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Abstract

The stability bounds and error estimates for a compact higher order Numerov-Crank-
Nicolson scheme on non-uniform space meshes for the 1D time-dependent Schrödinger
equation have been recently derived. This analysis has been done in L2 and H1 mesh
norms and used the non-standard “converse” condition hω 6 c0τ , where hω is the mean
space step, τ is the time step and c0 > 0. Now we prove that such condition is necessary for
some families of non-uniform meshes and any space norm. Also numerical results show un-
acceptably wrong behavior of numerical solutions (their dramatic mass non-conservation)
when this condition is violated.
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1 Introduction

Compact higher order Numerov-type three-point finite-difference schemes are widely used in
practical numerical solution of the Schrödinger-like equation; for example, see recent papers
[1, 4, 6, 7, 8, 9], etc. This is due to their higher order in space and ability to reduce errors
significantly, with almost the same cost of implementation as for more standard 2nd order
schemes.

In many situations, for example, in computations of the interactions of wave packets with
localized potentials (barriers and especially wells) non-uniform meshes near them are very
desirable. The stability bounds and error estimates in L2 and H1 mesh norms for the Numerov-
Crank-Nicolson scheme on non-uniform space meshes for the 1D time-dependent Schrödinger
equation has been recently derived by the second author in [10]. The analysis has turned out to
be much more complicated than for the 2nd order schemes or any order finite element method
in space [2, 11] due to the non-self-adjointness and non-positive definiteness of the Numerov
averaging operator in general.

Moreover, the analysis needs a collection of additional not so simple conditions on meshes
and the potential and leads to the non-uniform in time bounds in contrast to the absence of
any conditions and uniform bounds in [2, 11]. Surprisingly, even for the zero potential, this
collection contains the non-standard “converse” condition like

hω 6 c0τ, (1)

where hω is the mean space step, τ is the time step and c0 > 0.
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The aim of this paper is to demonstrate that this condition is nevertheless necessary at least
for some families of non-uniform meshes but any space norm. We confine ourselves by the case
of zero Dirichlet boundary condition much simpler than in [2, 11, 10].

We also present numerical results showing unacceptably wrong behavior of numerical so-
lutions, namely, their dramatic mass non-conservation, when this condition is violated, i.e. τ
decreases for fixed hω.

Practically, the results of the paper lead to the conclusion that the Numerov-Crank-Nicolson
scheme on non-uniform space meshes is not robust. Unfortunately it seems that the similar
situation can occur easily for compact schemes in general at the absence of clear and rigorous
stability theory for them. In this respect the alternative higher order finite element method in
space looks much more attractive.

2 Main results

We consider the initial-boundary value problem for the 1D time-dependent Schrödinger equation

i~
∂ψ

∂t
= − ~2

2m0

∂2ψ

∂x2
+ V ψ on Ω = (0, X), for t > 0, (2)

ψ|x=0,X = 0, ψ|t=0 = ψ0(x) on Ω. (3)

Hereafter i is the imaginary unit, ~ > 0 and m0 > 0 are physical constants, the sought wave
function ψ = ψ(x, t) is complex-valued and V = V (x) is the given real coefficient (potential).
Let c~ := ~2/(2m0). For this problem, the mass conservation property is well-known

‖ψ(·, t)‖2
L2(Ω) = ‖ψ0‖2

L2(Ω) for t > 0. (4)

We define a non-uniform mesh ωh in x on [0, X] with the nodes 0 = x0 < · · · < xJ = X and
the steps hj := xj − xj−1. We utilize the backward and modified forward difference quotients

∂xW :=
W −W−

h
, ∂̂xW :=

W+ −W
h̄

, sxW :=
W− +W

2

with W±j := Wj±1 for any j and h̄j := (hj + hj+1)/2.
Let H(ωh) be the space of the complex-valued functions W on ωh such that W0 = WJ = 0

equipped with a mesh counterpart of the complex L2(Ω)–inner product and the associated norm

(U,W )ωh
:=

J−1∑
j=1

UjW
∗
j h̄j, ‖U‖ωh

:= (U,U)1/2
ωh
,

where z∗ denotes the complex conjugate for z ∈ C.
We define the uniform mesh in t with the nodes tm = mτ , m > 0, and the step τ > 0. We

use the backward difference quotient, the symmetric average and the backward shift in t

∂tY :=
Y − Y̌
τ

, stY :=
Y̌ + Y

2
, Y̌ m := Y m−1.

