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Abstract The tolerance of an element of a combinatorial optimization problem with respect
to its optimal solution is the maximum change of the cost of the element while preserving
the optimality of the given optimal solution and keeping all other input data unchanged. Tol-
erances play an important role in the design of exact and approximation algorithms, but the
computation of tolerances requires additional computational time. In this paper, we concen-
trate on combinatorial optimization problems for which the computation of all tolerances and
an optimal solution have almost the same computational complexity as of finding an optimal
solution only. We summarize efficient computational methods for computing tolerances for
these problems and determine their time complexity experimentally.

Keywords Discrete optimization · Tolerances · Complexity · Efficient algorithm

1 Introduction

In combinatorial minimization problems (CMPs), we wish to determine a prespecified com-
bination of elements with the minimum costs. This paper considers the usage of so-called
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tolerances for solving NP-hard problems and addresses computational issues related to
tolerances. We focus on the frequently encountered type of CMPs with additive objective
functions, where the overall cost of any solution is a sum function of the costs of the selected
elements. Many CMPs satisfy the property that the objective function is additive, includ-
ing many problems in scheduling (cost or time minimization), routing (minimize distance
or length), location (minimize total costs, number of locations, total distance, maximize
coverage), and network design (minimize total distances).

Such NP-hard CMPs can be solved in different ways; see [49]. Exact methods include
mixed integer programming (MIP) type approaches that use a fast generic integer linear
programming (ILP) solver such as CPLEX to find optimal solutions. This is often effective,
but some problems are better solved using solution methods that do not use an ILP solver, but
are problem-specific and exploit properties of a given problem. We call them combinatorial
approaches, such as dynamic programming and versions of branch and bound. Approximate
solution approaches, the (meta-)heuristics, are often combinatorial as well.

Many combinatorial approaches for NP-hard problems use a so-called relaxation. We
use the definition of the relaxation as a problem that is obtained by deleting (relaxing) a set
of constraints that make the original problem difficult to solve; see e.g. [29], p. 517. This
includes LP relaxation. Other forms of relaxations of aminimization problem can be obtained
by replacing the original objective function with an underestimating function instead of or
in addition to replacing the feasible region by one that strictly contains it. An example of
this is Lagrangian relaxation, where some constraints that make the problem hard to solve
are penalized in the objective function [16]. These forms of relaxation, however, are not
considered further in this paper.

In the selected form of relaxations, obtained by deleting constraints, the objective function
of the relaxation is the same as that of the original CMP, i.e., an additive objective function. If
an optimal solution to such a relaxation is feasible for the original problem, it is also optimal
to the original problem. If, however, such a relaxation solution is infeasible for the original
NP-hard problem, it holds that one or more elements from the relaxation solution should be
removed, and/or one or more elements from outside of it have to be included.

The decision in many heuristics and exact methods is on the selection of elements to
remove from or include into a solution. A readily available measure is a cost of an element:
if we decide to remove a high cost element or include a low cost element, one may expect
that the resulting solution has low overall costs. However, the cost is a very local measure: if
one deletes a high cost element from a solution, it may leave together with low cost elements
and it may be replaced by high cost elements in the newly obtained solution.

As an alternative, tolerances can be used in combinatorial approaches, both in heuristics
and exact methods. When the cost of a single element changes by sufficiently much, the
combination (also called a feasible solution) remains no longer optimal for the new changed
problem instance. The maximum change of the cost of a single element such that the current
solution remains optimal is called a tolerance and its non-negative value is referred to as
a tolerance value. More precisely, the maximum increase and decrease of the cost of an
element are called its upper tolerance and lower tolerance, respectively; see Sect. 2.

As shown in Sect. 2, it holds for problemswith additive objective functions that a tolerance
value measures the overall cost change from all the changes in the solution resulting from
including or excluding elements. The tolerance value then measures the overall (global)
change in solution value resulting from including or excluding an element from our current
optimal relaxation solution. That means, for example, that we can determine for which
elements their inclusion or exclusion leads to solutions with poor objective values, namely,
the elements with large upper and lower tolerance values. A solution method can, based on
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tolerance values, avoid putting such elements in its solutions. In that sense, the tolerance
value not only contains the cost of a single element, but is a more global measure of the
consequences of removing or including elements.

We characterize a tolerance-based algorithm as an algorithm that uses tolerance values
of a relaxation problem to determine an optimal or approximate solution to an NP-hard
problem. For additive CMPs, a tolerance value corresponds to the increase in solution value
when an element is forced into a solution or forbidden to enter it. Many tolerance-based
algorithms have been introduced [2,5,6,18,45,51] and some of these outperform the state of
the art for their respective problems; see Sect. 3.

It is often desirable to have the tolerance values of many elements: the upper tolerance
values of those inside the relaxation solution and the lower tolerance values of those outside
of it. A first example of this is the finding in the study by [51], which shows that the number
of subproblems in their branch and bound algorithm can be reduced by taking the upper
tolerances of all elements in the assignment problem (AP; see Sect. 4) solution into account.
The study by [17] finds further improvements if lower tolerances are used in addition to upper
tolerances. A second example is that the modified Lin–Kernighan heuristic by Helsgaun [28]
uses all lower tolerances of the so-called 1-tree problem to determine which elements should
be considered for inclusion in candidate tours to the Symmetric Traveling Salesman Problem
(STSP). A further improvement, suggested in [45], is to use all upper tolerance values as
well.

The disadvantage of using tolerances is that their values have to be computed. If the
relaxation problem at hand has an additive cost function, a tolerance value can be obtained
by solving a modified instance of the relaxation at hand; see Sect. 2. Therefore, if a given
number m tolerances should be determined, m additional problems have to be solved. If
this cannot be done efficiently, the computational burden of tolerances can become so large
that benefits in more effective search may not lead to solution time reductions compared to
methods that use an element’s cost value (which is usually part of an instance’s input data).

To give an example of the computational complexity of the computation of tolerances, we
consider the minimum spanning tree problem (MSTP; see Sect. 5). We relate the complexity
to n, which is the number of nodes in the underlying graph of a problem. An MSTP instance
on a complete graph can be solved inO(n2) time. Since there are O(n2) elements outside of
the optimal MSTP solution, computing all lower tolerance values of all these elements takes
O(n4) time. Another example is the AP, which can be solved in O(n3) time. Computing
all lower tolerance values can be done in O(n5) time if all the new instances are solved
from scratch. Since one can use the current AP solution to determine the solution to the
modified instance needed to compute tolerances in O(n2) time, this reduces the complexity
toO(n4). This complexity, however, still puts a heavy burden on the computation of the lower
tolerances: if lower tolerances are computed at each iteration in an algorithm, the usage of
lower tolerances should reduce the number of iterations to obtain a solution by (at least) a
factor O(n) in order to reduce overall computation times.

This challenge is not unique to theMSTP. The paper [17] can improve bounds on solutions
to the Asymmetric Traveling Salesman Problem (ATSP) by including lower tolerances, but
only through the use of the efficient computation of the lower tolerances from [53], discussed
in Sect. 4. The fact that tolerances come at a computational price may form a main barrier to
their usage in solution methods. Clearly, if we wish to benefit from the information contained
in large sets of upper and lower tolerance values in efficient algorithms, we should be able
to compute tolerance values efficiently.

