Advances in Mathematics 478 (2025) 110405

Contents lists available at ScienceDirect

MATHEMATICS

Advances in Mathematics

journal homepage: www.elsevier.com/locate/aim

Generalized electrical Lie algebras ™ )

Arkady Berenstein ", Azat Gainutdinov ", Vassily Gorbounov °

& University of Oregon, Mathematics Departments, USA

Y Laboratoire de Mathématiques et Physique Théorigque CNRS/UMR 7350,
Fédération Denis Poisson FR2964, Université de Tours, Parc de Grammont, 37200
Tours, France

¢ Faculty of Mathematics, National Research University Higher School of
Economics, Usacheva 6, 119048 Moscow, Russia

ARTICLE INFO ABSTRACT
Article history: We generalize the electrical Lie algebras originally introduced
Received 20 May 2024 by Lam and Pylyavskyy in several ways. To each Kac-Moody

Accepted 27 May 2025
Available online 17 June 2025
Communicated by Tony Pantev

Lie algebra g we associate two types (vertex type and edge
type) of the generalized electrical algebras. The electrical Lie
algebras of vertex type are always subalgebras of g and are

MSC: flat deformations of the nilpotent Lie subalgebra of g. In
17B05 many cases including sl,, so,, and spa2, we find new (edge)
17B10 models for our generalized electrical Lie algebras of vertex
05E10 type. Finding an edge model in general is an interesting open
17B67 problem.
82B20 © 2025 Elsevier Inc. All rights are reserved, including those
for text and data mining, Al training, and similar
Keywords: technologies.

Electrical Lie algebra
Electrical networks
Serre relations

Contents
1. Introduction and main results . . . . . ... ... ... e 2
2. Other vertex and edge models of electrical Lie algebras . . . .. ..................... 7

* This work was partially supported by the Simons Foundation Collaboration Grant for Mathematicians
no. 636972 (AB).
* Corresponding author.
E-mail addresses: arkadiy@uoregon.edu (A. Berenstein), gainut@gmail.com (A. Gainutdinov),
vgorb1l0@gmail.com (V. Gorbounov).

https://doi.org/10.1016/j.aim.2025.110405
0001-8708/© 2025 Elsevier Inc. All rights are reserved, including those for text and data mining, AI training,
and similar technologies.


https://doi.org/10.1016/j.aim.2025.110405
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2025.110405&domain=pdf
mailto:arkadiy@uoregon.edu
mailto:gainut@gmail.com
mailto:vgorb10@gmail.com
https://doi.org/10.1016/j.aim.2025.110405

2 A. Berenstein et al. / Advances in Mathematics 478 (2025) 110405

3. Proof of main results . ... ... ... 12
3.1.  Proof of Theorem 1.2 . . . . . . .. . . e e 12

3.2.  Proof of Theorem 1.3 . . . . . . ... e 14

3.3.  Proof of Theorem 1.4 . . . . . . .. e 15

3.4.  Proof of Theorem 1.7 . . . . . . e 15

3.5.  Proof of Theorems 1.5, 2.3, and 1.9. . . . ... . . . ... 16

3.6.  Proof of Theorem 1.12 . . . . . .. . ... e 17

3.7. Proof of Theorems 2.7 and 2.8 . . . . . . .. ... 18

3.8.  Proof of Theorems 2.9 . . . . . . . . . e e 19

3.9.  Proof of Theorem 1.10 . . . . . ... e e 20

4. Appendix: Flat deformations . . . ... ... .. L L 20
Acknowledgments . . . ... 21
References . . . ... . 21

1. Introduction and main results

The electrical Lie algebras were introduced by T. Lam and P. Pylyavskyy in [8] and
further studied by Yi Su in [10]. An infinitely generated electrical Lie algebra of type
A also appeared in the context of categorification in representation theory [2]. The aim
of this paper is to generalize the notion of electrical Lie algebra into a multiparametric
family in any given semisimple or Kac-Moody Lie algebra g, in such a way that they
are flat deformations of the nilpotent part n of g. We also construct various embeddings
(vertex and edge models) of the electrical Lie algebras into the corresponding Kac-Moody
ones.

We start with the definition of the electrical Lie algebra given below which depends
on a set of parameters a;. If all a; are equal to the imaginary unit these generators
in the case of sl,, give an important representation of the Temperley-Lieb algebra for
the zero value of the loop fugacity parameter ([1]) and they also give a solution to the
Zamolodchikov tetrahedral equation [9], [6].

