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In an experiment currently being performed at the Institute for High Energy Physics, Serpukhov, Russia,
a beam of charged kaons is directed on a copper target. In the electromagnetic field of the target nuclei, two
reactions occur: Kþγ → Kþπ0 andKþγ → K0πþ. A peculiar distinction between these two reactions is that
there is a chiral anomaly contribution in the former reaction, but not in the latter. This contribution can be
directly seen through comparison of the cross sections of these reactions near the threshold. We derive
expressions for these cross sections taking into account the anomaly and the contribution of the lightest
vector mesons.
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I. INTRODUCTION

Although the subject of the present paper is the analysis
of Kþγ → Kπ amplitudes near the threshold, let us begin
by reminding an analogous consideration performed in the
literature for the πþγ → πþπ0 amplitude.
SUð2ÞL × SUð2ÞR chiral symmetry holds due to the

smallness of light quark masses: mu;d ≪ ΛQCD. The
anomaly in the divergency of the axial vector current
allows us to obtain several amplitudes describing inter-
actions of pions with photons at low energies, the most
famous being the amplitude of a π0 → γγ decay [1] (see
also [2]).
An expression for the πγ → ππ amplitude is given by the

chiral anomaly in the limit of small momenta of photon and
pions [3]. The corresponding interaction Lagrangian is

Lπ ¼ −
ie

8π2F3
π
εμνρσFμνπ

0∂ρπ
þ∂σπ

þ; ð1Þ

where Fπ ¼ 92.2 MeV is the π → lν decay constant
(Ref. [4], p. 1026).1 The same expression was obtained
almost simultaneously in other papers [5,6].
In momentum representation,

Aπ ¼ −hεμνρσqμϵνpρk1σ; ð2Þ

where h ¼ e=ð4π2F3
πÞ, and q, p, and k1 are four-momenta

of the photon, initial πþ, and final πþ, respectively.
The way to check (1) and (2) by studying π0 production

in a beam of charged pions which scatter coherently in the
Coulomb field of heavy nucleus was suggested in [7]. To
estimate the corrections to (2), it was assumed in [7] that

variation of the function h near the threshold comes mainly
from the vector meson exchange diagrams, and the follow-
ing expression was obtained2:

Mπ ¼ Aπ

�
1þ 2fρπγfρππ

m2
ρh

�
s

m2
ρ − s

þ t
m2

ρ − t
þ u
m2

ρ − u

�

þ efωγfω3π
m2

ωh
q2

m2
ω − q2

�
; ð3Þ

where s ¼ ðpþ qÞ2, t ¼ ðp − k1Þ2, and u ¼ ðq − k1Þ2 are
the Mandelstam variables for the reaction πþγ� → πþπ0;
sþ tþ u ¼ 3m2

π þ q2. Subtraction is made in (3) since, in
the limit s; t; u; q2 → 0, only the anomaly contribution
should survive. The equivalent photon approximation
was used in [7] in order to obtain the cross section of
the reaction πþ → πþπ0 in the Coulomb field of the
nucleus from the cross section of the reaction πþγ → πþπ0.
Experimental verification of formulas (2) and (3) is

described in [9]. In the experiment, a 40 GeV pion beam
from the IHEP proton accelerator was used to produce
neutral pions in the Coulomb fields of C, Al, and Fe nuclei.
According to [9],

F3πð0Þ≡ h ¼ 12.9� 0.9� 0.5� 1.0 GeV−3; ð4Þ

while the theoretical number is

h ¼ e
4π2F3

π
¼ 9.8 GeV−3: ð5Þ

In expression (4), the first error is statistical, the second
error is systematic, and the third error comes from the
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1In [4], fπ− ¼ Fπ

ffiffiffi
2

p
is used.

