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Character expansion of matrix integrals
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Abstract

We consider expansions of certain multiple integrals and BKP tau functions in characters of
orhtogonal and symplectic groups. In particular we consider character expansions of integrals over
orthogonal and over symplectic matrices.

Key words: matrix integrals, § = 2 ensembles, integrable systems, tau functions, Pfaff lattice, BKP,
DKP, O(N) and Sp(N) characters, free fermions

1 Introduction

The character expansion of matrix models used in physics was first presented in the works [11], [27] and
was used in [30], [40], [20], [19], [42], [21] for various problems, in particular in the context of relationships
between matrix models and integrable systems. In all the works mentioned, expansions in terms of Schur
functions was used. The importance of such representation was shown in a set of papers, for instance,
for the study of matrix models [27], [37], [56], for random processes and random partitions [3], [22], in
communications [53], [7] for counting problems, see [39], [15], [16], [6], [17], [38], [41] for relations of
quantum and classical models [4], [55], [5], [25], [9] and some others. Here we write down expansions in
the characters of orthogonal and symplectic groups. We hope that this will also be useful.

Some notations Let us recall that the characters of the unitary group U(n) are labeled by partitions
and coincide with the so-called Schur functions [35]. A partition A = (A1,...,\,) is a set of nonnegative
integers A; which are called parts of A and which are ordered as A\; > \; 1. The number of non-vanishing
parts of X is called the length of the partition A, and will be denoted by ¢()\). The number |A| =", A;
is called the weight of A\. The set of all partitions will be denoted by P.

The Schur function corresponding to A is defined as the following symmetric function in variables
x=(x1,...,Tpn) :

det {xf\"'_i"'"}
J ij
(1)

det [a:;”"] y

sax) =

in case £(\) < n and vanishes otherwise. One can see that sy (z) is a symmetric homogeneous polynomial
of degree || in the variables z1,...,z,.

Remark 1. In case the set = is the set of eigenvalues of a matrix X, we also write sx(X) instead of sx(z).

There is a different definition of the Schur function as quasi-homogeneous non-symmetric polynomial
of degree |\| in other variables, p = (p1,p2,...), where degp,, = m:
(2)

sx(p) = det [$<AH+J‘>(P)LJ
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and the Schur functions s(;) are defined by eXm>0 mPm=" = > >0 S (P)2". The Schur functions defined
by (1) and by (2) are equal, s)(p) = sx(x), provided the variables p and x are related by

From now on, we will use in case the argument of s, is written as a fat letter the definition (2), and we
imply the definition (1) otherwise.

Remark 2. For functions f(p) = f(p(A)), where p,(A4) := Tr A™ m = 1,2,... and A is a given matrix we
may equally write either f(p(A)) or f(A) where the capital letter implies a matrix. In particular under this
convention we may write sx(A) and 7(A) instead of sx(p(A)) and 7(p(4)).

Integrals over the unitary group. Consider the following integral over the unitary group which

depends on two semi-infinite sets of variables p = (p1,ps,...) and p* = (pi,p5,...), which are free
parameters
Iy (P, P") :=/ V@OV (et U g 1y = (4)
U(n)

n ) )
: / I 1o — o2 ] eSmo e ™ 0™ ™) gy, (5)
0 .
j=1

2m)n
(2m) <O1<.<0,<2m 1 S e,

1
V(p,) =) —paa" (6)
n>0
Here d,U is the Haar measure of the group U(n), see (184) in Appendix, and e*1,... e are the
eigenvalues of U € U(n). The exponential factors inside the integral may be treated as a perturbation
of the Haar measure and parameters p, p* are called coupling constants.

Using the Cauchy-Littlewood identity

7(p[p*) i= eXm=1 wPmPr =} "5y (p*)sx(p) (7)
AeP

and the orthogonality of the irreducible characters of the unitary group

[ 2@ d =5, ®)

we obtain that

Iy (p,P") = Z sx(p)sa(p”) 9)

AeP
2(XN)<n

which express the integral over unitary matrices as the ”perturbation series in coupling constants”.

The formula (9) first appeared in [37] in the context of the study of Brezin-Gross-Witten model. It
was shown there that the integral Iy, (p, p*) may be related to the Toda lattice tau function of [24]
and [54] under certain restriction. Then, the series in the Schur functions (9) may be related to the
double Schur functions series found in [51] and [52].

In this paper we want to express integrals over the symplectic and over the orthogonal groups,
Ispnvy(p) and Ig(ny(p) respectively, as sums of product of characters of the orthogonal and of sym-
plectic groups, i.e. to obtain the analogues of the relation (9) and relate these integrals and sums to
integrable systems. On the one hand we shall relate ISp(N)(p) and Ig(2n) (p) to the DKP!, and we shall
relate Ig(2n+1)(P) to BKP tau functions, introduced respectively in [24] and [26] and obtain Pfaffian
representation for these integrals. On the other hand one can relate these integrals to the Toda lattice
(TL) tau function [24], [54] which yields the determinant representation.

We show that the so-called 8 = 1, 2,4 ensembles may be written as formal series in characters.

1We need to note that the DKP hierarchy has other names. It was rediscovered in [2] using the approach different of [24]
and called Pfaff lattice. It was also called coupled KP equation in [23]
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2 Polynomials o0)(p) and spy(p) and TL tau functions 7. (p|p*)

The orthogonal and symplectic characters are also labeled by partitions. They are given by the following
expressions

det |: )\ +n—i+1 ;)\ifn+zj|
_ 1<i,j<n
o= det [ n—itl x?””] (10)
J 1<i,j<n
and
det |: )\ i+n—i+1 j—)\,;—n+z—1i|
1<i,j<n
SPX = det [ n—it1 xfn+i—1} (11)
j 1<i,j<n

respectively. See [13] or Appendix A.5 for more information. Baker [8] realized that these characters
can be obtained from the corresponding Schur functions s, by action of some operator. For this, it
will be convenient to use the Schur functions in terms of the power sums p,,. As usual, write d =
(Opy,20py,30pg, - -.). Let

0x(p) = 3 (gt F g ) 05 =02(0)i= 3 (G0 F0n) (1)
m>0 m>0

then . ~
ox(p) = ¢ D - s5(p),  spa(p) = ¢ - 55 (p) (13)
Hence, if we let the operator Q(8*) act on the Cauchy- Littelewood identity (7), we obtain

_(plp*) ZOA )sx(p (14)

and
+(p[p") Zsm )sx(p (15)
where
=(plp*) = e 2 5 Y met i Pm F Lome1 mP2m Ty s PmP (16)
Remark 3. Note that
m+(pp") = e*F® 7o (p|p*) (17)

where 7 (p|p*) = eXm>1 mPmPi s known to be the simplest tau function of the TL hierarchy (this simplest tau
function does not depend on the discrete TL time po).

It is well known that the function 7o(p|p*), for the variables p = (p1,p2,...), is a solution of the
Hirota bilinear equations for the KP hierarchy:

dz o _ " _ "
5 I o~ [Tl + [ p7) =0 (18)
Here V is given by (6) and the variables p* = (p},p3,...) play the role of auxiliary parameters. Here
and below the notation [a] serves to denote the following set of power sums: (a, a?,a,.. ) The action

of €250 e2%(8™) on (18) gives

eV P o — [ BT re(p + [ p7) =0 (19)
i
hence 7¢(p|p*) is also a tau function of the KP hierarchy. Then it follows from Remark 3 that both
74 (p|p*) are TL tau functions where p and p* are two sets of the higher times. These tau functions do
not depend on the discrete TL variable ty because 7(p|p*) does not depend on it.