Definition 1.1. Let A = (a;;) be a (generalized, not necessarily symmetrizable) I x I
Cartan matrix and let g = g4 =< ey, f;,7 € I > be the corresponding Kac-Moody Lie
algebra. For any family a = (a;,7 € I) € C! let g® be a Lie subalgebra of g generated
by

U; = ei—i—ai[ei,fi]—affi ,iEI. (11)
We call g®) a generalized electrical Lie algebra of type g.

. . 1
In particular, sléa) is generated by a single nilpotent u = <_(22 _a € slo.

This definition makes sense if the ground field C is replaced with any algebra con-
taining all a;, e.g., with Cla;, 7 € I] and it is justified by the following.
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Theorem 1.2. For any Kac-Moody Lie algebra g and any a € C! the generalized electrical
Lie algebra g of type g satisfies
(ad u;)' = (uj) = —26

aij,_laﬁaiajui (12)

for all distinct i,j € 1.

It turns out that these relations are defining. This was conjectured for finite types in
[8, Conjecture 5.2], which was partially confirmed in [10] and [3,4].

Theorem 1.3. In the notation of Theorem 1.2 the relations (1.2) provide a presentation
of . Moreover, g is a flat deformation of the nilpotent part n =< e;,i € I > of g
in the sense that g® = n for any a € C! as naturally filtered vector spaces.

We prove Theorem 1.3 in Section 3.2 (along with its generalization to any coefficient
algebra R containing all a;) by utilizing a mini-theory of flat deformations of associative
and Lie algebras which we present for the reader’s convenience in Appendix.

Note that if we view all a; as formal parameters (after replacing C with Cla] =
Cla;,i € I]), then Cla] ® g is graded by the root lattice Q := @ Z«; via dega; =
dege; = —deg f; = a;, i € I. In particular, u; is homogeneous V\Znetlh degu; = a; and
both g® and U(g®) are Q-graded.

Now we construct a “real form” g(P) of the electrical Lie algebra si®,

Theorem 1.4. Let g = sl,. Then gauiga* = e; + bi_1fi_1 fori =1,...,n — 1 in the
notation of (1.1) (with the convention fo = 0, ag = 0), where we abbreviated b; :=
—aja;i1 and ga 1= edn—1fn-1... ga2f2oa1f1 ¢ SL,.

We prove Theorem 1.4 in Section 3.3.

A bit paradoxically, if all a; are imaginary hence b; in Theorem 1.4. We produce more
real forms of g(® below and in Section 2.

More generally, for any b = (b1, ..., by_2) € C"~2 we denote by sl the Lie subalge-
bra of si,, generated by u; :=e; +b;—1fi—1,7=1,...,n—1 (with the convention by = 0,
fo = 0 and establish the following

Theorem 1.5. The Lie algebra sl%b) has a presentation
o [usuy] = 0 if i — j| > 1

o [u;, [ug, uj)] = —2bming jywi if i —jl =1

We prove Theorem 1.5 in Section 3.5 as a particular case of Theorem 2.3.

Clearly, if all b; # 0, Theorem 1.5 follows from Theorem 1.4. Note however, that for
n=>5,b; #0,by =0, by # 0, such a tuple (a1, az, as, as) does not exist and the assertion
of Theorem 1.5 does not follow from Theorem 1.4.
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Theorem 1.4 suggests an “edge model” of generalized electrical Lie algebras as follows.
Given a Kac-Moody Lie algebra g and a tuple b = {b;; = bj;|a;; = —1}, we denote
by g® the Lie algebra generated by u;, i € I subject to

(ad ’U,i)l_aij (Uj) + 25aij7,1bijui =0 (13)

for all distinct ¢, 7 € I where b;; = 0 unless a;; = —1. We refer to g(®) as the generalized
electrical Lie algebra of the edge type g associated with the Lie algebra g (so it is logical
to think of g(® as the vertex type). Ultimately, on Theorems 1.4 and 1.5, we say that an
edge model of an electric Lie algebra of type g is any subalgebra of g isomorphic to g(®.

Clearly, if all b;; = aj;a;a; whenever a;; = —1 in the notation of (1.2), then by
Theorem 1.3, g®) = g(®) . Note however, that the generalized electrical Lie algebra slglb )
of the edge type sl is also embedded into si,, for any b € C™ (here b; = b; ;41 = bit1,
fori=1,...,n—2).

Based on this, we can pose a natural

Problem 1.6. Describe the set V4 of all tuples b = {b;; = bj;|a;; = —1} such that g(®)
admits an edge model.

Theorem 1.3 gives an edge model for all b = (b;;) € V4 with b;; = aj;a:a;.