2For
ffiffiffi
s

p ≳ 4mπ, the ρ-meson width should be taken into
account in its s-channel contribution; see Fig. 4 and Eq. (14)
in [8].
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unknown phase of the ρ exchange contribution in (3) (the ω
contribution is negligible).
Thus, in the case of pions, the anomaly saturates

the considered amplitude in the kinematics of the
experiment [9].3

With the inclusion of the chiral one- and two-loop
corrections [10,11] and electromagnetic corrections [12],
a reanalysis of the Serpukhov data leads to the value
F3π ¼ 10.7� 1.2 GeV−3; see also [13]. The COMPASS
Collaboration had plans to measure F3π with better accu-
racy (Ref. [14], Sec. IV.2).
As long as the strange quark mass can be considered

small in comparison with ΛQCD, chiral symmetry is
generalized to SUð3ÞL × SUð3ÞR and amplitudes contain-
ing K mesons can be predicted from a consideration of the
anomaly as well. This was done in [5], where, in particular,
the anomaly contribution to the Kþγ → Kþπ0 amplitude
was found. It appears to be similar to (1) and (2)4:

LK ¼ −
ie

8π2F3
π
εμνρσFμνπ

0∂ρKþ∂σKþ; ð6Þ

A ¼ −
e

4π2F3
π
εμνρσqμϵνpρk1σ; ð7Þ

where the particles’ momenta are defined as in Fig. 1.
Analogously to the case of pions, the manifestation of
anomaly (7) can be looked for in π0 production in the beam
of charged kaons scattered coherently in the Coulomb field
of heavy nucleus. Such an experiment is under way at
Serpukhov [15], where scattering of a Kþ beam with
energy EK ¼ 18 GeV in the Coulomb field of a copper
(Cu) nucleus with coherent Kπ production is studied.
There are two aspects in which the case of kaons differs

from the case of pions. On the one hand, since kaons are
relatively heavy, we cannot approach the point s ¼ t ¼
u ¼ q2 ¼ 0 in which the anomaly dominates as closely as
in the case of the pions. On the other hand, in the case of
charged kaons, there are two reaction channels, Kþγ� →
Kþπ0 and Kþγ� → K0πþ, and only the first is influenced

by the chiral anomaly [5]. Thus, comparing experimental
data on Kþπ0 and K0πþ production close to the threshold,
one can hope to observe the effect of the anomaly.
To clarify why the amplitude of the reaction Kþγ →

Kþπ0 contains the anomaly while that of Kþγ → K0πþ is
anomaly free, one should look at Fig. 2, where, for
completeness, diagrams for the reaction πþγ → πþπ0 are
shown as well. The photon should be attached to quark
fields running inside the triangle diagrams drawn in Fig. 2
in all possible ways, leading to proportionality of the sum
of the corresponding box diagrams to the sum of electric
charges of quarks. It gives 2

3
þ 2

3
− 1

3
¼ 1 for Fig. 2(a),

2
3
− 1

3
− 1

3
¼ 0 for Fig. 2(b), 2

3
− 1

3
− 1

3
¼ 0 for Fig. 2(c) and,

finally, 2
3
þ 2

3
− 1

3
¼ 1 for Fig. 2(d). Thus, the anomaly

contributions to the processes πþγ → πþπ0 and Kþγ →
Kþπ0 are equal, while that to the process Kþγ → K0πþ
equals zero. For an appropriate presentation of the calcu-
lation of the anomalous amplitudes, see Ref. [16], Chap. 6a.
We have the following plan for this paper. In Sec. II,

formulas for the cross sections of the reactions Kþγ →
Kþπ0 and Kþγ → K0πþ at low s are obtained. In Sec. III,
with the help of the equivalent photon approximation, these
formulas are converted into the expressions for the cross
sections of the KþN → Kþπ0N and KþN → K0πþN
reactions. Comparing corresponding plots, we will con-
clude that extraction of the anomaly contribution into the
first reaction from the experimental data should be possible.
We summarize our results in the Conclusions. In
Appendix A we present the “back of the envelope”
derivation of the induced by the anomaly part of the
amplitude cross section of the reaction Kþγ → Kþπ0,
while in Appendix B numerical values of the coupling
constants of the reactions K� → Kπ, K� → Kγ;… are
derived.

II. CROSS SECTIONS OF Kþγ → Kþπ0 AND Kþγ →
K0πþ REACTIONS AT LOW INVARIANT MASSES

Let us start with the calculation of the anomaly con-
tribution to the cross section. Momenta of particles are

FIG. 1. Momenta of particles in the Kþγ → Kþπ0 reaction.

(a) (b)

(c) (d)

FIG. 2. Attaching photon to the quark propagators, we get
box diagrams describing anomaly contributions to (a) the
Kþγ → Kþπ0, (b) Kþγ → K0πþ, and (c),(d) πþγ → πþπ0
reactions.

