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‘We find the £-weights and the £-weight vectors for the highest £-weight g-oscillator rep-
resentations of the positive Borel subalgebra of the quantum loop algebra U, (L(s1;41))
for arbitrary values of /. Having this, we establish the explicit relationship between the
g-oscillator and prefundamental representations. Our consideration allows us to con-
clude that the prefundamental representations can be obtained by tensoring g-oscillator
representations. Published by AIP Publishing. https://doi.org/10.1063/1.5001336

I. INTRODUCTION

Within the framework of the group-theoretic approach to quantum integrable systems, the
role of the symmetry groups and algebras is played by the quantum group. The corresponding
notion was formulated by Drinfeld!-> and Jimbo,? both motivated by the quantum inverse scattering
method.

The modern development of the quantum group approach was mainly due to a series of remarkable
papers, Refs. 4-6 and Ref. 7, where the quantum versions of the KdV equation and the simplest
boundary affine Toda field theory, respectively, were considered. The key object here is the universal
R-matrix formally introduced as an element of the tensor product of two copies of the quantum group.
It has become traditional to call the representation used for the first factor of this tensor product the
auxiliary space, while treating the representation space of the second one as the quantum space.
These conventions can also be interchanged. Important feature of the method is that, by choosing a
representation of the quantum group in the auxiliary space, one fixes an integrability object being
either a monodromy- or a transfer-type operator, while subsequently fixing a representation in the
quantum space, one defines a physical model, such as a low-dimensional quantum field theory*~’ or a
spin-chain model.®!° And moreover, the functional relations between integrability objects should also
follow from the characteristics of these representations of the quantum group. In algebraic aspects,
the investigation of a quantum integrable system is thus reduced to the study of representations of the
quantum group to which the system is associated. For terminology, specific examples, and references,
we refer here to Ref. 8.

For further constructions, it is essential to clarify that the universal R-matrix belongs not to the
tensor square of the whole quantum group but to a completed tensor product of its principal Borel
subalgebras. Therefore, one can start with a representation of the quantum group and obtain desirable
representations of its positive and negative Borel subalgebras by the corresponding restrictions.
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Actually, this is an obvious way to construct monodromy and transfer operators. To obtain more
representations, leading to other integrability objects, such as L-operators and Q-operators, one should
follow a different way. One possibility here is to map the Borel subalgebra in question to a g-oscillator
algebra subsequently using the representations of the latter. Representations obtained in this way are
connected with the representations used for the construction of monodromy and transfer operators
through a certain limiting procedure.”~!! This fact ensures nontrivial functional relations between
integrability objects.

Special attention in our research program is payed to quantum groups of loop algebras of special
linear Lie algebras, the so-called quantum loop algebras, and to their Borel subalgebras. For the
study of their representations, the concept of {-weights and {-weight vectors turns out to be very
productive.'>~'* Earlier, specific £-weights emerged in Refs. 15 and 16 in the classification of irre-
ducible finite-dimensional representations of quantum loop algebras; in Ref. 16, they were called
pseudo-highest weights. Quite recently, some new infinite-dimensional representations of the Borel
subalgebras of quantum loop algebras were obtained as an infinite limit of the Kirillov—Reshetikhin
modules.!? Following Ref. 13, where relations in the Grothendieck ring of the category O were
interpreted as generalized Baxter’s TQ-relations, we call these representations prefundamental. As
the Kirillov—Reshetikhin modules are finite-dimensional highest weight modules characterized by
specially simple values of the weights, so the infinite-dimensional prefundamental representations
are highest £-weight modules characterized by their highest £-weights which are actually of simplest
possible form.

In Paper I,!7 we obtained the £-weights and the corresponding £-weight vectors for the finite- and
infinite-dimensional representations of quantum loop algebras U,(L(s1;41)) with [ = 1, 2 constructed
with the help of the evaluation representations. There, we also obtained the £-weights and the £-weight
vectors for the g-oscillator representations of the positive Borel subalgebras of the same quantum loop
algebras. In particular, this allowed us to relate the g-oscillator and prefundamental representations.
The consideration of the lowest, [ = 1, and the simplest higher rank, [ = 2, cases in Paper I'7 does not,
however, allow us to make even an educated guess on the exact relationship between the g-oscillator
and prefundamental representations for arbitrary higher ranks. Therefore, to establish the complete
relationship between these two important representations of quantum loop algebras, we must consider
the general case, the quantum loop algebra U, (L(sl;41)) for arbitrary /. To this end, we can use the
results of Ref. 18, where Borel subalgebras of these quantum loop algebras were realized by means
of g-oscillators.

In Sec. II, we recall two different approaches to the definition of the quantum loop algebras,
one according to original definition of quantum groups by Drinfeld and Jimbo and another one being
Drinfeld’s second realization of the same object. We also provide the bijection between these two
definitions explicitly relating the generators of Drinfeld’s second realization with the Cartan—Weyl
generators of Drinfeld—Jimbo’s definition. In Sec. III, we define highest {-weight representations
of Borel subalgebras of the quantum loop algebras. After a short reminder of general data on such
representations, we introduce two corresponding examples of our particular interest, the prefunda-
mental and g-oscillator representations. In Sec. IV, we extend the set of g-oscillator representations
with the help of automorphisms of the Borel subalgebras under consideration. Subsequently, for each
g-oscillator representation, we obtain the £-weight vectors and calculate the corresponding £-weights.
These results allow us to compare the g-oscillator representations directly with the prefundamental
representations. Our conclusions are gathered in Sec. V.

We follow the definitions used in Ref. 17, and this is what is usually adopted in the papers
on representations of quantum loop algebras. The so-called deformation parameter is introduced as
follows. We take 7 to be a nonzero complex number such that g =exp# is not a root of unity. In
this way, the quantum groups under consideration are defined simply as complex algebras. It is also
assumed here that

q” =exp(hv)

for any v € C. We use the usual definition of g-number,

qn _ q—n

> newz,
q—q

[n]q
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and g-factorial
[nlg! =] [tmly, neN,  [0l!=1.
m=1

To simplify formulas, we also denote
Kg=4—4¢

Il. QUANTUM LOOP ALGEBRA U, (L(51141))

We start with reminding of basic definitions and fixing notation for the main object of our interest,
the quantum group of the loop algebra of the special linear Lie algebra of arbitrary rank. One usually
denotes this object by U,(L(sl;41)) and calls it shortly the quantum loop algebra. Here, we also
recall two different realizations of this quantum loop algebra and relate the corresponding generators
explicitly.

A. Drinfeld—Jimbo definition and Cartan—Weyl data

We fix a positive integer / and introduce two sets / = {1, ..., [} and] = {0,1,...,1}.Leth;,i€l,be
the canonical Cartan generators of the Lie algebra sl;;;. Denote by ) the canonical Cartan subalgebra

of sl;y1 so that
b=EHCh.
il
The simple roots «;, i € I, of sl;; are defined by the relations
(a;, hj) = aj;, i,j€l,

where a;;, i, j €I, are the entries of the Cartan matrix of sl;,1. The full system A, of positive roots of
sl 18
Ay ={a;|1<i<j<I+1},

j-1
ajj = Z Q.
k=i

where

It is clear that, in particular,
a; = jt]-

Certainly, the system of negative roots is A_ = —A,, and the full system of roots is A=A, LI A_.
Following Kac, we use the notation £(sl;,) for the loop algebra of 1,1, Z(sll+ 1) for its standard
extension by a one-dimensional center C ¢ and Z(s[l+1) for the Lie algebra obtained from Z(SIM) by
adding a natural derivation d."°
The Cartan subalgebra B of Z(SI[+1) is

b=hoCcaCd.

