
Oscillator versus prefundamental representations
Hermann Boos, Frank Göhmann, Andreas Klümper, Khazret S. Nirov, and Alexander V. Razumov 
 
Citation: Journal of Mathematical Physics 57, 111702 (2016); doi: 10.1063/1.4966925 
View online: http://dx.doi.org/10.1063/1.4966925 
View Table of Contents: http://scitation.aip.org/content/aip/journal/jmp/57/11?ver=pdfcov 
Published by the AIP Publishing 
 
 

 Reuse of AIP Publishing content is subject to the terms: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  132.195.109.70

On: Tue, 08 Nov 2016 16:29:20

http://scitation.aip.org/content/aip/journal/jmp?ver=pdfcov
http://oasc12039.247realmedia.com/RealMedia/ads/click_lx.ads/www.aip.org/pt/adcenter/pdfcover_test/L-37/1328102470/x01/AIP-PT/JMP_ArticleDL_102616/nobel-prize_banner_JMP2.jpg/434f71374e315a556e61414141774c75?x
http://scitation.aip.org/search?value1=Hermann+Boos&option1=author
http://scitation.aip.org/search?value1=Frank+G�hmann&option1=author
http://scitation.aip.org/search?value1=Andreas+Kl�mper&option1=author
http://scitation.aip.org/search?value1=Khazret+S.+Nirov&option1=author
http://scitation.aip.org/search?value1=Alexander+V.+Razumov&option1=author
http://scitation.aip.org/content/aip/journal/jmp?ver=pdfcov
http://dx.doi.org/10.1063/1.4966925
http://scitation.aip.org/content/aip/journal/jmp/57/11?ver=pdfcov
http://scitation.aip.org/content/aip?ver=pdfcov


JOURNAL OF MATHEMATICAL PHYSICS 57, 111702 (2016)

Oscillator versus prefundamental representations
Hermann Boos,1,a) Frank Göhmann,1,b) Andreas Klümper,1,c)

Khazret S. Nirov,2,d),e) and Alexander V. Razumov3,f)
1Mathematics and Natural Sciences, University of Wuppertal, 42097 Wuppertal, Germany
2Institute for Nuclear Research of the Russian Academy of Sciences, 60th October Ave. 7a,
117312 Moscow, Russia
3Institute for High Energy Physics, NRC “Kurchatov Institute,” 142281 Protvino,
Moscow Region, Russia

(Received 31 May 2016; accepted 20 October 2016; published online 8 November 2016)

We find the ℓ-weights and the corresponding ℓ-weight vectors for the finite and
infinite dimensional representations of the quantum loop algebras Uq(L(sl2)) and
Uq(L(sl3)) obtained from the Verma representations of the quantum groups Uq(gl2)
and Uq(gl3) via the Jimbo’s homomorphism. Then we find the ℓ-weights and the
ℓ-weight vectors for the q-oscillator representations of the positive Borel subal-
gebras of the same quantum loop algebras. This allows, in particular, to relate
the q-oscillator and prefundamental representations. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4966925]

I. INTRODUCTION

One of the modern methods to investigate quantum integrable system is based on the notion of
a quantum group. To be more exact, one should say that here a special class of quantum groups,
called quantum loop algebras, is used, see Section II for the definition. For the first time, the
method was consistently used to construct integrability objects,1 such as monodromy operators
and L-operators, and for the proof of functional relations by Bazhanov, Lukyanov and Zamolod-
chikov.2–4 They investigated the quantum version of KdV theory. Later the method proved to be effi-
cient for studying various quantum integrable models. With its help one constructs R-operators,5–11

monodromy operators and L-operators,1,10–14 and proves functional relations.1,12,15–18

The central object of the approach is the universal R-matrix being an element of the tensor
product of two copies of the quantum loop algebra. The integrability objects are constructed by the
choice of representations for the factors of that tensor product. In fact, the universal R-matrix is an
element of the tensor product of two different Borel subalgebras of the quantum group. Certainly,
representations of the Borel subalgebras can be constructed by restricting representations of the full
algebra. Such representations are used to define various monodromy operators. However, one needs
more representations. For example, to construct L-operators one uses the so-called q-oscillator in-
finite dimensional representations which can be obtained from the representations used to construct
the monodromy operators via some limiting procedure.1,13,15,17,18

Recently, Hernandez and Jimbo constructed some representations of the Borel subalgebras of
quantum loop algebras as a limit of the Kirillov-Reshetikhin modules.19 It is common now to call
these representations prefundamental.20

For the study of representations of quantum loop algebras and their Borel subalgebras, the notion
of ℓ-weights and ℓ-weight vectors appears very useful.19–21 In particular, the prefundamental
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representations are characterized by their highest ℓ-weights. In the present paper, we find the ℓ-
weights and the corresponding ℓ-weight vectors for the finite and infinite dimensional representations
of quantum loop algebras Uq(L(sll+1))with l = 1,2 obtained via Jimbo’s homomorphism, known also
as evaluation representations. Then we find the ℓ-weights and the ℓ-weight vectors for the q-oscillator
representations of the positive Borel subalgebras of the same quantum loop algebras. This allows,
in particular, to relate the q-oscillator and prefundamental representations. In addition, we demon-
strate how the knowledge of the ℓ-weights allows one to relate the q-oscillator representations with
the evaluation representations. This is important for the investigation of the corresponding quantum
integrable systems.

The definition of a quantum loop algebra via Drinfeld-Jimbo generators is symmetric with
respect to the replacement of the deformation parameter q by q−1. This is not so for the definition of
the coproduct and antipode. The second Drinfeld’s realization used to define ℓ-weights and ℓ-weight
vectors is not symmetric with respect to this change as well. In the present paper, we follow the defi-
nitions usually used in the papers on representations of quantum loop algebras. In fact, we used the
opposite convention in our previous papers on applications of quantum groups to the investigation
of quantum integrable systems. Therefore, when we need formulas from our previous papers we
first change q to q−1 and then use them.

II. QUANTUM LOOP ALGEBRAS

A. Drinfeld–Jimbo definition

Let A = (ai j)li, j=1 be a generalized Cartan matrix of finite type and A = (ai j)li, j=0 the corre-
sponding generalized Cartan matrix of untwisted affine type. We denote by g andg the correspond-
ing Kac–Moody algebras and use the natural identification of g with a subalgebra ofg.

We denote by L(g) the loop algebra of g, and by g its standard central extension by a
one-dimensional centre C c. It can be shown that the Lie algebrag is isomorphic to the Lie algebra
obtained fromg by adding a natural derivation d. We will identify these Lie algebras.22

We define I = {1, . . . , l} and I = {0, 1, . . . , l}, so that A = (ai j)i, j ∈I and A = (ai j)i, j ∈I . We
denote by D the unique diagonal matrix diag(d0, d1, . . . ,dl) such that the matrix B = (bi j)i, j ∈I =
DA is symmetric and di, i ∈ I, are relatively prime positive integers.

Let hi, i ∈ I, be Cartan generators of g, and hi, i ∈ I, d Cartan generators of g. Hence, the
Cartan subalgebras of g andg are

h =

i∈I
C hi, h =

(
i∈I

C hi

)
⊕ C d.

In fact, we have

h = h ⊕ C c ⊕ C d.

We identify the space h∗ with the subspace ofh∗ defined as

h
∗ = {γ ∈ h∗ | ⟨γ, c⟩ = 0, ⟨γ, d⟩ = 0}.

It is also convenient to denote

h = h ⊕ C c =
(
i∈I
C hi

)
⊕ C c =


i∈I

C hi

and identify the space h∗ with the subspace ofh∗ which consists of the elements γ ∈h∗ satisfying the
condition

⟨γ, c⟩ = 0. (2.1)

The simple roots αi ∈ h∗, i ∈ I, of g are given by the relations

⟨αi, h j⟩ = a j i, i, j ∈ I,
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while for the simple roots αi ∈h∗, i ∈ I, ofg we have the definition

⟨αi, h j⟩ = a j i, i, j ∈ I, ⟨α0, d⟩ = 1, ⟨αi, d⟩ = 0, i ∈ I .

We fix a non-degenerate symmetric bilinear form on h by the relations

(hi |h j) = ai j d−1
j ,

and onh by

(hi |h j) = ai j d−1
j , (hi |d) = δi0 d−1

0 , (d |d) = 0.

Let ~ be a nonzero complex number such that q = exp ~ is not a root of unity. For each i ∈ I we
set

qi = qdi.

The quantum group Uq(g) is a unital associative C-algebra generated by the elements ei, f i, i ∈ I,
and qx, x ∈h, with the relations

q0 = 1, qx1qx2 = qx1+x2, (2.2)

qxei q−x = q⟨αi,x⟩ei, qx f i q−x = q−⟨αi,x⟩ f i, (2.3)

[ei, f j] = δi j
qhi
i − q−hii

qi − q−1
i

, (2.4)

1−ai j
n=0

(−1)ne
(1−ai j−n)
i e j e(n)i = 0,

1−ai j
n=0

(−1)n f
(1−ai j−n)
i f j f (n)i = 0, (2.5)

where e(n)i = eni /[n]qi!, f (n)i = f ni /[n]qi!. Here and below we use the standard notations for q-
numbers

[ν]q = qν − q−ν

q − q−1 , ν ∈ C, [n]q! =
n

k=1

[k]q, n ∈ Z+,



n
m

q
=

[n]q!
[m]q![n − m]q!

