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A calculation of periodic data of surface
diffeomorphisms with one saddle orbit

Elena Nozdrinova, Olga Pochinka

Abstract. We prove that every orientable surface admits an orientation-
preserving diffeomorphism with one saddle orbit. It distinguishes in principle
the considered class of systems from source-sink diffeomorphisms existing
only on the sphere. It is shown that diffeomorphisms with one saddle orbit
of a positive type on any surface have exactly three node orbits. We also
describe all possible types of periodic data for such diffeomorphisms, and
found formulas expressing periods of sources via periods of the sink and the
saddle.

Awnoranig. Ilpu BuBYeHH] JUCKPETHUX JIMHAMIYHUX CUCTEM BasKJUBY POJIb
Bigirpators mepiogumuni opbitu. Kiacmunnm npukragom € teopema Illap-
KOBCBHKOTO TIPO BiZi0OparkeHHs Bipi3Ky B cebe, sika CTBEPKYE, IO 3 iCHY-
BaHHS OpOIT mepioxy Tpu ‘mopomkye xaoc”. B ocramui 40 pokiB 3’sBuIIOCH
6araTo pobiT IPHUCBAYEHNX BUBYECHHIO MIEPIOJNTHIX JIAHUX Bi0OpaskeHb I0-
BepxOHb. Haitbiibim KOprCHUMHI IHCTPpYMEHTAMU JJisi JOBEICHHS iCHYBaHHS
HEPYXOMUX TOYOK Ta, B OLJIBII 3arajIbHOMY BHUIIAJKY, IEPIOJUIHIX TOYOK HE-
[IEPEPBHOTO BiT0OparkKeHHsI KOMIIAKTHOIO MHOIOBHY, € Teopema Jledimers
PO HEpyXOMy TOUYKy Ta 11 y3aranbuenus. /[3era-dyukmis Jledmrerns cmpo-
II[y€ BUBYEHHS IE€PIOINIHUX TOYOK JndeoMopdi3MiB TOBEPXOHD 3 PEryJisip-
HOIO AWHAMIKOIO. Pesysibrarn J0octiPKeHb B JaHOMY HAIPAMKY MOXKHA 3Ha-
it B pobortax takmx apropiB gk: II. Bmammap, C. Barrepcon, ¥. 2Kaxo,
Jx. @penke, C. Hapacimxan i in. Onuc nepiofuvHux JAHUX I'PaJi€HTHO-
mofi6Hux audeomopdismiB moBepxoHb OyB orpuManuii A. Besgenexknux ta
B. I'pinecom i cimpascs Ha Kracudikariiio romeoMopdizMiB MOBEPXOHB, OTPHU-
many JIxx. Hisbcerom.

YV poboti “A complete topological classification of Morse-Smale diffeomor-
phisms on surfaces: a kind of kneading theory in dimension two” B. I'pimec,
O. Tlounnka, C. Ban Crpien nokasajm, 1m0 BUBYEHHS HEPIOJUIHUX JTAHUX
noBimbHUX nudeomopdizmis Mopca-Cwmeiisia Ha TOBEPXHAX 3BOAUTHCS LIS~
xoM binbTpartiil 10 3a1a1i 00UNCIeHHS TEPIOANIHIX JaHuX qrudeoMopdizmin
3 €IMHOIO CeJJIOBOIO Iepionuynoo opbitoro. Ilpencrasiena pobora nmpucss-
“YeHa BUPINIEHHIO OCTAHHBOI 3314l y BUNAJKY, KO opbiTa ci/yioBol TOYKH
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Mae€ JIoJIaTHUI Tl opieHTaril. B crarTi moBeseHo, 1110 Ha KOXKHIN Opi€eHTOB-
Hiil oBepxHi icHye mudeomopdism, sxuil 36epirae opieHTAIO I Mae €IUHY
cimgoBy opbiTy. lle mpUHITMTIOBO BiApi3HSIE POSTISHY THI KJIAC CHCTEM BiJ -
deomopdismis “mkepenio-cTik”, gKi icayroTh Jjmire Ha cdepi. [lokazano, 1o
nudeoMopdi3zmu 3 OAHIEIO CIIIOBOIO 0pbHiTOIO0 Ha OyIb-SIKiil TOBEpXHI MalOTh
piBHO TpH By3a0BuUX opbiTH. KpiM TOro, BCTaHOBIEHO BCI MOXKJINBI TUIHN TIe-
pioMYHUX JAaHUX JJId Takux nudeomMopdisMis, a came: 3HaiIeHO HOPMYIIH,
IO SIBHO BUPAKAIOTh IEPIOH JIZKepeJI depe3 Iepioin CTOKY Ta Ciija.

1. INTRODUCTION AND A FORMULATION OF RESULTS

In the study of discrete dynamical systems, i.e. study of orbits of self-
maps f defined on a given compact manifold, the periodic behavior plays
an important role. During the last forty years there were a growing number
of results showing that certain simple assumptions on f force qualitative
and quantitative properties (like the set of periods) of a system. One of
the best known result in this direction is the paper entitled “Period three
implies chaos for the interval continuous self-maps” (see, for example, [8]).
The effect described in [8] was discovered by A. Sharkovsky in [12]. The
most useful tools for proving existence of fixed points, or more generally of
periodic points for a continuous self-map f of a compact manifold, is the
Lefschetz Fixed Point Theorem and its generalizations (see, for instance
[11], [3]). The Lefschetz zeta function simplifies the study of periodic points
of f. This is a generating function for all the Lefschetz numbers of all
iterates of f.

Periodic data of diffeomorphisms with regular dynamics on surfaces is
studied in already classical works by P. Blanchard, J. Franks, R. Bowen,
S. Batterson, J. Smillie, W. Jaco, P. Shalen, C. Narasimhan and other.
Description of periodic data of gradient-like diffeomorphisms of surfaces
was given by A. Bezdenezhnykh and V. Grines [1], using J. Nielsen’s clas-
sification of periodic surface transformations. In the paper by V. Grines,
O. Pochinka, S. Van Strien [6] it was shown that the study of periodic data
of arbitrary Morse-Smale diffeomorphisms on surfaces is reduced by filtra-
tion to the problem of computing periodic data of diffeomorphisms with a
unique saddle periodic orbit. The present paper is devoted to a solution of
this problem.

As first we will recall some basic definitions and notations.

Let Sy be a closed orientable surface of genus g > 0 with a metric d and
f 8 — S4 be an orientation preserving diffeomorphism. A point z € S,
is called wandering for f, if there exists an open neighborhood U, of x
such that f*(U,) NU, = & for all n € N. Otherwise, x is non-wandering.
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The set of all non-wandering points of f is denoted by {1y and called the
non-wandering set of f.

When €1 is finite then every point p € €1y is periodic, and its period
will be denoted by m,, € N. Moreover, p is called hyperbolic if the Jacobian
matrix (%) | has eigenvalues whose absolute values are distinct from 1.
If the absolute values of all eigenvalues are less (resp. greater) than 1, then
p is called a sink (resp. source). Sink and source points are also called
nodes, while hyperbolic periodic points being not nodes are called saddles.

Hyperbolicity of a periodic point p leads to the existence of the stable,
Wy, and unstable, W', manifolds, which are defined as follows:

Wi=te €Sy Jim dfT@)p) =0}
W= {we Sy m d(fTT0(),p) = 0},

The stable and unstable manifolds are called invariant manifolds. A
connected component of the set W' \ p (resp. W\ p) is called unstable
(resp. stable) separatriz.

A diffeomorphism f : Sy, — Sy is Morse-Smale if the set of its wandering
points consists of finitely many periodic points and there is no separatrixes
connecting saddles.

To the orbit O, of a periodic point p of a Morse-Smale diffeomorphism
f one can associate the following numbers (m,, ¢,, 1) called the periodic
data of p, where

e my, is the period of p,

e g, = dim Wy, and

e v, is the orientation type of p which equals +1 (resp. —1) whenever
f™wy preserves (resp. reverses) orientation.

Denote by G(Sy) the set of Morse-Smale diffeomorphisms f : S, — Sy
having a unique saddle periodic orbit O, and satisfying v, = +1. The case
vy = —1 was investigated in [9)].

Let f € G(Sy). It is well known that the Euler characteristic for an
orientable surface of genus g is expressed by the formula: x(Sg) =2 — 2g,
(see, for example, [5], [2]). On the other hand, by [13], a Morse-Smale
diffeomorphism induces a cellular decomposition of S; whose open cells are
unstable submanifolds of periodic points:

Sy=|J wp.
pEQf
Then
cg—c1+cyg=2—2g, (1.1)
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where c3 is be the number of the sources of f corresponding to 2-cells, ¢ is
the number saddles corresponding to 1-cells, and ¢y is the number of sinks
(0-cells).

The following theorem describes the numbers of the periodic orbits of

feG(S).

Theorem 1.1. The non-wandering set of every diffeomorphism f € G(S,)
consists of a unique saddle orbit and three node orbits: either one sink orbit
and two source orbits or one source orbit and two sink orbits.

In what follows we assume that a diffeomorphism f € G(S,) has a unique
sink orbit O, and two source orbits Og,, O, (otherwise, we could just
replace f with its inverse f~1).

By assumption f has one saddle periodic orbit preserving the orientation,
hence v, = +1 and ¢, = 1. The orbits of O,,, 04, consist of sources, so
Goy = Gap, = dim WS, = 2. Moreover, since f preserves the orientation of
open connected invariant subsets, we get that v,, = +1. The orbit of O,
consists of sinks, whence ¢, = dim W' = 0 and v, = +1. Thus, a part
of the periodic data is already known and our task is to find the periods
My My May , Ma,. Notice that from (1.1) we have

May + May — My + My, = 2 — 2g. (1.2)

Below (a,b) means the greatest common divisor of the natural numbers
a, b, also we assume (0,b) = b.

Theorem 1.2. Every diffeomorphism f € G(Sy) has the following periodic

data:
mey = m, me = km,

Ma, = (k,j+1) <(,Hk+1)m> ’ (1.3)

, k
mOé2 :(k7]) <(kj j)vm>a
for somemeN, keN, je€{0,...,k—1}.

Furthermore, for every collection of the natural numbers k € N, m € N,
Jj €{0,...,k— 1} there exists a diffeomorphism f € G(S,) with a periodic
data of the form (1.3) on a surface of genus

g=1+1 ((k:— Dm — (k,j +1) <(,wk+1)m> - (&) ((lf'j)m» |

Corollary 1.3. Due to theorem above every orientable surface of genus g
admits a diffeomorphism from the class G(Sy), with the following periodic
data: me =29+ 1, my, = My, = Mg, = 1, see Figure 1.1.
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FiGURE 1.1. Diffeomorphisms from G(S1) with m, = 3,
My = Mg, = My = 1

Acknowledgements. The study of the non-wandering set structure of
considered diffeomorphisms was financial supported by RFBR (project 18-
31-00022), the finding of a list of the periodic dates for these diffeomor-
phisms was supported by the fundamental research program of the HSE in
2018.

The authors are grateful to the referee for the careful reading of the
manuscript and very useful comments.

2. STRUCTURE OF THE NON-WANDERING SET

In this section we prove Theorem 1.1. Detailed proofs of auxiliary state-
ments given in this section can be found in [5].

Proof. Let us show that the non-wandering set of every diffeomorphism
f € G(Sy) consists of a unique saddle orbit and three node orbits (either
one sink and two source, or one source and two sink orbits).

For the saddle separatrix ¢ we denote by my its period, that is, the
smallest natural number p such that f#(¢) = ¢. Also denote by Oy the
orbit of the separatrix ¢. By [5, Proposition 2.3, p. 31], the closure of
each unstable saddle separatrix contains a unique sink, while the closure
of each stable saddle separatrix contains a unique source. Assume that the
unstable separatrix £* of a saddle point ¢ contains a sink w in its closure.
Let m be the period of w. According to [10, Theorem 5.5], f™ is locally
conjugate at the point w with the linear diffeomorphism of R? given by the

formula
Ty
L(x, :<—,7).
(@,9) =155
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Let O, be the orbit of the point w, V,, = Wg \ Ou, vV, = Vo/f be
the orbit space of the action of the group F = {f¥,k € Z} on V,,, and
p,: V,— V,, the natural projection.

Notice that V,, is diffeomorphic to a disjoint union of m open cylinders
S1 xR that are cyclically interchanged by f. Moreover, due to [5, Proposi-
tion 2.5, p. 35], the space v, is diffeomorphic to a two-dimensional torus.
Let =z € V,, be any point and & = p,(z). Then the natural projection

W Vi, — Vw is a covering map and we have the following exact sequence

O—>771(Vw,a;) —)7T1<Vw,i') 77—w)71'0Z—>7['0VW—>1, (2.1)

where 7, is the boundary homomorphism. Since the connected component
of z in V,, consists of points { f¥™« (z)}xecz, it follows that the image of n,,
is a subgroup mZ C 7 = wyZ.

In other words, we get an epimorphism 7, : m(Vw) — my,Z onto the
subgroup of Z consisting of multiples of m,,. For the convenience of the
reader let us recall the definition of n,,. Let [¢] € 7T1(Vw, %) be a loop in V.,
and c: [0,1] — V,, be its lift starting at ¢(0) = x € V,,. Then the end point
c(1) = f*(x), for some n € my,Z, and n,([¢]) = n.

Denote by a : R? — R? the diffeomorphism given by the formula

a(z,y) = (g,2y) .

Evidently, it has a unique fixed saddle point at the origin O with the sta-
ble manifold W5 = Ox and the unstable manifold W5 = Oy. Then the
diffeomorphism f™° in some neighborhood of the point ¢ is topologically
connected to the diffeomorphism a in a neighborhood of the point O (see,
for example, [10, Theorem 5.5]).

Let 0 = pu(£*) and j, : /" — V, be the inclusion map. It follows
from [5, Proposition 2.5, p.35| that the set {* is a circle smoothly embedded
in V,, and such that N (Jpuy (T1 (E ))) = meuZ. Notice that p,(Op) = (¥,

Figure 2.1 depicts the torus V,, with the projection 7" of the separatrix
£ such that 7 = 3.

Let N = {(x,y) € R? : |zy| < 1}. Notice that the set A is invariant
with respect to the diffeomorphism a. A neighborhood of N, of the point
o is called linearizing if there exists a homeomorphism p, : N, — N
conjugating the restriction f™< |y, with the diffeomorphism als.

In this case the neighborhood

me—1

= U fj(Ncr>
=0
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FIGURE 2.1. The projection of the saddle separatrix in the
orbit space of the sink basin homeomorphic to the torus

me—1

of the orbit O, = |J f’(0) equipped with the map po, : No, — N,
§=0
defined by
pO iy = oo 7 FI(Ng) 2 N, j =0, ,mg — 1,

is called the linearizing neighborhood of the orbit O,.

Due to [5, Theorem 2.2, p. 29], the saddle point (orbit) of the diffeomor-
phism f has a linearizing neighborhood.

Let N = N\ Oz and N'* = N""/a be the orbit space of the action of the
group {a”,n € Z} on N". Then the natural projection pg., : N'* — N
is a covering map. Moreover, the fundamental domain of the action of the
group {a",n € Z} on N'* consists of two disjoint curvilinear trapezoids,
each of which has equivalent points belonging to the horizontal segments
of the boundary. In Figure 2.2 these trapezoids are shaded and it is shown
how we can obtain the manifold N by identifying their boundaries via
the diffeomorphism a. Thus the space N is homeomorphic to a pair of
two-dimensional annuli K7, K.

FIGURE 2.2. The orbit space N*
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Let
NY = N, \ W, NS = N, \ Wy

Denote by Ny the connected component of the set N¥ containing an un-
stable separatrix £*. Let also Ny = p_(Ng) and j Ny @ Ngu — V., be the
inclusion map. Tlr}e set Npu is a smoothly embedded annulus in V., such
that 7y (j,, . (T1(New))) = meZ.

