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Functional relations

1. Introduction

The modern approach to the study of quantum integrable systems is based on the concept of the transfer matrix, or
transfer operator, and the main problem here is to find its eigenvalues. The most productive method to do this is the Bethe
ansatz [1]. Unfortunately, it does not work for all the cases considered as integrable. More general method was invented by
Baxter, see, for example, [2,3]. He proposed to consider, together with the transfer operator, an auxiliary operator, called the
Q-operator. The transfer operator and Q -operator satisfy some difference equation called the Baxter’s functional TQ -relation.
Note that in the general case we have a complex consisting of several transfer operators and Q -operators. At present, the
transfer operators and Q -operators are constructed as traces of the corresponding monodromy operators and L-operators.
We call all the operators, mentioned above, the integrability objects.

It was noted by Bazhanov, Lukyanov and Zamolodchikov [4-6] that the integrability objects can be constructed from
the universal R-matrix of the quantum group related to the quantum integrable system under consideration. In fact, in
applications to the theory of quantum integrable systems we deal with a special type of quantum groups called quantum loop
algebras. Here the corresponding functional relations follow from the properties of the used representations of the quantum
loop algebra under consideration. The method proved to be efficient for construction of R-operators [7-13], monodromy
operators and L-operators [4-6,12-18], and for the proof of functional relations [6,14,17-20].

The general notion of a quantum group was introduced by Drinfeld and Jimbo [21-23]. Roughly speaking, it is a special
kind of quasitriangular Hopf algebra. The completed tensor product of two copies of a quantum group contains the invertible
element, called the universal R-matrix, which relates its two comultiplications, see, for example [24]. The integrability
objects are determined by a choice of representations for the factors of that tensor product. The choice made for the first
factor determines an integrability object, and for the second factor a concrete integrable model. It is common to call the
representation space of the first factor an auxiliary space, and the representation space of the second one the quantum
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space. However, the roles of the factors can be interchanged. It appeared productive to fix representation only for the first
factor, see, for example [14,15,17,18,25]. We call the arising integrability objects and functional relations universal ones.
The integrability objects and functional relations for a concrete integrable model are obtained from the universal ones by
applying to them the corresponding representation acting on the quantum space.

In this paper we consider quantum integrable systems related to the quantum loop algebra Ug(£(sl;)). For this case the
main tool used to construct the needed representations is the Jimbo’s homomorphism [26]. In the paper [17] the Jimbo's
homomorphism was defined as a mapping from Uy(L(sl;)) to Uy(sly). It appears that the formulas become simpler and
the algebraic basis more transparent if one considers the Jimbo’s homomorphism as a mapping from Ug(£(sl)) to Ug(gly).
Therefore, we rederive the universal functional relations using the latter form of the Jimbo’s homomorphism. Here we use
a universal approach to TQ - and TT-relations proposed in the paper [18]. We find explicit expressions for the monodromy
operators and L-operators for the spin chains of ‘spin’ 1/2 particles. Then, using the fusion procedure, we construct the
expressions for the ‘spin’ 1 case. The results of the fusion procedure allow us to define integrability objects which are Laurent
polynomials on some power of the spectral parameter. Finally, we specialize the functional relations to the case of spin
chains defined by a choice of arbitrary finite dimensional representation for the quantum space and write them in terms of
polynomial objects.

We think that the main advantage of the undertaken consideration is a possibility, in conjunction with the results of the
paper [18], of a direct conjectural generalization to the case of Uy(£(s(,)) for an arbitrary n. Additionally, in comparison with
the paper [17], we pay more attention to the systems of particles of higher ‘spin’. The expressions for the basic monodromy
operator and L-operator for the ‘spin’ 1 case are quite new. Stress that we consider the case of the general gradation and
general twisting.

Depending on the sense of the deformation parameter g, there are at least three definitions of a quantum group. According
to the first definition, ¢ = exp h, where h is an indeterminate, according to the second one, q is indeterminate, and according
to the third one, ¢ = exp h, where h is a complex number. In the first case the quantum group is a C[[h]]-algebra, in the
second case a C(q)-algebra, and in the third case it is just a complex algebra. To construct integrability objects one uses trace
operations on the quantum group under consideration. To define traces it seems convenient to use the third definition of
the quantum group. Therefore, we define the quantum group as a C-algebra, see, for example, the books [27,28].

We denote by £(g) the loop Lie algebra of a finite dimensional simple Lie algebra g, by Z(g) its standard central extension,
and by Z(g) the Lie algebra Z(g) endowed with a derivation, see, for example, the book by Kac [29]. We follow the notations
introduced by Kac. Note that nowadays the symbol Z is often used instead of £ and vice versa.

The symbol N means the set of natural numbers and the symbol Z the set of non-negative integers.

Depending on the context, the symbol ‘1’ means the integer one, the unit of an algebra, or the unit matrix. The symbol
® denotes the tensor product of vector spaces and algebras and the Kronecker product of matrices with commuting or
noncommuting entries.

Below we use the notation

1

Kg=q—q -,
so that the definition of the g-deformed number can be written as
=4 _
[V]q=q_q_1 =k, (" —=q"). veC.

To construct integrability objects one uses spectral parameters. They are introduced by defining a Z-gradation of the
quantum loop algebra under consideration. In the case of the loop algebra U,(£(sl>)) considered in this paper, a Z-gradation
is determined by two integers sg, s1. We often use the notation s = sy + s1.

2. Integrability objects
2.1. Quantum group Uq(gl,)

To construct integrability objects one uses appropriate representations of the quantum loop algebra under consideration.
For the case of the quantum loop algebra Uy(£(sl,)) the most important way to obtain such representations is to use the
Jimbo’s homomorphism from Uy(£(sl,)) to the quantum group Uy(gl, ). Therefore, we first remind the definition of Ug(gl,)
and discuss its representations, and then proceed to Ug(£(sl3)).

2.1.1. Definition
Denote by g the standard Cartan subalgebra of the Lie algebra gl, and by G; = E;;, i = 1, 2, the elements forming the

standard basis of g.? The root system of gl, relative to g consists of two roots o and —« where « is defined as

Ol(G1): ], a(Gz):—l. (2.1)

2 We use the usual notation E;j for the matrix units.
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The Lie algebra s, is a subalgebra of gl,, and the standard Cartan subalgebra h of s, is a subalgebra of g. Here the standard
Cartan generator H of sl, is
H =Gy — Gy,
and we have
a(H) = 2.

Let i be a non-zero complex number such that ¢ = exp h is not a root of unity. We define the quantum group U,(gl,) as
a unital associative C-algebra generated by the elements E, F and g%, X e g, with the relations

=1, g% =g""2, (2.2)
CEq* =¢"™E,  ¢Fqg ¥ =q“MF, (2.3)
[E,F1 =1, " (g" —q7"). (2.4)

Note that ¢* is just a convenient notation. There are no elements of U,(gl,) corresponding to the elements of g. In fact, this
notation simply means a set of elements of Uy(gl,) parametrized by g. It is convenient to assume that

¢ = q'q*
and that

X +vlg =" (@ =) =k, (" —q7"q7%) (2.5)
forany X € gand v € C. Here Eq. (2.4) takes the form

[E, F] = [Hl,.

Similar notations are used for the case of the quantum groups Uq(Z(slz)), Uq(Z(s[z)) and Ug(L(sly)).

With respect to the properly defined coproduct, counit and antipode the quantum group Ug(gl,) is a Hopf algebra. The
explicit form of the Hopf structure of Uy(gl,) is not important for our consideration. The quantum group Uy(sl,) can be
identified with a Hopf subalgebra of Uy(gl,) generated by E, F and g5, X eb.

2.1.2. Highest weight modules
We identify an element A € g* with the set of its components (11, A,) with respect to the dual basis of the basis {G;}. In
fact we have

A = MGy), Ay = MG).
For the simple root & we obtain the identification
a=(1, -1).
The Verma Ug(gl,)-module Viae g, is the Uy(gl,)-module with the highest weight vector vy satisfying the relations

Qv = ¢y, "% = q"*2vy,  Evg = 0. (2.6)
It is convenient to denote
H=2XA— A, (2.7)
so that for the generators g of Ug(sly) we have
q""vo = q""vo.
The vectors
v = FMug, (2.8)

where n € Z,, form a basis of V*. Let us describe the action of the generators of Uy(gl,) on the elements of this basis.
Using (2.3) and (2.1), we obtain

qulF — qquun1 , quZF — quqv62 .
Now, taking into account (2.6), we see that

qv61 Uy = qv()qfn)vn7 qu2 Uy = qu()»2+n)vn.
Further, it follows directly from (2.8) that

Fvp = vyt
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Finally, using (2.4), (2.3) and (2.1) we come to the equation
Evy = [n]g[A1 — A2 — n+ 1]qup—q

which can be also written as
Evp = [nlg[p — n + 1]qun-1.

We denote the representation of Uy(gl,) corresponding to the module 7z by 7*. When the number p defined by (2.7)
is a non-negative integer, the infinite dimensional module V*1-*2) has an infinite dimensional submodule V*2=121+1)_ The
corresponding quotient module is (A; — A, + 1)-dimensional. We denote this finite dimensional Uy(gl,)-module by V* and
the corresponding representation by 7.

