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Abstract

The topological classification of even the simplest Morse—Smale diffeomorphisms
on 3-manifolds does not fit into the concept of singling out a skeleton consisting of
stable and unstable manifolds of periodic orbits. The reason for this lies primarily in
the possibility of “wild” behavior of separatrices of saddle points. Another difference
between Morse—Smale diffeomorphisms in dimension 3 and their surface analogues
lies in the variety of heteroclinic intersections: a connected component of such an
intersection may not be only a point, as in the 2-dimensional case, but also a curve,
compact or noncompact. The problem of topological classification of Morse—Smale
cascades on 3-manifolds either without heteroclinic points (gradient-like cascades)
or without heteroclinic curves was solved in a series of papers from 2000 to 2016
by C. Bonatti, V. Grines, F. Laudenbach, V. Medvedev, E. Pecou, and O. Pochinka.
The present article is devoted to completing the topological classification of the set
M S(M?3) of orientation-preserving Morse—Smale diffeomorphisms f on a smooth
closed orientable 3-manifold M3. The complete topological invariant for a diffeo-
morphism f € MS(M?3) is the equivalence class of its scheme S  which contains
information on the periodic data and the topology of embedding of 2-dimensional
invariant manifolds of the saddle periodic points of f into the ambient manifold.
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1. Introduction and formulation of the results

1.1. Introducing of the invariants

Among dynamical systems the Morse—Smale systems represent the simplest evolu-
tion imaginable: every orbit goes to a (periodic) equilibrium point and comes (if it is
not an equilibrium point itself) from another periodic point. More precisely, a diffeo-
morphism is called Morse—Smale if it has finitely many periodic points, all of them
hyperbolic, the stable and the unstable manifolds of any two periodic points are trans-
verse, and every point in the manifold lies in both an unstable manifold and a stable
manifold. The importance of Morse—Smale systems comes from the fact that they are
structurally stable (see [26], [28]): the dynamics remains unchanged (i.e., conjugated
to itself) under small perturbation in the C!-topology.

The time-1 map of the gradient flow of a generic Morse function is a typi-
cal example of a Morse—Smale diffeomorphism (the genericity is needed to get the
transversality condition). One could therefore hope that the manifolds and the dynam-
ics are characterized by simple combinatorial information about the periodic orbits
and the positions of the invariant manifolds. That is indeed the case for Morse—Smale
vector fields on compact surfaces where a complete description and a classification
(up to topological equivalence) has been obtained by Peixoto [29] as a formalization
of the Leontovich—Mayer scheme for 2-spheres (see [24]).

The problem is substantially more complicated in the case of diffeomorphisms.
In particular, Morse—Smale diffeomorphisms (while dynamically as “simple as possi-
ble”) are not necessarily embedded into a flow, even in a topological flow: the simplest
obstruction is the existence of the points of transverse intersection of stable and unsta-
ble manifolds of complementary dimensions. These heteroclinic intersection points
lead to the main difficulty for classification of the Morse—Smale diffeomorphisms on
surfaces. Nevertheless, A. Bezdenezhnykh and V. Grines (see [2], [3], [15]) proved
that they admit an invariant similar to Peixoto’s graph in the case of finitely many
heteroclinic orbits (see also [18] and [20] for surveys on topological classification
of Morse—Smale diffeomorphisms on surfaces). Indeed, a Morse—Smale diffeomor-
phism on a compact surface may have infinitely many heteroclinic orbits which cut
the stable and unstable manifolds into infinitely many orbits of segments; the rela-
tive topological position of these segments in the surface is a topological conjugacy
invariant of the diffeomorphisms. These infinitely many segments seem to follow a
finite pattern. After a long series of papers, C. Bonatti and R. Langevin in [11] pro-
vided a complete finite combinatorical invariant for Morse—Smale diffeomorphisms
of surfaces, as well as structurally stable diffeomorphisms with nontrivial basic sets
(see also the paper by V. Grines [16] devoted to classification of structurally stable
diffeomorphisms with 1-dimensional basic sets).
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(a)

Figure 1. Morse—Smale diffeomorphisms with wild separatrices on the 3-sphere: (a) the
separatrices of the saddle point o form an Artin—Fox arc with wild points at the source « and at
the sink wz; (b) the separatrices of the saddle points o1, o2 form a Debruner—Fox frame with
wild points at the source ¢ and at the sink w.

Even if a Morse-Smale diffeomorphism has no heteroclinic intersections in
dimension n > 2 that does not mean that it can be embedded into a topological flow
(see [17] for a characterization of this phenomenon; see also [4]). Thus, the gluing of
the dynamics from one periodic point to the next is not necessarily given by a flow,
and can be very interesting from the topological viewpoint (see Figure 1).

In view of the complexity of classifying Morse—Smale diffeomorphisms on sur-
faces and in view of the new topological behaviors allowed in dimensions > 3, a
classification of Morse—Smale diffeomorphisms in dimension 3 could appear hope-
less. Nevertheless, below we describe a general approach to the classification of the
dynamics of Morse—Smale diffeomorphisms in dimension 3.

The most simple among the Morse—Smale diffeomorphisms is the source-sink
diffeomorphism whose nonwandering set consists of exactly two fixed points: a
source and a sink. The source-sink diffeomorphisms have trivial dynamics: all the
nonfixed points are wandering, and, under the action of the diffeomorphism, they
move from the source to the sink. The ambient space (the manifold M3 on which
the diffeomorphism is given) for such system is the 3-sphere S3. So the wandering
set of such a system is homeomorphic to S? x R (3-sphere without two points). Then
the result that all source-sink 3-diffeomorphisms are topologically conjugate follows
immediately from the fact that the spaces of their wandering orbits are homeomorphic
to S? x S! (in the orientation-preserving case).

The next simplest case in dimension 3 is the orientation-preserving Morse—Smale
diffeomorphism whose nonwandering set consists of exactly four fixed points: two
sinks w1, w;, one saddle point o with a 1-dimensional unstable manifold, and a source
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o (see Figure 1(a)). Classification of such diffeomorphisms is the aim of [5]. Note that
the dynamics still looks like a source-sink dynamics, but the sink has been replaced
by the invariant compact segment {w;} U W} U {w,}, which is the attracting set.
This segment can be wildly knotted, as shown in Figure 1(a). The wandering set,
being the complement of the attractor-repeller pair, coincides with the punctured basin
W2\ {a}. Then this wandering orbit space is homeomorphic to S? x S! again. The
projection to this space of the punctured stable manifold W} \ {o} gives the 2-torus
which is the boundary of a tubular neighborhood of a knot y. This means that there
is a one-to-one correspondence between the topological conjugacy classes of such
Morse-Smale diffeomorphisms f and the knots y in S? x S! in the homotopy class
of the S! factor up to homeomorphisms acting trivially on Z = H;(S? x S!).

Another simple case consists of the Morse—Smale diffeomorphisms f on a closed
3-manifold M3 which are the time-1 maps of the gradient X of a generic Morse func-
tion. In that case, Smale’s result in [34] implies the existence of a closed (connected)
surface X r transverse to X dividing M 3 into two components: one repelling com-
ponent and one attracting component; furthermore, all the sources and all the saddles
with 1-dimensional stable manifolds are in the repelling component, whereas all the
sinks and all the saddles with 1-dimensional unstable manifolds are in the attracting
component. Here the dynamics is analogous to the source-sink, the closure of the
I-dimensional stable (unstable) manifolds playing the role of source (sink).

Then, the surface X s intersects transversally each 2-dimensional stable (resp.,
unstable) manifold of the saddles and the intersection is exactly one circle. Thus, X ¢
is equipped with a family E’} of disjoint stable circles, a family t’; of disjoint unsta-
ble circles, and these two families are transverse. Then (X ¢, Ej,, ‘6;) is a complete
invariant of topological conjugacy: the triple (X ¢, ‘6’}, ‘6;‘,) does not depend, up to
homeomorphism, on the choice of the transverse surface Xy, and two such diffeo-
morphisms f, f’ are conjugated if and only if (X, € ,‘6;‘() is homeomorphic to
(Zf/,‘é’j,,, ‘6;,) (see, e.g., [31]).

When one studies an arbitrary Morse-Smale diffeomorphism f : M3 — M3 on
a closed 3-manifold M3, one sees that the dynamics looks similar. More precisely,
one considers the attractor A r (resp., repeller R r) as the closure of all 1-dimensional
unstable W' (resp., stable W) manifolds of saddle points p. That is,

ap=a( U wy).  rRe=a( U w).
dimWh=1 dimW3=1

Let

Vf:M3\(AfURf).
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Figure 2. A representation of the Morse—Smale dynamics as a source-sink.

One can check that A ¢ (R ) is either a connected 1-dimensional lamination in M 3
or a sink (resp., source) in the exceptional case where there are no saddle points with
1-dimensional unstable (resp., stable) manifolds. These 1-dimensional laminations
do not divide the manifold M3. Thus, the set V¢ is a connected 3-manifold. The
factor space Vf = Vy/f is obtained by taking a trapping neighborhood Uy , in the
basin of the attractor A r and identifying the boundaries of the fundamental domain
Ua, \intUy, by f (see Figure 2). This means that its orbit space Vf is a closed
connected manifold. Moreover, in [12] it is proved that Vf is a prime manifold, that is,
a closed orientable 3-manifold which is either homeomorphic to S? x St or irreducible
(any smooth 2-sphere bounds a 3-ball there).

The closed manifold 17/ is our first conjugacy invariant.'
We denote by
pr:Vy— Vf

the natural projection. Note that pr is a cyclic cover whose deck transformation
group is generated by f. Such a cyclic cover is associated to an epimorphism 7 ¢ :

'In this approach, the dimension 3 plays a specific role. In particular, in dimensions 1 and 2 there is no such
canonical choice for the triple A s, R s, V s where all elements are connected.
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Figure 3. Phase portrait of a Morse—Smale diffeomorphism

with heteroclinic points on a 3-manifold.

nl(Vf) — Z so that [¢] — f"7{D is the natural representation of 711(17]") in the
deck transformation group.

Then, ny € H ! (Vf, Z) is our second conjugacy invariant.

Our next invariants consist of the projection to I7f of the 2-dimensional invariant
(stable or unstable) manifolds of the periodic saddle. Denote by

u
Ty

the intersection with V¢ of the 2-dimensional unstable manifolds of the saddle points
of f. It is an invariant 2-dimensional lamination with finitely many leaves which is
closed in V. Each leaf of this lamination is obtained by removing from the unstable
manifold its set of intersection points with the 1-dimensional stable manifold; this
intersection is at most countable (see Figure 3).

As I‘; is invariant under f, it projects to the quotient in a compact 2-dimensional

lamination T’ ;‘c on I7f. Note that each 2-dimensional unstable manifold is a plane on
which f acts as an extension, so that the quotient by f of the punctured unstable
manifold is either a punctured torus or a punctured Klein bottle. Thus, the leaves of
lq? are either tori or Klein bottles punctured at most countable set.

To represent an embedding of a punctured surface, consider a dynamical system
whose phase portrait is shown on Figure 3. For this diffeomorphism A ¢ is the sink o
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Figure 4. The u-lamination of the diffeomorphism f from Figure 3.

and R is the closure of Was1 , where fixed saddle points o1, 07, 03 satisfy the follow-
ing conditions: (Wg; \ 01) N Ry = @; (W, \ 02) N Ry consists of a finite number
of heteroclinic orbits; and (W, \ 03) N R consists of countably many heteroclinic
orbits. The quotient I7f is diffeomorphic to S? x S', and W;‘l U W(}‘z U WU”3 forms a
u-lamination (see Figure 4).

For an arbitrary Morse-Smale diffeomorphism f : M3 — M3, we get two
transversally intersected laminations: the s-lamination f} (as the quotient by f of
the intersection with V¢ of the 2-dimensional stable manifolds) and the u-lamination
f; on I7f, each leaf of which is either the torus or the Klein bottle with empty, finite,
or countable set of punctured points.

The laminations f‘} and f‘; are our last conjugacy invariants.

