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Abstract

The Verma modules over the quantum groups U, (gl ,) for arbitrary values
of [ are analysed. The explicit expressions for the action of the generators
on the elements of the natural basis are obtained. The corresponding
representations of the quantum loop algebras U,(L(sl;1)) are constructed
via Jimbo’s homomorphism. This allows us to find certain representations of
the positive Borel subalgebras of U, (L(sl;11)) as degenerations of the shifted
representations. The latter are the representations used in the construction
of the so-called Q-operators in the theory of quantum integrable systems.
The interpretation of the corresponding simple quotient modules in terms of
representations of the g-deformed oscillator algebra is given.
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1. Introduction

One of the most advanced methods of investigation of quantum integrable systems was devel-
oped on the basis of quantum groups [1-3]. The latter are, in a sense, the objects which
have replaced the classical Lie groups and Lie algebras within the framework of the group-
theoretic, or algebraic, approach to physical models. The primary problem in the study of
quantum integrable systems is to describe the spectrum of the corresponding transfer matri-
ces. This task reduces to the examination of functional relations in the system of transfer and
Q-operators, being a substitution of the Bethe ansatz equations [4]*.

4 Actually, there is a vast list of interesting papers on this subject, see here some part of it [S-14].
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In the quantum-group formalism the derivation of the functional relations is based on a
thorough analysis of the appropriate representations of quantum groups and their Borel sub-
algebras. For the case of the quantum groups related to the Lie algebras sl and sl the corre-
sponding work has been carried out in the papers [15-22].

In this paper we consider the case of the quantum groups Uy (L(sli41)), [ =1,2,..., see
section 5 for the definition. These quantum groups are deformations of enveloping algebras
of the loop algebras of Lie algebras £(sl;+1). Presently, in this case it is common instead
of the term a quantum group to use the term a quantum loop algebra. From the point of
view of quantum integrable systems the most interesting representations of U, (L(sl.4)) are
those which are obtained from the Verma modules over the quantum groups U, (gl; ) via the
Jimbo’s homomorphism [23]. Thus, it is very useful and interesting to study the Verma mod-
ules over U, (gl )- In sections 24 we find the explicit form of the corresponding defining
relations. By this we mean the explicit expressions for the action of the generators of U, (gl;, )
on the vectors of the natural basis of the Verma module. The corresponding representations of
U, (L(sli41)) are considered in section 5.

In fact, to investigate a quantum integrable system one does not need to know representa-
tions of the whole quantum loop algebra but only of its Borel subalgebras. Furthermore, the
representations of the Borel subalgebras which cannot be extended to representations of the
whole quantum loop algebra are of special interest. Such representations are used to construct
Q-operators. They can be constructed as certain degeneration of the shifted Verma modules,
see, for example, [18] and [21, 22] for the case of U,(L(sl,)) and U,(L(sl3)). In the present
paper we consider the general case of the quantum loop algebra U, (L(sl;1)) (section 6). The
obtained representations appear to be reducible. We find the corresponding submodules and
construct the irreducible quotient modules (section 7). Finally, we give an interpretation of
the corresponding irreducible modules in terms of representations of the g-oscillator algebra
(section 8). Almost the same expression for g-oscillator representations was suggested by
Kojima [7]. The advantage of our approach is that we get it as the result of degeneration of
shifted Verma modules. This allows one to present Q-operators as a limit of transfer operators,
see the papers [19-22] for the case [ = 1, 2.

We assume that the deformation parameter g € C* is not a root of unity. The notation
kg =¢q— g~ is often used, so that the definition of the g-number can be written as

v -V
v]g = % =k, (¢"—q7"). veC.
For a nonnegative integer n and the corresponding g-number, we also use the notation

[n]g! = [1]q [2]g - - [n]q-
It is assumed here that [0],! = 1.

2. Quantum group Ug(gl; 1)

We start with a short reminder of some basics facts on the Cartan subalgebras and root systems
of the general linear and special linear Lie algebras g[;, ; and s[;4. The standard basis of the
standard Cartan subalgebra €11 of gl, 1118 formed by the matrices K;, i = 1,...,1+ 1, with
the matrix entries

(Ki)jk = 65 Ok
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There are [ simple roots «; € £/, |, which are usually defined by the equation

(ai, Kj) = cji, (2.1)
where

¢ij = 0ij = Oijt1- 22

Then, the full system of positive roots is formed by the roots

j—1
Q=Y o 1<i<j<I+1.
k=i

It is clear that ; = o ;1. Certainly, the negative roots are —qv;.
The standard basis of the standard Cartan subalgebra b1 of s(;41 is formed by the matrices

H=K—K., i=1..,1

As the positive and negative roots we take the restriction of o;; and —cy; to b41. For the simple
roots we have

(ai, Hy) = ajj, (2.3)
where
a,‘j = C,‘j — CiJrl’j

are the matrix entries of the Cartan matrix of ;.
Let g be the exponential of a complex number 7, such that g is not a root of unity. We define
the quantum group U, (gl;, ;) as a unital associative C-algebra generated by the elements