, n,m ∈ Z+,

and assume that for any ν ∈ C

qν = exp(~ν).
We will also use the notation

κq = q − q−1.

The quantum group Uq(g) is a Hopf algebra with the comultiplication ∆, the antipode S, and the
counit ε defined by the relations

∆(qx) = qx ⊗ qx, ∆(ei) = ei ⊗ 1 + qhi
i ⊗ ei, ∆( f i) = f i ⊗ q−hii + 1 ⊗ f i, (2.6)

S(qx) = q−x, S(ei) = −q−hii ei, S( f i) = − f i qhi
i , (2.7)

ε(qx) = 1, ε(ei) = 0, ε( f i) = 0. (2.8)

We define the quantum group Uq(g) as a Hopf subalgebra of Uq(g) generated by ei, f i, i ∈ I, and
qx, x ∈ h.

The quantum group Uq(g) has no nontrivial finite dimensional representations, and therefore we
proceed to the consideration of the corresponding quantum loop algebra. As the first step we define
the quantum group Uq(g) as a unital associative C-algebra generated by the elements ei, f i, i ∈ I,
and qx, x ∈h, with relations (2.2)–(2.5). Then, the quantum loop algebra Uq(L(g)) is defined as the
quotient algebra of Uq(g) by the two-sided Hopf ideal generated by the elements of the form qνc − 1
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with ν ∈ C×. It is convenient to consider the quantum group Uq(L(g)) as a unital associativeC-algebra
generated by the same generators as Uq(g) with relations (2.2)–(2.5) and additional relations

qνc = 1, ν ∈ C×. (2.9)

The structure of a Hopf algebra on Uq(L(g)) is again given by relations (2.6)–(2.8).

B. Cartan–Weyl generators

Denote by △ and △ the root systems of g andg, respectively. They are related in the following
way:22

△ = {γ + nδ | γ ∈ △, n ∈ Z} ∪ {nδ | n ∈ Z \ {0}},
where δ = α0 + θ with θ being the highest root of g. The systems △+ and △+ of positive roots of g
andg are related as

△+ = {γ + nδ | γ ∈ △+, n ∈ Z+} ∪ {nδ | n ∈ N} ∪ {(δ − γ) + nδ | γ ∈ △+, n ∈ Z+}.
As usually, for the systems △− and △− of positive roots of g andg we have △− = −△+ and △− = −△+.

The abelian group

Q =

i∈I

Z αi

is called the root lattice ofg. We also define

Q+ =

i∈I

Z+ αi, Q− =

i∈I

Z− αi.

The algebra Uq(L(g)) can be considered as Q-graded if we assume that

ei ∈ Uq(L(g))αi
, f i ∈ Uq(L(g))−αi

, qx ∈ Uq(L(g))0
for any i ∈ I and x ∈ h. An element a of Uq(L(g)) is called a root vector corresponding to a
root γ of g if a ∈ Uq(L(g))γ. It is clear that ei and f i are root vectors corresponding to the
roots αi and −αi. One can find linearly independent root vectors corresponding to all roots of
g. These vectors, together with the elements qx, x ∈ h, are called Cartan–Weyl generators of
Uq(L(g)). It appears that the ordered monomials constructed from the Cartan–Weyl generators form
a Poincaré–Birkhoff–Witt basis of Uq(L(g)).

We denote the Cartan–Weyl generator corresponding to a root γ ∈ △+ by eγ, and the Cartan–
Weyl generator corresponding to a root γ ∈ △− by f−γ. We assume that

eαi
= ei, fαi

= f i.

It is convenient to write eδ−θ and fδ−θ instead of eα0 and fα0.
To define Cartan–Weyl generators corresponding to the remaining roots we use the method of

Khoroshkin and Tolstoy.23,24 For another approach we refer the reader to Ref. 25.
First fix some normal order26,27 for △+ satisfying the conditions that the roots nδ are ordered in

arbitrary way and that

γ + nδ ≺ mδ ≺ (δ − γ) + kδ

for any γ ∈ △+ and n,m, k ∈ Z+.
Now introduce the notion of a q-commutator [ , ]q. Let α, β ∈ Q+, a ∈ Uq(L(g))α, and

b ∈ Uq(L(g))β. Define the q-commutator of a and b as

[a, b]q = ab − q−(α |β)ba.

For α, β ∈ Q−, a ∈ Uq(L(g))α, and b ∈ Uq(L(g))β we assume that

[a, b]q = ab − q(α |β)ba.

Recall that in comparison with our previous papers we change q to q−1.
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In general, the root vectors corresponding to the roots γ ∈ △+ and −γ ∈ △− are defined as
follows. Assume that γ = α + β, α ≺ γ ≺ β, and there are no other roots α′ ≻ α and β′ ≺ β such
that γ = α′ + β′. If the root vectors eα, eβ and fα, fβ are already defined, then we put

eγ = [eα,eβ]q, fγ = [ fβ, fα]q.
To define the root vectors corresponding to the roots from △ we use the following iterative

procedure. Recall that the height of a root γ =


i∈I kiαi ∈ ∆+ is defined as

ht γ =

i

ki.

Note that θ is a unique positive root of the highest height. Assume that for some number m, such
that 1 ≤ m < ht θ, the root vectors eγ and fγ for all γ ∈ △+ with 1 ≤ ht γ ≤ m are already defined.
Let γ ∈ △+ and ht γ = m + 1. It can be shown that for some i ∈ I the root γ can be represented as

γ = αi + β,

where β ∈ △+ and ht β = m. Fixing such a representation, we define

eγ =



[eαi
, eβ]q αi ≺ β

[eβ, eαi
]q β ≺ αi

, fγ =



[ fβ, fαi
]q αi ≺ β

[ fαi
, fβ]q β ≺ αi

.

Now we proceed to the roots δ − γ and −(δ − γ) with γ ∈ △+. We already have the root vectors
eδ−θ and fδ−θ corresponding to the roots δ − θ and −(δ − θ). Assume that for some number m,
such that 1 < m ≤ ht θ, the root vectors eδ−γ and fδ−γ for all γ ∈ △+ with m ≤ ht γ ≤ ht θ are also
defined. Let γ ∈ △+ and ht γ = m − 1. It can be shown that for some i ∈ I the root γ can be written
as

γ = −αi + β,

where β ∈ △+ and ht β = m. Fixing such a representation we define

eδ−γ = [eαi
, eδ−β]q, fδ−γ = [ fδ−β, fαi

]q.
The root vectors corresponding to the roots δ and −δ are additionally indexed by the positive

roots of g and are defined by the relations

e′δ,γ = [eγ, eδ−γ]q, f ′δ,γ = [ fδ−γ, fγ]q. (2.10)

The remaining definitions are

eγ+nδ = [(γ |γ)]−1
q [eγ+(n−1)δ, e′δ,γ]q, fγ+nδ = [(γ |γ)]−1

q [ f ′δ,γ, fγ+(n−1)δ]q, (2.11)

e(δ−γ)+nδ = [(γ |γ)]−1
q [e′δ,γ, e(δ−γ)+(n−1)δ]q, (2.12)

f (δ−γ)+nδ = [(γ |γ)]−1
q [ f (δ−γ)+(n−1)δ, f ′δ,γ]q, (2.13)

e′nδ,γ = [eγ+(n−1)δ, eδ−γ]q, f ′nδ,γ = [ fδ−γ, fγ+(n−1)δ]q. (2.14)

Note that all root vectors corresponding to the roots nδ and −nδ, n ∈ N are indexed by the positive
roots of g. In fact, only the root vectors e′nδ,αi

and f ′nδ,αi
, i ∈ I, are independent and needed for the

construction of the Poincaré–Birkhoff–Witt basis.
We will also need another set of root vectors corresponding to the roots nδ and −nδ, n ∈ N.

They are defined by the equations

− κq eδ,γ(u) = log(1 − κq e′δ, γ(u)), (2.15)

κq fδ,γ(u−1) = log(1 + κq f ′δ,γ(u−1)), (2.16)
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where we use the generating functions

e′δ,γ(u) =
∞
n=1

e′nδ,γ un, eδ,γ(u) =
∞
n=1

enδ,γ un,

f ′δ,γ(u−1) =
∞
n=1

f ′nδ,γ u−n, fδ,γ(u−1) =
∞
n=1

fnδ,γ u−n

defined as formal power series.