1.2. The exact formulation of the results

Let MS(M?3) be a set of orientation-preserving Morse—Smale diffeomorphisms f
given on smooth closed orientable 3-manifolds M3 and f € MS(M?3). Let Q 7 be
the nonwandering set of f. For ¢ =0, 1,2,3 denote by €2, the set of all periodic
points of f* with g-dimensional unstable manifolds. Thus

Let us represent the dynamics of f in a source-sink form in the following way. Let
Ar = WS’ZJOUQI’ Ry = WS§2U§2;’ and Vy = M3 \(Af URy). Thenthe set A ¢ (R r)
is a connected attractor (resp., repeller)” of f with topological dimension at most 1,

2A compact set A C M is an attractor of a diffeomorphism f : M"™ — M if there is a neighborhood U of
the set A such that f(U) CintU and A =(),,ey f"(U). A set R C M" is called a repeller of f ifitis an
attractor of 1.
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the set V¢ is a connected 3-manifold, and V; = Wj/mﬂf \Ar = ngfﬂﬂf \Ry.

Moreover, a quotient Vf = Vy/f is a closed connected orientable 3-manifold on
which the natural projection p s : V¢ — Vf induces an epimorphism nf i (Vf) —
Z, assigning to a homotopy class [¢] € 71 (Vf) of a closed curve ¢ C Vf an integer n

N

such that its lift on V¢ joins a point x with the point /" (x). Let Ff Drf (WQl \Ay)
and T% = p (W, \ Ry).

Definition 1.1
The collection Sy = (Vr,ny, F}, FJ“,) is called the scheme of the diffeomorphism
feMS(M3).

Definition 1.2

The schemes S s and S s/ of diffeomorphisms f, /' € M S(M?3) are called equivalent
if there is a homeomorphism ¢ : I7f — I7f/ with the following properties:

D ny= rlffgﬁ*,

@) @(I'%) =14, and $(I') =

THEOREM 1
Two Morse—Smale diffeomorphisms f, f' € M S(M?3) are topologically conjugate if
and only if their schemes are equivalent.

The realization problem has been solved in the general setting in [10], generaliz-
ing the solution proposed in [8] for the gradient-like diffeomorphisms.
The structure of the paper is as follows:

. In Section 1, we give a formulation of the classification results for Morse—
Smale 3-diffeomorphisms.
. In Section 2, we represent the general properties of Morse—Smale diffeomor-

phisms and their space of wandering orbits, which are necessary for the topo-
logical classification.

. In Section 3, we construct a compatible system of neighborhoods, which is the
key point for the construction of the conjugating homeomorphism.

. In Section 4, we construct a conjugating homeomorphism foretelling the con-
struction by an intuitive idea how it has to be.

. In Section 5, we prove some topological lemmas which we used in the classi-

fication theorem.

2. General properties of Morse-Smale diffeomorphisms
In this section, we represent the general properties of diffeomorphisms from the
class M S(M™") of orientation-preserving Morse—Smale diffeomorphisms f given on
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a smooth closed orientable n-manifold M", which are necessary for the topologi-
cal classification. Proofs of the facts below can be found in the following sources:
(71, (91, [12], [18], [20], [21], [23], [26], [27], [32], [35], and [36].

2.1. Dynamics

Let f € MS(M"™). According to the definition of the Morse—Smale diffeomorphism,
the nonwandering set 2 ¢ of the diffeomorphism f consists of a finite number of
periodic points (2 = Per r). The hyperbolic structure of the set €2 r implies the
existence of the invariant manifolds for each periodic point p € Q2 ; of period m p:
stable W, and unstable W/, which are defined in topological terms as the following:

W, = {xeMm” :nErJrrlood(f"mP(x),p) =0},

W, = {xeM": lim d(f""7(x).p)=0},

n—-+o0o

where d is a metric on M". Moreover, dim W, =n —q, (dim W} = q,), where g,
is the number of the eigenvalues of Jacobian (aj;:p )| p with the absolute value greater
then 1 (Morse index). Further, for any subset P C 2 r, we will denote by Wp (Wp) a
union of the unstable (stable) manifolds of all points from P. A connected component
€5, (6%) of the set W \ p (W' \ p) is called a stable (unstable) separatrix of the
point p. A number v,, which equals +1 if the map /™|y preserves orientation
and equals —1 if f™7[yu changes orientation, is called a fype of orientation of the
point p. The triple (mp.qp.vp) = (Mo,.q0,.v0,) is called a periodic data of the
point p or the orbit @,

A periodic point p is called a saddle if 0 < g, < n and called a node otherwise;
moreover, p is a sink (resp., source) if g, = 0 (qp, = n). As a diffeomorphism f
preserves orientation, the type orientation of any node point equals +1; but, for a
saddle point, both values +1, —1 are possible. For ¢ € {0, ...,n}, denote by 2, the
set of all periodic points with the Morse index ¢ and k ¢ the number of periodic orbits
of fe MS(M").

Dynamical properties and topological type of a Morse—Smale diffeomorphism
are largely determined by the properties of the embedding and by the mutual dispo-
sition of the invariant manifolds of the periodic points. The key role here belongs to
the study of asymptotic properties of the invariant manifolds of the saddle periodic
points.

Statement 2.1
Let f €e MS(M™). Then

M M7 =Upea, Wi
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2) W;‘ is a smooth submanifold” of the manifold M" which is diffeomorphic to
R47 for every periodic point p € Q r;

(3) AP\ Up)= Urengzg%nW’;S‘#@ W, for every unstable separatrix £}, of
a periodic point p € 2 ¢, where cl(-) stands for the closure of (-).

According to item (2) of Statement 2.1, the map f |W29’,, : W(;‘p — W(;‘p is a dif-
feomorphism. Furthermore, the class of topological conjugacy of the diffeomorphism
S™?|wy is completely determined by the Morse index ¢, and the orientation type
v, of the point p. Namely, according to the theorem on the local topological classifi-
cation of the hyperbolic fixed point of a diffeomorphism (see [27, Theorem 5.5]), the
map f™7 is locally conjugated at p to a linear diffeomorphism ag,, v, : R" — R"
given by the formula
Xgp+1 Xgp+2 Xn

Letus call a4, : R" — R" a canonical diffeomorphism. Denote by O the coordi-
nate origin in R". Furthermore, denote by ag ,, a, ,, the restrictions of the canonical

aqp,vp(xl,...,xn) = (vp-2x1,2xz,...,2xqp,vp.

q,v°
diffeomorphism to Ox1,...,x4, OXx441,...,%, and call the diffeomorphism aZ,U,
ag , a canonical expansion, or canonical contraction, accordingly. According to item

(2) of Statement 2.1, W(’Q‘p is a smooth submanifold of M”" and, hence, the map
flwy - W(})‘p — W(’g‘p is a diffeomorphism. Thus we have the following global topo-
p

logical classification of the maps f |W0u .
p

Statement 2.2

Let f € MS(M"). Then for every periodic point p € Q the diffeomorphism
f™7 lwy + Wy — W is topologically conjugate to the canonical expansion ag ,,
R9r — R4r,

If a periodic point is a saddle, then the embedding of its f -invariant neighborhood
is also of importance. We begin with the linear case.
Forge{l,...,n—1},t € (0,1] let

N; ={(x1,...,x,,)eR”:(xf+---+x§)(x§+1 +---+x5)<t}

3A subset A of a C”-manifold X (r > 0) is called a C”-submanifold if for some integer 0 < k < n
each point of A belongs to a chat (U, %) of X such that ¥ (U N A) = RX or % (U N A) = R{"_, where
R¥ ={(x1,...,%n) ER" : X417 == x,, = 0} and Rﬁ ={(x1,...,x,) €R¥ : x; > 0}. Herewith, A
becomes C -manifolds with chats {(U N A, ¥|yna)}. A CO-submanifold is also called a ropological sub-
manifold. A classical topological fact says that a subset A of a C” -manifold X with ¥ > 1 is a C” -submanifold
if and only if it is an image of a C”-embedding. That is, there is a C”-manifold B and a regular C"-map
g : B — X (the rank of the Jacoby matrix of g at each point equals the dimension of the manifold B) which
homeomorphically sends B to the subspace A = g (B) with the topology induced from X . The map g is called
a C"-embedding.
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and N} = ;. Notice that the set N} is invariant with respect to the canonical diffeo-
morphism a,,, which has a unique fixed point O that is a saddle point. Its unstable
manifold being W5 = Ox1,..., x; and its stable manifold W5 = Oxg41, ..., Xp.

Definition 2.1
Let f € MS(M"). We call a neighborhood N, of a saddle point o € Q ¢ linearizing
if there is a homeomorphism pgs : Ny — Ny, which conjugates the diffeomorphism
f™|n, to the canonical diffeomorphism ag, v, |a,, -

The neighborhood N, = "2, ' 7%(Ny) equipped with the map 1o, made up
of the homeomorphisms g f % : f*(Ny) — MNngor kK =0,...,mgs —11is called the
linearizing neighborhood of the orbit O, and the map (e, is called linearizing.

Statement 2.3
Every saddle point (orbit) of the diffeomorphism f € M S(M"™) has a linearizing
neighborhood.

Due to the linear dynamics near saddle points, we have the following fact.

Statement 2.4

Let o be a saddle point of a diffeomorphism f € MS(M"), let T, C WS be a
compact neighborhood of the point o, and let £ € T,. Then, for every sequence of
points {&,} C (M" \ T;) converging to the point £, there are a subsequence {& },
a sequence of natural numbers k,; — +00, and a point 17 € (W' \ o) such that the

sequence of points { £ (&, )} converges to the point 7.

Define in the canonical neighborhood N a pair of transversal foliations ¥*, ¥
in the following way:

Fl = U {01 Xn) € Nyt (Xgats ey Xn) = (Cqts-nsCn) ),
(Cg4-15-Cn)EOXGg41...Xn
}‘qsz U {(xl,...,xn)eNq:(xl,...,xq)=(61,---,Cq)}-

(€1,..,¢q)EOXT .. Xg

The dimensions of the leaves of ¥, and ¥ are g and n — g accordingly. Notice that
the canonical diffeomorphism ag4,, sends the leaves of the foliation 37‘1“ ((Fqs ) to the
leaves of the same foliation. According to Statement 2.3, for any saddle point o of
f € MS(M?3), the foliations Fg. . ¥, induce, by means of the linearizing map, f-
invariant foliations F gg, F (590 on the linearizing neighborhood N, , which are called

linearizing (see Figure 5).
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No

Figure 5. Linearizing foliations in the linearizing neighborhood.

According to item (2) of Statement 2.1, the invariant manifold of a periodic point
of a diffeomorphism f € M S(M") is a smooth submanifold of M". Nevertheless, its
closure can have a complicated topological structure. The nature of this phenomenon
is either dynamical or topological. The first case corresponds to a situation when a
separatrix of a saddle point takes part in the heteroclinic intersections.

Definition 2.2

If 01, 0, are distinct periodic saddle points of a diffeomorphism f € MS(M"™) for
which W, N W # @, then the intersection W7 N W is called a heteroclinic inter-
section.

. If dim(Wg, N W) > 0, then a connected component of the intersection W, N

Wy, is called a hzeteroclinic manifold, and if dim(W;, N W) =1, then it is
called a heteroclinic curve;

. If dim(W;l N WJ‘Z) = 0, then the intersection W(fl N W(}‘z is countable; each
point of this set is called a heteroclinic point, and the orbit of the heteroclinic

point is called a heteroclinic orbit.

Definition 2.3
A diffeomorphism f € M S(M") is said to be gradient-like if from W;, N Wz # 0
for different points o7y, 07 € Q f it follows that dim W[}‘l < dim W(}‘z .

It follows from the transversality of intersection of invariant manifolds of the
periodic point that a diffeomorphism f € M S(M") is gradient-like if and only if it
has no heteroclinic points.
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According to item (3) of Statement 2.1, the closure of a separatrix of a saddle
point which has heteroclinic intersections is not a topological manifold in general,
but the closure of a separatrix of a saddle with no heteroclinic intersections is a topo-
logically embedded manifold.* The following statement holds.

Statement 2.5
Let f € MS(M"), and let o be a saddle point of f such that its unstable separatrix
£¥ does not take part in the heteroclinic intersections. Then

(€)= £4 U {0},

where w is a sink periodic point of f. Herewith, if g5 = 1, then cl({%) is a topo-
logically embedded arc in M"; if g5 > 2, then cl(£%) is a topologically embedded
go-sphere in M".

