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Abstract: The paper is concerned with the asymptotic behaviour of the number mi(Tq,n) of maximal in-
dependent sets in a complete g-ary tree of height n. For some constants «, and f3, the asymptotic formula

mi(T,,) ~ a,-( $8,)%" is shown tohold as#n — 00. It is also proved that mi(T, 5) ~ cxél) -( Bq)qak, mi(T, 510,) ~

3k+1 3k+2
06512) (BT mi(T504,) ~ ocif) “(B,)"  ask — oo for any sufficiently large g, some three pairwise distinct

@ @ 6

constants (Xq q q

,a?, ¥ and a constant bq.
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1 Introduction

An independent set in a graph is an arbitrary set of its pairwise nonadjacent vertices. An independent set in
a graph is maximal if it is maximal under inclusion. We shall write “m.i.s.” to abbreviate the phrase “maximal
independent set”. The number of independent sets (respectively, maximal independent sets) in a graph G is
usually denoted by i(G) (respectively, mi(G)).

The asymptotic behaviour of independent sets in graphs from parametrically defined classes (as a func-
tion of the class parameters) was extensively studied. Korshunov and Sapozhenko [3] found the asymp-
totic behaviour of the number of independent sets in the n-dimensional cube. Kalkin and Wilf obtained
the weak asymptotic formula for the number of independent sets in a complete grid graph [4]. Voronin and
Demakova [1] found the asymptotic behaviour of the number of independent sets in complete binary trees.
The case of complete g-ary trees was considered by Kirschenhofer, Prodinger, and Tichy. Let T, ,, denote the
complete g-ary tree of height n. Kirschenhofer, Prodinger, and Tichy [5] showed that there exist constants
/3;, oc;,(x;,l, oc;,2 (“;,1 + a;,z) such that, forany q € {2, 3,4}, i(Tq)n) ~ (xé . (ﬁ‘;)q" asn — ooand forany g > 5

2k 2k+1
i(Tyo0) ~ oc;)l . (ﬁ;)q and (T ) ~ cx;)z . (ﬁ;)q as k — oo.

The purpose of the present paper is to examine the behaviour of mi(Tq,n) asn — oo as a function

of g > 2. The main results are as follows.

Theorem 1. There exist constants e, and f3, such that mi(T,,) ~ «, (/52)2” asn — oo.
Theorem 2. For any sufficiently large q there exist three pairwise distinct constants (xf;)

bq such that

3k 3k+1
mi(Tyq) ~ oy - (BT, mi(T,p,0) ~ - (BT, mi(T,ap,0) ~ @y - (B,)

) ocf;), ocf;) and a constant

3k+2
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ask — oo.

2 The asymptotic formula for the number of m.i.s. in the trees T,

In this section we shall prove Theorems 1 and 2. The proofs are not partitioned into lemmas and theorems,
but will be rather given as subsections, each of which constitutes a separate conceptual part of the general
argument.

2.1 The derivation of the recurrence relation for the number of m.i.s. in the trees T,

We set mi(g, n) = mi(Tq)n). Next, we denote by mi, (g, n) the number of m.i.s. in the tree T, ,, of which each
set contains its root r and denote by mi_(g, #) the number of m.i.s. in the tree Tq,n of which each does not
contain the vertex r. It is clear that mi(g, #n) = mi, (g, n) + mi_(q, n).

Let MIS be some m.i.s. of the tree T, . By removing the root r of the tree T, , and removing all the descen-

dants of r we get a set of q2 subtrees of the tree T, _, in which each subtree is isomorphic to T Hence, if

q.n’ g:n—2°
r € MIS, then the set MIS\ {r} is a disjoint union of q2 sets of which each is an m.i.s. of its subtree Tq,n—Z' Con-
versely, if in each of given q2 subtrees we take m.i.s. and augment the union of these sets by the vertex r, then
we obtain some m.i.s. of the tree T, , that contains the vertex r. Hence we have mi +(g,n) = (mi(g,n - 2))‘72.