Introducing an additional Kac—-Moody generator

h0=c—2hi,

iel
we obtain
b= Chi+Cd.
iel
It is worth to note that
c=ho+ Y b= hi.
iel iel

We identify the space h)* with the subspace of b* defined as
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b ={y€b" |(7.)=0. (7. d)=0}.
It is also convenient to denote

h=heCc=(PCh)oCc=FPCn

i€l iel

and identify the space h* with the subspace of b* which consists of the elements 7 € b* satisfying the
condition

(¥, ) =0. 2.1

Here and everywhere below we mark such elements by a tilde. Explicitly the identification is per-
formed as follows. The element y € h* satisfying (2.1) is identified with the element y € h* defined
by the equations

(v, hiy =y, hy), iel.

In the opposite direction, given an element y € h*, we identify it with the element y €b* determined
by the relations

G hoy== > v b}, G hd=Cy, b, i€l

iel
It is clear that ¥ satisfies (2.1).
The simple roots a; € h*, i € I, of the Lie algebra L(sl;;) are defined by the relations

(@i, hiy=as, i,jel, (o, dy=1, (ai,d)=0, i€l

Here aj;, 1,j 67, are the entries of the extended Cartan matrix of sl;;;. The full system A, of positive
roots of the Lie algebra £(s1;4) is related to the system A, of positive roots of sl;,| as

Z+={y+n6|y€A+, neZUnd | neNyU{(6—y)+nd|yen,, neZs},

=3
is the minimal positive imaginary root. It is worth to note here that

aoza—za,:(s-e,

i€l

where

where 0 is the highest root of sl;.;. The system of negative roots A_is A_=—A,, and the full system
of roots is

A=A, I_IZ_={7+n6|y€A, neZiJ{no|neZ\{0}}.
Note that the set formed by the restriction of the simple roots «; to D is linearly dependent. In fact,
we have
Sl = ail=0.
iel

This is the main reason to pass from Z(SI[H) to Z(SI[+1). _
We fix a non-degenerate symmetric bilinear form on ) by the equations

(hilh)=ay,  (hild)=60,  (d|d)=0,
where i, j el. Then, for the corresponding symmetric bilinear form on B*, one has

(ai | ij) =dajj.

It follows from this relation that
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(0] a;)=0, (616)=0
forall I<i<j<I+1.
To properly define the quantum loop algebra U, (L(sl;41)), we first introduce the quantum group
U, (L(s1141)). It is a unital associative C-algebra being a g-deformation of the universal enveloping

algebra U(Z(SI[+1)). It is generated by the elements e;, f;, i 67, and ¢*, x eﬂ, subject to the defining
relations

=1, qq=q""", (2.2)
qeiqg =¢"""Vei,  qfiq =gV, (2.3)
[ei. £;] =85 —q_l, 2.4)
-q
l_aij l—a,'j
Z (_l)k el(l_afj_k)ej egk) =0, Z (_l)kf;(l_aﬁ_k)fj‘,f;(k) =0, (2.5)
k=0 k=0

where el(.”) = e;‘/ [n],!, fl.(") = fi"/[n]q!, and it is assumed that i and j are distinct in the Serre relations
(2.5).

The quantum group Uq(Z(sI 1+1)) possesses no finite-dimensional representations with a nontrivial
action of the element ¢”°.'>!° In contrast, the quantum loop algebra U,(L(sl;41)) has, along with the
infinite-dimensional representations, also nontrivial finite-dimensional representations. Therefore,
we proceed in two steps to the quantum loop algebra Uq(£(511+1)) As the first step, we define the
quantum group Uq(ﬁ(slm)) as a Hopf subalgebra of Uq(ﬁ(slm)) generated by the elements e;, f/,
iel ,and g%, x € I), with relations (2.2)—(2.5). Then, the quantum loop algebra U, (L(s1;41)) is defined
as the quotient algebra of Uq(Z(sIM)) by the two-sided Hopf ideal generated by the elements of the
form ¢”¢ — 1 with v € C*. It is convenient to treat the quantum loop algebra Uy (L(s1j41)) as a unital
associative C-algebra generated by the same generators as Uq(Z(sll+1)) with relations (2.2)-(2.5)

supplemented with the relations
g =1, veC*. (2.6)

For the study of quantum integrable systems, it is important that the quantum loop algebra U, (L(s741))
is a Hopf algebra with appropriately defined co-multiplication, antipode and counit. However, the
explicit form of the Hopf algebra structure is not used in the present paper, hence we omit it.

The abelian group
o=

is called the root lattice of Z(SIM). The algebra U,(L(s];41)) can be considered as @-graded if we
assume that

e € Uy(LGls))a;,  fi € Ug(L(sl1)-as q" € Uy(L(sli41))o

for any i el and x EB. An element a of U,(L(s1;41)) is called a root vector corresponding to a root y

of Z(SI[+1) if a € U (L(s141))y. In particular, the generators e; and f; are root vectors corresponding
to the roots a; and —q;.

One can obtain linearly independent root vectors corresponding to all roots from A. This can
be done in many ways. We follow here the procedure proposed by Khoroshkin and Tolstoy.?%?! Its
main advantage is that it gives the root vectors closely related to the generators of Drinfeld’s second
realization of the quantum groups, see Sec. II B. For an equivalent alternative, we also refer to Ref. 22.
The root vectors, together with the elements g*, x € B are the Cartan—Weyl generators of U, (L£(s1j41)).
Appropriately ordered monomials constructed from these generators form a Poincaré-Birkhoff—Witt
basis of Uy (L(s1j41)).

Let us describe how the procedure of Khoroshkin and Tolstoy looks in the case under consider-
ation. First of all, one assumes that a normal order’>>* < on the system of positive roots A, is given.
For the case of a finite-dimensional simple Lie algebra, it means that if a positive root v is a sum of
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two positive roots @ and S, then either @ <y < 8 or S <y < a. In our case, we assume additionally
that

a+kd<md<(6—B)+nd 2.7

for any @, B € Ay and k, m,n € Z,. We use in this paper the following normal order, see, for example
Ref. 25. As is seen from (2.7), it suffices to define separately the ordering of the roots @ + kd and
(6 — B) +no, where a, § € A,. We assume that @;; + 70 < @y, +séifi<morifi=mand r <sorifi
=m,r=s,and j <n.In a similar way, (6 — a;;) +r6 <(6 — @py) +séifi>morifi=mand r >s or
ifi=m,r=sandj<n.

The root vectors are defined by the following inductive procedure. We take as the root vectors,
corresponding to the simple roots, the corresponding generators of U, (L(s1141)),

6’6—6:@0’ eaizei’ f5—9 sza f(li :ﬁ, lEI

Here and below we denote a root vector corresponding to a positive root y by e,, and a root vector
corresponding to a negative root —y by f,.