According to item (2) of Statement 2.1, £% U o is a smooth submanifold of the
manifold M". However, the manifold cl({z) may be wild at the point ; in this case
the separatrix £ is called wild, and it is called fame in the opposite case.

For n = 2, according to E. Moise’s results in [25], every compact arc, and hence
any separatrix with no heteroclinic points, is tamely embedded into M 2. An example
of a wild compact arc in S? (that has nothing to do with dynamical systems) was
constructed by E. Artin and R. Fox in 1948 (see [1]). The first example of a Morse—
Smale diffeomorphism with wildly embedded separatrices belongs to D. Pixton [30]
(see Figure 6), and it is based on the Artin—Fox arc. The following statement proved
in [22] and [13] contains criteria for the tame embedding of separatrices (1- and 2-
dimensional) of the saddle points for a diffeomorphism f € M S(M?3).

Statement 2.6

Let f € MS(M?3), let ® be a sink, and let £y be a 1-dimensional (resp., 2-
dimensional) separatrix of a saddle o such that £% C W_3. The separatrix £} is
tamely embedded into M3 if and only if there is a smooth 3-ball B, C W, contain-
ing w in its interior and such that £ intersects dB,, at exactly one point (resp., one
circle).

4A CO%-map g : B— X is called a topological embedding to a topological manifold X of a topological man-
ifold B if it homeomorphically sends B to a subspace g(B) with the topology induced from X . The image
A = g(B) is called a topologically embedded manifold. Notice that a topologically embedded manifold is not
a topological submanifold in general. If 4 is a submanifold, then it is called tame or tamely embedded, in the
opposite case wild or wildly embedded, and the points of violation of submanifold’s condition are called points
of wildness.
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d

A N
& B, @2

Figure 6. Pixton’s example.

Figure 7. Tame separatrices of the periodic points.

In Figure 6 are represented 3-balls B, , B, around the sinks w;, w,. By the
criteria above, the unstable saddle separatrix going to w; is tame, but the other is wild.
Notice that all saddle separatrices in Figure 7 are tame, unlike the Pixton example.

According to S. Smale [35], it is possible to define a partial order in the set of
saddle points for a Morse—Smale diffeomorphism f as follows: for different periodic
orbits O, # O, one sets

Op =<0, ifandonlyif ~ Wg NWg #0.

In that case, it follows from [26, Lemma 1.5] that there is a maximal sequence of
distinct periodic orbits O, ..., Op, satisfying the following conditions: O, = O,
Op, =04 and Op; < Op, . In that case, the sequence Op,, ..., 0, is said to be a
k-chain connecting O, with Q4. The length of the longest chain connecting @ ,, O,
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Figure 8. Ordered periodic orbits.

is denoted by
beh(9, | O,)

from the word behavior. Set beh(Q, | @) =0 if W” N WS = (. For a subset P of
the periodic orbits, let us set beh(9, | P) = maxopep{beh(Oq | Op)}.

In Figure 8, ordered periodic orbits for a Morse—Smale 3-diffeomorphism are
represented. Here beh(014 | Og) = 2, beh(O15 | O1) = 4, and so on.

Let us divide the set of the saddle orbits of f on two parts X4, X g such that
WgR N Wé‘A = . Notice that such a division is not unique; moreover, one of the
parts may be empty. For arbitrary such decomposition let

A=WE UQp.  R=W§ UQ,  V=M"\(AUR).

Statement 2.7
Let f € MS(M™). Then we have the following:
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(1)  Theset A(R) is an attractor (resp., repeller) of f'; moreover, if dim A < (n—2)
(resp., dim R < (n — 2)), then the repeller R (resp., attractor A) is connected
and if dim(A U R) < (n — 2), then the manifold V' is connected.

() V= anszf \A= W%mg_f \ R.

We call V' a characteristic manifold. Below we study orbit spaces of some wan-
dering sets and, in particular, the characteristic space V. =V/f.

2.2. Orbit spaces

In this section, we are interested in the topology of an orbit space for a some diffeo-
morphism g : X — X on a manifold X. We use the denotation X /g for the space of
g-orbits on X and py,, : X — X/g for the natural projection. Let us recall that a
Sfundamental domain of the action g on X is a closed set Dy C X such that there is a
set D ¢ with the following properties:

(1) cl(Dg) = Dy;

2)  gK(Dy)N Dy =@ forall k € (Z\ {0});

3) Uz 8 (Dg) = X.

We say that g acts discontinuously on X if for every compact set K C X the set
of elements k € Z such that g% (K) N K # @ is finite. In a case of such action, the pro-
jection py/g is a cover (see Statement 2.8 below) and then we can make the following
construction. Suppose that the space X /g is connected, and denote by n y the number
of connected components of X and by p}} < (%) the preimage of a point X € X /g with
respect to the cover py/, : X — X/g (it is an orbit of some point x € p}}g (x)). Let
¢ be aloop in X /g such that ¢(0) = ¢(1) = Xx. Due to the monodromy theorem (see,
e.g., [23, Corollary 16.6]), there is a unique path ¢ in X with the beginning at the point
x (c(0) = x), which is the lift of é. Therefore, there is an element’ k € nxZ indepen-
dent on ¢ such that ¢(1) = g¥(x). Let Nx/g : w1(X/g) — nxZ be a map sending [(]
to k.

Statement 2.8

Let a diffeomorphism g acts discontinuously on n-manifold X. Then we have the

following:

(1) The natural projection px/g : X — X/g is a cover.

2) The quotient X /g is an n-manifold.

3) For a fundamental domain Dg of action g on X, the orbit spaces Dg/g and
X /g are homeomorphic.

(4)  The map nx/q : m1(X/g) — nxZ is an epimorphism.

SHere n x Z denotes the set of integers multiples by 7 x .
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Statement 2.9

Let diffeomorphisms g, g’ act discontinuously on manifolds X, X', accordingly, and

the manifolds X /g, X’/g’ are connected. Then we have the following:

(1) I h:X — X' is a homeomorphism such that hg = g’h, then the map h:
X/g — X'/g' given by the formula i = pXr/g/hp;(}g is a homeomorphism
and nx/g = ’iX’/g’h*

2) Ifh: X/g—>X'/g isa homeomorphlsm such that ny/g = r}X//grh*, then for
some point x € X and x’ € pX,/g,(h(pX/g (x))) there is a unique homeomor-

phism /2 : X — X' being a lift of / such that hg=g'h, h(x) =x'.

Let us illustrate the facts above on the orbit space Wy, = (R? \ O)/ay , of the
action of the canonical expansion a; , on R? \ O forg € {1 L nh Ve {—I—l —1}. It
is obvious that this action is dlscontmuous and its fundamental domain is the annu-
lus {(x1,...,xg) eR?:1 < xf + -+ xg < 4} (see Figure 9), which implies the
following list of possibilities.

Statement 2.10

(1) The space W}‘,_l is homeomorphic to the circle.

2) The space W}‘ 41 1s homeomorphic to the pair of circles.

(3)  The space W, _; is homeomorphic to the Klein bottle.

(4)  The space "W;‘ +1 is homeomorphic to the torus T?.

(®)] The space W” _1> ¢ = 3 is homeomorphic to a generalized Klein bottle.°
(6)  The space W"; +1> ¢ = 3 is homeomorphic to S9! x S!.

Now let r be a periodic point of f € MS(M") with the Morse index ¢, > 1.
Consider the orbit space Wy = (Wg \ 0r)/f. The next statement illustrates an

interrelation between Wé‘r and the linear model.

Statement 2.11

Let 7 be a periodic point of a diffeomorphism f € M S(M™) with the period m,, the
orientation type v,, and the Morse index g, > 1. Then the natural projection qu
is a cover which induces a structure of a smooth orientable ¢,-manifold on the space

W('D‘r, and there is a homeomorphism h'(‘gr : W“ — 'W; v, such that nt, ([eh =

Myl ([fz’(‘% (¢)]) for every closed curve ¢ C W('p‘r.

A generalized Klein bottle is a topological space which is obtained from S?~! x [0, 1] by identification of its
boundary with respect to the map g : S7~1 x {0} — S9! x {1} given by the formula g (x1,X2,...,Xs,0) =
(=x1,x2,...,%¢,1).
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Tu
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)

Figure 9. Orbit spaces of the canonical expansion.

The space orbit Wg,v = (R"™\ O)/ay,, of the canonical contraction for q €
{0,...,n—1},v € {+1,—1} and the space W(;r = (Wy, \ Or)/f for a periodic point
r with the Morse index ¢, < (n — 1) are defined similarly.

Figure 10(a) shows a Morse—Smale diffeomorphism f : S* — S3, the nonwan-
dering set of which consists of eight periodic points with the following periodic
data: Oy, (1,0,4+1), Oy, (1,0,+1), Op,(3.0,+1), O, (1,2,+1), Of,(1,1,+1),
05,(3.1,41), Oy, (1,3,41), and O, (1,3,41). Figure 10(b) shows the funda-
mental domains of the action of the diffeomorphism f on W(;w,- \Oy,;,i =1,2,3,

W(;‘a. \(9‘11" i = 1,2. Each fundamental domain is the 3-annulus from which the
orbits spaces W(;w_, i=1,2,3, I/f/@”a_, i = 1,2, are obtained by gluing the boundary
spheres by the diffeomorphisms f™«i,i =1,2,3, f™,i = 1,2, respectively. The



TOPOLOGICAL CLASSIFICATION OF MORSE-SMALE DIFFEOMORPHISMS 2525

Figure 10. Orbit spaces of the separatrices of the periodic points.

orbits spaces W(;U' s Wé‘m ,1 =1,2,3 are obtained from the arcs and the cylinders by
gluing the points with the same numbers and the circles with the same numbers.
Figure 11(a) shows a Morse—Smale diffeomorphism f : S* — S3, the nonwan-
dering set of which consists of five periodic points with the following periodic data:
00 (1,0,41), Og,(1,2,-1), O5,(2,2,41), Oy, (2,3,4+1), and Oy, (2,3, +1). Fig-
ure 11(b) shows the fundamental domains of the action of the diffeomorphism f on
W(;w \ Oy and W(;‘al_ \ Og;,i = 1,2. Each fundamental domain is the 3-annulus from

which the orbits spaces Vf/sw, W(‘D‘a‘, i = 1,2, are obtained by gluing the boundary
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Figure 11. Orbit spaces of the separatrices of the periodic points.

spheres of the annulus by the the diffeomorphisms f™®, f™« j = 1,2, respectively.
The orbits spaces W(;a , W(';U' ,1 = 1,2, are obtained from the arcs and the cylinders

by gluing the points with the same numbers and the circles with the same numbers.
On the set N = Ny \ W}, the action of the group Ag,, = {a’;,v, k € Z} is discon-

tinuous again. Due to Statement 2.8, the space orbit N!, = (N;')/ag,v is a smooth

n-manifold. As aq,v|W5\0 = aZ’v|W5\0, we have that N/, is a tubular neighbor-

hood of the space W;’v. Furthermore, W('; +1 is homeomorphic to S77! x S! x {0}
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and its tubular neighborhood ﬂq”f +1 is homeomorphic to S97! x S! x D"~4. As
ai_l = aé’ 41 and the diffeomorphisms aé, 41 and ag4 41 are topologically conju-
gated due to Statement 2.2, we have that the manifold W' |, is the 2-fold cover of
the manifold W:;,—l and the manifold . 4.+1 1s the 2-fold cover of the neighborhood
J\Afu
g,—1" .
Similarly, one defines the orbit space N7, = N /ay ,, (Where N = Ny \ W),

the covering map p g @ N — N 4.v» and the map 7 o from the union of the fun-
q.v ’ q.v

damental groups of the connected components of the manifold N v into the group Z.
Figure 12 shows these objects for n =3, ¢ = 1, and v = +1. To make the struc-
ture of the orbit space :/\Af;,v, J\qu’fv more clear, we mark out the fundamental domain
of the action of the canonical diffeomorphism a,,, on the sets N}, N, q“.
Now let o be a saddle periodic point with Morse index ¢, of a diffeomorphism

f € MS(M?"), and let No, be a linearizing neighborhood of the orbit O,. Let

(@)

ommEEEEm -

gl o

- - 1 -
=

)

-

e

L DTS s Sy e e

»

Figure 12. Neighborhoods of the orbit spaces of the
canonical contraction and the expansion for n = 3.
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Ng” = No, \ W(“;G. Consider the orbit space ]\A/ga = Nga /f of the action of the
diffeomorphism f on Ng_. Denote by p . :Ng, — N 0, the natural projection.