For the quantum group Uy (gl,) there are two independent quantum Casimir elements which we choose in the form

Cl = g 20171 4 q 202+ 4 2FEq 10

= q 2 g2 4 2EFg GG, (2.9)
C? = g7217262, (2.10)
For the representations 7% and 7* one has
N CW) = M (V) = g7t 4 gt (2.11)
THCP) = 7H(C®) = g1, (2.12)

2.1.3. Appearance of BGG resolution N

As we noted above, when the number A; — A, is a non-negative integer, the infinite dimensional module V(122) has an
infinite dimensional submodule V(*2=1.*1+1) The corresponding quotient module is (A.; — A, + 1)-dimensional. In fact, we
have an exact sequence

0 —> VU tat) L iada) Py ytida) g (2.13)

where i is the inclusion homomorphism and p the canonical projection. Let us show that this is an example of quantum
Bernstein-Gelfand-Gelfand (BGG) resolution [30].

Recall first some definitions and properties of the necessary objects. We have denoted the standard Cartan subalgebra of
the Lie algebra gl, by g. The Weyl group W of the root system of g, is generated by the reflectionr : g* — g* defined by the
equation

r(A) = A — A(H)a.

The minimal number of generators r necessary to represent an element w € W is said to be the length of w and is denoted
by ¢(w). It is assumed that the identity element has the length equal to 0.
Let {y;} be a dual basis of the standard basis {G;} of g. Using (2.1), it is easy to see that

o=y — V2.

One can get convinced that

r(y1) = 2, r(y2) = 1.

Identifying an element of g* with the set of its components with respect to the basis {y;}, we see that the reflection r
transposes the first and second components. It is clear that the whole Weyl group W can be identified with the symmetric
group S,. Here (—1)%®) is evidently the sign of the permutation corresponding to the element w € W. The order of W is
equal to two. There are one element of length 0 and one element of length 1. Denote

Uk — @ Vw%’
weW
o(w)=k
where w - A means the affine action of w defined as
w-A=wlA+p)—p
with p = «/2 the half-sum of positive roots. One can verify that
r-(A,A)=0Q2— 1,2+ 1).
Hence, we have

Uy = V(M-lz)! U, = yl2—1a+1)
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The quantum version of the Bernstein-Gelfand-Gelfand resolution for the quantum group U,(gl,) is the following exact
sequence of Uy(gl,)-modules and Uy(gl,)-homomorphisms:

0— U U2 U, — 0, (2.14)

where U_; = V*, Assuming that ¢y = p and ¢; = i, we see that (2.13) coincides with (2.14).
2.2. Quantum loop algebra Ug(L(sl3))

2.2.1. Definition
It is convenient for our purposes to start with the definition of the quantum group Ug(L L(s1,)). Recall that the Cartan
subalgebra of (sl ) is

h=hoCcdCd,

where ) = CH is the standard Cartan subalgebra of sl,, ¢ the central element, and d the derivation [29]. Define the Cartan
elements

ho =c—H, hy =H,
so that one has

c=ho+h (2.15)
and

T = Chy ® Ch; @ Cd.
The simple roots «; € /b\* i =0, 1, are given by the equation

aj(hi) =Gy, ap(d) =1, ai(d) =0,

where

(ay) = (_g _§>

is the Cartan matrix of the Lie algebra £(sl).
As before, let i be a non-zeros complex number such that g = exp f1 is not a root of unity. The quantum group Uy (£ L(s1»))
is a unital associative C-algebra generated by the elements e;, f;, i = 0, 1, and ¢*, x € h with the relations

P =1, g = gite, (2.16)

qeiq* =q"We;,  qfig* = q Wf, (2.17)

lei, fi] = &;[hilq (2.18)
satisfied for all i and j, and the Serre relations

e, —[3lyef eje; + [3] e, e;e7 —e;ef =0, (2.19)

F 5= Bl fi+ Blfififf =7 =0 (2.:20)

satisfied for all distinct i and j dj.
The quantum group Uy(L L(sl,)) is a Hopf algebra with the comultiplication A, the antipode S, and the counit ¢ defined by
the relations>

A@)=q"® 7", (2.21)
Ae)=e®1+q"®e, Af)=f0¢"+1f, (2.22)
S()=q* = Sle)=—q"%e.  S(f)=—fig™, (2.23)
e(@)=1, ele)=0, &(fi)=0. (2.24)

The elements of the form ¢*‘, v € C, generate the centre of Uy(Ll L(s1,)). The quantum group Ug(L L(s1>)) has no finite
dimensional representations with non-trivial action of those elements, therefore we proceed to the quantum loop algebra

3 There are different, but essentially equivalent, definitions of the Hopf algebra structure for quantum groups. Since we use the construction of the
universal R-matrix proposed by Khoroshkin and Tolstoy, we follow the convention of their paper [31].
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Ug(£(s12)). To this end we first introduce the quantum affine algebra Uy(£ £(sl,)) as the subalgebra of Ug(L L(sl,)) generated by
e, fi,i=0,1,and g%, x € b, where

’E:h@CC :Cho@clﬁ

Then, the quantum loop algebra U,(L(sl>)) can be defined as the quotient algebra of Ug(L£ £(sly)) by the two-sided Hopf ideal
generated by the elements of the form ¢ — 1 with v € C*. It is convenient to consider the quantum loop algebra U,(L(sl))
as a C-algebra generated by the same generators as Ug(£ £(sly)) with relations (2.16)-(2.20) and additional relations

g =1, v eC*”. (2.25)
It is a Hopf algebra with the Hopf structure defined by (2.21)-(2.24).
2.2.2. Cartan-Weyl generators
The abelian group
Q=Zay®Zay
is called the root lattice of Z(sl,). The algebra Uq(£L(sl)) can be considered as Q-graded if we assume that
ei € Ug(L(sk))y,  fi € Ug(L(sk))—a;,  G° € Ug(L(s12))o

foranyi = 0,1and x € ?{ An element a of Ug(L(sly)) is called a root vector corresponding to a root y of Lish) if
a e Uy(L (5[2)) It is clear that e; and f; are root vectors corresponding to the roots o; and —o;. One can find linearly
independent root vectors corresponding to all roots of Z{sl, ). These vectors, together with the elements ¥, x € h are called
Cartan-Weyl generators of Ug(L(sl)). It appears that the ordered monomials constructed from the Cartan-Weyl generators
form a Poincaré-Birkhoff-Witt basis of Ug(L(sl3)).

To construct root vectors we follow the papers [31-33]. Here we denote the root vector corresponding to a positive root
y by e, and the root vector corresponding to a negative root —y by f,. The system of positive roots of Lisk)is

Ay ={a+kS|keZ JU{kS | ke NJU{(S — )+ kS | ke Z.},
where
§ =g+ o, o =0o.

The full system of roots Ais the union of the systems of positive and negative roots, A= z+ U (—E+). For further purposes
we fix the following normal order of A, :

a a8, o kS, 8,28, kS (B—a)+KS, .., (B—a)+8, 5 —a,

see the paper [31].
First of all we assume that

€y = €1, €s—a = €.
Then, we construct a root vector corresponding to the root § by the relation
€y =eyes o —q ‘€5 _gey. (2.26)

The prime here means that below we redefine the vectors corresponding to the roots k§. The next step is to construct vectors
corresponding to the roots o + k& and (8 — «) + k& with k > 0. To this end, we use the equations

Cothks = [2];](6a+(lc—1)8 €5 — €5 eqi(k—1)5)s (2.27)
es—arrks = (215 (€5 €(s—ayt(k—1)s — €(5—a)+(k—1)s €5)- (2.28)

Finally, we construct root vectors corresponding to the roots k§ with k > 1 by the relations

-2
€hs = Cat(k—1)€5—a — q 5o Cart(k—1)- (2.29)

The redefinition of the vectors e;; mentioned above is performed with the help of the relation

Kqes(¢) = log(1 + kqes(¢)), (2.30)

where

§)=Z%§k, ea(;):Zek(g{k.
=1 k=1
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To construct root vectors corresponding to the negative roots we start with

fa :f17 fB—cx =f0~
Then, with the help of

fs/ =f57afa - quafafa, (231)
we define

Soris = 121705 furtk=1s — fartt—1s f3): (2.32)

fo—ariks = 217" Sis—arrk—1s 5 — 3 fis—arrik—s): (2.33)
and

fis = Fs—a fart—1yp — @fat =15 o (2.34)

The last step is to redefine the vectors f;; with the help of the relation

_qus(é‘) = log(1 — qu(s/(;))’

where

RO=Y fsc™  HO=) ™
k=1 k=1

2.2.3. Universal R-matrix
As any Hopf algebra the quantum loop algebra Uy(£(sl,)) has another comultiplication called the opposite comultiplica-
tion. It is defined by the equation

AP =ITo A, (2.35)
where
INa®b)=b®a

for all a, b € Uy(L(sly)). When the quantum loop algebra Uy(£(sl,)) is defined as a C[[h]]-algebra it is a quasitriangular
Hopf algebra. It means that there exists an element of the completed tensor product R € Uq(L(sl,))®@Uq(L(sl>)), called the
universal R-matrix, such that

A%(a) =R A(@)R™! (2.36)
for all a € Uy(£(sly)), and*

(AQid)(R)=RPRE, (ild® A)(R)=RPR®. (2.37)
The most important property of the universal R-matrix is the equality
RIZRI3123 _ 123513512

called the Yang-Baxter equation for the universal R-matrix.

