)α(g)
and α(g) is not divisible by p1, . . . , pt. Therefore α(b) is not divisible by pri

i since
r > 1. On the other hand, b is divisible by q, and hence pr11 . . . prt

t divides α(b),
a contradiction.

Let us return to the proof of the equality ni = kri. One can find m such that
mri 6 ni for all i = 1, . . . , t and (m + 1)rj > nj for at least one j. Then there
exist f1, f2 ∈ Γ such that f1a = f2c

m and α(f1) is coprime with p1, . . . , pt. The
multiplicity of pj in the factorization of α(f2) is less than rj , hence f2 is coprime
with p1, . . . , pt and f2 is coprime with q. Thus, ni = mri. On the other hand,
comparing the multiplicities of q in the equation f1a = f2c

m we obtain k = m.
This completes the proof of the equality ni = kri and demonstrates the existence
part of Theorem 7.3.
Uniqueness. Let γ : D(Γ) → S be another embedding satisfying the conditions of
Theorem 7.3. Let a ∈ Γ, a = qk11 · · · qkl

l . Then

α(a) = β(q1)k1 · · ·β(ql)kl = γ(q1)k1 · · · γ(ql)kl . (∗)
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If p is a prime factor in the factorization of γ(qi), then L(qi) ⊆ N(p), hence
L(qi) = N(p). Therefore γ(qi) = pm1

1 . . . pmt
t , where p1, . . . , pt are the prime ele-

ments corresponding to qi. If some mj is greater than rj , then one gets a contra-
diction with N(prj+1

j ) ( L(qi). Hence mj 6 rj for all j, and (∗) implies mj = rj .
This proves that β = γ and completes the proof of the theorem.

Let us show that conditions (i) and (ii) of Theorem 7.3 are essential.

Example 7.9. Let Γ be the subsemigroup of the multiplicative semigroup N of pos-
itive integers generated by 10, 14, 15 and 21. The divisor theory of Γ is the embed-
ding of Γ into the subsemigroup D generated by 2, 3, 5, and 7. On the other hand,
the embedding α : Γ → N defined on the generators by α(10) = 10, α(14) = 2,
α(15) = 15, and α(21) = 3 cannot be extended to an embedding of D into N. Here
condition (i) of Theorem 7.3 is not satisfied.

Example 7.10. Let Γ be the subsemigroup of the multiplicative semigroup N of
positive integers generated by 4, 6, and 9. The divisor theory of Γ is the embedding
of Γ into the subsemigroup D generated by 2 and 3. On the other hand, the
embedding α : Γ → N defined on generators by α(4) = 20, α(6) = 30 and α(9) = 45
cannot be extended to an embedding ofD into N. Here condition (ii) of Theorem 7.3
is not satisfied.
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S.A. Gǎıfullin

Faculty of Mechanics and Mathematics,

Moscow State University

E-mail : sgayf@yandex.ru

Received 10/OCT/08 and 6/JUN/09
Translated by I. ARZHANTSEV

and S. GAǏFULLIN
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