Removing the root r from the tree T, , we get the set of g subtrees of which each is isomorphicto T, ,,_;.
If r ¢ MIS, then MIS contains one root of some subtree from this set of g subtrees, because MIS is maximal
under inclusion.

Conversely, if in each of these g subtrees one takes an m.i.s., assuming that at least one of these
sets contains the root of its subtree, then the union of these sets gives an m.i.s. of the tree Tq)n that
does not contain the vertex r. Hence mi_(g, n) is the difference between the number of ways to choose
a family of g sets of which each is an m.i.s. of the tree isomorphic to T, ,,_, and the number of ways to choose
afamily of q sets of which each is an m.i.s. of the tree isomorphic to T, ,,_, and which does not contain its root.
Hence mi_(g,n) = (mi(g,n — 1))? — (mi_(g, n — 1))%. This equality (which depends on the above equality

mi, (g, n—1) = (mi(g,n - 3))‘72) may be rewritten as follows:

mi_(g,n) = (mi(g,n - 1))? - (mi_(g,n—1))? =
= (mi(g,n—1))? — (mi(g,n - 1) —mi, (g n-1))7 =
= (mi(g,n — 1))7 — (mi(g, n — 1) — (mi(g, n — 3))7 )™

Combining the above relations for mi, (g, n) and mi_(q, n), we find that

mi(g, n) = (mi(g,n - 2))"2 + (mi(g, n - 1))? - (mi(g,n — 1) — (mi(g, n — 3))q2)q. 1)

It is easily checked that mi(g, 0) = 1, mi(g, 1) = 2, mi(g, 2) = 2%

2.2 Particular solution of the resulting recurrence relation

In order to partially solve equation 1) with given initial conditions, we consider the quantity

a mi(g,n)
a(q:1) = gy

It is clear that

(mi(q,n -2))7 1 (mi(g,n-3))7 1
milgn-1)  @gn-¥ " milgn-1 algn-1) (@agn-2)
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Hence equality (1) and its initial conditions may be rewritten as follows:

1 1 !
algn) = (a(q,n——l))q”_(l‘a(q,n—l)wa(q,n—z))q)’
a(%l) = 2’ (2)
alg,2) = L

It is easily verified (for example, using induction on n) that for any q the sequence {a(g, n)} is bounded from
above and below.
. _ mi(g,n)
Since a(g,n) = i)
andanyi € {0,...,n — 3} we have

we have In(a(g, n)) = In(mi(g, n)) — q - In(mi(g, n— 1)). Hence, forany n > 3

qi -In(a(g,n —1i)) = qi - In(mi(g, n — 1)) - qurl -In(mi(g,n —i - 1)).

n-3 .
As a result, In(mi(qg, n)) — q"_2 -In(mi(g, 2)) = Y (In(a(g,n —i)) - q') for any n > 3. In other words,
i=0

In(mi(q, n)) = Z(ln(a(q, )4 =q" Z(ln(a(q, 0)-q7) =

(Z(ln(a(q,l)) q’)- Z (In(a(q,i)) - q~ ))

i=n+1

(Z(ln(a(q,z» q’)- Z (In(a(q i)) - 4" '))

i=n+1

Since for any g the sequence {a(g, n)} is bounded from above and below by some positive constants (this
fact is clear from the inequalities (mi(g,n — 1)) < mi(g,n) < 2 - (mi(g,n — 1))7), it follows that

the sum Z(ln(a(q, i)) - q_’) of the convergent series is well defined; we denote this sum by ln(ﬁq) Hence

In(mi(q, n)) =q" ln(ﬁq) + ln(oc ,,) for some number «_,,, and so

qn’
mi(g, n) = o, - (B)7 €)
Our next purpose is to prove the convergence of the sequence {«, ,} and justify the convergence of the

}foranyr € {0, 1, 2} and any sufficiently large q. We have ln(ocq’n) =— Y (In(a(q,9)) -q""i),
i=n+1

and hence to prove the above two facts it suffices to check the convergence of the sequence {a(2,#)} and of

the sequences {a(q, 3k)}, {a(q, 3k + 1)}, {a(g, 3k + 2)} for large q.