We recall the three-point Numerov averaging operator

sNW :=
1

12
αW− +

5

6
γW +

1

12
βW+, with α = 2−

h2
+

hh̄
, γ = 1 +

(h+ − h)2

5hh+

, β = 2− h2

h+h̄
;
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for derivations and equivalent forms of α, β and γ, see [3, 5, 10]. It is easy to check that
(α + 10γ + β)/12 = 1.

Recall that the natural property αj > 0 and βj > 0 (not in use below) is valid only under
the rather restrictive condition 2√

5+1
6 hj+1

hj
6
√

5+1
2

noted in [3]. For the uniform mesh ωh,
clearly α = β = γ = 1 and sN takes the most well-known form sNW = (W− + 10W +W+)/12.

We study the following Numerov-Crank-Nicolson scheme for problem (2)-(3)

i~sN∂tΨm = −c~∂̂x∂xstΨm + sN(V stΨ
m) on ωh, m > 1, (5)

Ψm
0 = Ψm

J = 0, m > 0, Ψ0 is given on ωh. (6)

We are interested in analysis of the stability with respect to the initial data bound

‖Ψm‖h 6 C(1 + κτ)m‖Ψ0‖h for any Ψ0 ∈ H(ωh), m > 0, (7)

with some C > 0 and κ > 0 independent of the meshes, for 0 < τ 6 τ0. Here ‖ · ‖ is an
arbitrary fixed norm in H(ωh), in particular, ‖ · ‖h = ‖ · ‖ωh

.
We introduce the following generalized eigenvalue problem

−∂̂x∂xW = λsNW, W ∈ H(ωh), W 6≡ 0. (8)

The operator −∂̂x∂x is self-adjoint and positive definite in H(ωh) but in general sN is not, for
the non-uniform ωh (see [10] for more details). Consequently complex eigenvalues λ = λR + iλI
with λI 6= 0 can exist, and they do exist for some meshes, see Section 3. Clearly if {λ,W} is
an eigenpair of this problem, then {λ∗,W ∗} is an eigenpair too.

Let {λ,W} be an eigenpair of problem (8) and Ψ0 = W . Then the function Ψm = ΦmW
solves equations (5)-(6) with V = 0 provided that

i∂tΦ
m = aλstΦ

m, m > 1, Φ0 = 1,

with a := c~/~, i.e.

Φm = qmτ (λ), qτ (λ) =
1− iaλτ

2

1 + iaλτ
2

.

For such a solution, the stability bound (7) is equivalent to the spectral stability condition

|qτ (λ)| 6 1 + κτ. (9)

It is easy to calculate

|qτ (λ)|2 = 1 +
4λ̃Iτ

(λ̃Rτ)2 + (λ̃Iτ − 1)2
, with λ̃ = λ̃R + iλ̃I :=

aλ

2
.

Consequently, for λI > 0 one can rewrite (9) as

4

κ(2 + κτ)
+ 2τ 6

|λ̃|2

λ̃I
τ 2 +

1

λ̃I
. (10)

Let ω 0
h be a fixed mesh with the nodes 0 = x0

0 < . . . < x0
J0

= X (where J0 > 2) and the
mean step hω0 = X/J0. We construct the family of meshes ω 0,K

h , K > 1, on Ω̄ with the nodes

x2kJ0+l = 2k
X

K
+
x0
l

K
for any 0 6 l 6 J0 − 1, 0 6 2k < K,

x(2k−1)J0+l = 2k
X

K
−
x0
J0−l

K
for any 0 6 l 6 J0 − 1, 1 6 2k − 1 < K,
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and xJ = X, with J = J0K, and the mean step hω = X/J = hω0/K.
We define the operator ΠK : H(ω 0

h)→ H(ω 0,K
h ) such that

ΠKw2kJ0+l = wl for any 0 6 l 6 J0 − 1, 0 6 2k < K,

ΠKw(2k−1)J0+l = −wJ0−l for any 0 6 l 6 J0 − 1, 1 6 2k − 1 < K.

Proposition 1. Let {λ0, w} be an eigenpair of problem (8) for ωh = ω 0
h . Then {λ0K2,ΠKw}

is an eigenpair of problem (8) for ωh = ω 0,K
h .