E, Fi. i=1,...,1, 7, Xet, (2.4)

satisfying the following defining relations

L]O =1, lequ — L]X1+X2, 2.5)

TEq > =q " YE,  ¢Fiqg*=q “YF (2.6)
K,’—KH,] _ —Ki+Ki+l
[Es, ) = 0,1 L 2.7)
q—q

Relations (2.6) can equivalently be written as
qIJK,‘qufl/K,’ — ql/C,'jE"j’ qVK,‘F'jqfle,‘ — quCl'/'I;*j, v 6 (C (28)

Besides, we have the Serre relations
E;E; = E/E;, F;F; = FF;, li —j| =2,
E}Eiyy — [2|,E Eix1 Ei + Eixy E? = 0, F}Fiyy — [2|,F; Fix1 Fi + Fixy F? = 0.
Note that the notation ¢¥, X € €., is used to emphasize that the Cartan subalgebra &
parametrizes the corresponding set of elements of U,(gl;)-

The quantum group U, (sl;; 1) is generated by the same generators (2.4) as Uy (gl; ), how-

ever, in this case X € h;41. The defining relations are also the same, except that (2.7) should
be written in the form
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H: —H;
q T q t

—g!
From the point of view of quantum integrable systems, it is important that U, (gl,, ) and
U, (sl;11) are Hopf algebras with respect to appropriately defined co-multiplication, antipode

and counit. However, we do not use the Hopf algebra structure in the present paper.
Below we assume that

@t =q"q",
- ' —q "
qg—q! g—q!

for any complex number v and element X of €.

[Ei, F]

X+0], =

3. Higher root vectors and g-commutation relations

The abelian group

1
0=Pza
i=1

is called the root lattice of gl;, ;. The algebra U,(gl;, ) can be considered as Q-graded if we
assume that

E;i € Uq(g[l—i-l)oc;7 F; e Uq(g[l—o—l)—a;’ ‘IX € Uq(g[l+1)0

forany i=1,...,/ and X € #11. An element a of U,(gl,, ) is called a root vector corre-
sponding to a root y of gl, ; if a € U,(gl,, ;). In particular, E; and F; are root vectors corre-
sponding to the roots «; and —ay. It is possible to find linearly independent root vectors
corresponding to all roots of gl;, ;. To this end, we denote

AN={0j)eNxN|1<i<j<I+1}

and, following Jimbo [23], introduce elements Ej; and Fy, (i, j) € A;, with the help of the
relations

Eiiv1=E;, i=1,...,1

Ej=FE ; 1E_1;—qE_1;E;; 1, Jj—i>1,
and

Fiiv1=F, i=1,...,1

F,'j:Fj,LjFi!j,1—q_lFi!jlej,Lj, j—i> 1.

It is clear that the vectors Ej; and Fy; correspond to the roots cy; and —ay; respectively. These
vectors are linearly independent, and together with the elements qx, X € ¢4, are called
Cartan—Weyl generators of U,(gl;, ;). It appears that the ordered monomials constructed from
the Cartan-Weyl generators form a Poincaré-Birkhoff-Witt basis of U, (gl;,,)- In this paper
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we choose the following ordering. First endow A; with the colexicographical order. It means
that (i, j) < (m, n) if j < n, orif j = n and i < m>. Now we say that a monomial is ordered
if it has the form

Fiji - Fij. @ Emn - Enn,s (3.1

where (i1, j1) < ... < (ir, jr), (my, ny) < ... < (ms, ng) and X is an arbitrary element of
€1 1. The monomials of the same form with X € b;4, form a Poincaré-Birkhoff-Witt basis
of Uq(5[1+1 )

Let us demonstrate that any monomial can be written as a sum of ordered monomials
of the form (3.1). We will write the necessary equations in the form of commutation or
g-commutation relations. First of all, using (2.1), (2.3) and (2.8), we obtain

4K g = ¢ E @ Fg VN = gV S, (32)

and, similarly,

4" By = ', @ F g = VB,
To describe the relations allowing one to order the elements Ej; and Fj, we follow H.

Yamane [27]. Note that for (i, j), (m, n) € A; such that (i, j) < (m, n), there are six cases®

CI:i:m<j<n, CH:m<i<j<n, CHI:i<m<j=n, 3.3)

Cyv ii<m<j<n, Cy:i<j=m<n, Cyi:i<j<m<n. (34)

Here, the symbol C,, a =1,..., VI, means a branch in A; X A;, where (i, j) and (m, n) are
subject to the corresponding conditions (3.3)—(3.4). In any of these branches, or in a certain
union of them, the relations in question are form-invariant.

According to our definitions, which are slightly different from those of the paper [27], we
obtain

EjEm = ¢ 'Enn Ey, ((i, j), (m, n)) € CrU Cm, (3.5
Ejj Eyn = Ey Ej, (. ), (m, n)) € CuUCyi, (3.6)
Ejj Eyn — q Eyn Ejj = Ein, ((. /), (m, n)) € Cy, (3.7
EyjEyn — Eyn Ej = =g Ei Enjs - ((i, ), (m, n)) € Cv. (3.8)
Similarly, we have
Fy Fon = 6~ Fom Fi (G, ). (m. m)) € C1 U Cun, (3.9)
Fjj Fpn = Fon Fj, ((i, ), (m, n)) € Cy U Cyr, (3.10)
Fyj Fyn — qFpn Fj = —q Fip, ((@. ), (m, n)) € Cv, (.11
Fij Fop — Fyun Fij = —kg Fin Fj, (i, j), (m, n)) € Cry. (3.12)

5 Note that if we define an ordering of the positive roots so that a;; < au if (i, j) < (m, n) we will have a normal
ordering in the sense of [24, 25], see also [26].