Thus, we have mi(T,,,) ~ «, - ( /32)2” as n — oo for some constant «,.

For any sufficiently large q there exist pairwise distinct constants (xf;), (xf;), (xf;) such that

sequence {er, 3.,

3k+1

3k
mi(T,) ~ o) - (BT, mi(T,5,,) ~at” - (B)T

. T (3) q3k+2 k
mi(T 5,0) ~ oy - (B ask — oco.

2.3 Thecaseq =2

In this subsection we shall show that the sequence {a(2, n)} has limit. We set g(¢,,t,) = 1 + tlz -(1- #)2.
On the halfaxis [1, +00) there exists a unique l such that ] = g(l ]). This is indeed so, becausle the funétzion
h(t) £ t — g(t, t) has the derivative h =1+5+2- 1- t3) = which is positive and continuous at each
point of this halfaxis, and besides, h(1) = -1 and h(2) = 2. Since h(1.29) = -0.025... and h(1.3) = 0.005...
it may be shown that [ = 1.29...
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The function g(t,, t,) has the partial derivatives
' 2 1 1 , 1 2
gtl(tlytz):—g—Qﬂ(l—E)'E and gtz(tl’tz):_z'(l__>'_'

Consider the numbers A = gt'l(l, ) = -129..and B = gt'z(l, ) = -0.764... Clearly,
a(2,n) = ga2,n-1),a(2,n-2)) for any n > 3. We set ¢, = a(2,n) — l. By Taylor’s formula
€,=A-€,, +B-€,,+0(  +€ ). Thus

€, =A€,+B-¢, + O(eﬁ + ef,_l) = (A2 +B)-€,,+AB-€, ,+ O(efl_1 + eﬁ_z)

and

2 +€)=(A"+B)-e,+AB-¢, , +O(E +¢. ) =

= (A’ +24B) ¢, , + (A’B+B%) -¢,, +O(e._| +€.,).

€=A €, +B-€,+0(e

Hence, we have
lenia] < (A + 2AB| + |A’B + B’|) - max(le,_ |, le,,]) + O(e>_, +€._,). (4)

The number |A® + 2AB| + |A*B + B*| = 0.896... is smaller than 1. The constant C*, which is implicitly
involved in the O-symbol, may be estimated in terms of the maximum of the absolute values of the second
derivatives of the function g(t,,t,) on the square [1, 2]? and in terms of the numbers A, B. Calculating the
first few terms of the subsequence {a(2,7)} (see Table 2 in section 3) one can verify that there exists n* for
which the remainder C* - (e—:fl*_1 + 6,21*_2) in formula (4) is majorized by % - max(|€,-_1|, |€,-_,|). As a result,

1
le,-.,| < (JA® + 2AB| + |A’B + B*| + 1—0) -max(|€,_1|; €+,
Hence, there exists a number 0 < w < 1 such that the inequality [e,,,,| < w - max(|e,_,|, |€,_,|) holds for
any n > n". From this inequality we have €, = O(w™"). Hence, the sequence {a(2, n)} converges to [ with
exponential rate in #. This proves Theorem 1.

2.4 Solvability of one system of nonlinear equations

In this subsection we shall be concerned with the system of nonlinear equations

x = f(z,y),
y = f(x,2), 5)
z = f(y,x),

where f(t,,t,) = % +1- (1 - ﬁ)q. We shall show that this system has a solution (x;, y;, z;‘) for any
sufficiently large g. In the notation for this function and its derivatives we shall not indicate explicitly its
argument q.

Consider the following system of equations, which is a consequence of system (5):

{x = f(f(3, %), )

(6)
y = f(x, f(y,x)).

We set
fl(tl’tz) = tl - f(f(tz’tl)’t2)> fz(tptz) = tz - f(tl’f(tZ’tl))’

3\1 3\1
Tré{(tl,tz): 1£t1£1+(5) ,lst2s1+(5) ,tlstz}~
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We claim that the interior of the triangle Tr contains a solution of system (6). Clearly, we have

1 1 '
it =t g1+ () .
1 1 !
fltnt) = H‘E_I+O‘ZFE75)'

Next, it is easily verified that the asymptotic formula
flt,t) ~2, t1~1, 1~1 ®)

holds as ¢ — oo for any (¢,,¢,) € Tr.