The expression for the universal R-matrix of Uy(L(sl)) considered as a C[[h]]-algebra can be constructed using the
procedure proposed by Khoroshkin and Tolstoy [31]. Note that here the universal R-matrix is an element of Uq(b+)®Uq(b,),
where Ug(b, ) is the Borel subalgebra of U(£(sl;)) generated by e;, i = 0, 1,and ¢, x € b, and U,(b_) is the Borel subalgebra
of Ug(L(sl)) generated by f;,i = 0, 1,and ¢*, x € b.

In fact, one can use the expression for the universal R-matrix from the paper [31] also for the case of the quantum loop
algebra Uq(L(sl,)) defined as a C-algebra having in mind that in this case the quantum loop algebra is quasitriangular only
in some restricted sense. Namely, all the relations involving the universal R-matrix should be considered as valid only for
the weight representations of Ug(£(sl>)), see in this respect the paper [34]. This means that for any pair ¢ and v of weight
representations of Uy(£(sl;)) on the vector spaces V and U one can define the element R, ; € End(V) ® End(U) satisfying
the relations which allow to work with it as with an image of a real universal R-matrix. One can generalize the approach
of the paper [34] to the case when ¢ is an arbitrary homomorphism from Uy(£(sl,)) to an algebra A. In this case R, y is an
element of A ® End(U) which is constructed in the following way.

4 For the explanation of the notation see, for example, the book [24] or the papers [12,17].
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Let ¢ be a weight representation of Uy(£(sl,)) on the vector space U. This means that
u=@u.
reb*

where

U, = {u e U|qu=qWMuforanyx e b}.
Taking into account relations (2.25) and (2.15), we conclude that U, # {0} only if
Let ¢ be a homomorphism from Uy(£(sl,)) to some algebra A. Define the element R, y, € A ® End(U) as

Ry = (@ @ V) R<s Rs Ros) Ky y- (2.39)
The factor R s is the product over k € Z, of the g-exponentials

Ra+ks = €XPg-2(kq Catks @ fatks)- (2.40)
Here and below we use the g-exponential defined as

- na X
equ(X) — Z q—n(n— )/
n=0

[n]quz !

with

[nly! = [nlgln — 1lg. .. [1]g.
The order of the factors in R_; coincides with the chosen normal order of the roots « + k§. For the factor Rs we have

o0
k
R~s = €X —e . 241
5 p(Kq kZl: 2K, 5 ®fk5) (2.41)

The factor R, s is the product over k € Z, of the g-exponentials

Rs—a)+ks = €XPy-2 (Kq €(5—a)+ks ® fis—a)rks)- (2.42)

The order of the factors in R, s coincides with the chosen normal order of the roots (§ — «) + ké.
Any element u € U can be uniquely represented as

u= Z u,
reh*
where u; € U,. Define the projectors pr;, A € E* by the equation
pru = uy.

Here we assume that pr, = 0if U, = {0}.
Define the element K, , as

Koy = ) 0@ ") @ pr;.
Aeﬁ*

It follows from (2.38) that this relation can be written in a more symmetric form

Koy = Z (p(q(ho)»(ho)+h1)~(h1))/4) ® pr;. (2.43)
Aeh*
In general, the sum in the right hand side of the above equation is quite formal. However, it is well defined if the module U

is finite dimensional. It is the case considered in this paper.
One can show that it is possible to work with R,, ,, defined by (2.39) as if it were an image of a universal R-matrix.

2.3. Universal monodromy and universal transfer operators

2.3.1. General remarks

To construct integrability objects we have to endow Ug(£(sl,)) with a Z-gradation, see, for example, [15,17]. The usual
way to do it is as follows. Given ¢ € C*, we define an automorphism I of Uy(L(sl)) by its action on the generators of
Uq(£L(s12)) as

Iy (ei) = ey, I;(fi) = ¢ "ifi, Iy(q") = q%,
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where s; are arbitrary integers. The family of automorphisms I';, ¢ € C*, generates a Z-gradation with the grading subspaces
Ug(£(s))m = {a € Uy(£(sk)) | T¢(a) = ¢™a).

Taking into account (2.21) and (2.22), we see that
(I;®I;)oA=AolI;.

It also follows from the explicit form of the universal R-matrix obtained with the help of the Tolstoy-Khoroshkin construction
that for any ¢ € C* we have

(I ® I;)(R) = R. (2.44)

Following the physics tradition, we call ¢ the spectral parameter.
Let ¢ be a homomorphism of Uy(£L(sl;)) to some unital associative algebra A. Given ¢ € C*, we denote by ¢, the
homomorphism of Ug(L(sl)) to A given by the equation

@ =¢@oly.
In particular, ¢ can be a representation of Uy(£(sl,)) on a vector space V. In this case A = End(V). If we consider V as
a Ug(L(sl))-module corresponding to a representation ¢, we denote by V, the Uy(£L(sly))-module corresponding to the

representation ¢,. Certainly, as vector spaces V and V; coincide.
The universal monodromy operator M, (¢ ) corresponding to the homomorphism ¢ is defined by the relation

My(¢) = (¢ @ 1d)(R).

It is clear that M,,(¢) is an element of A ® Ugy(L(s)).
Universal monodromy operators are auxiliary objects needed for the construction of universal transfer operators. The
universal transfer operator 7,(¢ ) corresponding to the universal monodromy operator M(¢) is defined as

Tp(§) = (tra @ id)(My(& )@ (1) ® 1)) = ((tra 0 @) ® id)(R(t ® 1)),

where t is a group-like element of Ug(£(sl)) called a twist element, and tr 4 is a trace on the algebra .4 which means that
tr 4 is a linear mapping from A to C satisfying the cyclicity condition

tr 4(ab) = tr 4(ba)

foralla, b € A. In particular, if 7 is a representation of A then tr o 77, where tr is a usual operator trace, is a trace on A. Note
also that tr 4 o ¢ is a trace on Ug(L(sl3)).

Itis clear that 7,(¢ ) is an element of U,(£(s1>)). An important property of the universal transfer operators 7,(¢ ) is that they
commute for all homomorphisms ¢ and all values of ¢. They also commute with all generators ¢*, x € b, see, for example,
our papers [15,17].

2.3.2. Jimbo’s homomorphism and universal monodromy operators

As we noted above, for the case of the quantum loop algebra Uy(£(sl;)) the most important homomorphism used to
construct integrability objects is the Jimbo’s homomorphism. It is a homomorphism ¢ : Ug(£(sl;)) — Ug(gl,) defined by the
equations’

p(g) = "2, e(g") = q" 1),
pleg) =Fq 17, o(e;) =E,
o(fo) = Eq“172, o(fi) =F,

see the paper [26]. We denote the corresponding universal monodromy operator simply as M(¢).
Starting with the infinite dimensional representations 7* of Uy(gl,), we define the infinite dimensional representations
@‘A — 7?)‘ o, (2-45)

of Ug(£L(sl3)), and denote the corresponding universal monodromy operators as M*(¢). Similarly, starting with the finite
dimensional representations %, we define the finite dimensional representations

o =n* oo,

and denote the corresponding universal monodromy operators as M?*(¢). Slightly abusing notation, we denote the
Uq(£(sly))-modules corresponding to the representations ¢* and ¢* by V* and V*. For these modules we have

qvho vy = qv(—u+2n)vn’ quh1 Uy = qu(u72n)vn7 (246)
€oun = {Soq_kl_kzvrwls €1vn = ;sl [ —n+ 1]q[n]qvn—1s (2.47)
fovn = ¢70q 2 [ — n + 1g[nlgva-1, fivn = ¢ M vpan. (2.48)

5 Recall that the Cartan generator H of sl, is related to the Cartan generators of gl, by the relation H = G; — G,.
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Here for the finite dimensional case when u is a non-negative integer, say ¢, the index n runs from 0 to ¢, and we assume
that v_; = 0 and vgy; = 0. The universal monodromy operators corresponding to the representations @* and ¢* can be
obtained from the universal monodromy operators M(¢ ) corresponding to the Jimbo’s homomorphism with the help of the
relations

M) = (FF @id)(M(¢)),  MH(E) = (7t @ id)(M(¢)).

Additional universal monodromy operators can be obtained with the help of the automorphism o of Ug(£L(sl)) defined
by the relations

o(g") =g, o(q"") = q", (2.49)
o(eg) = ey, o(e1) = eg, (2.50)
o(fo) =fi, o(f1) = fo. (2.51)

Using the automorphism o, we define a family of homomorphisms from Ug(£(sl,)) to Uy(gl,) generalizing the Jimbo’s
homomorphism as

gi=¢oo ",
and the corresponding universal monodromy operators as
Mi(£) = (@), ® id)(R).