Denote by A the union of all sink points of the diffeomorphism f. Let
also Vi = W3\ A, Vy = Va/f, and ps : V4 — V4 be the natural projec-
tion. Similarly to the above arguments, the orbit space in the sink basin is
homeomorphic to the torus, which implies that each connected component
of the set V4 is homeomorphic to a two-dimensional torus, and the number
of connected components coincides with the number of sink orbits.

Let N¢, = No, \ W5 _, N, = No, \ W§_, N(%J = N /f. It follows
from [5, Theorem 2.4, p. 42] that the set N(%U is a pair of annuli smoothly
embedded in V4. Also due to [5, Corollary 2.1, p. 46] the set V4 is not
empty and, by [5, Corollary 2. 2, p. 62], each torus in V4 has to contain at
least one annulus from the set NO Thus VA contains one or two connected
components.

Similar statements can be formulated for the source point v and for the
stable separatrix ¢° of the saddle point o such that ¢ C W}.

Denote by R the union of the source points of the diffeomorphism f. Let
also Vg = WE\ R, Vi = Vr/f and p, : VR — Vi be the natural projection.
Similarly to the above arguments, the orbit space in the source basin is
homeomorphic to the torus, which implies that each connected component
of the set Vg is homeomorphic to a two-dimensional torus, and the number
of connected components coincides with the number of source orbits. On
the other hand, it follows from the equality Vp = (Va \ N§_ ) U N§_ (see,
for instance, [5, Theorem 2.1, p. 28|) that

Va= (VR \ N§,)UN},_ .
Thus, to get the space Vi we have to delete N(% from the torus V4 and
glue the set NO to the boundary of the resulting set.
Each of the sets NO , NO consists of two annuli. Moreover, the an-
nuli NOU are homotopically non-trivially embedded in the torus Va. If we

assume that V) consists of a unique connected component then Va \ ]\Af(%d

consists of two annuli and a gluing N(%U to their boundaries gives two two-
dimensional tori (see Figure 2.3, where the transition from the sink basins
to the sources basins is illustrated by the example of a diffeomorphism
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FIGURE 2.3. Regluing along annuli

of the 2-sphere. For convenience, in the above-mentioned basins, funda-
mental regions are selected, after the identifying of their boundary circles
the corresponding tori in the quotient spaces are obtained). This means
that there are exactly two source orbits for the diffeomorphism f, that is,
R = 04, UQO,, for some periodic sources ay, aa.

If we assume that V4 consists of two connected components then the
similar cut and gluing operation implies the existence of the unique source
orbit in this case. O

3. PERIODIC DATA

This section is devoted to the proof of Theorem 1.2. Firstly let us show
that every diffeomorphism f € G(Sy) has following periodic data, see (1.3):

my, = m, me = km,
. k

Ma, = (k,j +1) mvm ;
. k

mCYQ = (ka.j) ((k ]),m> 9

where m € Nk € N, j € {0,...,k — 1} are natural numbers.

Let us introduce an abstract model of dynamics in the basin of a periodic
sink of period m. Let m > 1 be an integer and V;,, = S! x Rt x Z,,. Thus
Vi 18 a model for the basin of a periodic sink of period m. Let k € N,
T7€{0,...,k—1} and

k—1
v = U em(%_%) x R, vy = U ei”(%_%}jl) x RT,
7=0
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k—1 k—1
n=J % Zm, v2=|J" X Zm,
=0 7=0

Here 1 U v2 models the saddle unstable separatrices, see Figure 3.1.
Let n > 0 be any integer satisfying the following conditions:

e if k=1, then n =0;
e otherwise, n € {1,...,k — 1} is such that mn and k are co-prime.

Here mn models the period of periodic unstable separatrices in V,, and “*
represents their “rotation number”, i.e. how the diffeomorphism permutes
these separatrices. As a local model for the diffeomorphism on the basin
we take the contraction ¢, k., : Vi — Vi, given by the formula:

_ 2mmn

Gmjen(z,m,w) = (ze” "k ', g, w+1 modm).

Then
Gm (Vi X {w}) = ’y;'”'m x {w + 1 modm} (3.1)

foralli=1,2,7=0,...,k—1,w=0,...,m— 1.

Notice that Vme = Vin/bmkn is a torus. Let pp, k.t Vi — mGn the
natural projection. Then 4; = py, .0 (7i), 7 = 1,2 is a knot in mGn

Let f € G(Sy). For the sink orbit O, put V, = W§_\ O,. Denote by
V., = V.,/ f the orbit space of the action of the group F' = {f%i € Z} on V,,
and by p_ : V,, — V., the natural projection. The unstable separatrices ¢,
¢y of the saddle point ¢ have period m, and lie in the basin V,,. Since the
group F' acts transitively on the connected components of V, (the number
of such components is m) and on the orbit of each unstable separatrix (the
number of the connected components of this orbit is m,), it follows that
in each connected component of the set V,, there exists the same number
of separatrices from that orbit. Hence the period m, is a multiple of the
period m.

Thus each connected component of V,, contains k := == separatrices
from the orbit of the separatrix £%. Let /% = p_(¢%) and €% = p_(£%). Then
there is a number n and a diffeomorphism fzw : Vw — mGn transforming
the knots @1‘, l%‘ to the knots 41, 42. Thus, there is a lift h,, : V, = V},, of
h., which sends the separatrices W, \ Op to the frame of rays 1 U~z and
conjugates diffeomorphism f|y,, with the diffeomorphism ¢y, 1, e.g. [5,
Statement 10.35, p. 243]. In this case, we may identify the conjugated
objects everywhere below.

Notice that 79 x {0} corresponds to one of unstable separatrices, say
0%, of the saddle point. Let 3 x {p} be another separatrix ¢4, where
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j€{0,....,k—1} and p € {0,...,m — 1}. Then
(p,m) =1

due to connectivity of the ambient surface S;. Moreover, as h,, conjugates
[ with ¢y, ., it follows from (3.1) that for every 7 € {0,...,k — 1}

71 x {w} and ’yéTﬂ) modk {w+ p modm}
are stable and unstable manifolds of the same saddle point, so the param-
eters j and p determine the are responsible for division of separatrices into
stable-unstable submanifolds of the same saddle.
Notice that the choice of j and p depends on the order which A, maps
79 x {0} and 43 x {p} to separatrices of the saddle point. It exchange those

separatrices, so 79 x {0} will correspond to ¢4, and 7; x {p'} to ¢}, then
the pairs (4, p) and (5, p) are related by the formulas:

j+i+1=k, p+p +1=m.
This leads to the formulas

(k7j/ + 1) = (kvj)v (mnol + 1) = (map)a

guaranteeing that in (1.3) the periods mq, , M4, do not depend on the order
of separatrices.

By Theorem 1.1, the non-wandering set of f contains exactly two source
orbits Oq,,04, such that cl(£}) = ¢} U aq, and cl(¢4) = 5§ U ay. Thus

Wo, = Sg \ cl(W5,).

If we remove from our surface S, the closures of m, stable manifolds, then
we get m disks (the basins of the sinks). Since each stable manifold locally
separates two such discs on the supporting surface, it follows that every
stable manifold will included twice to the boundaries of the disks after
cutting. Thus, the boundary of each disk consists of 2% = 2k stable
manifolds so that disk can be regarded as 2k-gon (see Figures 3.1 and 3.2
on the left).

The stable separatrices are called si- and sa-curves, the unstable sepa-
ratrices (they are located on the rays of the frames 7 and ~2) are called
u-curves frames, and the segments connecting the vertices of the polygon
with its center are called ¢-curves. Thus, this (colored) curves divide ev-
ery polygon into the triangles with s;-, t-, u-sides. Let us enumerate these
triangles as it shown on Figures 3.1 and 3.2 on the left.

As u-sides belonging to the rays

’Y§T+j) mod k % {(

71 x {w}, and w + p) mod m}
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FI1GURE 3.1. The octagon II that is the closure of the sink
basin of the diffecomorphism f € G (on the left) and the
four-color graph T constructed on it (on the right). Here
m=1,k=4,n=1,j=1,p=0

are separatrices of the same saddle point of f, it follows that in order to
get the surface S, from the polygons Iy, ..., 1L, _1 we have to identify the
pairs of those sides of polygons which are transversal to this pair of the
separatrices.

To compute periods of source points we associate a four-color graph with
the diffeomorphism f in the following way (see for details, for example, [7]
and [4]):

1) the vertices of the graph T’y one-to-one correspond to the triangular
regions;

2) two vertices of the graph are incident to the edge of color sy, sg, ¢
or u if the triangular areas corresponding to these vertices have a
common $1, S, t or u side (see Figure 3.1 and 3.2 on the right).

Denote by By the set of vertices of the graph Ty and by Ay the set
of triangles in the partition of the polygon. Let also 7y : Ay — By be
a one-to-one correspondence between the set of triangular domains of the
diffeomorphism f and the set of vertices of the graph 7. Then f induces
an automorphism Py = myo fo 77;1 of the set of vertices and edges of the
graph T'y. Moreover,

e the set of sink points of the diffeomorphism f is in a one-to-one
correspondence with the set of tu-cycles of the graph T;

e the set of saddle points of the diffeomorphism f is in a one-to-one
correspondence with the set of su -cycles of the graph T';
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e the set of source points of the diffeomorphism f is in a one-to-one
correspondence with the set of ts -cycles of the graph T7.

Thus, to determine the period m,, of the point «;, i = 1,2, we have to
calculate the number of s;t-cycles. As every such cycle is an image of an
other such cycle by f, we see that all cycles must have the same period.
Hence, the length of each such cycle is some even number (as edges s; and
t follow one after other), which we denote by 2);. Notice that the number
of s;- and t-edges in all s;t-cycles equals 2km then m,, is calculated by the
formula

M, = . (3.2)

FIGURE 3.2. Hexagons II and f(IT) which are the closures
of the sinks basins of the diffeomorphism f € G (left) and
the four-color graph T’ (right) constructed from them. Here
m=2,k=3,n=1,j=2,and p=1



14 E. Nozdrinova, O. Pochinka

Now we will calculate the length of sit-cycle starting from the s;-edge
(01, j2). We get the following sequence of the vertices

01 — jo = ((j+1) modk); — ((2j+1) modk), —
— (2( +1) modk); — -+ — (M(j +1) modk)y,

where (7); correspond to the separatrice 77, i = 1,2. Since that sequence
constitute a cycle, we obtain that

A(j+1) modk =0, A1p modm = 0,
whence
MG +1) =1k, Ap =r1m

for some [, r.

Let A= (k,j+1). Then k = pA,j+ 1= qA, where (p,q) = 1. Hence,
_p_rmm

qg p
As A is a natural, (p,q) = 1, and (p,m) = 1, it follows that [ = pug and
r = vp. Hence A\ = up = vm and (u,v) = 1, since A; is the minimal
number with the property A\; = fip = Um for some natural fi, .

Let B = (p,m) then p = B, m = yB, where (z,y) = 1. Therefore
px =vy, p =y,v ==z, and A\; = yp. Thus

A1

km  km  pAm
mal = = —_-———= —

— =AB = (k,j+1 <
A1 yp yp ( )

A similar construction for as gives mq, = (k, j) ((k—%,m). By (1.2),

m+ (b j+1) <(k]k+1)m> (ks ) <(;}>m> _km=2—2g.

In an addition, every collection of natural numbers m € N, k € N|
j €{0,...,k—1} can be realized by an admissible four-color graph, which
in turn, due to [7], allows to construct a diffeomorphism f € G(Sy) with a
periodic data of the form (1.3) on a surface of genus

g= 1+%<(k—1)mf (k,j+1) (ﬁ,m) — (k,7) ((k]fj),m>).
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On measures of nonplanarity of cubic
graphs
Leonid Plachta

Abstract. We study two measures of nonplanarity of cubic graphs G, the
genus v(G), and the edge deletion number ed(G). For cubic graphs of small
orders these parameters are compared with another measure of nonplanarity,
the rectilinear crossing number ¢r(G). We introduce operations of connected
sum, specified for cubic graphs G, and show that under certain conditions
the parameters v(G) and ed(G) are additive (subadditive) with respect to
them.

The minimal genus graphs (i.e. the cubic graphs of minimum order with
given value of genus 7) and the minimal edge deletion graphs (i.e. cubic
graphs of minimum order with given value of edge deletion number ed) are
introduced and studied. We provide upper bounds for the order of minimal
genus and minimal edge deletion graphs.

Amnorania. 3 Bizomol Teopemn KyparoBcbkoro BuiuiuBag, 1o KyOidHmit
rpad € HeIJIAHAPHUM TOMi i TIIBKM TOJI, KOJM BiH He MicuTh miarpadis,
romeomopduux K3 3. ns menmamapuux rpadis icmye gexinbka xapakre-
puctuk rpada, sKi BU3HAYAIOTh Mipy #oro Herranapuocti. s 3amaHoro
3-3B’s13H010 KybGivHOrO rpady G mosHaummo vepes ed(G) HaiimeHIe 4nCiIo
pebep B G, micisi BUKMIAHHS SKUX JICTAHEMO IUIAHADHWUU miarpad, a de-
pe3 g(G) (opienrosuuii) pin rpada G. Kpim Toro, Hexait ¢r(G) nosnadae
MiHiMaJIbHe YHCI0 BHYTpIIIHIX mepernHiB pebep rpada G ceper ycix mps-
MoiHiHEX iMmepciit rpada B mnomuui. Ky6iunuit rpad G nasuBaeTbesa k-
MiniMasbHEM BinHOcHO mapamerpa ed(G) (Bigmosigao, napamerpis ¢r(G),
9(Q)), sxmo ed(G) = k (Bignosinuo, ¢r(G) = k, g(G) = k) i nopsmgok
rpada G € MiHiMATBEHUM cepen ycix 3-3B’a3HuX KybOidHuX rpadiB 3 JaHOIO
BJIACTHUBICTIO.

B po6ori gocaimzKyorses k-Miimaabhi BiHocHO napamerpie ed(G) i g(G)
3-3B’s3umMx KybOiunmx rpadu. Omucani omeparii Ha 2-38’s3HuX i 3-3B’a3HUX
Kybiunux rpadax (3B’sa3Ha CyMa, IO/BIHA 3B’dA3HA CyMa), sIKi MAIOTh BJIAC-
TuBicTh aguTuBHOCTI (cybasurusHOCTI) BisHOCHO napaMerpis ed(G) i g(G).
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O6uucieni xapakrepuctuku ed(G) i g(G) k-miniMajbHEX BiJHOCHO ma-
pamerpa ¢r(G) Kyb6iunux rpadis s Manux ducen k. Jlaerbes nmopiBHsHHS
xapakrepuctuk ed(G), g(G) i er(G) ms 38’s130ux Ky6iunux rpadis G.

3anponoHoBaHUil KOHCTPYKTUBHUI METOJ, KUl JT03BOJISIE OTPUMYBATH 2-
38’131 1 nukIivHO 4-38’a3H1 Ky6ivuHi rpadu G 3 K 3aBroJ{HO BEJUKUMU Xa-
paxrepucruxkamu ed(G) i g(G). Januit MeTon 6a3yeTsbcs Ha 8 JUTUBHUX BJla-
CTHBOCTSX ollepaliiii “38’a3Ha cyma’ i “rniojBiiiHa 3B’g3Ha cyMa’ Ha KyOidHUX
rpacdax. OTpumani TakoXK BEpPXHI OIHKN HOPSAJIKY MiHIMAJIBHHUX BiJHOCHO
xapakrepuctuk ed(G) i g(G) rpadis G, B knaci 2-38’a3unx i 3-38’a3umx
Ky6iunux rpadis G. CdopmynboBana TakoX BijKpuTa 1pobsemMa, sika CTo-
CYETBCs HUKHBOI OIHKH VIS TIOPSIAKY k-MiHIMAJIBHUX BIJHOCHO IapaMerpis

ed(G) 1 g(G) xy6iunux rpadis.