We note that
q-1
' q 1 1
ftl(tl’tZ) _tq+1 _Q'(l_ ) '

1 tltg t%tz’
-1
' 1\’ q
(t )t ) - - <1 - _) (9)
ftz 1l q tlt’} tltL21+l
df(t,t 1 \7' g+1
L = - q — q . (1 — ) . q .
dt tq+1 tq+1 tq+2

From equalities (7), (9) and the asymptotic formula (8) it follows that for any point (¢,,¢,) € Tr the
inequalities

fl (tl,tz) > 0, fz(tl,tz) > 0, fz(tl,tz) >0 (10)
hold simultaneously for any suff1c1ent1y large q.
We claim that forany t € [1,1 + (%)_q]
d
W <o v

where f5(t) £ f,(1,t) = fq(tl) +(1- tl)tq )1. Indeed,

ﬁ BAGE <_ 1 Y”(ﬂnmﬁ_
2t D=9 gy T\ Fe e I
_ 2 q+1 -(1- )q L 2 1 -1 7! - (t- l)q_l _
=q - fqﬂ(t’l) 4+ q '(l_f(t,l)tq)q . P (12)

:q—2'<(1_ 1 )‘“_ 1 )_ a-pr __2.(1_ 1 )q‘_ (t - 1)1
(1, 1)rart f(t,l)t‘i fien ) T ey 2 feoo) e

Clearly, 1 foranyt € [1,1 + ( )"1]. Hence from formula (12) we have f (t) < 0 for any

1
T fenm f(t 1)
tel[L1+()™M.

Consider the functions f,(t,¢) and f,(t,t). From (7), (8) and (9) it follows that for any sufficiently large g
both functions are monotone increasing on the interval [1, 1 + (%)_q]. Let us estimate the values of f,(¢,,t,)
and f,(t,,t,) at the vertices of the triangle Tr. We have f,(P;) = 0 and f,(P,) = (1 - ziq)q —1 < 0, where

P, £ (1,1). The value of f,(t;,t,) atP, = (1,1 + (%)_q) is equal to

q
1 1
1- - .
( fU+@WJ%U+@WW> F11+(G),1)

This number is negative, because f(1 + (%)_q, 1) <1+ . The value of f,(t,,t,) at P, is equal to

1
1+(3)

q
(%)*‘1 + (1 - m> — 1. The asymptotic formula (8) implies that f,(P,) > 0 for any sufficiently
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large g. Similarly, one may show that f;(P;) > 0 and f,(P;) > O for any sufficiently large g, where
P2 (1+ ()14 ().

The mapping F(t,,t,) = (f,(t;, t,), f,(¢,t,)) sends the cathetus P, P, of the triangle Tr into some curve
S, connecting the points F(P,) and F(P,). Inequalities (10) and (11) show that the abscissa decreases and
the ordinate increases as the curve S, is traversed from F(P,) to F(P,). The cathetus P, P, is mapped into the
curve S,, along which from F(P,) to F(P;) both the abscissa and the ordinate are increasing (by the same
inequalities). Since % > 0 and % > Oforanyt € [1,1+ (%)*q], the side P, P, is transformed by F into
the curve S; along which from F(P,) to F(P,) both the abscissa and the ordinate are increasing.

The point F(P,) lies in the lower half-plane on the axis of ordinates, the point F(P,) lies in the sec-
ond quadrant, and the point F(P;) in the first one. Hence the curvilinear triangle Tr', as bounded by the
curves S;,S, and S;, contains the origin in its interior. The mapping F is continuous on Ir, and hence it
maps Tr into Tr’. Hence system (6) has a solution (x;, y;, z;) which is an interior point of Tr. Therefore,

1<x;<ys<l+(3)andz; =2-0((3)™).