Using the edge model sl%b), we generalize a remarkable observation of Lam and

~

Pylyavskyy from [8] that sl Spn—1, where 1 = (1,...,1), for all n > 2 as follows.
Recall that the Lie algebra sp,, for n odd was introduced in [5].

n—1 /n—2
Theorem 1.7. sl preserves the form wp == > ( II (b7)) vp ANvjyq in C" = Cup @
k=1 \i=k
-+« @ Cuy. If n is even then this form is non-degenerate as it follows from [11]. In this
case slg,,b) is the intersection of sp., C sl with the annihilator of v! = v1 — byvs +

bibzvs — bibsbsvy + -+ € C™ = V,,, (where {v1,...,v,} is the standard basis of C™),

therefore, sléb) is isomorphic to spn,—1 when by ---by_o # 0. If n is odd, then the form

wp has a one-dimensional kernel that is an invariant of the action of slglb).

We prove Theorem 1.7 in Section 3.4. For n = 6 the form Qéb) is given in vy,...,vg
by its Gram matrix

0 b1b2b3by 0 0 0 0

—b1b2b3by 0 —bobsby 0 0 O

Q(b) o 0 b2b3b4 0 b3b4 0 0
6 = 0 0 —bsby 0 —by O
0 0 0 by 0 1

0 0 0 0 -1 0

In view of Theorem 1.7, the electrical Lie algebra of type sl, has a trivial center if
n is odd and a one-dimensional center if n is even. It is curious that the non-injective
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homomorphism slg;) X spop_1 — Slog_1 is far from the natural embedding spor_1 C
slag_1.
We will use other principle unipotents for conjugation of the standard embedding into

several new ones.

Example 1.8. Conjugating with g, = e®/2en/1¢%f3 and g/ = enfre®sfaet2fz in SL,
respectively, gives two new embeddings slia) — sly:

gattig'y ' = ei + 8;2(bufy + bafs + bibs[fi, [fa, fo]]) .
g;’uig”gl =e; + (1 — d;2)(bif2 + b[fi; f2])

for i = 1,2, 3, where we abbreviated b = —ajas, b3 = —asas, b = —ajasas.

We generalize the first embedding to all g with a conical Dynkin diagram which
includes all simply-laced g (Theorem 2.1) and the second embedding to all g with a star-
like conical Dynkin diagram, including D4 and D, (Theorem 2.5). The following result
gives such an edge model in types B and C and is of “conjugation type” as Theorem 1.5.

Theorem 1.9. (a) Let g = soo, 41 with I = {1,...,n} and the short root is ay. Then the
assignments w; — e; +b;_1;fi—1, ¢ =1,...,n define an injective homomorphism of Lie
algebras sog};’l)_‘_l < S09p4+1 (with the convention by; =0)

(b) Let g = spay, with I = {1,...,n} and let the long root be av,. Then the assignments
u; = e +bi—1ific1 — 5i7n%b%,n_1[fn_1, [frno1, fn]] for i = 1,...,n define an injective

b)

homomorphism of the Lie algebras sp;n > SPon -

We prove Theorem 1.9 in Section 3.5 by using results of Section 2 where we also
construct vertex models for electrical Lie algebras of several other Kac-Moody types,
including Eg, E7, Eg, Fy, Gy and their affine versions as well (Theorems 2.1 and 2.3)
along with some edge models (Theorem 2.9).

Our next result also gives an edge model for dihedral, type D, and affine A type,
however, unlike Theorem 1.9, we do not expect any intertwiner from the vertex model.

Theorem 1.10. (a) Let g = ga be a Kac-Moody algebra of rank 2 with I = {1,2} such
that a1 < —2. Let bio := asia1a2. Then the assignments uy — e1, us — es + biafi,
define an injective homomorphism of Lie algebras g(®) < g.

(b) Let g = soan, n > 3 with I = {1,...,n} and with the branch at i = n—2. Then the
ei+bi—1ificn f1<i<n-—2 ;
€i+bp_2ifn-2 ifie{n—1n}
homomorphism of Lie algebras 309;) > SO2,.

(c) Let g = sl,, the untwisted affine Lie algebra of type A,_1 with I = {0,...,n—1}.
Then the assignments u; — e; +b;_1 ;fi—1, where i — 1 is calculated modulo n fori € I,

assignments u; — = 1,...,n, define an injective

~(b ~
define an injective homomorphism of the Lie algebras sl( ) — Sl
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We prove Theorem 1.10 in Section 3.9.

Remark 1.11. The affine electrical Lie algebra of type fln_l from the theorem above was
first discovered by T. Lam and A. Postnikov, see [7].

Theorem 1.12. For any b € C"~! one has:

(a) spg;) o g Prbnz) J, where the first factor is a copy of sl{frembn=2) 4y spg;)
generated by uy, ..., un,—1 and J is the Lie ideal ofspg:l) generated by u,, and sl,(,bl""’b""z).