Firstly, we consider the frequently used relaxations of NP-hard problems, namely the
AP and the MSTP; see also Sect. 3. For these problems, effective computational methods
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for determining all tolerances such as those from [48] and [53] have been developed mostly
for the purpose of sensitivity analysis, that is, to determine the changes in cost coefficient
values under which the current solution remains optimal. Worst-case complexity results are
generally reported for such approaches as the typical question is whether tolerances can be
computed in the same time complexity as solving the problem. However, in tolerance-based
algorithms, the times for computing tolerance values can form a large share of the running
time of an algorithm, in particular when such computations are carried out repeatedly. Actual
computation times are relevant, and these have not been determined experimentally, to the
best of our knowledge. Further issues are that some methods for computing tolerances are
difficult to implement and that some of these methods have received very little attention
recently. We address this by reviewing and showing such methods.

Secondly, there are NP-hard problems that are best solved with relaxation problems for
which no traditional efficient methods for computing tolerances exist. We present an exam-
ple of a novel approach for computing all tolerances. The method from [38] uses a specially
designed fast tolerances computation approach for the so-called weighted independent set
problem (WISP) based on a special polynomially solvable version of this problem as a relax-
ation, the WISP for trees (WIST). A key ingredient is the fast WIST tolerances computation
method introduced in [24]. Another example is the Relaxed Assignment Problem (RAP),
briefly discussed in Sect. 7, of which the tolerances are used for the ATSP in, among others,
the R-R-GREEDY heuristic introduced in [19].

This paper firstly summarizes methods for computing tolerances, discusses complexity
results, and explains in detail how they work. We then determine the reduction in computa-
tion times that can be achieved by using smart computation of tolerances in computational
experiments. The purpose is to improve the search in combinatorial algorithms; by ensuring
that relevant information for the search is available quickly, we aim to improve the choice
for the search direction in such algorithms.

The organization of the paper is as follows. Section 2 defines CMPs and their upper and
lower tolerances formally and Sect. 3 summarizes tolerance-based algorithms. We present
methods for an efficient computation of all upper and lower tolerance values for the AP
in Sect. 4, for the MSTP in Sect. 5, and for the WIST in Sect. 6. We briefly discuss the
computation of tolerances for other optimization problems in Sect. 7 and outline directions
for future research in Sect. 8.

2 Definition of tolerances

In this section, we present formal definitions of CMPs and their upper and lower tolerance
values.Moreover, we show how individual upper and lower tolerance values can be computed
by solving a modified instance of the problem at hand in the case when the objective function
of the problem is additive.

Following the definition from [20,23], a combinatorial minimization problem CMP
(E, c,D, fc) is a problem of finding

S∗ ∈ argmin{ fc(S) | S ∈ D},

where c : E → � is a given instance of the problem with a finite ground set E , D ⊆ 2E is
a set of feasible solutions, and fc : D → � is an objective function of the problem. The
set of all optimal solutions is denoted by D∗ = argmin{ fc(S) | S ∈ D}. It is assumed that
D∗ �= ∅ and that S �= ∅ for some S ∈ D.
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The definition of tolerances is then as follows; see also [20]. Wemodify the given instance
c such that the cost of a single element is increased or decreased. Let e ∈ E and α ≥ 0. By
cα,e : E → � we denote the instance defined as cα,e(a) = c(a) for each s ∈ E\{e},
and cα,e(e) = c(e) + α. Let S∗ be an arbitrary element from D∗. The upper tolerance
of e with respect to S∗, denoted by uS∗(e), is defined as uS∗(e) = sup{α ≥ 0 : S∗ ∈
argmin{ fcα,e (S) : S ∈ D}} and the lower tolerance of e with respect to S∗, denoted by lS∗(e),
as lS∗(e) = sup{α ≥ 0 : S∗ ∈ argmin{ fc−α,e (S) : S ∈ D}} [20]. Clearly, uS∗(e′) = +∞
and lS∗(e′′) = +∞ for any e′ ∈ E\S∗ and e′′ ∈ S∗. Hence, if e ∈ S∗, then uS∗(e) is the
maximal increase of c(e) under which S∗ stays optimal, provided that the cost coefficients
of all other elements remain unchanged. Similarly, if e ∈ E\S∗ and lS∗(e) is the maximal
decrease of c(e) under which S∗ stays optimal, provided that the other parameter values
remain unchanged. In this paper, we assume that we have a fixed optimal solution S∗ of our
problem and drop the subscript S∗ for tolerances. We write u(e) and l(e) instead of uS∗(e)
and lS∗(e) and consider only finite tolerances.

If the objective function is additive, it holds, according to Theorem 4 from [20], that
the upper tolerance value u(e) of an element e in the selected optimal solution S∗ can be
computed as follows:

u(e) = fc(S
∗−(e)) − fc(S

∗), (1)

where S∗−(e) is the best solution from which e is forbidden. Likewise, if the cost function
is additive, then the lower tolerance l(e) of an element e outside of S∗ can be computed as

l(e) = fc(S
∗+(e)) − fc(S

∗) (2)

according to Theorem 11 from [20], where S∗+(e) denotes the best solution in which e must
be included. The property in Eq.(1) and (2) also holds for some other types of objective
functions, such as the bottleneck objective; see [22].

The definition of upper and lower tolerances and the results in Eq. (1) and (2) can be
extended easily to Combinatorial Maximization Problems with additive objective functions,
such as theWIST. The upper and lower tolerance values then correspond to the profit decrease
from excluding or including elements, respectively.

Theoptimal solution S∗−(e) canbeobtainedby solving an instance c′ such that c′(a) = c(a)

for every a ∈ E\{e} and c′(e) = ∞. To compute the lower tolerance, we determine S∗+(e)
by including the requested element e in the CMP by setting its value to −∞.

The consequence of the reported results is that in case of some objective functions, such
as additive ones, upper and lower tolerance values of CMPs can be computed by solving a
modified problem instance. However, as we will see in the following sections, solving such
modified instances can be ineffective, if we wish to determine many tolerance values.

3 The usage of tolerances in solution methods

In this section, we summarize tolerance-based algorithms for CMPs and illustrate that they
can be fast, effective, and accurate. We show the usage of tolerances in existing algorithms
and we discuss how many tolerances should be computed within a given method.

As shown in Sect. 2, a tolerance value gives the increase in objective value if an element
is excluded from or included into the current solution if the objective function is additive. In
that sense, any method that computes the costs of candidate solutions obtained by forbidding
a single element or forcing a single element into it before deciding on the candidate can
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be considered a tolerance-based method, even when the concept of tolerances is not used
explicitly. This applies to the methods from [15,28], and [44].

The first implicit application of tolerances is, to the best of our knowledge, the well known
procedure from [44] for the transportation simplex algorithm. In this method, the difference
between the second lowest and the lowest cost in each row and column of the cost matrix is
computed and used. In the RAP, the purpose is to find the set of row minima: the difference
between the second smallest and the smallest value is therefore an upper tolerance value of
the RAP; see Sect. 7.

The modified Lin–Kernighan heuristic (LKH) from [28] solves the STSP by solving a
so-called 1-Tree Problem (1-TP) relaxation. It then takes connections from outside of the
1-TP solution into consideration for inclusion in candidate solutions if their so-called α-
‘nearness’ values are sufficiently low. Such a α-nearness value is defined as the cost increase
if the connection is included in a 1-TP solution and is therefore a lower tolerance value. This
tolerance-based method has been improved in [45].