Since o2 is the identity automorphism of Uq(£L(sl2)), we have

Mip2(§) = Mi(§). (2.52)

Therefore, there are only two different universal monodromy operators of such kind.
It follows from (2.21) and (2.22) that

(0 ®oc)oA=Aoo0.
Similarly, (2.35) and (2.21), (2.22) give
(0 ®0)oA® =A% o0,
Using the definition of the universal R-matrix (2.36), we obtain the equation
(0 @ 9 )YR)A(o(a))(0 ® 0)(R))™" = A%(0(a)).
Taking into account the uniqueness theorem for the universal R-matrix [7], we conclude that
(0 ®0)R)=TR. (2.53)

Using this relation, it is not difficult to demonstrate that

Mia(¢) = (id ® 0 )YMi(E))lssos) (2.54)
where s — o (s) stands for
So — S1, S1 — So.
Using the representations 7* and 7%, we define the universal monodromy operators
Mi(e) =@ @id)Mi(Z), M) = (7" ®id)(Mi(2)).
It is evident that they satisfy relations similar to (2.52) and (2.54).
2.3.3. Universal transfer operators
To proceed to universal transfer operators we need to define traces on the algebra Uy(gl,). The common way to do this

is to use representations of Uy(gl,). Starting with the infinite dimensional representations 7* of the quantum group Ug(gly)
described in Section 2.1.2, we define the traces

i = tro 7"
Similarly, when A; — A, is a non-negative integer, using the finite dimensional representations *, we define the traces
tr* = tro .

In the case of an infinite dimensional representation there is a problem of convergence which can be solved with the help
of a nontrivial twist element. We use a twist element of the form

t = gPohototh/4 (2.55)
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where ¢y and ¢ are complex numbers. Taking into account (2.25) and (2.15), we assume that

¢o+é1=0.

Now, we define a family of universal transfer operators associated with the infinite dimensional representations 7* of
Uq(gly) as

THE) = (" @M )g: (1) ® 1) = (" 0 ¢) @ id)(R(t @ 1)),
and a family of universal transfer operators associated with the finite dimensional representations * of Uy(gl,) as
THE) = (tr* @ Id)M(¢ ) (£) ® 1)) = ((tr* 0 o) @ id)(R(t & 1)).

Certainly, one can use the universal monodromy operators M;(¢), or the homomorphisms ¢;, and define the universal
transfer operators

THE) = (" @ id) ML )(@0)e (1) ® 1)) = (T 0 (¢1)) @ id)(R(t ® 1))

and

TH(E) = (t* @A) M) (i)e (£) © 1) = ((t* o (¢1);) @ Id)(R(t ® 1)). (2.56)

Let us discuss the dependence of the universal transfer operators on the spectral parameter ¢. Consider, for example,
the universal transfer operator 7*(¢). From the structure of the universal R-matrix, it follows that the dependence on ¢ is
determined by the dependence on ¢ of the elements of the form ¢, (a), where a € Ug(b,). Any such element is a linear
combination of monomials each of which is a product of E, F and ¢ for some X € g. Let A be such a monomial. We have

qHAqu — qZ(n1—n2)A,
where n; and n; are the numbers of E and F in A. Hence tNrA(A) can be non-zero only if
ny =n; =n.

Each E enters A with the factor ¢°1 and each F with the factor ¢%. Thus, for a monomial with non-zero trace we have a
dependence on ¢ of the form ¢™, where s = sy + s1. Therefore, the universal transfer operator 7*(¢ ) depends on ¢ only via
¢®. The same is evidently true for all other universal transfer operators defined above. Using this fact, we obtain from (2.54)
the relation

T1(0) = o (T g ote)»
where ¢ — o(¢) stands for
$o —> ¢1,  ¢1— do.
Similarly, for the universal transfer operators corresponding to the finite dimensional representations 7* we have
Ta(6) = o (T g ot9)-
In the case when A; — A, is a non-negative integer, it follows from the exact sequence (2.13) that

(1,22

e ) _ tr(*1:22) + t’;(szl.hﬂ).

Hence, in this case

i) — fftde) _ gla—Tartl)

We consider the above equation as the definition of the trace tr* and Eq. (2.56) as the definition of the transfer operators
77‘(() for an arbitrary A € g*. It is clear that we have

TP = T = T ), (257)
It follows from this relation that
77(12*1114&)({) — _7;()»1,12)(4-)'

In particular, we have

T(v. v+1)(§) -0

forany v € C.
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2.4. Universal L-operators and universal Q-operators

2.4.1. General remarks

It follows from (2.39)-(2.43) that to construct universal monodromy operators and transfer operators it suffices to have a
representation of the Borel subalgebra Uy(b,.). This observation is used to construct universal L-operators and Q-operators.
In distinction to the case of universal transfer operators, we use here representations of Ug(b,.) which cannot be obtained
by restriction of representations of Uy(£(sl,)), or equivalently, representations of Uy(b;.) which cannot be extended to
representations of Ug(£L(sl)). It is clear that to have interesting functional relations one should use for the construction
of universal L-operators and Q -operators representations which are connected in some way to the representations used for
the construction of universal monodromy operators and transfer operators.

In general, a universal L-operator associated with a homomorphism p from U,(b.) to some associative algebra 5 is defined
as

Ly(¢) = (p¢ @ 1d)(R).

As the universal monodromy operators are auxiliary objects needed for the construction of the universal transfer operators,
the universal L-operators are needed for the construction of the universal Q-operators. The universal Q-operator Q,(¢)
corresponding to the universal L-operator £,(¢) is defined as

Q,(¢) = (trg ®id)(L,(¢)(pc () ® 1)) = ((trs 0 pr) @ id)(R(t ® 1)),

where try is a trace on B, and t is a twist element.

2.4.2. Basic representation

We start the construction of the universal L-operators and Q -operators with the construction of the basic representation
of Ug(b,.). The initial point is the infinite dimensional representations @* of Uy(£(s12)) defined by Eq. (2.45).

First define the notion of a shifted representation. Let £ be an element of h* satisfying the equation

&(ho+ hy) =0.

If ¢ is a representation of Ug(b.), then the representation ¢[£] defined by the relations

plEle) = pler),  @l€1q") = ¢*Po(q")

is a representation of Uy(b..) called a shifted representation. If V is a Uy(b.;.)-module corresponding to the representation ¢,
then V[£] denotes the Uy(b,)-module corresponding to the representation ¢[£].

Consider the restriction of the representation @* to U,(b.) and a shifted representation ¢*[£] of Ug(b.). One can show
that for a non-zero £ this representation cannot be extended to a representation of Uy(£(s[,)) and we can use it to construct
a universal Q -operator. However, it follows from (2.39) and (2.43) that the universal Q -operator defined with the help of the
representation ¢*[£] is connected with the universal transfer operator 7*(¢ ) defined with the help of the representation ¢*
by the relation

O ey(¢) = T¢) q(E(hO)h6+E(h1)h/l /4, (2.58)
where
h; = h; + ¢;.

Here we assume that the twist element is of the form (2.55). We see that the use of shifted representations does not give
anything really new.

Consider another method to obtain a new representation of Ug(b_,.). The restriction of the representation (5*); to Ug(by)
is described by Eqs. (2.46) and (2.47). Let us try to go to the limit © — oc. Looking at relations (2.46) and (2.47), we see that
we cannot perform this limit directly. Therefore, we consider first a shifted representation (¢*),[£] with & defined by the
relations

E(ho)=pn, &)= —pn.
Then we introduce a new basis

wy = c"vp,
where

c = q 1@,

Now relations (2.46) imply that

quhown — qunwn’ quh1 Wy = q72unwm (2.59)
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and instead of relations (2.47) we have

eown = {OWni1, €Wy = 251'(‘;_1(‘1_” — g ) nlqwn 1, (2.60)
where

7= q@aVisg,

It is possible now to consider the limit © — oo. Relations (2.59) retain their form, while (2.60) go to
eown = 0wy 1, ewy, = ¢ inlqin[n]qwn—b

Denote by 6 the representation of Uy(b,.) defined by the relations

g v, = ¢*"u,, g, = g2y, (2.61)
€oUn = Upt1, e1vy = Kk 'q "[nlgvn_1, (2.62)

and by W the corresponding Ug(b. )-module. It is clear that if we define the universal Q-operator Q'(¢) by the relation
Q(¢) = ((tro6;) ® id)(R(t ® 1)),

then, having in mind (2.58), we obtain
Q(¢) = lim (T Vo) gt/
H—>00

Here the prime means that we will redefine Q -operators. It follows from the above relation that the universal Q -operators
Q/(¢) for all values of ¢ commute. In addition, they commute with all universal transfer operators 7?({), 7>(¢) and with all
generators g*, x € b, see, for example, our papers [15,17].

We use the representation 6 as the basic representation for the construction of all necessary universal L-operators and
Q-operators. In fact, it is an asymptotic, or prefundamental, representation of Ug(b_, ), see the papers [35,36].

2.4.3. Interpretation in terms of q-oscillators

It is useful to give an interpretation of relations (2.61) and (2.62) in terms of g-oscillators. Let us remind the necessary
definitions, see, for example, the book [37].

Let h be a non-zero complex number and g = exp h.° The g-oscillator algebra Osc, is a unital associative C-algebra with
generators bf, b, ¢"N, v € C, and relations

qO — -17 qlequN =q

qUNqu—UN — qvb’(’ qubq—vN — q—vb’
b'h =[N];,  bb' =[N + 1],

(v14v2)N
,

where we use the notation similar to (2.5). It is easy to understand that the monomials (b )*1g"N, b**1¢g"N and ¢"" fork € Z,.
and v € C form a basis of Osc,.