According to Sato [47] a KP tau function may be related to an element of an infinite dimensional
Grassmannian as a series in the Schur functions

"(p) = ZWASA(I))
A
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where 7 are the Pliicker coordinates of the element. Hence according to (7), (14) and (15), the functions
sx(p*), ox(p*) and spy(p*) are the Pliicker coordinates of 7o(p|p*), 7— (p|p*) and 7(p|p*), respectively.
The related elements of the Grassmannian is written down in Appendix A.9.

The Pliicker coordinates oy (p*) and spy(p*) may be evaluated respectively as follows

0>\<p*) = (S)\(é) e 2 5 et i Pm — L1 mP2m T ipnlp:n) |p:O (20)

and
spA(p*) = (S)\(g) =3 Xt mPm Xt mPamt #pmp:n) |p:0 (21)

which may be compared with the identity for the Schur functions
sx(p*) = (Sk(é) ey #pmpin,) oo (22)

As in the previous section, let us assign the weight k to pi. We recall that the polynomials s) are
quasi-homogeneous in the variables p,, of the weight |A|. As we see from (20) and (21) polynomials
oy and sp) are not quasi-homogeneous: they both may be presented as s, plus polynomials of minor
weights.

For instance

o1)(P) = spy(P) = 5(1)(P) = p1
1L sp(p) = s)(p) = 5ot 50}

1
02)(P) = s2)(P) — 1= -p2 + 5 5

2 2

1 1 1 1
012(p) = s12(p) = —=p2 + =p7, spiz(p) =s12(p) — 1= —=pa+ =pf — 1

2 2 2 2
Next from 7_(—p| — p*) = 74 (p|p*) and from sy(p) = (=)Msyu(—p), we get
spA(p) = (=)Mo (—p) (23)

where —PpP= (_p17 —Db2, —P3, - - )
From the following well-known formulas (see [35], pages 76 and 77 or [34] page 238)

1 1.2 1
2 2m>0 mPmtT2m>0,0dd mPm — E —Q § : —Q_ o
e2 > >0 m > >0,0dd mPm — S;,L(p) , +(P) — SMUH , and e (p) — sﬂ(p)
HEP HEP HEPeven

where Peven 18 the set of all partitions with even parts (including (0)), one deduces

Lemma 1.
Z s, (§) = erZm= M2t On 4350 ,0da 2 Om (24)
uep
Z 22MSMU#(5) = et T M2 =0 even 2 Om — o= (27 0m) (25)
nep
Z s, (§) = erZmm M2t ON 4+ 30050, even 2 Om o= (2" Om) (26)
HEPeven

where 55(9) is defined as in (20)-(21).
(see also [43] where in (25) and (26) there is the opposite sign for linear term in exponents which is
a misprint).
Remark 4. From Lemma 1 a number of relations may be obtained. We present two examples:
e~ Lm>0 TP =Y m>0, odd = Pm Z SH/)\ Z SA/M — eXm=1 (md2Z, +0m) ox(p)
HEP HEP

where the first equality is obtained from Ex 27(a) in L5 of [35]. The second example follows from (13), (24) and
from 5,(0) - sx(P) = sa/.(P). The second example,

2
3 sa/uun(p) = €=m>1 00 oy (p) (27)

HEP

we obtain from (13) and (25). Note, that the constant term [eZM>1 ™ oy (p)] of (27) is equal to 1 for any
p=0
A of form p U p, and vanishes otherwise.
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Relation to irreducible characters of the orthogonal and symplectic groups. We shall use
notations explained in Remark 2 with p,,, (U) = Tt U™.
In this notation we write

r(Ulp*) = T[(1 - wiz;) H B =3 )0 (28)
i<j
_(Ulp*) = H(l — 2;25) H em=1 mPm® ZO)\ )sa(U (29)
i<j k=1
where x1, ..., x, are the eigenvalues of U € U(n). Let us note that
7 (Ulp*) = 74 (Ulp*)det(1 — U?) (30)

Now take Z € Sp(2n) and let 21,27 %,..., 2zn, 2, ' be the eigenvalues of Z. Then the formula (28) reads

n

H (1 —ax5) H (1—z2) 1 (1 - xizjfl)_l = ZspA(Z)S,\(U), Z €Sp(2n), U <€ U(n) (31)

i<j<n ij=1 AEP

This relation is known as the Cauchy identity for the irreducible characters of Sp(2n), see [34]. Thus,

from the completeness of the Schur functions sy in the space of the symmetric functions in 1, ..., z,,
it follows that the polynomials spx(p(Z)) = spa(Z) coincide with the characters of Sp(2n).

Similarly, for Z € O(2n) with the eigenvalues 21,27 ", ..., zn, 2, 1, and for U € U(n) with eigenvalues
T1,...,T,, We obtain

n

H (1 —ax;) H (1—z2) (1 - xizjfl)_l = ZO,\(Z)S)\(U> , Z€0(2n), UeUn) (32)
i<j<n ij=1 AEP
While for Z € O(2n + 1) with the eigenvalues 21,2 ",..., 2z,, 2,1, 1, we obtain

n

H (1—z;x;) H (1—x¢zj)_1(1—xiz;1)_1n (1—z4)~ Zo)\ ., Ze€0(2n+1), U eU(n)

AeP
(33)
Relations (32), (33) are known as the Cauchy identities for the orthogonal group, the polynomials 0y (Z)
are irreducible characters of the orthogonal group.
We have

i<j<n ij=1

+(U|Z) = Zsp,\ ., Ze€Sp2n), UeUn)

and

—(U|2) = ZoA , Ze€OQ(N), UEU(n),n:[J;]]

where spy and o) are characters respectlvely of symplectic and orthogonal groups.
The content of this Section may be compared with [29], [8] where universal characters of classical
groups were considered.

3 Characters and fermions

Since all Schur functions s are in the GL, group orbit, they are KP tau functions, i.e., they satisfy the
bilinear identity:

Res.)(2)T @ T (2)7 =0 (34)
where ¥(2) = Y., ¥iz" and ¥1(2) = 3, wgz_i_l, are free fermionic fields (see [24]), whose Fourier
components anti-commute as follows ¥;; +;v; = ¢3w; + w;wj =0 and wm; + ¢;wi = 0; ; where d; ;
is the Kronecker symbol. We put

Gil0)y =T, 10) = (Ojh_y—; = (O[] =0,  fori <0, (35)
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where (0] and |0) are left and right vacuum vectors of the fermionic Fock space, (0| -1-|0) = 1. Let

<n|:{<0lw$~~wll if n>0 |n>:{¢"‘1"'1/’°0> om0 (36)

Oy, if n<0’ ol -l ]0y if n<0

then (n|-1-|m) = 6,.,. Note that e*F is an automorphism of the Fock space. It maps any charge sector
into itself and maps Schur functions into orthogonal and symplectic characters, see (13). Thus oy (for
eft-) and spy, (for e+) satisfies

Res. e (@ (2)e™ 5 g @ 27 Oyl (2)e= &g = 0, (37)

where o = ¢+ 7. We now want to calculate Uz (z) = e%7(@y)(2)e~ (¥ and Ul (2) = 27 (@t (2)e (3,
We use the vertex operator expression for (z) and ¢ (z)

P(z) = €020 Zi<o He Tt (38)
wT(z) — efaozfaerKo %6 i>0 % (39)
where
Ay = Z : ¢i1/13+m : (40)
i€Z
for future use we also introduce
[(p) := eXm=rtmom  Di(p) = e2m=rtm=m (41)