®Since we chose for the elements of A; the colexicographical order, but not the lexicographical one as in [27], we
define Cj; in a different way in comparison with [27].
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It is convenient to write (3.11) also as
anFij_q_lFiijn = Fj.
Further, we obtain
[Ey. Fyl = rg ' (¢ —q7™),
where, and in what follows, [ , | means the usual commutator, and we denote
ql’Hi/' = q” ij;il H", veC, (i, ]) S Al.

We also obtain the following commutation relations:

[Eyj, Fon) = —q " "Fiuq™ ", ((i, j), (m, n)) € Cy, (3.13)
[EijFun) = 4 Eing™ "™ = ¢~ " Eip,  ((i. j). (m. n)) € Cm, (3.14)
[Eij» Fun] =0, ((i, j), (m, n)) € Cn UCy U Cyr,
(3.15)
[Ejjs Fun] = g Fjn Ein g™, (i, /), (m, n)) € Cry. (3.16)

Note that in (3.16) the root vectors at the right hand side commute, [Fj,, E;;,] = 0 for the given
values of the indices, and, besides,

q " Fj = q "Fjq~ ", q " By = qEjmq .

Interchanging the pairs of indices (i, j) and (m, n) of the root vectors in the above commuta-
tion relations, additionally to (3.13)—(3.16) we obtain

[Emn 5 Fij] = _qu[j Ejn = —Ljn CIH”, ((l’ ])’ (m’ I’l)) € CI’ (317)
[Emn ’Flj] - q qun F im qun, ((ls ])7 (m, n)) € CHI’ (318)
[Emn > Fij] =0, ((#, j), (m, n)) € CpUCy UCyy,
(3.19)
Epn s Fij = —#g Fim Ejn ¢, ((i, j), (m, n)) € C. (3.20)

Again, the root vectors at the right hand side of (3.20) commute for the given values of the
indices, [F,, Ej,] = 0, and similarly to the preceding we have

4" Epw = q" ' Epnq"™, " Fin = qFing™.

Now, it is easy to demonstrate that equations (3.2) and (3.5)—(3.20) are sufficient to rewrite
any monomial as a sum of ordered monomials of the form (3.1). In the case of the quantum
group U, (sl;1 ;) we obtain the same result using the ordered monomials of the form (3.1) with
X € by

4. Defining Verma Ug(gl,, 1)-module relations

Given \ € £, |, denote by V* the corresponding Verma U, (gl 1)-module. This is a highest
weight module with the highest weight vector v* satisfying the relations

A=0, i=1L...,I, =M Xee, reg,,. “.1)
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Below we identify the highest weight A with the set of its components
A = (A K.

We denote by 7 the representation of U, (gl,, ;) corresponding to V. The structure and prop-
erties of V* and 7 for / = 1 and [ = 2 are considered in much detail in our papers [19-22,
28]. Here we deal with the case of general /.

Denote by m the /(I 4 1)/2-tuple of non-negative integers my;, (i, j) € Ay, arranged in the
colexicographical order of (i, j). More explicitly,

m = (m125 myz, mp3, ..., mlj, B mj*l,ﬁ s MYl ey ml,lJrl)-

The vectors

mip M3 o3 mny, j mj—1,j LOWES JUNES
Um = Fi32 Fi3 By RS R FT v,

where for consistency we denote vy = v*, form a basis of V. The relations describing the
action of the generators ¢*%i, E; and F; of the quantum group U,(gl;, ) on a general basis vec-
tor v, is what we exactly mean under defining U, (gl | )-module relations.

We first obtain how the generators g“%i act on the basis vectors. Using (3.2) and taking into
account the second relation of (4.1), we derive

VKiUm (>‘ Z,l IZVJ_ Z 7,+1Ct/mm)vm’

q =q" i=1,...,[+1.

Rearranging the summations in the exponential at the right hand side of the above equation,
the same result can be written as

GO = N EL S ey L.

Recalling the exact form (2.2) of the quantities ¢;;, we can make the above formulas more
explicit and eligible for further use. We have

ql/K,' Om = qu(ki-i-z;;l] Mki_ziil,-+] mik)vm, i=1,...,1+1. “4.2)
Then, for g¥#,i = 1,...,1, where H; = K; — K1, we obtain
qVHi Um = qV[)\i*)\i+1+Z§(:, (mki*mk,i+1)*2mi,i+1*Zf;]prz(mik*mwl,k)]vm_ (4.3)

To define the action of the generators Fy = Fj x4+ on the basis vectors we need subsidiary
formulas following from relations (3.9)—(3.12). These are

Frir FIie = g™ F Fy oy + [malg Fit Fion
fori=1,...,k—landk=2,...,[,and

F

M, k41 M g1 M k1
Jok+1 F; F; F;

lk+1_q ik+1 Lk l<]:2,,k
Applying these formulas for all k = 1, ..., [, we obtain

i—1

Fiiv19m =q = Xici (i 1) Umte; i1 T ZC] e [m ] Um—ejitejipn “4.4)
j=1

Here and below m + ve; means shifting by v the entry my; in the I[(I + 1)/2-tuple m.