Many applications of tolerance-based algorithms have used the AP relaxation. The papers
by [17] and [51] introduce tolerance-based branch and bound methods for the ATSP: the for-
mer uses only upper tolerances and the latter one uses lower tolerances as well. Heuristics for
the ATSP from [19,21] also use AP tolerances; see also [18]. The algorithms in [2] and [4] are
able to improve the search for exact solutions to the asymmetric distance-constrained vehicle
routing problem (ADVRP) and asymmetric capacitated vehicle routing problem (ACVRP),
respectively.

Some studies use unconventional relaxations and their tolerances to solve less well-known
problems.Themethods from [5,6] solve the problemoffindingminimumweightmatchings in
order to determine the roots of a system of polynomial equations and use the RAP relaxation
and tolerances to that end. Some of the heuristics for the ATSP in [19], such as ‘R-R-
GREEDY’, use the RAP tolerances as well. In the paper by [25], the WIST relaxation and
tolerances are used iteratively in a heuristic for finding solutions to the WISP; see Sect. 6.

Note that the usage of tolerances is quite similar to the usage of strong branching for ILP
problems; see [1]. In strong branching, one should select an integer variable with non-integer
value in the current LP solution for branching. To that end, two new LP problems are solved
for each of these variables: one where the variable’s value should be larger than or equal
to the current value rounded up and one where it is should be smaller than or equal to the
current value rounded down. The integer variable selected for branching is the one for which
the increase in solution values is the largest (in a minimization problem).

The usage of tolerances has led to algorithms that are faster or provide better solutions
than existing algorithms. The algorithms from [2] solve ADVRP instances that cannot be
solved with CPLEX and have shorter solution times for the instances that CPLEX can solve.
The LKH heuristic has long been considered one of the best heuristics for the STSP and it
has been improved further in [45] to determine new best solutions to yet unsolved instances.
The LBnB method presented in [17] returns with a smaller gap than competitors for the
challenging ATSP instance super316.10. Tolerance-based methods are also used to solve
novel problems such as the WISP [25].

The role of tolerances in these methods is twofold. Firstly, tolerances serve to find likely
candidates to be in a good or optimal solution to the original problem. In heuristics, tolerances
can be used to construct a candidate set of elements, as in [28], or to decide which elements
to keep or preserve in each iteration, as in [25]. In branch and bound algorithms, they can be
used to determine which element should be included or excluded in a branching step. With
upper tolerances, we can determine which elements are preserved [51], but if we include
lower tolerances, we can strengthen the analysis by determining which elements should not

123



J Glob Optim (2017) 68:601–622 607

be selected, as in [45]. Secondly, tolerances can be used to construct lower bounds on the
optimal solution value of the original problem. For example, the ADD-DISJ procedure has
been constructed for that purpose and the paper by [17] strengthens a tolerance-based lower
bound for the ATSP by including the cost increase from adding connections between cycles
using lower tolerances and uses this lower bound at every node of the search tree.

The tolerance-based methods differ in the number of computed tolerances, ranging from a
fewupper tolerances to all upper and lower tolerances, and in the frequencyof the computation
of tolerances, ranging from only in the initial step to in each iteration. In particular, if many
tolerances are computed during every iteration of an algorithm, it is important that these
computations are efficient.Alternatively, frequent andmany tolerances computations canonly
pay off if the methods for computing tolerances are efficient. We now discuss and evaluate
the computation of tolerances for some of the most frequently used problems, namely the
AP and the MSTP, and for the less frequently considered WIST.

4 Computation of all tolerances of the assignment problem

The assignment problem (AP) is the problem of assigning n workers to n jobs against the
minimum cost such that each worker performs exactly one job and each job is performed by
exactly one worker. An n by n cost matrix specifies how much it costs to assign each worker
to each job. The AP is a popular relaxation for several problems such as the ATSP [30] and
asymmetric variants of the Vehicle Routing Problem [2]. The upper and lower tolerances of
theAPhave been used for these problems in the approaches by, among others, [2,4,17,22,51].
In this section, we explain and compare methods for computing upper and lower tolerances
and determine the time needed for each of them in numerical experiments.

For an AP instance, we can draw a complete graph G = (V, E, c) in which the vertices in
V represent all workers, the arcs in E represent all possible assignments of workers to jobs,
and c is the cost matrix of assigning workers to jobs. Arcs are used to model that the cost of
assigning i to j may not be equal to that of j to i ; thus, an asymmetric graph is needed. A
cycle or tour in a graph is a sequence of its vertices such that the first and the last elements
of the sequence coincide.

Every AP solution can be represented as a set of disjoint cycles; for example, the cycle
(1, 2, 1) represents the assignment of the worker 1 to the job 2 and the worker 2 to the job 1.
An optimal AP solution is therefore also known as a minimum cycle cover.

The LP formulation of the AP is as follows (see, e.g., [37]):

min
∑

i∈V
∑

j∈V
ci j xi j (3)

s.t.
∑

i∈V
xi j = 1 ∀ j ∈ V (4)

∑

j∈V
xi j = 1 ∀ j ∈ V (5)

xi j ≥ 0 ∀i, j ∈ V (6)

The solution of an AP instance takes O(n3) time using the Hungarian algorithm [36],
though faster algorithms exist for sparse instances, i.e., instances with the number of arcs
substantially smaller than n2. An overview over AP codes and solvers is given byDell’Amico
and Toth in [11].

We use the following AP example to illustrate the computation of upper and lower toler-
ances:
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Fig. 1 An AP instance with
solution in a dark color

Example 1 Consider the following AP instance with 3 vertices (Fig. 1). The arrows represent
the connections and the costs are presented near arcs. The loops from each vertex to itself
are given by the ellipses.

The cost matrix c is:
⎛

⎝
2 3 0
0 1 2
1 0 4

⎞

⎠

In this example, loops exist from each node i = 1, 2, 3 to itself. The optimal AP solution
consists of the arcs (1, 3), (3, 2), and (2, 1) with the cost 0 and forms the cycle (1, 3, 2, 1).

Upper tolerance values are relevant for arcs inside the selected optimal solution, and lower
tolerances are relevant for arcs outside of it. The other upper and lower tolerance values are
equal to +∞. This leaves n upper tolerance values and n(n − 1) lower tolerance values to
be computed.

A naive way of computing the upper tolerance value of an arc e ∈ E is to create an
instance c′ such that c′(e) = ∞ and c′(e′) = c(e′) for every e′ ∈ E\{e}, solve that instance,
and subtract the solution value of the original instance from the new one. Similarly, the lower
tolerance value of an arc e can be found by solving a new instance in which the arc is forced
into a solution and subtracting the solution value of the original instance from that of the
new one. If we were to compute all n upper tolerance values of arcs inside the solution
and n(n − 1) lower tolerances of arcs outside of the solution, the computation of all upper
tolerances would take O(n4) time, and the computation of all lower tolerances would take
O(n5) time.