As sl%l""’b"’z) module J is isomorphic to S2V where V is the restriction to
slslbl"”’b””) C sl,, of the standard sl,,-module V,,, = C™.
(b) If all b; # 0, then there is an isomorphism of Lie algebras J = sln]j_1 for some

choice of the parameters b’ (whzch we speczfy in the proof) and the Lie algebra spé )

(blv bn— 2) )

X sln+1

naturally isomorphic to sly,

Remark 1.13. It is well-known that h x g = h ® g for any Lie algebra g and its subalgebra
b under the right adjoint action of h on g (namely, the diagonal copy of h in h x g
commutes with (0, g)).

Moreover, applying this to g = spn, b = spn—1, Theorems 1.7 and 1.12(b) produce,
after an appropriate localization, an isomorphism

(b) ~

SPyy Sl(bl’ brn_2) ® l(bl bn—1)

recovering [10, Theorem 2.3.1].!
We prove Theorem 1.12 in Section 3.6.

Example 1.14. The Chevalley generators of spg are given in terms of the folding of the
standard generators for slg under the flip i — 6 — i:

El=eltes, éa=extes, Ez=e3, fi=fi+ fs, fo=fot fu, 3= [

The flip-invariant copy of sléb) is generated by the elements (Theorem 2.3 with &k = 3)

iy = e, Wiy = eg + b f1, U3 = &3 + bafa — b3[fa, [f2, f3]]/2

Uy = €4+b1f5, Us = €5 .

The generators of spéb)

spéb): w3 = ug, wy = [ug, [uz,us]], w1 = [u1, [u1, ws]]. These elements, on the one hand,
generate the ideal J and, on the other hand, a copy of slib ) where b’ = {—32b3b% , —8b3}.

This shows a splitting of spéb) into a semidirect product as in Theorem 1.12(c).

are uy; = Uy +us, ug = Us+1Uq, ug = 3. Introduce the elements of

L The electric algebras of type B, in [10] correspond to the type C,, in our approach.
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’ 2
Moreover, as Remark 1.13 claims there is a copy of sléb N=8% that commutes with

the above copy of slz(lb/). It is generated by the elements
v1 = —8b1bou + wy, v = 4bous + wo
After the appropriate localization
spéb) = slébl) @ slébl’bz)
where the generators of the summands are
1 w2 Wa w1

w
_ 21 and 2
l =gy 2 g, tend s~

respectively.
2. Other vertex and edge models of electrical Lie algebras

In this section, we generalize Theorem 1.4, Example 1.8 and Theorems 1.9, 1.10 to
other semisimple and Kac-Moody algebras.

To any (generalized) Cartan matrix A = (a;5,4,j € I) we assign its graph I'(A) on
the vertex set I such that (i5) is an edge iff a;; < 0.

We say that a rooted tree is conical if the only possible branch is at the root (which
we always denote by 0).

For example, a linear graph with the set of vertex [—m,n], m,n > 0 is a conical tree.
Also, all Dynkin diagrams of types ADE are conical rooted trees.

Any rooted tree I' with root 0 is naturally a layered partial order < on I' with the
maximal element 0 and whose minimal elements are the leaves. Furthermore, for any
i € T'\ {0} denote by it € I the parent of 7 in <, that is, the smallest element j such
that ¢ < j.

Likewise, if T" is a conical tree, for any non-leaf i € I"\ {0} denote by i~ € I the only
son of 7 in <.

Theorem 2.1. Suppose that T'(A) is a conical tree with the root 0 and a;; € {0,—1} for
alli,j € I such that j # 0. Then (Ad ga)(u;) =

ei + bi- fi- ifi#0
2 2
eo —aof — £, [E, fol] = 3 ¢ (ad £+ aofo. £])* (£, [, fol]) ifi=0
k>3
fori € T'(A), where we abbreviated b;— := —a;a;+ for i € I (with the convention b;—- =0
for any leaf i of T), £ := Y. a;f; and ga = e®/o [] e%/i, where the product is
JELj+=0 i#£0

decreasing (i.e., it always precedes i ).
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Proof. We need the following

Proposition 2.2. Suppose that I'(A) is a conical tree with the root 0 and such that a;; €
{0,—1} for alli,j € I such that 0 ¢ {i,j}. Then

e +bi- fi- ifi#0
Ad = 5 5 s
(Ad ga)(u:) eo + aolf, ho + aofo] — af X° (ad £)*(fo) ifi=0
k>2
fori € T(A), where we abbreviated b;— := —a;a;+ for i € I (with the convention b;- =0
forany leafi), f:= > a;fj and ga = e@fo TT e® i where the product is decreasing
jeIj+=0 i#£0
N k
(i.e., it always precedes i), and f = (Ad e™/0)(f) = Y % (ad fo)*(f).
k>0