To define the action of the generators Ey = Ej 11, Kk = 1,...,1, on the basis vectors we
mainly need the following subsidiary formulas obtained from equations (3.13)—(3.16) and
(3.17)—(3.20):
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M, k1 Mk k+1 My k1 —1
Ek,k+1 Fk,k+1 = Fk,k+1 Ek,k+1 + [mk,k+1}qu,k+1 [Hy — my g1+ 1]q’

Ko g Mg —2 ) my—1 —Hy
Ek,k+1FIrc;l' =F B — 4" gl Fyy' Frg a7

mi k+1—1  H
i F q*

M k+1 _ pIMik+1
F, F i,k+1

Ex i Fi = F Exrr + [mi g Fi

for all possible values of i, j and k. These equations, supplied with (4.3), allow us to derive the
desirable formula. We obtain

I+1
Eiiv10m =[N — Aig1 — E (myj — mig1j) — mi i + g [Miiv1]g Om—e, 1
j=it2
-1
+ qA,-—/\,-+,—2m,-v,-+,—Z}i}+2(mij—zni+],,) E qZL;}+1(mki—mk,i+1) [

J=1

M, it1lg Um—e; i1 +ep

I+1
_ E q—/\/+/\/+1—2+Z;{J:,-(mfk—m[+1.k) [mz]}

j=it2

g Um—ej+eit;

4.5)

foralli=1,...,1L
To construct representations of U, (L(sl;41)) we will also need in section 5 the action of the
specific root vectors F ;41 and Ej ;4 on the basis vectors v,,. Using the formulas

F1’1+1F;'Jl,1j:qmlfF;r;-liFl’Hl, j:2,...,l,
and

Frp Fp = FUFy g, (i,7) € M,
following from equations (3.9)—(3.12), we obtain

! .
Fl,l+1 Om = qZ[:z i 'Um+61,,+1 . (4'6)

The corresponding formula for the action of Ej ;4 is given in the appendix.

Note that V* and 7 are infinite dimensional for the general weights \ € € - However, if
the weights are such that \; — A\iy1 € Z4 forall i = 1,...,[, there is a maximal submodule,
such that the respective quotient module is finite dimensional. We denote such U, (gl )-
module and the corresponding representation by V* and 7*, respectively. The reduction to the
special linear case from the general linear one can be achieved simply by replacing relation
(4.2) by (4.3) in the above module relations.

5. Quantum loop algebras U4 (L(s!;41)) and some their representations

For the construction and investigation of quantum integrable systems one often uses finite
and infinite dimensional representations of the quantum loop algebra U,(L(sl;41)). The rel-
evant representations are usually obtained from Verma representations of the quantum group
U, (gl 1) Let us describe the corresponding procedure.

To define the quantum loop algebra U, (L£(sl;41)) it is convenient to start with the definition
of the quantum group Uq(Z(s [,11)). Remind that the Lie algebra L(sl41) is a special exten-
sion of the loop algebra L£(sl; 1) by a one-dimensional center Cc [29]. Forany i = 1,...,/
denote by h; the image of the Cartan elements H; of ;41 under the natural embedding of sl;;

into £(sl41). We will also use the notation
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1
hiy1 = Ce® @Chi
i=1

l

for the “Cartan subalgebra’ of £(sl,41). Introducing the element sy = ¢ — D oici

a more symmetric expression:

!
(= @ Ch;.
i=0

We define the ‘simple roots’ «;, i =0,1,...,1, of Z(s[H_I) as the elements of E}kﬂ satisfying
the equation

h;, we obtain

(i, hy) = ay,

where a;; are the entries of the generalized Cartan matrix of an affine Lie algebra of type Al(l).
The quantum group U, (L(sl;41)) is a unital associative C-algebra generated by the ele-
ments e;, f;, i = 0,1,...,1,and ¢, x € b4, satisfying certain defining relations. These are the

following commutation relations:

qO -1 q7'q° = anrxz
geq ™ =q"“Ve,  gfigF=q Vf;

supplemented by the Serre relations:

L—ay 1-ay

S DRI P g e)® =0, S (=DHATII (R =o.

k=0 k=0

Here we use the notation (¢;)") = (e;)"/[n],! and (£;)™ = (£)"/[n],!-

The quantum group Uq(E (sl41)) does not have any finite dimensional representations with
¢"*¢ acting nontrivially [30, 31]. Therefore, to construct quantum integrable systems with finite
dimensional state space one should use representations with trivial action of ¢¥¢. In fact, it

appears more convenient to use the quantum loop algebra U, (L (s[;41)) defined as the quotient

Uy (L(sli1)) = Ug(L(sl1))/(¢" = Dvec-
We consider the quantum loop algebra U, (L(sl;11)) in terms of the same generators and defin-
ing relations as U, (L(sl;41)), with the additional relations

g =1, veC*. (5.1

As the quantum group U, (gl ), also the quantum loop algebra U, (L(sl;4 1)) is a Hopf alge-
bra with respect to appropriately defined co-multiplication, antipode and counit.