C. Second Drinfeld’s realization

The quantum loop algebra Uq(L(g)) has another realization28,29 as the algebra with generators
ξ±i,n with i ∈ I and n ∈ Z, qx with x ∈ h, and χi,n with i ∈ I and n ∈ Z \ {0}. They satisfy the
relations

q0 = 1, qx1qx2 = qx1+x2,

[χi,n, χ j,m] = 0, qx χ j,n = χ j,n qx,

qxξ±i,nq−x = q±⟨αi,x⟩ξ±i,n, [χi,n, ξ
±
j,m] = ±

1
n
[n bi j]q ξ±j,n+m,

ξ±i,n+1ξ
±
j,m − q±bi j ξ±j,m ξ±i,n+1 = q±bi j ξ±i,n ξ

±
j,m+1 − ξ±j,m+1ξ

±
i,n,

[ξ+i,n, ξ−j,m] = δi j
φ+i,n+m − φ−i,n+m

qi − q−1
i

and the Serre relations whose explicit form is not important for us. The quantities φ±i,n, i ∈ I, n ∈ Z,
are determined by the formal power series

∞
n=0

φ±i,±nu±n = q±hii exp *
,
±κq

∞
n=1

χi,±nu±n+
-

(2.17)

and by the conditions

φ+i,n = 0, n < 0, φ−i,n = 0, n > 0.

The generators of the second Drinfeld’s realization can be related to the Cartan–Weyl gener-
ators in the following way.24,30 The Drinfeld–Jimbo generators qx and the generators qx of the
second Drinfeld’s realizations are the same, except that in the former case x ∈h and in the latter
case x ∈ h ⊂ h. For the generators ξ±i,n and χi,n of the second Drinfeld’s realization we have

ξ+i,n =



(−1)non
i eαi+nδ n ≥ 0

(−1)n+1on
i q−hii f (δ−αi)−(n+1)δ n < 0

, (2.18)

ξ−i,n =



(−1)non+1
i e(δ−αi)+(n−1)δ qhi

i n > 0
(−1)non

i fαi−nδ n ≤ 0
, (2.19)

χi,n =



(−1)n+1on
i enδ,αi

n > 0
(−1)n+1on

i f−nδ,αi
n < 0

, (2.20)

where for each i ∈ I the number oi is either +1 or −1, such that oi = −oj whenever ai j < 0. It
follows from (2.15)–(2.17) and (2.20) that

φ+i,n =



(−1)n+1on
i κq qhi

i e′nδ,αi
n > 0

qhi
i n = 0

,

φ−i,n =



q−hii n = 0
(−1)non

i κq q−hii f ′−nδ,αi
n < 0

.
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Defining the generating functions φ+i (u) and φ−i (u) as

φ+i (u) =
∞
n=0

φ+i,nun, φ−i (u−1) =
∞
n=0

φ−i,−nu−n,

we also obtain

φ+i (u) = qhi
i

�
1 − κq e′δ,αi

(−oiu)�, (2.21)

φ−i (u−1) = q−hii

�
1 + κq f ′δ, αi

(−oiu−1)�. (2.22)

III. HIGHEST ℓ-WEIGHT REPRESENTATIONS OF QUANTUM LOOP ALGEBRAS

A. General information

The terminology used for Uq(L(g))-modules21 is very similar to the terminology used for
Uq(g)-modules.31,32 We adopt it to the definition of a quantum loop algebra used in the present
paper.

A Uq(L(g))-module V is said to be a weight module if

V =

λ∈h∗

Vλ, (3.1)

where

Vλ = {v ∈ V | qxv = q⟨λ,x⟩v for any x ∈h}.
The space Vλ is called the weight space of weight λ, and a nonzero element of Vλ is called a weight
vector of weight λ. We say that λ ∈h∗ is a weight of V if Vλ , {0}. It follows from (2.9) that any
weight λ of a Uq(L(g))-module satisfies the relation (2.1), hence, it can be identified with a unique
element of h∗.

We say that a Uq(L(g))-module V is in the category O if

(i) V is a weight module all of whose weight spaces are finite dimensional;
(ii) there exists a finite number of elements µ1, . . . , µs ∈ h∗ such that every weight of V belongs

to the set
s

i=1

{µ ∈ h∗ | µ ≤ µi},

where ≤ is the usual partial order in h∗.

A Uq(L(g))-module V in the category O is called a highest weight module with highest weight λ if
there exists a weight vector v ∈ V of weight λ such that

eiv = 0

for all i ∈ I, and

V = Uq(L(g))v.
The vector with the above properties is unique up to a scalar factor. We call it the highest weight
vector of V .

By definition, for any Uq(L(g))-module V in the category O we have the decomposition (3.1).
We can refine it in the following way. Define an ℓ-weight as a set

Ψ = {Ψ+i,n ∈ C | i ∈ I, n ∈ Z+} ∪ {Ψ−i,−n ∈ C | i ∈ I, n ∈ Z+}
such that

Ψ
+
i,0Ψ

−
i,0 = 1. (3.2)

Now we have

Vλ =

Ψ

VΨ, (3.3)
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where VΨ is a subspace of Vλ such that for any v in VΨ there is p ∈ N such that

(φ±i,±n − Ψ±i,±n)pv = 0 (3.4)

for all i ∈ I and n ∈ Z+. The space VΨ is called the ℓ-weight space of ℓ-weight Ψ . We say that Ψ is
an ℓ-weight of V if VΨ , {0}. A nonzero element v ∈ VΨ such that

φ±i,±nv = Ψ
±
i,±nv

for all i ∈ I and n ∈ Z+ is said to be an ℓ-weight vector of ℓ-weight Ψ . Every nontrivial ℓ-weight
space contains an ℓ-weight vector. It is clear that VΨ in the decomposition (3.3) is nontrivial only if

Ψ
±
i,0 = q±⟨λ,hi⟩i .

A Uq(L(g))-module V in the category O is called a highest ℓ-weight module with highest
ℓ-weight Ψ if there exists an ℓ-weight vector v ∈ V of ℓ-weightΨ such that

ξ+i,nv = 0

for all i ∈ I and n ∈ Z, and

V = Uq(L(g))v.
The vector with the above properties is unique up to a scalar factor. We call it the highest ℓ-weight
vector of V .

Given ℓ-weightΨ , define two sets of generating functions Ψ+i (u) and Ψ−i (u−1) as

Ψ
+
i (u) =


n∈Z+

Ψ
+
i,nun, Ψ

−
i (u−1) =


n∈Z+

Ψ
−
i,−nu−n.

When it is convenient, we will identifyΨ with the set {Ψ+i (u), Ψ−i (u−1)}i∈I . An ℓ-weightΨ is called
rational if for some non-negative integers pi, i ∈ I, and complex numbers aik, bik, i ∈ I, 0 ≤ k ≤ pi,
one has

Ψ
+
i (u) =

ai piu
pi + ai,pi−1upi−1 + · · · + ai0

bi piupi + bi,pi−1upi−1 + · · · + bi0
, (3.5)

Ψ
−
i (u−1) = ai pi + ai,pi−1u−1 + · · · + ai0u−pi

bi pi + bi,pi−1u−1 + · · · + bi0u−pi
. (3.6)

Here ai pi, ai0, bi pi, bi0 must be nonzero and such that
ai pi

bi pi

ai0

bi0
= 1.

This relation guarantees the validity of Equation (3.2).
A remarkable fact is that for any rational ℓ-weight Ψ there is a simple highest ℓ-weight

Uq(L(g))-module L(Ψ ) with highest ℓ-weight Ψ which is unique up to an isomorphism, and any
simple Uq(L(g))-module in the category O is a highest ℓ-weight module with a rational high-
est ℓ-weight. In other words, there is a bijection between the rational ℓ-weights and the equiva-
lence classes of the simple Uq(L(g))-modules in the category O. Furthermore, all ℓ-weights of a
Uq(L(g))-module in the category O are rational, see Ref. 21 and references therein.

For any rational ℓ-weightsΨ andΨ ′ define the rational ℓ-weightΨΨ ′ as the set

{Ψ+i (u)Ψ′+i (u), Ψ−i (u−1)Ψ′−i (u−1)}i∈I .
One can show that the submodule of the tensor product L(Ψ ) ⊗ L(Ψ ′) generated by the tensor
product of the highest ℓ-weight vectors is a highest ℓ-weight module with highest ℓ-weight ΨΨ ′. In
particular, L(ΨΨ ′) is a subquotient of L(Ψ ) ⊗ L(Ψ ′), see Ref. 21 and references therein.

B. Jimbo’s homomorphism

In the present paper, we deal with quantum loop algebras associated with Kac–Moody alge-
bras g defined by the generalized Cartan matrices A = A(1)

l
. The corresponding generalized Cartan

 Reuse of AIP Publishing content is subject to the terms: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  132.195.109.70

On: Tue, 08 Nov 2016 16:29:20



111702-9 Boos et al. J. Math. Phys. 57, 111702 (2016)

matrices of finite type are Al and the corresponding finite dimensional Kac–Moody algebras are
isomorphic to the Lie algebras sll+1. Thus, we deal with the quantum loop algebras Uq(L(sll+1)).
The usual way to construct highest ℓ-weight representations in the case under consideration is to
use the Jimbo’s homomorphism. It can be defined as a homomorphism from Uq(L(sll+1)) to the
quantum group Uq(sll+1), however, it is convenient to define it as a homomorphism to the quantum
group Uq(gll+1). Let us recall the definition of the quantum groups Uq(sll+1) and Uq(gll+1).