Let now a root y € A, be such that y = a + S for some «, 8 € A,. For definiteness assume that
a <7y < B. Further, let there be no other roots @’ > @ and B’ < 3 satisfying y =@’ + B’. Then, if the
ToOt Vectors eq, eg and f,, fz are already given, we define?*?!

ey =lea, eglys Sy =1 falg-

Here we have introduced the g-commutator [,], defined as

—@lp) €p€q, [fa/ 5 fb’]q =faffﬁ - q(a Iﬁ)fﬁfa/’

[ea , eﬁ]q =€a€p —(
where (I) denotes the symmetric bilinear form on B*
First we define root vectors corresponding to the roots @;; and —«;;. Recall that we already have
oot vectors eq, ,,, and fy, ,, corresponding to the roots @; ;1 = @; and —a; ;41 = —a;. We define root
vectors corresponding to the positive composite roots by the inductive rule

€a; = [efli.m > eai+1,j]61 =€q; i1 Caipj — 4 Cajn,jCaiin»

and similarly for the negative roots

fﬂ’zj = [faf+1.j’ fa,',m lq =f0i+l,ﬁfai,i+] -q fdi.mftlm,j‘

It is clear that these rules uniquely give

ea;j = [ea[’ e [e(lj,Z’ e(xj,l]q s ]q’ f(l,'j = [ st [faj,l’fa/,z]q e ’ﬁxi]q-

Roughly speaking, we start with the simple root @;_; = @;_1; and then sequentially add necessary
simple roots from the left to reach the final root ;. In fact, we can start with any simple root @, with
i <k <j and then add the appropriate simple roots from the left or from the right in a random order.
It appears that the resulting root vector will be the same.

Now we consider the roots of the form 6 — @;; and —(6 — a;;). The root vectors es_g and f5_¢
corresponding to the roots 6 —6 = — a1, 141 and —(6 — 0) = —(6 — @, 1+1) are already given. We define
inductively

e(S—(t,'j = [6(1,'_17," eé—(li_l,/']q = eai—l,i eé—(li_l,/' - q eé—ai_l.,' ea’i—l,i’ (28)
-1
f&—(l,j = [fé‘—(l,'_lyjs f(l/,'_lyi]q =f5—(li_1,jf(1i_1_i - q f(li_lv,'fﬁ—(l,'_lyj (29)
ifi>1, and
€5-a); = [eﬂ/j,jﬂ s €5—a i ]q =€q; ) €5y v — 4 C5-ay i Caj i (2.10)

fé—(l]j = [f&—a/],j,,] B f(lj_ﬂ] ]q zfé—auﬂfaj,ﬂ] - q_lfaj,j+1f5—a/1,j+1 (21 1)
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for j <+ 1. The inductive rules (2.8)—(2.11) uniquely lead to the expressions

es—a;=lea; s ---leay, [€qj,- - q, €5-0lg--1gq - 1gs 2.12)
f&—a/;j =[..[[.. [fé—@ ’f(t/]q 5 faj]q ’fa/l ]q s -fa/,-,l]q- (2.13)

Saying in words, we start with the highest root 6 and then sequentially subtract redundant simple
roots first from the right and then from the left. We can randomly interchange subtractions from the
left and from the right, the result will be the same.

Then, assuming that j =i + 1 so that «;; at the left hand side of relations (2.12) and (2.13) reduces
to any of the simple roots «;, i € I, we obtain

eé—(l] = [e(Yz > [6(13 LI [e(I[ > e&—e]q . -]q ]q’ (2]4)
es—a; =lea;_, s ---lea > [€as; »---leaq,» 5-0lg--Jglg-- g i=2,...,0—1, (2.15)
es—a;=lear, s ---l€ar, [€a, > €5-014lq - 1g (2.16)

and, similarly,

fﬁ—(ll = [ [ .. [f5—9 3f(1[]q LI 'ﬁl}]q ’ﬁtz]q9 (217)
Jocar = (Lo s-0,falgs- S lgs S 1o S ) T=2,...,1-1, (2.18)
féfaq = [ .. [ [fé*@ ’faq]q ’faz]q 5. ~fal,1]q- (219)

Having all root vectors corresponding to the roots «;; and 6 — a;; with a;; € A, we can continue
by adding imaginary roots nd. The root vectors corresponding to the imaginary roots are additionally
indexed by the positive roots y € A, of sl;;; and are defined by the relations

s =ley, esylys [, = sy fylo: (2.20)
Then, the remaining higher root vectors are given by the iteration®%?!
C€y+ns = ([Z]q)_l[e)w(nfl)é > eé’y]q, E+n6 = ([Z]q)_l[f(;,y ’f)/+(nfl)6]q’ (2.21)
e—yyns = (217" [e5., » €6—yrin-1slgs (2.22)
Fis—yyns = (210) Wis—yrein-ys » I5.91as (2.23)
6,25# = [ey+(n—1)5 s e&—'y]q, f,,/(s,y = [f6—7 s fy+(n—1)6]q’ (2.24)

where we take into account that (a;; | a;;) = 2 for all permissible values of i and j. We note that among
all imaginary root vectors e; 5.y andf, s y only the root vectors e, s o andf, 5. o LE€1, are independent
and required for the construction of the Poincaré—Birkhoff—Witt basis. However, the vectors eg’y and
f(;y with arbitrary y € A, are needed for iterations (2.22) and (2.23).

The prime in the notation for the root vectors corresponding to the imaginary roots nd and —nd,
n € N is justified by the fact that one also uses another set of root vectors corresponding to these roots.

They are introduced by the functional equations

—Kg esy () =log(l — kg €5, (), (2.25)
Kq S5y ™) =log(l + ko f5 (™)), (2.26)
where the generating functions
e:s,y(”) = Z e;lé,y u, eﬁ,y(”) = Z ens,y u",
n=1 n=1

© 0

-1 - -1 —

F =) frs w7, Foy @)= fusyu™
n=1 n=1
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are defined as formal power series. In particular, it is convenient to use the unprimed imaginary root
vectors for the universal R-matrix of quantum affine algebras.?’?!

B. Drinfeld’s second realization

The quantum loop algebra U,(L(s1;,1)) can be realized in a different way?2% as a C-algebra with

generators f;—'” withielandneZ, g* withx €l), and y; , withi€l and n € Z \ {0}. They satisfy the
defining relations

X1+x2
>

=1, q"q°=q
[Xi,m Xj,m] =0, qx)(j,n:)(j,n lf,

_ ) 1
qxffnq X _ qi(a,,x)firn’ [Xin» fj—rm] = i;[n aij]q ‘fﬁmm’

+ + T ¢t gx _ EAj gt g + +
Einit&im = E i1 = E et — e S
N
— 1, n+m I, n+m
é:,+ & =0 ————————
6 5] =0 Zn
and the Serre relations whose explicit form is not important for our consideration. In this realization,
the entries of the generalized Cartan matrix a;; of type A; take place. The quantities ¢ ,i€l, n€Z,

are given by the formal power series

Z ¢ii,in“in - qih,- exp (J_qu Z Yi +”uin> 2.27)
n=1

n=0
supplemented with the conditions

¢In=0, n<0, ¢:.,=0, n>0.

We see that each of the generators f:n and & is labeled by two integers, i € / and n € Z, exactly
as each of the root vectors eq,+ns, fo,+ns a0d €5-q,4ns. fo—a,+ns - Further, each of the generators of the
commutative subalgebra y; ,, xi —n, Or equivalently ¢Zn, ¢; _, Justin view of (2.27), is labeled by
two integers i € [ and n € N, exactly as the imaginary root vectors e,s, a;»fns, a;» OF €quivalently e; 5.ap
1 5. just in view of (2.25) and (2.26). Indeed, there is an isomorphism of the two realizations of the
quantum loop algebras which can be expressed by a one-to-one correspondence between the above
generators and root vectors.

