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Abstract—In this paper, linear discrete-time systems with
Gaussian input disturbances are considered. Input sequences are
characterized by nonzero mean and bounded mean anisotropy.
Suboptimal control law, which guarantees stability of the closed-
loop system and boundedness of its anisotropic norm, is designed.

I. INTRODUCTION

Attenuation of disturbances, affecting on the control plant, is
the one of the most important problems in modern control the-
ory. Anisotropy-based analysis and control design theories deal
with stationary Gaussian random sequences with zero mean,
considered as input disturbance signals [1], [2]. Anisotropic
norm defines the system’s gain from the input disturbance to
the output signal. In case of optimal control the objective is to
design a control law, which internally stabilizes the closed-
loop system and minimizes its anisotropic norm from the
input disturbance to the controllable output [3]. Suboptimal
anisotropy-based control goal is to find such control law for
which anisotropic norm of closed-loop system is less than a
prescribed value [4], [5].

But in some applications mathematical expectation of ran-
dom disturbances can be nonzero due to equipment errors.
Hence, taking into account the value of mathematical expec-
tation of the input signal is significant. This approach requires
development of additional mathematical tool, which allows to
solve analysis and control design problems for nonzero-mean
input random disturbances.

The concept of anisotropy-based analysis of linear discrete-
time systems is first introduced in [6]-[8]. In [6] the concept
of mean anisotropy of the random Gaussian sequence with
nonzero mean is introduced. The paper [7] is devoted to
anisotropic norm of systems with nonzero-mean input signals.
The conditions of anisotropic norm boundedness in terms of
matrix inequalities are derived in [8].

This paper deals with anisotropy-based state-space sub-
optimal control design problem for discrete-time systems
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affected by random Gaussian sequences with nonzero mean
and bounded mean anisotropy level.

II. BASICS OF ANISOTROPY-BASED CONTROL THEORY FOR
NONZERO-MEAN INPUT SIGNALS

A. Anisotropy of a random vector

Anisotropy of the m-dimensional random vector w is in-
troduced in [1] as the minimal value of the relative entropy
of w with respect to the Gaussian m-dimensional vector with
probability density function (p.d.f.)
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and is described by
A(w) =minEy [ln ( ! )} (1)

A>0 Pm,

where the function f is p.d.f. of w, E¢(X) is mathematical
expectation of the m-dimensional random vector (sequence)
X in sense of f.

We suppose w is the m-dimensional Gaussian random
vector with nonzero mean v and the covariance matrix S,
which p.d.f. is given by [6]

f@) = (mm18) ™2 exp (;< TS (- V>) 7
z € R™.

By definition of anisotropy of the random vector (1),
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One can show that if S = ~I,,, and v = 0, then A(w) = 0.

Consider a stationary sequence of random m-dimensional
vectors W = {w(k)}rez. Mean anisotropy of the stationary



ergodic sequence W is defined by the following expression

[1]:
lim A(Wo.n-1)

where Wy.ny_1 is an extended vector of the sequence
w(0)
Wo.n—1 = :
w(N —1)
It is known that the sequence W with can be generated [8],
[9] by a stable linear discrete-time system.
Let the shaping filter have a state-space representation
z(k+1) = Az(k)+ Bv(k) + M),
w(k) = Cuz(k)+ D(v(k)+ M)
where v(k) is a Gaussian white noise sequence with zero
mean and identity covariance matrix and M is a mathematical

expectation of the signal, z(k) € R", v(k) € R™ and
w(k) € R™. Then mean anisotropy A (W) is determined by
mE+E)
2 tr¥ + |GM|?
where X and = are found from the solutions of Lyapunov and
Riccati equations P and R
»=CPCT + DD,
P = APAT + BBT,

A(W) = —1lndet(

== CRCT,
R = ARAT — A(X +2)7 AT,
A =BDT + A(P+ R)CT,

and
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B. Anisotropic norm of the system

Consider a stable linear discrete-time system F' given in a
state-space representation

z(k+1) = Axz(k)+ Bw(k), (2)

y(k) = Cxz(k)+ Dw(k) 3)

where z(k) € R” is the state, w(k) € R™ and y(k) €
RP are input and output signals, respectively. A, B, C' and
D are constant real matrices of appropriate dimensions.
W = {w(k)}rez is a stationary Gaussian sequence of m-
dimensional random vectors with a bounded mean anisotropy
A(W) < a, a >0 and known nonzero mean Ew(cc) = M,
|IM]| < o0.