It is common to denote the generators of quantum groups associated with finite dimensional
Kac–Moody algebras by upper case letters. Following this custom, we say that the quantum group
Uq(sll+1) is defined by the generators Ei, Fi, i ∈ I, and qX, where X belongs to the Cartan subalge-
bra h of sll+1. For consistency we denote the Cartan generators of a finite dimensional Lie algebra
by Hi. The generators satisfy the defining relations

q0 = 1, qX1qX2 = qX1+X2, (3.7)

qXEi q−X = q⟨αi,X⟩Ei, qXFi q−X = q−⟨αi,X⟩Fi, (3.8)

[Ei, Fj] = δi j
qHi
i − q−Hi

i

qi − q−1
i

, (3.9)

1−ai j
n=0

(−1)nE
(1−ai j−n)
i E j E(n)

i = 0,
1−ai j
n=0

(−1)nF
(1−ai j−n)
i Fj F(n)

i = 0, (3.10)

where E(n)
i = En

i /[n]qi!, F(n)
i = Fn

i /[n]qi!. Now αi are the simple roots of sll+1 defined as

⟨αi, H j⟩ = a j i, (3.11)

where ai j are the entries of the Cartan matrix of sll+1. Certainly, relations (3.7)–(3.10) are the
defining relations of the quantum group Uq(g), where g is an arbitrary Kac–Moody algebra of finite
type. In the case under consideration, the generalized Cartan matrix is symmetric. Therefore, all
integers di are just 1, and so, qi = q everywhere in (3.7)–(3.10).

The Lie algebra gll+1 can be considered as a trivial central extension of the Lie algebra sll+1 by
a one-dimensional centre CK , so that as the Cartan subalgebra k of gll+1 one can take the space

k = h ⊕ CK =
(

i∈I
Hi

)
⊕ CK.

It is convenient together with the basis of the Cartan subalgebra of gll+1 formed by the elements Hi,
i ∈ I, and K to use the basis formed by the elements Ki, i = 1, . . . , l + 1, defined so that

Hi = Ki − Ki+1, i = 1, . . . , l, K =
l+1
i=1

Ki.

It is not difficult to demonstrate that

Ki =
1

l + 1

(
K −

i−1
j=1

j H j +

l
j=i

(l + 1 − j)H j

)
.

We define the quantum group Uq(gll+1) as a trivial central extension of Uq(sll+1) performed by
adding the generators qνK , ν ∈ C×. The defining relations of Uq(gll+1) have the form (3.7)–(3.10),
where X,X1,X2 ∈ k, and the simple roots αi ∈ k∗, i ∈ I, are defined by the relations (3.11) supple-
mented by the equation

⟨αi, K⟩ = 0.

Let λ be an element of k∗. We identify λ with the set of its components (λ1, . . . , λl+1) with
respect to the dual basis of the basis {Ki}. In fact we have

λi = ⟨λ, Ki⟩.
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We denote by V λ the infinite dimensional highest weight Uq(gll+1)-module with the highest weight
vector v0. By definition, we have

qXv0 = q⟨λ,X⟩v0, Eiv0 = 0, i ∈ I . (3.12)

Note that the first equation of (3.12) is equivalent to

qνKiv0 = qνλiv0, i = 1, . . . , l + 1, ν ∈ C.

It is known that when λi − λi+1 for all i ∈ I are non-negative integers the module V λ is reducible.
Here the quotient of V λ by the unique maximal submodule is finite dimensional. We denote this
finite dimensional Uq(gll+1)-module by V λ. The representations of Uq(gll+1) corresponding to the
modules V λ and V λ are denoted by πλ and πλ.

As we noted above, to construct representations of Uq(L(sll+1)) we are going to use the
Jimbo’s homomorphism ε : Uq(L(sll+1)) → Uq(gll+1) introduced in Ref. 33. We will give the
explicit form of ε for l = 1,2 below. If π is a representation of Uq(gll+1), then π ◦ ε is a representa-
tion of Uq(L(sll+1)). In particular, starting with the representations πλ and πλ described above, we
define the representations

ϕλ = πλ ◦ ε, ϕλ = πλ ◦ ε. (3.13)

Slightly abusing notation, we denote the corresponding Uq(L(sll+1))-modules by V λ and V λ. The
Uq(L(sll+1))-modules V λ and V λ are highest ℓ-weight modules in the category O. Here the highest
weight vectors of V λ and V λ considered as Uq(gll+1)-modules are the highest ℓ-weight vectors of
V λ and V λ considered as Uq(L(sll+1))-modules.

There is an evident automorphism σ of Uq(L(sll+1)) defined by the equation

σ(e0) = e1, σ(e1) = e2, . . . σ(el) = e0, (3.14)
σ( f0) = f1, σ( f1) = f2, . . . σ( f l) = f0, (3.15)

σ(qh0) = qh1, σ(qh1) = qh2, . . . σ(qhl) = qh0. (3.16)

It is evident that σl+1 is the identity transformation. One can consider the representations of
Uq(L(sll+1)) obtained from the representations ϕλ and ϕλ defined by (3.13) via twisting by powers
of σ. It is clear that in this way we obtain representations that are not the highest ℓ-weight repre-
sentations. Moreover, from the point of view of the theory of quantum integrable systems these
representations are not very interesting because they give practically the same transfer matrices
as the initial representations ϕλ and ϕλ. However, considering representations of the Borel subal-
gebras of Uq(L(sll+1)) we use the automorphism σ to obtain new interesting representations, see
Section IV.

Another evident automorphism τ of Uq(L(sll+1)) is defined as

τ(e0) = e0, τ(ei) = el−i+1, τ( f0) = f0, τ( f i) = f l−i+1, i ∈ I, (3.17)

τ(qh0) = qh0, τ(qhi) = qhl−i+1, i ∈ I . (3.18)

It is clear that τ2 is the identity transformation. The twisting of the representations ϕλ and ϕλ by
the automorphism τ leads to new useful representations of Uq(L(sll+1)) and its Borel subalgebras.
However, this automorphism is trivial in the case of Uq(L(sl2)).

C. Case of g = sl2
In this case instead of E1, F1, and H1 we write just E, F, and H . Similarly, we write e′nδ and f ′nδ

instead of e′nδ,α1
and f ′nδ,α1

, etc. We also assume that o1 = 1. The Jimbo’s homomorphism is defined
by the relations

ε(e0) = F qK1+K2, ε(e1) = E, ε( f0) = E q−K1−K2, ε( f1) = F,

ε(qνh0) = qν(K2−K1), ε(qνh1) = qν(K1−K2).
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Via this homomorphism any Uq(gl2)-module can be considered as a Uq(L(sl2))-module. In this
section, we deal with the highest weight Uq(gl2)-modules V λ which were defined in Sec. III B.
Given λ = (λ1, λ2) ∈ k∗, the vectors

vm = Fmv0,

where m ∈ Z+, form a basis of V λ. The action of the generators of Uq(gl2) on the elements of this
basis is described by the formulae

qνK1vm = qν(λ1−m)vm, qνK2vm = qν(λ2+m)vm, (3.19)
Evm = [m]q[λ1 − λ2 − m + 1]qvm−1, Fvm = vm+1. (3.20)

To define Cartan–Weyl generators we use the following normal order of △:

α, α + δ, . . . , α + kδ, . . . , δ, 2δ, . . . , kδ, . . . , . . . , (δ − α) + kδ, . . . , (δ − α) + δ, δ − α,

see Ref. 23. Defining the generating function

E′δ(u) =
∞
n=1

ε(e′nδ)un,

we obtain from (2.21) that

ε(φ+(u)) = qK1−K2
�
1 − κq E

′
δ(−u)�.

Using formulas from Ref. 18 or applying the method of Ref. 14 to the case of Uq(L(sl2)), we see
that if we denote

N′11(u) = 1 − uq2K1, N′12 = −κqq−1F qK1+K2,

N′21 = −κqE, N′22(u) = 1 − uq2K2,

N′′22(u) = N′22(u) − uN′21N
′−1
11 (u)N′12,

then we obtain

1 − κq E
′
δ(u) = N′−1

11 (−q2u)N′′22(−q2u).
Hence, as follows from (2.21), we have

ε(φ+(u)) = qK1−K2N′−1
11 (q2u)N′′22(q2u),

and using (3.19) and (3.20), we come to

φ+(u)vm = qλ1−λ2−2m (1 − q2λ1+2 u)(1 − q2λ2 u)
(1 − q2λ1−2m+2 u)(1 − q2λ1−2m u) vm. (3.21)

Introducing the generating function

F′δ(u−1) =
∞
n=1

ε( f ′nδ)u−n,

we obtain from (2.22) the equation

ε(φ−(u−1)) = qK2−K1
�
1 + κq F

′
δ(−u−1)�.