To be precise, the generators of Drinfeld’s second realization are related to the Cartan—Weyl
generators in the following way.?!?” The generators ¢* of the quantum loop algebra in Drinfeld—
Jimbo’s and Drinfeld’s second realizations are the same, except that in the first case x 65, while
in the second case x €)) CB. For the generators f;fn and y; , of Drinfeld’s second realization, we

have

(_1)”0?6(1,-#16 n>0

&= N : (2.28)
=D" 0 q " fis—an-me1)s n<0
B (=D"0"™ e(s_aiyrin-1s 4" n>0

§in= , (2.29)
(_l)no;lfai—nd n<0
(D)ol ens, o, n>0

Xion= , (2.30)
(_l)nHO?f—né,m n<0

where for each i € I, the number o; is either +1 or —1 such that 0; = —o; whenever a;; < 0. It follows
from (2.25)—(2.27) and (2.30) that
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n+l n hi 1
. (-1 0/ Kgq €5 o n>0
hl >

q n=0
_ gl n=0
¢i,n = n.n —h; £7 0 :
(=D)"olxqq f—n&,ai n<

Defining the generating functions ¢;'(u) and ¢ (u) as

o=y ¢, grwH=)" ¢ ",
n=0 n=0
we also obtain
ot ) =q" (1 - kg €5 o (—oim)), (2.31)

¢ (W) =q7" (1 + kg f3 o (—oi™")). (2.32)

In the case under consideration, the numbers o; entering equations (2.31) and (2.32) can be explicitly
defined as

oi=—(-1¢, i=1,...,L (2.33)

This specification perfectly matches the general definition.

lll. HIGHEST ¢-WEIGHT REPRESENTATIONS OF BOREL SUBALGEBRAS

We first recall some general information about the highest £-weight representations of the Borel
subalgebras of the quantum loop algebra U,(L(sl;41)). Here we follow mainly Refs. 12 and 14,
where basic properties of modules over the quantum loop algebras and their Borel subalgebras in the
category O were systematically studied and presented in a most suitable for our purposes form. We
also refer to Ref. 17 for the consistency of the notations. Then we proceed to examples of the highest
{-weight representations we are particularly interested in.

A. Preliminaries

The quantum loop algebra U,(L(sl;,1)) has two Borel subalgebras, the positive U, (b,) and the
negative U, (b_) ones. As we have already mentioned, the universal R-matrix belongs to a completion
of their tensor product. Therefore, representations of these Borel subalgebras are exactly what one
needs for applications in the theory of integrable systems. In terms of the Drinfeld—Jimbo generators,
the Borel subalgebras are defined as follows. The Borel subalgebra U, (b,) is the subalgebra generated
by e;, i €7, and q‘,x €1, and the Borel subalgebra U, (b_) is the subalgebra generated by f;, i el,and
q,x eg. It is clear that the Borel subalgebras are Hopf subalgebras of U,(L(s1;41)). The description
of Uy (by) and Uy(b-) in terms of the Drinfeld generators is more intricate. We note that, as follows
from (2.28)—(2.30), the Borel subalgebra U,(b,) contains the Drinfeld generators gifn, §;m, Xim
withie€l, n>0, and m > 0, while the Borel subalgebra U,(b_) contains the Drinfeld generators &
& xim Withi€l, n <0, and m <0. The positive and negative Borel subalgebras are related by the
qﬁantum Chevalley involution. Therefore, we restrict ourselves to the consideration of the subalgebra
Uy (b,).

As is noted above, we consider the U, (b, )-modules in the category O. By definition, any U, (b, )-
module W in the category O allows for the weight decomposition

W:@Wl, W,lz{wEWIqxw:qa’x)w foranyxeg},

where W, is called the weight space of weight A, and a nonzero element of W, is called a weight
vector of weight A. Further, a U, (b, )-module W in the category O is called the highest weight module
with highest weight A if there exists a weight vector v € W of weight A such that

e;iv=0
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forall i € and
W =U,(b)o.

The vector v with such properties is called the highest weight vector of W. It is uniquely defined up
to a scalar factor.

The notion of highest weight U, (b,)-modules is refined by introducing £-weights. Relative to
the Borel subalgebra U, (b, ), an £-weight ¥ is a pair

¥=(2, ¥,

where A € h* and W* is an [-tuple
Y= (¥ (w)ier

of formal series
W= W, u"eClul]

nels

such that
\I,lfo — q(/L hi)
i .
The symbol “+” means that we work with the Borel subalgebra U, (b,). For the case of U,(b_), one
defines an £ weight as a pair (4, ¥~) and for the case of the whole quantum loop algebra U, (L(s1141))
as a triple (1, ¥*, ¥7), see also Ref. 28.

For any U, (b,)-module in the category O, one has the £-weight decomposition
W=D
v

where Wy is a subspace of W such that for any w in Wy there is p € N such that
(97, — ¥ Yw=0 (3.1)

foralliel and n€ Z,, and

qxw — q(;f,ww
for all x €. The subspace Wy is called the £-weight space of £-weight W, and one says that ‘¥ is an
£-weight of W if the subspace Wy is not trivial. A nonzero element v € Wy such that

o7 v="F v

foralliel and n € Z, is said to be an £-weight vector of £-weight W. Every nontrivial £-weight space
contains an {-weight vector.

A U,(by)-module W in the category O is called a highest £-weight module with highest £-weight
Y if there exists an £-weight vector v € W of £-weight W such that

f:nv =0

foralliel and n € Z, and
W =U,(b)v.

The vector with the above properties is unique up to a scalar factor. One calls it the highest £-weight
vector of W.

An {-weight ¥ of a U,(b,;)-module is called rational if for some non-negative integers p;, g;,
i € I, and complex numbers a;,, bis, i€1,0<r <p;, 0 <s<g;, one has

1

Aip W+ aj p W+ -+ ajp

¥ = - :

biqiuq' + bi,qi_luq’ Ly bi()

Here, the numbers a;op and b;p must be nonzero. We see that the definition of rational £-weights in

the case of Borel subalgebras is essentially less restrictive than that of rational £-weights for the full

quantum loop algebras, where one should additionally impose certain regularity conditions.'*!”
One can show that for any rational £-weight ', there is a simple highest £-weight U, (b, )-module

L('¥) with highest £-weight ¥ which is unique up to an isomorphism, and any simple U, (b, )-module
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in the category O is a highest £-weight module with a rational highest £-weight.'? Here, all £-weights
of a U, (b,)-module in the category O are rational.
One defines the product of £-weights ¥ = (41, ¥7) and ¥, = (12, ¥3) as the pair

YWy = (11 + A, YD),

where
YIS = (VY5 (w)ier-

For any rational ¢-weights ¥ and ¥, the submodule of L(¥;) ® L('¥2) generated by the tensor
product of the highest £-weight vectors is a highest £-weight module with highest £-weight ¥{¥>. In
particular, L('¥¥;) is isomorphic to a subquotient of L(¥1) ® L(¥;) generated by the tensor product
of the highest £-weight vectors. We denote this subquotient as L(¥1) ® L(W¥>). Note that the operation
® is associative.

We have already noted in Sec. IT A a special role of the higher root vectors e; s.a; And . .o
Besides, we see from Eq. (2.31) and the definition of the highest £-weight representations of U, (b,)
that only the root vectors e/, 5.a; ATC used to determine the corresponding highest £-weight vectors and
highest £-weights.