An improvement is that we can compute an upper or lower tolerance value faster if an arc
from outside of an optimal AP solution is included into it, or if an arc from the AP solution is
excluded from it. Such a modified AP instance can be solved inO(n2) time by performing an
augmenting path computation [3,33]. Using these computations, upper tolerance values of
all arcs inside an optimal AP solution can be computed in O(n3) time and lower tolerances
of the remaining arcs in O(n4) time.

In Example 1, one can check that in order to compute the upper tolerance of the arc (1, 3),
we would have to solve the AP instance with the cost matrix

⎛

⎝
2 3 ∞
0 1 2
1 0 4

⎞

⎠
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The optimal AP solution of this instance contains the arcs (1, 1), (2, 3), (3, 2) and has the
cost 4. Since the original AP solution value is equal to 0, the value of u(1, 3) = 4 − 0 = 4.

A further improvement can speed up the computation of the lower tolerances. The paper
[53] argues that a procedure in the paper [34] for computing the so-called hard dual values
of the AP can easily be adapted to compute upper and lower tolerance values. With this
procedure, all lower tolerance values can be computed in O(n3) time, which is the same
complexity as the computation of upper tolerances of all arcs in an optimal AP solution.

Normally, optimal dual values are computed in the dual formulation of an LP problem.
For the AP, we have the the dual values ui and vi for each i ∈ V representing the price of
leaving and entering a node i , respectively, such that each node is entered and left exactly
once, and the values of wi j , the so-called reduced costs (not to be confused with the reduced
costs in the LP context). The dual formulation of the AP is as follows [34]:

max
∑

i∈V
(ui + vi ) (7)

s.t. ui + v j + wi j = ci j∀i, j ∈ V (8)

wi j ≥ 0∀i, j ∈ V (9)

The motivation for computing hard dual values in [34] is the following. In the sensitivity
analysis of a given optimal AP solution, the LP given in Eq. (3)–(5) is degenerate, meaning
that more constraints in the primal formulation are binding than is necessary to define a
corner point solution of the AP. Thus, multiple bases can correspond to a single AP solution.
If the cost coefficient of an arc is changed, it is possible that this increase leads to a change
in the basis, but not to a change in the solution. As a consequence, it is not possible to
determine the decreases and increases in each cost coefficient for which the current optimal
AP solution remains optimal. In order to resolve this issue, the paper [34] wishes to determine
the maximum cost decrease of each arc outside of the current AP solution and the maximum
cost increase of each arc in the current AP solution such that the current solution remains
unchanged. The resulting values are called hard dual values.

Volgenant [53] then shows that the hard dual value of each arc outside of an optimal AP
solution is the maximum decrease in the cost value needed to obtain a solution with that arc
in it (i.e., the lower tolerance value of the arc). He also shows that the hard dual value of each
arc inside the current optimal AP solution coincides with its upper tolerance value.

The hard dual values are computed simultaneously as follows. The reduced cost matrix w

is an n by n matrix with the elements wi j , as in Eq. (8). Let A∗ be an optimal solution of the
original AP. The hard dual value h(i, j) of an arc (i, j) /∈ A∗ is determined by computing the
shortest path between i and j in the graph G ′ = (V, E, w) by [53]. The following numerical
example shows this computation of hard dual values for an AP instance with n = 3. This
procedure is implemented in the lower tolerance-based algorithms in [17].

Example 2 We illustrate the computation of hard dual values with the AP example from
Example 1. The cost matrix c is already a reduced cost matrix, so that the matrix w is equal
to the matrix c, meaning that wi j = ci j for each (i, j) ∈ E . We compute the hard dual values
(which are equal to lower tolerance values) for the arcs out of the vertex 1 not belonging to
the optimal AP solution.

The optimal AP solution consists of the assignment from 1 to 3, from 3 to 2, and from
2 to 1, which we write as: a(1) = 3, a(2) = 1, a(3) = 2. Finally, a−1 is the inverse of a,
such that a−1(i) = j for a( j) = i (in other words, a−1(i) is the predecessor of i in the AP
solution).
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The direct computation of the lower tolerance value of an arc subtract the current optimal
AP solution value from the value of the cheapest AP solution that contains the arc. The
cheapest solution that includes (2, 2) and (3, 1) is formed by the cycles (2, 2) and (1, 3, 1)
with the cost 2, giving l(2, 2) = l(3, 1) = 2; the cheapest solution that includes (1, 1) and
(2, 3) is formed by the cycles (1, 1) and (2, 3, 2)with the cost 4, giving l(2, 2) = l(2, 3) = 4,
the cheapest solution that includes (1, 2) consists of the cycle (1, 2, 3, 1)with the cost 6, giving
l(1, 2) = 6. Finally, l(3, 3) = 7 is the cheapest solutionwith (3, 3) consists of (3, 3), (1, 2, 1)
with the cost 7.

We illustrate the computations of l(1, 1) and l(1, 2) as implemented in the code by [17]
and leave the remaining computations to the reader. In order to find these hard dual values,
an auxiliary matrix W should be constructed as follows. An (i, j)-entry in the matrix is
obtained by taking W (i, j) = w( j, a(i)). This is the cost of going from j to a(i). For
example, W (1, 1) = w(1, a(1)) = w(1, 3) = 0, W (1, 2) = w(2, a(1)) = w(2, 3) = 2, and
W (1, 3) = w(3, a(1)) = w(3, 3) = 4. The matrix W thus becomes:

⎛

⎝
0 2 4
2 0 1
3 1 0

⎞

⎠

We define the shortest path through this auxiliary matrix from i to j as s(i, j). The shortest
path from 1 to 1, s(1, 1), has the length 0, s(1, 2) has the length 2, and s(1, 3) has the length
3 (through the node 2). This suffices for the computation of the hard dual values of all arcs
leaving 1 as we will see below. It holds that h(i, j) = W (a−1( j), i) + s(i, a−1( j)) for each
(i, j) ∈ A∗ by [34], and l(i, j) = h(i, j), so l(1, 1) = W (2, 1) + s(1, 2) = 2 + 2 = 4, and
l(1, 2) = W (3, 1) + s(1, 3) = 3 + 3 = 6.

The intuition behind this procedure from [34] is that if one adds the assignment (i, j),
the job assigned to worker i moves to some other job r , the worker assigned to job r is
reassigned to s and so on, until some worker takes the job originally assigned to worker
j : now a reassignment is obtained. So, if we include (1, 2), the job 3 becomes available.
The easy reassignment is to have the worker that was originally assigned to 2, the worker
number 3, take over the job 3. The entry W (1, 3) represents this direct reassignment in the
matrix W . By performing the shortest path computations, we evaluate the costs of further
reassignments, e.g., of assigning the worker 2 to the job 3 and assigning the worker 3 to the
job 1.

After the completion of the procedure, upper tolerance values are readily available as well:
the upper tolerance value of each arc (i, j) ∈ A∗ is equal to the minimum lower tolerance
value of any arc leaving i . It is well-known that the shortest paths from a given node to
all other nodes can be obtained in O(n2) time using Dijkstra’s algorithm [12], which can be
improved for sparse graphs to O((m+n) log n) time in graphs withm arcs and to O(m logm)

if all vertices are reachable from the source [10]. It is shown that the lower tolerances of all
arcs directed outward of any vertex v ∈ V can be computed in O(n2) time using the same
procedure [17]. This is true as only the shortest paths originating from v have to be determined
to that end.

