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Abstract

Anosov flows have a long and rich history, firstly motivated by the
study of geodesic flows in negative curvature surface by Anosov and Sinai.
Not every closed manifold admits an Anosov flow for well-known reasons:
the fundamental group of a 3-manifold M admitting an Anosov flow must
have exponential growth, and M must be universally covered by R3. Nev-
ertheless, there are sufficient mechanisms for constructing distinct Anosov
flows on admissible 3-manifolds, such as Dehn-Goodman-Fried surgery or
playing with hyperbolic building blocks. A central problem in the field
has been to determine the number of Anosov flows that can be supported
by a single manifold. The question of whether there exists an infinite set
of pairwise non-equivalent Anosov flows on a 3-manifold remains open to
this day. However, there are several papers proving the existence of a
manifold M, that admits n pairwise inequivalent Anosov flows for any
natural number n. In all known examples, the manifolds M, are com-
posed of several geometric pieces. In the present paper, we prove the
existence of a countable number of graph manifolds My, k € N with
a single geometric piece, each of which admits n pairwise non-equivalent
transitive Anosov flows. All previously known constructions of different
flows on the same graph manifold were based on gluing geodesic flows.
The nature of the flows constructed in this paper is completely different;
they are constructed from a single hyperbolic plug, which is a suspension
over a Morse-Smale diffeomorphism on a surface.

1 Introduction

Let M be a closed smooth manifold. We say that a smooth vector field X in M
is an Anosov vector field if denoting ¢' the flow generated by X (Anosov flow)
it holds that there is a D¢'-invariant continuous splitting

TM = E° & E°® E“,

where E€ is the 1-dimensional neutral direction tangent to the flow and there
is T' > 0 so that for vectors v® € E® and v* € E" one has that

1
DG ()| < 5 [lo7[l; (D" (w)| = 2{v"]. (1)
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Among many interesting properties (see, for example, [12]), Anosov vector
fields are structural stable, Anosov flows always have infinitely many periodic
trajectories, all of them saddle type hyperbolic. The Stable Manifold Theorem
asserts that the plane bundles E® & E¢ and E" @ E° are tangent to a pair of
transverse codimension one foliations F* and F* on M, that intersects along
the ¢'-orbits. We call them stable and unstable foliations. Every leaf of these
foliations is homeomorphic to either a cylinder or a Mobius band (in case the
leaf contains a periodic orbit), or to a plane. Also there are strong stable and
unstable foliations F*® and F“* tangent to £° and E*, accordingly.

Two important examples, which were those which motivated the definition
are the following.

Example 1 (Suspensions). Consider a linear map A € SL(d,Z) so that all its
eigenvalues have modulus different from one. It induces a diffeomorphism fa :
T¢ — T? where we identify T¢ = R?/Z? (Anosov diffeomorphism). Consider
the manifold My = T? xR/, where (z,5) ~ (f%(z),s—k) for everyx € T¢, t €
R, k € Z. The flow ¢t : Ma — My given by ¢'([(z, s)]) = [(x, s + )] is Anosov.

Example 2 (Geodesic flows). Let (S, g) be a smooth closed 2-dimensional Rie-
mannian manifold with constant negative curvature. The phase space of the
dynamics is the unit tangent bundle T'S, defined as

T'S = {(x,v) € TS| go(v,v) = 1}.

For any initial state (z,v) in S-manifold TS, the theorem of existence and
uniqueness for ordinary differential equations ensures a unique, globally defined,
constant-speed geodesic ¥ = Y(z ) : R — S such that

v¥(0) =2 and 4(0)=o.

The geodesic flow is a one-parameter group of diffeomorphisms ¢t : T'S — T'S
mapping each vector forward along its corresponding geodesic

¢ (z,v) = (v(t), (1)) € T'S.

The base projection © : TYS — S maps the orbit ¢'(z,v) back onto the curve
~(t). The vector 4(t) is obtained via parallel transport along the curve (t).

Not every closed manifold admits an Anosov flow. So, Margulis [13] proved
the following beautiful result which provided restrictions on the topology of a
manifold that carries an Anosov flow.

Statement 1 ([13]). A 3-manifold admitting an Anosov flow has the funda-
mental group with exponential growth.

For instance, the 3-dimensional sphere, lens spaces, the three dimensional
torus, S? x S! or nilmanifolds cannot admit Anosov flows.

The following result excludes other classes of manifolds, such as connected
sums.