Proof. Indeed, if i # 0, then g, = ¢g'g” where ¢’ = e®/fo ] e%/i and ¢” = [] e%/s,
el jer
both products decreasing where I = {j: j =i}, I' = (I \ {0}) \ I".
As in the proof of Theorem 1.4, (Ad ¢")(u;) = e; + b;- f;- hence

(Ad ga)(us) = (Ad g')(ei + b;- f;-) = €i + b;- f;-

because both e; and f;- are fixed by Ad ¢'.
This proves the first case.
Now let ¢ = 0. Then

(Ad ga)(uo) = (Ad e®/o T e /%) (uo)
i#0
= (Ad el T ) (uo) = (Ad e™/ef)(uo)

i€l:i+=0
because [f;, f;] = 0 if i* = j© = 0. Furthermore,
(Ad ef)(uo) = (Ad ef)(eo + apho — agfo) = e + ao(Ad ef)(ho) - a(Q)(Ad ef)(fo)
= ug + ao[f, ho] — a3 ((Ad €")(fo) — fo)

because [f,ho] = >  ajap;fi- Therefore, [f,[f, hy]] = 0. Finally,
i€t =0

(Ad ga)(uo) = (Ad %) (ug + ao[f, ho] — ad((Ad €¥)(fo) — fo))
= e + ao[f, ho + 2a0 fo] — a2((Ad €)(fo) — fo)

because (Ad e®70)(hg) = hg + 2a0 fo.
This proves the second case. The proposition is proved. O
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Since ag; = —1 whenever T = 0 hence [fo, [fo, f]] = 0, we obtain

f= f+a0[f0,f] .

Also, [f, ho] = —f and [[fo, f], ho] = [fo, f], therefore,

[£, ho + ao fo] = [f + aofo, £], ho + a0 fo] = —

Finally, note that

[£, fol = [f + ao[fo, 1. fo] = [£, fo]

and

[ﬁ [f7 fOH = [f + (Io[f(), f]a [f’ fOH] = [f’ [f7 fO]]]
The theorem is proved. O

Theorem 2.1 covers the cases when g is of types Eg, F7, Fg, and Fj.
Viewing the Dynkin diagram of sl,, as a conical tree with a “root” 0 =k € {1,...,n—
1} we obtain the following corollary of Theorem 2.1, which generalizes Theorem 1.4.

Theorem 2.3. For any k € {1,...,n — 1} the assignments

ei +bi—1fi1 ifi<k
u; — § e; + bifi+1 ’Lf’L >k
ek + br—1fk—1 + bk frr1 + bk—1bi[fr—1, [for1, fi]] ifi=k

(b)

define an injective homomorphism sly, ' < sl,, (where b; := —a;a;11).

We prove Theorem 2.3 in Section 3.5.
The following is an immediate corollary of Theorem 2.1.

Corollary 2.4. Let T'(A) be a conical star tree (i.e., every non-root is a leaf) with a;o =
ag; = —1 for all i € I'\ {0}. Then the assignments

u; > e; — apd; o(f —  [f5 fol] aoz . (ad £+ aofo, £)" ' ([£, £, fol]))

k>3

where £ := " a;f;, define an injective homomorphism g@ —g.
J#0
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Theorem 2.5. Suppose that I'(A) is a conical tree with the root 0, Jy is a set of leaves of
I'(A) attached to the 0, and a;; € {0, —1} for alli,j € I\ Jy such that j # 0 and (i.e.,
J& ={0}) such that a;o = —1 for alli € Jy. Then

A N
—a} % ¢ %G (ad (f/+ailfo S 2(Fi £, £ ifi € T4

(Ad ga)(ui) = { eg — aof - *[ £, fol]
% hllod £+l DR =0
e; + b;- fi- otherwise
for i € T(A), where we abbreviated b;- := —a;a;+ fori € I\ Jy, by := —apa;, i € Jy
(with the convention bi- = 0 for any leaf i), fy == > a;f;, £ := > a; i,
= JEINJ7j+=0
fo = kgo%(ad £)%(fo), f] = kg{)%(ad £y — aif:)*(fo), i € Ji, and ga =
efteaofo II e i where the p;“oduct is decreasing (i.e., iT always precedes i).
ien\({0}uy)

Proof. The case i # 0, i ¢ J; follows from the proof of Theorem 2.1.
Now let 7 € J. Note that (Ad e%7%3)(u;) = u; for all j #0, j ¢ Jo. Also, i € Jy:

(Ad eaifieGOfO)(ui) = (Ad eaifieaofoefaifi)(ei) = (Ad eao(fO‘i’ai[fi’fO]))(ei)
Taking into account that