Using again formulas from Ref. 18 or applying the method of Ref. 14 to the case of Uq(L(sl2)), we
see that if one defines

O′11(u−1) = 1 − u−1q−2K1, O′12 = κqF,

O′21 = κqqE q−K1−K2, O′22(u−1) = 1 − u−1q−2K2,

O′′22(u−1) = O′22(u−1) − u−1O′21O
′−1
11 (u−1)O′12,

then

1 + κq F
′
δ(u−1) = O′′22(−q−2u−1)O′−1

11 (−q−2u−1).
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Hence, as follows from (2.21), we have

ε(φ−(u−1)) = q−(K1−K2)O′′22(q−2u−1)O′−1
11 (q−2u−1).

Using again (3.19) and (3.20), we see that

φ−(u−1)vm = q−(λ1−λ2)+2m (1 − q−2λ1−2u−1)(1 − q−2λ2u−1)
(1 − q−2λ1−2+2mu−1)(1 − q−2λ1+2mu−1) vm (3.22)

in agreement with (3.5) and (3.6).

D. Case of g = sl3
In the case under consideration, to define the Jimbo’s homomorphism we denote

E3 = E1E2 − q E2E1, F3 = F2F1 − q−1F1F2.

Now, the Jimbo’s homomorphism ε is determined by the relations

ε(qνh0) = qν(K3−K1), ε(qνh1) = qν(K1−K2), ε(qνh2) = qν(K2−K3), (3.23)
ε(e0) = F3 qK1+K3, ε(e1) = E1, ε(e2) = E2, (3.24)
ε( f0) = E3 q−K1−K3, ε( f1) = F1, ε( f2) = F2. (3.25)

We describe the structure of the highest weight Uq(gl3)-modules. Let λ = (λ1, λ2, λ3) be an
arbitrary element of the dual space of the standard Cartan subalgebra k of gl3. The highest weight
vector v0 of the module V λ satisfies the relations

qνKiv0 = qνλiv0, i = 1,2,3, Eiv0 = 0, i = 1,2.

The vectors

vm = Fm1
1 Fm2

3 Fm3
2 v0, (3.26)

where m1,m2,m3 ∈ Z+ and m = (m1, m2, m3), form a basis of the V λ. Here it is natural to assume
that v0 means v0 = v(0,0,0). One can find that the action of the generators of Uq(gl3) and the elements
E3 and F3 on the basis vectors vm is described by the formulas

qνK1vm = qν(λ1−m1−m2)vm, qνK2vm = qν(λ2+m1−m3)vm, qνK3vm = qν(λ3+m2+m3)vm,

F1vm = vm+ϵ1, F2vm = q−m1+m2vm+ϵ3 + [m1]qvm−ϵ1+ϵ2, F3vm = qm1vm+ϵ2,

E1vm = [λ1 − λ2 − m1 − m2 + m3 + 1]q[m1]qvm−ϵ1 − q−λ1+λ2+m2−m3−2[m2]qvm−ϵ2+ϵ3,

E2vm = [λ2 − λ3 − m3 + 1]q [m3]qvm−ϵ3 + qλ2−λ3−2m3[m2]qvm+ϵ1−ϵ2,

E3vm = q−m1[λ1 − λ3 − m1 − m2 − m3 + 1]q[m2]qvm−ϵ2

− qλ1−λ2−m1−m2+m3+1[λ2 − λ3 − m3 + 1]q[m1]q[m3]qvm−ϵ1−ϵ3,

see, for example, Ref. 17. Here and below for any k1, k2, k3 ∈ Z we use the notation

m + k1ϵ1 + k2ϵ2 + k3ϵ3 = (m1 + k1, m2 + k2, m3 + k3).
The basis of the finite dimensional module V λ is a certain subset of the basis formed by the vectors
vm. Here the action of the generators is defined again by the above relations supplied with the
condition of vanishing of the vectors which are outside of the basis.

In the present case, to define Cartan–Weyl generators we use the following normal order of △:

α1, α1 + α2, α1 + δ, α1 + α2 + δ, . . . , α1 + kδ, α1 + α2 + kδ, . . . ,

α2, α2 + δ, . . . , α2 + kδ, . . . , δ, 2δ, . . . , kδ, . . . , . . . , (δ − α2) + kδ, . . . , δ − α2,

. . . , (δ − α1) + kδ, (δ − α1 − α2) + kδ, . . . , δ − α1, δ − α1 − α2,

see Ref. 9.
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Let us find the ℓ-weight vectors of the module V λ. Introduce the generating functions

E′δ,αi
(u) =

∞
n=1

ε(e′nδ,αi
)un.

Choosing for definiteness o1 = 1 and o2 = −1, we obtain from (2.21) the equations

ε(φ+1(u)) = qK1−K2
�
1 − κq E

′
δ,α1

(−u)�, (3.27)

ε(φ+2(u)) = qK2−K3
�
1 − κq E

′
δ,α2

(u)�. (3.28)

It follows from the results of Ref. 14 that if we define

N′11(u) = 1 − u q2K1, N′12 = −κq q−1 F1 qK1+K2, N′13 = −κq q−1 F3 qK1+K3, (3.29)

N′21 = −κq E1, N′22(u) = 1 − u q2K2, N′23 = −κq q−1 F2 qK2+K3, (3.30)

N′31 = −κq E3, N′32 = −κq E2, N′33(u) = 1 − u q2K3 (3.31)

and

N′′22(u) = N′22(u) − uN′21N
′−1
11 (u)N′12, N′′23(u) = N′23 − N

′
21N

′−1
11 (u)N′13, (3.32)

N′′32(u) = N′32 − uN′31N
′−1
11 (u)N′12, N′′33(u) = N′33(u) − uN′31N

′−1
11 (u)N′13, (3.33)

N′′′33(u) = N′′33(u) − uN′′32(u)N′′−1
22 (u)N′′23(u), (3.34)

we obtain

1 − κq E
′
δ, α1

(u) = N′−1
11 (−q2u)N′′22(−q2u),

1 − κq E
′
δ, α2

(u) = N′′−1
22 (q3u)N′′′33(q3u).

Comparing these equations with (3.27) and (3.28), we come to the relations

ε(φ+1(u)) = qK1−K2N′−1
11 (q2u)N′′22(q2u), (3.35)

ε(φ+2(u)) = qK2−K3N′′−1
22 (q3u)N′′′33(q3u). (3.36)

It is not difficult to determine that

N′′22(u)vm =
1

(1 − q2λ1−2m1−2m2−2u) ×
(1 − q2λ1−2m2u)(1 − q2λ2−2m3−2u)vm

+ κ2
q q2λ2−2m3−3u[m2]q vm+ϵ1−ϵ2+ϵ3


, (3.37)

and, therefore, as follows from (3.35) we have

φ+1(u)vm =
qλ1−λ2−2m1−m2+m3

(1 − q2λ1−2m1−2m2+2u)(1 − q2λ1−2m1−2m2u) ×
(1 − q2λ1−2m2+2u)(1 − q2λ2−2m3u)vm

+ κ2
q q2λ2−2m3−1u[m2]q vm+ϵ1−ϵ2+ϵ3


.

This relation suggests us to look for ℓ-weight vectors in the form

wm =

m2
k=0

Ck, m vm+kϵ1−kϵ2+kϵ3. (3.38)

After some calculations, we see that if we put

Ck, m = (−1)kκkq q−(k−1)k/2


m2

k

q



k
i=1

(1 − q2λ1−2λ2−2m2+2m3+2i+2)


−1

(3.39)

for k = 1, . . . ,m2, and C0,m = 1, then we obtain

φ+1(u)wm = Ψ
+
1,m(u)wm,
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where

Ψ
+
1,m(u) = qλ1−λ2−2m1−m2+m3

1 − q2λ1−2m2+2u
1 − q2λ1−2m1−2m2+2u

1 − q2λ2−2m3u
1 − q2λ1−2m1−2m2u

. (3.40)

It is clear that the vectors wm form a basis of the module V λ and the corresponding subset of this
basis is a basis of the module V λ.

The calculations for the case of φ+2(u) are more complicated. We give only a few intermediate
formulas. First note that as follows from (3.37) for the action of N′′−1

22 (u) on the basis vectors vm we
have the representation

N′′−1
22 (u)vm =

m2
k=0

Ak,m(u)vm+kϵ1−kϵ2+kϵ3.

One can verify that

Ak,m(u) = (−1)kκ2k
q q2kλ2−2km3−k2−2k [m2]q!

[m2 − k]q!
(1 − q2λ1−2m1−2m2−2u)uk

×
 k
i=0

(1 − q2λ1−2m2+2iu)(1 − q2λ2−2m3−2i−2u)
−1

.