The following statement shows the connection between the orbit space N 5U and the
linear model.

Statement 2.12

Let o be a saddle periodic point of period m, with orientation type v, and Morse
index g, for a diffeomorphism f € M S(M"). Then the projection p 7 is the cov-

Oo

ering map; it induces a structure of a smooth n-manifold on the orbit space Ng_ and
it induces a map 7 s from the union of the fundamental groups of the connected
components of the manifold N 50 into the group Z such that there is a homeomor-
phism iy : Ng_— Nq“ v, Which satisfies U ([€]) = mg N ([, (©)]) for
any closed curve ¢ C N 00 -

Similarly, one defines the orbit space ]\7 9, = No,// of the action of f on
NS = No, \ W4 i the covering map pNS N s N@ , and the map ’7N5 con-
51st1ng of nontr1v1a1 homomorphisms into the group Z of the fundamental group of

each connected component of the manifold N p
Below, for any ¢ € (0 1] we denote Ny = (ko) N (Ny), N =

U2y FXN), Mot = qc o \ o NG = ()TN (NG), Ngl =
UkZo  FEINGD, - Nop = Ng, \ W, NG' = (o) ™M (NG NG,
mg—l fk(Nst) NUVU _pN”’ . (,N'q"::),and N;;v pd\}z%,ug (Nqsé .

Statement 2.13
For every ¢ € (0, 1), the neighborhood N! is linearizing. Generically among the ¢’s,
the boundary of N does not contain any heteroclinic point.

Let us recall that we divided the set of the saddle orbits of f into two parts
Y 4, X g such that WZS;R N WgA =@ and we set 4 = WgA UQg, R= WESR U Q3,
V=M"\(AUR).

Statement 2.14
The orbit space V = V/ f is a closed orientable n-manifold.
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3. Compatible foliations
In this section, for any diffeomorphism f € M S(M3) the existence of a compatible
system of neighborhoods is proved. This system is a key point for the construction of
a conjugating homeomorphism. Before the definition, let us introduce some notation.
Let f € MS(M?3). It follows from Statement 2.7 that if the set Q, is empty,
then Ry consists of a unique source. If Q, # @, then denote n the length of the
longest chain connecting some p, g from Q. Divide the set Q2, into f-invariant
disjoint subsets ¥¢, ¥1,..., 2, inductively as follows: let X consist of those orbits
O € Q5 such that Wg N Wg, = @ for any orbit O’ C (22 \ 0), and, for i > 0, let
Yi+1 consist of those orbits @ C (222 \ (Zo U - U X;)) such that Wg N W5, =0
for any orbit @' C (2, \ (Zo U---U X; U 9)). A similar representation of the set Q1
can be obtained by going to the inverse map f~!. We denote by =5, X7,..., =,
the components of this splitting. Without loss of generality suppose that n > n~.

Notation 3.1

. WY .= ng_,Wis:z w3 .

4

. Nf:=Ugpes; Ng and pLI,- composed by e, @ € Z;.

. For every point x € N;, denote by F*_ (resp., F’,) the leaf of the foliation
F}Y (resp., F}) passing through x.
L For every point x € N;, set x¥ = W* N F’ and x] = W’ N FY_. Thus, we

have x = (x;’, x;) in the coordinates defined by u;. ‘

. Fori e {O,...,n}A, set Aj ;= Ay U Ulj=0 Wi, Ri:=Ry\ Ulj=0 W?, V=
M\ (A; UR,;), V;:=V;/f.Observe that f acts freely on V;, and denote by
piVi— V; the natural projection and by 7; the corresponding epimorphism.

. For completeness, we put Ay = Ay, R_1 = Ry, V1 = Vy, 17_1 = I7f,
p-1=pf.andn_; =1y. R R

. For j,k € {0,...,n} and t € (0,1), set st,k = pk(st N Vi), W]?fk =
(WO Vi), Nt = pr(NEN V).

. LY =l Wi, LS = Ul W, L =LY N Vi, LS =L NV, LY =
pi(L¥), and L := p; (LY).

Definition 3.1

Let f € MS(M?3). A collection N s of linearizing neighborhoods Ng, , ..., No, , of
all saddle orbits O1,..., O , of f is called compatible and the corresponding folia-
tions are called compatible if, for every saddle orbits O;, O, the following properties
hold:

(H If W(;i N W(';j =@ and W(';i N W(gj =0, then Nog, N Nog, = 0.
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2) If W(‘;i N Wé‘j # ), then (F(SDj,x N Ng,) C Féi,x and (ng,x N N(gj) C ng,x
for x € (No, N N@j).

Remark 3.1
The compatible system of neighborhoods is a modification of the admissible system
of tubular families introduced by J. Palis and S. Smale in [26] and [28]. But here

we construct a compatible system of neighborhoods for an arbitrary diffeomorphism
f € M S(M?) independently (see Theorem 2).

Figure 13 shows a foliated neighborhood of a point A belonging to a heteroclinic
curve. Some Morse—Smale diffeomorphisms with heteroclinic curves on S are rep-
resented below.

THEOREM 2

For each diffeomorphism f € M S(M?3) there is a compatible system of neighbor-
hoods.

Proof
The proof consists of four steps.

Step 1. Due to [6, Lemma 3.5] there exist f-invariant neighborhoods U, ..., U,
of the sets Xy, ..., Xy, respectively, equipped with 2-dimensional f -invariant folia-
tions F, ..., FY whose leaves are smooth such that the following properties hold for
eachi €{0,...,n}:

@) The unstable manifolds W} are leaves of the foliation F}*, and each leaf of
the foliation F}* is transverse to L.

(i) Forany 0 <i <k <n and x € U N U}, we have the inclusion F,g"x NnU} C
Fl.

Denote by ng the 2-dimensional foliation constructed on the f-invariant neigh-
borhood | J;_, U;. We have similarly the 2-dimensional foliation FQ, - Set

By, =ps(F8).  F§ =pr(Fs).

Step 2. Let us construct an f-invariant neighborhood Uy of the union of the
heteroclinic curves H = Wél N Ws’;z equipped by an f -invariant foliation Gg con-
sisting of 2-dimensional disks which are transversal to H and to both 2-dimensional
foliations Fg and Fg .

Let H = f‘j, N f‘;‘c Let us divide the set H into the parts Hy,..., H, in
the following way: Hy = Wga nwg, Hi = (ng U WESI_) nWg, UWs) \

Hooooo. Hom = (Uj o W= UG oo WEO\N UG g" Hp).oo Ho = (o We- 0
U0 WO\ (U126 H)).
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ES s
Olx FOuI,x 01

u
F02,x

Figure 13. Foliated neighborhood of a point A on a
heteroclinic curve and examples of heteroclinic curves.

Let H = py(H) and H; = p s (H;). By construction, the set H is compact
and consists of an at most countable set of curves being the projection of all het-
eroclinic curves of f. Moreover, the set I:IO consists of a finite number of circles,
as it is a transversal intersection of compact surfaces p f(ng) and pr(Wg ). Any
curve Po C Ho belongs to the intersection p f(WaSO—) N pr(Wy) for some oy € Xy,
00 € X (depending on Pp). Then there is a tubular neighborhood U;,, of the curve
7o foliated by 2-dimensional disks (A});O = {a?x, X € Po} which are transversal to the
leaves of the foliations 13“;0_, 15;‘0 Denote by 170 the union of U, 7 C I:IO and by Go
a foliation on Uy composed by GA%, 70 C Hy. Denote by CA}O,;C a leaf of the foliation
Go passing through a point X € Us.
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By construction, the set H, \ int Uo consists of a finite number of compact curves.
Any curve 1 C (Hy \ intUp) belongs to the intersection p f(WUsl—) N pyr(Wy) for
some 07 € (X, U X7]), 01 € (X9 U Xy) (depending on p;). Then there is a tubular
neighborhood Uy, of the curve p; foliated by 2-dimensional disks Gl;l = {ﬁx, X €}
which are transversal to the leaves of the foliations ﬁgl_, ﬁ;‘l Denote by U; the
union of Uy, 1 C (H; \ intUp) and by G a foliation on U; composed by (A}f,l,
71 C (H; \ intUp). Due to the compatibility of the 2-dimensional foliations FS s
F 52, we can construct these tubular neighborhoods with disk foliations satisfying the
properties

(GAL;C N 00) C éO,fc for x € (00 N Ul)

Continuing this process, we get a 2-dimensional foliation G which is formed by
the 2-dimensional disks on a neighborhood U of the set H. Then G = p}l (é) isa
required foliation on Uy = p;l 0).

Denote by

aky u
Fﬁ (resp., Fﬁ)

a 1-dimensional foliation which is formed by the intersection of the leaves of the
foliation G with the leaves of the foliation Fél (resp., ng), and denote by F; (resp.,
Fy) afoliation on Uy cogsisting of tAhe preimages with respect to the projection p ¢
of leaves of the foliation F ;1 (resp., F ;ﬁl). Without loss of generality we can suppose

that the following map fr;l ‘U(H) - f;‘, (resp., ﬁ;‘l ‘U(H) - f}) along the leaves

F ;9 (resp., ﬁ;‘l) is well defined.
We also have the following statement.

LEMMA 3.1
There exist f-invariant neighborhoods U}, ..., UY of the sets Xy, ..., Z,, respec-
tively, equipped with 1-dimensional f -invariant foliations Fy, ..., F; with smooth

leaves such that the following properties hold for each i € {0, ...,n}:

(iii)  The stable manifold W} is a leaf of the foliation F}, and each leaf of the
foliation F} is transverse to LY.

(iv) Forany0<j <iandxeU"N U}‘, we have the inclusion (F;,x nuUt) c
Fi

(v) The intersection of a leaf of the foliation F; with the set Uy is a leaf of the
foliation F;.

Proof
The proof is done by an increasing induction from i = 0; it is skipped due to its
similarity to Step 1. O
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Step 3. We prove the following statement for each i =0,...,n.
LEMMA 3.2

(vi)  There exists an f -invariant neighborhood N,- of the set ¥; contained in U7 N
U}" and such that the restrictions of the foliations F}* and F} to N; are trans-
verse.

Proof

Let us choose a fundamental domain K7 of the restriction of f to W \ ¥; and take
a tubular neighborhood N(K}') of K? whose disk fibers are contained in leaves of
F}. By property (i), each leaf of the foliation F}* is transverse to L}; hence F}
is transverse to W;*. Since every leaf of the foliation F;’ is smooth and transversal
to W then, due to the A-lemma (see, e.g., [27, p. 85, Remarks]), F}’ is Cl-closed
to W?. Thus, if N(K?) is small enough, the foliations F;* and F}* have transverse

intersection in N(K7). Set

N :=wruJ fH(NKD).

kez

This is a neighborhood of o;; it satisfies condition (vi), and the previous properties
(i)—(v) still hold. Moreover, we can choose N(K}) such that dN; is smooth. O

Step 4. To prove the theorem it remains to show the existence of linearizing neigh-
borhoods N; C ]\~/,~, i =0,...,n, for which the required foliations are the restriction
to N; of the foliations F}, F.

For each orbit of f in X;, choose a unique point p. Let N » be a connected
component of Ni containing p. There is a homeomorphism ¢}, : Wi — W (resp.,
¢y : Wy — Wp) conjugating the diffeomorphisms /™7 |y and ag,v,|wy (resp.,
f™7|lws and ag,,v,|ws ). In addition, for any point z € N p there is a unique pair
of points z; € Wy, z,, € W,/ such that z = F’, N F/, . We define a topological
embedding jip : Np — R3 by the formula fi,(z) = (x1, X2, X3), where (x1,x2) =
@5 (zu) and x3 = ¢} (25). Choose 7o € (0, 1] such that thg C ﬂp(Np). Observe that

ag,.v, INJ% is conjugate to ag,, v, |n,, by

h(x1,x2,x3) = ( AL )

Vo' Vo' Vo

Set Np = /1;1 (N(;g) and up = hfip: Ny — Ng,. Then, N is the wanted neigh-
borhood with its linearizing homeomorphism . Set N sk () = f k(N p), and denote
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by ji; a map composed from /i, for all p € ¥; such that fi px(,)(x) = jip (f*(x))
for x € N k() and k € {1,...,mp}.