Statement 2 ([17], [8], [7]). A 3-manifold admitting an Anosov flow must be
irreducible and moreover, its universal cover is homeomorphic to R3.

Ghys [10] provides a strong classification of Anosov flows in circle bundles
(the completion of this classification is contained in the recent [3]) and states
the following.

Statement 3 ([10], [3]). If a circle bundle over a compact surface S admits an
Anosov flow then it is a finite cover of the unit tangent bundle of S.

Statement 4 ([2]). Any Anosov flow on a closed Seifert fibered space is topo-
logically equivalent to a finite lift of a geodesic flow on a hyperbolic surface.

For a toroidal 3-manifold M, the collection of JSJ-decomposition torus is in
invariant of Anosov flow on M in a sense of the following result.

Statement 5 ([1], [6]). Let Z be an Anosov vector field on a closed three-
manifold M and let T and T’ be some tori embedded in M and transverse to Z.
If T is homotopic to T', then T is isotopic to T' along the orbits of Z.

A central problem in the field has been to determine the number of Anosov
flows that can be supported by a single manifold.

Works of Plante, Ghys and Barbot [16], [10], [2] give finiteness results on
certain geometric (solvable or Seifert fibered) 3-manifolds. By contrast, much
more recent work shows that, for any given n, one can find examples of closed 3-
manifolds (either hyperbolic or with non-trivial JSJ-decomposition) that admit
at least n inequivalent transitive Anosov flows.

The first explicit examples of manifolds supporting multiple Anosov flows
were constructed in [2], where Barbot constructs a family of graph manifolds
that each support two distinct Anosov flows. The surgery techniques of Good-
man [11] may also produce two distinct Anosov flows on a manifold if the peri-
odic orbit used for the Dehn surgery admits two distinct purely cosmetic surgery
slopes. More recently, Bonatti, Beguin and Yu proved a general theorem allow-
ing them to glue many pieces with transverse toral boundaries [4]. They use
this new technique to construct, for each n € N, a non-geometric three-manifold
M, consisting of two hyperbolic pieces and one Seifert fibered piece which sup-
ports at least n distinct Anosov flows. Similar result was recently obtained by
Bowden and Mann using an analysis of the rigidity properties of certain fun-
damental group actions [7], but their manifolds M,, are hyperbolic. For each
n € N Clay and Pinsky [9] constructed a graph manifold which supports at least
n different Anosov flows. Their manifolds have only two pieces, each piece being
the exterior of a trefoil with a geodesic flow.

In the present paper, we prove the following result.

Theorem 1. For every n € N there are countable many graph manifolds My, r,,
k € N with a single geometric piece, each of which admits n pairwise inequivalent
transitive Anosov flows.



All previously known constructions of different flows on the same graph man-
ifold were based on gluing geodesic flows. The nature of the flows constructed
in this paper is completely different; they are created from a single hyperbolic
plug, which is a suspension over a Morse-Smale diffeomorphism on a surface.
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2 Hyperbolic plugs

In this section, we briefly outline the main ideas of the Beguin, Bonatti, and Yu
paper [4], illustrating the text with elementary examples.

A plug is a pair (V, X) where V is a compact 3-manifold with boundary
and X is a vector field on V, transverse to dV (in particular, X is assumed
to be non-singular on V). Given such a plug (V, X), we can decompose OV
as the disjoint union of an entrance boundary T)'(" (the part of OV, where X is
pointing inwards) and an exit boundary Ty (the part of OV where X is pointing
outwards). The plug (V, X) is called an attracting plug if Ty = @, a repelling
plugif Ty = @ and saddle plug, otherwise. The plug (V, X) is called a hyperbolic

plug if the maximal invariant set A = (| X*(U) of generated X flow X*, forms
teR
a hyperbolic set with one-dimensional strong stable and unstable bundles.

If (V, X)) is a hyperbolic plug, the stable lamination W} (resp. the unstable
lamination W§') intersects transversally T;g (resp. Ty ) and is disjoint from
Ty (vesp. T). By transversality, £ = Wi NTY and L% = W N Ty are
one-dimensional laminations.

The laminations L% and LY are Morse-Smale laminations (MS-laminations)
[4, Proposition 3.8], that is:

e (i) they contain finitely many compact leaves;
e (ii) every half non-compact leaf is asymptotic to a compact leaf;

e (iii) each compact leaf may be oriented such that its holonomy is a con-
traction, (this orientation is called the contracting orientation).