Experiments We perform numerical experiments to compare the speed of an AP solver and
the computation of upper and lower tolerances. The AP solver is presented in [32] and the
code of this solver can be retrieved from [31]. The computation of the upper tolerances is
performed by adding the shortest augmenting path whereas the computation of the lower
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Table 1 Time consumption in
seconds of Jonker and
Volgenant’s AP solver, of all
upper tolerances computation
(UT), and of lower tolerances
computation (LT)

Solve AP Compute UT Compute LT

ft and ftv instances size, n = 39–101

Average 0.01 0.01 0.02

Minimum 0.00 0.00 0.01

Maximum 0.02 0.02 0.05

ftv170, n = 171 0.10 0.11 0.21

coin instances, n = 100

Average 0.03 0.05 0.08

Minimum 0.02 0.04 0.06

Maximum 0.05 0.08 0.11

coin instances, n = 316

Average 0.59 0.91 1.50

Minimum 0.37 0.60 0.98

Maximum 0.80 1.24 2.05

Random, n = 1000

Average 11.36 14.48 25.93

Minimum 8.28 11.96 20.71

Maximum 17.54 19.46 35.35

tolerances is performed with the procedure for computing hard dual values described above
and also provide upper tolerance values. All procedures run in O(n3) time.

We consider instance types of different sizes. The ft and ftv instances from the TSPLIB
([43], retrievable from [50]) vary in the size from39 to 171, thecoin instances from [30] have
the size 100 and 316, retrievable on [13]. In addition, we have generated random instances of
the size 1000. For each instance type, 10 instances have been generated (except for the 11 ft
and ftv instances). The minimum, maximum, and average computing times are reported.
The experiments have been performed on a Dell 2.30 GHz computer with 4 GB RAM using
a Windows 7 operating system.

The results of these experiments are reported in Table 1 and show that the lower tolerances
computation takes about 1.5–2 times asmuch time as the upper tolerances computation,which
in turn takes about 1.5–2 times as much time as solving the AP from scratch. This does not
only hold in the average case but also for the minimum and maximum computation times and
even for individual instances. These ratios appear to be consistent across different instance
types and sizes.

Note that a naive approach for computing lower tolerance values solves an AP instance
for each arc outside of the optimal AP solution, of which there are n(n − 1). The time
consumption is similar to that of solving a modified instance to determine an upper tolerance
value. The total upper tolerances computation time inTable 1 is for solving n of thesemodified
instances. Therefore, it can be expected that the computation of all lower tolerances would
require about n − 1 times as much time as the times reported in the column ‘Compute UT’.
This implies a computation time of over 14,000s for n = 1000.

Even though the AP upper and lower tolerances computation only takes 1.5–3 times as
much time as the AP computations solved from scratch, the AP computations take much less
time if we already have an optimal solution and remove or include a single arc. In that case,
computing all upper tolerances takes n times as much time as solving such a modified AP.
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5 Computation of all tolerances of the minimum spanning tree problem

A spanning tree of a connected graph is a tree obtained by deleting some (perhaps no) edges
of the graph, where an edge is an undirected connection between two vertices. The minimum
spanning tree problem (MSTP) is a classical network problem with many applications [26].
Given a connected undirected graph G = (V, E, c) with an edge set E , a vertex set V
containing n vertices, and a cost function c : E → R, theMSTP is the problemof determining
a spanning tree with the minimum sum of weights of edges. A solution of an MSTP instance
is called a minimum spanning tree or MST.

The minimum 1-tree problem (1-TP) is a closely related problem to the MSTP. Let v ∈ V
be a chosen vertex with degree at least two such that the graph G ′

v , obtained by deleting v

from G, is connected. A 1-tree with respect to v is defined as follows: find in G the two
shortest edges adjacent to v, say e1 and e2, and determine an MST for G ′

v . The cost of the
1-tree is formed by the cost of the MST on G ′

v plus the weights of e1 and e2. For a chosen
vertex v, the 1-TP is to find a 1-tree with respect to v. Note that the 1-TP upper tolerance
values of all edges of G ′

v are simply the MSTP tolerances on the graph G ′
v .

The MSTP can be used as a relaxation forNP-hard variations of the MSTP, for example,
the degree-constrained MSTP, where the number of MST edges adjacent to each node is
limited [52]. The 1-TP is used as a relaxation for the STSP in [27] and [54], and, more
recently, in the papers by Helsgaun [28] and Richter et al. [45]. In this section, we explain
and compare upper and lower tolerances computation for theMSTP and thereby for the 1-TP.

In the LP formulation of the MSTP, we use the binary decision variables xe denoting
whether an edge e is selected or not, for all e ∈ E . For a subset S ⊆ V , let E(S) denote the
set of all edges whose both endpoints are in S and let x(S) = ∑

e∈E(S)

xe. The following LP

formulation can be derived from [46]:

min
∑

e∈E
cexe (10)

s.t. x(V ) = |V | − 1 (11)

x(S) ≤ |S| − 1 ∀S ⊂ V, S �= ∅ (12)

xe ≥ 0 ∀e ∈ E (13)

The constraint (11) requires that there are exactly n − 1 edges in a solution and the
constraint (12) prevents the usage of cycles in a solution. The constraints (11) and (12)
jointly ensure that each feasible solution is a spanning tree. Note that there are exponentially
many constraint of type (12).

The MSTP can be solved in O(n2) time using Prim’s algorithm [41] and in O(m log n)

using Kruskal’s algorithm [35], where m = |E |. There are faster algorithms for sparse
instances, such as the algorithm in [40], that can solve the MSTP in almost linear time in the
number of edges m.

We use the following MSTP example to explain the computation of tolerance values.

Example 3 Consider the MSTP example with four vertices and the costs, presented by the
following cost matrix c:

The optimal solution (denoted by T ∗) consists of the edges (1, 3), (3, 4), and (2, 4) and
has the cost 9.

The upper tolerance of an edge e in an optimal MSTP solution T ∗ can be computed using
the result in Eq. 1, and the lower tolerance can be computed using Eq. (2). In both cases, a
new MSTP instance is solved.
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From/to 1 2 3 4

1 0 5 3 7
2 5 0 8 2
3 3 8 0 4
4 7 2 4 0

However, the MSTP has some properties that make it unnecessary to solve a new MSTP
instance from scratch. The cutset property, proved in [48], is the following. If an edge e1 is
removed from the current solution, then the remaining edges from the MSTP solution form
two disjoint trees. One can then construct the MST without e1 by including the cheapest
edge, denoted by e2, between these two trees. The upper tolerance value of e1 would be
u(e1) = c(e2) − c(e1). If we remove (3, 4) with the weight 4 in Example 3, the remaining
MST edges constitute a subtree on the vertices 1 and 3 connected by (1, 3) and another subtree
on the vertices 2 and 4 connected by (2, 4). If we exclude (3, 4), the cheapest connection
between those two trees is formed by (1, 2) with the cost 5. Thus, u(3, 4) = 5 − 4 = 1.
Similarly, if an edge e1 outside of the selected optimal solution is included, a cycle is formed
and a new optimal solution with e1 can be found by removing the most expensive MST
edge from the cycle. For example, if we include (1, 4) with the weight 7 in the example,
we obtain the cycle consisting of the edges (1, 3), (3, 4), and (1, 4). Among the two current
MSTP edges (1, 3) and (3, 4), (3, 4) with the cost 4 is the most expensive one, so the lower
tolerance of (1, 4) can be computed as l(1, 4) = c(1, 4) − c(3, 4) = 7 − 4 = 3.