3In [9], events with s < 10m2
π ; jtj < 3.5m2

π were selected.
Photon virtuality varies in the following interval:
2 × 10−3 GeV2 > −q2 > ððs −m2

πÞ=2EπÞ2, Eπ ¼ 40 GeV.
4The coefficients in (6) and (7) are three times bigger than in

[5] due to an extra color factor, Nc ¼ 3.
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shown in Fig. 1, s ¼ ðpþ qÞ2, t ¼ ðp − k1Þ2, and
u ¼ ðp − k2Þ2 are Mandelstam variables, and we neglect
photon virtuality in this section, q2 ¼ 0. The standard
formula for a differential cross section is

dσr
dt

¼ jAj2
16πðs −m2

KþÞ2 ; ð8Þ

where jAj2 stands for the square of the amplitude averaged
over the two transversal photon polarizations. One should
use the expression for A from (7), obtaining

jAj2 ¼ e2

128π4F6
π
½−tðs −m2

KþÞ2 − t2s

þm2
π0
tðsþm2

KþÞ −m2
Kþm4

π0
�; ð9Þ

and integrate (8) in the following interval:

m4
π0

4s
−

 
s −m2

Kþ

2
ffiffiffi
s

p þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½s − ðmKþ þmπ0Þ2�½s − ðmKþ −mπ0Þ2�

p
2
ffiffiffi
s

p
!

2

< t

<
m4

π0

4s
−

 
s −m2

Kþ

2
ffiffiffi
s

p −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½s − ðmKþ þmπ0Þ2�½s − ðmKþ −mπ0Þ2�

p
2
ffiffiffi
s

p
!

2

; ð10Þ

getting the following result:

σr ¼
α

3 × 210π4F6
π

s −m2
Kþ

s2
f½s − ðmKþ þmπ0Þ2�½s − ðmKþ −mπ0Þ2�g3=2: ð11Þ

The simplicity of the final expression clearly demonstrates
that a simple derivation of it should exist. Such a derivation
is presented in Appendix A.
At low energies, the variation of the amplitude of the

Kþγ → Kþπ0 reaction comes mainly from vector meson
exchange diagrams presented in Fig. 3. The exchanged
mesons are K�þ in the s and u channels, and ρ0, ω, and ϕ
mesons in the t channel. Similarly, for the Kþγ → K0πþ

reaction important meson exchanges are K�þ in the s
channel, K�0 in the u channel, and ρþ in the t channel. The
corresponding diagrams are presented in Fig. 4.
The amplitude for the diagram shown in Fig. 3(a) is

Að0Þ
s ðKþγ → Kþπ0Þ

¼ 2fK�þKþγfK�þKþπ0

s −m2
K�þ þ i

ffiffiffi
s

p
ΓK�þðsÞ ε

μνρσqμϵνpρk1σ; ð12Þ

where fK�þKþγ and fK�þKþπ0 are coupling constants,

ΓK�þðsÞ ¼ ΓK�þ

ffiffiffi
s

p
mK�þ

2
64
�
1 − ðmK−mπÞ2

s

��
1 − ðmKþmπÞ2

s

�
�
1 − ðmK−mπÞ2

m2

K�þ

��
1 − ðmKþmπÞ2

m2

K�þ

�
3
75

3
2

;

ð13Þ
and ΓK�þ is the total width of K�þ as provided in [4]. Since
at s; t; u → 0 only the anomaly contribution should survive,

we subtract from Að0Þ
s ðKþγ → Kþπ0Þ its value at s ¼ 0:

AsðKþγ → Kþπ0Þ ¼ Að0Þ
s ðKþγ → Kþπ0Þ

− Að0Þ
s ðKþγ → Kþπ0Þjs¼0

¼ −
2fK�þKþγfK�þKþπ0

m2
K�þ − s − i

ffiffiffi
s

p
ΓK�þðsÞ

·
sþ i

ffiffiffi
s

p
ΓK�þðsÞ

m2
K�þ

εμνρσqμϵνpρk1σ:

ð14Þ
Since

ffiffiffi
s

p
ΓK�þðsÞ ≪ s, we will neglect it in the numerator

of (14). Performing similar calculations in the u and t

(a) (b) (c)