To construct representations of U, (L(sl.41)), not only finite dimensional but also infinite
dimensional ones, it is common to use the Jimbo’s homomorphism ¢ from the quantum loop
algebra U, (L(sl41)) to the quantum group U, (gl,, ;) defined by the equations [23]

E(tho) == qV(Kl+l_Kl), €(thi) = qV(Ki_Ki+l)9 (52)

e(eo) = Fi i1 ¢ 541, e(ei) = Ejiit1, (5.3)
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(fo) = Evipr g 7R, e(fi) = Fiit1s (5.4)
where i runs from 1 to [. If 7 is a representation of U, (gl;, ) then 7 o £ is a representation of
Ug(L(sl41))-

In fact, in applications to the theory of quantum integrable systems, one usually con-
siders families of representations parametrized by a complex parameter called a spec-
tral parameter. We introduce a spectral parameter with the help of a family of mappings
et Ug(L(sht1)) = Uy(L(sl41)), ¢ € C*. Explicitly, I'¢ is defined by its action on the gen-
erators as

Lelg)=q",  Tele) =Ce.  To(fi) =¢Ci
where s; are arbitrary integers. We denote the total sum of these integers by s. Now, for any
representation ¢ of U, (L(sl;41)) we define the corresponding family ¢ of representations as
pec=@ol¢.
Of our special interest are the families of representations () and (¢*), related to infinite
and finite dimensional representations 7> and 7 of U, (gl, ; ), because they play a special role
in the theory of quantum integrable systems. These families are defined as
(PMe =7t oeoTy, (PMe =7t oeoTy.
Let us consider the corresponding defining U, (£ (sl;41))-module relations.
First, using (4.2) and (5.2), we obtain

!
ql/ho U = qV[/\/+1—)\1+Ei=2(m1i+mz.z+1)+2m|,1+1] Ums (5.5)

quh,» O = qv[Ai—Ai+1+Z};ll (mki—mk,i+l)_2mi,i+l_Ziillr+2(mik_mi+l,k)]vm. (5.6)
Further, taking into account that

Ki+Kit1 AiA+Aip1 — S (mii—mi 141) )
'm

q Om = 4q
and using (4.6), we obtain from the first equation of (5.3) the module relation for e,

€0 Um = CSO q>\1+)\l+l+25:2 s Om-ey, 141 (5.7
The module relations fore;, i = 1, ..., [, follow from the second equation of (5.3) with account
of equation (4.5),

I+1
€iUm = ¢\ — A1 — Z (my —mis1,j) — mi i+ g M i1]g Om—e; 1y,
j=it2

i—1

si A= Aipt —2m; i — S (my—miy1, ) S (=g 1)
+< q =iy ! g [mjsi+]]qvm_5/,[+l+6ji

J=1
I+1 .
Si =i+ X1 =243 (me—migy i)
= ¢ E q = [mijlg Om—cy e - (5.8)
j=it2

10
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Using (4.4) and the second relation from (5.4), we obtain the action of the generators f; on
the basis vectors vpy,:
fivm= (" q Z;;ll(mji_mj"H) Um-e; i1
i—1
= e —n
+ C_Si Z q_ Zk:l ( o k.l-H) [mjl]q Um—Ej;-'rEij,[ . (5.9)
j=1
One can also obtain the action of f; on v, using equations (A.1) and (4.2) and the first one of
the maps given by (5.4).
Now, relations (5.5)—(5.8), and (5.9) together with an expression for fyv,, constructed as
just mentioned above, form the basic U, (L(sl;41))-module relations.

6. Degenerations of the shifted Uy (b )-modules

From the point of view of quantum integrable systems, representations of the Borel subalge-
bras of the quantum groups under consideration are most interesting. There are two standard
Borel subalgebras of U,(L(sl;11)), the positive Borel subalgebra U,(b,.) generated by e;,
i=0,1,...,l and ¢*, x € b1, and the negative Borel subalgebra U,(b_) generated by f;,
i=0,1,...,land ¢*, x € b;41. We restrict ourselves to the case of the positive Borel subalge-
bra used in our consideration of universal integrability objects [19-22].

Certainly, the restriction of any representation of U,(L(sl;11)) to U,(b ) is a representa-
tion of Uy(b). In particular, we can consider the restriction of the representations (¢*)¢
and (¢*).. Here relations (5.5)~(5.8) constitute the corresponding U, (b. )-module relations.
The representations (¢); and (¢*)¢ are used for the construction of very important inte-
grability objects called transfer operators. Besides, there are no less important integrability
objects called Q-operators. The representations used for the construction of the Q-operators
are essentially different. However, for the quantum integrable systems related to the quantum
groups U, (L(sl;41)) the latter can be obtained from the former as certain degenerations, see,
for example, [18] and [21, 22].