When the upper and lower tolerance values of all edges inside and outside of T ∗ are
computed, it is not necessary to repeat the computations above for each edge. Methods for
performing the computations of all tolerances efficiently are described in [9,28,39,48].

Firstly, we describe the method by Chin and Houck [9] to compute all upper tolerances.
It runs in O(n2) time and has O(n) memory requirements. The authors include a detailed
pseudo-code of the computations in their paper. We illustrate the main computations of this
approach here and refer to the original paper for the source code.

The procedure determines the labels le(r, s) of the edge e, i.e., the nodes v,w ∈ V , such
that (v,w) comes into the solution if (r, s) is removed; we then write le(r, s) = v,w. The
upper tolerance of each edge (r, s) is computed as u(r, s) = c(v,w)−c(r, s). The procedure
starts with an arbitrary vertex r ∈ V . Then, it explores in a depth-first search fashion the
nodes in the MST, meaning that we explore a branch of the tree entirely before proceeding
to the next branch.

For each newly considered vertex v, we consider the edges towards the already considered
vertices. If an edge from e to one of the already considered vertices is cheaper than a currently
cheapest alternative, this edge replaces that alternative and the label of this edge are then
updated. We continue iteratively in the described depth-first search fashion until all vertices
have been considered. We illustrate the procedure below.

Example 4 Assume thatwe start at the node 1with the data given inExample 3.Asmentioned
before, we traverse the MST in a depth-first search fashion. In this case, this is relatively easy
as there is one branch: we traverse the edges in the order (1, 3), (3, 4), and (2, 4).

The (only) adjacent vertex of 1 in the MST is 3. For this vertex, we determine the set
of adjacent vertices: {1, 4}. The adjacent vertex 1 is uninteresting, but we should consider
vertex 4 and its connections to all previously considered vertices, namely 1. The edge (1, 4),
with the cost value 7, is now the cheapest way of connecting the components obtained by
removing (1, 3) or (3, 4). The labels of (1, 3) and (2, 4) are, in both cases, set to 1, 4.
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From vertex 3, we proceed to vertex 4, which is adjacent to 2 and 3 in the MST (where 3
has already been considered). The vertex 2 can be connected to the previously encountered
vertex 1 and 3. The first vertex that we encounter when we backtrack to our source node 1
is vertex 3. The edge (2, 3) has cost 8 and is more expensive than the current alternative to
(1, 3) and (2, 4), which is (1, 4). However, this is currently the cheapest alternative to (3, 4);
thus, we set the labels of (3, 4) to 2, 3.

The edge (2, 1) has the cost 5, which is cheaper than that of both (1, 4) and (2, 3), meaning
that the cheapest way of reconnecting the components obtained from removing (1, 3), (3, 4)
and (4, 2) is by adding (2, 1). The labels of the edges (1, 3) and (3, 4), currently labeled
1, 4, and of the edge (1, 2), labeled 2, 3, should be set to 1, 2. Thus we have the labels 1, 2
for all three edges, giving the upper tolerances u(1, 3) = c(1, 2) − c(1, 3) = 5 − 3 = 2,
u(3, 4) = 5 − 4 = 1, and u(4, 2) = 5 − 2 = 3.

A quite detailed pseudo-code of the procedure can be found in theAlgorithmDE (‘deletion
of edge’) in [9].

Helsgaun [28] presents a procedure for computing all lower tolerance values inO(n2) time
withO(n2)memory. Actually, the approach is applied to the 1-TP Problem, but the tolerances
of the 1-TP are largely lower tolerance values of the MSTP. The approach determines an α-
nearness value of an edge, the maximum decrease in the cost of an edge before it enters into
an optimal MSTP solution, which equals the lower tolerance value of the edge with respect
to the solution. These α-nearness values are used in [28] in the so-called LKH heuristic in
order to reduce the set of candidate edges for selection; see also Sect. 3.

Two versions of the procedure for computing the α-nearness values are described in the
pseudo-code in Figures 7 and 8 of [28]. Here, we adapt the code in Figure 7 to the MSTP
and present it below. The function dad(i) outputs the predecessor of a vertex i in the MST.
An arbitrary node could be selected as a root node. We select the node with index 1.

Input:
A vertex set V = {1, 2, . . . , n} and an edge set E
A cost function c : E → R

An MST T ∗, given by the function dad(·).
Computations:
for i = 1 to n begin
β(i, i) = 0;
for j = i + 1 to n
β(i, j) = β( j, i) = max(β(i, dad(i)), c( j, dad(i)));
end
end
Output:
The lower tolerance value l(i, j) = c(i, j) − β(i, j) for each (i, j) /∈ E(T ∗).

The computation of β(i, j) = β( j, i) = max(β(i, dad(i)), c( j, dad(i))) requires the value
of β(i, dad(i)), which in turn requires the computation of β(i, dad(dad((i))), and so on. In
practice, we compute these values during the computation of β(i, j) if they have not been
computed previously, as we illustrate using the running example.

Example 5 In the MSTP from Example 3, we use the node 1 as the root node. Then,
dad(3) = 1, dad(4) = 3, and dad(2) = 4. We illustrate the computation of β(1, 4):
β(1, 4) = max(β(1, dad(4)), c(4, dad(i)) = max(β(1, 3), c(4, 3)). Then we have to deter-
mine β(1, 3) = max(β(1, dad(3)), c(3, dad(3)) = max(β(1, 1), c(1, 3)) = max(0, 3) = 3.
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So, β(1, 4) = max(3, 4) = 4. That means that l(1, 4) = 7 − 4 = 3. All lower tolerance
values are computed in a similar vein and the results are l(1, 2) = 1, l(1, 4) = 3, l(2, 3) = 4.

There are also procedures for computing all upper and lower tolerance values jointly,which
are particularly effective for relatively sparse matrices. Those methods are more difficult
to implement, as the papers in which the procedures are presented often do not contain
codes. Tarjan [48] introduces a procedure for computing all upper and lower tolerance values
that runs in O(α(m, n)m) time, where the term α(m, n) is the very slowly growing inverse
Ackermann function andm is the number of edges. Thememory requirement of this procedure
is O(m). Improvements to the procedure by [48] have been presented in the work by Pettie
et al. [39], where the authors show that their procedure runs in O(mlog(α(m, n)) time.
This efficiency increase is achieved by implementing advanced data structures. The method
for solving the MSTP presented in [40] has the complexity O(mlog(α(m, n)). Booth and
Westbrook [7] present an O(m) algorithm for the sensitivity analysis of minimum spanning
trees in planar graphs with m = O(n). The paper by Dixon et al. [14] introduces a method
that uses O(m) time multiplied by a large constant.

Experiments How much time does it take to perform computations of all upper and lower
tolerances in comparison to the MSTP solution time? We have performed numerical experi-
ments on complete weighted graphs. In Table 2, we report the resulting computation times.
We use the method of Chin and Houck [9] for computing all lower tolerances, the method of
Helsgaun [28] for computing all upper tolerances, and Prim’s algorithm [41] for determining
an optimal MSTP solution.