For saddle points with Morse index 1, it is possible to prove lemmas similar to
3.1 and 3.2 and, hence, construct compatible neighborhoods. O

4. The proof of the classification Theorem 1
Let us prove that the diffeomorphisms f, ' € M S(M?3) are topologically conjugated
if and only if their schemes are equivalent.

Necessity. Let the diffeomorphisms f, f' € M S(M?3) be topologically conju-
gated by a homeomorphism A : M* — M?3. Set ¢ = h|y,. Then the homeomorphism
@ : Vy — Vg conjugates the diffeomorphisms f|y, and f’|y,,. As the natural
projects p r, p s- are covers and ¢ sends the invariant manifolds of the periodic points
of f to the invariant manifolds of the periodic points of f’ preserving dimension and
stability, we have that, due to Statement 2.9, a map ¢ = pf/(pp}l : I7f — I7f/ is the
required homeomorphism making the schemes S 7, S s/ equivalent.

Sufficiency. For proving the sufficiency of the conditions in Theorem 1, let us
consider a homeomorphism ¢ : I7f — I7f/ such that
() np =np@s R )

2) @(F}) = Fj,, and (ﬁ(F;‘,) = F},.

From now on, the dynamical objects attached to f’ will be denoted by
L™, L, %!, ... with the same meaning that L* L° %;,... have with respect to
f. Due to property (1), ¢ lifts to an equivariant’ homeomorphism ¢ : Vi— Vi,
thatis, f'|v,, = ¢fe~ v,

If the homeomorphism ¢ admits a continuous extension to the 1-dimensional
stable and unstable manifold of the saddle points, then it induces a conjugacy between
f and f’, ending the proof. However, in general, ¢ does not admit such a continuous
extension on the 1-dimensional invariant manifolds: we will need to modify ¢ in order
to get a new homeomorphism, extending to the 1-dimensional invariant manifolds.
Before the detailed construction we give a sketch of such modification.

4.1. Intuitive idea for the proof
It is not hard to check that ¢ can be extended on the periodic saddles (see Lemma 4.1
below). Due to property (2), ¢ can be extended so that it maps F;‘, to I‘;/ and I'j, to
Fj,, (see Lemma 4.2 below).

Each saddle point o is equipped with an invariant linearizing neighborhood N
with invariant stable F; and unstable F¥ foliations. Furthermore, this system of local
foliations is compatible: these invariant neighborhoods may intersect, and, on the

7For brevity, equivariance stands for (f, f’)-equivariance.
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intersection, the stable leaves of dimension 1 are contained in the 2-dimensional sta-
ble leaves and the stable foliations of the same dimensions coincide; the same holds
similarly for the unstable foliations (see Theorem 2 above).

These locally invariant compatible foliations induce on the quotient I7f and Vf/
compatible foliations defined in the neighborhood of the stable and unstable lamina-
tions f‘} u f‘i‘, and IA“}, ur,, respectively. If one can modify ¢ : Vf — I7f/ in order
that it preserves these foliations, we are done: each point in a 1-dimensional stable or
unstable manifold is the intersection point of this manifold with a 2-dimensional leaf.

This approach works well when the diffeomorphisms f and f’ have no hetero-
clinic intersections. In that case, the laminations fj, and f’}”c are disjoint and consist
of finitely many tori or Klein bottles. Then we can modify ¢ in a neighborhood of
the laminations f’j, and f;‘, so that it preserves the system of compatible foliations,
and we can glue this local modification with the old homeomorphism far from the

laminations. This comes from the following general fact.

PROPOSITION 4.1

For a torus T' embedded into a 3-manifold M3 and a given orientation-preserving
homeomorphism r defined in a neighborhood N(T') of I and inducing the identity
by restriction on I, there is a homeomorphism \V which is the identity map in a small
neighborhood of T' and which coincides with v in dN(T).

We have not been able to get such a statement for the general and transversely
intersecting laminations f‘} and f‘;‘, For this reason, we give up this global conceptual
approach and go back to a progressive, step-by-step approach. What we do is consider
the saddle points one by one. First, we consider a saddle op whose 2-dimensional
unstable manifold is not accumulated by others. In other words, we consider a saddle
whose 2-dimensional unstable manifold does not intersect the 1-dimensional stable
manifolds of different saddles. For every such saddle, we modify ¢ in a neighborhood
of its unstable manifolds. Then we consider saddles o; whose 2-dimensional unstable
manifolds are only accumulated by the ones on which we have already done the mod-
ification. Then we perform a modification of ¢ preserving the modifications which
have been already done, and we prepare the next modifications. In this way we con-
sider one by one the saddles oy, .. ., 0, with 2-dimensional unstable manifolds. After
we perform all the modifications for getting an extension along every 2-dimensional
unstable manifold, we consider the saddle points with the other index, namely, the
2-dimensional stable manifold. We will check that we can perform the same kind of
modifications without breaking the extensions which have been already done.

We explain, very roughly, how we modify the conjugacy homeomorphism ¢
in the neighborhood of a periodic orbit. First notice that the homeomorphism ¢, in
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restriction to a given 2-dimensional unstable manifold, extends by continuity in a
unique way on the heteroclinic points (which are at most countably many). There-
fore ¢ can be considered as defined on the whole 2-dimensional unstable (or sta-
ble) manifold. We also define a conjugacy homeomorphism ¥* on the union of the
1-dimensional stable manifold, so that {* preserves the holonomies of the local 2-
dimensional (compatible) unstable foliations. In any small linearizing neighborhood
of an index-2 saddle point o, one gets a local conjugacy homeomorphism ¢, whose
expression is the product of the restriction of ¢ to W} by the restriction ¥* to W;.
Thus & = ¢, !¢ is a homeomorphism defined in a neighborhood of o and commut-
ing with the diffeomorphism f and inducing the identity map on W}.

The goal now is to build a homeomorphism commuting with f, coinciding with
the identity map in a neighborhood of o and coinciding with &, outside of a slightly
larger neighborhood. The difficulty is that this homeomorphism needs to preserve the
intersection of this neighborhood with the invariant manifold crossing the neighbor-
hood. We want also to preserve the extension we already have done in a neighborhood
of the other saddles. These neighborhoods are crossing the neighborhood of ¢ as ver-
tical tubes B (see Figure 14), which we want to preserve. As W} locally disconnects
the manifold, we work only on one side of W,’. One can choose a fundamental domain
of f on this side which is the product of an annulus (fundamental domain in W}') by
a vertical segment.

The main topological difficulty we need to solve is to extend a homeomorphism
defined in a neighborhood of this fundamental domain while preserving at the same
time the 2-dimensional horizontal unstable leaves, some 2-dimensional stable leaves
T (see Figure 14) also crossing the fundamental domain, and the homeomorphism
in some crossing tube. This will be done by using a variation of Proposition 4.1. To
solve this puzzle, we first try to simplify as much as possible the geometry of these
intersections. Indeed, we reduce all constructions to R* using linearizing maps. So,
in the subsection below we prove the crucial Proposition 4.2 for the linear model,
applying corollaries from classical topological results in Section 5. In Section 4.3, in
a sequence of lemmas, we explain how to reduce a nonlinear situation to the linear
one.

4.2. Linear model

Let us recall that we denoted by a : R* — R3 the canonical linear diffeomorphism
with the unique fixed point O = (0,0,0), which is a saddle point with the plane
Ox1Xx, as the unstable manifold and with the axis O x3 as the stable manifold; for sim-
plicity, we assume that a has a sign v = +1. That is, a(x1, X2, x3) = (2x1,2x32,x3/2).
Let

N = {(x1,x2,x3) eR3:(x? +x)x3 <1,x3 > 0}.
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Figure 14. A linear model.

Let p>0,8€(0,2) and
d ={(x1,x2,x3) € R?*: x¥ + x3 < p*, x3 =0},
U ={(x1.x2.x3) €R*: (p—8)> <x7 + x5 < p*. x3 =0},
¢ = {(Xl,xz,x3) eR3 :xf—l—x% =,02,X3 =()},

5\ 2
¢ = {rixpx) e B iaf 423 = (p—5) s =0},

! = {(lexz,x3) eR3 :xf—|—x§ = (,0—5)2,x3 =0}_

Let K =d \inta '(d), V = (K Ua(K)) N{(x1,x2,x3) €R3>:x; >0,x3 =0} and
B =U N Oxj, where Ox;" = {(x1,x2,x3) €R®:x2 + x2 =0,x; >0}. Let T C
Ox1x, be an a-invariant closed 1-dimensional lamination such that eitherc = U NT
or T (maybe empty) is transversal to dU and every connected component of 7 N U



2538 BONATTI, GRINES, and POCHINKA

is a segment which has a unique intersection point with each connected component
of dU.

Choose a point Z° = (0,0,z°) € Ox5 such that p? - (z°)% < . Then, choose a
point Z! = (0,0,z') in Ox so that z0 > z! > %. Let T1(z) = {(x1,x2,x3) € R3:
x3 = z}. For every set A C Ox1xz, let

A=A4x]0,2°.

Denote by ‘W a 3-ball bounded by the surface ¢ and the two planes I1(z°) and H(%).
Let A be a closed 3-ball bounded by the surface ¢! and the two planes Oxx; and
I(z1). Let

T=|Jd"@ and JF=|]Jd").

kez keZ

Notice that the construction yields # C 7 and makes ‘W a fundamental domain for
the action of @ on 7\ Ox;x; (see Figure 14).

PROPOSITION 4.2
Letz0>zl>...>zm > % >0, andlet £ : T\ Ox3 — N be a topological embed-
ding with the following properties:
()  £a=at;
(i1) & is the identity on Ox1x5;
(i) £ NT) CI(z°) and E(TI(z) N AT ) C TI(z%), i €{2,...,m};
(iv) £@)NE =0 6EHN=0and&B)CV;
vy &TnT)cTande W(T)CT.
Then there is a topological embedding ¢ : T — N such that
() ta=ai;
2) ¢ is the identity on H;
3)  ((IEH)NT)CT(z),ief0,2,...,m}
4 CisEondT,
5) TnT)cTand(T)CT.
Moreover, if € is the identity on B for a set B C (K \ U), then ¢ is also the
identity on B.

Proof

By construction, the 3-ball ‘W is a fundamental domain of the diffeomorphism a
restricted to 7\ Oxjx,. Therefore, to prove the proposition, it is enough to con-
struct the topological embedding ¢ = |y with the properties (1)—(5) on the set 'W.
We can extend &y to T by the formula &(x) = a =% (&w (a* (x))), where a*(x) € W
on 7 \ Ox;x,, and we define { to be the identity on Ox;x;.
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First, we define {4y to be the identity on ‘W N J¢. Divide the remaining solid
torus @ = ‘W \ J into the following pieces: a solid torus Q1 = U N @, a solid torus
0, =a"Y(U)N @, and a solid torus 03 = @ \ (01 U Q») (see Figure 14). Define
a topological embedding /g, : O3 — @ in the following way. Let « : [z!,2%] —
[0,z°] be a homeomorphism given by the formula «(z) = % and ho, = (id x
k) 1E(idx k) on Q3 = (K \intU) x [z!, z°]. Thus we get the desired embedding ¢y
on (WNH)U Q3.

Let zm+1 = z9/2. By property (iv) of the map & we have £(¢!) N ¢ = @; then the
surfaces ¢, {yw(¢1), I1(z%), and IT(z*!) bound a closed 3-dimensional set, which we
denote by Ql. By property (iv) of the map £ we have £(¢) N ¢! = @; then the surfaces
Cw(a™ (@) N'W), a (') N W, T1(z°), and TI(z!) bound a closed 3-dimensional
set, which we denote by Qz. Due to Proposition 5.1 below the sets Q 1s sz are solid
tori. Let

Al =0, NI, A =0,nMEY), i€{0.2,....m+1}.

Let S i(§ "), i €{2,...,m + 1} be the closure of a connected component of the set
01\ U7, Iz (01 \ U7, TI(z")) bounded by T1(z") below. By Proposition 5.1
below, S i(S‘ ") is a solid torus. Further, let us consider two possibilities distinctly.
Case (1): c =U N T; Case (2): T is either empty or consists of curves joining two
boundary components of U.