Note that [a;, ;] = i6;,—;, hence they form a Heisenberg algebra. Now use the standard realization of
the Heisenberg algebra

ap =0k, oa_p=~Fkty, ag=qdy, € =gq
Then (38), respectively (39) turn into
1/1(2) = qzqaq eZioil tizie_ > aszﬂ (42)
wT(z) = qilz*qaq e ety tizieril 61'27? (43)
Using the following formulas which can easily be deduced from the Cambell-Baker-Hausdorff formula:
eaGw eb;c — ebacea(b—‘,-am)7 ea@i ebac — ebxea(b+8m)2

one thus obtains: o
—i i

Uo(2) = (1= 22) 3432000 il o= B 05 (44)
Uh(z2) = (1= 22)3F 3 s 00 B 7 (D2 05 (45)
Hence the orthogonal and symplectic characters satisfy the bilinear equation:
Res, VU (z)or ® \If;(z)ajF =0, (46)
or equivalently
Res, (1 — 22)eziﬁ1(ti_s’?)zio¢(t —[2] = [z Dox(s + [z] + [z71]) = 0, (47)

which is equation (5.4) of Baker [8].
Now note that if we write U4 (z) = )
satisfy the usual relations.

ez Ugiz" and \I/T:F(z) =iz \Il;iz_i_l, then the modes still

— 0=yl gl Tyt f T —
Using the above vertex operators on the vacuum |0) = ¢" one still has

Vo) =0=wl o) i<0
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Another approach is as follows, equation (46) still generates the GL, goup orbit of the vacuum,
however one has to take a different realization of gl.,, viz. \II;I\IIT (1,7 € Z) still forms a basis of glso,
it is the coefficients of 2y =71 in the expansion

X=(y,2) = P D(2)¢T (y)e 3= = U2 (2) Wl (y)
Using the above vertex operators we find

—1 i

2 l:I:l 2 l:Fl . . —i i
(L= 2P (L= g )27 et (T il —y) - D32, 0

(z—y)(1—zy)
Clearly also the standard Heisenberg algebra changes.

Now define T = ¢?% age®, then the fj, still have the standard commutation relations, [5;7, 3] =
1d; —;j, however these elements arealized in a different way. Using

X?(ya Z) =

ey = (z + a)e%s, g = (x + 2a0,)e%

Hence,
6k = ak Bi:k = ktk - 8k + (Sk,evena /68': = qaq

And clearly
ﬁ,?: i ﬁf i
\IJ:F(Z) = @B(ng(fe_ Yico 2 e~ 2iso 3

Bsr Br
\IIIF(Z) — B8 3BT Xico 7 gXis0 2

i

or equivalently

Vo (z) = gz 1(t7 : 1even) -TE, 0 48
F q

oo ._aLiéz even oo P
W (2) = g lamatnem D () 0t (49)

Note that one obtains (44), respectively (45) from (48), respectively (49), if one moves the differential
operator part to the right. One can use

eadw+bx —e < eba:ea(?

Note that

o v_m pr o 2Tyt
Xe(y,2) = (2 /)10 2 (1 R

1
(z—v)
The above suggest that we can take the normal Clifford algebra in v; and 1/)}, but choose another

realization of the Heisenberg algebra, viz., the ones given by the 37, such that the fields 1(z) and 91 (2)
are given by (48), respectively (49). Then the tau function, which is in the KP hierarchy given by

7(p) = (0]e2=i=1ti% g|0) for g € Gl
changes into o+ (p) = ¢#7(p), which is equal to
05 (p) = (0]e=i>1 12T F50%4[0)  for g € Glog

which corresponds to the modified Hamiltonian of [8], Section 3, Approach I. Next calculate

1 2 1
<O|eZi>1 tiai— g F o @i pd 5 B o—i

) =7+(P"|p)
Hence, it makes sense to look at

<0‘6Zi>1ti i3 14:210‘21gezz>1t10‘*

) for g € Gl
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Remark 5. Actually we have

7(p,p") = 77 (p,p") = "= . 7(p,p") (50)
If
7(p,p) = Y sx(P)mausu(p’)
A UEP
where
Tau = (0] sa(@) g s, (&™) |0)
then
T p) = Y sa@)masu(p?),
AN HEP
where

T = (0 spa(@) g5,(a7)[0), 75, = (0] ox(&) g su(@”)[0)

Similarly, one can consider 7%° with a,b = =+.

4 Integrals over symplectic group and over orthogonal groups

Haar measures and generating functions for characters. Lemma 6 in Appendix A.1 and formulae
of the Appendix A.8 results in the following lemmas we shall need:

Lemma 2. The Haar measures of the symplectic group Sp(2n) and of the unitary group U(n) are related
as follows

¢VERA S = 27 (Ulp)r— (U p)d.U (51)
= 27" (Ulp)7 (U p)det(1 — U%)det(1 — U~2)d,U (52)
= 27", (Ulp)r_ (U |p)det(1 — U?)d,.U (53)
where €91 e~ . e e~ gre eigenvalues of S € Sp(2n) while e, ... e are eigenvalues of
U e U(n).

Lemma 3. The Haar measures of the orthogonal group O(2n) and of the unitary group U(n) are related
as follows

6trV(O,p)d*O _ 27”T+(U|p)7'+(U71|p)d*U (54)
= 277 (Ulp)r- (U p)det(1 — U?)~'det(1 — U~?) .U (55)
= 27" (Ulp)m (U p)det(1 — U*)d.U (56)

Lemma 4. The Haar measures of the orthogonal group O(2n + 1) and of the unitary group U(n) are
related as follows

eV OPG. 0 = 27 (Ulp)r (U |p)det(1 — U)det(1 — U~ )d, U (57)
27" _(Ulp)7_ (U p)det(1 + U) " tdet(1 + U 1) 1d, U (58)
1-U!
= 27"_(U U~ 'p)det———d.U 59
7-(Ulp) 7 (U™ |p)det——— (59)
where €91 e e e 1 are eigenvalues of O € O(2n + 1) while e .. e are eigenvalues
of U € U(n).
4.1 Integrals over symplectic group.
Consider the following integral over the symplectic group
Isp(an) (P) = / eXm=1tmtrS" g g (60)
SeSp(2n)
where d,S is the corresponding Haar measure. Explicitly
2 n n
2m oo
Ispiom (P) = — / cos 0; — cosB;)? 2 Xm=1 tm cosm0i 2 9. 4. 61)
p(2 )( ) n . E( J) E (

Page 8 of 27
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where et etn gre the eigenvalues of S.
By analogy with matrix models studied in physics we call the parameters p = (p1,po,...) coupling

constants, and (asymptotic) series in these parameters are called perturbation series.

Perturbation series for integrals over symplectic group as series in characters 0)(p), spx(p),
sx(p)-

Proposition 1.

ISp(2n)(p) = Z 3/\u/\(p) (62)
eAyen
= 27" > ()’ =2" > (spa(-p))? (63)
e(A)EEn xiEan

Formula (62) may be derived using of Cauchy-Littlewood formula

i PN O EN )
A
and the known relation (see for instance (6.13)-(6.15) in Sect 6, VII in [35])

1 ATiseven
S)d.S = 64
/SeSp(2n) #(5) { 0 otherwise (64)

where A'" is the partition conjugated to A, see [35]. (This relation may be easily obtained by the
evaluation of the Schur function sy (z) where z; = x; + z; ! inside the integral over symplectic group).