Proof. A function ∂̂x∂xWj is scaled by a multiplier α−2 and sNWj remains unchanged after
scaling hj → hj/α and hj+1 → hj+1/α with α > 0. Consequently

−∂̂x∂xΠKwj = λK2sNΠKwj for 1 6 j 6 J0K − 1, j 6∈ {kJ0}K−1
k=1 . (11)

In addition we have

∂̂x∂xΠKwj = 0, sNΠKwj = 0 for j ∈ {kJ0}K−1
k=1

since ΠKwj−1 = −ΠKwj+1, hj = hj+1 and ΠKwj = 0 for such j. Therefore equality (11) holds
for the remaining indexes j ∈ {kJ0}K−1

k=1 as well.

Note that a similar trick has been recently applied in quite another context in [12].

Proposition 2. Let λ0 = λ0
R + iλ0

I with λ0
I 6= 0 be an eigenvalue of problem (8) for a

non-uniform mesh ωh = ω 0
h . Then the following condition

1√
κ(2 + κτ0)

6 c1
τ

hω
+ c2hω, (12)

with c1 > 0 and c2 > 0 depending solely on aλ0h2
ω0, is necessary for validity of the spectral

condition (9) for the mesh ωh = ω 0,K
h .

Proof. We can assume that λ0
I > 0. Then owing to Proposition 1 condition (10) takes the form

4

κ(2 + κτ)
+ 2τ 6 a

|λ0|2

2λ0
I

h2
ω0

(
τ

hω

)2

+
2

aλ0
Ih

2
ω0

h2
ω. (13)

It implies the necessary condition (12).

In particular, for 2c2

√
κ(2 + κτ0)hω 6 1 condition (12) leads to the “converse” condition

(1) with c0 = 2c1

√
κ(2 + κτ0). Since τ → 0 and hω → 0, asymptotically we get from (13) the

more precise constant c0 =
√
aκhω0|λ0| /(2

√
λ0
I).

3 Numerical experiments

We consider the Schrödinger equation (2) in the simplest case V (x) = 0, scale time t so that
a = c~/~ = 1 and take the Gaussian wave packet

ψ(x, t) :=

√
1

1 + 4it
exp
−(x− xc)2 + ik(x− xc − kt)

1 + 4it
. (14)
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Its movement is simulated for (x, t) ∈ [0, 30]×[0, 1], xc = 5 and k = 4 similarly to [5]. The initial
and boundary data correspond to this exact solution; the boundary data are inhomogeneous
but very small.

We have analyzed numerically the eigenvalue problem (8) for small J . For J0 = 14, we have
found the following simply arranged mesh on [0, 30] with the following scaled steps h̃j = 1.5hj:

h̃1 = h̃2 = h̃3 = 1, h̃4 = 5, h̃5 = 3, h̃6 = 1, h̃7 = 3, h̃8 = 4, h̃j = 5 (9 6 j 6 14).

The largest in modulus eigenvalue of problem (8) is real λ = 9.91401, the next two eigenvalues
are complex λ = 2.57301± 0.024621i and the remaining eigenvalues are real again.

Then the above defined family of meshes ω 0,K
h , K > 1, is applied in numerical experiments.

First we use the meshes with J = 560 = 40J0 and J = 1120 = 80J0. In Fig. 1 the dynamics
of ‖Ψm‖ωh

for 0 6 tm 6 1 is shown for different time steps τ = 1/M . One can see that the
mass conservation law (4) is violated dramatically as M increases, i.e. τ decreases and violates
condition (12).
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M=4100

a) J = 560 b) J = 1120

Figure 1: The dynamics of ‖Ψm‖ωh
for different numbers of time steps on [0, 1]

In the next numerical experiments we investigate the accuracy and the practical order that
can be achieved for the Numerov-Crank-Nicolson scheme keeping in mind condition (12). Let
us define errors of the discrete solution in the maximum norm and the convergence rates

err(J,M) := max
06m6M

max
06j6J

|ψ(xj, tm)−Ψm
j |, pk := log

err(Jk,Mk)

err(Jk+1,Mk+1)

/
log

Jk+1

Jk
, Jk+1 > Jk.

We choose the number of time steps M∗ = M(J) such that the error err(J,M∗) is minimal up
to the local search with a step equal to 100. Results are presented in Table 1.

We can observe that the convergence rate is close to the 3rd order for smaller values of J
but it reduces down as J increases, and thus the scheme asymptotically tends to lose its main
higher order property.
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Table 1: The errors err(J,M∗) and the corresponding convergence rates p

k J M∗ err(J,M∗) p

0 560 2000 1.116e-3 —
1 840 2300 3.40e-4 3.027
2 1120 2900 1.45e-4 2.962
3 1680 4000 5.57e-5 2.360
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