The degenerations in question are obtained by sending each difference A; — Aiy1,
i=1,...,1, to positive or negative infinity. However, looking at (5.5) and (5.6) we see that it
gives either infinity or zero for the action of the corresponding elements ¢*”. To overcome this
difficulty we use the notion of a shifted representation.

Let ¢ be a representation of U,(b)and § € E}"H. Then the relations

ole](e) = pler).  @lél(q) = a“Yo(q) (6.1)

define a representation o[¢] of U, (b, ) called a shifted representation. Note that due to (5.1)
the element £ must satisfy the equation

&, c)=0.

We see that the only difference between the shifted and initial representations appears in the
factor (&%),

Now we consider the U, (b, )-module defined by relations (5.5)—(5.8), and perform there a
shift according to definition (6.1), with £ specified by the equations

(&, ho) = —XAix1 + A1, (€, hi) = =Ai + Aix1s i=1,...,L

1
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Obviously, this shift has an effect only on the relations describing the action of the generators
g"",i=0,1,...,1. Now we have

quho Oy = qV(Z;:Z(mlj+mj.l+l)+2m1.l+1) Vs
ql’hi Om = qu(Z;;:(mﬁfmj,,‘+1)72m,;,<+17Zf:}+2(m;j7mi+1,,’))vm.
Since these relations do not contain \;,i = 1,...,l + 1, we can allow the differences \; — iy,

i=1,...,1, to go in these relations to positive or negative infinity. To be concrete, we are
going to consider the limit

N At o oo =1L (6.2)

The representations which can be obtained with other choices can be obtained then with the
help of automorphisms of U, (b_.).

It is clear that some problems with the limit (6.2) for relations (5.7) and (5.8) remain. Let
us define a new basis in the representation space formed by the vectors

Wm = CmOm,
where

Cm = qu:l M= A1 H14+ @A =) si /5] 25:1 Eﬁf:lzﬂ Mjk
Here we note that

j=1 _ _
ch,»yei]» — qu Ek:i [>\k Ak+]+l+(2kl+1 I)Sk/s]cm.

Recall that s denotes the total sum of the integers s;, i = 0, 1,...,[. Using this equation, we
obtain from (5.7)—(5.8) the following U, (b }-module relations in the new basis,
~ L
€oWm = CSO qu:z e W€, 141
and

~ I+1
eiWm = H;I (qz()‘i_AH»l)+2_Zj:i+2(mif_mi+|~j)_mivi+1

141
Z’i‘+2(mij_mi+l'j)+mi’i+l) [Mi,it1]g Wm—e; i1
£ 1,0

—q
+ ES:‘ qz(/\f—Af+1)+1—2mf,f+1—Eﬁilu.z(mfj—mwv/)

i—1

i1
— Mg — My
X E qzkﬂ“( : i) [mj,i+l]q Wim—e¢; iv1+e€i

Jj=1
I+1 .
i S (mig—mjpy 1) —1
- E q>r=i + [myj]g Wimn—cjteipr s
j=it2

where E is the new spectral parameter defined as
6 — q(2)\1+1 —l)/S C

Now we can consider the infinite limit (6.2). The final result is a degeneration of the shifted
U, (b, )-module described by the relations

G Wy = qV(Zﬁzz(m”erf,m)+2m1.1+1) Wins (6.3)

12
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thi Wiy = qu(Ej;l (mji—=mj i) =2mi, i1 _E;ig+2(mi/_mi+l.j))wm (6.4)
and
~ i
S _om;
eoWm = ¢ q==" W (6.5)
ot e S (g ) e
eiWy = — C i Ky g j=it2 T — 1Mt 1, j i it [mi,i+1]q Win—e; 111
I+1
~ I+1 (6.6)
Si E S (mig—migy ) —1
- C ' q—+= * [ml]]q Wim—ej+eirr )
j=i+2

These are our main U, (b )-module relations on the basis of which we will make all the sub-
sequent constructions.

7. Factoring out the submodules

We denote by p” the representation of U, (b ) defined by the relations

1 o
quho Um = qV(Z_,-:z(mlﬂrm.z, 141)+2m41) Oms

i—1 I+1
G O = qV(ijl(mit—m/.i+l)—2mi.i+l—Z,-:Hz(mij—mm.i))vm,
1
-, M
ey Um = qzlfz 41 vm+6”+1’
—1 L (mj—mig ) 4mi
€iUm = —Ry, qZ‘HH—Z( gL ) [mi, i+1]qvm—5i,i+|
+1 i
S (mige—miy k) —1
- E : g—=Tn [mlj]q Um—ej+eir,jo
j=it2

where i = 1,...,1. The U, (b, )-module corresponding to p" is denoted by W”. It is clear that

the representation described by (6.3)—(6.6) is (p” )<~.
The representation p” is reducible. Indeed, let us define an /(I — 1) /2-tuple p of nonnega-
tive integers

P = (pi2, P13, P23, s Pljs oo e Dj—1,js -+ -5 P11 s DI=1,1)s (7.1)
such that
i
(=) Tpg=0,  1<i<j<lL
k=1

The subspaces generated by the vectors v, with the indices restricted by the inequalities
mi—1,j + my < pijs 1<i<j<l,

where we assume that mg; = 0, are invariant with respect to the action of the quantum group
U, (b,). We denote such U, (b )-submodule by W,

Now we introduce a partial order for the /(I — 1)/2-tuples p of the form (7.1) by assuming
that p’ < pif pj; < pj forall possible i =1,...,I—land j=2,...,1.