B. Prefundamental representations

Prefundamental representations'> are simple highest £-weight U, (b;)-modules L7 with the

highest {-weights (4, (‘I‘l.fa)*) determined by the relations
. =0, P =, ..., 1,1 —aw)*',1,..., 1), i€l, aeCX
’ I—I | — |

ia
i—1 1-i

For any & €b”, the one-dimensional representation with the highest £-weight W¢ = (4 & (Fa)h)
defined as

de=€& (P =@M, ... &M (3.2)

is also included into the class of the prefundamental representations. The corresponding U, (b, )-
module is denoted by L.

For any U,(b,)-module V in category O and an element & € h*, we define a shifted U, (b,)-
module V[£] shifting the action of the generators ¢*. Namely, if ¢ is the representation of U, (b,)
corresponding to the module V and ¢[£] is the representation corresponding to the module V[£],
then

oléleN=gle), i€l,  l€lg) =45 e(q"), xeb.

It is clear that the module V[£] is in category O and is isomorphic to V ® L.
One can show that any U, (b, )-module in the category O is a subquotient of a tensor product of
prefundamental representations.

C. g-oscillator modules in general

To obtain a representation of a Borel subalgebra, one can simply take the restriction of a repre-
sentation of the full quantum loop algebra to this subalgebra. However, for the theory of integrable
systems, more representations are needed. Here one constructs necessary representations first defining
a homomorphism of a Borel subalgebra to the g-oscillator algebra or to the tensor product of several
copies of this algebra. Then one uses the appropriate representations of the g-oscillator algebras and
comes to the desirable representation of the Borel subalgebra. In this section, we give the definition
of the g-oscillator algebra and describe its important representations.

The g-oscillator algebra Osc, is a unital associative C-algebra with generators b', b, q"N,veC,
and relations
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qO — l, qleqVQN — q

ququ—vN — qvb'(', qubq—vN — C]_Vb,

(v1+2)N
9

pipo L =" _99" -q"q"
T g - 1
q9-—49 q9—-49
Two representations of Osc, are interesting for us. First, let W* be the free vector space generated
by the set {vg, v1, . . .}. One can show that the relations

bb'

vN _ vm
q Um=4q U,

bTvm:Um+l, bvm:[m]qvm—l,

where we assume that v_; = 0, endow W* with the structure of an Osc,-module. We denote the
corresponding representation of the algebra Osc, by x*. Further, let W™ be the free vector space

generated again by the set {vg, v, . . .}. The relations
qu U = q—v(m+1)vm7
b vy = V41, bTvm = _[m]qvm—ls

where we again assume that v_; = 0, endow the vector space W~ with the structure of an Osc,-module.
We denote the corresponding representation of Osc, by x~.

We consider the tensor product of / copies of the g-oscillator algebra, Osc,®- - -®0sc, = (Osc,)®’,
and denote

bi=l®--®lebele--®l, b=18 -0lcbele el
qVNi:1®...®1®q"N®1®...®1,

where b, b', and ¢V occupy only the ith place of the respective tensor products.
It was shown in Ref. 18 that the mapping p: Uy(by) — (Oscq)®’ defined by the relations

(g0 = g NS pleg)=b' gZ=N, (3.3)
o(q"") = g N =ND). plei)=—b, le gNiNim=1, (3.4)
o(g"") = q—V(2N1+Z,];{ 02 ple)) = —K;l b, M, (3.5)
wherei=1,...,/—1,is a homomorphism from the Borel subalgebra U, (b, ) to the respective tensor

power of the g-oscillator algebra. The homomorphism p was obtained in Ref. 18, starting with Jimbo’s
homomorphism from U, (L(sl;41)) to Ugy(gl;41), as the result of the interpretation of the defining
relations for a subquotient of a degeneration of a shifted U, (b,)-module. To get a representation
of U,(b,), one chooses some representation of (Oscq)®l and then takes the composition of this
representation with p.

It should be noted that a similar expression for g-oscillator representations was suggested by
Kojima.?” Our approach, however, gives such a benefit that we come to formulas (3.3)—(3.5) by
degeneration of shifted Verma modules. With this, one can present Q-operators as a certain limit of
transfer operators, see Refs. 8—11 for the case [ = 1, 2.

IV. AUTOMORPHISMS AND MORE REPRESENTATIONS

Other homomorphisms of type p are obtained with the help of twists by automorphisms of U, (b).
Specifically to the case under consideration, there are two types of the automorphisms we use for
such twisting. They originate from the automorphisms o~ and 7 of the extended Dynkin diagram of
sl;y1, where o acts by cyclic permutations of the roots o : @; — @41, while T permutes the roots as
T:@; — ap1-i, leaving g alone. Here, one has o/*! =id and 72 = id. Applied to U,,(b.), with a slight
abuse of notation, their analogs produce the symmetry transformations

hii o o(e) = et i€,

(@™ =q



093504-13 Boos et al. J. Math. Phys. 58, 093504 (2017)

where it is assumed that q"h’“ = q"ho and e;41 = eg, and
h I hiy _ i _ _ ;
(@) =4", (g")=q""", 7(eo) = eo, T(ei)=er_it1, iel

It is clear that o*! and 72 are the identity transformations.
Now we define

a — —a+1

pPa=poo 4, pu=poToC s a=1,...,1+1. “.1)
It is worthwhile noting that p, in (4.1) can be rewritten also using the relation
—a+1 a—1 a—[-2

TOoOO =0 oT=0 oT, a:l,...,l+l.

Having the above definition, we obtain from (3.3)—(3.5)

pa(q"") = g Nirart =Nica), i=a+1,...,l....l+a—1, 4.2)

Pl )= g ONEAN), pa(q@”") = qv(ZN 22N, 4.3)

paled)==bi-ab ., qN"-“‘Nf-aH‘l, i=a+ 1.0 l+a—1, (4.4)
. 1 .

Palear)=—x," big™, Palea) =b] g¥=™N, 4.5)

wherea=1,...,l+ 1, and it is assumed that the index i at the left hand side of (4.2) and (4.4) takes
its values modulo / +1, which means the identification q""’*l = q"ho and e;4 = ep.

Further, applying certain tensor products of the representations y~ and y*, we define the
homomorphisms 6, as

O=(x ® -y ®x " ® - ®x") o pu a=1,...,1+1.
L 1 ! 1
—a+1 a-1 4.6)

These representations are chosen so as to obtain highest £-weight representations. The corresponding
basis vectors can be defined as

(a) bml L pMmant Mg ptm vo
l 9

l—a+1 “l-a+2

where m; € Z, foralli=1, ..., and we use the notation m = (my, . .. ,m;) and vy = v, ..., 0)-
For the mappings p,, a=1,...,/+ 1, we obtain the following relations:
ﬁa(thi) — qV(Na—i_Na—[—l)’ i=0,1,....a-2,
Balq" ) = g N2 ) Ba(@e) = g VIS N)
ﬁa(CIVhi) — qV(NI+afi+l_Nl+a7i)’ iza+1l,a+2,...,1,
Pale)) =—bqi-1 b)_; g N, i=0.1,....a-2,
_ ! . _ _
pa(ea—l):b.}l- qu:zN", pa(ea)z_qu by qNI
Palei) ==bra-i b, ;. g N i=a+1l,a+2,...,1

Respectively, the homomorphisms 6, allowing one to obtain highest /-weight representations are
now defined as

O=(x ® @ x x ®---® x*) o Py, a=1,...,1+1.
L ] . ]

a-1 l—a+1

Then the corresponding basis vectors are given by

—(a) _ pm Ma—1 3.1 Mg Ty
U _bl "'ba—l ba "'bl vo
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It appears that the vectors v,(,f ) and 55,‘,’) are {-weight vectors for the corresponding representations 6,
and éa, see below.