Example 3. For example, let as consider a gradient-like diffeomorphism Fi g :
T2 — T? (its phase portrait is shown in Figure 1). The non-wandering set of
the diffeomorphism F o consists of one sink w, one source a, and two saddles
o, p. The orbit space Ve of the source basin Vo, = WY\ a is homeomorphic to a
two-dimensional torus, and the stable saddle separatrices L® form a lamination
in it consisting of four pairwise disjoint knots. The lamination LY, which is
the projection of the unstable saddle separatrices into the orbit space V., of the
sink basin V,, = W5\ w, looks completely analogous. The hyperbolic plug (V, X)
is obtained from the suspension over the diffeomorphism Fi o by removing the
neighborhoods of the sink and source periodic orbits. The plug is a saddle and
its set A consists of two saddle periodic orbits corresponding the saddles o, p.
Moreover, there are homeomorphisms hy : Vo — T;, he @V, — Ty such
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Figure 1: Diffeomorphisms F o

that hy (L®) = L%, h— (L") = LY. Thus, L%, L% are MS-laminations without
non-compact leaves.

Statement 6 ([4], Proposition 1.1). Let (V,X) and (U,Y) be two hyperbolic
plugs. Let T)} be a union of connected components of Ty and T¢ be a union
of connected components of Ty . Assume that there exists a diffeomorphism
¢ Tx — Ty such that p(LY%) is transverse to L3. Let Z be the vector field
induced by X andY on the manifold W =V U, U. Then (W, Z) is a hyperbolic

plug.

If (V,X) is a hyperbolic plug such that V' is embedded in a closed three-
dimensional manifold M and X is the restriction of an Anosov vector field X
on M, then the stable (resp. unstable) lamination of the maximal invariant set
of V is embedded in the stable (resp. unstable) foliation of the Anosov vector
field X . This leads to some restrictions on the entrance and exit laminations
of V', and motivates the following definition.

A lamination £ on a compact surface S is a filling MS-lamination if it satisfies
properties (4), (i¢), (¢4¢) above and if the accessible boundary of every connected
component C of S\ L consists of two distinct noncompact leaves L1, Ly which
are asymptotic to each other at both ends. Since any filling MS-lamination can
be embedded in a C%!-foliation, then S is either a torus or a Klein bottle.

A hyperbolic plug (V, X) has a filling MS-lamination £% if and only if this
is also the case for the L% [4, Lemma 3.21].

The laminations of the plug from Example 3 are not filling. To get a plug
with the filling laminations let us consider the following example.

Example 4. Let k € N and let F' g be the connected sum of two copies of
diffeomorphism Fy o obtained by identifying V,, of the first copy with V,, of the
second copy using the k-th Dehn twist Dy, : V., — Vi, on the corresponding orbit
spaces (see Figure 2). Thus, the diffeomorphism Fi o is a Morse-Smale diffeo-
morphism on an orientable surface of genus 2 (see Figure 3). Its non-wandering
set consists of one sink w, one sources o, and fore saddles, whose invariant man-
ifolds intersect along 4k heteroclinic orbits. The projection of stable L® and un-
stable L* saddle separatrices to V,, and V,, accordingly is represented on Figure
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Figure 2: Diffeomorphisms F o#Fi o

3. The hyperbolic plug (V, X) is obtained from the suspension over the diffeo-

Figure 3: Diffeomorphism F o1

morphism Fy g1 by removing the neighborhoods of the sink and source periodic
orbits. The plug is a saddle and its set A is a one basic set consisting of fore
saddle periodic orbits and 4k heteroclinic orbits. Moreover, there are homeomor-
phisms hy = Vo — T, h_ = Vi, = Tx such that hy (L) = L%, h_(L*) = L%.
Thus, L, LY are filling MS-laminations.

Two filling MS-laminations £; and Lo on a surface S are called strongly
transverse if they are transverse and if every connected component C of S\



(L£L1ULy) is a topological disc whose boundary consists of exactly four segments,
which alternatively lie on leaves of £q and Lo (see Fig. 4).

a) b)

NHANM 2

Figure 4: a) strongly transverse; b) transverse, but not strongly transverse filling
MS-laminations

Statement 7 ([4], Proposition 1.3). In Proposition 6, assume furthermore
that the plugs (V,X) and (U,Y) have filling MS-laminations and that ¢(LY%)
is strongly transverse to L3,. Then the plug (W, Z) has filling MS-laminations.