We consider randomly generated instances of the size 1280 and 2560. The first class
is formed by Euclidean instances with uniformly distributed coordinates are generated in
R
2 in a plane measuring 100 by 100. The second class contains instances with distances

in a symmetric distance matrix, where the (integer) distances are also uniformly generated
between 1 and 10,000. For each instance type, 10 instances have been generated for which
the minimum, maximum, and average computing times are reported. The experiments have
been performed on a Dell 2.30 GHz computer with 4 GB RAM using aWindows 7 operating
system.

The results show that the computation of both the upper and the lower tolerance requires
about 2–4 times as much time as Prim’s algorithm. It appears that the computation of all
lower tolerances computation does not take more time than that of all upper tolerances.

The tolerances computation and Prim’s algorithm appear to take more time for the
Euclidean MSTP instances than for the randomly generated distance instances. In Euclidean
instances, the coordinates of the locations are stored and distances are computed each time
they are needed in order to save memory. If these distances are stored in a cost matrix instead,
the difference in computation time disappears. The inclusion of such distance computations
does not change the relative time consumption of the upper and lower tolerances computation
and Prim’s algorithm.

6 Computation of all tolerances of the weighted independent set problem
for trees

We have illustrated how upper and lower tolerance values can be computed for the polynomi-
ally solvable problems MSTP and AP. However, fast methods for computing tolerances also
exist or can be designed for other less frequently used relaxation problems. In this section, we
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Table 2 Time consumption in
seconds of Prim’s MSTP method,
of all upper tolerances
computation (UT), and of lower
tolerances computation (LT)

Find MSTP UT LT
Using Prim Chin-Houck Helsgaun

Random, n = 1280

Average 0.13 0.62 0.60

Min. 0.08 0.37 0.36

Max. 0.21 0.93 1.00

Random, n = 2560

Average 0.49 2.10 1.87

Min. 0.28 1.41 1.40

Max. 0.95 3.93 3.81

Random, n = 1280, Euclidean

Average 0.20 0.73 0.68

Min. 0.09 0.36 0.36

Max. 0.33 1.14 1.18

Random, n = 2560, Euclidean

Average 0.90 3.23 2.33

Min. 0.34 1.54 1.61

Max. 1.46 4.90 3.57

illustrate that upper and lower tolerances can be computed fast and jointly for the weighted
independent set problem for trees (WIST) based on the results from Goldengorin et al. [24].

The WIST is used as a relaxation for the general weighted independent set problem
(WISP), which is defined for a simple graph with weights on its vertices. The objective is
to determine a set of pairwise non-adjacent vertices with the maximum sum of weights. The
general problem is NP-hard, but if the given graph is a tree, then the problem, the WIST,
can be solved in linear time; see [8].

It is important to note that theWIST is a maximization problem. Therefore, the definitions
of upper and lower tolerances are modified in comparison to those given in Sect. 2. Given
an optimal solution S∗ consisting of a set of vertices, the upper tolerance of a vertex v /∈ S∗
is the largest increase in the weight of this vertex w(v) such that the solution S∗ remains
optimal. Likewise, the lower tolerance of a vertex v ∈ S∗ is the largest decrease in the weight
w(v) such that S∗ remains optimal. The upper tolerances of vertices v ∈ S∗ and the lower
tolerances of vertices v /∈ S∗ are infinitely large. TheWIST has an additive objective function
and therefore it is easy to show that the upper and lower tolerance values measure the profit
decrease from including v /∈ S∗ and from excluding v ∈ S∗, respectively.

In the paper by Goldengorin et al. [24], it is shown that the WIST can be solved in O(n)

time and that the simultaneous computation of all upper and lower tolerances has the same
time complexity. Below, we provide a numerical example of the solution and the computation
of the tolerances of theWIST (for a pseudo-code of the algorithm, we refer to the paper [24]).
In the example, we construct an optimal solution S∗ of theWIST in the first pass. In the second
pass, for each subtree rooted at a vertex v, we determine two solutions: the best solution with
v in it and the best solution without v. In the third pass, we use these values to determine
upper tolerances of the vertices outside of S∗ and lower tolerances of the vertices in S∗.

Example 6 The weighted tree is presented in Fig. 2 above, where the numbers below the
vertices denote the vertex weights. For the given tree (A, B,C, D, E) is the breadth-first
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Fig. 2 A weighted tree

search order. In order to determine S∗, we pass through the vertices of the graph, starting at
the leaves of the tree. Then, we work our way up in the tree, until we reach the top node A. For
any vertex v ∈ {A, . . . , E} and the tree, rooted at v, the term s(v) denotes an optimal solution,
sin(v) is the best solution among all solutions containing v, and sout (v) is the best solution
among all solutions not containing v. The termsw(v),win(v), wout (v) denote the weights of
s(v), sin(v), sout (v), respectively. Since A is the top node and the search process ends there,
it holds that the value of an optimal solution S∗ equals to w(A), i.e. fc(S∗) = w(A).

The first pass is as follows:

1. win(E) = c(E) = 2, wout (E) = 0, sin(E) = {E}, sout (E) = ∅, w(E) = 2, s(E)

= {E};
2. win(D) = c(D) = 2, wout (D) = 0, sin(D) = {D}, sout (D) = ∅, w(D) = 2, s(D)

= {D};
3. win(C) = c(C) = 1, wout (C) = 0, sin(C) = {C}, sout (C) = ∅, w(C) = 1, s(C)

= {C};
4. win(B) = c(B) + wout (D) + wout (E) = 3, sin(B) = {B} ∪ sout (D) ∪ sout (E)

= {B}, wout (B) = w(D) + w(E) = 4, sout (B) = s(D) ∪ s(E) = {D, E}, w(B)

= max(win(B), wout (B)) = 4, s(B) = {D, E};
5. win(A) = c(A) + wout (B) + wout (C) = 6, sin(A) = {A} ∪ sout (B) ∪ sout (C)

= {A, D, E}, wout (A) = w(B) + w(C) = 5, sout (A) = s(B) ∪ s(C)

= {C, D, E}, w(A) = max(win(A), wout (A)) = 6, s(A) = {A, D, E}.
Therefore, S∗ = s(A) = {A, D, E} and fc(S∗) = w(A) = 6.
In the second pass, we iterate from the top node A downwards, again in a breadth-first

search fashion, until we reach the end nodes. For each vertex v ∈ {A, B, . . . , E} and the
whole tree, the terms Win(v) and Wout (v) denote the values of the best solutions with v and
without v, respectively.