(ad ((fo + ailfi, fol))(e:) = ail[fi, fol, €]
= a;[[fi, €], fo] = —aoailhi, fo] = —aifo

and
(ad (fo+ ailfi, fo))* ™" (fo) = aillfi, fol. foll ,
we obtain
(Ad e%Tiem0f0) (u;) = e; — agai fo + ];2 ad (fo + ailfi; fo]))*~ Hawaoai fo)
= e+ bifo - —[[f“ fol, fo] = aoaf ; 2, ~(ad (o ailf D)5 S o) -
Finally,

Ad ga(u;) = (Ad ef+e®fo)(u;) = (Ad ef+~2f) ((Ad e Tie0 o) (u;))
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B

b? a
ei +bifo; — é[[fi, foils foil = af Z k—(;(ad (foi + alfis fo,l)* 2 (i fo)s Foi)) -

k>3

Now consider the remaining case ¢ = 0. Then
Ad ga(ug) = (Ad ef+e®foefe=a0f0)(e)) = (Ad ef+ef)(eo) = Ad e+ (ef(eg))

where f = (Ad e%f)(f) = f + ag|fo, f].
Finally, using the argument from the proof of Theorem 2.1 for ¢ = 0 and replacing fo
with f} = Ad ef+(fy), we finish the proof of Theorem 2.5. 0O

The following is an immediate corollary of Theorem 2.5.

Corollary 2.6. In the assumptions of Theorem 2.5 assume additionally, that I\ J4 is of
type A. Then
(a) the assignments

e; + b~ fi- ifi g Jy

ei +bifo+bi kgl mlad (£ —aifi)*(fo) ifieJy

Ui

define an injective homomorphism g® < g.
(b) Suppose that I = {1,...,n}, {1,...,n— 1} is of type A,_1, and aip = ani = d;k-
Then the assignments

€; + biy1fit1 ifl<i<k
Ui = S e+ bp—1 kfe—1 + bk, k1 frr1
Fbr—1,kbk k1 [fr—1, [for1, fr + anlfn, fell] ifi=k

where b;j == a;ja;a;, define an injective homomorphism g® —g.

Theorem 2.7. Let g = ga be a Kac-Moody algebra with I = {1,...,r} such that the
Cartan matriz A of g satisfies a;jaj; # 0 iff |i—j| =1 and a;j; < a;—1, ;-1 for all distinct
h,j=2,...,T.

Suppose also that the following three conditions hold.

o Either ajo = a1 = —1 or ags < —1.
o Either Ai—1,Q4,54+1 >1 or Ai—1,45 = A4 441 = A 5—1 = -1 fori = 2, ceaa T
o Either A i—1Qi41,i > 1 or Qit1,i = Qi i—1 = Qji+1 = -1 fOT’i =2,...,7T.

€1 Zflzl
ei+bi—1fic1 f2<i<r

— g, where we abbreviated b; := aji1 ja;a541 for j =1,...,r =1,

Then the assignments u; — { define a homomorphism of

Lie algebras g'(b)
similarly to Theorem 1.9 and A’ is I x I the Cartan matriz of g’ given by aly = a2
ay, = ag and aj; =min(a;—1;j-1,ai;) fori,j=2,...,r
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Theorem 2.8. Suppose that I = {1,...,r +d}, r > 1, d > 1 such that a;jaj; # 0 for
distinct 4,7 iff either i,5 < r and |i — j| = 1 or min(i,j) = r, the restriction of A to
{1,...,r,7+i} satisfies the assumptions of Theorem 2.7 fori=1,...,d and ay4ir+; =0
for all distinct ©,j = 1,...,d. Then the assignments

€1 ZfZ =1
i Qe +bi1fior if2<i<r
e; +bi fr ifr<i<r+d
define a homomorphism of Lie algebras g”(b) — g, where we abbreviated b; := a;ra,a;
fori=r+1,....,r+d and A" is the I x I Cartan matriz of " with a;; = a;; whenever
i,j=1,...,r, a;’j = min(a;—1,j-1, a;;) whenever min(i,j) =r, i # j and the remaining
aj; = 0.

We prove Theorems 2.7 and 2.8 in Section 3.7.
Taking g’ = g in Theorem 2.8, we obtain the following

Theorem 2.9. Suppose that I = {1,...,7+d}, a;ja;; # 0 for distinct i, j iff eitheri,j <r
and |i —j| = 1 or min(i, j) = r (as in Theorem 2.8) and the Cartan matriz of g satisfies

o Fither a1o = az; = —1 or as; < —1.

o Either a;—1; = Qi1 = Qii—1 = —1 or a;;41 < —1 and a;541 < aj—1,; fori =
2,...,r
o Either a;11; = ;-1 = Qi i1 = —1 or ajy1,; < —1 and ajy1,; < aj;—1 fori =
2,...,r.
o a;; < a;_1,j—1 whenever min(i,j) =r, i # j.
e1 ifi=1
Then the subalgebra generated by u; := S e; +b;_1fi_1 if2<i<r s naturally
e; + b fr ifr<i<r+d

isomorphic to g® for any b = (by,. .., bp—1).