1. INTRODUCTION

We consider finite graphs G = (V, E) without loops and multiple edges.
The number of vertices of G is called the order of G and denoted by |G].
The number of edges |E| of the graph G is called its size and denoted by
||G||- The Kuratowski theorem states that a graph G is planar if and only
if it does not contain subgraphs homeomorphic to K5 and K33. A regular
graph of valence 3 is called cubic. For cubic graphs, the only forbidden
graphs are those which are not homeomorphic to K3 3. There are different
measures of nonplanarity of a graph. Let us recall their definitions.

For a given connected graph G denote by v(G) the (orientable) genus of
G i.e. the minimal genus of an orientable closed connected surface M such
that G has an embedding in M. Note that each such embedding is 2-cell.
The problem of deciding whether a cubic graph G has the genus v(G) < m
is known to be NP-complete, [21]. There are some upper and lower bounds
of 7(G) for different classes of graphs G, [19]. For cubic graphs G, the
precise values of the parameter v(G) are known only for special classes of
them (for example, for some snarks, etc., see [15, 19]).

Another well known measure of nonplanarity of a graph G is the crossing
number cr(G) (the rectilinear crossing number ¢7(G)). This is the minimal
number of proper double crossings of edges among all immersions of G in
the plane (the minimal number of proper double crossings of edges among
all rectilinear immersions of G in the plane, respectively). The computa-
tion of the crossing number of a graph is also an NP-complete problem, [7].
Note that, in general, cr(G) and ¢r(G) are distinct numbers, [2]. There
are estimations of the parameters cr(G) and ¢r(G) for complete graphs,
complete bipartite graphs, and other special classes of graphs (see, for ex-
ample [10, 20]). The precise values of cr(G) and ¢r(G) are known only for
particular nonplanar graphs (for example, for small complete and complete
bipartite graphs, [17, 20]).
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For a given graph G, denote by ed(G) the minimal number of edges in G
such that after their deletion the resulting graph becomes planar. The pa-
rameter ed(G) is called the edge deletion number of G and the corresponding
problem of finding the minimal set of edges to be deleted in a graph G is
known as MINED. Even for cubic graphs, the problem MINED is known
to be NP-complete, [5]. Algorithms of computing ed(G), in particular, for
cubic graphs, are described in [3, 5, 4].

Comparing with the parameters v(G) and cr(G), there are much more
fewer results concerning evaluation of the number ed(G). Pegg jr and Exoo
[12] introduced the notion of a minimal crossing graph. For a given natural
number k a cubic graph G is called minimal k-crossing graph (in original,
k-crossing graph [12]) if G has a minimal order among all cubic graph
H with ¢F(H) = k. By this analogy, we introduce minimal k-genus and
minimal k-edge deletion graphs. Denote by §(G) the cyclomatic number
of the connected graph G, k(G) the vertex connectivity and A\(G) the edge
connectivity of G. For graphs G of maximal degree at most three the
number \(G) and x(G) coincide, [6]. By this reason, for cubic graphs G we
will abbreviate the terminology and use the term “the connectivity of G”.

We say that a connected graph G = (V, E) is cyclically k-edge connected
if no set of fewer than k edges is cycle-separating in G. The edge cyclic
connectivity ((G) of the cubic graph G is the largest integer k& < B(G) for
which G is cyclically k-edge connected. For any cubic connected graph G
we have obviously k(G) = A(G) < ((G). Note that ((G) is equal to B(G)
if and only if G does not have any cycle-separating edge cut. Moreover
for cubic graphs G with ((G) < 3 the values of vertex connectivity, edge
connectivity and cyclic k-edge connectivity coincide, [16]. As an example,
for the Petersen graph P we have x(P) = A(P) = 3 but ((P) = 5.

We say that a connected cubic graph G is cyclically k-vertex connected
if it contains no cycle-separating vertex cut with fewer than k vertices.
For exception of few graphs (which are Ky, K33 and the multigraph ©3),
the notions of cyclically k-vertex connected graph and cyclically k-edge
connected graph coincide, [16, Proposition 3|.

In Section 2, we evaluate genus and edge deletion number of minimal
k-crossing graphs for small numbers k. These auxiliary results are used in
Section 3.

Battle et al. [1] have shown that the genus of any connected graph is
equal to the sum of blocks with respect to its block decomposition. This
is perhaps the first known result on additivity of the (orientable) genus of
graph. The operation of the vertex amalgamation applied to 2-connected
cubic graphs gives a separable graph which contains a vertex of degree 4.
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Another operation is the edge amalgamation of graphs G and Ga, [13].
Miller, [13], introduced the generalized genus of a graph and showed that it
is additive with respect to the edge amalgamation of two graphs. The ope-
ration of edge amalgamation does not preserve the class of cubic graphs.
In [8], Gross also studied bar-amalgamation of graphs. All these opera-
tions, when applied to cubic graphs, produce the graphs which are outside
the given class. Moreover they are not compatible with such properties of
graphs (including cubic graphs) as the vertex connectivity and the edge
connectivity. Therefore they cannot serve as a good tool for the construc-
tion of graphs with big numbers of the parameters ed and ~ inside the class
of cubic graphs with the given connectivity.

In Section 3, we introduce two operations of connected sum which are
suitable for cubic graphs. We study additivity properties of genus and
edge deletion number with respect to these operations. The first operation,
when applied to two 2-connected cubic graphs, results in a 2-connected
cubic graph. Similarly, the second operation preserves, in general, the
class of 3-connected (or even cyclically 4-edge connected) cubic graphs.
Additivity properties of cubic graphs are provided by Theorems 3.1, 3.2
and 3.3 (subject to the parameter v), and by Theorems 3.4 and 3.5 (subject
to the parameter ed). By using using these properties, we provide upper
bounds for the order of a 2-connected and 3-connected cubic graphs G,
which are minimal with respect to these parameters (Corollaries 3.1-3.4).
These are the main results of the paper.

In [18] we use more subtle arguments for obtaining upper bounds of the
order of minimal cubic graphs G with prescribed value of the parameter ~.
The additivity properties of the parameter v given by Theorems 3.1, 3.2
and 3.3 are also essential in this relation.

2. MEASURES OF NONPLANARITY OF CUBIC GRAPHS: SMALL ORDERS

We start by considering the parameters cr(G) and ér(G) for small cubic
graphs G and compare these numbers with the parameters v(G) and ed(G).
Denote by g(G) the girth of the graph G. In our study of the (orientable)
genus of cubic graphs we shall use the notion of the rotation system on a
graph.

A rotation system on a graph G = (V, E) is a family II = {m, : v € V},
where 7, is a cyclic permutation of the edges incident with v. With any
2-cell embedding ¢ of a graph G into an oriented closed surface S it is
associated a rotation system II on G. The pair (G,II) is called a rotation
graph. Moreover for a given rotation graph (G,II) one can construct a
system R of (oriented) circuits on G in such a way that each edge e of G is
contained twice in the circuits, but with opposite orientations. The circuits
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¢ from R can be thought of as oriented boundaries of 2-dimensional discs
D.. Gluing together the family of discs D.,c € R, along their oriented
boundaries, we shall obtain an oriented closed surface S and this provides
a natural 2-cell embedding v of G into S. The circuits ¢ from R are called
the facial cycles of the embedding 1. The correspondence between the 2-
cell embeddings of a graph G into oriented surfaces and rotation systems
on G is one-to-one, in a usual sense. For more details see [9], [14].
It is easy to see that we have the following inequalities:

v(G) < ed(G) < er(G) < @ (QG).

It can be shown that for cubic graphs the difference between any two of
the parameters 7(G), ed(G), cr(G) of G can be arbitrarily large. This can
be proven, for example, by using results of Sections 2 and 3. Moreover,
there exist graphs G for which the number cr(G) is less than ¢r(G) (more
precisely, ¢r(G) = 4 and ¢r(G) = m for any m > 4, [2]).

We shall say that a cubic graph G is minimal [-genus graph if v(G) =1
and it is of minimum order among all 2-connected cubic graphs with this
property. Similarly, for a given nonnegative integer [, a cubic graph G is
minimal [-edge deletion graph, if ed(G) = [ and G is of minimum order
among all 2-connected cubic graphs with this property.

In this section, we evaluate or estimate the order of minimal graphs with
respect to parameters v and ed for small numbers . First count all minimal
l-crossing graphs G for small values [. Minimal [-crossing graphs have been
described up to value I < 8 in [12]. Note that for [ = 9 it is unknown any
minimal crossing graph G. At present, for [ > 10, there are known only
hypothetically minimal /-crossing graphs. Using minimal [-crossing graphs,
we will find some minimal cubic graphs with respect to parameters ed and
«. For cubic graphs of small order we use the notations as in [12].

In the following, we will work in the piece wise linear category PL,
[11]. Therefore surfaces are 2-dimensional PL-manifolds, graphs are 1-
dimensional polyhedra, the maps (embeddings) of graphs are PL-maps
(PL-embeddings) and the images of graphs under such maps are subpoly-
hedra of PL-manifolds (surfaces). For more detailed information about the
category PL see also [14].

1. For [ = 1 there is a unique minimal crossing graph, the graph K3 3.
We have obviously

6d(K373) = W(K&g) = CT(K3’3) = ’V(K373> =1.

2. For | = 2 there are two minimal crossing graphs. These are the Pe-
tersen graph P (see Figure 2.1b) and the graph CNG2B (see Figure 2.1a).
We have obviously

ed(P)=2, ~v(P)=1,  ed(CNG2B)=~(CNG2B)=1.
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a) b)

FIGURE 2.1. The minimal 2-crossing graphs

We shall say that a system F' of (oriented) circuits in a graph G is
admissible if it determines a rotation system or can be completed to a
rotation system on G by adding some additional circuits in G. In the latter
case, we will say that F' is incomplete. Note that for a connected cubic graph
G of order 12, any incomplete admissible system F' on G consisting of 4
circuits can be completed to a rotation system R that induces embedding
of G in torus or the sphere S2.

Lemma 2.1. For any connected cubic graph G of order 12 we have
Y(G) < 1.

Proof. Let G be a connected cubic graph of order 12. We know from [12]
that if |G| < 12, then ¢F(G) < 2. If k(G) = 1, the assertion follows (by
using for example results from [1]). If kK(G) = 2, then after removal two
nonincident edges from G we shall obtain two planar subcubic graphs, G
and Gy. The only case, when one can worry about, is that G; and G2 are
isomorphic to K33 — e where e is an edge of K33. But in this case, G is
isomorphic to a connected sum of two copies of K33 and has genus 1 (see
Section 3). Therefore we may assume that G is 3-connected. If ¢7(G) = 1
we have obviously v(G) = 1. If &r(G) = 2 and the equality reaches via
a straight line drawing G in the plane, in which one edge intersects two
another edges, the assertion also easily follows.

Assume that there is an immersion of GG in the oriented plane P in which
we have crossings of two pairs of different edges: e; and es, and f; and fs.
Deleting eq, ez, f1 and fo from G, we get a subcubic multigraph H which
has a natural embedding ¢ in P. We may assume without loss of generality
that H is connected, otherwise one can use a flip and redraw G in the plane
with a fewer number of crossings. Denote by II the rotation system on H
associated with the embedding . Now consider all possible configurations
of the induced plane embedding of the (multi)graph H and the positions
of the deleted edges with respect to it.

a) There is an inner face r of the embedding ¢ which contains two pairs
of crossing edges, e; and ey, and f; and fo. We have three types of con-
figurations describing positions of these edges inside a regular face r. In
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any case, we are able to define an admissible system of circuits in G which,
after a suitable completion, generates an embedding of GG into torus.

In the first case (see Figure 2.2), we have inside r two internal vertices of
G and two crossings of different pairs of edges. The position of external two
edges of H and incident vertices is irrelevant and so, is not indicated here.
One can replace the facial circuit dr of the rotation system II with three
new circuits ¢, co, c3 as indicated in Figure 2.2. The system of circuits
F ={c1,c2,¢c3} in G is admissible and contain each “internal” edge of the
immersed graph G twice, but with opposite orientations. The orientation
of edges positioned on dr coincide with the one of the cycle dr. We can
complete F' to a rotation system on G by adding three outer circuits of 1I,
ug,ug and us. The system of circuits F = {c1, co, c3,u, u2,us} defines a
rotation system 7" on G of genus 1.

FIGURE 2.2.

In the second case, we have inside r one internal vertex of G and two
crossings of edges, as shown in Figure 2.3a). The edges of G positioned
inside r are called internal while the edges in the exterior of r are called
external (subject to the given immersion of G in P). Let E’ be the set of
external edges of G. The vertices of GG incident to external edges are called
external. Denote by H; the graph G — E’. Then H; is immersed via ¢ in
the closure of the face r. Consider in G the system of circuits

By = {c1,c2,¢3,c4,05,c6}
indicated in Figure 2.3b). F; defines an embedding of H; into a sphere 52,
We have two possibilities:
a) G is obtained from H; by gluing two nonincident edges e; and eq
to Hl;
b) G is obtained from H; by gluing the graph K 3 along three vertices
of degree 1.
Consider the subcase a). Suppose that the end vertices of e; (or e2) are

lying on the same circuit ¢;. One can replace ¢; in the system F; with two
new circuits, ¢; and ¢/, as shown in Figure 2.3c). Denote by Fy the new
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FIGURE 2.3.

family consisting of seven circuits. Obviously F3 is a rotation system on the
graph HyUe; (Hy Ueg, respectively). The remaining edge ey, from {ej, ea}
joins the vertices of different circuits of F», say d; and d;. This results in
a single circuit d in G containing both d; and dy and the edge e, which
is involved twice and with opposite directions. Finally we get a rotation
system R on G consisting of six circuits.

Now suppose that both e; and es joins the vertices of the same circuits,
¢; and c; of F1. The vertices of e; and ez divide ¢; into two directed paths,
l1 and l2, and ¢; into two directed paths, m; and mo. Combining the paths
1,12, m1 and mo with the oriented edges e; and es, we get two circuits in
G, d; and d;. Each edge e;,7 = 1,2, is contained both in d; and d;, but
with opposite orientation. Replacing the pair of circuits ¢; and ¢; with the
pair d; and dj, we obtain an admissible system F' in G, consisting of six
circuits. Therefore I’ defines in G a rotation system of genus one.

In the remaining cases, we can take three circles ¢},c, and ¢ of Fi,
endow them with a suitable orientation, and add to them a new circuit ¢
of G, which contains e or es. This results in an admissible system I’ on
G consisting of 4 circuits. The choice of ¢}, ¢ and ¢ depends on a position
of vertices of e or ez on dr (see, for example, Figure 2.3d). Completing F’
by two new circuits, we get a rotation system R on G of genus one.

The subcase b) is handled in the same way as subcase a). We omit here
the details.

The third case of configuration for H; is indicated in Figure 2.4a). We
also have two possibilities:

a) G is obtained from H; by gluing up two nonincident edges e; and
€2;

b) G is obtained from H; by gluing up the graph K3 along three
vertices of degree 1.