FIG. 3. Vector meson exchanges in the process Kþγ → Kþπ0: K�þ meson in (a) s and (b) u channels, and (c) ρ0, ω, ϕ mesons in the t
channel.
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channels [Figs. 3(b) and 3(c)], we notice that the physical regions of t < 0 and u < m2
Kþ lie well below the thresholds for

decay processes of the K�, ρ, ω, and ϕ mesons, so no imaginary terms appear in expressions for their amplitudes.
Using the same approach for diagrams in Fig. 4, we obtain the following expressions for the differential cross sections:

dσðKþγ → Kþπ0Þ
dt

¼ 1

27π

	
tþ ðst −m2

Kþm2
π0
Þðt −m2

π0
Þ

ðs −m2
KþÞ2




×

���� e
4π2F3

π
þ 2fK�þKþγfK�þKþπ0

m2
K�þ − s − i

ffiffiffi
s

p
ΓK�þðsÞ ·

s
m2

K�þ

þ 2fK�þKþγfK�þKþπ0

m2
K�þ − u

·
u

m2
K�þ

þ 2fρ0π0γfρ0KþKþ

m2
ρ0
− t

·
t

m2
ρ0

þ 2fωπ0γfωKþKþ

m2
ω − t

·
t
m2

ω
þ 2fϕπ0γfϕKþKþ

m2
ϕ − t

·
t
m2

ϕ

����2; ð15Þ

dσðKþγ → K0πþÞ
dt

¼ −
stu − sm2

K0m2
πþ − tm2

Kþm2
K0 − um2

Kþm2
πþ þ 2m2

Kþm2
K0m2

πþ

27πðs −m2
KþÞ2

×

���� 2fK�þKþγfK�þK0πþ

m2
K�þ − s − i

ffiffiffi
s

p
ΓK�þðsÞ ·

s
m2

K�þ
þ 2fK�0K0γfK�0Kþπþ

m2
K�0 − u

·
u

m2
K�0

−
2fρþπþγfρþKþK0

m2
ρþ − t

·
t

m2
ρþ

����2: ð16Þ

Coupling constants fi are defined in Appendix B with
numerical values presented in Table I. In (15), the most
important correction comes from the K� exchange in the s
channel. The contribution of the ϕ-meson exchange in the t
channel is approximately 20 times smaller than the sum of
the ρ- and ω-meson contributions, so it could be safely
neglected. In (16), the term with K�þ exchange dominates.

III. CROSS SECTIONS OF KþN → Kþπ0N
AND KþN → K0πþN REACTIONS IN THE

EQUIVALENT PHOTON APPROXIMATION

In the equivalent photon approximation, the following
formula for the cross section of pion production in the
Coulomb field of a nucleus holds [17]:

dσ
dtdsdq2⊥

¼ Z2α

π

q2⊥
½q2⊥ þ ðs −m2

KþÞ2=ð4E2
KÞ�2ðs −m2

KþÞ
dσKγ→Kπ

dt
· jFð~q2Þj2; ð17Þ

where the nucleus form factor Fð~q2Þ is taken into account,

Fð~q2Þ ¼ exp

	
−
hr2i~q2

6



; ð18Þ

hr2i is the mean-square radius of the nucleus,
hr2i1=2 ¼ r0A1=3, r0 ¼ 0.94 fm, and A is the number of

nucleons in the nucleus, A ¼ 63 for copper. In (18),
~q2 ≡ ~q2⊥ þ ~q2∥, but, since for s ¼ 0.5 GeV2 we have

a≡ hr2i~q2∥
3

¼ hr2i
3

	
s −m2

Kþ

2EK



2

¼ 6 × 10−3 ≪ 1;

we can safely neglect ~q2∥ there. Integration over ~q2⊥ from
zero to infinity results in

(a) (b) (c)

FIG. 4. Vector meson exchanges in the process Kþγ→K0πþ: (a)K�þ in the s channel, (b)K�0 in the u channel, (c) ρþ in the t channel.
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dσ
dtds

¼ Z2α

π
·
E1ðaÞ − 1

s −m2
Kþ

·
dσKγ→Kπ

dt
; ð19Þ

where E1ðaÞ is the exponential integral,

E1ðaÞ ¼
Z

∞

a

e−z

z
dz: ð20Þ

In order to obtain differential cross sections dσ=ds of the
reactions under study as functions of the invariant mass of
the produced Kπ system, Eq. (19) is numerically integrated
over t. The result of the integration is presented in Fig. 5.