We prove Theorem 2.9 in Section 3.8.
As in the proof of Theorem 1.3, all results of this section are valid if one replaces C
with and C-algebra containing all a; (resp. all b;;).

3. Proof of main results

3.1. Proof of Theorem 1.2

Let e;rj := %(ad ei)"(e;), firj = %(ad fi)"(f;), and w;rj := kzo a;"_k(a”:rk_l)(eikj —

(—1)ra$ka§fikj) for any distinct 4,5 € I and r > 1.
We need the following result.
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Proposition 3.1. [u;, uirj] = (r + L)ur+1; for all distincti,j € I and r > 1.
Proof. The following is immediate.

Lemma 3.2. [f;, e;n;] = —(ai; +k—1)en-1j, [eq, fir;] = —(ay+k—1)fix—1; for allk >0
(with the convention f;-1; =e;-1; =0).

Thus, we have for r > 1:
- a;g; +r—1
st = 30 (7 v ] - (1) e o)
k=0

T fagi+ 1 ,
= a; k<a3 Tk )((k + Ve + (1) (ay; +k — 1)a?ka?fi’“*1j) ,

k=0 "
wmm—Zd%%ﬁngmﬁ<n”“mﬁm
k=0

r— a,Jrr 1 -
-—}j k( ) )@k+auﬂﬁw+%—0<ﬁ“@ﬂw),

UMM=§@%%““)M,14>”“mLm

r
k=0

a ijr—1 :
= a:fk (a J + rk )(—(CL” =+ k — 1)61-1%1]- — (_1)T(k + ].)a?ka‘?fikﬁ»lj)

k=0 "
Therefore,
r+1
(s wirs) = Y eray ™ (e + (=1)"ai*aj fir)
k=0

where ¢,41 =7+ 1 and

ck:(r—y)(yi1>+(m—|—r+1—2y)<;€)+($—y+1)(yf1>

:(r+1)<§i_i) —(y+1)<yf_1)+(x—2y)<z>+y<Z) =(r+1)<zii>

becanse (,%,) + (2) = (1), 0+ D(,5) = (@~ 0)(). (2 =+ 1(,,) = y(5). where
we abbreviated x :=a;; +r -1,y =7 — k.

This proves Proposition 3.1. O
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Furthermore,

[’U,l', 'U,j} = [61' + aihi — a?fi, € + ajhj — (Z?fj} = €45 + afa?fij

—ajajie; + ajaije; + a?aiaijfj — afajajifi =u;; —a;a;;(e; + azf;)
Taking into account that
[ui,e; + a3 fi] = [ei + aihi — ai fi, e; + a3 f;] = 2au;
and using Proposition 3.1 with r = 2, we obtain
(ad w;)*(uj) = 2u;2; — 2a;a5a5;u; -
In turn, this and Proposition 3.1 imply by an induction in r > 3 that
(ad u;)"(u;) = rlugr;

for all r > 3.

Finally, if 7 = 1 — a;; then (“7""~") = 0 for all k < r and e;r; = f;; = 0 which
implies that u;; = 0.

Theorem 1.2 is proved. O

3.2. Proof of Theorem 1.3

We apply the results of Appendix to our situation as follows.

Let R be any C-algebra, fix a family a = (a;,4 € I) of elements of R.

Denote A := R ® U(g). By definition, the subalgebra B of A generated by X :=
{u; = e; + a;h; — a2 fi,i € I} over R is U(g®). According to (1.2), the kernel of the
canonical homomorphism ¢x g : R(X) — B contains the set Y := {(ad u;)*~% (u;) +
25a1j7_1ajiaiajui 21,5 €11 7& _]}

Let us define a filtration on A by setting dege; = 1, deg f; = degh; = 0 for i € I.
Clearly, grA is generated by e;, fi, h; subject to the usual Serre relations except for
[e;, fi] = h; which is replaced by [e;, fi] = 0. In particular, the subalgebra By of grA
generated by e;, i € I is naturally isomorphic to R ® U(n).

Then the natural inclusion of R-algebras B C A is compatible with the filtration and
defines a natural inclusion of graded algebras grB C By because gr u; = e; for i € [
(that is, grX = {e;,i € I}).