There is no essential difference between the subcases a) and b). Let us
consider the subcase a). We can choose two circuits ¢; and ¢o in Hy and
add to them two circuits d; and do in G such that d; contains the edge e;
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and dy contains the edge es. As a result, we get an incomplete admissible
system F” of circuits in G. The choice of circuits ¢; and co depends on the
position of vertices of the edges e; and ez on dr, see Figure 2.4b) and c).
Then F’ can be completed to an admissible system F' in G, consisting of six
circuits. An exceptional case of the pairs of crossing edges e, es and f1, fo

a)

FIGURE 2.4.

inside a nonregular face r is shown in Figure 2.5. The following family of
circuits in G determines a rotation system R of genus one:

c1 = (v, v2,v3,04), c2 = (v4,v3, V5, V6, Ug),
c3 = (vg, ug, us, us, ug), ca = (ug, u1,uq, us),

Cs = (U17U2771677)5,7)1,7)47“67“5)7 Ce = (u1,u5,u3,u4,02,01,05,1)3,112,u4)-

FIGURE 2.5.

b) There are two faces r; and 79 of the embedding ¢ such that 1 contains
the crossing of e; and eo, and ry contains the crossing of f; and fo.

If 71 and r9 are disjoint, the existence of a rotation system II' on G
with 6 circuits is obvious. If r; and 5 have a unique edge in common, we
have a configuration shown in Figure 2.6. There is a rotation system R on
G with 6 facial circuits. We indicate here only a noncomplete admissible
system consisting of four circuits, F' = {c1, ¢, ¢c3,¢4}. The circuits are the
following:

c1 = (u2,us, ug,u1), c2 = (w1, uq, us, Ui, ur2),
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c3 = (u11,us, ug, Uy, U1o), ca = (ug, ug, Uz, ug).

FIGURE 2.6.

Assume now that r1 and 79 have two edges in common, see Figure 2.7.
In this case, we indicate a rotation system R on G with the following six
circuits:

c1 = (ug, u1,v2,v1), c2 = (vs, 04, us, ug),
cg = (w1, uz, us, u4, us, ug), cy = (v1,v2,v3,04, V5, 6),

cs = (u2,v1, V6, Ug, Us, Vg, U3, u3), C6 = (U1, Us, Up, Us, Ud, U3, U3, V2).

Us
u, 2
O
el % |
Us
FIGURE 2.7.

c¢) It can occur that H is a multigraph with three loops and the pairs of
crossing edges of G are situated in the outer face p of the embedding ¢.
We depict in Figure 2.8 such a configuration. In this case, we indicate the
following noncomplete admissible system of circuits in G:

c1 = (u10, ug, u12, u11), co = (u11,u12, ug, ug),
C3 = (u4>u3>u27u1)a Cq4 = (U5,U6,U7).

Note that the case when one pair of crossing edges of G is inside p and the
other one is inside a region bounded by a loop of H is not admissible by the
assumption that the graph G is 2-connected. Lemma 2.1 is completed. [J
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FIGURE 2.8.

3. For [ = 3 there are eight minimal crossing graphs. We count them
according to [12]: CNG 3A, CNG 3B, CNG 3D, CNG 3E, CNG 3F,
CNG 3H, GP(7,2), the Heawood graph H (see Figure 2.9).

TR

CNG 3A CNG 3B Heawood graph CNG 3D

IS Seagase

CNG 3E CNG 3F GP (7,2) CNG 3H

FIGURE 2.9. The minimal 3-crossing graphs

By direct computation, we have

ed(CNG 3A) = ed(CNG 3B) = ed(CNG 3E)
= ed(CNG 3F) = ed(CNG 3H) = 2.

In Figure 2.9, for each of these graphs we indicate by bold line the two edges
after removal of which we obtain a planar subgraph. In Figure 2.10a), we
indicate 3-crossing drawing of the graph GP(7,2). By bold lines there are
indicated two edges in GP(7,2) after removal of which we obtain a planar
subgraph. Similarly, in Figure 2.10b) we indicate 3-crossing drawing of the
graph CNG 3D. Removing two bold edges from it also leads to a planar
subgraph.



On measures of nonplanarity of cubic graphs 27

|
)&

a) GP(7,2) b) CNG 3D

FIGURE 2.10.

Lemma 2.2. For the Heawood graph H we have ed(H) = 3.

Proof. It is well known that H is symmetric graph. Remove any edge
e from H. The resulting graph U can be represented as a sum of two
subgraphs H; and Hs and the edge f, see Figure 2.11. The subgraphs H;
and Hs have in common a path [ of length 5. Denote by E(l) the set of

edges of the path .

FIGURE 2.11.

Removing the edge f from U, we obtain obviously a non planar graph.
Let h be any edge of the graph H;\ E(l). There is a path py C H1\{E(l)Uh}
such that Hs U p; contains a graph homeomorphic to K3 3. Similarly, for
any edge g of the graph Hs \ E(l) there is a path ps C Ha \ {E(l) Ug} such
that H; U py contains a graph homeomorphic to K3 3. Therefore removing
any edge k from U \ E(I) results in a non planar subgraph. On the other
hand, it is not difficult to check that removing any edge e; € E(I) from
U also leads to a graph which contains a subgraph homeomorphic to K3 3.
As an example consider the subgraph U \ e; shown in Figure 2.12. The
subgraph homeomorphic to K3 3 is depicted here by bold line. Therefore
ed(H) > 3. Since er(H) = 3 it follows that ed(H) = 3. O

It is known that the Heawood graph H is toroidal, [19]. The Heawood
graph is also cyclically 4-edge connected. To show this we first note that
H is symmetric. Remove an edge e from H as in the proof of Lemma 2.2.
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FIGURE 2.12.

Ignoring two vertices of degree 2 in the resulting graph U’ we shall obtain
a cubic graph U of degree 12, which is homeomorphic to U’. Evidently, U
is 3-connected. It follows that U is cyclically 3-edge connected, so it H is
cyclically 4-edge connected. The last fact will be used in Section 3.

Note also that v(CNG 3A) = 2. The proof of this fact will be given
in Section 3. It follows that CNG 3A is a minimal 2-genus graph. It is
not difficult to check that ((CNG 3A4) = 3. By direct computation, the
remaining seven 3-crossing graphs have genus equal to one. We omit here
the details of this computation.

4. For | = 4 there are two minimal crossing graphs: 8-crossed prism
graph Prg, see Figure 2.13a), and the Mobius-Kantor graph MK, see Fig-
ure 2.13b). By direct computation we have ed(M K) = 3 and ed(Prg) = 2.
Moreover it is known that the Mobius-Kantor graph MK is toroidal, [12].
It is not difficult to show that the graph Prg is also toroidal.

a) b)

FIGURE 2.13. Graphs Prg and MK

3. ADDITIVITY OF PARAMETERS Y AND ed AND MINIMAL CUBIC GRAPHS

In this section we introduce two operations on graphs and establish some
additivity properties of parameters ed and v with respect to them, in the
case of cubic graphs. The first operation is the connected sum of graphs
and the second one is the double (crossed) connected sum of them. We
also provide some upper bounds for the order of minimal edge deletion and
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minimal genus graphs within the classes of 2-connected and 3-connected
cubic graphs.

Let G1 and G2 be 2-connected cubic graphs with distinguished edges e
in G1 and f in Gs. Let up, us be the vertices of e and vy, vy the vertices of
f, respectively. Remove from G; the edge e, and from G the edge f. Take
the disjoint sum G of resulting graphs, G = (G1 —e) Ll (G2 — f), and joint
in GG the pairs of vertices: u; with vy, and us with vs, respectively. Denote
the resulting graph by G1 x G2. We shall say that G| x G2 is the connected
sum of the graphs G1 and G2 with respect to the pair of edges e and f.
Note G * G2 is also 2-connected cubic graph.

Let G1 and G2 be any two 3-connected graphs. Take in G a pair of
nonincident edges (e1,e2), and in Go a pair of nonincident edges (fi, f2).
Denote the vertices of e; by w1, ue, and the vertices of es by vy, vo, respec-
tively. Similarly, let s1, so be the vertices of f1, and t1, to the vertices of fo.
Delete in G; the edges e; and es, and in G5 the edges f; and fo. Then take
a disjoint sum G = (G1 — e1 — ea) U (G2 — f1 — f2) of two graphs and joint
in G the following pairs of vertices: u; and s1, us and ss, v1 and t1, and vs
and to, respectively. Denote the resulting 2-connected graph Gp x Gy and
call it a double connected sum of G1 and G3. The four edges joining the
graphs G1 — e; — eo and Gy — f1 — fo are called the bridge edges of the
graph G1 x G2 and are denoted h1, ho, h3 and hy, see Figure 3.1.

FIGURE 3.1. A double connected sum of graphs G; and Go

If in the above definition we join u1,us with the vertices incident to
different edges fi and fy (then v; and vg are also joined with the vertices
of different edges f1 and f2), the resulting cubic graph is called the crossed
connected sum of G; and G5 and is denoted by G1£Gs, see Figure 3.2.

It is clear that the operations of double connected sum and crossed con-
nected sums are not determined uniquely and the result G; * Go depends
on the distinguished edges of two graphs.

Let e be an edge of the connected cubic graph GG. We shall say that e is
inessential (subject to the parameter ) if v(G) = v(G — e). Otherwise e is
called essential. It is naturally to ask whether the (oriented) genus is ad-
ditive under taking the operations of connected sum and double connected
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FIGURE 3.2. The crossed connected sum of graphs G; and G»

sum of cubic graphs. In general, the answer is negative. For example, we
have "}/(K373) = 1 while ’)/(K373 *K373) =1 75 2.

Similarly, the genus is not additive subject to the operation of double
connected sum of cubic graphs.

The following assertions show that under certain conditions, the (ori-
ented) genus is subadditive or additive with respect to the operations de-
fined above.

Theorem 3.1. Let G and Gy be 2-connected cubic graphs of genus k and
1, respectively. Let e and f be distinguished edges of G1 and G2, respectively
and G1 * Go be the connected sum of G1 and Gy. Then

Y(G1) +7(G2) 2 ¥(G1*G2) 2 ¥(G1) +7(Gz) — 1.
Moreover if e is inessential in G1 or f is inessential in G, then
’}/(Gl *Gg) =k+1.

Proof. Let ¢1: Gi — Mj be a minimal embedding of the graph G in
the surface My with y(G1) = ~(M;) and @2: G2 — M be a minimal
embedding of the graph G2 in the surface My with v(G2) = v(Mz). Cut
an open disc D; in M; containing the edge e of G; and an open disc Dy in
My containing the edge f of G2. Then join the resulting surfaces M; and
M, with a tube ¢, where one connected component of 9t is identified with
0D and the other connected component of Jt is identified with 0D5. The
resulting surface is denoted by M. Drawing the bridge edges hy and hg in
the tube ¢, we obtain an embedding of the graph G1xG4 into the connected
surface M. The inequality v(G1) + v(G2) > v(G1 x G2) now follows.

We continue with proving the second assertion. Denote the two bridge
edges of G1xG3 by h1 and hg. Let ¢: G1*G2 — M be a minimal embedding
of the graph G1 x Gy in a closed orientable surface M. Then ¢ is a 2-
cell embedding. Consider a regular neighborhood Nj of the polyhedron
¢(G1) —e in M. Then N; is a compact 2-manifold with the boundary
OM. The compact 2-manifold M; = M \ N; is decomposed into several
connected components Si,...,S;. We also have 9(Ny) = 9(My). The
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connected graph ¢(Gg — f) is contained in one such connected component,
say S1. All other connected components of M \ N; must be open 2-disks.
We have 0(S1) = mp Umg U ... my where each m; is a circle. The
2-manifolds N7 and S; have each boundary component m; in common.

We claim that each m; intersects at least one bridge edge h; of G * Ga.
Otherwise we can cut the manifold M along the circle m;, not intersecting
the bridge edges, past the two holes by discs to obtain another closed ori-
entable 2-manifold M’. Note that v(M') = v(M)—1 and the graph G1xG2
has an embedding in M’. But this contradicts to the assumption that the
embedding ¢ of the graph G x G2 is minimal.

Denote by II the rotation system on GG1 x G2 induced by . Consider the
facial circuits of the rotation system II that contains bridge edges hy and
ha. We have the following (alternative) possibilities.

1) There are facial circuits ¢; and ¢ of II such that ¢; contains hj (twice)
and ¢y contains hy(twice). The corresponding closed faces r1 and r9 bounded
by ¢1 and co, respectively, form two handles in M, H; and Hs. Then
x(M) < 0. Cutting M along the meridians m; and mgy of H; and Hs
and pasting the holes by discs, we shall obtain two disjoint closed ori-
entable surfaces, M7 and M. This induces embeddings of the graph G —e
in the surface M7 and the graph G5 — f in the surface Ms. We have
V(M) =~y(Mr)+~(Mz)+1. Since 7(G1—e) = 7(G1) or ¥(G2 = f) = 7(G2),
the assertion follows.

2) There are two facial circuits ¢; and co of II each of which contains
both the edges hy and ho. Fix an orientation on M. Let r; and ro be the
faces of the embedding ¢ bounded by ¢; and ca, respectively. The closed
faces r1 and ry glued along the edges h; and hs form a handle. Removing
from M the (open) faces r1, ro together with the edges hi and hg, we shall
obtain two disjoint 2-manifolds, M7 and M} with boundaries 9M{ and OM},
respectively. Elimination of the edges h; and hs in G1xG2 leads to a surgery
of the rotation system II and induces actually the rotation systems II; and
IIs on the graphs G; — e and G — f, respectively. More precisely, instead
of the facial circuits ¢; and ¢y in 1I we have two new circuits, d; and ds,
respectively, in II; and IIa. We thus have v(G1xG2) > v(G1—e)+v(Ga—f).
The rotation systems II; and I, generates embeddings of the graphs G; —e
and Gy — f in the surfaces My and Mo, respectively. By drawing the edge
e in the face D; bounded by the circuit d; and the edge f in the disc Do
bounded by the circuit do, we obtain embeddings of G1 into M; and Go
into My. Therefore we have v(M) > v(G1) + v(G2).

3) There is a unique facial circuit ¢ of II which contains both the edges
hi and hg twice. Now we proceed just as in the case 1). After surgery of
the surface M we shall obtain two disjoint surfaces, M7 and M, such that
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Y(M) = ~v(My) + v(Msz) + 1. Moreover, G; has embedding in M; and G
has embedding in Ms. Since v(G1 —e) = v(G1) or (G2 — f) = v(G2) we
have v(M) > v(G1) + v(G2) completing the proof of the second assertion.

The inequality v(G1 x G2) > v(G1) + v(G2) — 1 follows directly from
the proof of the second assertion through the careful analysis of the cases
1)-3). 0

Corollary 3.2. Let Gy be a 2-connected cubic graphs with the distinguished
edge e. Let €' be a distinguished edge of the graph K33 and H = G1 x K333
be a connected sum of G1 and K33 subject to the edges e and €. If e is
inessential in G, then v(H) = v(G1) + 1. O

Now take in the graph K33 an edge e and replace it with two parallel
edges, e; and ez. The resulting cubic graph is denoted by K. It is clear
that both e; and es are inessential in K. Take e; as a distinguished edge
of K; and consider the connected sum Ky = K x K33. By Corollary 3.2,
v(K2) = 2. Tterating this process, we obtain a sequence K of 2-connected
cubic graphs with v(K;) = [. Note that the order of K is equal to 8 — 2.

Corollary 3.3. If H is a minimal l-genus graph in the class of 2-connected
graphs, then |H| < 8] — 2. O

Theorem 3.4. Let G be a 3-connected cubic graph with the pair of dis-
tinguished edges e; and ey and Go be a cyclically 4-edge connected cu-
bic graph with the pair of distinguished edges fi and fo. Assume that
V(Gr—e1) =(G1) ory(Gi—e2) = ¥(G1) and v(G2—{ f1, f2}) = 7(G2)—1.
Then G1 x Gy is a 3-connected graph and v(G1 x Ga) > v(G1) + v(G2) — 1.