The left hand side of (63) is obtained from (51), (29) and (8), and the right hand side of (63) is the
result of (23).

Integrals over symplectic group as DKP tau functions. Here we need the fermionic language of
Section 3, see also Appendix A.3.

Proposition 2.

1 L ! z)(z—x~ 1) dz
Isp(an)(P) = — (2n| D(p) e7r § ¥ Dvnle=a D |g) (65)
1 b
= — (20| D(p) eXies V¥ {0) (66)

Proof. The second equality follows from

1
411

Fotw@e-a )T =3 v (67)

i€L

Let us consider the Taylor series of the exponential in the right hand side. The first equality follows
from

(Nle(a1) - (an)[0) = [[(xi = 25) = An(a) (68)
i<j
and .
Ao, (e71 et o7 ¢ifn) = (—i)"Q”2 H(cos O — cos;)? H sin 0y, (69)
k<j k=1

Let us mark that formula (62) follows from (67) and from results of [43] (see formulae for S il) in [43]).
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Pfaffian representation. Here we need Appendix A.6. Let us note that thank to the Wick’s rule we
directly obtain the Pfaffian representation of the integral (60) as follows

Proposition 3.

ISp(2n) (p) =Pt [Mkj (p)]k7j:1,...,2n (70)
where M is the following Toeplitz matriz
1 i~k k—j S, Lpm(ama) 4T
My;(p) = —M;k(p) = o (2777 =" (& — 2™ )e2em=r P - (71)

Relation of the integral over Sp(2n) to an integral over U(2n). We can either refer to results
of [33] about the interplay between BKP and two-component KP tau functions, or do the following.
Consider

Ty(an) (P) = / det (U — UT) eZam=t mpm (WU 46U g 17 (72)
Uel(2n)

Written as an integral over eigenvalues it is

1 _ _ oo m —m da:t
IU(2n) (p) = W %A%(JC)Agn(x 1) li[l(xz -, l)e m=1 77,an<3'3 +x; ) = (73)
We have
Lemma 5.
Tiyany(p) = (20, —2n|eZm 7m0 =) ez S0 @TH B @)= 1, ) (74)

For the two-component fermions see Appendiz, a( ). = iz 7,/11(@)1/):_5_(2, n > 0.
The Lemma is the direct result of [21] (see Proposition 4 there). We also have

Proposition 4.

2
on / eXm=t mpmtrST g g ) = / det (U — U) eZm=t wpm (WU 46U g 17 (75)
SeSp(2n) UelU(2n)

Proof. One way to prove it is to present Iy(z,) as determinant of M of (71). It is easy using the
Wick’s rule for the vacuum expectation value in Lemma 5. Via Wick’s rule we directly obtain

Ty(2n) (P) = det [2M;;] (76)

ij=1,...,2n

with the same matrix M as in Pfaffian representation (70). This proves (4).
The other way is to apply the results of [33] (see Proposition 4 there). Then we have

1

(ansp(zn)(p)) <2n 7271‘ oA ( (1) _ (1))64m§w(1)( —1)¢T(2)(a:)(:1: T 1)d1 |0 O> (77)

which coincides with the right hand side of (74). The end of proofs.

Different fermionic representation and Toda chain-AKNS tau function Denote z =z + 27!
Introduce variables p = (p1, o, .. .) with the help

2 pnla ke = 3 0

where the sets of {pa,, n > 0} and of {P2n+1, n > 0} may be expressed via the sets {p2,, n > 0} and of
{p2n+1, n > 0} respectively by triangle transformations with binomial entries.

) e(p) = 3 ) P (78)

3\)—'
3\'—‘

10
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Then thanks to (150), (154) in Appendix A.1 we have

2 2 n
Lop(om (P(B)) = / o / =[] et (4= 22y (79)
- =1

A

The last integral is an example of well-studied § = 2 ensemble and may be presented in form of a
determinant:

Isp(an)(P(P)) = det[Ni;(P)]i j=1,....n (80)
where IV;; are the so-called moments. In our case
2 . : oo 1~ m
Niy(B) = / S D e (4 ) (81)
-2

The fermionic representation for § = 2 ensembles is known, see , in our case

4.2 Integrals over orthogonal group.

Consider the following integral over the orthogonal group O(2n)
o (p) = / Xy w0 d,0 (82)
0€0(2n)

where d, O is the corresponding Haar measure. Explicitly

n

2(”—1)2 n co 1
Ioam (p) = 7/ cosb; — cos0;)? [ e?2m=1 mpmcosmbi gg, 83
o(2n) (P) 7! Jo<o,<..<6,<n H( ) H (%)

i<j i=1

where et etn are the eigenvalues of O. and
2 n n
2” 9 oo 1
Ioonst (P) = / cosB; —cos0;)? [ sin? = eXm=1 mpm(it2cosmbs) g, 84
0(2 +1)( ) ] 8y <O < g( ]) Zl;[l 9 (84)
where 1, e7% ... e e7% 1 are eigenvalues of O(2n + 1).
Remark 6. Then
Ton)(P) = 2Isp(an) (P + [1] 4 [-1]) (85)
1 1 o 1
I@(2n+1)(p) = 5 B+(1)]©(2n) (p) = 5 ezm:1 rlnpm I@(2’”)(p - [1}) (86)
According to (54) and according to (29), (28) we obtain
loo®) =27 [ Ulp (0 pU (87)
U(n
loo(®) =27 [ = (Ulp)r (U lp)et ~ U 2. (89)
U(n

Perturbation series for integrals over orthogonal group as series in characters sp)(p), ox(p),
sx(P)-

Proposition 5.

Iopeny(P) = Iow)(p) = Z sx(p) (89)
N
= 20 Y ()2 =2 Y (0r(-p))? (90)
AEP AEP
LN <n A1<n

11
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Equality (89) follows from the Cauchy-Littlewood formula

eXm=1 mPmtrO™ _ ZSA(O)SA(I))
A

and (see for instance (3.19)-(3.21) in Sect 3, VII in [35])

/ 51(0)d.0 = {(1) )\ISGVQI.I (91)
O€eO(N)

otherwise
The left hand side of (90) follows from (54) , (28)) and (8), then the right hand side is the result of
(23).
Integrals over orthogonal group as BKP tau functions.

Proposition 6.

! Ipny (P) = (20| T(p) e $ ¥ Y@@ =) 725 ) (92)

= (20| D(p) eXk=0 Zien Vivi-1-2kg) (93)

n Igani1)(p) = €Xm>0 mPn (2 4 1| T(p) et ¥ WW%W 0) (94)
= eXn>0 mPm (2n 4 1| T(p) eXes (7% |0) (95)

or, it can be written in an unified way as

nl Iy (p) = (N|T(p)em § ¥l v -0tz 4 Z50u01) |g) (96)
_ <N|F(p) e 2ks0 ez wiwi—l—szr%tﬁZieZwi O> (97)

where N may be even or odd.

The simplest way to prove this Proposition is just to apply Lemma 6 to Proposition 2. However let
us prove it directly from the fermionic expressions like we did in the proof of Proposition 2.
It is convenient to re-write the fermionic exponent in (92):

i o) = e o9

where we note that W =i(¢p(1)y’'(1) — ' (1)(1) is not singular at 6 = 0. The proof basically
repeats the the proof of Proposition 2. For the vacuum expectation value in the right hand side of (92)

we obtain
1 n L do;
- A —i0, 6 —i0,, , eien 62'('):=1 5 Dm cos mb; 7 99
n! (ﬂ"n' / / an( )Zl;ll sin 6; (99)

Then formula (69) proves (92). The formula (93) then follows from

dx
71 -1 -140r
Ari %w —2) r  Ami 7{1/)

Formula (94) and the unifying Formula (96) follows from (86) and the bosonization relations, see Ap-
pendix A.2. At last

— *].d.’ﬂi _ 9 3 dCEi i
47”]{w R 33+1 x 2772]{w ) -t 7.'.)?72(7)+Jw11/}]

i>7

= % Z Z Yihi—1-2k

k>0 i€z

Thus each relation of Proposition 6 is proven.