Inspired by the theory of quantum integrable systems, we associate with a representation of the
quantum loop algebra a family of representations parametrized by the so-called spectral parameter.
The usual way to do this is as follows. Given ¢ € C*, we define an automorphism Iy of Uy(L(s141))
by its action on the generators as

[z(e))=C%e;, L=, (g =4q",
where s; are arbitrary integers. Note that the Borel subalgebras U, (b,) and U, (b_) are invariant with

respect to the action of this automorphism. Now, if ¢ is a representation of U,(L(sl;41)) or its Borel
subalgebra, we define

pr=goly.
If V is the module corresponding to the representation ¢, we denote by V, the module corresponding
to the representation ¢, .
Note that for a representation ¢ of U,(L(s141)), we have

e (BT W) = (¢ (w), 97 W) = (¢ (T u), 47
where s =59 + 51 +- - - +5;. If ¢ is a representation of a Borel subalgebra of the quantum loop algebra
Uy (L(s1141)), we have only one of the above equations.

In our case, starting from the representations 6, and 5,1, we define the families (6,), and (50)4 as
(0)z=0a0T7, (B¢ =040Ty.
The vectors v,(,f ) and 1753) are {-weight vectors for the representations (6,), and (éa)g as well. We use
for the corresponding {-weights the notation determined by the equations

Ba) (B @) v = 0a($F (L u)) vgy) =¥F ,, L) v,
Bu)e (87 () U = Bu(dF (L w) Oy =P () Ty,

where we take into account the first equation of (4.7). The corresponding elements of h* are denoted
as Am,q and A 4.

A. Representations 6,
1. 0,:a=1

By putting a = 1 in (4.2)—-(4.5), we come to the homomorphism p; given by the following
relations:

o1 (qvho) _ q—v(2N,+Z§;} N)) o1 (qvhl) _ qv(2N1+Z;:2 N))

p1(g"hy = g NiTNi=D)| i=2,...,1,
1 .

pie))=—«;" biq", pie)=b] g==",

pi(er)==bi_y b} gN1 N1, i=2,...,1

It is easy to see that
! !
Am,1=—(2m +ij+l+ 1) wi —Z(mi—mi,l)wi. (4.8)
j=2 i=2

Here and below w; € b, i € I, are the fundamental weights defined by the relations
(Wi, hj) =06jj, Jel.
Using Eq. (2.14), we calculate
I Nl
P1(es-ar) = =K' by g2 NI

and therefore, from (2.20) for y = a1, we obtain
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! .
Pi(€ ) ==y (1= 120y g1 )g 2=

Further, from the first relation of (2.21) for v = @, we subsequently derive

p1(Carins) = (=1)" bI g2+ i Ny+2menl ner.,
and so the first relation from (2.24) implies
P15, 0)= 15 (1 ([0l g M7 = [n 4+ 11) "2 ZR VD e,

Then, seeing from (2.33) that 01 = 1, we obtain from (2.31) the relation
1 : 1 .
p1(@1 () =g 2= (1 - g? 2=V )
x (1 - qz Ty NjH M)fl (1- qz Ty N2 u)fl. (4.9)

Now, composing p; with y~ up to the representation 6; just according to (4.6), we obtain from (4.9)
the following equation:
. 0 q—zml—zj’.:2 mj—l—l(l _ q—z Ti,mi=l+2 W
$1() o = 2% m-l 25 me2 L m
(1-g¢g ij=1 " u(l-gq ij=1 M u)

Further, from (2.15) and (2.16), we obtain

piles-a)=(=1) bibl @V i=2 L,
and consequently
. ! =i
P15 )= (1) kg (1= 20 g7V 4 PN 2N2) g B ML
Using again the first relation from (2.21), we subsequently derive the equation
. N U Nen(l—i
P1(Carins) = ~(=1)" iy b] N NI BN ez,
and hence,
pl(e;5’ai) — _(_l)ni K;l ([n _ l]q qZNi—l—zNi
_ [n]q(qzzv,-fwl g s 1]q)q2nzj].:i1\(,-+n(l—i+2)’ neN.
As a consequence, relation (2.31) gives for ¢>lf'(u), i=2,...,1, the following expression:
P17 ) = VN1 (1= B VT ) (1 = g R NI )
x (1 - qz T NjH=i+3 u)—l (1- qz S Nyl u)—l.
Therefore, referring again to the representation 6; defined by (4.6) with a = 1, we obtain

23! i _oy! l+i
—_— (1-¢ 2 X mi—l 1u)(1 —q 2 X =il u)

(- q—z S mj=l+i-1 w1 — q—z T =it )

(1)

m >

1
drwyvy’ =q

where i =2,...,/. We have the explicit expressions

_2m1—zjl.:2 mj—I-1 (1 -2 2_;;2 mi—l+2 25 u)

— 9

Y e ) =
1,m,1 (- q_z le:l mj—1 25wyl - q—z Z/I':l mi—l+2 25 u)

and
I (1- q—z Shy mi=l+i=1 S uyl - q—z S =it 25 u)

im,1 q (1-q> S mi—l+i-1 w1 - g7 B mj—li+] 25 )
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fori=2,...,1. Together with (4.8), they give

==+ Do, Yo w=¢""0-¢"Cw, ¥, w=1,
where i=2,...,]. We have thus established that the representation (6;), is isomorphic to a shifted
prefundamental representation of U, (b,).

2. 0;:a=2,...,1

In this case, as follows from (4.2)-(4.5), we have the following relations defining the
homomorphisms p, for a with values from 2 to /:

pa(thi) - qV(Nl+i—a+2_Nl+i—u+l)’ i=0,1,...,a-2, (4.10)
pa(@e )= g " ONFEAN) pa(qe) =g PN+ Zi= ) (4.11)
pa(thi) — qV(N[—aH_Ni—a)’ i=a+1,...,1, (4.12)
Palei) = =bisi—as1 by, ¢ N i=0,1,...,a-2, (4.13)
LN,
Palea) ==k, big™, Paleq) = b} q==2", (4.14)
palei) =—bi—, b:_aﬂ gNa Nz =1, i=a+1,...,1L (4.15)
We determine that in this case
a-2 1
Am,a= Z(ml+i—a+2 = Miti—g+1) Wi — Z (Mi—g+1 — Mi—g) W;
i=1 i=a+1
I-a+1 -1
+(ij— Z mj—2ml+l—a+1)wa_1
=1 j=l—a+2
I-a+1 !
—m+ DY mi= Y miti-a+2)w, (4.16)
= j=l—a+2

To find expressions for the functions ¥

l,m,a(u)’ we first obtain some subsidiary relations based
on Equations (4.13) and (4.15). These are

el NNtk
pa(eé—m,,_k) = pa([e(n_k LI [ea/ ’ e&—@]q .. ]q) = _bl—a—k b;_a+2 qzj:lia?k ! ! 2 (417)

for0<k <l—a—1.Putting k =/ — a — 1 and continuing with e,, from (4.14), we obtain

pa(e5—ma) = pa([ea/a s [ea,”] PR [em s ed—(-)]q . ']q]q)

! : I-a+1 a7 _ -
= bf g FR VA NNl g

Then it follows from this relation and expression (4.14) for the image of ¢,, , immediately that
pal€s-ay ) =0
and therefore,
Pales—a;) =0, pa(eg’ai)zo, i=1,...,a=-2, a=2,...,L
As a consequence, we also have
pa(e;l(s,m)zO, i=1,...,a=-2, a=2,...,L