Proof. The fact that the graph G1 * G2 is 3-connected does not depend on
topological properties of graphs G; and G3 and actually follows from the
proof of Theorem 3.14 (see below).

Let 1 be an embedding of the graph G * G2 in a surface M of minimal
genus. Consider a subpolyhedron P = ¢(G1 — {e1,e2}) in M. Let N(P)
be a regular neighborhood of P in M. This is a compact submanifold of
M (see, for example [11]) and its boundary 9(N(P)) of N(P) consists of k
disjoint circles ¢, ..., cg.

Let S be a complementary submanifold of N(P) in M. It consists of
several connected components S;, S = L;S;. Since the graph G — {f1, f2}
is connected, it is contained in one such component, say S;. Denote by Ms
the closure of submanifold S; in M. We have obviously 0My C O(N(P)),
so OM> is the disjoint union of several circles ¢;, i.e. My =¢;; U...Uc;,
where [ < k.
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As the embedding of G1*G5 is genus minimal, all other connected compo-
nents of M \ N(P) must be open 2-disks. Moreover each boundary compo-
nent ¢; of My must intersect at least one bridge edge h1, ho, b3, hy. We may
suggest without loss of generality that each bridge edge h,,, m = 1,...,4,
of G1 * G4 intersects in M a unique circle ¢, at one point and each such in-
tersection is transversal (see also the proof of Theorem 3.5). In particular,
OM5 consists of at most 4 circles i.e. | < 4.

Denote by M; the submanifold M \ S;. Both the submanifolds M; and
M are connected and by construction we have OM; = OMs = I_Jézlcis.
Moreover the graph G — {e1,e2} is embedded in M; and Go — {f1, f2}
is embedded in M. Glue the boundary components of dM; and M, by
discs and denote the obtained surfaces by Mj and M}, respectively.

Since G1 —{e1,ea} C M/, we have that v(M]) > v(G1—{e1, e2}). More-
over, from the inequality 7(G1 —e1) < v(G1 — {e1,e2}) + 1 and assumption
v(G1 —e1) = v(Gy) we also get that

Y(M7) > v(G1 — {e1,ea}) > v(G1 —e1) =1 =7(G1) — 1.
As Go — {f1, fa} € M}, by the assumption v(G2 — {f1, f2}) > v(G2) — 1,

we have

Y(M3) > 7(G2 = {f1, f2}) = 7(G2) — L.
We have to show that y(M) > v(G1) + v(G2) — 1. Suppose

(M) > ~v(G1) + v(Ga) — 2.

By the above reasoning, this is possible whenever we have the following
v(M7) =~v(G1) — 1 and v(M3) = v(G2) — 1. In other words,

V(M) = ~v(My) + v (Ma),

so M is obtained from M; and Ms by gluing along one boundary compo-
nent. Therefore OM; = OMy is a circle ¢. In particular, M is obtained
from M; by attaching a disc D, so y(Mj) = v(My). It follows that the both
ends of ey belong to ¢, so one can extend embedding G7 — {e1,ea} C My
to embedding G1 — e; C M{ = M; U D by drawing ez in the closed 2-cell
D. We thus get embedding of G — e; into surface M] of genus (G;) — 1
contradicting to our assumption. O

Note also that an analogue of Theorem 3.4 holds also for crossed con-
nected sum of cubic graphs.

Let GG1 be a 2-connected cubic graph of genus k& > 0 which has the pair of
distinguished non incident edges {e1 = (u1,v1),ea = (u2,v2)} and let G2 be
a connected cubic graph with the pair of distinguished non incident edges
{fi = (W),v), fa = (uh,vh)}. Assume that the following two conditions
holds:
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(i) at least one of the edges e, e2 in G is inessential;
(ii) 7(G2) = 1 and either v(G2 — {f1, f2}) = 1, or (G2 — {f1, fo}) =0

and for any plain embedding of Gy — {f1, f2} there is no facial circuit ¢/
containing the four vertices u}, v}, u5, v5 and the only possibility that the
two facial circuits ¢}, ¢, cover all these vertices is that one of them contains
the vertices u}, uy and the other one contains the vertices v], v}.

For a moment, let G1§G2s denote the crossed connected sum of cubic
graphs G; and Gy in which the vertices of the pair {uj,v;} are joined to
the vertices of the pair {u},u5} and the vertices of the pair {ua,v2} to the
vertices of the pair {v],v5}.

Theorem 3.5. Let G and G be cubic graphs that satisfy conditions (i)
and (ii). Assume that Gy is 3-connected and Gy is cyclically 4-edge con-
nected. Then G18Go is 3-connected graph and v(G14G2) = k + 1.

Proof. The proof of the first assertion follows from the proof of the first
part of Theorem 3.14.
It remains to prove the second assertion. Suppose that

’)/(GlﬁGQ) S k.

Let ¢ be an embedding of G1§G2 into an orientable surface M of genus k,
and v be the embedding of the subgraph G; — {ej,e2} into M induced by
the embedding ¢. Let also N(G1) be an open regular neighborhood of the
polyhedron ¢ (G — {e1,e2}) in M.

Let s be a connected component of the 2-manifold My = M \ N(G)
containing the image (G2 — {f1, f2}). Then s cannot be a disc (i.e. a face
of the embedding ). Indeed, otherwise the bridge edges of G1#G2 would
join the four vertices from Go — {f1, fo} to four vertices of G1 — {e1,e2} in
a disc. But this is impossible by condition (ii). Therefore s contains tubes
(i.e. is a submanifold with nontrivial fundamental group). It follows that
V(G18G2) > k.

It can occur that Js consists of one connected component, a circle c.
Then M; = M \ s is a 2-manifold with the boundary OM; = c. After
gluing a disc D to M; along the circle ¢ we shall obtain a surface T of
genus k — 1. In this case we can draw the edge e; (or the edge eg) in the
disc D and obtain an embedding of the graph G; — ey into the surface
M; contradicting with the equality v(G1 — e1) = k. We thus exclude this
possibility.

Suppose now that s is glued to the rest of the surface M along two or
more circles ¢;. The number of circles cannot be bigger than two, otherwise
the genus of M would be greater than k, contradicting to our assumption.
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Assume that s has two boundary components, ¢; and ¢o. Then s is a
cylinder and y(M \ s) = k—1. There are two tubes ¢ and ¢ inside s which
contain four bridge edges of the graph G14G>. A tube t;, ¢ = 1,2, cannot
contain three bridge edges h;, otherwise one circle ¢; would contain three
vertices from the set L = {u], v}, uf, v5} and the other circle ¢_; contains
the remaining vertex, which is impossible by condition (ii).

Therefore the first tube t;, bounded by c¢; on one side, contains two
bridge edges hy and ho joining the ends of the edge e; to the vertices, say
u} and uh, positioned on the facial circuit ¢ of Ga — fi — fo.

Similarly, the second tube to, bounded by co on one side, contains the
remaining bridge edges hs and hy which join the ends of the edge es to the
vertices v} and v}, positioned on the second facial circuit ¢, of Ga — f1 — fa,
see Figure 3.3.

In this case we can add the edges e; = (u1,v1) and es = (ug,v2) to
the subgraph G — e; — e2 and draw them in the 2-manifold N(G;). It
follows that the graph G; admits embedding in a surface of genus k£ — 1
contradicting to the condition (i). This completes the proof of the second
assertion. O

FIGURE 3.3.

Example 3.6. Consider the cubic graph K obtained from K3 3 by doubling
an edge e. Instead of e, we have in K two edges e; and es, see Figure 3.4.
Take the edges e; and e to be distinguished in K. Removing e; and es from
K we shall obtain a subcubic graph K’. Obviously, K’ is homeomorphic
to the complete graph Ky so there is a unique embedding p of K’ in the
sphere S2. The pairs of vertices {u1,us} and {v1,v9} are positioned on two
different faces of p and there is no face r of p that contains three of these
vertices in the boundary. It follows that K satisfies condition (i) (subject to
the pair of edges e; and eg). It is also clear that K satisfies the condition (i)
as well (subject to the pair of edges e; and eg).
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It follows that v(K#K) = 2. Note also that K{K is cyclically 4-edge
connected cubic graph.

FI1GURE 3.4. The cubic graph K

Lemma 3.7. The genus of cubic graph CNG 3A is equal to 2.

Proof. Cut the graph CNG 3A across four edges as shown in Figure 3.5.
We have a decomposition of CNG 3A4 into two planar graphs G; and Go
such that G contains four semiedges eq, €3, e3 and ey and G5 contains four
semiedges f1, f2, f3 and fy.

FIGURE 3.5.

Suppose that the graph CNG 3A4 is toroidal. Let ¢ denote embedding
of this graph in the torus 7. Then ¢ induces embeddings ¢; and s of the
subgraphs G1 and G, respectively, in the torus. Let N; and N3 be open
regular neighborhoods of the graphs ¢1(G1) and ¢1(G2), respectively, in
T. Then G is contained in one connected component ¢ of the 2-manifold
T'\ Ny and G5 is contained in one connected component s of the 2-manifold
T\ N;. The component ¢ cannot be a disc since there is no planar embed-
ding of G; which contains all semiedges inside the same region r. Similarly
the component s is not a disc. Therefore the only possibility to obtain
embedding of the graph CNG 3A4 in the torus is as follows. The subgraph
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(71 is embedding into a sphere S; with two holes, the subgraph G; is em-
bedding into a sphere So with two holes and the spheres S and Sy are
joining by two tubes 71 and 79 which contain four pairs of glued semiedges:
(e1, f1), (€2, f2), (es, f3) and (eq, f1). By careful inspection all possibilities
we can easily check that this is impossible. ([l

Now starting from the graphs CNG3A and K in Example 3.6, we can
inductively construct a sequence of 3-connected cubic graphs H; of order
8l. Note that at each inductive step [, there is at least two nonincident
inessential edges in H;. By Lemma 3.7 and Theorem 3.5 we have v(H;) = .

Corollary 3.8. If H is minimal l-genus graph in the class of 3-connected
cubic graphs, then |H| < 8I.

Denote by x/(G) the chromatic index of the graph G. A cubic graph
G is called colorable if X'(G) = 3, otherwise G is called uncolorable (i.e.
X' (G) = 4) or a weak snark. A weak snark which is cyclically 4-edge
connected and whose girth is at least five is called a snark, [15].

The Petersen graph is a simplest example of a snark. Using the operation
of dot product, see Figure 3.6, one obtains from any two snarks of orders
k and [, respectively, a bigger snark of order k + [ — 2. Note that the dot
product G - Go of two cubic graphs G and Gs is defined non uniquely.

FIGURE 3.6. The dot product of two snarks

In [15] the authors consider different powers P* of the Petersen graph P
and study their genus. A k-th power P* of the Petersen graph P is defined
inductively: P* = P . P*~1 where - denote a dot product of the cubic
graphs. Since the dot product of two cubic graphs is defined non uniquely,
there are several powers P" of the snark P for each natural number n > 2.

In [15] the authors construct for each pair (k,n) of natural numbers k
and n, where k¥ < n and k,n > 1, the powers P" such that v(P") = k.
Note that the order of P™ is equal to 8n + 2. This is an open problem to
evaluate the number ed(P"™) of the powers P" of P such that v(P") = k.

In the remaining part of this section, we study additivity properties of the
parameter ed subject to operations of connected and double connected sum
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of graphs within the classes of 2-connected and 3-connected cubic graphs.
A simple example shows that this parameter is not additive under the
connected sum of cubic graphs. It suffice to consider the graphs K33+ K33
and K33« K33. Indeed we have ed(K33) = 1 and ed(Ks33 « K33) = 1.
Moreover ed(K33 * K33) = 1 for appropriate choice of pairs of the non
incident edges in the first and second copies of K3 3. However under certain
conditions an analogue of additivity property holds also for the parameter
ed.

Let GG be a cubic graph and e and f are two distinguished edges of G. We
shall say that the edge e of G is inessential (subject to the characteristic
ed) if ed(G — e) = ed(Q).

Example 3.9. Let H denote the Heawood graph. Take any two edges e
and f in H, subdivide e with the vertex x and f with the vertex y and
connect the new vertices with an edge h. Denote the resulting cubic graph
by T'. We claim that the edge h is inessential in 7. To show this note that
ed(T) = 3. Indeed the equality ed(T) = 4 would imply that cr(T) = 4.
But the only 4-crossing minimal cubic graphs are Prg and M K. As was
mentioned in Section 2, the following equalities hold: ed(Prsg) = 2 and
ed(MK) = 3. Therefore, we have ed(T") = 3. Notice that T' cannot be the
graph M K, since the latter graph is symmetric, so removing any edge from
it and ignoring two new vertices of degree 2, we obtain a cubic graph U of
degree 14 and with the girth equal to five. But it is well known that H is
of girth six. Note however that h is a unique inessential edge in T, since
removal any other edge in T leads to a cubic graph of order 14 that is not
isomorphic to H, so to a graph L with ed(L) = 2.

Example 3.10. Take in the Heawood graph H an edge e and replace it
with two parallel edges, ¢’ and €”. Let H' denote the resulting cubic graph
of order 16. Then both ¢’ and €” are obviously inessential edges of H'.

Theorem 3.11. Let G1 and G2 be two 2-connected cubic graphs with the
distinguished edges e in G and f in G, respectively. Ifed(G1) =k > 0 and
ed(G2) =1> 0, then ed(G1 x G2) > k + 1 — 1. Moreover if e is inessential
in Gy and f is inessential in Ga, then ed(G1 x Ga) =k + 1.

Proof. Denote the vertices of e in (G by u; and us and the vertices of
fin G by v; and ve. Put ed(G1 x G3) = m. Let E = {e1,...,en} be
the minimal set of edges in G1 * G4 such that G; x Go — E is planar. By
minimality of E, the graph G x Go — F is connected.

Assume that E contains neither ¢t; = (uq,v1) nor t3 = (ug,v2). Then
either there exists a path p; joining u; to ug in G; — {e,e1,...,ep} or a
path py in Gy — {f,e1,...,en} joining vy to vs.
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Suppose that the first possibility occurs. Then p; together with the
edges t; and ty form in G; x G2 a path p that joins v; to v and do not
intersect (Ga — f), for exception the end vertices v; and ve. Evidently, p is
homeomorphic to the removed edge f in G2 and replaces actually it. Since
Ga —{f.,e1,...,em} Up is planar, it follows that |[E(G2 — f) N E| > . As
|E(G1—e)NE| > k—1and |[E(G2— f)NE| > I, the inequality |E| > k+1—1
follows. In the second case, we have |E(G1 —e) N E| > k and the assertion
also follows.

Assume now that E contains one of the edges t1 or to. Then E contains
at least k—1 edges of G1 —e and [ —1 edges of G5 — f, and the first assertion
follows.

The second assertion of the theorem follows directly from the definitions
of the connected sum of cubic graphs and the minimal edge deletion set. [

Let G be a connected cubic graph with ed(G) =1 and L C E(G) be an
edge deletion subset of GG, so the graph G — L is planar. Note that if the
subgraph G — L is disconnected, then |L| > [+ 1. Indeed, suppose contrary
that |L| = I. We can add some edge r from L to the graph G — L and
obtain a planar subgraph U of GG. But this contradicts to the assumption
that ed(G) = 1.

Let G be a cyclically 4-edge connected cubic graph with ed(G) = [. Let
also e = (ug,u)) and fo = (v2,v5) be a pair of non incident distinguished
and inessential edges in G. Put G' = G — {es, fo}. Consider an [-cut L
in G’ which decomposes the graph G’ into two planar components, say G
and G5. It may occur that in a plane embedding of G U G, the pair of
vertices {ug,va} ({ug,vh}, respectively) are in the same facial cycle of G
and the pair of vertices {u),vh} ({uh,ve}, respectively) are in the same
facial cycle of Gf. Then L is called a cut separating {uz,vo} from {uf, v5}
({ug, v} from {uh,va}, respectively). We shall say that G has the property
P (subject to the pair of edges es and fo) if no such separating [-cut L
exists in G.