Further, we denote by p’ the representation of U, (b ) defined by the relations

4 vy = "M Sm) (7.2)

13
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¢ O = g M, i=1,...,0-1, (7.3)
G O = eSS m) g (7.4)
€0 Um = q=="" Uy, (15)
€Uy = —gm 1! [Mi]g Om—eteiprs i=1,...,1—1, (7.6)
eV = —/iq_l q" Mg Um—e,, (7.7)
where m denotes now the I-tuple of nonnegative integers (my, ..., m;), and m + ve; means

the respective shift of m; in this ordered tuple. The corresponding U, (b )-module is denoted
by W’. We see that there are isomorphisms

Wy U Wy = wigl.
p'sp

where the shift &, is determined by the relations

MN

<fp7 h0> = Pij»
=2
i—1 k ;
(& i) = Z(_l)k_](l?ji = Pjit1) — ZZ(_I)I_]PJ',HI
k=1 j=1 =
/ i i
-2 (_l)l_'lpkj‘f' Z Dit1h i=1,...,0—1,
k=i+2 j=1 k=i+2
-1
(&> 1) = Z(—I)J_kPkL

1

»
Il

1

J

It should be noted here that the integers m; in the new multi-index m in the module relations
(7.2)—(7.7) are nothing but the former m; ;41,7 = 1,...,1, survived the reduction to the factor
module. We have denoted m; ;4 shortly by m; after the reduction, and used a similar simplifi-
cation also for the shift units ¢; ;+1, for which we have reserved the notation e;.

8. Interpretation in terms of g-oscillators

Degenerations of the shifted U, (b )-modules have a useful interpretation in terms of the so-
called g-oscillators [18-22]. The g-oscillator algebra Osc, is defined as a unital associative
C-algebra with generators bt b, q”N , v € C, and relations

qO — 1, qU]qulzN — q(VlJFVZ)N’
quNqufuN — qllb’r’ ququfl/N — qiyb,
b'b = [N, bb" = [N +1],,

see, for example, section 5.1 of [32] and references therein. Here, we again consider the defor-
mation parameter to be ¢ = exp h, where £ is a complex number, such that g is not a root of
unity.

14
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There are two standard representations of the g-oscillator algebra. They are constructed as
follows. One can see that the relations

N
q’/ U = qumvm’
bTvm = Um+1, bv, = [m]qvm—l’

supplied with the assumption v_; = 0, endow the free vector space generated by the set
{0, 1, ... } with the structure of an Osc,-module. We denote this Osc,-module by W+ and
the corresponding representation by x . The other representation of Osc, is defined by the
relations

gV, = g " Vo,
bv, = Um+15 bT U = _[m]qvm—l,

where it is assumed again that v_; = 0. Similarly as before, these relations endow the free
vector space generated by the set {vo, v, ... } with the structure of an Osc,-module. This
Osc,-module and the corresponding representation are denoted by W~ and x~, respectively.
However, since the automorphism of Osc,,

b—bl, bt —b gV gD

relates these representations, it is actually sufficient to use only one of them.
We consider the tensor product of [ copies of the g-oscillator algebra,
Osc, ® ... ® Osc, = (Osc,)®!, and denote

hi=1®..9b®...®1, bl=1®..0be.. 01,
VN =19..9¢""®...01,

where b, bt and ¢V occupy only the i-th place of the respective tensor products.
Let us consider the U, (b )-module W’ and the corresponding representation p’ given by
relations (7.2)—(7.7). Supply W’ with the structure of (Oscq)®’-module assuming that

vN; . vm;
q 'Om =4 "Um,
bj Um = Um+te;» b;vm = [m,']q?)m,a.

Now, the module relations (7.2)—(7.7) can be written in terms of the g-oscillators as follows:

N
thO U = qV(2N1+Zj:2 N;) Um»

G v = ¢# N1 N g, i=1,...,01—1,
ql//’ll U = q V(ZNIJF =1 N/) Um»

ey Um = bI qu"zsz Umms
€iUm = —b;bl, "N g, i=1,...,01—1,
e Um = —qu_l quN’ Um-
It is natural now to define a homomorphism p : Ug(b,) — Osc?l by the relations

! P v v(Nijy1— v —v =N
p(tho) _ qU(2N1+Z,‘:2N1)’ o(q h:) =g (Nig1 N,), o(q hl) =q @N+3752, N/),

1 . PR . — p—
pleo) = b} =", pler) = —b; bl "N+~ ple)) = —ky " b,

15
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where i = 1,...,] — 1. In a sense, the homomorphism p plays the role of the Jimbo’s homo-
morphism ¢. To get a representation of U, (b_.), one chooses some representation of (Osc,)®’,
and then takes the composition of this representation with p. In particular, for the representa-
tion p’ one has

p/:(X+®"'®X+)OPOFC-

More representations can be obtained using twisting by the automorphisms of U, (b_;.). These
are the representations used for the construction of the Q-operators.