The effect of the anomaly can be seen through comparison
of Kþπ0 and K0πþ productions at s≲ 0.55 GeV2, where
the anomaly contribution is the largest.
In Fig. 6, the cross section of the reaction KþN →

Kþπ0N is presented and compared to that without the
anomaly contribution.

IV. CONCLUSIONS

The main results of this paper are given by formulas (15)
and (16) and are shown in Fig. 5, where two solid lines for
the cross section of the KþN → Kþπ0N reaction corre-
spond to positive and negative signs of the product of the
coupling constants fi. The luminosity of 60 μb−1 is
planned to be collected in the experiment currently being
performed at Serpukhov (with the account for the detector
efficiency near the Kπ threshold) [18]. Integrating subplots
of Fig. 5, we get that either 20 or 70 Kþπ0 production
events will be observed in the interval 0.4 < s < 0.6 GeV2

for the destructive or constructive interference of anomaly
and resonances terms. As for the K0πþ production, about
ten events should be observed in that s interval. Thus, one
can hope to observe a manifestation of the chiral anomaly
in future Serpukhov data.
Let us compare our results with those of [19,20], where

the photoproduction of pions in a charged kaon beam was
studied under conditions of the IHEP experiment as well.
The main difference is that in our paper the amplitudes
describing vector meson (K�, ρ, ω, ϕ) contributions are
subtracted at zero momenta. This subtraction is needed
since only the anomaly contribution remains at zero
momenta. In [20], only the Kþγ → Kþπ0 reaction is
considered. Apart from the subtraction, our Eq. (15) differs

TABLE I. Coupling constants required to calculate cross
sections of the Kþγ → Kþπ0 and Kþγ → K0πþ reactions. Let
us stress that the signs of all of the fVPP constants could be
changed simultaneously, as can all the signs of fVPγ , leading to
two solid curves in Fig. 5.

fK�þKþπ0 ¼ 3.10
fK�þK0πþ ¼ 4.38
fK�0Kþπþ ¼ 4.41
fρ0KþKþ ¼ 3.16
fρþKþK0 ¼ −4.47
fωKþKþ ¼ 3.16
fϕKþKþ ¼ −4.47

fK�þKþγ ¼ 0.240 GeV−1

fK�0K0γ ¼ −0.385 GeV−1

fρ0π0γ ¼ 0.252 GeV−1

fρþπþγ ¼ 0.219 GeV−1

fωπ0γ ¼ 0.696 GeV−1

jfϕπ0γj ¼ 0.040 GeV−1

FIG. 5. Differential cross sections of the reactions KþN → Kþπ0N and KþN → K0πþN for N ¼ 63Cu. The two solid lines for the
KþN → Kþπ0N reaction correspond to the two possible choices of the signs of the product of coupling constants (see Appendix B).
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from Eq. (4) in [20] by an extra factor of −2 in u- and
t-channel contributions. Also, only the enhancement of the
anomaly contribution by the interference with that of the
intermediate vector bosons is presented in the figures in
[20]. In [19], expressions for the cross sections have the
wrong dimension.
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APPENDIX A: SIMPLE DERIVATION OF THE
CROSS SECTION INDUCED BY THE ANOMALY

Let us consider the reaction Kþγ → Kþπ0 in the center
of mass system; see Fig. 7. According to (7), an expression
for the amplitude looks like

A ¼ e
4π2F3

π
εμνρσϵμqνpρk1σ; ðA1Þ

where ϵμ is the polarization vector of the photon. Since both
pρ and qν have only their third (z) spatial components
differing from zero, one of them should contribute by its
temporal (t) component. As a result, we get

A ¼ e
4π2F3

π
εμ03σϵμk1σðEKEγ þ E2

γÞ; ðA2Þ

where EK and Eγ are the energies of the incoming Kþ and
the photon. When the photon polarization is parallel to the x

axis (ϵx ¼ ϵ1), the y component of ~k1 contributes

A1 ¼
e

4π2F3
π
j~k1j sin θ sinφðEKEγ þ E2

γÞ: ðA3Þ

When the photon polarization is parallel to the y axis

(ϵy ¼ ϵ2), the x component of ~k1 contributes

A2 ¼
e

4π2F3
π
j~k1j sin θ cosφðEKEγ þ E2

γÞ: ðA4Þ

From the general formula for the differential cross section
of the 2 → 2 reaction in the center of mass system,
averaging squares of obtained amplitudes over photon
polarizations, we get

FIG. 7. Kinematics of the Kþγ → Kþπ0 reaction in the center
of mass system. Initial particles are moving along the z axis.