12
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Pfaffian representation. Let us mark that thanks to the Wick’s rule applied to calculate (92) we
directly obtain the Pfaffian representation of the integral (83) as follows

Proposition 7.
I@(Qn) (P) =Pf [Mkj(P)]k,j:L“.,zn-s-Q (100)

where in case N even

1 A . m —m d
M,;(p) = 77{ (@9 7F — 2% 9) (@ — a7 LeXmar mpm (@ ) 4

101
47 ( )

T
In case N = 2n + 1 the entries My; k,j < 2n + 1 as before and

e (102)

1 o 1 m
Mpontz = —Monjop = =— ¢ aFeXm=r mpm @ +e
27 T

For the proof we notice that from Wick’s rule we get
1 Yz~ (z) dx
(p) = —— Tt § 220 YA B
Miy(p) = 5 (0lulu] § P2 )

Relation of the integral over O(N) to an integral over U(2n). Next turn to its two-component
KP counterpart. According to Proposition 4 in [33] we have

2
(Iov)(P)” =
(N, —N|eZimmt mom(al) —aD) iz § V@ ! @)@—a™) 2+ 5 (00wl e W) 19 gy (103)

where we use the additional fermions v, ¢ which anticommute with () (x) and z/JT(i)(az:)7 also Yt +
P =1 and |, *) = 0, see Section 2 in [33]. Other the notations are the same as in Lemma 5.

As 1D TL-NLS tau function. Denote z = 2 +x~! and introduce variables p = (p1, o, . . .) with the
help of (78). Then similar to (79) we get

I®(2n / / H R — Zj 21_[ 2 =1 mPm '*C(f))dzi (104)

1<j

Tonsn (P / / [1Gi - 2)? H eXm=y whn " =eB) (2 — 2;)dz (105)

z<j

4.3 On some integrals over unitary matrices.

(1) Here we consider a Cauchy-like integral:

(—1)z (V=) / e2n>0 wPnttU" qet(1 — UH =1 (detU)N 1 4, U (=1)2N* =N exp Z Pr(106)
U(N) n>0

= Z spa(p) = Z (—1)|)“0,\(—p) (107)

A A
L(A)SN A <N

where we imply det(1 — UT)™! =37, sx(U")sx(po), Po = (1,1,...) (Cauchy-Littlewood identity).
To prove (106) we need

N
. —h dz;
(2m)—N7§det (z:”>ijdet (= hj)m- [[=- =TT om0 — / sy (UNdetUd.U =6, 5
) ’ 3 7 ‘]
(108)

which generalizes (8). Let us substitute Cauchy-Littlewood series for the exponential and for the determi-
nant det(1—UT)~! inside the integral. These seies are respectively >, sx(p)sx(U) and Y, sx(UT)sx(po)-

13
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Using (108) where L = N —1, up to the sign factor we obtain ) sx(p)s5y)(Po) where Ai(A) = N+ N—1.
Notice that each s)(p,) = 1 for A = (n), n = 0,1,... and vanish otherwise. Then the first equality is

true, because >, o S(m)(P) = expd_,, .o 2.

The second equality may be obtained with the help of the Schur-Littlewood relation (see Ch. I, Sect.

5, Ex. 4 in [35] page 76)
Z sx(U) = H(l —ziz) 7t H(l —z)7 !
k

A i<j
where z;, i =1,..., N are eigenvalues of U, written in form
[Ta-zH][a =250 saUh) =1
k i<j A

and further re-written in form

(~1) 2NN (detU) ! Ndet (1 - UT) | JJ(1 —22) Y sn(U) | =1
A

1<J

where z;, i = 1,..., N are eigenvalues of U. Then, inserting the left hand side inside the integral and

using first (28) and then (8) we obtain (107). The third equality follows from (23). Relation (106) proves

that sums of characters (107) are the elementary KP tau function with p being the KP higher times.
(2) Similarly for N > 1

0= (—1)2(N*~N) / eXnzo wPn V" det (1 — U?) (detU)V1d, U = (109)
U(N)
Y. o) = > sp(-p) (110)
(OUN N fopst

Proof. To get the second equality we use

> a0 =[]0 —zz)™"

Atr even 1<j

(see Ch I, Sect 5, Ex 5(b) in [35] page 77) witten in form

(—1)EN =NdetU Ndet(1 - U2) 7 | J](1 - 22) Y san (@) | =1 (111)
i<j A

and relations (29) and (8). The third equality results from (23). The first equality in (109) is obtained

using det(1 — U?) = >, sx(U)sx(p)), p, = (0,1,0,1,...) and (108) which gives 0 for each N.

5 The character expansion for 7 = 2 ensembles

The character expansions. Lemma 6 in Appendix A.1 and series (28), (29) induce the character
expansion for a number of matrix integrals. Relations (147)-(149) may be used in the study of the
so-called § = 2 ensembles. Then (154) yields a link of these ensembles with the BKP tau function [26].

Let 1
V(2,T)=> —2"Tn (112)

m>1
and variables T' = (T, T, ...) and p = (p1,p2,...) are linearly dependent and related as follows

oo

V(D) eT) = Viep) + Vi p)  or)=) ZOTn (1)

n=1

For instance, T1 = t1 — Y .o (2n + 1)tan41.
Then we have

14
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1

2

2 Proposition 8.

5 I.(T) = /A(zl,...,zn)QHszeV(Z“T)du(zi) _ (114)

6 i=1

7

; = Y. s amN) (115)

9 hy>e>h, 20

10

11 = Z S{n} (P(l)) 7"?27;1} (N) S1h} (P(z)) (116)

12 i hngn

13 (p) — (p)

14 = Y. e Pogy@) T, (N ogy(p)e (117)

15 NI

16 . .

17 = Z e“(P) spiny (P) W?}:—;L} (N) SP{h} (p)e () (118)

18 nanZinds

19 ¢ - c

20 = Z e“(P) oty (P) 7"{}:_5} (N)Sp{;}} (p)e ®) (119)

21 Fia Shnao

22

23 where T = pM) — p® (that is T, = pﬁ) - pg)), and

24

25 7y (V) = nidet [wgﬁi . (N)} (120)

26 Y i,j=1,...,n

27 7%~ (N) = nldet [Wab . } a,b==+,0 (121)

28 {h,h} ' hi,h_j i,j=1,.4 n ’ ’ ’

29 and the related moment matrices are

30

31 W?S(N) = /z”jJrNd,u(z) (122)

32

3 T = [ dula() (123)

35 — ; _1y v dp(z(x)

36 T (N) = /x e+ 1)Nm (124)

37 o d

35 W) = [a ety ) (125)

39 ! L=

40 Proof. We use Lemma 6 in the Appendix A.1 and relations (113), (28)-(29). The Schur functions

41 which are involved in (28)-(29) we present as ratios of the determinants (1), at last we use the simple

42 identity (sometimes called Andreif identity)

43

44 -

45 /det [7i(@;)]; jo1. ndet[Ti(@))] oy Hd,u(:vq;) = nldet {/ Ti(l‘)Tj(I)d,u(I)] N

46 =1 7/,]:1,...,71

47 to get moment matrices (122)-(125).