2.5 The case of large g

In this section we shall show that for any sufficiently large g the limit relations
a(g, 3k +1) — z;,
a(g,3k+2) — x;,
a(g,3k +3) — y;
hold as k —  o©co. From (2) and the definition of the function f(t,,¢,) it follows that
a(g,n) = f(a(g,n—1),a(q,n — 2)). We set
(g = alg, 3k +1) — 2,
Mg = (g, 3k +2) — x;,

Orq = a(q,3k +3) - y,.

From (2) it follows that max(l(o)ql, |17(),q|’ |90,q|) — O0asq — ocoand

ck+1,q + Z; = f(ek,q + y;’ rlk,q + x;)’
ek,q + y; = f(nk,q + x;r {k,q + Z;)’ (13)
r’k,q + x; = f((k,q + Z;’ ek—l,q + )’;)

) Using (13), the equalities z;‘ =f (y;,x;), y;‘ =f (x;,z;),x; = f(z;‘, y;), and Taylor’s formula, we find
that

Ck+1,q = ftll (y;’x;) ’ ek,q + ftlz(y;’x;) Mg + O(elzc,q + rli,q)’

Oug = fo (50520) Mg + (X0, 20) - G + Ol + o ) (14)
Mg = ft,1 (Z;’ y;) : ck,q + ft’2 (Z;’ y;) ’ 6k—l,q + O(C}iq + 6lz—l,q)'
Next, by (2.5) we have

Mg = ft[l (z;,y;) '(k)q + ft’z(Z;’ y;) ) ek—l)q + O(cliq + 6’3*1,4)’
Oug = (Fi (5o 20) - Fo 2 ) + 1, (x5p 20) - Gt
+f! s 20) - f (20 ¥3) - Ohorg + O + 65, ) (15)
Shng = (e, 0 20) -+ £ (6020 fy (oo ) + £, (o %) - f (g 2+
o @ ) Fo 0 %)) Gig + (0 20) - £, (020 - fi (2 )
+fL %) - fr (20 yi)) - Oprg + O, + 65, )
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* 3\— * 3\— * 3\—
We have x, =1 +0((3) q),yq =1+0((3) 1) and z,=2- Oo((3) 1), and hence by (9)
q T
! * * ! * * * *
|ftl(zq)yq)| = O(E)r |ft2(Zq,)’q)| = O(E)) |ft/1(xq) Zq)l = O(Q)>

2
|fy (x5, 27)] = O(%), I g x)l = 0@, 1f, (ys5 %) = Og).

This shows that the coefficients multiplying { q and 6,_, qin formulas (2.5) are exponentially decreasing in q.
We recall that (}HEO max(l(o)ql, |11(),q|’ |90,q|) = 0. Hence, for any sufficiently large g, there exists 0 < w, < 1

such that max(lqk,ql, |9k,q|, ICk,ql) = O((wq)k). Therefore,
kli_)n(r)loa(q, 3k+1) =z,
li 3k +2)=x"
Jim ala.3+2) = 5

I}Lrgo a(q,3k +3) = y,
for any sufficiently large q.
We recall that o, = exp {—gl(ln(a(q,n+i)) . qi)} and that 1 < x; < y; <1+ (%)*q and
z; =2- O((%)_q) forlargeq.Ifn+ 1 = 0 (mod 3) and n, q are sufficiently large, then
0 . * * * Z* Z* Z* x* x* x*
Z(ln(a(q,n+i))-q") : (y—q+y—Z+y—Z+...>+<—Z+—Z+—‘;+...>+<—Z+—Z+—Z+...>.
i=1 9 4 q a 9 49 T 9 19

1

T x
9 ¢°-1

7’-1

q
7°-1

+x .Similarly,ifn+ 1 =1 (mod 3) and if n, q are sufficiently

Thelastsumisequalto y, - < +z, -
large, then Z(ln(a(q, n+1i)- q_i) is close to z; . q?z

i=1

* q * 1 . . _
it Ml Finally, if n + 1 = 2 (mod 3)

and if n, q are sufficiently large, then ) (In(a(g, n + i)) - q_i) is close to
i=1
2
* q * q * 1
xq-q3_1+yq-3 q-

Hence, for large g the three above sums are close to

q2+2-q+1 2-q2+q+1 q2+q+2
qS -1 ’ q3 -1 > q3 -1
respectively. Hence, for g — 0o, the subsequences {o 3}, {et; 31} {0t 342} converge to three pairwise dif-
ferent limits. This proves Theorem 2.