Let (V,X;), i € {0,1} be hyperbolic plugs with filling MS-laminations and
strongly transverse gluing diffeomorphisms ¢; : Ty, — T;g Triples (V, Xo, ¢0),
(V, X1, 1) is called strongly isotopic if there is a continuous path (V, X¢, ¢¢), t €
[0,1] of hyperbolic plugs with filling MS-laminations and strongly transverse
gluing diffeomorphisms. Notice that this implies that (V, Xy), (V, X1) are topo-
logically equivalent.

Statement 8 ([4], Theorem 1.5). Let (V, X) be a hyperbolic plug with filling MS-
laminations such that the mazimal invariant set of X contains neither attractors
nor repellers, and let ¢ : Ty — T; be a strongly transverse gluing diffeomor-
phism. Then there exist a hyperbolic plug (V,Y') with filling MS-laminations and
a strongly transverse gluing diffeomorphism ¢ : Ty, — T; such that (V, X, )
and (V,Y, ) are strongly isotopic, and such that the vector field Z induced by
Y on V/i is Anosov.

To decide whether the Anosov vector field Z, generated a triple (V, X, ¢) in
Statement 8 is transitive or not, let us consider the oriented graph Y defined as
follows:

e the vertices of T are the basic pieces Aq,..., A of X;

e there is an edge going from A; to A; if Wy, intersects W3 or o(WR.)
intersects W .

We say that (V, X, ) is combinatorially transitive if any two edges of T can be
joined by an oriented path.



Statement 9 ([4], Proposition 1.6). Under the hypotheses of Statement 8, if
(V, X, ) is combinatorially transitive, then the Anosov vector field Z is transi-
tive.

3 Anosov flow for the hyperbolic plug (V, X) of
Example 4

Let us illustrate an idea of Statement 8 proof for the hyperbolic plug (V, X) of
Example 4.

As F 0,1 is a Morse-Smale diffeomorphism on a surface, then it has a com-
patible system of neighborhoods (see, for example, [14], [15]). We present a
modification of this notion for arbitrary MS-diffeomorphism f on a closed sur-
face following to [5, Theorem 2].

For v € {—1,+1}, let a, : R? — R? denote the diffeomorphism defined by

the formula .
CLV(ZL',y) = (V ' 571/ : 2y) .

The diffeomorphism a,, : R? — R2 has a unique fixed saddle point at the origin
O with the stable manifold W§ = Oz, and the unstable manifold W5 = Oxs.

Let N = {(z1,72) € R? : |x1m3| < 1}. We define a pair of transversal
foliations F“, F* in the neighborhood N as follows:

FU = U {($1,$2)€N : .1‘2:02},

ca €Oz

F= U {erm)eN s m=al

c1€0x1

Notice that the set N is invariant under the canonical diffeomorphism a,,
and a, maps the leaves of the foliation F* (F*) into the leaves of the same
foliation.

Let o be a saddle periodic point of the diffeomorphism f. Denote by m,
the period of the saddle point o. Recall that the orientation type of the saddle
point ¢ is the number v, equal to —1 (+1) if the diffeomorphism f" |yu reverses
(preserves) orientation.

A neighborhood N, of the saddle point ¢ is called linearizing if there exists
a homeomorphism %, : N, — N conjugating the diffeomorphism ™|y, with
the canonical diffeomorphism a,, |xr.

The foliations F*, F* induce, via the homeomorphism h_!, f™-invariant
foliations F¥, F? on the linearizing neighborhood N, (see Fig. 5). For any
point z € No, let F,',, F; . denote the leaves of the foliations F', F, passing

o,z

through the point z.
me—1
The neighborhood No, = |J f*(N,), equipped with the map ho, com-
k=0

posed of homeomorphisms hgf:’“ c f¥(Ny) = N, k=0,...,m, — 1, will be
called the linearizing neighborhood of the orbit O,.



Figure 5: Linearizing neighborhood of a saddle point o

A set Ny of f-invariant linearizing neighborhoods N, of all saddle points
o of the diffeomorphism f is called a compatible system of neighborhoods if the
following properties hold (see Fig. 6):

Figure 6: Compatible foliations

o If W NWS, = @ and W3, N W7, = & for saddle points 01,02, then
Ny, N Ngy = &5

o If WS NW, # & for saddle points 01,02, then

(F“ ,AN,,)CF" .. (F: ,NN,)CF:

o1,T o2,x) ( 02,T 01,2

for x € (Ny, N Ny,).
