Using this relation, we obtain that

φ+2(u)vm = qλ2−λ3+m1−m2−2m3(1 − q2λ1−2m1−2m2+1u)
× (1 − q2λ1+3u)(1 − q2λ2+1u)(1 − q2λ3−1u)

×
m2
k=0

(−1)kκ2k
q q2kλ2−2km3−k2[k + 1]q

k
i=1

[m2 − i + 1]q uk

×
 k+1
i=0

(1 − q2λ1−2m2+2i+1u)(1 − q2λ2−2m3−2i+1u)
−1

vm+kϵ1−kϵ2+kϵ3,

and that for the vectors wm defined by Equation (3.38), where Ck,m is given by Equation (3.39), we
have

φ+2(u)wm = Ψ
+
2,m(u)wm

with

Ψ
+
2,m(u) = qλ2−λ3+m1−m2−2m3

1 − q2λ1−2m1−2m2+1u
1 − q2λ1−2m2+1u

1 − q2λ1+3u
1 − q2λ1−2m2+3u

× 1 − q2λ2+1u
1 − q2λ2−2m3+1u

1 − q2λ3−1u
1 − q2λ2−2m3−1u

. (3.41)

Now we proceed to the case of φ−1(u) and φ−2(u). Introducing the generating functions

F′δ,αi
(u−1) =

∞
n=1

ε( f ′nδ,αi
)u−n,

we obtain

ε(φ−1(u−1)) = q−K1+K2
�
1 + κq F

′
δ,α1

(−u−1)�, (3.42)

ε(φ−2(u−1)) = q−K2+K3
�
1 + κq F

′
δ,α2

(u−1)�. (3.43)

Following the method of Ref. 14, we see that if we define

O′11(u−1) = 1 − u−1q−2K1, O′12 = κq F1, O′13 = κq F3,

O′21 = κq q q−K2−K1 E1, O′22(u−1) = 1 − u−1q−2K2, O′23 = κq F2,

O′31 = κq q q−K3−K1 E3, O′32 = κq q q−K3−K2 E2, O′33(u−1) = 1 − u−1q−2K3
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and the quantities with two and three primes by relations (3.32)–(3.34), where N is changed to O
and u to u−1, we come to the relations

1 + κq F
′
δ, α1

(u−1) = O′′22(−q−2u−1)O′−1
11 (−q−2u−1), (3.44)

1 + κq F
′
δ, α2

(u−1) = O′′′33(q−3u−1)O′′−1
22 (q−3u−1). (3.45)

Comparing these relations with (3.42) and (3.43), we see that

ε(φ−1(u−1)) = q−K1+K2O′′22(q−2u−1)O′−1
11 (q−2u−1), (3.46)

ε(φ−2(u−1)) = q−K2+K3O′′′33(q−3u−1)O′′−1
22 (q−3u−1). (3.47)

Using the equation

O′′22(u−1)vm =
1

(1 − q−2λ1+2m1+2m2+2u−1) ×
(1 − q−2λ1+2m2u−1)(1 − q−2λ2+2m3+2u−1)vm

+ κ2
q q−2λ1+2m2−1[m2]q u−1vm+ϵ1−ϵ2+ϵ3


,

we come to the relation

φ−1(u−1)vm =
q−λ1+λ2+2m1+m2−m3

(1 − q−2λ1+2m1+2m2−2u−1)(1 − q−2λ1+2m1+2m2u−1)
×
(1 − q−2λ1+2m2−2u−1)(1 − q−2λ2+2m3u−1)vm

+ κ2
q q−2λ1+2m2−3[m2]q u−1vm+ϵ1−ϵ2+ϵ3


.

Now one can verify that for the vectors wm defined by Equation (3.38), where Ck,m is given by
Equation (3.39), we have

φ−1(u−1)wm = Ψ
−
1,m(u−1)wm

with

Ψ
−
1,m(u−1) = q−λ1+λ2+2m1+m2−m3

1 − q−2λ1+2m2−2u−1

1 − q−2λ1+2m1+2m2−2u−1

1 − q−2λ2+2m3u−1

1 − q−2λ1+2m1+2m2u−1 . (3.48)

To analyze the case of φ−2(u−1), we first determine that

O′′−1
22 (u−1)vm =

m2
k=0

Bk,m(u−1) vm+kϵ1−kϵ2+kϵ3,

where

Bk,m(u−1) = (−1)kκ2k
q q−2kλ1+2km2−k2 [m2]q!

[m2 − k]q!
× (1 − q−2λ1+2m1+2m2+2u−1) u−k

×
 k
i=0

(1 − q−2λ1+2m2−2iu−1)(1 − q−2λ2+2m3+2i+2u−1)
−1

.

This allows us to obtain the equation

φ−2(u−1)vm = q−λ2+λ3−m1+m2−2m3(1 − q−2λ1+2m1+2m2−1u−1)
× (1 − q−2λ1−3u−1)(1 − q−2λ2−1u−1)(1 − q−2λ3+1u−1)

×
m2
k=0

(−1)kκ2k
q q−2kλ1+2km2−k2−2k[k + 1]q

k
i=1

[m2 − i + 1]q u−k

×
 k+1
i=0

(1 − q−2λ1+2m2−2i−1u−1)(1 − q−2λ2+2m3+2i−1u−1)
−1

× vm+kϵ1−kϵ2+kϵ3,
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which helps us to verify that for the vectors wm defined by Equation (3.38), where Ck,m is given by
Equation (3.39), we have

φ−2(u−1)wm = Ψ
−
2,m(u−1)wm

with

Ψ
−
2,m(u−1) = q−λ2+λ3−m1+m2+2m3

1 − q−2λ1+2m1+2m2−1u−1

1 − q−2λ1+2m2−1u−1

1 − q−2λ1−3u−1

1 − q−2λ1+2m2−3u−1

× 1 − q−2λ2−1u−1

1 − q−2λ2+2m3−1u−1

1 − q−2λ3+1u−1

1 − q−2λ2+2m3+1u−1 . (3.49)

As we noted above there are two evident automorphisms of Uq(L(sll+1))defined by (3.14)–(3.18).
From the point of view of integrable systems, it is interesting to consider the twisting of the represen-
tations ϕλ and ϕλ by the automorphism τ. Define the representations

ϕ
λ
= ϕλ ◦ τ, ϕλ

= ϕλ ◦ τ,

and denote the corresponding Uq(L(sll+1))-modules as V λ and V
λ
. It follows from the definitions

(2.11)–(2.14) that

τ(e′nδ,α1
) = e′nδ,α2

, τ(e′nδ,α2
) = e′nδ,α1

, (3.50)
τ( f ′nδ,α1

) = f ′nδ,α2
, τ( f ′nδ,α2

) = f ′nδ,α1
, (3.51)

see also Ref. 14. Now, it is clear that the basis vectors wm of the modules V
λ

and V
λ

defined by
(3.38) are the ℓ-weight vectors of ℓ-weights

Ψm = {Ψ+i,m(u),Ψ−i,m(u−1)}i=1,2,

where

Ψ
+

i,m(u) = Ψ+3−i,m(−u), Ψ
−
i,m(u−1) = Ψ−3−i,m(−u−1).

Here the functions Ψ+1,m(u), Ψ+2,m(u), Ψ−1,m(u−1), and Ψ−2,m(u−1) are given by (3.40), (3.41), (3.48), and
(3.49), respectively.

IV. HIGHEST ℓ-WEIGHT REPRESENTATIONS OF BOREL SUBALGEBRA

A. General information

There are two Borel subalgebras of the quantum loop algebra Uq(L(g)). In fact, these are the
subalgebras whose representations are needed for applications in the theory of integrable systems.
In terms of the Drinfeld–Jimbo generators, the Borel subalgebras are defined as follows. The Borel
subalgebra Uq(b+) is the subalgebra generated by ei, i ∈ I, and qx, x ∈ h, and the Borel subalgebra
Uq(b−) is the subalgebra generated by f i, i ∈ I, and qx, x ∈h. It is clear that these are Hopf sub-
algebras of Uq(L(g)). For a general g there is no such simple description of Uq(b+) and Uq(b−) in
terms of the Drinfeld generators. However, it follows from (2.18)–(2.20) that the Borel subalgebra
Uq(b+) contains the Drinfeld generators ξ+i,n, ξ−i,m, χi,m with i ∈ I, n ≥ 0 and m > 0, while the Borel
subalgebra Uq(b−) contains the Drinfeld generators ξ−i,n, ξ+i,m, χi,m with i ∈ I, n ≤ 0 and m < 0.
The two Borel subalgebras are related by the quantum Chevalley involution. Therefore, we restrict
ourselves by the consideration of the subalgebra Uq(b+).

The definitions of the category O, a highest weight Uq(b+)-module and the related notions are
the same as for the case of Uq(L(g))-modules. However, now an ℓ-weight Ψ is defined as a set

Ψ = {Ψ+i,n ∈ C | i ∈ I, n ∈ Z+}
such that Ψ+i, 0 , 0. For any Uq(b+)-module in the category O, we have the ℓ-weight decomposition

V =

Ψ

VΨ,
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where VΨ is a subspace of V such that for any v in VΨ there is p ∈ N such that

(φ+i,n − Ψ+i,n)pv = 0

for all i ∈ I and n ∈ Z+. Similarly as in the case of Uq(L(g))-modules, the space VΨ is called the
ℓ-weight space of ℓ-weight Ψ , and we say that Ψ is an ℓ-weight of V if VΨ , {0}. A nonzero
element v ∈ VΨ such that

φ+i,nv = Ψ
+
i,nv

for all i ∈ I and n ∈ Z+ is said to be an ℓ-weight vector of ℓ-weight Ψ . As in the case of Uq(L(g))-
modules, every nontrivial ℓ-weight space contains an ℓ-weight vector.