FIG. 6. Differential cross sections of the reaction KþN → Kþπ0N for N ¼ 63Cu. The two solid lines correspond to the two possible
choices of the signs of the product of coupling constants.
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dσ ¼ jAðKþγ → Kþπ0Þj2
64π2

j~p0j
j~pjε2 do

¼ α

28π5F6
π
j~k1j2 ·

1

2
sin2θE2

γðEK þ EγÞ2

×
j~k1j

EγðEK þ EγÞ2
dφd cos θ: ðA5Þ

Integrating the differential cross section over angles and
taking into account that in the center of mass system

Eγ ¼
s−m2

Kþ
2
ffiffi
s

p , j~k1j ¼ f½s−ðmKþþm
π0
Þ2�½s−ðmKþ−mπ0

Þ2�g1=2
2
ffiffi
s

p , we get

σr¼
α

3 ·210π4F6
π

s−m2
Kþ

s2

×f½s− ðmKþ þmπ0Þ2�½s− ðmKþ −mπ0Þ2�g3=2; ðA6Þ

which coincides with (11).

APPENDIX B: COUPLING CONSTANTS OF
INTERMEDIATE VECTOR BOSONS

In order to calculate cross sections through Eqs. (15)
and (16), we need to know the numerical values of the
coupling constants fi. These constants are defined through
the following interaction Lagrangian:

LI ¼ fK�þKþγε
μναβ∂μAν∂αK

�þ
β Kþ þ ifK�þKþπ0K

�þ
μ ðKþ∂μπ0 − π0∂μKþÞ þ ifK�þK0πþK

�þ
μ ðK0∂μπþ − πþ∂μK0Þ

þ fK�0K0γε
μναβ∂μAν∂αK�0

β K0 þ ifK�0KþπþK
�0
μ ðKþ∂μπþ − πþ∂μKþÞ þ fρþπþγεμναβ∂μAν∂αρ

þ
β π

þ

þ ifρþKþK0ρþμ ðKþ∂μK0 − K0∂μKþÞ þ 1

2
fρ0π0γε

μναβ∂μAν∂αρ
0
βπ

0 þ i
2
fρ0KþKþρ0μðKþ∂μKþ − Kþ∂μKþÞ

þ 1

2
fωπ0γε

μναβ∂μAν∂αωβπ
0 þ i

2
fωKþKþωμðKþ∂μKþ − Kþ∂μKþÞ þ 1

2
fϕπ0γε

μναβ∂μAν∂αϕβπ
0

þ i
2
fϕKþKþϕμðKþ∂μKþ − Kþ∂μKþÞþH:c: ðB1Þ

Absolute values of some of the constants fi are obtained
from the partial widths. Other constants are deduced
from these values with the help of the SUð3Þ symmetry
between the u, d, and s quarks, which also determines
the relative signs of the coupling constants. Results of
the calculations presented below are summarized in
Table I.

First, consider the K�þ → Kþπ0 decay. Its amplitude
equals [see Fig. 8(a) where momenta of particles are
shown]

AðK�þ → Kþπ0Þ ¼ fK�þKþπ0K
�þ
μ ðk − qÞμKþπ0: ðB2Þ

Its width

ΓðK�þ → Kþπ0Þ ¼ f2K�þKþπ0mK�þ

48π

��
1 −

	
mKþ þmπ0

mK�þ



2
��

1 −
	
mKþ −mπ0

mK�þ



2
��

3=2
: ðB3Þ

Knowing the width, we can solve this equation for
jfK�þKþπ0 j, while the sign of the coupling constant remains
undetermined.
In the case of K�þ mesons, PDG [4] provides the sum of

the widths of the K�þ → Kþπ0 and K�þ → K0πþ decays.
In order to extract ΓðK�þ → Kþπ0Þ, one has to use the
relation following from isotopic invariance,

fK�0Kþπþ ¼ fK�þK0πþ ¼
ffiffiffi
2

p
fK�þKþπ0 ; ðB4Þ

and take into account mass differences between the Kþ and
K0 mesons and the πþ and π0 mesons:

ΓðK�þ → Kþπ0Þ

¼ ΓðK�þ → KπÞ
1þ 2

	
½m2

K�þ−ðmK0þmπþÞ2�½m2

K�þ−ðmK0−mπþÞ2�
½m2

K�þ−ðmKþþmπ0 Þ2�½m2

K�þ−ðmKþ−mπ0 Þ2�


3
2

: ðB5Þ

A similar expression holds for the K�0 → Kþπ−
decay mode.