We thus obtain that the image of ¢! () under the homomorphism p, is fully determined by that of
h: .
q", that is,
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Pu((ﬁ:r) — qNI+ifa+2_Nl+i7a+l , i=1,...,a=2, a=2,....1,
and for the given range of i and a,

l{l (M) qmlﬂ a+2 M +i— atl (4]8)

L,m,a

Now we consider two special cases, i =a — 1 and i = a. For the first case, we obtain
23N a4l
Pal€s-a,)=(=1)" b 2= Nrimart,
and so
l—a+1 a7, 7
Pa(€hq, )= =(=1)" i g? EA

Implementing the procedure expressed by (2.21)—-(2.24), we obtain that the images under the
homomorphism p, of all higher root vectors e,, ,+ns for n >0 vanish, and we thus have

Pa(Cay1n6)=0n0 (= &;' b1 "),  neZ,. (4.19)

Then it follows from (4.19) that only e . survives among all e’ , and so we have

no, a,-
1= a+1
pa(ei’us,aa_]):5’171 (-(- l)a ZZ Nj+l- a+2)’ neN.
Using relation (2.31), we obtain
P}y =g AN (1 PRy,
Applying the map 6, according to (4.6) fora=2,...,1, we arrive at the formula

wr 1 i) = qu P =TI M= 2mt—a+] (1- q—z I mi=lta 2 u). (4.20)

For the second special case, i = a, using subsidiary formula (4.17) for k =1 — a — 1, we first
obtain another useful relation

pa(eé_(lkﬂ,m-l) = Pa([eak 9. [el ’ [ea/[,.n LR [e(t[ ’ eé—@]q . -]q]q ] )
_ _(_l)k b] bT Zjl 111+l N Z[ (l+2+kN+l —a—1

I—a+24k 4 e ,

where the integer k can take any value from 1 to a — 2. Putting here k = a — 2 and using the image of
€q, , under p, from (4.14), we obtain

I—a+1 p7._ ! 7
Pales—a,) = (-D* K;I by qz.f:l Ni=Ziet_ara Nitl a

Then we obtain
l—a+1 a7, 7_
Pal€l,q) = (=1 1" (1= [20 M1 g B et
According to (2.21)—(2.24), it gives for the image of the higher root vectors the expression
pa(eaa+n6) = (_ 1)”‘1 bl qul.:z NI+2n ZI_HH N/+nl_na+3”’ ne Z+,

and we obtain

l-a+ 3 _

pa(e;lé’ a/a) — (_l)na K;l ([n]q q—ZN]—l _ [n + 1]q) q2n Zj:] l[\//+n(l L1+2), neN.

Then, taking into account (2.31) and (4.11), we see that for ¢, (u), the following equation holds

1 . l-a+1
Pal@3 ) =g R (1 - g EAT N )

x (1- q221]';7+1 Nj+l-a+1 u)—l (1- qzz’ ! Nj+l-a+3 )—1.

Therefore, in the representation 8, defined by (4.6), we have
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I-a+1 l-a+l1
q_2m1 2 —a+ mI+Z] - a+2mj—l+a—2 (1 —q_zz.f:? mj—l+a+1 gs u)

Yo ma (1) = 4.21)

(1- q—z iz my=lta-1 2su) (1 - q—z I mi-lta+] 5 u)
Consider now the case i =a+1, . . ., . For this case, we should basically use relations (4.12) and
(4.15). We first obtain

t =l Ni—Np_gea+—i~1
pa(eé—m,iﬂ): pa([eam R [e(ll ’ 65 9 ]q) - l a+1 b;_a+2 qu—z—uH / fa2 .

Then, continuing in accordance with (2.15), we obtain the subsidiary relation

pa(e6—(lk+1_,'+1) = pa([ea/k LA [em > [e(l,ur] LR [ecxl ’ 65—9]11 ]q] . ]q)

_( 1) bl " b Zjl ;4+al+l li— Zl a+2+kN+l i—1

=l-a+2

1-a+2+k 4
valid for k=1, ...,a — 2. Putting here k = a — 2 and continuing with e,, , and e,, from (4.14), we
come to the formula
Pa (65—lla+k+|, i+l )
= pa([ea/(Hk LR [ea/a ’ [e(l,l,l LR [e(l| ’ [e(l,ur] LR [ea// ’ eé—(i]q ]q]q .. ] ]q ] )

l a+l l-a+1
Nj+l-
( 1)(1+k+1 bl a+l b =i— a+1 Zj —k+2 Vit i

k+1 C]
valid for k=0, 1,...,i —a — 1. Putting here k =i — a — 1, we obtain
i - l-a+1 g
pa(eé—ai) = (_1)l bi—a+l bi'—a q2 Zj=i7a+1 Nj+l ”
and consequently
Palel )= (=1) k' (1 = [2], g2Vt 4 PNt i) g2 S N=in]
a;

both relations valid fori=a+1,...,landa=2,...,l. Respectively, we obtain

Ni—g=Ni—a+1—1+2n Zl ;H-(:_H N+ﬂ(1 l+’3)

pa(ea,+n6)—_( l)m b abl ar14 neZy.
The latter allows us to obtain
pa(e;,(;, a[) — _(_l)ni K;l ([n _ l]q qZNifa_ZNi—a-ﬁ-l
—[nly (Nt + g7V 4 [0+ I]q) MR Nn=ivd) e,

Using the relation between ¢ (1) and e o, (1) as given by (2.31), we obtain the following expression:
i —_N: I-a+1
Pa((lf(u)) =qN:—a+l Ni-a (1 _ 612 :,_a+2N+Z i+1 )(1 22} it Nj+l=i+3 )
x (1- q j:i—a+] NjHl=i+1 u)_ (1- 2 j a1 NiHl=i+3 )_1'
Recalling our definition of the representations 6, in (4.6), we finally obtain

P (u)

i,m,a

I—a+l 7.+ _ l-a+1 T
_q_2zj:?—+a mj—l+i lé,s u)(1 - g 2Zj:f’fa+2mj I+i+1 é’s )

1

_ o M B (4.22)

(1 - q—z Sa il s g q—z Sian il sy

foralli=a+1,...,land a=2,...,l. We thus see from (4.16), (4.18), and (4.20)—(4.22) that for
a=2,...,1the corresponding highest £-weights are determined by the expressions

=(l-a+Dws1—(l-a+2)w,

and
1, i=1,...,a-2,
[—a+1 —l+a s .
+ _ q 1- u), i=a—1,
lPi,(),a(l't)_ q—l+a 2 (1 —l+a léas l/l) l’ i=a,

1, i=a+1,...,L
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It means that the representations (6,); fora=2, ...,/ are not prefundamental but are isomorphic to
subquotients of tensor products of two shifted prefundamental representations of Uy (b,).