For a given system F' with the input signal W = {w(k)} a
root mean-square gain is defined as
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where

1 N-1
= 1 — 2
Iyl = y| Jim kz_o Ely(k)|

is the power norm of the signal {y(k)}.
Let the sequence W = {w(k)}rez be represented in the
form

w(k) = Cya(k) + Dy(v(k) + ) (5)

where (k) is the state of the system (2)—(3), and p is a known
vector. Using (5), we obtain the admissible filter G

z(k+1)
w(k) =

(A+ BCy)a(k) + BDy(v(k) + 1), (6)

Cyz(k) + Dg(v(k) + ). 7

Power norms of outputs of the systems (2)—(3) and (6)—(7) are
Jw]2 = klim (tr cov(w(k)) + [Ew(k)[?)

G113 + M,

lem (tr cov(y(k)) + [Ey(k)[?)

IFG3 + |FM?
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where
F=FQ1)=D+C(I, - A)'B.

The root mean-square gain (4) of the system with nonzero-
mean input signal is given by the following expression:
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Finally, anisotropic norm of the system is defined as [2]

10, = QF.G).

sup
G:A(G)<a

Remark 1: A random sequence W is fully defined by its
generating filter G, therefore, the notation A(G) is used as
equivalent to the notation A (W).

For the system in a state-space representation (2)—(3) the
following theorem defines conditions of anisotropic norm
boundedness [8].

Theorem 1: Let F' € H.’*™ be a stable system rep-
resented by (2)—(3). Nonzero-mean input sequence W =
{w(k)}rez has a bounded mean anisotropy A(W) < a and
a known mean M. Then a-anisotropic norm is bounded by
v >0, ie. ||F||, <~ if there exist a scalar value

2 2
ne (max{ﬁm ||F||io},

L—|MP
and a matrix ® = ®T > 0 that satisfy the inequalities (8)
and (9).
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ITI. PROBLEM STATEMENT AND MAIN RESULTS ]
; ; ; o Now introduce ¥ = T > 0:
A linear discrete-time system F' is given as
T T
w(k+1) = Az(k)+ Biw(k) + Bou(k),  (10) m — B @B —-D"D > V. (13)
z(k) = Cux(k)+ Dyw(k) + Dou(k), (11) In view of lemma 1, one can rewrite (13) as
where x(k) € R™ is the state of the system, z(k) € RY is v —nly * *
the controllable output, u(k) € R™2 is the control signal, A, B —o-! < 0. (14)
By, By, C, Dy and D, are known matrices of appropriate D 0 -1,

dimensions.

The Gaussian sequence of mj-dimensional random vec-
tors W = {w(k)}rez is stationary with nonzero mean
Ew(oo) = M, |[M] < 1 and bounded mean anisotropy level
A (W) < a. Suppose, that the system (10)—(11) is stabilizable
and detectible.

We consider the control law in the form

u(k) = Kaz(k). (12)

Problem 1: For the given plant F' with a state-space repre-
sentation as (10)—(11), for the known values of mathematical
expectation M and the boundary value ¢ > 0 of mean
anisotropy of the input disturbance W = {w(k)}rez, and for
the given value v > 0 the problem is to find the control law
in the form (12), which internally stabilizes the closed-loop
system and guarantees that its anisotropic norm is less than -,
ie.

IFal, <.

Here F,; is the system closed by the control law in the
form (12).

The conditions (8) and (9) can’t be applied directly to
solving the stated problem because of cross product of the
unknown matrix ¢ and matrices of the closed-loop system
realization, that depend on the parameters of the control law.
In order to avoid these difficulties, transform (8) and (9),
following [4].

First, formulate the conditions of Schur’s lemma [10], which
is important for matrix transformations.