Case 1. Let us define a topological embedding / 4i : A — A! such that
. h i ishy on &' N Al andis E on N A h i (BNAY) C V., and h i (T N A =

TN A fori e{2,....m+1};

® h 40 =&| 40. . o

Moreover, we have a homeomorphism /,g: : dS* — 85* which coincides with
h 4; on SN A7, with & on S’ N ¢, and with Cw on Sineét, By construction, a curve
u' = 9(S" N B) is a meridian of S? and i = hygi (1') is a meridian of S, Then (see,
e.g., [33]) there is a homeomorphism /g : S* — S7 such that hgi|ygi = hygi -

Similarly, we have a homeomorphism hyp, : 002 — 90, such that
hagslosnneny = idlgonney  hosnneoy = @ idlgynneo)
h3Q2|Q20a—1(5) = é"w|Q20a—1(5), and vhaQ2 |Q20a_1(51) = id|Q20a—1(51). Hence
there is a homeomorphism g, : Q2 — Q> such that g, |30, = hjo,.

Thus the required homeomorphism is defined by the formula

X, x e(HNW);

hos(x), xe€Qs:

hgi(x), xeS'ie{2,....m+1}
ho,(x), xeQs.

Elw(x) =
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Case 2. According to Proposition 5.2 and Remarks 5.1 there is a topological
embedding /1 5 : A* — A! such that
. hyiis hwoné NnAlis&onénN A and hy (T NA)=TnNA forie

{2,...,m+1}.

Let h40 = &|40. Thus we have a homeomorphism hygi : dS? — 3S! which
coincides with s 4, on SP N A/, with £ on S N ¢, and with &y on S* N ¢1; also,
hysi (SN T) = 3S? N T. According to Proposition 5.2 there is a homeomorphism
hgi : ST — S such that hg; is hygi on 3S* and hgi (T N S*) =T N S*.

Similarly, we can construct a homeomorphism hyg, : 00, — 8Q2 such
that  hagslo,nnety = idlgonnety:  hosnneoy = a7 hymeralo,nneo),
hy0510,0a-1@) = §wlo,na—1) a?d hy0,10,na-1@1) = idlg,na—1 (1) Hence there
is ahomeomorphism h g, : Q2 — Qs suchthat hg, a0, = hyg, and hp,(02NT) =
0,NT.

Thus the required homeomorphism is defined by the formula

X, xeT;

ho,(x), x€ Qs

hgi(x), xeS'ie{2,....m+1}

ho,(x). x€ Qs 0

Elw(x) =

4.3. Reduction to the linear model
Recall the partition ¥ Ul --- U X, associated with the Smale order on the periodic
points of index 2. Let ¢ : Vf — Vf/ be a homeomorphism which gives the equiva-
lence of the schemes, and let ¢ : Vs — V¢ be alift of ¢. First, we state needed results
from [6] and then use Notation 3.1.

LEMMA 4.1 ([6, Lemma 4.1])

There is a unique continuous extension of ¢ to Q5 such that p(X;) = X for every i =
0,...,n. This extension is equivariant and bijective from Q to ), which preserves
the type of the orientation and the period of points.

Let us introduce the radial functions r}*,r} : N; — [0, +-00) defined by
2 2
() = [ ()| and  rf(x) = (i (x)))"
With this definition at hand, the neighborhood N/ of X; is defined by the inequality

rif(x).ri(x) <t.

Observe that the radial function r;’ endows each stable separatrix y, of p € X, with
a natural order (and similarly with ).
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LEMMA 4.2 ([6, Lemma 4.2])
There is a unique continuous extension of (/)|r‘1}{,

¢MS Lu — L/u’

such that the following hold:

(1) IfxEWJ?‘ﬂWis,j > i, then (p“s(x)eWJf“ﬂWi’s.

(2)  Ifxandy lieinyp N LY with ry(x) <ry(y), then ¢"*(x) and ¢"*(y) lie in
V(;,(p) N L™ with r(:;(p)(‘/’us(x)) < r(;(p)((Pus(y))'

Remark 4.1

Due to Lemma 2.13, we may assume that in all the lemmas below we choose values
t = Bi.ai, ... such that the boundary of the linearizing neighborhood N/ does not
contain any heteroclinic point.

LEMMA 4.3 ([6, Lemma 4.4])
There are numbers Py, ..., Bn € (0,1] such that, for every i € {0,...,n}, for every
point p € ¥; and x € Ngi N LY, the next inequality holds:

1
(" (). (9™ (7)) < 3

Let us set ag = fo and a; = B;.

LEMMA 4.4
Ifn > 2, then there are numbers a, € (0, B2], ..., an € (0, B, ] with the following prop-
erty foreachi € {2,...,n}: for 0 <k <i — 2 the intersection

o (v (U )

uw=k+1

is either empty or consists of open arcs, each of which is a leaf of the foliation F N
a:

N

Proof

We will construct the sequence by inductiononi = 2,...,n.

For i = 2, the unstable manifolds of points from ¥, have only heteroclinic inter-
sections with the stable manifolds of saddles from X with k < 2. Thus, the projection
Wy', is a union of a finite number of pairwise disjoint smooth tori and Klein bottles
in the manifold 171. The set i{ is a compact 1-dimensional lamination, and the inter-
section Wy, N L{ is transversal and consists of an at most countable set of points
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Figure 15. Illustration of the proof of Lemma 4.4 for i = 2.

which are the projection with respect to p; of the heteroclinic orbits from the unsta-
ble manifolds W}*. The set qu,l N (WOS’ A\ N la 1) is either empty or consists of a finite
number of gy € N points. Due to Remark 4.1, there is a number a; € (0, 5] such that
the intersection 1\72‘121 N (WOS’ o\ N 1” 1) is either empty or consists of exactly ¢ inter-
vals, each of which is a leaf of the foliation 1525 N ]\72“ % (see Figure 15, where ¢o = 1).
Hence, the intersection Wy N (N, \ N{'")) is either empty or consists of open arcs,
each of which is a leaf of the foliation F§ N N,2.

Let us describe how to find the number a;, i > 0, supposing that the numbers a ;
with the desired properties are already constructed forall j =0,...,i — 1.

The unstable manifold of points from ¥; have only heteroclinic intersections

A

with the stable manifolds of saddles from ¥ with k < i. Thus, the projection VVi’,‘i_1
is a smooth torus in the manifold 17,-,1. The set Z,f_l is a compact 1-dimensional
lamination, the intersection Vf/i’fifl N ]:5—1 is transversal and consists of an at most
countable set of points which are the projection with respect to p;_; of the hetero-
clinic orbits from the unstable manifolds Wi”. For each kK =0,...,i — 2, the inter-

section W¥_, N (Vf/ksl._1 \ Ui;:lk-i—l ]\7::‘;_1) is either empty or consists of gx > 0

i,i—1
points. Due to Remark 4.1 there is a number af € (0, Bi] such that the intersection
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1
N, ii—1

k

. . . . A, ~da-

each of which is a leaf of the foliation F;’ N N; " .

Thus a; = min{a?,...,a! ™2} as required. O

N (W,j,i_l \ UZ;IO N Z,l._l) is either empty or consists of exactly g intervals,

The corollary below immediately follows from Lemma 4.4.

COROLLARY 4.1
Foreachk €0, ...,n—1}, the intersection W, N (U:‘=k+1 Nia;{) consists of a finite
number of open arcs Ik, o, 1,12 such that Ilk foreach | = 1,...,r; is a connected

component of the intersection Wi N Nl."z;C for some i > k.

For brevity, fori = 0,...,n, we denote by ¢ the restriction ¢’ |Wi” in the rest
of the proof of Theorem 1. Let /7 : W;* — W/* be any equivariant homeomorphism
which extends @** |Wism Lu,and let ¢; € (0,1) be a small enough number so that, for

every x € Nitf , the next inequality holds:
()i (i ()™ (Y7 () < 1.

In this setting, one derives an equivariant embedding, ‘P‘ﬂi”ﬂ”f : Nl.ti — N/, which is
defined by sending x € Nizi to (¢ (x}), ¥ (x7)).

LEMMA 4.5

There is a homeomorphism * : LS — LS consisting of conjugating homeomor-
phisms y§ W5 — Wg, ... 5« WP — W, such that, for each i €{0,...,n}, we
have the following:

M lwrare = 9" lwsnpu.
(2) The topological embedding ¢‘P?=¢f is well defined on Nl.ai.
3)  IfxeWENN), j > i, then Y} (x) = Py ys (x).

Proof
We are going to construct v/; by a decreasing induction on i fromi =n up toi = 0.
The stable manifolds of the saddles from X, do not have any heteroclinic inter-
section. The projection W,fn is a smooth submanifold of the manifold V,, consisting
of a finite number of connected components homeomorphic to circle. The same holds
for Vf/,{sn Let us define a homeomorphism S : Wnsn — Wn’sn
First notice that the extension of ¢ to 2, obtained by Lemma 4.1 satisfies ¢(X;) = X
by virtue of Lemma 4.2. Since it is equivariant, ¢ maps an f-orbit @ in X, to an f’-
orbit @’ in X/ . If the orientation type of O is —1, then so is (9’, as can be seen by the

nonorientability of the corresponding leaves of T'* and I'™*. In this case, the part of

in the following way.
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W7, corresponding to O is a circle 7, as well as the part p’ of W,} corresponding
to @’. Moreover, both circles are oriented by the dynamics. Define 1}; on y to be an
orientation-preserving homeomorphism to . If the orientation type of O is +1, then
the part of W, ,, corresponding to O consists of two circles, and these circles are deter-
mined by the transverse orientation of the leaf of [ corresponding to . The same
is true for @’. Considering how ¢ maps the transverse orientation, one can assign cir-
cles to circles. Again define 1&2 on these circles as homeomorphisms preserving the
dynamically determined orientation.

Let ¥S : WS\ 2, — W/ \ 2 be a lift with respect to p, of 1}2 on W7\ %,.
For a circle y in W}, corresponding to an orbit @, we have that p, 1($) consists of
several curves in W, \ X,,. First consider the case where the orientation type of @
is +1. In this case, these curves correspond bijectively to points in (. The same is
true for y’ = 1/;; (7). Therefore, the extended ¢ yields a correspondence between the
curves. Define a lift ¥, so as to map a curve to the curve corresponding to it. If the
orientation type of O is —1, then the curves in p,(7) are determined by the points
p in O plus the local transverse orientation around p of the corresponding leaves in
['*. The same is true for P = 1/}; (7). But, also in this case, the map ¢ gives us the
correspondence between the curves, and we can define ;) just as before. Notice that
there is still ambiguity for the lift, which we shall make use of in the next step.

Let p € ¥, and let y, be a connected component of W, \ p. Let us choose
a fundamental domain I,, of f™v»|,,, where m,, is the period of the separatrix
Yp-Set Np,, ={x € Np" | x5 €ly,,} alnd k;}‘p = sup{ry (¢"*(x;)) | x € Ny, }. For
k € Z, we set )L;fp (k) = zik . sup{r;f/(l//,ﬁ(x)) |xel,,}. As /X;,sp (k) tends Eo 0ask
tends to oo, there is kx € N such that A7 (k) - A} < 1. Set 5]y, = fres|,  for
such k. which is a multiple of per(y,). We define similarly ¥, on other connected
components of W\ p (different from yp) and set ¥, (p) = p’. Thus r;,“, (@ (x¥)) -
r;f,(wj (x))) < /\;,Sp (ky) - Ag}’p < 1 and, hence, the topological embedding ¢yu s is
well defined on N,". Then we do the same for each point p € %;.

Let us describe a construction of the homeomorphism v/;°, i < n, supposing that
the homeomorphisms ¥/, ..., wis |, are already constructed.