>

3 Some remarks

It would be interesting to know from what value of the parameter g the relations in the theorem become
approximate equalities with different constants. In this regard a numerical experiment was carried out, which
gave the following results (in the table we give the first three significant figures in the fractional parts of
a number).

The first table shows that for 3 < g < 10 it is highly improbable that the sequence {a(q, n)} splits into
three convergent subsequences whose terms have numbers correspond to the residue classes mod 3. This
observation is supported by the results of numerical experiments with larger n and the same g (not given in
the tables). At the same time, Tables 2—4 show that the sequences {a(q, 3k)}, {a(q, 3k + 1)}, and {a(q, 3k +2)}
converge for g € {11, 12, 13}. Numerical experiments also show the same phenomenon for larger g and k. This
supports the conjecture that the conclusion of Theorem 2 (pertaining to the splitting into three convergent
sequences) also holds for any g > 10 and fails to hold for 3 < g < 10.
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n
q 10 20 30 40 50 600 700 800 900 1000
2 1.178 | 1.284 | 1.303 | 1.300 | 1.298 | 1.298 | 1.298 | 1.298 | 1.298 | 1.298
3 1.045 | 1.194 | 1.445 | 1.510 | 1.290 | 1.106 | 1.329 | 1.411 | 1.118 | 1.252
4 1.008 | 1.226 | 1.805 | 1.374 | 1.028 | 1.037 | 1.038 | 1.040 | 1.042 | 1.044
5 1.004 | 1.466 | 1.566 | 1.021 | 1.001 | 1.765 | 1.000 | 1.790 | 1.019 | 1.363
6 1.008 | 1.790 | 1.108 | 1.000 | 1.309 | 1.039 | 1.000 | 1.000 | 1.001 | 1.082
7 1.036 | 1.691 | 1.000 | 1.193 | 1.410 | 1.213 | 1.000 | 1.694 | 1.000 | 1.960
8 1.222 | 1.113 | 1.000 | 1.896 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.075
9 1.593 | 1.018 | 1.333 | 1.034 | 1.025 | 1.000 | 1.018 | 1.996 | 1.025 | 1.000
10 | 1.818 | 1.000 | 1.995 | 1.000 | 1.053 | 1.000 | 1.087 | 1.000 | 1.038 | 1.004
Table 1: The values of some terms of the subsequence {a(q, n)}

k l
1 1 2 3 4 5 60 70 80 920 100 ‘
11 | 1.942 | 1,922 | 1.913 | 1.909 | 1.906 | 1.904 | 1.904 | 1.904 | 1.904 | 1.904
12 | 1.966 | 1.958 | 1.956 | 1.955 | 1.955 | 1.955 | 1.955 | 1.955 | 1.955 | 1.955
13 | 1.979 | 1.976 | 1.976 | 1.976 | 1.976 | 1.976 | 1.976 | 1.976 | 1.976 | 1.976 ‘
Table 2: The values of some terms of the subsequence {a(g, 3k + 1)}

k |
1 1 2 3 4 5 60 70 80 90 100
11 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.0008 | 1.000
12 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 1.000 1.000
13 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 1.000 1.000
Table 3: The values of some terms of the subsequence {a(g, 3k + 2)}
q k ‘

1 2 3 4 5 60 70 80 90 100

11 | 1.005 | 1.007 | 1.008 | 1.008 | 1.008 | 1.009 | 1.009 | 1.009 | 1.009 | 1.009 ‘
12 | 1.003 | 1.004 | 1.004 | 1.004 | 1.004 | 1.004 | 1.004 | 1.004 | 1.004 | 1.004
13 | 1.001 | 1.001 | 1.001 | 1.001 | 1.001 | 1.001 | 1.001 | 1.001 | 1.001 | 1.001

Table 4: The values of some terms of the subsequence {a(g, 3k)}
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