48 Remark 7. Series (115) is a special case of (116) where p® = 0.

49

22 3 =2 ensembles as the BKP tau function. Using (154) in Appendix one may verify that
")

gg L(T(p)) = nlec®) <n|62m>0 %pmamef o du(z(z))-ﬁ-\/ifw(x)du(x)¢|0> (126)

54 Then we can apple the Wick’s rule to get the Pfaffian representation

55

56 In(T(p)) = n! P [Ai; (p)] (127)

g; where, for n even

59 Remark 8. The integrals (114) may be related both to the BKP hierarchy where p are BKP higher times the

60 one-dimensional Toda chain with higher times p , see (78)

15
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6 The character expansion of two-matrix models
Let
z=x+at, Z=z4+i""! (128)

In case we can express the variables p as a linear combination of the variables p(*) and the variables p
as a linear combination of the variables p(®:

Pm = Z Dmnpn y Pm = Z Dmnpn

n=1

in such a way that

az+b az+b 5
Y = W\ — (s
% <Cz+d,p > V(z,p), V( =, p ) V(Z,p) (129)

we can apply the same method based on (147)-(148) in Appendix A.1 to get character expansion of
L(p",p®) = / INCTRES INCRESE | B AR AR (130)
i=1
For the sake of simplicity let us take du(z,2) = 0 if either z > 1 or Z > 1, in (130) and in addition
V(" p") =V(z,p), V(EpW)=V(zp)

such that p; = pg ), Py = p(Ql), p3 = pél) —t(1);, pa = pfl ) 2¢(1), and so on.

L(p",p?) = (131)

= Y smeM)EY s ) (132)

h1>->hp>0
h1>--->hp>0

(]

e“® oy (p) G, 7, (P B) 047y (B) P (133)

h1>->hp>0
h1>--->hp>0

(]

P sppny () G155, (0, D) 57y (B) P (134)

h1>-->hp>0
h1>--->hp>0

(]

e“(P) o(ny (P) G{ihffl}(pv p) 5Py (P) e“P) (135)
hi>-->hn2>0
Ri>->hn >0

M

sy (W) GO 1 (B) spgiy (B) P (136)

h1>:>hp >0
h1>--->hp>0

M

S{h}(p(l))G{h h}( )O{h}( ) °(p) (137)

h1>-->hnp>0
hy>-->hp>0

where
ab _ ab —
G 4 = det [GWJL] L wb=0 (138)
and the related moment matrices are
GY = / 2NN G (2, 2) (139)
G = / R E T (o 4 2 YN (E + 2 )N du(z(x), 5(7)) (140)
-— i—nnsl) g nnol) SW\N a1y Ap(2(2), 2())
Gij = /ac T (et )@+ d— 290172 (141)

16
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G;J.JF = /xi—%jj—n(ni;n(x_i_x_l)zv(j_~_5C—1)Nw (142)

G = / SN L a N GG 5(3)) (143)
0—  _ AN oS S N dp(z, Z(T))

Gij = /Z ! e (144)

Example. Take 7 = 7, z = z, t1) = t®) ¢, = £,,, and N = 0. Take also du(z,2) = f(]z|) ‘1‘12;15‘2,
where z and z are related by (128). Then

L(pM, p™?) stm (B) (145)
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A Appendices

A.1 Rewriting Vandermonde determinants
We have usefull elementary

Lemma 6. Let

1 z 1

= =212 14

z=x+x ", I 5 5V (146)
(Joukowsky transform,).
Then
II @-z2)= ] Q- ] @'-27h (147)
1<k<j<n k<j<n 1<k<j<n
_ -1 -1
= (x]0) T it —a5h) (148)
1<k<j<n
0
= (x0) J] @'-«H]] — (149)
1<k<j<n j=1 J

And as a result

H (2 — 2)? = H (1—zpz;)(1— x;lxj_l) (z1, — ;) (2, — xj_l) (150)

1<k<j<n 1<k<j<n 1<k<j<n
=7 (X[0)r (X 10) [T @n —ap)(a’ =25 ) (151)
1<k<j<n
- 1
=r (X0 (x"0) [[ G-zt -2H]] — (152)
1<k<j<n ! j=1 1-25)(1—=;7)
_ _ T 1
= (X0 (Xx710) [ @k -t -2 ] — (153)
1<k<j<n j=1 J
1
:Azn(éfl_l,fl,u-axﬁlvxn)n,li (154)
j=1 l'j — l’j

Indeed, we have

(1- xj_lzlzl)(:cj —x)=(1- szk)(asj_l - a:,;l) =2z — 2k

and obtain (150)-(151).

A.2 Vertex operators
Vertex operators we need are as follows
X(L,p, ) i= eZam Mo \Lem Tl mm oy | XH(L,p, ) i= e~ Zam Mt \LeXih mr ot (155)

o A" 0

V(L,8,\) i= e Znma A "sn ALKt ST ot | VH(Ls, M) 1= eXnm A e TLem XI5 T (156)

Interesting historical fact that the formula which relates fermions to bosons first was found in [46].
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The following bosonization relation is useful

N 1 -1
(LIt (1Y) - ¢ (o )T+ (P)
(L+NIT(p+ ) [p]) = - (157)
§ L pE Y VT (01— 1)
Introduce
. (" X(L,p, ) o+ . R O"Y (L,s,\)
Qn(Lap) - ris ( 8)\” X (vaaA) ’ Qn(LaS) - I'gb Y (L,S,)\) a)\n (158)

A.3 Fermions

We shall remind some facts and notations of [24]. Introduce free fermionic fields ¢(z) = >, 12",
Vi(z) =Y es 1/)T,i,1zi whose Fourier components anti-commute as follows ¢;1; +v,1¢; = ij;f- +1/J;1/J;r =
0 and wiw; + ’(/J;’l/]i = 0;,; where 6; ; is the Kronecker symbol. We put

$i|0) = ¢1,|0) = (0]r_; = (0]} =0 (159)

where (0] and |0) are left and right vacuum vectors of the fermionic Fock space, (0] -1-]0) = 1. Also
introduce

<n|:{<0|¢$"'wT if n>0 |n>:{w”—1"'¢00> if n>0 (160)

n—1
O _y-tp oy if n<0’ Wi, -ty if n<o
Then (n|-1-|m) = m-
Following [26] we introduce an additional Fermi mode which we shall denote by ¢ with properties 2

; 1

ovi+ o= oYl +ylo=0, ¢* =7 (161)
o0 =10) 7, {0lo=—=(0 (162)

-0 Vi

such that (L|¢|L) = %
Now, two-component Fermi fields used in Section 6 are defined as

(@) =3 2"onra, () =D 2, (163)

neZ ne

where ¢ = 1,2,3. Other details about multi-component fermions may be found in [24], and in relation
to matrix models in [21].

We have

X(L,p, NXT(L, p)(N + LIT(p)gT'(s)|L) = (N + LIT(p)w (N9 ()9 (s)|L) (164)
YH(L,s, )Y (AN + LIT(p)gI' (s)|L) = (N + L|T(p)gv ()¢ (u)T'7 (s)|L) (165)

Then it follows that
(L, p)(N + LIT(p)gT"(s)|L) = (N + L|T(p)QngT(s)| L) (166)
(L, p)(N + LT (p)gl(s)|L) = (N + LT(p)gQ2nI(s)|L) (167)

where

0 = res (1) (168)

Using the fermionic representation one may verify that tau functions related to the considered ensembles
(dd-OE, dd-GinOE, dd-SE, dd-GinSE) obey the constraints

(Qn(Lp) - Q;(L,s)) r(L,p,s)=0, n>1 odd (169)

where ) = t), — 1024 S}, = sk — 302, (this shift appears due to the Gauss measure in undeformed
ensembles).