The stable manifolds of points from X; have heteroclinic intersections only with
unstable manifolds of the saddles X ; with j > i. Thus, the projection Wlsl is a smooth
submanifold of the manifold V; consisting of a finite number of connected com-

ponents homeomorphic to the circle. Due to Corollary 4.1, the intersection Wisi N

(U;’:i 11 1\77’ ) consists of a finite number of open arcs It fil‘, such that / ll for
each/ =1,...,r; is a connected component of the intersection Wisi NN ]a{ for some

Jj >i (see Lemma 4.5).
Denote by 1 li a connected component of the set p;” L1 li). The arc 1 li is an arc in

N;lj intersecting W at a unique point xf. Set x;i = "* (x;), and denote by [ l’i the
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Figure 16. Illustration of the proof of Lemma 4.5.

connected component of W/* N N J’ passing through the point x;i. By assumption of
the induction on the set / li, the homeomorphism ¢¢z;,,,,§ is well defined. Let us set
- el T i S
Vi =gyl A — 17
Set

0 —1. 7i 7
1pis,l = Pl{l/fjli(Pi“;‘) : Ill - I/Vz/f

Notice that I/A/f ; does not depend on the choice of the lift / li of I ll Indeed, if
I li be a connected component of the set p;” l(f l’) different from I/, then there is a
unique z € Z such that I} = f*(I}). As ¥} conjugates f|st and f’|WJ<s, we have
that wjli (ff(x)) = f’z(wlli (x)) for any x € Ili. It means that pgwlli (p,-|11,‘)—1 =
Py (pilp)™"

By construction, the map I/fl.s, I Il =1,...,r; coincides on [ ll N LY with
Pie™ (pi |i}mi;‘)_l' Due to Lemma 4.2, the map ¢** sends W* N L* to W/S N L™
while preserving the order on eacll connecA:ted component W} \AE i andA Wi’s \ X/. Then
there is a homeomorphism ;' : Wlsl — Wl’f coinciding with wl{ yonl Fl=1,...,r.
Moreover, &ls possesses the following property: Iret 7 be a connected component of
W7, and let U(7) be its neighborhood; let " = 7 (7), and let U(y’) be a neighbor-
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hood of §’. Then ¢; (U(9)) N U(P’) # @. Notice that ¢; can be defined on an open
dense subset of V;. Denote by @ls : W — W/ a homeomorphism which is a lift with
respect to p; of 1}5 on W7\ X; such that it coincides with ¢** on W N L" and
Vil = ¢ls;.

Let p € ¥;, and let y,, be a connected component of W, \ p containing hetero-
clinic points. Let Nﬂ ,’, be a c~0nnected component of N 1‘,” \ W}’ containing y,. Set
Ypr = ¥ (yp) and ¥/, = ¥¥|,,. Let us show that r;f,(gal?‘(x}‘)) . rgi(l//l-s(xf)) <1
for each x € N;l]’, Indeed, let us choose a heteroclinic point y € y,. Set A;,“p =
sup{r, (9™ (x}")) | x € (Ny: N F')} and )&;fp = r;f,(gous(y)). By Lemma 4.3
A Ay < 1. Denote by Q,, a subset of Ny’ which is bounded by IN,’,
Fi”‘y, and f™vr (Fi’fy). Notice that Q,, is a fundamental domain of f™7» lN;l;':
By construction, r%(¢;(x}')) < 24y and rp, (Y] (x})) < A} for any x € Qy,
and, hence, r;f,(gol?‘ (x})) - r;)“,(l//is(xis)) <21y - Ay <1 for each x € Q,,. Thus
bpu s (Np') C N,

Let p € X;, and let £, be a connected component of w; \ p which does not con-
tain heteroclinic points. Let N Z; be a connected component of N ,‘,l N\ W} containing

lp. Set b, = &ls (£p). Let us choose a fundamental domain 7, of f™¢»|,,, where
my,, is the period of the separatrix £,. Set Ny, ={x € Ny | xS e Iy, } and )Ve"p =
sup{r; (¢ (x}")) | x € N(I¢,)}. For k € Z, we set )L’esp (k) = 2Lk . sup{r;f,(lﬂis(x)) |
x €lg,}. As )LZSP (k) tends to 0 as k tends to oo, there is k, € N such that )pr (k) -
Ap <1.Setyfle, = ™S, Thus Pyt s (N;pf) CN,,.

Finally, a map ¢ : L — L' consisting of the homeomorphisms g : Wy —

Wgs, ..., W8 — W, is a homeomorphism due to following property: if x €
(WFNN/), j>i,then ¥f(x) = Pt s (X). O
Letn>1,i €{0,...,n — 1}, and let G; be the union of all stable 1-dimensional

separatrices of saddle points in X; which contain heteroclinic points. Let G; C G;
be the union of separatrices in G; such that G; = yed; orb(y) and, for every pair

(y1.y2) of distinct separatrices in G; and every k € Z, we have y, # f¥(y;). For
y € G; with the endpoint p € ¥; and apointg € X;, j > i, let us consider a sequence
of different periodic orbits p = pg < p1 <+ < px =g such that y N W # 0; the
length of the longest such chain is denoted beh(q | y).

Lety € Gibea separatrix of p € 3;, and let N)ﬁ be the connected component of
N zt? \ WI',‘ which contains y. We endow with the index y (resp., p) the preimages in M
(through the linearizing map () of all objects from the linear model N associated
with the separatrix y (resp., p); for precision, we decide that u,(y) = Ox;_ . For
a separatrix y in G, let us fix a saddle point ¢, such that beh(q, | y) = 1. Notice
that the intersection y N Wq’i consists of a finite number of heteroclinic orbits. Let
Ty=WynWg,.
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LEMMA 4.6

Letn>1,i€{0,...,n—1}. Forevery y € G; with y C W, (in Section 4.2), there

are positive numbers p, & such that the following properties hold:

(D) U, avoids all heteroclinic points.

(2)  Either cp, = U, NT, or the sets 0U, and T), intersect transversally and each
path-connected component of the intersection U, N T, is a segment which
intersects each from both connected components of U, at a unique point.

For a chosen cp, there is a positive number ¢ such that for every heteroclinic
point Z‘; e(yn Wq"y) with z° < ¢ the following properties hold:

B) ¢(dp) C hyrys (N, ) _
@ @) N Pyu ys(E5) =0, (C}) N pyu yx (€5) = B and 9(By) C pyu yx (V3).

Proof

Lety € Gi, ie{0,....,n—1}.If W' contains a compact heteroclinic curve which
is noncontractible in W \ p, then we assign ¢, to be this heteroclinic curve. In the
opposite case, due to Lemma 2.13, there is a generic p > 0 such that the curve ¢,
avoids all heteroclinic points. Since W;* accumulates on W}’ for every / < k, we have
that K, N Wis_ , is made of a finite number of heteroclinic points yi,..., y, which
we can cover by closed 2-disks by, ...,b, CintK,.In K, \ int(h; U--- U b,) there
is a finite number of heteroclinic points from W;® , which we cover by the union of
a finite number of closed 2-disks, and so on. Thus we get that all heteroclinic points
in K, belong to the union of finitely many closed 2-disks avoiding 0K ,. Therefore,
there is § € (0, 2) such that U, avoids heteroclinic points. This proves item (1). As
the set T, is a closed 1-dimensional C !*!-lamination, due to the theory of the general
position there is a generic U, with the property (2).

By assumption of Theorem 1, ¢ is defined on the complement of the stable man-
ifolds and, by definition, ¢yu ys coincides with ¢ on W\ L?, and hence on Uj. As
¢ and ¢‘P?s‘#f are continuous, we can choose ¢ > 0 sufficiently small so that, if Z )(,) is
any heteroclinic point in the intersection y N Wq”y with z0 < g, the requirements of
(3) and (4) are fulfilled. O

Let us fix U, satisfying items (1)—(2) of Lemma 4.6, and let us define
per(p)—1 per(p)—1
Ui = U( U f"(Up)), Ki = U( U fk(Kp)),
k=0 k=0

pe%; peL;

where 3; is a subset of &; obtained by the choice of one point from each orbit.
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LEMMA 4.7
Letn > 2. Foreveryi €{0,...,n —2} and y € Gj, there is a heteroclinic point Zg €
y satisfying the conditions of Lemma 4.6. In addition,

T,NU; =6 forjeli+1,....,n—1}.

Proof
In this statement, it is meant that U,_, is associated with the points Z 0 y € Gy

given by Lemma 4.6 and U ; 1s associated with the points ZS , Y € G j given by
Lemma 4.7 for every j > i. Therefore, it makes sense to prove this lemma by decreas-
ing induction on i from i =n — 2 to 0. That is what is done below. It is also worth
noticing that nothing is required with respect to X, because the stable separatrices of
¥, have no heteroclinic points.

Let us first prove the lemma fori =n —2. Let y € én_z, and let p be the sad-
dle endpoint of y. Notice that the intersection y N K, _; consists of a finite number
of points ay,...,a; avoiding U,—;. Let dy,...,d; C K,—1 be compact disks with
centers ay,...,a; and radius r (in linear coordinates of Nj) avoiding U,_;. Let us
r*. Let Zy * C y be a point such that the seg-

ment [p, Z7] of y avoids Kn_1 and Mp(Z ) = Z* (0,0,z*) where z* < &. Then

every heteroclinic point Zy, such that z0 < possesses the property 7, N Kn_1,

2,,*
avoids Un_l.

For the induction, let us assume now that the construction of the desired hetero-
clinic points is done for i + 1,i +2,...,n — 2. Let us do it for i. Let y € G,-. By
assumption of the induction, (U,J;;H TN 0]‘ =@forje{i+2,...,n—1}. Since

o, accumulates on W} for every k € {0,...,n}, we have that (U,’;}H T) N K
is a compact subset of K ;, and the intersection (y \ (Uk i+1J%)) N K consists of a
finite number of points ay, ..., a; avoiding U;. Let di,....,djCK j be compact disks
with centers a1, ...,a; and radius r4 (in linear coordinates of N) avoiding Uj and
such that ry is less than the distance between d(K; \ U;) and (Uk —it1 70 N K.
Similar to the case i = n — 2 it is possible to choose a heterochmc pomt ZB suffi-
ciently close to the saddle p where y ends such that the set (77, \ (U i +1 7)) N K i
avoids U . O

Everywhere below, we assume that for every y C G; the neighborhood 7, satis-
fies Lemmas 4.6 and 4.7. Let

per(y)—1

= U ( U *@)).

yCG
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For y C éi, J >1,let us denote by ¢, ; the union of all connected components
of Wi* N7, which do not lie in int 7z with i <k < j.Let g, = U;l'=i+1 dy,; and

per(y)—1

s=U(U r@m)

yCéi k=0

Let W, be the fundamental domain of f per(y) |T,,\W;,‘ limited by the plaques of
the two heteroclinic points Z 3 and fre) 7 3. Notice that y N W, is a fundamental
domain of fPr®)|, .

LEMMA 4.8
The set §,, ; ‘W, consists of a finite number of closed 2-disks.

Proof

Lety = pi(y), 7 = pi(9y), and T; ; = p;(T}). Since W}* accumulates on W} only
. 2 j-1

when [ < j, we set W'\ U;_; 4,

intersection of 7, N d7;; consists of 2-disks which are projections with respect to

pi of the leaves of the foliation F}. Thus the intersection y N (Wj” \ U{;il +1791.4)

consists of a finite number of closed 2-disks.

'JA‘l,,- as a compact set. Due to Lemma 4.7, the

Due to Lemma 4.8, the set £, Ny N ‘W, consists of a finite number of hetero-
clinic points, which are denoted by Z 2.7 ;,” (m depends on y). Finally, choose an
arbitrary point Z; € v so that the arc (23, Z)l,) C y does not contain heteroclinic points
from g, . Let us construct #, using the point Z! = p p(Z)}). Without loss of gener-
ality we will assume that p,(Z!) = Z' = (0,0,z%) for 20 > z' > ... > 2™ > % and
mp(Tp)=T.Fori =0,...,n—1,let

per(y)—1 i
Hi = U ( kU fk(‘%y)>’ Mi=Vy UkU(GkUEk), and
=0 -0

yCéi

i
M=V U (GLuz)).
k=0

LEMMA 4.9

There is an equivariant homeomorphism o : Mo — My with the following proper-
ties:

(1) @o coincides with ¢ out of 7.