Example 3.12. Let H' be a cubic graph as in Example 3.10 and

{e/ = (u,v'), € =(v,0)}
be a pair of distinguished edges in H’. We assert that H’ has the property P
subject to the pair of edges {€’, ¢”}. Indeed, first note that H' is cyclically
4-edge connected and ed(H') = 3. Remove the edges ¢’ and ¢” from H’ and
denote the resulting graph G’, see Figure 3.7.

The graph G’ is also cyclically 4-edge connected and ed(G’) = 2. Indeed,
suppose that G does not have the property P. Let L be a 3-cut of G’

that separates {u, v} from {u/,v'} and G; and G5 the corresponding planar
components of G’ — L such that u,v € G7 and v/,v" € G3. The only
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FIGURE 3.7.

possibility for such a cut is that L contains both the edges fi, f2 (so G is
simply K3) and some other edge f of G’. Consider the component K of
G’ —{f1, f2} that contains the pair of vertices {u/,v'}. K is of order 14 and
contains four vertices of degree two, see Figure 3.8.

Ve
lu

FIGURE 3.8.

We can ignore the vertices of degree two in K and consider the corre-
sponding cubic graph K’ of degree 10 which is homeomorphic to K. It is
easy to see that g(K’) = 5. It is known that the only cubic graph of degree
10 and of girth 5 is the Petersen graph P. However ed(P) = 2, so removal
any edge u from it does not lead to a planar graph. It follows that removal
any edge f from K does not lead to a planar graph. This contradicts to
our assumption that Go = K — f is planar. It is rather obvious fact that
there is no 3-cut in G’ separating {u, v’} from {u/,v}. Therefore H' has the
property P subject to the pair of edges {€’,e"}.

Example 3.13. Let MK denote the Mobius-Kantor graph. It is well
known that M K is a symmetric graph. Take in the graph M K any edge
e remove it from M K. Forgetting two vertices of degree 2 in the resulting
graph, we obtain a cubic graph U of order 14 with g(U) = 5. Then U is
not isomorphic to the Heawood graph, so by the results of Section 2 we
have ed(U) = 2. It follows that each edge of MK is essential. ow replace
the edge e in MK with two parallel edges {€/ = (u,u’),e” = (v,v")}. De-
note the resulting graph by W. It is easy to see that both ¢ and e’ are
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inessential edges of W. Let ¢ and €” be the distinguished edges of W. By
the construction, W is cyclically 4-edge connected and ed(W) = 3.

Moreover, we assert that W has the property P subject to the pair of
edges {¢/,e”}. Indeed, suppose the contrary. Remove the edges e’ and e’
from W and denote the resulting graph W', see Figure 3.9. Since W’ differs
from U by subdivision only, it is cyclically 4-edge connected and we have
ed(W') = 2.

f,
u a u
€
\7 il nlinl
f e Vv
2
FIGURE 3.9.

Let M be a 3-cut of W’ that separates {u,v} from {«',v'} and W7 and
W5 the corresponding planar components of W’ — M where u,v € W; and
u',v" € Way. The only possibility for such a cut is that M contains both the
edges f1, f2 (so Wy is simply K3) and some other edge f of W’. Consider
the component R of W' — {f1, fa} that contains the pair of vertices {u/,v'}
(up to homeomorphism of graphs, to obtain R from M K we simply remove
from it a star of vertex i.e. the graph Kj3). As before, we can forget the
vertices u’ and v’ of degree two in R and consider the corresponding cubic
graph R’ of degree 12 that is homeomorphic to R. It is easy to see that
g(R') =5, see Figure 3.10. It is not difficult to check that ed(R') = 2. It
follows that removing an edge f from R does not lead to a planar graph.
This contradicts to our assumption that Wy = R — f is planar. It is rather
an obvious fact that there is no 3-cut in W’ separating {u, v’} from {u’, v}.
Therefore W has the property P subject to the pair of edges {¢,e"}.

FIiGUuRE 3.10.
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Theorem 3.14. Let G be a 3-connected cubic graph with ed(G1) =k > 0
and Gy a cyclically 4-edge connected cubic graph with ed(Ga) =1 > 0. Let
{e1, f1} be a pair of distinguished non incident edges in G1 and {ea, f2} a
pair of non incident distinguished edges in Go. Assume that in both the
pairs each edge is inessential and G1 has the property P with respect to the
pair {e1, f1} and Gy has the property P with respect to the pair {es, fa}.
Then G1 % Gg is a 3-connected cubic graph and ed(G1 * Ga) > k + 1.

Proof. Let ey = (u1,u}), fi = (v1,v}),e2 = (ug,ub) and fo = (v2,v}). The
bridge edges in the graph H = G * G4 are the following:

hi = (u1,u2), ho = (uf,uj), hs = (v1,v2), hy = (v}, v).

The subgraph of H formed by the bridge edges hi, hs, hs3, hy is denoted by
B. Put Gll =G — {el,fl} and G/Q =Gy — {eg,fg}.

Note that if G is cyclically 4-edge connected cubic graph, then any 3-edge
cut of G is of kind K13 (see, for example, [22]). We claim that the graph
H is 3-connected. Suppose contrary that A(H) = 2. Let A = {aj,a2} be a
cut of H consisting of two edges a; and as. Depending on the positions of
edges a1 and a9 in H, the following situations can occur.

1) a1 € E(G)) and az € E(GY). Under this assumption we have

AGY) = MGy) = 1,

so the graph H is decomposed into two components by removing the edges
a; and ag as shown in the Figure 3.11. It follows that Ey = {eq, f1,a1} is
a 3-cut of the graph G1 and FEy = {eg, fa, a2} is a 3-cut of the graph Go.
However since G is cyclically 4-edge connected, this is impossible because
the graph formed by the set of edges F» is not isomorphic to K7 3.

FIGURE 3.11.

2) Both a; and ag are the edges of Gj. In this case, there are paths p;
and pe in H — E(G)) that join the vertices uj,u) and vy, v}, respectively.
This means that U decomposes G into two subgraphs, say 71 and T», so
that one such 7; contains all the vertices uy,u),v1,v]. This would imply
that A(G1) = 2 contradicting to our assumption.
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3) Both a; and ag are the edges of G%. This case can be handled just in
the same way as the case 2).

Finally, it is obviously that H does not possesses a 2-cut which contains
at least one bridge edge. Therefore H is 3-connected. It remains to show
that ed(G1 * G2) > k + 1.

Let R = {ry,...rs} be a minimal edge deletion set in H. Denote by ¢
the number |R N {hi, ho, h3, ha}|. The planar graph H — R is connected.
The proof of the inequality is actually reduced to analyzing the following
three cases:

Case 1) ¢ > 2. By assumption, we have

ed(Gy) >k —1 and ed(Gh) >1—1.
Since the graphs G and GY are planar, it follows that
IE(GY)NR| >ed(G))>k—1, |E(GSY)NR|>edGh) >1—1.
As the sets E(G}) N R and E(G}) N R are disjoint, we have
R|>k-141-1+q>k+l,

soed(H) >k +1.

Case 2) ¢ =0, i.e. R does not contain any bridge edge h;. Consider a
planar drawing g of the connected graph H — R. Let g1 and g2 be the planar
embeddings of the subgraphs G| — R and G} — R, respectively, induced by
g. To prove the assertion in this case we have to inspect the following three
subcases.

(i) Both the subgraphs G| — R and G5 — R are connected. Since G — R
is connected, the plane subgraph Dy = (G4 U B) — R is contained in a
face p of the plane embedding ¢; of the graph G| — R. This means that
the vertices ui,u,v1,v] of G} — R are situated on the same facial circuit
¢, the circuit that bounds the face u. We can draw the edge e; (or the
edge f1) in the face p and obtain a planar embedding of the subgraph
G1 — (f1 U R), see Figure 3.12. Since the edge f; is inessential in G, we
have |[E(G}) N R| > k. In the same way we can prove that |[E(G5) N R| > 1.
It follows that |R| > k + 1.

(ii) Both the subgraphs G} — R and G4 — R are disconnected. Then
|E(GY) NR| >1and |[E(G))NR| >k,so0 R =k+1

(iii) One of the subgraphs G} — R and G4 — R is connected and the other
is disconnected. Suppose for instance that G} — R is connected and G, — R
is disconnected. Then GY — R consists of two connected components, say
U; and Us. Since G — R is disconnected, we have |E(GH) N R| = 1. If
|E(G}) N R| = k we have |R| = k + 1. Suppose that |[E(G}) N R| =k — 1.
Then in any plane embedding of W = G| — R, the pair of vertices u; and
u} and the pair of vertices v1,v] cannot be neighboring (positioned on the
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FIGURE 3.12.

same face). For the given plane subgraphs G, — R and G| — R, the only
possibility to draw the graph H in the plane is to take a face ¢; of G} — R
containing u; and vy, a face ¢y containing v} and v} (if such exist), insert a
connected component U; into the face ¢q, the second connected component
Us_; into the face co, then connect the vertices uq with us and the vertices
v1 with vo with bridge edges h; and hg inside c¢1, and the vertices u’l with
uly, and the vertices v} with v} inside the face co with bridge edges hy and
hy4, see Figure 3.13. This is possible only if us and vy are vertices of the
same face of the plane graph U; and uf, and v} are vertices of the same face
of the plane graph Us_;. However the latter is excluded by property P.
Therefore |E(G}) N R| =k and |R| =k + I

H )P
i

Us-i

FIGURE 3.13.

Case 3) ¢ = 1. If |[E(G,) N R| > 1l or |[E(G}) N R| > k, the assertion
follows. Suppose that |[E(G5)NR| =1—1and |[E(G})NR| =k —1. By the
same arguments as before we conclude that in this case both the graphs
G| — R and G — R are connected. Let g be a planar embedding of the
connected graph H — R. The embedding g induces planar embeddings ¢;
and go of the subgraphs G| — R and G| — R, respectively. Since G} — R is
connected, the plane subgraph Dy = (G5 U B) — R is contained in a face
of the plane graph G| — R. This means that three vertices of G| — R from
the set {u1,u},v1,v]} are situated in the same facial circuit ¢, the circuit
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that bounds the face . Therefore we can draw the edge e; or the edge f;
in the face v which gives in planar embedding of the subgraph G — (f1 UR)
(G1 — (e1 U R), respectively). Since the edges e; and f; are inessential in
G1 we have |[E(G)) N R| > k, contradicting to our assumption.

We conclude that in any case |R| > k + [. We thus have proved that
ed(H) > k+1. O

Theorem 3.14 can be used in constructing 3-connected and even cyclically
4-edge connected cubic graphs G of order 16n such that ed(G) > 3n for any
natural number n > 0. We can start from the graph H' as in Example 3.10.
Let €’ and €” be two parallel edges in H' obtained by doubling an edge e in
the Heawood graph H. As was noted before, H is cyclically 4-connected and
C(H'") = 4. Taking two copies of H', the graphs G’ and Gy, and applying
to them the operation of double connected sum (just as it was described in
Theorem 3.14), we shall obtain a 3-connected cubic graph Hjy of order 32.
By Theorem 3.14, since H' has the property P, we get that ed(Hs) = 6. It
is not difficult to check that ((Hs) = 4. The thorough analysis of the proof
of Theorem 3.14 shows that each bridge edge h; in H» is also inessential.

Now we can take three copies of the cubic graph H', the graphs Uy, Us
and Us with the pairs of distinguished edges e, f1, and ez, fo and es, fs,
respectively, remove all them and join the resulting graphs G, G2 and G5
by six bridge edges h; as shown in Figure 3.14. The resulting cubic graph
Hs is 3-connected and we have ed(Hs) = 9. The proof of this assertion
actually follows from the proof of Theorem 3.14 and uses in an essential
way the facts that H' is cyclically 4-edge connected and H has the property
P. We omit here the details.

FIGURE 3.14. The cubic graph Hj

Iterating the process of joining the several copies of the graph H' in
a cycle in the way as before, we obtain a sequence of cyclically 4-edge
connected cubic graphs H,, of order 16n with ed(H,,) = 3n.

Corollary 3.15. If H is an 3l-edge deletion minimal graph in the class of
3-connected cubic graphs, then |H| < 161.
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Question. We provided some upper bounds for the order of minimal edge
deletion (cubic) graphs and minimal genus (cubic) graphs. What about
nontrivial lower bounds for these graph parameters?
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Moyal and Rankin-Cohen deformations
of algebras

Volodymyr Lyubashenko

Abstract. It is proven that Rankin-Cohen brackets form an associative
deformation of the algebra of polynomials whose coefficients are holomorphic
functions on the upper half-plane.

AmHotanisa. DBynyernca BriageHHst JOOYTKY BepXHBOI HAIIBIJIOIINHE HA
KOMILICKCHY ILIONMHY 3 BHKOJIOTHM HyJleM B KOMILIekcHmii mpoctip C2 3
KoopauHaramu (g, p). Y3I0BXK HbOIO IEPEHOCUTLCA GIBEKTOPHE 10JIe

M =0, ® 08, — 9q ® By,

nBoicTe 10 cramgapraol cuMmmtniansuol dpopyu na C2. HoxibuuM dumnoM 3
nedopmarnii Myasiia ajarebpu mosriHOMIB BiJT BOX 3MIHHUX OTPUMAHO acollia-
TUBHY 1ehOPMAIT0 aarebpu MOTIHOMIB, KOeMIIEHTH SKUX € TOTOMOPMOHIMEI
dyHKIigIME Ha BepxHii HamiBiomuai. Mera i ocHOBHUIT pe3yJibTar: JoBee-
HO, 10 M-I 4jeH 1€l medpopmariii 36iraerbes 3 n-1 jayxkkoo Pankina-Koena.
Ile mow’s13ye medopmariito 3 momynspanMu gopmamu. B moBeneHHI BUKOpH-
CTOByEThCs pe3yabrar Ejab ['pajieki mpo €IuHicTh 3 TOYHICTIO JI0 YHUCJIOBO-
ro muoxkHuKa SL(2, R)-ekpiBapianTHoro 6iaudepenniaabHOro oneparopa Ha
MPOCTOPax TOJOMOPMHNX (DYHKIIN HA BEPXHIl HAMIBILIONINHI 3 TIEBHOKO [Ti-
eo rpymu SL(2,R). 4k wrenn sraganol gedopmaril, Tak i xykku Pankina-
Koena 3a/10BosIbHAIOTE IIi yMOBH, OTKe, € nponopuiitaumu. IlepesipseTbes,
mo Koedinient mpomopriiinocri gopisaioe 1. HaBenene j1oBeieHHS OCHOBHO-
ro TBepiKeHHs Koporie 3a icuytoui: I1. Koen, Manina i 3aripa; Kounna i
Mockosiui; B. OBcienka.