9. Conclusions

We have analysed the Verma modules over the quantum group U, (gl ;) for arbitrary values
of I. The explicit expressions for the action of the generators on the elements of the natural
basis have been obtained. The corresponding representations of the quantum loop algebras
U, (L(sl;41)) have been constructed. This has allowed us to find certain representations of the
positive Borel subalgebras of U, (L(sl;41)) as degenerations of the shifted representations.
These are the representations used in the construction of the so-called Q-operators in the
theory of quantum integrable systems. The interpretation of the corresponding simple quotient
modules in terms of representations of the g-deformed oscillator algebra has been given. The
obtained results can be used for the investigation of quantum integrable systems in the spirit of
the papers [15—18] and [19-22]. We expect also applications to the higher rank generalization
of the quantum group approach to the construction of correlation functions for integrable spin
chain and conformally invariant models [33-37].

The g-oscillator representations of the Borel subalgebras of U,(L(sl.y)) are closely
related to the prefundamental representations introduced by D. Hernandez and M. Jimbo [38].
The explicit relation for the case of U,(L(sl,)) and U,(L(sl3)) was found in the paper [28].
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Appendix

Acting by E; 10n the basis vectors

Here we derive the action of the root vector Ej ;11 on the basis of the Verma Uq( gl )-module
defined in section 4. To this end, we first obtain from equations (3.5)—(3.12) and (3.13)—(3.20)
the following subsidiary formulas:

M —mi+1 i— 1 H;; . .
E By = F By —a " mglg Fy B¢ 1<i<j<l,

Mi 11 i1 mi 1 —1 .
E o Foyy =F 4 B+ [mi,l+1}qu,l+1 [Hi,1+1 —m; gt g, 1<i<]
Mg __ Mk mig—1 Hix . .
E W Fy" =F E 11y — K Myl Fy Ft B g™ 1<i<j<k<l,
M 1+1 i 41 mi 1 —1 Hy . .
E g Fit =F0 E o+ my g FgFopl g7, 1<i<j<l,

M i+1 it m 1 , 141—1 —Hj 1+ . .
E o Fy =Fos B+ [mj,1+1]qFfz+1 Ejq o, 1<i<j<l,

N
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In the first equation of these five we take into account that E; ;4 Fj = Fj; Ej ;41 and
Hy . _ =2 H; Hy _ =2 Hjy
q"Fij=q " Fjq", Eiimq"=q"q ’Ej,l+1-

These commutations are needed to move the root vectors E; ;41,1 < i < [, to the right, where
they annihilate the highest weight vector vy. Due to the last relatlon a root vector Ej with
1 <i<j< I appears. However, it commutes with the remaining root vectors Fj; and annihi-
lates vy.

Besides, one needs relations which enable the root vectors Fj; arising during the commutations

to move back to the left to occupy a proper position according to the prescribed ordering. Such
relations are

Fi Fy= a7 " Fy F - Iyl Fy R 1< < <k<I+1,
Fl Fy = Fy B 4 g g [y ) Fy Fy B 1<0<j<k<n<I+l.

To describe the final result, let us introduce some additional notations. First of all for
0 <k <Il-—1denote

Al,k:{(l‘(): 1,01, ..., i, ik+1 :l+1) ENXUH_Z) |i() <ip<... <ik<ik+1}.

Note that the first and last elements of the tuples entering A; x are fixed. However, it is con-
venient to consider the tuples of this form. Up to this extension, the set A; introduced in
section 3 coincides with A;». To make the formulas more compact we denote an element
(io, 15 - -+ » Ik Ixt1) Of Ay g as i. Further, we use the notation

‘Ill,k = {(l,]) S A]’k X A[’k |ja—1 < ia Sj,,, a = 1,. . k}

Now we can write

El,l+1vm - Z Z am|k, i,j Z)m—e_,-@,vl +ei, _"'_efk—ljk+eik.fk_ejkjk+]
k=0 EHeEY
ik =ik
buir.ii 0 .
+ Z Z mik.ij Cm—ejoj, +eijy == € i €y (A.1)
k=1 GiHew,
Kk

Here we assume that €; = 0. The explicit form of the coefficients ax,i,; and by, i j is

- I+1
(—l)kﬁzw A=A, *Zjiz MM =Dy Smja,ijHR— i

Am|k,ij = q
1 k+1
X [N A — Y my— § mi i1 + g [ [,
=it =i 1 a1
k+1

— k=1 N =X = =S Sai k=i
bm\k,i,j = (71) Kq I T A Dl M= 34z Omlaij ij H[mia—lja}Q’

a=1

where we denote

Yij = ﬁ({a: 1,...,k ‘ iy #Ja})

17
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and
Ja—1 i
6m|a,i,j = E mi,_j + E : nj, -
JFfam17F1 i=ia_1+1

It is also assumed that m; = 0.
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