() volsy = Py gl where g = @lwy.
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3)  po(Wi) = W and po(Wj \\UsZ\ int Tj) C W for every k € {2.....n}.
D (WS, N Mo) = WS, N M,

Proof
The desired ¢y should be an interpolation between ¢ : V¢ \ 7o — M’ and ot s | 7 -
Due to Lemma 4.6 (3) and the equivariance of the considered maps, the embedding

§o= 0y ys® T\ Wo > M

is well defined. Let y C G be a separatrix ending at p € o, and let & =éol7,. By
construction, the topological embedding £ = u péyu;l : T — N satisfies all condi-
tions of Proposition 4.2. Let ¢ be the embedding from the inclusion of that lemma, and
let &, = M;l ¢ p. Independently, one does the same for every separatrix y C Go and
then extends it to all separatrices in G by equivariance. As a result, we get a home-
omorphism ¢y of Tg onto &y(T) which coincides with & on 07y. Now, define the
homeomorphism ¢g : Mo — M, to be equal to Dy g Lo on Tp and to ¢ on Mg \ Tp.
One checks the following properties:
(D) @o coincides with ¢ out of T.
() volay = Py gl -
3 @o(do) C L.
@ po(Wg, N Mo) = WS;,I N Mg.

Property (3) and the definition of the set §, imply that go(W}*) = W/* and
o(WE\ Ulj:ll int7;) C W™ for every k €{2,...,n}. Thus ¢, satisfies all required

conditions of the lemma. O
LEMMA 4.10
Assume that n > 2,1 €{0,...,n — 2}, and assume that there is an equivariant topo-

logical embedding ¢; : M; — M’ with the following properties:

(D @; coincides with ¢;_1 out of T;.

2) @ilge; = ¢W"/’f’ where Y!' = @; 1 |Wi" and p—1 = ¢.

3) There is an f -invariant union of tubes 8; C (7; N U;_:lo H ;) containing (T; N
(U;_:lo WIS)), where @; coincides with ;—, (we assume that By = @).

@ e WH ) =W and oW\ \USZlL intTy) C W for every k € {i +
2,...,n}.

5) (pi(WSSZI NM;)= Wé/l N ch/

Then there is a homeomorphism @; 11 with the same properties (1)—(5).

Proof
The desired ¢;+; should be an interpolation between ¢; : M;+1 \ Ti+1 — M’ and
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Py s, |7;,,» where ¥, | = ¢; |VVI}{§—1. Let y C G;41 be a separatrix ending at
D € Zj4. It follows from the definition of the set §; and the choice of the point g,
that (Wq"y N J;) C &;i. Then, due to condition (4) for ¢;, we have ¢; (Wq'; NT) C Wq’f.
By property (1) of the homeomorphism ¢; and the properties of ;1 from Lemmas
4.6(1) and 4.7, we get that gai|Up = (plﬁp. Then ¢‘P?+1’W}V+1 |L7,, = ¢W+1’Wf+1 |l7,,'
Thus it follows from property (3) in Lemma 4.6 that the following embedding is well
defined: &, = ¢;;£+] i, P W\(yup) > M.

By construction, the topological embedding § = &, ,u,;l satisfies all condi-
tions of Proposition 4.2. Let ¢ be the embedding which is yielded by that proposi-
tion. Define ¢, = u;lﬁ W p. Notice that, by property (3) of the homeomorphism *
in Lemma 4.5 and by the properties ¥, | = ¢; |Wf”’ we have that ¢, is the identity
on a neighborhood B, C (7, N Ui':o Hj) of T, N (Ui':o W?). Independently, one
does the same for every separatrix y C éi+1. Assuming that { ¢,y = f¢, /7! and
Biy, = Uycérs, (P71 £k(B,)), we get a homeomorphism ¢; 4 1 on T4 1. Thus

k=0

the required homeomorphism coincides with ¢1/,,u+1 WP, on Hi+1 and with ¢; out of
It

Jit1. U

Let G be the union of all stable 1-dimensional separatrices which do not contain
heteroclinic points. We have N§; = J, g N, and

M=My—1 UG.

We also have similar objects with prime for f’.

LEMMA 4.11

There are numbers 0 < 11 < 75 < 1 and an equivariant embedding h : M — M’ with

the following properties:

(1) h coincides with ¢u—1 out of NZ.

2) h coincides with ¢g, | s on |Né‘ , where y* : L* — L' is yielded by
Lemma 4.5.

3) There is an f -invariant neighborhood of the set Ng N (GoU---UGp—1) where
h coincides with ¢,—1.

4) h(Wgs21 NM)= Wé,l nM.

Proof
Let G C G be a union of separatrices from G such that y, # f*(y;) for every
Y1.72 C G, k € Z\ {0} and G = Uyeéorb(y). Let i €{0,...,n}, p € X;, and
y CG.

Notice that (N, \ (y U p))/fP?) is homeomorphic to X x [0, 1], where X is a
2-torus and the natural projection 7y, : N, \ (y U p) — X x[0,1] sends 8N)£ to X x{r}
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foreachs € (0,1) and sends W'\ p to X x{0}.Let&, = 1|W" s Pn— 1|N I\(yUp)
and Sy =myéym,! | #x[0,4;7- Pue to item (3) of Lemma 4.10, the homeomorphism Sy
coincides with the identity in some neighborhood of 7, (N’ N (GoU---UGy,_1)). Let
us choose this neighborhood of the form B,, x [0, a;]. Let f"y =1, (T}p). Let us choose
numbers 0 < 71, < 72,, < a; such that éy()? x[0,72,,]) C X x[0, 71 7). By construc-
tion, Sy X x [0, T2 v] = X x[0,1] is a topological embedding which is the iden-
tlty on X x {0}, §y|3y [0,22.,] = 1d|B, x[0,z,,] and, due to item (4) of Lemma 4.10,
éy (T x [0,12,4]) C T % [0, 1]. Then, due to Proposition 5.3,
(1)  There is a homeomorphism Cy X x [O T2y] = E(X x [0, 72,]) such that é‘y
is the identity on X x [0,71,] and is E,, on X X {1, }.

(2) Cleyx[o %, = id|By [0.22.,]-
3) Ty x[0,72,]) C Ty x [0 1].

Let ¢, be a lift of é‘y on N ¥ which is &, on 8N V. Thus @), = @y, v ¢y

is the desired extension of ¢,_; to N,,. Doing the same for every separatrix y C G
and extending it to the other separatrices from G by equivariance, we get the required
homeomorphism /4 for 7 = minycé{rljy} and 7 = minycé{tz,y}. O

So we get a homeomorphism /2 : M \ (Qo U Q3) — M \ (Q; U Q%) conjugating
Sflm\@ougs) with f/|M\(%UQ/3). Notice that M \ (Wg U Wg U 523) = Wy, and
M\(WS, UWg, UQ’3) = W§, . Since h(Wg ) = WS/ and h(WS2 )= Q/ , wWe have

0
that h(WS20 \ Qo) = Wsszg) \ Q5. Thus for each connected component Y of Wao \
Qo there is a sink w € Q¢ such that Y = WS \ w. Similarly, h(Y) is a connected
component of W, \ Q; such that 2(Y) = W, \ o' for a sink ’ € Q. Then we can
0

continuously extend / to Q2, assuming that i (w) = w’ for every w € Qq. A similar
extension of 4 to 23 finishes the proof.

5. Topological background

The following proposition is a corollary of Theorem 3.1 from [19]. In fact, in [19] the
objects are required to be smooth, but actually the results are true for tame objects
also.

PROPOSITION 5.1

Let P be homeomorphic to K x [0, 1], where K =S! x [0,1] and Q C P is a tame
embedded annulus such that P\ Q is not connected and the annuli K x {0}, K x {1}
belong to the different connected components of P \ Q. Then the set P \ Q consists
of two connected components, the closure of each of which is homeomorphic to P
(see Figure 17).
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Figure 17. An illustration for Proposition 5.1.

PROPOSITION 5.2

We have the following:
. Let C be a compact subset of [0, 1] including 0 and 1.
. Let £ be a lamination {L; = R? x {t}}1ec.

. There is a tame topological embedding g : 3(D? x [0,1]) — R? x [0, 1] such
that g(3(D? x {t})) C L, and g~ (L,) C L, foranyt € C.

Then there is a homeomorphism h : R? x [0, 1] — R? x [0, 1] such that h(L;) = L;

foranyt € C and h = g on 3(D? x [0, 1]).

Proof
Let us introduce the canonical projection p : R? x [0, 1] — R2, where p(r,t) =r.
Let us consider a homotopy g; : 9D? — R2, ¢ € [0, 1] given by the formula g;(x) =
p(g(x.1)). By [14], there is an isotopy g, : 9D? — R2, ¢ € [0, 1] such that g, = g, for
t € C and lim;c ||g:(x) — g:(x)|| = 0. Let us extend this isotopy up to an isotopy
G; :R? - R2. Let G : R? x [0, 1] = R? x [0, 1] be a homeomorphism given by the
formula G (r,t) = (G(r). 1).

Let O = (D2 x [0,1]) and O = G~(g(3(D? x [0,1]))). Let us define v :
90 — 30 by the formula ¥ = G~'g. By construction, v is the identity on £ and
lim, ¢ || (x,t) — (x,1)|| = 0. Let us show that there is a map W : R? x [0,1] —
R? x [0,1] which coincides with ¥ on dQ and is the identity on & such that
lim;c ||[W(x,?) — (x,1)| = 0; thus & = G W will be the required homeomorphism.
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For this aim, let us denote by A, ; a connected component of Q \ &£ bounded
by the leaves Ly, Ly, a,b € C. If the set C is finite, then, by the Alexander trick,
there is a homeomorphism W, , : R? x [a,b] — R? x [a,b] which is ¢ on A4, 5 and
is the identity on L, U Lp. Then W is composed by W, . If C is an infinite set,
then, for a sequence of annuli 4,, 5, such that lim,_, (b, —a,) = 0, we construct a
homeomorphism W, : R? X [a, by] — R? x [a,, by] which is ¢ on A, 5, and is the
identity on L,, U Lp, such that lim, o | W, (x,2) — (x,?)|| = 0. This finishes the
proof.

Let ¥ = Vla,, ,, - As limc ||¥(x,1) — (x,1)[| = 0, there is a sequence J,
which tends to 0 as n — oo and such that b, — a, < 8, and 1, moves no point more
than §,. Let U, be a solid torus which is the one-sided §,-neighborhood of A4,, 5,
and £, = 0U,. Let ¢, : =, — R? x [a,, b,] be a topological embedding which is v,
on Ay, b, and the identity on the other part of 3,,.

Let ¥/ = ¢,(X5), and let U, be a solid torus bounded by X/ (see Proposi-
tion 5.1). Let us choose in U,, an even number of vertical meridian disks D;, e, D,%k”
with distance between them less than 38, and such that ¢, (9D 2/~ 1) avoids Ufil D2,
The closed curve ¢, (aD,Z,i—l) 18 a meridian in the torus Z;; hence, it is the boundary
of adisk D/?~!in U/ whose interior avoids ¥/,. By the standard pushing procedure,
we can get that D>~ avoids (¥, D, Since every connected component of the
sets U, \ U, D21~1 and U, \Uk" D=1 is a 3-ball, there is a homeomorphism
®, : U, — U, which sends D,%l Tto D;,Z’ !. By construction, it does not move any
point more than 46,,.

Doing the same for the other one-sided d,-neighborhood of A,, 5, and extending
by identity out of the §,-neighborhood of 4,, p,, we get ¥,,. O

Remark 5.1
A similar proposition is obviously true for a similar 1-dimensional lamination in R! x
[0, 1].

PROPOSITION 5.3

Let X bea compact topological space, 0 < 11 < 1, < 1, and leté X x [0, 2] — X x

[0 1] be a topological embedding which is the identity on X x {0} and X x [0,7,] C

S(X % [0, 72]). Then we have thefollowzng

(1)  Thereisa homeomorphzsm é‘ X x [O 0] = £(X x [0, 12]) such that é‘ is the
identity on X x [0 71] and is E on X x {1}

(2)  Ifforaset B C X the equality §|Bx[0 o] = 1d|BX[0 1] 18 true, then §|Bx[0 o] =
1d’|Bx[0,1:2]

(3)  Ifforaset T C X the inclusion é(f x[0,72]) € T x [0, 1] is true, then {A'(YAw X
[0.0]) € T x [0,1].
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Proof
Let us choose [ € (11, 72) such that X x [0,/] C (X x [0,75]). Define a homeomor-
phism « : [t1, 1] — [0, 1] by the formula

B (G =D N |
(x,1), tell, .

Let K (x.t) = (x,k(r)) on X X [z, 1]. Then the required homeomorphism can be
defined by the formula

&L0={@f’ tef0.nl;
KTEH ()., s € [r.mal.

Properties (2) and (3) automatically follow from this formula. O
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