1. Win(A) = win(A) = 6,Wout (A) = wout (A) = 5;
2. Win(B) = Wout (A) − w(B) + win(B) = 4,Wout (B) = wout (B) + max(Win(A)

− wout (B),Wout (A) − w(B)) = 6;
3. Win(C) = Wout (A) − w(C) + win(C) = 5,Wout (C) = wout (C) + max(Win(A)

− wout (C),Wout (A) − w(C)) = 6;
4. Win(D) = Wout (B) − w(D) + win(D) = 6,Wout (D) = wout (D) + max(Win(B)

− wout (D),Wout (B) − w(D)) = 4;
5. Win(E) = Wout (B) − w(E) + win(E) = 6,Wout (E) = wout (E) + max(Win(B)

− wout (E),Wout (B) − w(E)) = 4.
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Similarly to the formulae from Section 2, in order to obtain the tolerances, we should
subtract Wout (v) and Win(v) from fc(S∗), respectively. Thus, in the third pass, we have:

1. As A ∈ S∗, lS∗(A) = fc(S∗) − Wout (A) = w(A) − Wout (A) = 1;
2. As B /∈ S∗, uS∗(B) = fc(S∗) − Win(B) = 2;
3. As C /∈ S∗, uS∗(C) = fc(S∗) − Win(C) = 1;
4. As D ∈ S∗, lS∗(D) = fc(S∗) − Wout (D) = 2;
5. As E ∈ S∗, lS∗(E) = fc(S∗) − Wout (E) = 2;

In general, computing an optimal solution and all tolerances with respect to it takesO(n)

time, assuming that we know the structure of the tree.
The method, presented above for tolerances computation of the WIST, is used in the

tolerance-based heuristic for the WISP for a graph G, introduced in [25] as follows. If the
graph G is a tree, then the WISP can be solved easily. If G is not connected, then we call
the heuristic for each of its connected components. If G is connected, we find a maximum
spanning tree T onG, where theweight of each edge is formedby themaximumof theweights
of its two endpoints and where the sum of the weights in the tree is maximized. Then, the
heuristic determines an optimal WIST solution S∗ on the graph G ′ = (V, T ) and determines
the upper and lower tolerances of all vertices with respect to the optimal WIST solution.
The heuristic then determines the vertex with the maximum upper or lower tolerance value
and, if the lower tolerance value is the larger, includes the corresponding vertex in the graph
and removes the adjacent vertices or, if the upper tolerance value is the larger, removes the
corresponding vertex from the graph. It continues these steps until a feasible WISP solution
is found. In each iteration, the computation of tolerances is performed. The whole process
takes polynomial time.

It is shown by Malyshev and Pardalos [38] that variants of the WISP on other types of
graphs than trees, such as bipartite and interval graphs, can be solved polynomially and
that upper and lower tolerance values of these variants can be computed effectively and
simultaneously.

7 Computation of all tolerances of some other problems

Shier et al. [47] present an effective computation approach for upper and lower tolerances for
the so-called Shortest Path Tree Problem (SPTP), where the purpose is to find a collection
of the shortest paths from a given root node to all other nodes. These shortest paths can be
represented with a directed tree, the shortest path tree. The computation of upper and lower
tolerances of all arcs takes O(n2) time. The procedures by [39] and [48] from Sect. 5 can
easily be adjusted to determine all upper and lower tolerances jointly for the SPTP in the
same order of time.

The results in [47] have been extended to the Shortest Path Problem (SPP), the problem
of finding the shortest path between a source node and a sink node in a network without
negative cycles. Ramaswamy et al. [42] present a method for computing all upper and lower
tolerances in O(m + p log p) time, where p is the number of arcs in the shortest path and m
is the total number of arcs in the graph instance.

Thefinal problem thatwe consider is theRelaxedAssignment Problem (RAP), the problem
of finding aminimum in each row in an n by n costmatrix. This problem is used as a relaxation
for the ATSP in [21]. The RAP upper tolerance value of an element is simply obtained by
subtracting its cost from that of the second cheapest element in the row, taking O(n) time
to compute for all upper tolerances assuming that the second-lowest value in each row is
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stored, when the RAP is solved. The lower tolerance value of each element can be computed
in constant time by subtracting the corresponding row minimum. If we compute all n2 − n
lower tolerances, we use O(n2) time. In this problem, the computation times for upper and
lower tolerance values thus differ by orders of magnitude.

8 Concluding remarks and future research

In combinatorial approaches for finding exact or approximate optimal solutions, a challenge
is often to determine which elements from a current (relaxation) solution should be main-
tained or discarded. A relatively novel approach is to use tolerances to take such decisions.
The challenge with tolerances is that they require computational effort. Thus, in the con-
struction of tolerance-based algorithm, it may be necessary, or desirable, to compute sets of
tolerances efficiently. For example, the branch and bound methods from [17,51] require the
computation of tolerances at each node of the search tree that can contribute to a large part of
the computational burden of such algorithms. In this paper, we present the efficient methods
for computing all upper and lower tolerance values for the well-known Assignment Problem
(AP) and Minimum Spanning Tree Problem (MSTP) and the less known Weighted indepen-
dent Set Problem for Trees (WIST). We investigate the reduction in tolerances computation
times, if efficient methods are used.

Efficient methods enable us to compute all upper and lower tolerances much more quickly
than methods that compute all tolerances individually. Compared to naive approaches that
compute each tolerance value individually, the procedure described in [53] reduces the com-
plexity of computing AP lower tolerances from O(n4) (or O(n5) if the modified APs are
solved from scratch) to O(n3). The complexity of computing all MSTP upper tolerances
can be reduced from O(n3) to O(n2) using the procedure from [9] and the complexity of
computing MSTP lower tolerances is reduced from O(n4) to O(n2) using the procedure
from [28]. Likewise, the computation of the tolerances for the WIST have the same O(n)

time complexity as the solution of the problem instead of O(n2) if tolerances were computed
with a naive approach. Our numerical experiments show that these improvements can also
be observed in the average time consumption.

In this paper, we compare the time consumption of computing all lower tolerances to
that of computing all upper tolerances and the solution of the original problem. For some
problems such as the AP and the MSTP, there are up to n times as many elements outside of
a solution as inside and there are potentially up to n times as many lower tolerances as upper
tolerances. One would expect that it takes much more time to compute all lower tolerance
values than it takes to compute all upper tolerance values. However, this is often not true.
For the AP and the MSTP, the computation of all lower tolerance values has the same worst
time complexity as the computation of all upper tolerance values. Our numerical experiments
indicate that it takes slightly more time to compute all lower tolerances for the AP compared
to the upper tolerances and about the same amount of time for the MSTP. For some other
problems, such as theWIST presented in Sect. 6 and the SPPmentioned in Sect. 7, the fastest
methods compute upper and lower tolerances jointly, yielding that both types of tolerances
can be obtained with the same complexity. The complexity of computing all upper tolerances
is lower than that of computing all lower tolerances for only one of the encountered problems,
namely, the RAP.

This paper has presented existing, ready-to-usemethods for tolerance-basedmethods with
the AP or the MSTP as a relaxation. The results can also provide guidelines for practitioners
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or scientists who wish to develop tolerance-based algorithms with other relaxations. Firstly,
one should determine whether, for the problem at hand, efficient methods for computing
tolerances exist, for example from the field of determining the sensitivity of optimal solutions
(as holds for the AP, the MSTP, and the SPP). It is an advantage if such effective methods
can compute upper and lower tolerance values jointly. For some problems, one may have to
develop novel efficient methods as has been done for the WIST. Finally, one should decide
on which tolerances to use: (all) upper tolerances, (all) lower tolerances, or both types.

An interesting direction of future research is to construct efficient methods for computing
upper and lower tolerances computationmethods for other relaxations than the one considered
in this paper. Another direction of future research is to investigate the usage of tolerances
for problems with different objective functions than the additive one such as the bottleneck
objective function.
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