(a) (b)

FIG. 8. Diagrams used for the calculation of vector meson
coupling constants. (a) fK�þKþπ0 , (b) fK�þKþγ
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SUð3Þ symmetry allows us to obtain the remaining VPP coupling constants. Substituting matrices of the pseudoscalar
octet and the vector nonet,

P ¼

0
BBB@

π0ffiffi
2

p þ ηffiffi
6

p πþ Kþ

πþ − π0ffiffi
2

p þ ηffiffi
6

p K0

Kþ K0 − 2ηffiffi
6

p

1
CCCA; V ¼

0
BBB@

ωþρ0ffiffi
2

p ρþ K�þ

ρþ ω−ρ0ffiffi
2

p K�0

K�þ K�0 ϕ

1
CCCA; ðB6Þ

into the expression for decay amplitude, we get

AVPP ¼ fVPPtr½VμðPi∂μP − i∂μPPÞ�

¼ ifVPP

�
1ffiffiffi
2

p K�þ
μ ðKþ∂μπ0 − π0∂μKþÞ þ K�þ

μ ðK0∂μπþ − πþ∂μK0Þ þ K�0
μ ðKþ∂μπþ − πþ∂μKþÞ

− ρþμ ðKþ∂μK0 − K0∂μKþÞ þ 1

2
ffiffiffi
2

p ðωμ þ ρ0μÞðKþ∂μKþ − Kþ∂μKþÞ − 1

2
ϕμðKþ∂μKþ − Kþ∂μKþÞ

�
þ H:c:;

ðB7Þ

where only the terms entering (B1) are given. Comparing
this expression with the corresponding parts of Lagrangian
(B1), we get

fρþKþK0 ¼ −fK�þK0πþ ; fρ0KþKþ ¼ fK�þK0πþ=
ffiffiffi
2

p
;

fωKþKþ ¼ fρ0KþKþ ; fϕKþKþ ¼ −
ffiffiffi
2

p
fρ0KþKþ : ðB8Þ

We use for fϕKþKþ the value which follows from the
direct measurement of the corresponding width. Thus,
Eqs. (B3)–(B5) and (B8) determine all of the fVPP
values which we need, while their common sign remains
undetermined.
Next, consider the K�þ → Kþγ decay. Its amplitude can

be represented in the following way:

AðK�þ → KþγÞ ¼ fK�þKþγε
μνρσK�þ

μ ϵνkρqσKþ; ðB9Þ

with momenta of particles shown in Fig. 8(b). The
numerical value of the coupling constant is determined
by the width,

ΓðK�þ → KþγÞ ¼
αf2K�þKþγm

3
K�þ

96π

	
1 −

m2
Kþ

m2
K�þ



3

: ðB10Þ

SUð3Þ symmetry of strong interactions allows us to
obtain other VPγ coupling constants since the decay
amplitudes are proportional to

fVPγ ∼ tr½ðPV þ VPÞQ�; ðB11Þ

where P and V are defined in (B6), and Q is the matrix of
the quark electric charges:

Q ¼

0
B@

2=3 0 0

0 −1=3 0

0 0 −1=3

1
CA: ðB12Þ

Thus, we get

fρþπþγ ¼ fρ0π0γ ¼ fK�þKþγ; fωπ0γ ¼ 3fK�þKþγ;

fK�0K0γ ¼ −2fK�þKþγ; ðB13Þ

and relative signs of the VPγ coupling constants are fixed.
Absolute values of these constants entering Table I are
determined from the decay widths; the sign of fϕπ0γ
remains undetermined. However, the ϕ-meson contribution
to the decay amplitude can be neglected; see the comment
after Eq. (15).
We do not add the term proportional to tr½ðPV − VPÞQ�

in (B11) since it will change the value of fρþπþγ , while the
value of fρ0π0γ will not be changed. In this way, the relation
fρþπþγ ¼ fρ0π0γ—which follows from the fact that, in this
decay, only the isoscalar part of the photon contributes—
will be violated.
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