Two representations of Osc, are interesting for us. First, let W+ be a free vector space generated by the set {vo, v1, .. .}.
One can show that the relations

0" vn = q""vn,
bTvn = Un41, bv, = [n]qvnfh
where we assume that v_; = 0, endow W™ with the structure of an Osc,-module. We denote the corresponding

representation of the algebra Oscy by x *. Further, let W™ be a free vector space generated again by the set {vg, vy, ...}.
The relations
qVan — q*v(n+1)v

bvy, = vaya, bTvn = —[nlqup—1,

3

where we again assume that v_; = 0, endow the vector space W~ with the structure of an Osc,-module. We denote the
corresponding representation of Osc, by x .

Assume that the generators of Oscq act on the module W defined by Eqgs. (2.61)-(2.62) as on the module W . This allows
us to write (2.61)-(2.62) as

vh 2vN vh —2vN
q"vp = q"" vp, q"un =¢q 7 vn,

eovn = b'vp, elvn:K‘;1bq_an.

6 we again assume that q is not a root of unity.
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These equations suggest defining a homomorphism p : Ug(b;) — Oscq by
p(g") = ¢, p(@") =g 2", (2.63)
p(eo) = b, pler) =k, 'bg™. (2.64)
Using this homomorphism, we can write for the representation 6 the equation

0=x"op.

2.4.4. Universal L-operators and universal Q-operators
Define the universal L-operator’

£,(0) = (pr ® id)(R)

being an element of Osc, ® Uq(L(sl,)). Using the homomorphism p defined by (2.63), (2.64) and the automorphism o defined
by (2.49)-(2.51), we define the homomorphisms

pi=poo
where i = 1, 2, and the universal L-operators
£i(¢) = ((p); ® id)(R).

Here we use the fact that the Borel subalgebras Uy(b,.) and Ug(b_) are invariant subspaces of o. The universal L operators
L£}(¢) are again elements of Osc; ® Ug(£(sl3)). In the same way as for the universal monodromy operators, using relation
(2.53), we obtain the equation

To define universal Q -operators one should define traces on the algebra Oscy. Two standard representations x* and x ~
of Oscq generate two traces. We denote

trt =trox™, tr- =troy .
We see that

at (g™ =0,  wt(B*'gM) =0,
and that

trt(g™)=(1-¢")"

for |q| < 1. For |gq| > 1 we define the trace trt by analytic continuation. Since the monomials (b )*1g"N, b*+1¢"N and ¢V
fork € Z4 and v € C form a basis of Oscg, the above relations are enough to determine the trace of any element of Oscg. It
appears that

tr- = —trt.

Therefore, we can use only the trace tr*, and define the universal Q-operators corresponding to the universal L-operators
£i(¢)as

Q(¢) = (tr* @id)(L{(& () () ® 1)) = ((tr" o (1)) ® id)(R(t ® 1)).

Similarly as for the case of the universal transfer operators, one can demonstrate that the universal Q-operators Q;(¢)
depend on ¢ via ¢°. Therefore, Eq. (2.65) leads to the relation

Qi11(8) = 0 (i Nlg—o(g)-

Based on Section 2.4.2, all universal Q -operators Qj(¢ ) can be considered as limits of the corresponding universal trinsfer
operators. Therefore, they commute for all values of i and ¢. They commute also with all universal transfer operators T,.*(g ),
7;*(;) and with all generators g%, x € b.

3. Universal functional relations
3.1. Factorized and determinant representations of transfer operators
3.1.1. General remarks

Roughly speaking, functional relations for quantum integrable systems are some relations connecting products of integra-
bility objects, such as universal transfer operators and universal Q-operators. Here the most important are

7 The prime here and below means that the corresponding universal L-operators will be used to define primed universal Q -operators.
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relations representing universal transfer operators via products of universal Q -operators. To analyse products of universal
Q-operators one uses the following fact. Let 6; and 6, be two representations of the Borel subalgebra Uy(b.). Define the
corresponding universal Q -operators,

Qp,(61) = ((tro (61)) @ I)R(t ® 1)), Qo,(&2) = ((tr o (B2);,) ® Id)(R(t ® 1)).
Denote by 6;, ., the tensor product of the representations (6,);, and (6,);,,
9{1,{2 = (91 ){1®A(92){2 = ((91 ){1 ® (92){2) o A.
One can show that
Q0,(£1)Q0,(52) = ((tr o 0, 1,) @ Id)(R(t ® 1)),
see, for example, the paper [17]. Hence, to analyse the product of universal Q-operators, one should analyse the tensor

product of the corresponding representations.

3.1.2. Tensor product of oscillator representations
Let us consider the product of the universal Q -operators Q/(¢1) and Q}(¢,) defined in Section 2.4.3. It is easy to see that
the universal Q -operators can be represented as

Q&) = ((tro (x"):) @id)R(t ® 1)) = —((tro (x; );) ® id)(R(t ® 1)),
where
xt=xTop. X =xop.
Here x* and x~ are representations of Osc, described in Section 2.4.3. The mappings Xi+ and x; are representations of

Ug(b,). Denote the corresponding U,(b..)-modules by WiJr and W;".
It is convenient to use for Q1(¢1) and Q,(¢,) the representations

Q1(¢1) = —((tro (X7 )e) @ IA)R(t ® 1)), Q5(&2) = ((tro (x5 ),) @ Id)(R(t ® 1)),
and write
Q1(1)Q5(£2) = Q5(£2)Q1(¢1) = —((tr o (X5 )e, ® (X7 )iy )) ® IA)(R(t ® 1)).

Consider now the tensor product (X2+)§2®A(X;)§l. The corresponding Uy(b; )-module (W2+)§2®A(Wf);1 is also an
(Oscq ® Oscq)-module. We use for the generators of the algebra Oscy; ® Osc, the following notation

by=b'®1, ba=b®1, M =q"®1,
by=1®b', bp=1®b, g™ =10q".

Using the explicit form of the comultiplication in U,(b, ) determined by Egs. (2.21) and (2.22), we obtain for the action of the
generators of Uy(b,) on (W+)§2®A( 1 )¢, the following expressions

v(Na—Ng),, —2v(Ns—Np)

q¢"ov = ¢ "M =gq v,
and
eov = (8;°bj + &1k, Tbpg M),
e1v = (&', 'bya ™ + 7' big N .
A basis of (W*);2 ®a(W; ), convenient for our purposes is formed by the vectors
wnk = (700" 2e0)" (¢, " bp) wo,  m k€ Zy,
where wy is a unique vector of (W;r e, ®a(W1),, satisfying the relations
bywo =0, bgwo =0,

and A, A, and ¢ are additional parameters. Using formulas of the paper [17], one can easily show that

qvhow k= q2v k1), Wk, (3.1)
qvh1 Wnk =q 2u(n+k+1)wn‘k’ (32)
oWk = g M 2wy gy, (3.3)
erwni = £ °qT2(q7"E — 4" Inlqwn—k — 7" [Klgwn k1. (34)

Assume now that
o= q*2(ll+1/2)/5§-’ o= q*Z(M*]/Z)/Sé-’
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and compare in this case (3.1)-(3.4) with (2.46) and (2.47). We see that there is an increasing filtration
{0} = ((W;)Q@A(Wl_){] )-1 C ((W;)Q@A(Wf)c] Jo C ((W;—)Q@A(W;){])l C...

formed by the submodules

(W5, @4 (W ), Im = ED €D Cwn

k=0 n=0
with the quotient modules
(W5 e ® a(W5 ) /(W Doy ® a(Wy ) I = (VA [l
Here the elements &, € H* are given by the equations

Em(ho) = A1 — Ay +2m + 2, Em(h) = =X+ 2y —2m — 2.

3.1.3. Factorized and determinant representations
Using relation (2.58) and the results of the above section we can write

o]
Q) (q 2D/l (g 202 VDs gy — _Fh(r) Z gm0 hg-+ém(ho)i)/4.
m=0

The summation gives

o0
Z gm0 +em(hI;)/4 . p(a—ka+2Xho—hy)/4( 1 _ gig—1;)/2y~1
m=0
Introduce the notation
Dy = (hy — h})s/8, D, = (h] — hy)s/8,
and note that
D1+ Dy =0.

Now Eq. (3.5) can be written as

o0
Zq(ém(ho)h6+§m(’11)h’1)/4 — 2(>~1+1/2)D1/S+2(12—1/2)Dz/5( 2D1/s ZDz/S)—l.

—-q q —q

m=0
Redefining Q operators Q}(¢) and 95(¢) in the following way,
Qi) =¢P1Qi(¢), QL) =P Qy(¢),
we come to the equation
CTHE) = Qg 2200y (g7 ),
where
C= (q2D1/s _ qzvz/s)q'

Now using Eq. (2.57) we obtain the determinant representation

CTMTI2 R4 1) = det (Qi(q %)

ij=1,2"

(3.5)

(3.6)

This representation allows us to obtain all functional relations and discover some interesting properties of the transfer

operators.
First of all we show that the transfer operators 7’%({) and 7’2’\@) coincide. To this end we observe that
0 (Di)lp—o(g) = Dit1,
and, therefore,
0(CO)p—o(p) = —C-
Furthermore, Eq. (3.7) gives

Qi+1(¢) = o (Qi(ENlp—o(g)-

(3.7)
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Applying the automorphism o to the determinant representation (3.6), we see that
TH(E) = T3(6) = TH(&).