A Uq(b+)-module V in the category O is called a highest ℓ-weight module with highest ℓ-weight
Ψ if there exists an ℓ-weight vector v ∈ V of ℓ-weightΨ such that

ξ+i,nv = 0

for all i ∈ I and n ∈ Z+, and

V = Uq(b+)v.
As in the case of Uq(L(g))-modules, the vector with the above properties is unique up to a scalar
factor. We again call it the highest ℓ-weight vector of V .

For a given ℓ-weightΨ , we define the generating function Ψ+i (u) as

Ψ
+
i (u) =


n∈Z+

Ψ
+
i,nun,

and, when it is convenient, identify Ψ with the set {Ψ+i (u)}i∈I . An ℓ-weight Ψ of a Uq(b+)-module
is called rational if for some non-negative integers pi, qi, i ∈ I, and complex numbers air , bis, i ∈ I,
0 ≤ r ≤ pi, 0 ≤ s ≤ qi, one has

Ψ
+
i (u) =

ai piu
pi + ai,pi−1upi−1 + · · · + ai0

biqiuqi + bi,qi−1uqi−1 + · · · + bi0
.

Here the numbers ai0, bi0 must be nonzero.
As in the case of Uq(L(g))-modules, one can show that for any rational ℓ-weight Ψ there is

a simple highest ℓ-weight Uq(b+)-module L(Ψ ) with highest ℓ-weight Ψ which is unique up to an
isomorphism, and any simple Uq(b+)-module in the category O is a highest ℓ-weight module with
a rational highest ℓ-weight.21 Here again all ℓ-weights of a Uq(b+)-module in the category O are
rational. For any rational ℓ-weights Ψ and Ψ ′, the submodule of L(Ψ ) ⊗ L(Ψ ′) generated by the
tensor product of the highest ℓ-weight vectors is a highest ℓ-weight module with highest ℓ-weight
ΨΨ ′. In particular, L(ΨΨ ′) is a subquotient of L(Ψ ) ⊗ L(Ψ ′).

The prefundamental representations are simple highest ℓ-weight Uq(b+)-modules L±i,a with the
highest ℓ-weights determined by the relations

Ψ
+
i (u) = (1, . . . , 1

i−1

, (1 − au)±1, 1, . . . , 1
l−i

), i ∈ I, a ∈ C×.

For any ξ ∈ h∗ the one-dimensional representation with the highest ℓ-weight defined by the relation

Ψ
+
i (u) = q⟨ξ, hi⟩, i ∈ I

is also included into the class of the prefundamental representations. The corresponding Uq(b+)-
module is denoted by Lξ.

For any Uq(b+)-module V and an element ξ ∈h∗ such that ⟨ξ, c⟩ = 0, we define a shifted
Uq(b+)-module V [ξ] shifting the action of the generators qx. Namely, if ϕ is the representation of
Uq(b+) corresponding to the module V and ϕ[ξ] is the representation corresponding to the module
V [ξ], then

ϕ[ξ](ei) = ϕ(ei), i ∈ I, ϕ[ξ](qx) = q⟨ξ,x⟩ϕ(qx), x ∈h.
Recall that an element ξ ∈h∗ satisfying the relation ⟨ξ, c⟩ = 0 can be naturally identified with an
element of h∗. It is clear that the module V [ξ] is isomorphic to V ⊗ Lξ.
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One can show that any Uq(b+)-module in the category O is a subquotient of a tensor product of
prefundamental representations.

B. q-oscillators

To obtain a representation of a Borel subalgebra, one can simply take the restriction of a
representation of the full quantum loop algebra to this subalgebra. However, for the theory of inte-
grable systems more representations are needed. Here one constructs necessary representations first
defining a homomorphism of a Borel subalgebra to the q-oscillator algebra or to the tensor product
of several copies of this algebra. Then one uses the appropriate representations of the q-oscillator
algebras and comes to the desirable representation of the Borel subalgebra. In this section, we give
the definition of the q-oscillator algebra and describe its important representations.

Let ~ be a non-zero complex number and q = exp ~. We again assume that q is not a root of
unity. The q-oscillator algebra Oscq is a unital associative C-algebra with generators b†, b, qνN ,
ν ∈ C, and relations

q0 = 1, qν1Nqν2N = q(ν1+ν2)N ,
qνNb†q−νN = qνb†, qνNbq−νN = q−νb,

b†b =
qN − q−N

q − q−1 , bb† =
qqN − q−1q−N

q − q−1 .

Two representations of Oscq are interesting for us. First, let W+ be the free vector space generated
by the set {v0, v1, . . .}. One can show that the relations

qνNvm = qνmvm, (4.1)

b†vm = vm+1, b vm = [m]qvm−1, (4.2)

where we assume that v−1 = 0, endow W+ with the structure of an Oscq-module. We denote the
corresponding representation of the algebra Oscq by χ+. Further, let W− be the free vector space
generated again by the set {v0, v1, . . .}. The relations

qνNvm = q−ν(m+1)vm, (4.3)

b vm = vm+1, b†vm = −[m]qvm−1, (4.4)

where we again assume that v−1 = 0, endow the vector space W− with the structure of an Oscq-
module. We denote the corresponding representation of Oscq by χ−.

C. Case of g = sl2
1. Definition of representations

One can show that the mapping ρ : Uq(b+) → Oscq defined by the relations

ρ(qνh0) = q2νN , ρ(qνh1) = q−2νN ,

ρ(e0) = b†, ρ(e1) = −κ−1
q b qN

is a homomorphism from the Borel subalgebra Uq(b+) to the algebra Oscq. Using this homomor-
phism we define two representations of Uq(b+) as follows:

θ1 = χ− ◦ ρ ◦ σ−1, θ2 = χ+ ◦ ρ.

Here the representations of Oscq are chosen so as to get the highest ℓ-weight representations. Let us
find all ℓ-weights for these representations. We give only a few intermediate formulas.
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2. Representation θ1

The vectors

vm = bmv0, m ∈ Z+
form a basis in the representation space. Direct calculations give

θ1(e′nδ) = χ−
�
κ−1
q (−1)n−1q2n([n + 1]q − q−1[n]qq−2N)q2nN�,

see Refs. 1 and 10. It follows from this equation that

1 − κq E
′
δ(u) = χ−

�(1 + qu)(1 + q3q2Nu)−1(1 + qq2Nu)−1�,
where the generating function is defined as

E′δ(u) =
∞
n=1

θ1(e′nδ)un.

Below we use similar natural relations to define necessary generating functions not writing them
explicitly. Now, using (2.21) and (4.3), we obtain

φ+(u) vm = Ψ+m,1(u)vm = q−2m−2 1 − qu
(1 − q−2m+1u)(1 − q−2m−1u) vm.

3. Representation θ2

In this case we use the basis formed by the vectors

vm = (b†)mv0, m ∈ Z+.

After some simple calculations we obtain

θ2(e′δ) = −κ−1
q q, θ2(e′nδ) = 0, n > 1,

see Refs. 1, 10, and 18. This gives

1 − κqE
′
δ(u) = 1 + qu,

and, again taking into account (2.21), we come to the equation

φ+(u) vm = Ψ+m,2(u) vm = q−2m(1 − qu) vm.

D. Case of g = sl3
Consider the algebra Oscq ⊗ Oscq. As is usual, define

b1 = b ⊗ 1, b†1 = b† ⊗ 1, b2 = 1 ⊗ b, b†2 = 1 ⊗ b†,

qν1N1+ν2N2 = qν1N ⊗ qν2N .

The homomorphism in question from Uq(b+) to Oscq ⊗ Oscq is defined by the relations

ρ(qνh0) = qν(2N1+N2), ρ(qνh1) = qν(−N1+N2), ρ(qνh2) = qν(−N1−2N2),
ρ(e0) = b†1qN2, ρ(e1) = −q−1b1b†2qN1−N2, ρ(e2) = −κ−1

q b2qN2.

Now we define six representations of Uq(b+) as follows:

θ1 = (χ− ⊗ χ−) ◦ ρ ◦ σ−1, θ1 = (χ+ ⊗ χ+) ◦ ρ ◦ τ, (4.5)

θ2 = (χ− ⊗ χ+) ◦ ρ ◦ σ−2, θ2 = (χ− ⊗ χ+) ◦ ρ ◦ σ−2 ◦ τ, (4.6)

θ3 = (χ+ ⊗ χ+) ◦ ρ, θ3 = (χ− ⊗ χ−) ◦ ρ ◦ σ−1 ◦ τ. (4.7)

The representations for q-oscillators are again chosen so as to get the highest ℓ-weight represen-
tations. The calculation necessary to find ℓ-weights for these representations is more complicated.
Nevertheless, we again give only a few intermediate formulas, referring to our previous papers.