2In notations of [26] our ¥n, wIL and ¢ read respectively as 1/’n+l’ 1/12;_’_ , and g
2 2
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A.4 The Schur function

Consider polynomials h,(p) defined by e2n=1%"t» = $°°° >"h (p). Then the Schur function labeled
by a partition A = (A1,..., Ay > 0) may be defined as sy(p) = det (hx,—i+;(P)) - The notation
5)(X) denotes (A.4) where p = ), [x;] where x; are eigenvalues of X.

i,j=1,...,

A.5 Characters of classical Lie groups/algebras

We recall some information about characters of classical Lie algebras as it is presented in [13] Chapter
24. The character of a simple lie algebra is given by the Weyl character formula. For a dominant integral
weight A the character ch) is equal to

A
chy = 2F2 where A, = Z sgn(w)e(w(pu)). (170)
Ap weW

Here W is the Weyl group of the simple Lie algebra. and p the sum of all the fundamental weights, or
equivalently half the sum of all positive roots R*. One has

Ay =TI (e(a/2) —e(=a/2)) = e(p) ] (1=e(=a)) = ] e(=p)(e(e) = 1)

aERT a€ERT a€RT

First case: sl, or rather gl,. We identify the standard Cartan subalgebra, the diagonal matrices of
gly, with its dual via the trace form (a,b) = trace (ab). Let ¢; = E;;, and assume A = Y . | A\;e;. In this
case RT consists of all elements ¢; — €5, with i < j and

1<j =1

N.B. Fulton and Harris [13] have a different formula for p, they claim p = )", (n — i)¢; which is wrong.
The Weyl group is the group S,, the permutation group that permutes the elements ¢;. Denote by
x; = e(€;), then

_ A+ 1 a2 An gt —n Xit ot —i
Axtp = ; sgn(w)z, 1) Toi2) T = det [a?j Lgi,jgn (171)
w n
ntl o
Taking A = 0 in (171), we obtain A, = det {xj 2 z]. Thus
det [:E/\ﬁ";l _l] det [x%‘i+”_i}
Chy = sy — ’ 1<ij<n _ J 1<i,j<n
AT 9N — n;rl i - det [In—z}
det T, . J 1<i,j<n
1<i,j<n

Another presentation of the character is the so called Giambelli or determinantal formula. One expresses
the character in the elementary Schur functions functions S (z) defined in (A.4):

sx(z) = det [5()\1,+j_i)(x)] 1<i,j<n
Second case: spy,. The positive roots aren now €; — ¢;, with 1 <¢ < j < n and ¢ +¢; with i < j.

The element p = Y1 (n+ 1 —i)e; and the Weyl group is the group that permutes all e allowing also
all possible sign changes, i.e., €; — =¢;., hence it is the semi-direct product of S;, and Z3. Then

A= 30 senw)sen(o)e(3 ()% pwler)):

wES, o€LY i
Here o = (071,...0,) and sgn(o) = (—)2i 7. Using again x; = e(e;), it is straightforward to check
A, = Z sgn(w) (@l — 2,() (172)
wWESy,
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Hence
det I:xjA_iJran»l _ x;/\ifn+271:|

n—i+1l _ —nt+i—1
det [;vj z; ]131_,3_3”

1<ij<n

chy = spy =
The determinantal formula in this case is due to Koike en Terada [31]

1
spa(x) = Sdet [s(x,—i4)(2) + s00—ijan) ()], oy,

where we substitute x,4; = xi_l

Third case: so3,4+1. The positive roots aren now ¢; — ¢;, with 1 <7 < j < mn and ¢ +¢; with i < j
and all ¢;. The element p =Y (n+ % —1)¢;. The Weyl group is the same as in the spa,, case. Hence,
also A, is the same, viz. (172), as for spa,. Hence

Xitn—it+3 —Xi—nti—3 itn—i —Xi—n+i
det [93 2, 2 det |zttt _ g A
e = o J J 1<i,j<n J J 1<ij<n
A=0x= — — = — —
n—itz —n+i—3 n—i+l _ .—nti
det [a:j P - 2} e det [2] L Lgi,jgn
<i,j<n

The determinantal formula is equal to
ox(x) = det [s(x,—i45) (@) = S(n—imp) (@), 1, (173)

here 2,,; = x; ' and x3,11 = 1. In term of irreducible charcters S0y (@) = S () — s(k—2)(x), one can
rewrite (173) to

1 ° o
0)\(1) = idet |:S(>\i—i+j)(z) + S(Ai—i—j+2) (‘T):|ij:1 n (174)

Fourth case: soy,. The positive roots aren now ¢; — ¢;, with 1 <14 < j < n and ¢ +¢; with ¢ < j
and p is the same as for gl,,, viz. p = > ;(n —i)e;. However the Weyl group is a subgroup of the Weyl
group of sog, 41, one only allows an even number of sign changes. This leads to

A, = 1 (det [:rj* — :c;”]

5 + det [:cé‘ + x;“}

1<i,5<n 1§i,j§n)

and hence

det {ﬁ‘iﬂhi — :Ef)‘i_”+i}
J J 1<ij<n

det [x?_i + x;"‘“]

+ det {x’\ﬁn_i + xf’\i_"+i}
J J 1<i,j<n
Ch)\ =

1<i,j<n

The determinantal formulas (173) and (174) also hold in this case with the restriction that in this case
Tpps = xi_l, the element zo,4+1 does not exist.

A.6 Pfaffians

If A an anti-symmetric matrix of an odd order its determinant vanishes. For even order, say k, the
following multilinear form in A;;,7 < j <k

Pf[A] := ZSgH(U) As(1),02)A0(3),0(4) " Ao(k—1),0(k) (175)
where sum runs over all permutation restricted by

c:02i—1)<0o(2i), o(l)<oB)<---<oalk—1), (176)

coincides with the square root of detA and is called the Pfaffian of A, see, for instance [36]. As one can
see the Pfaffian contains 1-3-5----- (k—1) =: (k—1)!! terms.
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Wick’s relations. Let each of w; be a linear combination of Fermi operators:

Wi =Y VimWm + Y Ui, i=1,...,n

meZ mEZ

Then the Wick’s formula is

(U|dor - - - 1) = {Pf (A oy i nise\{en
0 otherwise

where A is n by n antisymmetric matrix with entries A;; = (l|w;w;[l), @ <j.

A.7 Hirota equations

KP Hirota equation:

dz R _ " _ N
§ omsePIr  — [p)relp + (2 p7) =0

For 7+ defined by (16) we have for the left hand side

7{ 2 () 2y (SR B () = S ()
21

which is equal to zero. Thus, 7¢(p|p*) is the KP tau function with respect to the p variables.