Therefore, we use below only universal transfer operators 77(¢) obtained from the universal monodromy operators M(¢)
and non-universal transfer and monodromy operators related to them.
Another interesting consequence of (3.6) is the equation

7—()Ll+u,)u2+v 2v/S 7—(?n1 )»2 (3 8)
valid for any v € C. This equation means that we can use only the transfer operators of the form 7" 9(¢ ). However, it is not
always convenient.

3.2. Functional relations in terms of universal integrability objects

3.2.1. TQ-relations
LetA;,j = 1,..., 3, be arbitrary complex numbers. It is evident that there is a trivial identity

Qg M) Qg %) Qilg )
Qg M) Qg *2Bg)  0y(g P )| =0,
(@) Qg ) orlge)

for any k = 1, 2. Expanding the determinant over the third row, we obtain the relation
TOI=120041/2) )0, (g~ P35 ) — TR=12 23412 ()0, (q P2 52 ) + 702~ 12 23+1/2) £)0, (g~ P1/5¢) = 0.
We call this equation the universal TQ -relation. Assuming that
A =1, A2 =0, Az =—1,
we obtain the relation
TR ()0(q?50) = T2 V(0)Qu(g) + T2 ~V2(0) (g o) = 0. (39)
It follows from the structure of the universal R-matrix that 7(% 9(¢) = 1. Therefore, as follows from (3.8), we have
TV (¢) =

for any v € C. This property leads to a simpler form of (3.9):

TEG 5 )Qu(E) = Qua°¢) + Qulg *5¢). (3.10)

This equation is an analogue of the famous Baxter’s TQ -relations in the form independent of the representation of the
quantum loop algebra in the quantum space.

3.2.2. TT-relations

Now consider another identity

Qi(q ") Qi(q *2"%¢) Qi(q %)

(g 72M7%¢) (g 22"%¢) Q(q¥¢) | =0, (3.11)
7—{)»171/2,)»44»1/2)({) 7—()»271/2,)»44»1/2)(;) 7—(137]/2.K4+1/2)(§)

where Aj,j = 1, ..., 4, are again arbitrary complex numbers. To prove this identity we just observe that
CTHTV2M D (1) = 91(q7°0)Qa(q 7M1 ) — Qa(q 2P 0)Q1(q )

foranyj = 1, 2, 3. Hence, the last row of the matrix in (3.11) is a linear combination of the first two rows, and the identity
is true. Expanding the determinant in (3.11) over the last row, we come to the equation

7—()»171/2, )»2+1/2)(§)7—()»371/2, )»4+]/2)(§)
_ 7—(}»1—1/2. k3+1/2)(§)7—()»2—1/2, K4+1/2)(C)
+ 7—(1271/2, A3+1/2)(§)7—(A171/2, )»4+l/2)(€.) — O, (312)

which we call the universal TT-relation.
Putting in (3.12)

}\]=U+1, )x2=\), )\.3=O, )\.4=—1,

where v is an arbitrary complex number, we obtain

7—(1},0)(q71/5§)7—{v,0)(q1/$§) =1+ 7—(\171,0)(617]/3;)7—(v+1,0)(q1/$§)' (3-13)
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From the other hand the substitution

M=v+1, Ay =v, A3=v—1, Ag = —1,
where again v is a complex number, gives

TG 2Py T Og) = TR () + TUHROg). (3.14)
Equations of the type (3.13) and (3.14) are usually called the fusion relations, see [19,38,39].

4. Spin chain
4.1. Monodromy operators

To construct amonodromy operator we choose two representations of the quantum loop algebra Uy (£(s(;)) for two factors
of the tensor product Ug(£L(sl;)) ® Uq(L(sl2)). For the case of a spin chain one uses the finite dimensional representations of
the form ¢ 9, k € Z,.. Here we use the notation

M (¢ In) = (id ® (¢ )M (@) = (6% D) ® (9 )(R).

In fact, one usually chooses for the first factor of Ug(£L(sl;))®U,(L(sl,)) the imbo’s homomorphism and defines the operators
Mg |n) = (id ® (0'“ ), (M(2)) = (¢r ® (9 V), )(R)

called the basic monodromy operators, and then uses the equations
M&Ez ) = (%0 @ id)(M™ “(¢]n)).

The above definitions refer to the case of a one site chain. In the case of a chain of N sites we define a monodromy operator
as

Mmoo ) = (%) @ (9D, @00 - - @aon (91 D)y IR,
and a basic monodromy operator as

Ml i) = (@ © (91 M)y @ a0 - - @ o (9 D)y NUR). (4.1)
For one site monodromy operator it follows from (2.44) that

M) =MEen™h, MR = M e,
where

MYy =MAgl1),  MPHE) = ML)

4.1.1. Basic monodromy operators for quantum space (V“’O)),7
In this section we consider the simplest basic monodromy operators M™ (). First of all note that

o:(@") =g olg™)=q". (4.2)
To find the images of the root vectors under the mapping ¢, we start with the evident relations

pc(es—a) = ¥ Fq 7%, @r(eq) = ¢*E,

c(fs—a) = ¢ TIEGHE, ¢c(fu) = ¢ *F.

Here and sometimes below we use the notation
Ss =So+S1,  Su =S1.

Using (2.26) and (2.31), we obtain
pc(ey) = %k g [CV = (g + g ) C?) 2 q7H],
pc(fy) = —¢ iy lq(C®) 7 — (g + g7 )C) 2],

where C(V) and C®) are the quantum Casimir operators defined by Eqgs. (2.9) and (2.10). Now Egs. (2.27) and (2.32) give
Pc(Earis) = £ (1) E(CP) 2712, (43)
@ aris) = £ (=1 F(CH)2g. (4.4)
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Similarly, it follows from (2.28) and (2.33) that
@ (@3-aypis) = OIS (1 )ep(C@)RED2H (45)
@ (f(éfot)ﬂ»ks) = —(85—Sa)—kss (_ 1 )qukE(C(Z) )—(k+1)/2qu . (46)
Further, Eq. (2.29) gives
(Pg(e;as) — ;.kS)qu—Z(_ 1 )k—lq—k(c(z))(k—l)/z [(qk _ q—k) C(l) q—(k—l)H
_ (qk—l _ q—k+1) (C(Z))l/Zq—(k—Z)H _ (qk+1 —k )(C(Z))I/Z —kH]
Using this equation, we determine that
0c(1+ kg€s(2)) = (1+ CWg g%z + CPg2¢%9272)
x (1 + (C(z))l/zq_HCS(SZ_l )—1(1 + (C(Z))I/Zq—H—Z;.S(SZ—l )—] .

Now, it follows from the relation
R 7k
log(14+2z7 1) = Z(—])"’]—
k=1 k
and from Eq. (2.30) that
ks

(p{(eké) — . K.qf](_-l)kfquk[Fk _ (qk + qfk)(C(Z))k/zqfkl'l]7

where the quantities F, are determined by the generating function

00 —k
— _ _ z
log(1 4+ CWz71 4+ c@z72) = § (—1) 1FkT. (4.7)

It is clear that all F belong to the centre of Uy(gl,). In particular, we have
Fi=CY,  FKB=C"?-2c®,  F =My -3cNc?.
Using Egs. (2.11),(2.12) and (4.7), we conclude that

THE) = qu(xﬁq/z)k + q—2(12—1/2)k' (48)
Finally, Eq. (2.34) gives
(Pg(fk/(s) — g—kSqu—Z(_1)kql((c(2))—(k+1)/2 [(qk _ q—k) C(l)q(k—l)H
_(qkq _ q7k+1)(c(2))1/2q(k72)H _ (qk+1 _ q—k—1)(c(2))1/2qu]’
and we obtain
oe(1=kefi(2)) = (1 + C(C?)Tlqr ™27 + (CO) g 7*5272)
(1 4 (C(Z)) 1/2 H;.—S(;Z—l) (1 4 (C(Z))—l/ZqH+2§—S{§Z—1)—l.
It is not difficult to see that
—kss
9s(fio) = == — kg (=1 T [R(CH) T = (@ + g HCH) 2],

Now we find images of the root vectors under the representation (¢*?)),. Here the representation 719 is two
dimensional. Let {Eyn}, .o be the basis of the algebra End((V"'?)),) associated with the basis {v,}}_, of (V1 ?),. It is easy
to determine that

n,m=0

7 19(gC1) = q"Egg + Eq1, 7 19(q"2) = Ego + q"Enn, (4.9)

7(LO(E) = Eyy, aLO(F) = Eq. (4.10)
It follows from (4.2) that

(@ M)(g"") = ¢ VEoo + ¢"E11. (" ),(@"™) = q"Eoo + q"En1. (4.11)

Using Eqs (4.3)-(4.6), one can demonstrate that

(@7 DyCasis) = n* T (= 1) Eon,

@0, (5—arrks) = S TR (1) g2

(e
("
(w Dfass) = 0% (= 1) En,
(™),

(fis—ayiks) = n~ SRS (1 )kg g,
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Eq. (4.8) takes the form
7 OF) = g (g + g7,

and we have

(1), (er) =

ks

X (=D ' [klq(Eoo — g 2*Eq1),
n7k55

(0" fis) = = — (=1 "¢ Klg(Eoo — *Evn).