 Reuse of AIP Publishing content is subject to the terms: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  132.195.109.70

On: Tue, 08 Nov 2016 16:29:20



111702-20 Boos et al. J. Math. Phys. 57, 111702 (2016)

1. Representation θ1

For this case we use the basis of the representation space formed by the vectors

vm = bm1
1 bm2

2 v0, (4.8)

where m1,m2 ∈ Z+, m = (m1, m2) and v0 = v(0,0) = v0 ⊗ v0. Direct calculations give

θ1(e′nδ,α1
) = (χ− ⊗ χ−)�κ−1

q (−1)n−1q3n([n + 1]q − q−1[n]qq−2N1)q2nN1+2nN2
�
,

θ1(e′nδ,α2
) = (χ− ⊗ χ−)� − κ−1

q q2n([n + 1]q − q−1[n]qq−2N2 − q[n]qq2N1 + [n − 1]qq2N1−2N2)q2nN2
�
,

see Ref. 10 for similar calculations. Note that in Ref. 10 another definition of q-oscillators is used.
However, it is not difficult to adopt the calculations given there to our case. Using these relations we
come to the following expressions for the generating functions E′δ,α1

(u) and E′δ,α2
(u):

1 − κq E
′
δ,α1

(u) = (χ− ⊗ χ−)�(1 + q2q2N2u)(1 + q4q2N1+2N2u)−1(1 + q2q2N1+2N2u)−1�,

1 − κq E
′
δ,α2

(u) = (χ− ⊗ χ−)�(1 − qu)(1 − q3q2N1+2N2u)(1 − q3q2N2u)−1(1 − qq2N2u)−1�.

Now, using (2.21) and (4.3), we obtain

φ+1(u)vm = Ψ
+
1,m,1(u) vm = q−2m1−m2−3 1 − q−2m2u

(1 − q−2m1−2m2u)(1 − q−2m1−2m2−2u) vm, (4.9)

φ+2(u)vm = Ψ
+
2,m,1(u)vm = qm1−m2

(1 − qu)(1 − q−2m1−2m2−1u)
(1 − q−2m2+1u)(1 − q−2m2−1u) vm. (4.10)

2. Representation θ2

Here the natural basis in the representation space is formed by the vectors

vm = bm1
1 (b†2)m2 v0. (4.11)

Similarly as in the previous case one obtains that

θ2(e′1δ,α1
) = (χ− ⊗ χ+)� − κ−1

q q2q2N1
�
, θ2(e′nδ,α1

) = 0, n > 1,

θ2(e′nδ,α2
) = (χ− ⊗ χ+)� − κ−1

q q2n([n + 1]q − q−1[n]qq−2N1)q2nN1
�
,

and come to the equations

1 − κq E
′
δ, α1

(u) = (χ− ⊗ χ+)�1 + q2q2N1u
�
,

1 − κq E
′
δ, α2

(u) = (χ− ⊗ χ+)�(1 − qu)(1 − q3q2N1u)−1(1 − qq2N1u)−1�.

Using (2.22), (4.1), and (4.3), we determine that

φ+1(u)vm = Ψ
+
1,m,2(u)vm = qm1−2m2+1(1 − q−2m1u) vm, (4.12)

φ+2(u)vm = Ψ
+
2,m,2(u) vm = q−2m1+m2−2 1 − qu

(1 − q−2m1+1u)(1 − q−2m1−1u) vm. (4.13)

3. Representation θ3

In accordance with the definition of the representation θ3, we introduce the basis in the repre-
sentation space formed by the vectors

vm = (b†1)m1(b†2)m2 v0. (4.14)

Here the necessary calculations are very simple and one obtains

θ3(e′nδ,α1
) = 0, θ3(e′1δ,α2

) = κ−1
q q, θ3(e′nδ,α2

) = 0, n > 1.
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Hence, we see that

1 − κq E
′
δ,α1

(u) = 1, 1 − κq E
′
δ,α2

(u) = 1 − qu,

and, using (2.21) and (4.1), come to the final result

φ+1(u) vm = Ψ
+
1,m,3(u) vm = q−m1+m2 vm, (4.15)

φ+2(u) vm = Ψ
+
2,m,3(u)vm = q−m1−2m2(1 − qu) vm. (4.16)

4. Representations θ1, θ2 and θ3

Taking into account relations (3.50) and definition (4.5)–(4.7) of the considered representa-
tions, we conclude that the corresponding basis vectors vm defined by (4.14), (4.11), or by (4.8) are
the ℓ-weight vectors of ℓ-weights

Ψm,a = {Ψ+i,m,a(u)}i=1,2, a = 1,2,3,

where

Ψ
+

i,m,a(u) = Ψ+3−i,m,4−a(−u).
Here the functions Ψ+i,m,a are given by Equations (4.15), (4.16), (4.12), (4.13), (4.9), and (4.10).

V. DISCUSSION

We have obtained the ℓ-weights and the corresponding ℓ-weight vectors for representations
of quantum loop algebras Uq(L(sll+1)) with l = 1,2 obtained via Jimbo’s homomorphism, known
also as evaluation representations. It appears that the representation space has a basis consisting of
ℓ-weight vectors. This means that the number p in (3.4) is always equal to 1. Then we have found
the ℓ-weights and the ℓ-weight vectors for the q-oscillator representations of Borel subalgebras of
the same quantum loop algebras, and again discovered that for all representations the representation
space has a basis consisting of ℓ-weight vectors. We see that some q-oscillator representations are
shifted prefundamental representations, and any prefundamental representation is presented in a
shifted form among the q-oscillator representations.

In applications to the theory of quantum integrable systems, one associates with a representa-
tion of a quantum loop algebra a family of representations parametrized by the so-called spectral
parameter. The usual way to do this is as follows. Given ζ ∈ C×, we define an automorphism Γζ of
Uq(L(g)) by its action on the generators as

Γζ(ei) = ζ siei, Γζ( f i) = ζ−si f i, Γζ(qx) = qx,

where si are arbitrary integers. Then, starting from a representation ϕ of Uq(L(sll+1)) we define the
family of representations ϕζ in question as

ϕζ = ϕ ◦ Γζ.

In a similar way, one defines for the Borel subalgebra families of representations parametrized by
the spectral parameter.

Let ϕ be a representation of Uq(L(g)) and V be the corresponding Uq(L(g))-module. We
denote by Vζ the Uq(L(g))-module corresponding to the representation ϕζ. If V is a highest ℓ-weight
module with highest ℓ-weight determined by the functions Ψ+i (u) and Ψ−i (u−1), then Vζ is a high-
est ℓ-weight Uq(L(g))-module with highest ℓ-weight determined by the functions Ψ+i (ζ su) and
Ψ−i (ζ−su−1), where s = s0 + s1 + · · · + sl.

Denote the Uq(b+)-modules corresponding to the representations θ1, θ2, and θ3 defined in
(4.5)–(4.7) by W1, W2, and W3, and consider the Uq(b+)-module (W1)ζ1 ⊗ (W2)ζ2 ⊗ (W3)ζ3. As fol-
lows from the results of Section IV D, the tensor product of the highest ℓ-weight vectors is an

 Reuse of AIP Publishing content is subject to the terms: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  132.195.109.70

On: Tue, 08 Nov 2016 16:29:20



111702-22 Boos et al. J. Math. Phys. 57, 111702 (2016)

ℓ-weight vector of ℓ-weight determined by the functions

Ψ
+
1 (u) = q−2 1 − ζ s2u

1 − q−2ζ s1u
, Ψ

+
2 (u) = q−2 1 − qζ s3u

1 − q−1ζ s2u
.

Consider now the restriction of the representation V λ to the Borel subalgebra Uq(b+). We denote
this restriction again by V λ. Using the results of Section III D, we see that the highest ℓ-weight of
the Uq(b+)-module (V λ)ζ is determined by the functions

Ψ
+
1 (u) = qλ1−λ2

1 − q2λ2ζ su
1 − q2λ1ζ su

, Ψ
+
2 (u) = qλ2−λ3

1 − q2λ3−1ζ su
1 − q2λ2−1ζ su

.

It follows that if

ζ1 = q2(λ1+1)/sζ, ζ2 = q2λ2/sζ, ζ3 = q2(λ3−1)/sζ,

then the submodule of (W1)ζ1 ⊗ (W2)ζ2 ⊗ (W3)ζ3 generated by the tensor product of the highest
ℓ-weight vectors of (W1)ζ1, (W2)ζ2, and (W3)ζ3 is isomorphic to the shifted module (V λ)ζ[ξ], where ξ
is determined by the equations

ξ(h1) = −λ1 + λ2 − 2, ξ(h2) = −λ2 + λ3 − 2.

This result is in full agreement with that obtained in Ref. 17 by the explicit analysis of the tensor
product of the modules. Such kind of results are important for establishing functional relations. We
see that they can be obtained by considering ℓ-weights of the representations.
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