Annoranus. /lokazano, uro ckobku Panknna-Kosna obpasyior accorma-
TUBHYIO J1eDOPMAIIIO AJIrebpbl MHOTOUIEHOB, KOI(DMUIMEHTHI KOTOPBIX $IB-
JISIIOTCSI TOJIOMOPMHBIMA (DYHKIUAMI HA BEPXHEH ITOJIYIIOCKOCTH.
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1. RANKIN-COHEN BRACKETS

Denote H = {z € C | Imz > 0}, C* = C — {0}. Then the left action

az+b X)
cz+d cz+d/)’

where v = (‘cl Z), induces the right action of SL(2,R) on the algebra of holo-
morphic functions Hol(H x C*). The restriction of this action to the sub-
space X*Hol(H), k € 7Z, equips Hol(H) with the right action |5 of SL(2,R).
Recall that a modular (automorphic) form of weight & [10, Definition 2.1] is,
in particular, a fixed point of this action. Rankin described in [8] SL(2,R)-
invariant polydifferential operators on H. Earlier Gordan proposed bidif-
ferential SL(2, R)-invariant operators and called them transvectants [6]. In
modular form theory these operators are known as Rankin-Cohen brackets.
They were defined by H. Cohen as follows in [1]. Let k,l € Z, n € N = Z>o,
f,g € Hol(H). Then

SL(2,R) x (H x C) 5 Hx C*,  ~.(2,X) = (

r,520
— kE+n—-1\[(l+n-1
k L TRC _ yk+i+2n _1)\s (r) ,(s)
R S S GRS [ (AR FLLVE
r+s=n
where
f(r) = 0./, 0.f = (0uf — iayf)/z
H. Cohen proved in [1, Theorem 7.1] that the operation [ , ]7¢ on the

algebra Hol(H)[X !, X] is SL(2, R)-equivariant.

2. DEFORMATIONS

A deformation of an associative C-algebra (A,m : A® A — A) is a
C-bilinear map

p:Ax A— Alh], w(a,b) = Zhnun(a,b)
n=0

such that
:U'O(a7 b) - m(a ® b) = ab, :U'(La) =a= :U'(a7 1)a
and the C[[A]]-bilinear map f : A[[h]] x A[[A]] — A][A]], which extends u by
Clha]-bilinearity and A-adic continuity, is associative.
Let a C DerA be an abelian C-subalgebra of the Lie C-algebra of deriva-
tions of A. View an element
!

PZZ&@WEQ@Ca
=1
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as a C-linear operator A%2 — A%®2, Tt is well-known that

o hn

a*xpb=pup(a,b) =mexp(hP).(a®b) = Z ﬁmpn.(a ® b)

n=0
is a deformation of A. An example is provided by the Moyal deformation
of A= Hol(C?), C? = {(¢,p)}, P=M = 9, ® 9, — 9, ® 8. The point of
this note is to show that the Rankin-Cohen brackets give a deformation of
the algebra Hol(H)[X], related to the Moyal deformation.

Following a remark of Eholzer, Zagier noticed in [12| that many identi-
ties involving operations [, ]%¢ follow from the statement that these form a
deformation of the algebra of modular forms. This was further elaborated
by P. Cohen, Manin, Zagier [2], where they show that the deformed algebra
of modular forms is isomorphic to certain algebra of invariant pseudodif-
ferential operators.

Connes and Moscovici discovered certain Hopf algebra H; during their
work on foliations [3]. They described also its action [4] on the algebra of
modular forms from which a deformation of the latter is obtained. More-
over the Rankin-Cohen deformation generalizes to a universal deformation
formula of #; as shown by Tang and Yao [11]. These results are reviewed
in [9].

Our proof of the main result is concise. It is most close to the proof by
V. Ovsienko [7] with the difference that he looks for a symplectomorphism
whereas we find an open embedding of H x C* into C?, compatible with
the Poisson structure.

3. RANKIN-COHEN BRACKETS AS DEFORMATION

Consider the open embedding
T=(HxC* < CxC* 25 CxC* < C?),

where (2, X) = (:X71, X)) = (¢,p). Vector field 9, (resp. 9,) on C?
is lifted along ¥ to vector field ¢ = —X20x — 2X0, (resp. n = X9,) on
H x C*. Thus,

M=0,80,—0,®0,
is lifted to

P=RC=(@n—1n®¢E
and ¢ and 7 commute. Hence,

Fno G = mexp(hRO).(F© G) =Y %m(RC)”.(F Q)
n=0

is a deformation of Hol(H x C*).
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Theorem 3.1. Let k,l € Z, n € N. Assume that one of the following
conditions holds:
o k> 0;
e[ >0;
e k1 <0 andn <max{l—k,1—1};
e kI<0O,n>1—-k—1I.

Then for all f,g € Hol(H) and F = X*f, G = X'g we have
(n)"t'm(RC)".(F ® G) = [F, G]FC.

Proof. The embedding ¥ : H x C* < C? is SL(2,R)-equivariant, where
the left action on C? = {(q,p)} is the standard action of matrices on vectors.
The mapping

M=038,209,— 03,20, € Endc(Hol(C?) @ Hol(C?))

commutes with the action of SL(2,R), or, equivalently, of the Lie alge-
bra s[(2,R). Hence, the Moyal deformation is SL(2, R)-equivariant. This
implies and can be checked directly that

RC=¢(@n—n®& € Ende(Hol(H x C*) @ Hol(H x C*))
commutes with the action of sl(2,R) and SL(2,R). Thus,
*xpe : Hol(H x C*) @ Hol(H x C*) — Hol(H x C*)[[h]]

is a homomorphism of SL(2,R)-modules. Accordingly to El Gradechi [5,
Proposition 3.11] if the hypotheses on (k,1,n) hold, then there is only 1-di-
mensional vector space of SL(2,R)-equivariant bidifferential operators

(Hol(H), |) @ (Hol(H), |;) — (Hol(H), |x+1+2n)-
Both maps
fog— M) 'mERO(XFfeX'g), fog— [XFfXgJC

belong to this space, therefore, they are proportional. One checks that
the proportionality constant is 1. In fact, evaluate both operators on the
following f ® g.
Ifk=1l=n=0,take f=9g=1.
fhk>00rk<0,k<I<0,n<1—k, take f=1, g=2"
fl>00rl<0,I1<k<0,n<1l—1 take f=2" ¢g=1.
Ifk,l<0andn >1—k—1chooser,s € N, suchthat r+s=mn,r+k >0
and s+ > 0, and take f(z) = 2" and g(z) = z°. (Hint: use coordinates
(¢, p) to make the computations easier). O
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Corollary 3.2. The Rankin-Cohen deformation xgrc restricted to A®?,
A = Hol(H)[X] coincides with the map

A® A= AllA], XFfoXlge Y W XM X gl

n=0

Proof. For all (k,I,n) € N3 the statement follows from Theorem 3.1 except
for (k,l,n) = (0,0,1). In the latter case [f,g]1 = 0=m(RC)(f ® g) for all
fyg € Hol(H). O
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Bypassing dynamical systems: a simple
way to get the box-counting dimension
of the graph of the Weierstrass function

Claire David

Abstract. In the following, bypassing dynamical systems tools, we propose
a simple means of computing the box dimension of the graph of the classical
Weierstrass function defined, for any real number z, by

—+oo

W(z) = Z A" cos (27 N} z)

n=0
where A\ and N, are two real numbers such that 0 < A < 1, N, € N and
AN, > 1, using a sequence a graphs that approximate the studied one.

Amwnoranisi. B po6oTi NponoHyeThCst TPOCTUil crioci6 obumcieHHs 1mo box-
counting posmipnicts (a6o posmiprocti MiHKOBCHKOTO) rpadika KIaCHIHOI
HenepepBHOI Hize He mudepentiitosrol dyukiii Beitepmurrpaca

—+o0
W(z) = Z A" cos(2m Ny '),
n=0
ne A\ ta Np — miiicui uncira taki, mo 0 < A < 1, Ny € N, AN > 1.

Bigmitumo, o momepesai poboTn, B AKHX 00YMCIOBATIACh box-counting
po3mipHicTh rpadika dyukmii Beitepmrpaca, 6a3yBajuch Ha TAKAX ITOHSIT-
TAX TEOpil JAUHAMIYHUX CHUCTEM $K: PO3MIpHICTH JIdmyHoBa eKBiBajeHTHHUX
[PUTATYIOYUX TOPIB, BKJIaJIeHHs I'pada B aTPAKTOP JUHAMIYHOI cuCTeMU, b-
BiI0OpazkeHHsT MeKapsi OJUHUIHOIO KBaJIpaTy, CTilKi Ta HECTIiKi miMHOro-
BUIN Ta iH.

B mamiit crarri Mu «06X0auMO» TEXHIKY TeOpil JUHAMIYHUX CUCTEM 33
JoroMoromo nocsigosrocreit rpadikis (I'w,, )men, MO 36iraloTbCs 10 Ipa-
dika dynxmii Beitepurrpaca. OcHOBHMIT IHCTPYMEHT — 1€ iTEpOBaHA CHUCTE-
Ma yHKIjii, T06T0 ciM’st C°° cruckaroumx Bigobpaxens T; : RZ — R2?
1=0,...,N, — 1, Bu3HaueHux 3a HopMmyIamMu

Ti(w,y) = (5 2y + cos(2m - 52)),
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Hexait P; — nepyxoma touka T; i Vo = {Po, ..., Pn,—1}. daui yist KoKHOro

Np—1 . .
HATYPAJLHOTO M MOKIaaeMo Vi, = U;2° " T;(Vin—1). 3’equasmmn nociigoBHi
TOYKU B MHOXKWHI V,, y HAIpsMKYy 3pOCTaHHH abcrucn OTpuMaeMo rpad
T'w,, . O6uncienns: po3amipaocti rpadika 6a3yeThbcs HA OIIHKAX BHILY:

Cintlx1 — 12\27DW < W(z1) — W(z2)| < Csplz1 — 232|27DW

e [xh xz] C [O 1] — JOBiJIbHMI JTIOCUTH MaJjuii inTepBasty, Dy = 2 + 111111;‘ a

Cint 1 Ciyp CTPOTO O7ATHI umCIa. IX 10BeIeHHs 3aiiMae Jimlre Bl CTOPIHKH i
HE BUMAarae CIeIiaJbHAX 3HAHb, [0 POOUTD TOCTYIHUM POOOTY JJIsT IITIPOKOT
ayauTopii.

INTRODUCTION

The determination of the box and Hausdorff dimension of the graph
of the Weierstrass function has, since long been, a topic of interest. In
the following, we show that the box-counting dimension (or Minskowski
dimension) can be obtained directly, without using dynamical systems tools.

Let us recall that, given A € (0,1), and b such that \b > 1+ 37”, the
Weierstrass function

reR — W(x Z)\”coswb"

is continuous everywhere, while nowhere dlfferentlable. The original proof,
by K. Weierstrass [18], can also be found in [17]. It has been completed by
the one, now a classical one, in the case where A\b > 1, by G. Hardy [5].

After the works of A. S. Besicovitch and H. D. Ursell [2], it is Benoit Man-
delbrot [12] who particularly highlighted the fractal properties of the graph
of the Weierstrass function. He also conjectured that the Hausdorff dimen-
sion of the graph is Dyy = 2 + %. Interesting discussions in relation to
this question have been given in the book of K. Falconer [4]. A series of
results for the box dimension can be found in the works of J. L. Kaplan et
al. [8] (where the authors show that it is equal to the Lyapunov dimension
of the equivalent attracting torus), in the one of F. Przytycki and M. Ur-
banki [14], and in those by T. Y. Hu and K-S. Lau [6]. As for the Hausdorff
dimension, a proof was given by B. Hunt [7] in 1998 in the case where
arbitrary phases are included in each cosinusoidal term of the summation.
Recently, K. Baransky, B. Barany and J. Romanowska [1| proved that, for
any value of the real number b, there exists a threshold value A, belonging
to the interval (1 ;> 1) such that the aforementioned dimension is equal to
Dyy for every b in (Ap, 1). Results by W. Shen [16] go further than the ones
of [1]. In [9], G. Keller proposes what appears as a much simpler and very
original proof.
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May one wish to understand the proofs mentioned above, it requires
theoretical background in dynamic systems theory. For instance, in the
work of J. L. Kaplan et al. [8], the authors call for results that cannot
be understood without knowledge on the Lyapunov dimension. One may
also note that their proof, which enables one to obtain the box-counting
dimension of the aforementioned graph, involves sequences revolving around
the Gamma Function, Fourier coefficients, integration in the complex plane,
definition of a specific measure, the solving of several equations, thus, a lot
of technical manipulations (on eleven pages), to yield the result.

Following those results, F. Przytycki and M. Urbariki [14] give a general
method leading to the value of this box-counting dimension. It was ini-
tially devoted to the calculation of the Hausdorff dimension of the graph.
It appears simpler than the one by Kaplan et al., calling for Frostman’s
lemma [15], [13]. The authors deal with continuous functions f satisfying
conditions of the form:

sup{[f(a1) — f(az)| : 21 < a1 S az < w2} > Oy — 22| (%)

for all (z1,79) € [0,1]?, where C' and a < 1 denote strictly positive real
constants.

In order to apply the results by F. Przytycki and M. Urbanki, one thus
requires the estimate (%), which is not that easy to prove. The same kind
of estimate is required to obtain the Hausdorff dimension of the graph.
As evoked above, existing works in the literature all call for the theory of
dynamical systems.

Until now, the simplest calculation is the one by G. Keller [9], where the
author bypasses the Ledrappier-Young theory on hyperbolic measures [10],
[11], embedding the graph into an attractor of a dynamical system. The
proof requires b-baker maps, acting on the unit square. It also requires
results on stable and unstable manifolds, as well as results on related fibers.

In our work [3], where we build a Laplacian on the graph of the Weier-
strass function W, we came across a simpler means of computing the box
dimension of the graph, using a sequence a graphs that approximate the
studied one, bypassing all the aforementioned tools. The main computa-
tion, which, for any small interval [z, x| C [0, 1], leads to an estimate of
the form:

Cinglzr — 22~ < W(21) = W(a2)| < Couplr — z27P

where Dy = 2—1—%, and Cyy, r and C,,;, denote strictly positive constants, is
done in barely two pages, and does not require specific know-ledge, putting
the result at the disposal of a wider audience. The key results are exposed
in the sequel.
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1. FRAMEWORK OF THE STUDY

In this section, we recall results that are developed in [3]. We consider
the case when the real number b is an integer, that we thus choose to denote
by Np.

Notation. We will denote by N the set of natural integers. In the following,
A and Ny are two real numbers such that:

0<a<l1 Ny € N, and ANy > 1.

We will consider the Weierstrass function W, defined, for any = € R, by:

+0o0
W(x) = Z A" cos(2nNy'x).

n=0

Periodic properties of the Weierstrass function. Notice, that for any
real number x:

“+o0 “+o0
Wz +1) = Z A" cos(2n Nz + 2Ny ) = Z A" cos(2mNi'x) = W(x).
n=0 n=0

Hence the study of the Weierstrass function can be restricted to the interval
[0,1).

In the sequel, we place ourselves in the Euclidean plane of dimension 2,
referred to a direct orthonormal frame. The usual Cartesian coordinates

are (x,y).

The restriction I'yy to [0, 1) x R, of the graph of the Weierstrass function,
is approximated by means of a sequence of graphs, built through an iterative
process. For this purpose, we introduce the iterated function system, i.e.
the family of C™ contractions from R? to R?:

{T()v cee 7TNb—1}

where, for any integer i belonging to {0, ..., N, — 1}, and any (x,%) in R%:
Ti(z,y) = (%, Ay + cos (2 - IT*;)) .

We will denote by:
In A
In Nb

the Hausdorff dimension of T'yy (see [1], [9]).

DW:2+

Proposition 1.1. Ty = Ufﬁ’&l T;(Ty).
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Definition 1.2. For any integer ¢ belonging to {0,..., N, — 1}, let us de-
note by:
P = (xz’yl) = (ﬁ? ﬁCOS ]\?bﬂ—_zl)
the fixed point of the contraction T;.
We will denote by Vj the ordered set (according to increasing abscissae),
of the points:

{Po,...,Pn,—1}

The set of points Vp, where, for any i of {0,..., N, — 2}, the point P,
is linked to the point P;ii, constitutes an oriented graph (according to
increasing abscissa), that we will denote by I'y,,. We will call Vj the set of
vertices of the graph I'yy,.