Using the expression for the universal R-matrix given in Section 2.2.3, the above relations for the images of the root vectors
of Ug(£L(sl)), and the equation

1oy, = T 2Egg 4 g m2Eyy,

Ker. (ot

we obtain
M) = exp(Fa(e™NCP) [ q°1(1 = £ ) @ oo
+ 97 gq”'F @ Eor + ™ kqEq™' ® Eqg
+4%2(1 = £q ) ® En |, (4.12)

where
o0

1 ¢k
FZ(C)=ZWF"I'

k=1
It is useful to have in mind that

F2(q¢) + Faq '¢) = —log(1 — Vg 4+ C??).
It also follows from (4.8) that

7 (Fa(£)) = folq 21+ V20) + fo(g 2272,

where f,(¢) is the transcendental function defined as

Ao=3 ¢
2(¢) = —_— —.
k:]q"+qkk

This function satisfies the following defining equation

f(ag) +H(q ') = —log(1—¢)

with the initial condition f,(0) = 0.
For any non-negative integer £ we represent the corresponding basic monodromy operator as

MP4g) =Y "M 4& )um ® Enm (4.13)

n,m

and denote the matrix formed by M™ (¢ )um by M™ (¢ ). Note that M™ ¢(¢ ), are elements of Uq(gly). For the case of £ = 1
we have

Gq s§ 1—2Gq S§—Sa —Gq
: s (1 =227 7 ugq 'F
M- ](g) = EXP(F2(§ 5))(C(2))1/4 ( {S“KqEqG] qu(-l _ ;SsquGz ))

4.1.2. Basic monodromy operators for quantum space (V(“’)),7

One can construct the monodromy operator for the quantum space (V 0)),7 for £ > 1 in the same way as it is done for
the case of the quantum space (V“’O)),7 in the preceding section . However, there is a simpler recursive way usually called
fusion [40-42].

Let us show that the representation (¢“~19), ®10p(¢"?),,, with an appropriate choice of 71, 7, and 5, has a
subrepresentation isomorphic to the representation ((p“*o)),,. To this end first observe that the basis {v,} of the module
(v 0)),, can be constructed as follows. We start with a vector vy satisfying the conditions

q"Mvo =g "vo,  q™Mvo=q""ve,  ejvo =0, (4.14)
and define

—S0 A0 —S0 A0
v =1n7°q epvo, Ve =1n°q eqve—1.
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The module (V1) ® 4o (V(1:9), contains the vector v ® vo which satisfies the same conditions (4.14) as the vector
vo. Denote this vector by wy(n) and put

wi(n) = nq" eg wo(n), RN we(n) = n"g" eg we_1(n).
The explicit expression for the vectors w,,n =0, 1, ..., ¢,is
wa(n) = 77000020 g 2] v,y @ vy 4 7700 v, © v,

where we assume that vy 1 ® vg = 0.
For arbitrary values of n; and 5, the linear span of the vectors wg, wi, ..., w, is not invariant under the action of the
generators of Uy(£(sl»)). In particular, we have

—0sg n(ll—USO T];Oqz(ﬁfl)[e]q (nilq[e _ ]]q Vs ® v1 + n;l Vo1 ® UO)'

Hence, e;w,(n) is not proportional to

eqwe(n) =1

—(€—1)sq, (£=2)so 2¢—2
1

@ (nXq 7 — g ve—2 ® vy + 17 ve—1 ® Vo),

as it should be. However, assuming that

we—1(n) =1 n
m=q "y,  m=n
we obtain
eqwe(n) = n°' [€lq we—1(n).

One can easily see that in this case the vectors wy(n) do not depend on 7, so we write below just w,. One can demonstrate
that the vectors wo, wr, . .., w, form a basis of the submodule of (V1) _/s, ® rop(V(" ), equivalent to the basis of the
module (V¢ 9), formed by the vectors vg, vy, . . ., Vg

Denote by S the linear mapping from (V- 9), to (VE=19) _y5, ® 100(V(-?)), defined by the relation

S(vn) = wy,
and by S’ the left inverse of S,
SoS =id.

Notice that the mapping S’ is not unique. However, one can use any mapping S’ satisfying the above equation. It is clear that
for any choice we obtain

S/(wn) = Vp,
and have
S o (" M) g-2/5, @ 200 (9 9), (@) © S = (* V), (a)

for any a € Uy(L(sly)). Using this relation, we obtain

M4 (¢1n) = (¢ ® (6 9), (R)
= (id ® Fy,s)((9c ® (6 D)y 275, @ a0 (0" ), )AR)), (4.15)

where Fy 5 denotes a mapping from End((V" ), 2/, ® s0p(V("- ), ) to End(V( ), defined as
Fy s(A)=S 0AoS.

Apply the mapping id ® 17?3 to both sides of the second equation of (2.37). This gives
(id ® A®P)R) = (id @ TP RPR?) = RPRV.

Now, it follows from (4.15) that
M™ (¢ In) = (id ® Fsr,s)(M™ D¢ g~ )M~ 1) (g m).

Having in mind the representation (4.13), we rewrite this equation as

M™(Z1n)
= Z M™ (g |q_2/s77)n1m1MD’ 1(§|q_2/s77)"2m2

ny,ny,my,my

® (S/ o (Eﬂjnﬁ ® Enzmz) o S)
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It is not difficult to determine that
S'o (ETI]TYI] b2 Enzmz) oS = Z S;\nlnzsmlmz\m Enm,
n,m

where the quantities S/ and Sy, m,|m are defined by the equations

njnqny
S'( U"l ® v“z Zv" ninyny° S(wm) = Z Um; & Umy Smymy|m-
my,my
Finally, we come to the relation
M7 4g) =8 (M7 T @) @ M7 (¢S,

where §’ and S are the matrices formed by the matrix entries S}, , and Sp,m,m. The above equation shows that we can

recursively construct the basic monodromy operator M™ ¢(¢ |5) from M™ (¢ |n). Notice that the matrix S is unique, while
there is some freedom in the choice of the matrix S'. For the case of £ = 2 one can use

1 0 0 0 (1) 2 g
s=l0 g!' o 0 s=1, s 0 . (4.16)

O 0 O q7251/5[2]51 O 0 qZS]/S[Z]q

Then one comes to the following expression for the basic monodromy matrix
MD, Z(C) — (] _ C(])q;s + C(Z)q2§.25)71(c(2))1/2

x[@1(1 = 4261 = 202600 + Ko 121aF (1 — 424 217 )0Eon
+ g @ [20gF g 0 Egp + KqE(1 — 721 £%)q" 1 ¢ Exg
+qOC 1+ q(C) = 21977 = [21907°2)E° + g2 XTI E,
+ kg0 [21gF(1 = g2 ¢)q 2 0y,
+ 12q[2] ' E*q*1 % Ego + KkgE(1 — qPq 228 )g 1 T2 001 Eyy
+ 21— q 221 - q2q*2°2§‘)Ezz]. (4.17)

4.2. R-operators

Usually a monodromy operator of the type M ¢(¢) is called an R-operator and denoted as R(¢). The R-operators play a
special role in the study of integrable systems. The R-operator R(¢ ) is obtained from the basic monodromy operator M™ (¢ )
by applying the corresponding representation (-9,

For the case of £ = 1, using the expression (4.12) for the basic monodromy operator M™ 1(¢) and Eqgs. (4.9) and (4.10)
describing the representation 7%, we obtain the well known result

RU(¢) = M"1(¢) = exp(f(q>¢*) + fo(ag* a2
X [Q(l —q*¢)(Eoo ® Eoo + E11 ® E11) + (1 — £*)(Eoo ® E11 + E11Eoo)
+xq(C° Ep1 ® E10 + 0E1p ® 501)]-
The representation 7> % is described by the equations
720(q"C1) = ¢*Ego + q"E1 + En, 729(q"2) = Ego + q"E11 + % En,
7@ E) = [2]4E01 + [2]14E12, 7% OF) = Eyg + Exn,
and, using (4.17), we obtain
R =M**)=(1-¢¢) (1 —q ) g
X [q4(1 —q2¢°) (1 = q*¢°)(Eoo ® Eoo + Ezz ® Ex))
+q*(1 = ¢°)(1 —q%¢°)(Eoo ® Eny
+ E11 ® Eoo + E11 ® Ezz + E22 ® E11)

+01 -2 Z°)(Ego ® Exz + Exz ® Eno)
+ xq[zlqcfu - q*zg )(¢*1Eo1 ® Erg + ¢*E10 ® Eoq
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+ %E1; ® Ex1 + ¢0Ey ® Enp)
+ kq[21g(1 = £°)(¢*1q*Eor ® Ea1 + ¢*0E10 ® Enp

+ ¢*Erz ® E1o + £°¢°Ez1 ® Eoq)
+ k2 q[214(¢ > Ez ® Exo + £**Ezo @ Eny)
+a7%a* + (120 = 26" + ¢°)° + P¢P)En ® E11]~

This expression is consistent with the R-matrix of the Zamolodchikov-Fateev model [43].
4.3. L-operators