Lemma 1: Let

X1 Xio
X= {Xsz Xzz}

where X711 and X5, are square matrices.
If X1; >0, then X > 0 if and only if

Xoo — X5HX 1 X12 > 0.
If X5 > 0, then X > 0 if and only if
X1 — X12X0' X5 > 0.

So, (9) is equivalent to the system of inequalities (14) and
1
n(L—|MP)+|FMP = (e2*det ()™ <+ (15)

Using lemma 1, transform (9) to

—-o * * *
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A 8" e <0. (16)
c D 0 -,

Applying the new conditions (14), (15) and (16) to suboptimal
control problem 1 for the system (10)—(11), closed by the
control law (12), leads to the following theorem.

Theorem 2: For given scalar values ¢ > 0 and v > 0
the static state control law in the form (12), that stabilizes
the closed-loop system (spectral radius of matrix A+ Bo K is
p(A+ ByK) < 1) and guarantees [|F[|, < v, exists if the
following system of inequalities:

n(1—|M?) +|FM* — (e > det (m))ﬁ <~ a7

VU —nly,, * *

By =1 * | <0, (18)
Dy, 0 —I,
—II * *
0 —n1m, *
All+ B,A B, I <0, {9
Cill+ DA Dy 0 —I,
2 2
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SO A N 20
T MPE (20)
U >0, 11>0

is solvable with regard to the scalar value 1, m; X mj-matrix
W, n x n-matrix II and msy X n-matrix A.

If the system (17)—(19) is solvable, the static state regula-
tor’s matrix can be found as K = AL,

Remark 2: Straight application of (16) to the closed-
loop system doesn’t coincide with (19). The used matrix
transformation is given in [4] in details.



Inequalities (18) and (20) contain an unknown value
|FM|?, which is difficult to transform into an applicable
for LMI solvers form. Hence, the following algorithm is
suggested. At the beginning we choose a desirable accuracy
d.

1) Set My = 0 and solve standard anisotropy-based control
problem. Then we get value F for M k: 0.
2) Choose N1 € N and k = 1. Set M}, = TM

3) Solve anisotropy-based control design prob]lem for M,
and Fuy,_,. Here

Fry, =Fa(1)=D+C(I, — (A+ ByKy 1)) ' By

where Kj_; is a controller found on a step £ — 1. Set
k:=Fk+1.

4) If k < Ny, go to step 2.

5) Choose No > Nj and repeat steps 1-4. If |[Ky, —

K K
Kn,| < 6, then K = %

IV. EXAMPLE

Consider a system in a state-space representation

—-0.25 0.1 0 0 0 0
A=1] -05 05 21,By=1| 0 0|,By= (2],
-0.75 -1 —-1.5 0.2 0.1 1
C= [1 2 O] , D= [0.01 —0.0l} , Dy=0.
The mathematical expectation of the input disturbance is
M= 0.5
0.2

We choose a desirable accuracy 6 = 10~°, mean anisotropy
level a = 0.5, and solve ~y-optimal problem (find infx ). The
spectral radius of matrix A is p(A) = 1.1180, i.e. the system
is not stable.

For M = 0 the following results are obtained:

K = [0.5118 0.3425 0.2036], ||Fu], = 0.9646.

The results of control design using the algorithm above are

A= [78.1844 —39.0337 7.0846] ,

217.7290 —108.8674  19.7954
II=|-108.8674  54.6851 —10.0262],
19.7954  —10.0262  1.9094
K =[0.5042 0.3187 0.1568],

2 2
= FM|
—————— =0.8732, Fulloo = 1.2266,
= MP [Fel

2 _ 2

YoM sog90 = 1.8704

1— |M|2 _ e—2a/m1

Hence, the localization condition given by the theoreml is
satisfied. ||Fy||, = 0.9234. The prescribed accuracy was
reached on Ny = 20 iterations.

V. CONCLUSION

Anisotropy-based state-space suboptimal control design
problem for discrete-time systems affected by random Gaus-
sian sequences with nonzero mean and known mean anisotropy
level is solved. The numerical algorithm for solving control
problem is suggested. It is shown that taking into account
mathematical expectation of the input disturbance allows to
tune the closed-loop system more precisely and perform better
disturbance attenuation.
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