3. 0,:a=1+1
In this case, we have p;1 = p, therefore
1 : 1 A
pre1(q") = g N2, pi1(eo) =b g==",
prei (g = g" M=, prer(e) ==b; b}, gV Nw
— -1 N _
pre1(g"™) = gV CNFERIND), pri(en=—ky' b g,
wherei=1,...,/ — 1. Now we have
-1 -1
Am, 141 = Z(mm —mp) w; = ( Z mj + Zmz) w. (4.23)
i=1 j=1

Similarly to the preceding, we obtain
piries-a)=0, i=l..,l=1,  puilesa)=—(=1'b]
so that
pui(€s o) =0, i=l... =1, pui(es ) =Dk g
Therefore, we obtain
pri(l = kges ,w)=1, i=1,...,1-1, prei(l = kg€l o )=1-(=1) qu.
This allows us to write down the equations
Pt (¢ ) = prar(g") =g 7N, =1, -1
and , .
P (¢ @) =g M= (1 = gu)
for the images of ¢i+ under p;,1. Then, using the representation 6;,1, we see that
=M . —2my=3 ! m; s
\P:m,z+1(”):‘1ml+l ioqi=1,...,01-1, \{sz’m(u):q 2my=3, m (1 —qu).
We obtain from (4.23) and from the last line that
Ao.141 =0, \P:0,1+1(”)=1’ i=1,...,1-1, TZO,1+1(”)=(1_CI§S”)-

Therefore, we see that the representation (6;,1), is isomorphic to a prefundamental representation.

B. Representations 6,
For the representations 6,, we first make the following observation:
Pa(@™) = preara(@™),  Paler) = pr-asa(er-isn),
and

o =0 Y, a=1.. 0+ 1

’
nod, a;

Applied to the relation between (b:.’(u) and e in (2.31), this leads us immediately to the conclusion

that the functions q’lf’m ,(u) are related to the functions ¥}, (u) as
wt+ _ Wt 1
lIJi,m,a(u) - \Plfi+l,m,lfa+2(_(_1) Lt)

For the elements ﬁm, «» We have

/lm,a = L(/lm,l—a+2)’

where ¢ is a linear mapping determined by the relation

W) = Wi—it1.
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The above relations show that, similarly as in the case of the representations (6,), the representation
(él)g is isomorphic to a prefundamental representation, the representation (5”1)( is isomorphic to
a shifted prefundamental representation, while the others, (éa){ fora=2,...,1l, can be realized as
subquotients of tensor products of two prefundamental representations of Uy (b.).

V. CONCLUSION

We have obtained the £-weights and the corresponding ¢-weight vectors for the g-oscillator
representations of the Borel subalgebra U, (b,.) of the quantum loop algebra U, (L(s1;41)) with arbitrary
rank /. Here we have discovered that for all representations (6,),, (éa)g the representation space
has a basis consisting of {-weight vectors. This means that the number p in (3.1) is always equal
to 1. We see that some g-oscillator representations, namely (1), (61+1)¢ and (51)4, (ém)g, are
shifted prefundamental representations L |, sz and wax, L, for certain values of the parameter
x, respectively, and all other prefundamental representations Ll.i"x, i=2,...,1 -1, are presented in
tensor products whose subquotients give the corresponding g-oscillator representations. Altogether,
for a general higher rank case with [/ >2, there are 2(I + 1) g-oscillator representations versus 2/
prefundamental representations. The case of [ = 1 is special. Here one has only 2 representations of
both kinds.!”

To be specific, let us gather the highest £-weights obtained in Secs. IV A 1-IV A 3. Thus, for
the representation (61),, we have

Ao, =+ Doy,
—i-1 s\ _
wr =14 (l—q g“u) , i=1,
0110 { 1, i=2,...,1,
for the representations (6,), witha=2,...,/, we have

Aog=U—-a+Dws1 —(-a+2)w,,

1, i=1,...,a-2,
[—-a+1 —l+a gs s _
W, ()= ¢ (1-q a‘zvu)’_] r=a-l.
i,0,a qfl+a72 (1 _ qfl+u71 g u) , i=a,
1, i=a+1,...,1,

and for the representation (6,1);, we have

0,141 =0,
1, i=1,...,1—-1,
\PZOJH(”):{l—ngu, i=1.

It means that

B =Lg ® Ly igss

~ + T~ —
(B¢ =Lg ® (La_l’q,,mgs ® La’q,,m,lgs), a=2,...,1,
O = qugs.
For the definition of the operation ® see Sec. Il A. The shifts &, have the form
==+ Dwi, éi=(-a+Dwe-1—(U-a+w,, a=2,...,1, &41=0.

Actually, in view of the above relations, we can also write a reversed relation expressing the
prefundamental representations as subquotients of tensor products of g-oscillator representations.
Explicitly we have

Lg[_— ® Li_,{S = (Ql)qmqgs ® (02)q1+i—3{s ® - ® (ej)ql—iﬂé/x,
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where the elements & are defined as
i-1
& =2 wj-(-i+2)w
j=1
and
Lflf ® ngs = (041 )ql—i—I{x ® (9,'4.2)[114734.; ® ® (9[+])q—l+i—lé'x,

with the elements &/ given by the equation

l
E=(-iw-2 Z wj.

j=i+l

Similar relations can also be written for the representations 6,. We see that any Uy, (b;)-module in the
category O can be presented as a shifted subquotient of a tensor product of g-oscillator representations.
Besides, we note that the corresponding highest £-weights are as simple as those of the prefundamental
representations. And in this sense, the g-oscillator representations are no less fundamental than the
prefundamental ones.

We denote the U, (b, )-modules corresponding to the representations 8, defined in (4.6) by W,
a=1,...,1+1, and consider the U,(b,)-module (W1)z; ® - - - ® (Wi41)g,, - Then, the tensor product
of the highest £-weight vectors is an {-weight vector of £-weight determined by the functions

_ i+ s
W)= g~ IQT_I?M i=1,...,L

Let now V4 be the representation of the whole quantum loop algebra U,(L(sl;41)) constructed
with the help of Jimbo’s homomorphism.'® Consider its restriction to the Borel subalgebra Uy(by). We

denote this restriction again by V4. It can be shown™ that the highest £-weight of the U,,(b,)-module
(V’l)g is determined by the functions

1 _ q2/1i+1—i+1 gs u

(1) = i~ Aix
¥iw=q l 1 — gt sy

, i=1,...,L

We see that if
Li=q? b, pi=5—i+]1,
where p denotes here the half-sum of all positive roots,
p=01/2,1/2-1,...,-1/2),

then the submodule of (W1), ®- - -®(Wi41),, generated by the tensor product of the highest £-weight
vectors of (Wy)z,,a=1,...,1+1,is isomorphic to the shifted module (V”)g[f], where the shift £ is

N~

l
€= (A = i = 2w
i=1

A similar conclusion holds for éa as well. Altogether, this observation about the connection
between the highest £-weights is useful for understanding the structure of functional relations between
the integrability objects.

As we have noted already, the representations (6,); and (éa)g are used to construct Q-operators
which are necessary tools for the theory of the quantum integrable systems. Correspondingly, we
have two sets of Q-operators, Q,({) and Q,({ ), witha=1,...,] + 1. Each Q-operator is defined
as twisted trace over the representation space of (6,); or (éa)g, which is in fact the represen-
tation space of / copies of the g-oscillator. In Refs. 31 and 32, for quantum integrable systems
related to the Yangian Y(gl; ), the complex of Q-operators Q;(z), where I is an increasing set
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of integers {ay, az, ..., ap} C{1, 2, ..., [+ 1}, was introduced. It is clear that here one has 21+l 0-
operators. The operator Qg 4, ..., a,}(2) is constructed as twisted trace over the representation space of
p(l + 1 — p) copies of the harmonic oscillators. The operators Q{a}(z) and Qq1,2,.... 141\ {a) (@)

are the limit for ¢ — 1 of the operators Qu(¢) and Q.(¢), respectively. Although, by using the
appropriate functional relations, any operator Q{a,,a,,....a,}(z) can be expressed via the operators
Q{a}(z), a=1,2,...,1 + 1, it would be interesting to find deformed analogues for all operators

Olar,a, ---,ap}(Z)-
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