The L-operators corresponding to the quantum space (V¢ 0)),, are defined as

L(¢1n) = (id ® (¢ ), )(£i(£)) = ((pi)e @ (@), )NR)
for one site chain, and as
LGt ) = (d @ (91 )y @00 - - @aon(9 )y X£{(6)))
= ((pi)e ® (9 )y, @100 - - @400 (9 D)y A(R) (4.18)
for a chain of N sites. As for the case of the basic one site monodromy operators we have
Li(cin) = Lien™)

where L/(¢) = L(¢|1).
Construct the L-operators for the case of the quantum space (V- 0)),7. First observe that for any a € Ug(£(sl,)) we have

(((/)(1.0))" o O_)(a) — O((p(l’o))r](a) Of1|s~>(r(s)s

where O is a linear operator on (V1:?), having the matrix form

_(0 ¢

0= (1 0) :
Using Eq. (2.65), we see now that

Lit1(8) = OL (§) 0™ s (s)- (4.19)

It is not difficult to find the necessary images of root vectors under p, . Indeed, start with the equations

pelea) =%k 'bg™,  prles_q) =Dl
Then one easily determines that Eq. (2.26) together with (2.64) gives

peles) = Kq_lq_1§s,
and, using (2.27) and (2.28), we immediately obtain

p;(egrks) =0, pr(ei—ayrks) = 0, k> 1. (4.20)
Eq.(2.29) and Eqs. (4.20) give

pe(€s) =0, k>1,
and one finds that

AR o
peles) = (=1)"k, g~ E

The necessary images of root vectors under g0571’ 9 are given in Section 4.1.1. After all, having in mind (2.43), (4.11) and (2.63),
we observe that
Kope, (1.0, = q " ®Ew+q" ®En.

All that allows us to find the expression for the L-operator L;(; ). To obtain the expression for L/]l(g“) one can use Eq. (4.19).
The explicit form of the L-operators L;'(¢) and L,'(¢) is

L) = e (q" — V1) @ Ego + bq 1% @ Egr + kg b ¢V 0 @ Ero + ¢ ® Ennl, (4.21)
L/z](f) = efzw)[qf’v ® Ego + Kq bt "¢ @ Egyy + bq NS @ Eo + (" — gV 71¢%) ® Eqal. (4.22)
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The corresponding matrices look as
, s N _ ,—N-1.s bq—2N+1§.so
L) = ek (T —4 ¢
1 (C) ef ( Kq b‘j‘ qNg.Sl qu )

) . N . bt g1 %
Ly (¢) = 2@ (b q(zZN;ﬂ qrg B 27N7§1§_3> .

To obtain the L-operators for the quantum space (V“?)), with £ > 1 one can use the same fusion procedure as for the
basic monodromy operators. The main relation here is very similar,

Li(¢) =S (L (@) @ Li(¢)s

with S’ and S again given by Eq. (4.16).
Now, using Eq. (4.21), we obtain the expression

L) =(1— ¢! [a(1 - qg 261 = 470 2'¢") @ Foo
+ ¢*121¢b(1 — qg7 "¢ )g N % ® Eo1 + ¢°[21gb*q N ¢*° @ Eqp

+kqbT(1 = g7 'g 2NN ¢51 @ Evp + (14 (g — [21492")¢%) ® Eny
+ ¢*[21gbg N ® Erp + k2q12]; ' (b1’ ¢* £ @ Exo

+ bt @En 4+ ® Ezz],
and, using (4.22), the expression
L7(§)=(1—q¢*)! [q‘z” ® Eoo + kqq°[21gb"¢% ® Eor
+ kg [2](b N %0 ® Ega + bg N % @ Eqg
+(1+(q - [21g7*")*) ® Eny
+ kg’ [21h" (1 = ¢ 'q7 2" )N 00 ® En
+ 121,07 N * @ Eyo + b(1 — qq M °)g V" @ Exy

+¢"1—qe V)1 —-q ') ® Ezz]-

4.4. Transfer operators and Q-operators

We define the transfer operator corresponding to the representations %% and 7“9 of U(gl, ) by the equation

T, ) = (@ 0), @ 0m -+ @ aop (@ D) XTH ()
= ("0 @ (0! ), @ a0p - - - @ 20p(9 V) NM(E o (£) ® 1)),

Using Eq. (4.1) defining the basic monodromy operator M™ ¢(¢ |51, ..., ny), we can write
T, o) = (%P @ id)M™ (¢ Im1s .. v )@ (£) © 1)),
Represent the transfer operator T ¢(¢ |91, ..., ny) as

Tk‘z(§|7h,--~,mv)= Z Tk'e(“nlv---777N)n1.4.nN\m1...mNEn1m1®"'®EnNmN

and define the transfer matrix

T I, o) = (T - Iy my)-
Now, using the equality

M™Y. n) = (MP 9PN ) -+ - (MP 9N (g ),
one can demonstrate that

Tl o) = oS M D @ - @ MP () g~ 12,
see, for example, the paper [17]. Here we use the fact that

or(t) = q 1m0,
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where we denote
D1 = (¢o — $1)/4, Py = (1 — ¢o)/4.
We define the Q-operators corresponding to the representation - % of Ug(gly) as
QI+ n) = (91 )y, @00 - @00 (9 D)y N Q(6))
= (¢ )y ®a0p - @aow (0! M)y NQi(E)E™)
= (tr" @ (9" )y @aop -+ @00 (0" M)y WLIE N (01)e () ® £71)).
It is easy to understand that
((q)(z.m)m@Aop @ (), (EP) = q N2 D @ D,
where ¢Pi i is an element of End((V O)),7) defined by the equation
(0 O(eP) = ¢,

Hence, using (4.18), we come to the equation

—(N=1); Lyt ¢ ¢
Q(Clms - smn) = @ NPt @ id)LE s - () (D) @ (E% @ -+ © ¢P))). (4.23)
Represent the Q -operator Qf({lm, ...,1N)as
Qf(flm, coTN) = Z Qf(ﬂ’?la B nN)nl...nN|m14.4mN En1m1 ®-Q® EnNmNa
ny,..ny
ml ..... mN

and define the matrix

Qf({'n‘h fe rlN) = (Qf(;"n‘h R UN)n],‘,nN\ml...mN)-

One can get convinced that

LA o) = (GO Im) - - (P ),

see, for example, the paper [17]. After all, using (4.23), we come to the equation
i . ’ _ a ’ _ 4
Qi (Ims - ymw) = q PPt (L Eny e @ - @ Ly ER) (o) (0),

where ngK is the matrix corresponding to the endomorphism ng. Explicitly, we have
¢ —(s/4

C—(Z—Z)s/él
gum{ _ q¢1s/2

s/

Us/4

0—2)s/4
, g—( )s/
% = g2

c —Us/4
It is worth noting here that

(01)e(8) = g @172V () () = (P2~ PN,

4.5. Functional relations

The functional relations for the transfer operators T £(¢|n1, . . ., ny) and Q-operators Qﬁ(; In1, ..., nn) can be obtained
by acting on the universal functional relations by the corresponding representations of Uy(£(sl,)). Therefore, they have one
and the same form. Note that the transfer operators and Q -operators usually contain some transcendental functions on the
spectral parameter ¢. From the point of view of concrete applications to integrable systems it is desirable to work with
rational functions on ¢, or on some fixed function on ¢. A simple analysis shows that the Q-operators Qk(§|n1, co o MN)
related to the Q -operators Qk(;“ In1, ..., nn) by the equation

N e
Q¢ In, ... nn) = g2 1—[1—[;3/4exp( 250 7) | Qe I, - - nw)

i=1 j=1
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are Laurent polynomials on £%/2, Similarly, one can demonstrate that the transfer operators T ¢( ZIn, ..., ny)related to the
operators T®¢(z|n1, . .., ny) by the equation

™I, ...\ 1n)

N ¢
— 1—[ l—[ qfk/Z;.s/Zni*S/Z exp(fz(qZ(ﬁfj)fﬂcflé.sni—S) _,’_fz(qZ(ij)#»l;.Sni—S))

=1 j=1
x T4y -y n)

are Laurent polynomials on ¢%/2 as well. In fact, in this case we have Laurent polynomials on z°.
In terms of the polynomial objects we have the following analogue of the TQ -relation (3.10)

TV g ¢, .o QU Ims -, )

N 1
=q™ HHQHb(q—<‘v’—f>+1/2§5/2m_5/2) QUT I - 1n)
i=1 j=1

N ¢

+q % | TTTTa" 7 bta™ 720 | Qe ¢ im. ... nw).
i=1 j=1

Here and below we use the notation
bg)=¢—¢
Relations (3.13) and (3.14) lead to the TT-relation
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and to the TT-relation
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5. Conclusions

We have rederived the universal functional relations for the quantum integrable systems related to the quantum loop
algebra Ugy(£(sl,)) treating the Jimbo’s homomorphism as a mapping from Ug(£(sl;)) to Ug(gl,). Comparing with the case
when the Jimbo’s homomorphism is considered as a mapping from Ug(£L(sl,)) to Ug(sl,) we see that the arising formulas
are simpler. The obtained relations together with the results obtained for the systems related to the quantum loop algebra
Uq(£(s13))[18,19] make a generalization of the functional relations to the case of the quantum loop algebras Uy(£(sl,,)) almost
evident. We have derived expressions for monodromy operators and L-operators for the case of ‘spins’ 1/2 and 1. Finally, we
have rewritten the functional relations for the case of chains of arbitrary ‘spin’ particles in terms of polynomial objects. This
question was also treated earlier in the papers [44,45] by different approaches.
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