For any natural integer m, we set:

Np—1
V= J Ti(Vin-1).
i=0
The set of points V,,,, where two consecutive points are linked, is an oriented
graph (according to increasing abscissa), which we will denote by I'yy, . We
will call V;,, the set of vertices of the graph I'yy, . We will also denote, in
the sequel, by
NS =2N™ + N, —2
the number of vertices of the graph I'yy,,, and write:

Vin = {P(')’”,P{”,...,PA”}%A}.

D T (P)=Ti (P TiP)=Ta(Py) a2

Dy <

To (P1)

Py po]ygon P11

FIGURE 1.1. The polygons P10, P1,1, P1,2, in the case where
A= % and N, = 3.



58 Cl. David

<

‘ 7
" \/

FIGURE 1.2. The graphs I'yy,, I'yy, (in red), 'y, Ty, in
the case where \ = % and Ny = 3.

\J

Definition 1.3 (Consecutive vertices on the graph I'yy). Two points X
and Y of I')y will be called consecutive vertices of the graph I'yy, if there
exists a natural integer m, and an integer j of {0,..., N, — 2}, such that:

X =(Tyo--0T,)(P)),
Y =(T;; 00T, )(Pit1),

or:

X = (Tll 0Ti2 S OTim)(PNbfl)v
Y = (Ti1+1 0T, -+ OTim)(PO)v

where (i1,...,0y,) € {0,--- , Ny — 1}

Definition 1.4. For every m € N the NS consecutive vertices of the graph
I'y,, are, also, the vertices of IV} simple polygons Py, ;, 0 < j < NJ* — 1,
with IVy sides. For any integer j such that 0 < j < VJ™ — 1, one obtains
each polygon by linking the point number j to the point number j + 1 if
j =1imodNy, 0 < i < Ny — 2, and the point number j to the point number
j — Ny +1if j = —1modNy. These polygons generate a Borel set of R2.

Definition 1.5 (Word, on the graph I'yy). Let m be a strictly positive
integer. We will call number-letter any integer M; of {0,..., N, — 1}, and
word of length | M| = m, on the graph I'yy, any set of number-letters of the
form:

M - (Mla" . ,Mm)
We will write:
TM :TM1 O"'OTMm'
Definition 1.6 (Edge relation, on the graph I')y). Given a natural integer

m, two points X and Y of I'yy,, will be called adjacent if and only if X and
Y are two consecutive vertices of I'yy,,. We will write:

X ~Y.

m
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This edge relation ensures the existence of a word M = (My,..., M,,) of
length m, such that X and Y both belong to the iterate:

Tm Vo= (Tm, 0+ 0Tpm,,) Vo.

Given two points X and Y of the graph '}y, we will say that X and Y are
adjacent if and only if there exists a natural integer m such that:

X~Y.

Proposition 1.7 (Addresses, on the graph of the Weierstrass function).
Given a strictly positive integer m, and a word M = (My,...,My,) of
length m € N*, on the graph Ty, , for any integer j of {1,..., Ny — 2},
any X = Tm(Pj) of Vin \ Vo, i.e. distinct from one of the Ny fized point P;,
0 <1< Ny —1, has exactly two adjacent vertices, given by:
Tm(Pjy1)  and  Tm(Pj-1),
where:
Tywm=Tpm,0...0T0,,.
By convention, the adjacent vertices of Tam(Po) are Ty (P1) and Ta(Pn,—1),
those of Tamy(Pn,—1), Tm(Pn,—2) and T (FPo).
Notation. For any integer j belonging to {0,..., N, — 1}, any natural in-
teger m, and any word M of length m, we set:
Tam (Py) = (2 (Tam (Py)) sy (Ta (Fy)))
Trm (Pjy1) = (@ (Tm (Pj+1)) sy (T (Pit)))

Ly = 2 (Tam (Pji1)) — o (Tm (P)) =

hjm =y (Tam (Pit1)) =y (Ta (Fy)) -

1
(Ny — 1) N’

2. MAIN RESULTS

Theorem 2.1 (An upper bound and a lower bound, for the box-dimension
of the graph I'yy). For any integer j belonging to {0,1,..., N, — 2}, each
natural integer m, and each word M of length m, let us consider the
rectangle, whose sides are parallel to the horizontal and vertical azxes, of

width:
1
(N, — 1) NJ™
and height |hjm|, such that the points Taq (Pj) and Th (Pj4+1) are two
vertices of this rectangle.

L = 2 (T (Pj+1)) — 2 (Tm (Fy)) =



60 Cl. David

(i) If the integer Ny is odd, then:

LEPw (N, —1)2Pw

2 o : J+1)‘ 2 1
X 4 2 sin 1 < |h;
{1—,\ SNT 2N, 1 )Sm N, Ny (No—1) AN,—1 [ = [ hjm|
(ii) If the integer Ny is even, then

L2 Pw (N, —1)27Pwx

% max{ 2« sin <%~ min |sin ZZHD |
T—x No—T o< jons 1 N,—1
___2n 14 1N < Byl
Ny (Nbfl) AN,—1° N62 Nb2—1 — J,m

Also:
|| < Ly P9 (N — 1)27 2%
where the real constant my s given by:
o = 2 { (2N, — DA(NZ — 1) N 2N, }
(Ny—12(L=N(ANZ—1)  (ANZ—=1)(ANE —1)

Corollary 2.2. The boz-dimension of the graph I'yy is exactly Dyy.

Proof. By definition of the box-counting dimension Dyy (we refer, for in-
stance, to [4]), the smallest number of squares, the side length of which
is at most equal to L,,, that can cover the graph I')y on [0,1), obeys,
approximately, a power law of the form:

cL,Pw  c>o0.
Let us set

T(2j+1) |
sin =7 Ny ( Nb 1),\Nb 1}

C = max{ —2_gin—"— min
{17,\ No—T o< joN, -1

4 1-— N_
NZ N1 ,ﬁw}
and consider the subdivision of the interval [0,1) into:

1
Np=—=(Np,—1)N;"
Ly,
sub-intervals of length L;,. One has to determine a natural integer Ny,
such that the graph of I'yy on [0, 1) can be covered by N, x N,, squares of
side L,,. By considering, the vertical amplitude of the graph, one gets:
- {C’ Lz Pw

Ny = | —F J+1, ie.  Np=|CLL,Pv|+1
m
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Thus,
Y Ni 1 1-D
m X N =7 = = (O L+ -
The integer N,, X N,, then obeys a power law of the form
Ny, X Nm =~ cL;ZDW

where ¢ denotes a strictly positive constant.
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Proof of Theorem 2.1. Preliminary computations. For any pair of inte-

gers (im,j) of {0,..., Ny — 2}?
T;,. (Pj) = <xj;5m, Ayj + cos<27r %)) .
For any triple of integers (i, 4m—1,7) of {0,..., Ny —2}3
Tips (T (F)) =

zj;im +im—1 2 x4+ ijL‘m‘i’imfl
= [ —Sr5—— Ny + A cos(2m 2™ +cos<27r ”7)

Ny

Ny

_ (J:j];[f—gim + Z‘T;LV;17A2yj + )\COS(27T J:j;:m) + COS<27T (xj];%im + in]([bl)))'

For any quadruple of integers (i, im—1,im—2,7) of {0,..

Ny — 234

Tz (Tin s (Ti () = <““m+"*;’vg 552, Ny 4% cos (2w ) +

3
Nb

+ )\cos<27r(xj;§m + Z”]V;l)) + Cos<27r(xj;§m + e
b b

Given a strictly positive integer m, and two points X and Y of V,,, such

that:
X~Y
m

there exists a word M of length | M| = m, on the graph I'yy, and an integer

j of {0,..., Ny — 2}2, such that:
X = Tu(P). Y = T(Pa).
Let us write T\ under the form:
Twm=1,, 0T, ,0...0T;,
where (i1,...,%m) € {0,..., Ny — 1}™.
One has then:

2(Tm(P)) = o + W 2(Tp(Pig)) = 2L 4
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and:

m . k ;
WTM(Py) = X7y + 3 A COS(%(]‘% +2 er;g))
=1 rt
k.
Y(Tm(Pjs1)) = A" yja1 + Z Am—k cos(zﬂ( J? + ) ]2\7[7;@»
(=0 ""b

Determination of a lower bound. Let us note that:

Pjm — A" (yj41 — yj) =

:i)\m_k{cos@w ]+1+Z;\7fc£z) COS<2W(]$€_§: JZ\?’ZZZ))}

=0 ?
k
_ m—k ]+1 Tj+1+T; —
25 A sm )sm<27r(72N5 + E le—") .
=0

Taking into account:

A < 27 (j +1) 27”')
y) = o (cos T

A (01 — — _
(W1 1— A N, —1 PN, -1
oA op(j+1—4) . 2m(j+147)

= Sin S11n
1— 2(Ny — 1) 2(Ny — 1)
—2\™ T . m(25+1)

=71 smNb_lsm N,—1°

the triangular inequality leads then to:

[Y(Tm(Pj11)) — y(Tm(P))| =

(2j+1) m
‘/\ (Yj+1—Yj) 22 AR sin Nk'H(N 5 sm(N,CJrl]Jr +27TZ ]ka 4@

k=1
k
. 27+1 b, —
‘)\ |y]+l_yj’_22 A k‘sln Nk+1(N o) Sln(N;Zl(lg;bil) +27TZ ]ZV:fe)‘
k=1 0

— A\

2 : T m(2j+1) _
T—x SN, T | sin Ny—1 |

k
_ w<2]+1) g
=1 =0
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One also has:
k
. m(2j+1) it
22)\ sin N’““(N )‘sm(N:H(Nb_l) +27TZN§_Z) <
k=1 £=0
m
< 22)\ S.lnNk+1 N, D) < Z Nk+1 -
k=1 k=1
= 1-A""N,~
_ 2 —1p7—1 1=ATTN,™
Nb 1) Z,\ka T Np(Np— 1))‘ Ny 1-A-IN!
k=
1 1 _ 2 1
< N(Nb DA~ Ny oI — Ny (N, =T) AN, =1
which yields:
m k
_ kg g (@i im—¢
22)\ sin NN, —D) )51n(Nk+1( )+2 ZNS*‘) >
1 =
2 1
= _Nb(NZ—l) AN,—1°
Thus:
2 sin " ‘sm m(2) + 1)|
1—A Ny —1 Ny —1
m
_ —k x s 2j+1)
QZ)‘ s NFFL(Ny—1) ‘SID(N“l(N ; ‘
=1
27 1

2 s ‘ (25 + 1)

> — .
S D Nl VAN | M—l‘NWWJMM—l

Lemma 2.2.1. The following result holds: for 0 < j < Np — 1:
274+1 N,
11r1M =0 if and only if Ny is even and j = ALY
N, — 1 2
Proof. Since 0 < j < N, — 1, one has:

2j+1

1<2j+1<2Ny—1 d th 0 <2 .
<2741<L b an us <Nb_1_ +Nb_1
Then, smw = 0 if and only if
2j+1 25 +1
=1 or =
Ny —1 Ny —1

The second case has to be rejected, since it would lead to

. 3
J:Nb—§¢N
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The only possibility is thus when N is an even number:
Ny
= — —1.
17

The converse is obvious. O

First case: sin % # 0. One has then:

725 + 1) _ w25+ 1) . 2
— | > — | = > .
TN, | Togienet PN, — 1 "N, 1| TN, -1
This leads to:
2 . T ’ . m(25+1) ‘
sin . —
1—A Ny —1 Ny —1

(2j+1) { e
sm(Nk+1 +2 g ]\T;Lz

m
-k o ™
_2§:1A Sme“(Nbf 5

S 2 T . T 27r 1
1n 11 —
ST AN, 1N, 1 NV, — 1) AN, — 1
P 4 o 1

> _
_1—)\(Nb—1)2 Nb(Nb—l))\Nb—l

2 41 x 1

_Nb—l{l—ANb—l_Nb)\Nb—l}

2 (ANp(ANp — 1) — (1 = N)(Np, — 1))
Np(Np — 1) (1 = A) (AN — 1)

The function
A — 4Nb()\Nb — 1) — 7T(1 — )\)(Nb — 1)

is affine and strictly increasing in A, and quadratic and strictly increasing
in Ny, for strictly positive values of Np. This ensures the positivity of:

2 . T ey T25H1) |
T—x SR =T [sin Ny—1 |

—ZkZ)\ SmN’““(N 0
1

. m(2j+1) iy ,z
Sm(Nf“(Nb +2m Z NF- ’5

Second case: sin ](V] +1) — (. One has then:

[y(Tm(Pjt1)) = y(Tm(Fy))| =

m
E A Fsin —F -
+1
Nb

k=1

> 22"

k
: Im—¢
Sln(Nb;rJrl +27T E ]W)H
=0
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Thanks to the periodic properties of the sine function, one may only
consider the case when:

4 1—A"™N,™ 4 1-N,;?

T NZ(N,— 12 AN,—1 N2 N2—-1°

General case. The above results enable us to obtain the predominant
term of the lower bound of |y(Tam(Pj41)) — y(Tm(P))],

AT — (Dyy—2) In N — Nb m(Dw—2) _ L2 Dy (Nb . 1)27DW'

Determination of an upper bound. One has

, 2>\m w2 2g+1 m—k 2541 im—¢
|h37m|< X (Np—1)2 +QZ)‘ { 1)Nk+2ZNk f} (Np— 1Nk

m
_9am 72 (2j+1) 4 22 (2j+1)A* 19 Z im—g A7F
T I-X (Np—1)2 Np—1 (Np— N2k Ngkfé
k=1

_ 2 (2j+1)
= 1X NV-1)2

L o2mam JATIN 254 (AT N +22 (Ng—1) A~k 1= N+~
Np—1 (Np—1) 1-A— 1N 2 N% 1-N !

b

2\ 72 (2N, — 1) N 22\ (2N, — 1) (1 — A" N, ™)
1= (Ny—1)2 Ny—1 (Ny—1) ANE -1

2mA™ AN (N — 1) (1 — A™ N, 2™
Ny —1 (1-NH (1 =A1N;?)
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272 A™ ) ATLN, 3 (N — 1) (1= AT N, 3™
Ny—1 (1-NH (- A1NP

2\ 72 (2N, —1) 272A™ (2N, —1) 1
T1-X (Ny—1)2 Ny—1 (Ny—1) ANZ -1

47r2Nb)\m{ 1 1 }

Ny—1 |ANZ—1 AN} -1
_%zw{ (2N, — DA (NG — 1) 2Ny }
(Np—1)2(1—=A)(ANZ=1)  (ANZ—1)(AN} —-1)
Since .
T (P; —2(Ty(P))= ——————
(Tpm(Pj41)) — 2(Tm(F;)) N DN
and
In A B
= - — (DW—Q) lan — N(DW 2)
Dyy =2+ N, A=e \ ,
one has thus
{ (2N, — DAV — 1) IN, }
(Ny — 12(L = A)(ANZ —1) = (ANZ — 1)(AN? — 1)
Theorem 2.1 is completed. 0

Remark 2.3. In [7] B. Hunt uses the fact that the Hausdorff dimension of a
fractal set F can be obtained by means of what is called the t-energy, ¢t € R,
of a Borel measure supported on F (one may refer to [4], for instance):

0= [

dim F = sup {t € R, | u supported on F, I;(u) < +oo}.

which enables one to obtain:

A lower bound tg of the Hausdorff dimension can thus be obtained by
building a measure p supported on F such that:

I, (:U') < +o0.

B. Hunt proceeds as follows: he introduces the measure )y supported on
I'yy, induced by the Lebesgue measure p on [0,1]. Thus

dpw (@) dpw (2')
o= ff (o — 22 + W() - W2}t
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We could also have used a similar argument since, in our case:

@ — 27 S () = W()| S o — 27w
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