Now in view of Giambelli relations for characters [8]

ox(p) = det (0(a,15,)(P)) ,  spA(P) = det (sp(aiip(P)) , A= (alB)

we can write )
7 (p|p*) = (0]eXrs0 FIprXiyz0(=) 0w B Iwivl, ;)

7 (p|p*) = (0]eXrz0 #2200 s ()wivl, ;)

(177)

(178)

(179)

(180)
(181)

Hirota equations for the large BKP hierarchy were written in [26]. For 2-BKP hierarchy Hirota

equations are as follows [43]

dz SN/ =N—=1-2,V(p'~p,2)
211

dZ N7 _ /z _ _
+~7§72N+l v 26V(p P )TN’+1(llapl+[z 1]75/)7—1\771(171)_[2 1]75)

211

dz s
_ y{izl —lV(s'—s,2 1)7_N,_1(l/+ l,p/’sl _ [z])TN+1(l —1,p,s — [z])

211

d ’ / —1
_i_/izzlfl eV(s —s,2 )TN/+1(l/ _ 1’p17sl + [Z])TN_l(l +1,p,s+ [Z])

211
(_l)l’+l
2

+

The difference Hirota equation may be obtained from the previous one [43]

g
a—p3

([ v p+ o) - 5o

+LTN+2(l,p + o+ B Drv-1(,p) = v (lp + [ + [B7 )N (I, P).

af

24

v (P = [ ) v p + (27, 8)

(1= ()N * Ny (1, p',8 ) (1, Py 8)

TN(l7 p+ [ail})TN—‘rl(lv p+ [ﬂil])

(182)

(183)
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A.8 Integrals over the unitary, orthogonal and symplectic groups

For U(n) the Haar measure is

1 ; : =
d.U = @ II €% —eP][do;, —v<b<...0p<n (184)
1<j<k<n j=
where €%, ... e are eigenvalues of U € U(n).

For O(2n) the Haar measure is

2(n—1)2 n n
d,O = ~ H(cos@i—cosej)QHdGi, 0<0,<--- <0, <7 (185)
T i<j i=1
where %1, e70 .. e e70n are eigenvalues of O € O(2n).
For O(2n + 1) the Haar measure is
d0—2n2n 0 0,02 T sin? %an <6 <--<0,< 1
N fﬁnn(cosifcos ;) Hsm; i, 0<60; < <0,<m (186)
i<j i=1
where %1, e701 ... e e 1 are eigenvalues of O € U(2n + 1).
For Sp(2n) the Haar measure is
2n2 n 5 n )
d.S — _ , 12 0. d6;
* — H (cos®; — cosB;) Hsm 0;df;, 0<6,<.---<6,<m (187)
1<J =1
where e/1,e7% ... e e~ are eigenvalues of S € Sp(2n).
A.9 Characters as vacuum expectation values
We can write the determinatal expression (2) for sx(p) as a (vacuum) expectation value [24]
sx(P) = (k[L(P)Vr4rs -1Vt ro—2 - Yhsr, —nlk —n) (188)
Now using the commutation relations of I'(p) with the fermions ¢;, we define
4;(P) = TN L) =D s@@Wi—i.  ¥(p) =T P)/I(P) Zs< ) (P (189)
i=0
Hence,
$x(P) = (kY42 -1(P)Vk42ro—2(P) -+ Yrtr, —n(P)[k — 1) (190)
which is exactly the determinant of (2). On the other hand, if we write A in the Frobenius notation
A = (a1,a9,...,a.|b1,ba,...,b,) where a; = A\; —¢ > 0for 1 < i < rand \py; —7r—1 < 0, and

bi =X —i>0for 1 <i<randX. ; —r—1<0for )\ the conjugate partition of X. If we drop the
condition that a; = A\; —4 > 0 and b; = A, — ¢ > 0, then we can see

A= (a1,a0,...|b1,ba,...) with a; = \; —4, and b; = X — ¢
as two infinite sequences. It is then well known (see e.g. [48]) that the sets

A={ai,as,a3,...} and B={-by —1,-by—1,—bs—1,...}
form a partition of Z, thus

Oktrs—1Uki a2 Vrin,—nlk=n) = (=)0 o Py, - wararr-wlifbrflwl];fbr—l*l " .wlsz1*1‘k>
(191)
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and

r(r—1)

sx(P) = ()T T (R Wk sa, (P)Vktas (P) -+ Ykta, (p)¢£—bl—1 (PWLZ)QA () %Lbrq (p)[k)

Now using Wick’s relation, see Appendix, this is equal to the Pfaffian expression

(_)b1+---+br+% PflAN; ;1 or» Where Ay = < _gtr ﬁ ) , for By = (kY 1a, (P)¢£-b,-—1(P)|k>
Now I
bt [A/\]i,jzl,..‘,Zr =(=)" 7 det [B]i,jzl,.“,r
and
B;j = <k|F(P)¢k+ai¢Lbr1|k> = (—)" 5(asb,) (P)
Thus

sx(p) = det [s(4,,)(P)]
which is a well known result of Littlewood [34] (see also [48]).

i,j=1,..,r

(192)

(193)

(194)

The orthogonal and symplectic characters can also be expressed as determinants (see e.g. [31], The-

orem 1.3.2 and 1.3.3)

1
ox(p) = det [s(x,—i+5) (P) — S(Ai—i—j)(p)L]_l _____ " spa(p) = §det (800 —it) (P) + S(x,—imjt2) (P)L- i=1,m
(195)
and similarly one has a formula ala (194), see [48]
ox(p) = det [O(Gi‘bi)(p)}i,jzl,...,r and spy(p) = det [sp(a”bj)(p)]m.:Lm,T (196)
Using (196), we calculate o(441,15)(P) = 0(ajp)(P) explicitly
S(a+1) = S(a—1) S(a+2) — S(@—2) S(a+3) —S@-3) " S(a+b+1) — S(a—b-1)
5(0) S(1) $(2) T S(b)
O(afp) = det 0 5(0) S() e S(b-1) (197)
0 0 0 cee 8(1)
0 Swa) = S@-2) Sa+1) —S@=3) " S(atb—1) — S(a—b—1)
5(0) S(1) 5(2) T S(b)
= S(a|b) — S(a—2Jb) T det 0 5(0) S(1) o S(b-1)
0 0 0 s 8(1)
b .
= S(al) ~ S(a-206) = Oa-116-1) = D (=) S(ailb-s) = Sta—j-2l0-i)
3=0
A similar calculation, using again (196), shows that sp((q+1,15)(P) = 8P(ajp) (P) is equal to
b .
SP(alt) = S(alp) — S(a—1b-1) ~ Oalb—2) = D (=)’ S(a—sjlb—3) ~ S(a—slb—j-2) (198)
3=0
which is also equal to
a
5P(alt) = D (=) Stailb—s) ~ S(a—jlb—i-2) (199)
k30
We can write both (197) and (199) as vacuum expectation values, viz.,
0(aly(P) = (—)" Y _(k[T(DP) (Yrtas — Yhta—j—2)U_psj_1]k) (200)
3=0
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(Z—a—l _ Z—a+1)w—b—1 (U}

) kD)) w) k)

= (—)’Res,—oResy—o T

where

Pa) =Y w2, Yi(z) =) ¢l (201)

jez JET
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And
11 8P(alp)(P) = (—)b Z(MHPWHa—jWLbﬂ,l - ¢It—b+j+1)|k> (202)

13 ma=1(=b=1 _ o, =b+1) 4
14 = (+)ResscoResumo L (Y ki) et )

16 Now let A = (a1, az,- - - a,|b1, ba, - b.), then

Wi

%

18 ox(p) = (—)Xb HReszi:OReswizo(z;“ﬁl—z;“"'“)w;bi*ldet [(

i=1

k Vbt (w0
) <k|r<p>¢(zm/’(“’?)|k>]

7,7=1 T
21 And similarly

r k
2 spa(B) = ()= [ Res.,-oResu oz (w1 = " )det [(“’) (kL (p)
25 i=1 i
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