Clearly, gr Y = {(ad e;)*~%i(e;) : i,j € I,i # j} and is the presentation of By, i.e.,
gr Y generates the kernel of the canonical homomorphism g, x ¢r5 : R{grX) - grB =
B().

Thus, all conditions of Proposition 4.1 are met. The proposition guarantees that the
relations (1.2) give a presentation of B = U(g®)) as an associative algebra over R hence
of the Lie algebra g® over R.

The theorem is proved. O
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3.3. Proof of Theorem 1./

Clearly, u; = (Ad e=%fi)(e;) foralli € I = {1,...,n —1}.
Then for i = 1 we have

(Ad ga)(u1) = (Ad etn=1In=1 ... e®2/2) () = ¢, .
Now let 4 > 2. Then

(Ad etifi ... 6a2f2€a1f1)(’ui) _ (Ad eaifieai—lfi—le_aifi)(ei>
— (Ad eai—l(fi—1+ai[fi7fi—l]))(ei) _ (Ad eai—lai[fi;fi—l])(ei)

=e; + ai—10i[[fi, fi—1], €] = e; —ai—1a;ifi1 -

Here we used the facts that (Ad e®7)(e;) = e; if i # j, (Ad e*19)(f;) = f; whenever
li —j| > 1 and (Ad e®/")(fi_1) = fi—1 + ai[fi, fi—1] because a;;—; = —1. This is based
on the following general fact

(Ad e®)(y) = e** *(y) - (3-4)
Finally,
(Ad ga)(u;) = (Ad etn=tIn=1 .. evimrlinn) (e, —a; ja;fi 1) = e; — ai1a;fi1 -
The theorem is proved. O

3.4. Proof of Theorem 1.7

Recall that sl,, acts on V* via

*

ei(v5) = 04jviy1, fi(v]) = 0ip1 507

where {v}} is the basis of V* dual to {v;}. Therefore, a direct calculation shows that the

generators u; = e; + b;_1f;—1 fori=1,...,n—1 of sl%b) preserve
n—1 /n—2
wp = Z <H(bl)> v Ay (3.5)
k=1 \i=k

I ¢ V is invariant under the restriction from sl,-action on

It is immediate that v
V = V,, to the sl%b)—action on V. This, in particular, implies that the orthogonal
complement V1 C V* to v! is a (co-dimension 1) sl%b)—submodule of V*.

It is easy to see that wy, € A2V* in fact belongs to A2V! for odd n. Clearly, in this

biv; + vy, ifiisodd | . 1
case vectors w; = i =1,...,n—1 form a basis of V' and

v} if 4 is even
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—wp = w1 ANwg + w3 Awy -+ - Wyp_o AN wy,—1 and it of rank n — 1 if by -+ - b,_o # 0. Since

1Y)

dim slﬁlb) = dim sp,,_1, this implies that s = sp,_1, and thus finishes the proof for

odd n.
k

Let n be even. It is well-known that det M = [] ma; 2;—1m2;—1,2; for any tridiagonal

i=1
2k x 2k-matrix M with m;; = 0.
This implies that wy, is of rank n if by - - - b, _o # 0. Therefore, in this case, the annihi-

) identifies with a Lie subalgebra

lator of wy, in sl, is isomorphic to sp,. Therefore, slslb
of spy,.

Since V' is a simple sp,-module, then for any nonzero v € V the annihilator of v is
isomorphic to the maximal parabolic subalgebra of sp,,, i.e., to sp,_1.

Since sl%b) also annihilates v! € V, slg’) is a Lie subalgebra of sp,_1. Then the

lﬁlb) ~

dimension argument once again implies that s 2 sp,—1 as well for even n.

The theorem is proved. 0O
3.5. Proof of Theorems 1.5, 2.3, and 1.9

Note that Theorem 1.5 is a particular case of Theorem 2.3(a).

Let R = Cla;,i € I] and let R be its subalgebra generated by all b;; = aj;a;a;
whenever a;; = —1 in the assumptions of Theorems 1.9 and 2.3. Clearly, R=C [bsj]-

Indeed, let u; = uP € R®g, i € I be the elements as in (the right hand sides of)
Theorems 2.3 and 1.9. Let v}’j € R® g be the left hand side of (1.3) in each case.

Lemma 3.3. v}’j =0 in each case of Theorems 1.9 and 2.5.

Proof. Theorem 2.1 taken in R ® sl, and 0 = k € A,,—1 (so that A,_; is the rooted
conical tree with sub-trees {1,...,k —1} and {k+1,...,n — 1}) implies Lemma 3.3 in
the assumptions of Theorem 2.3 forA R® sl,.

Likewise, Theorem 2.1 taken in R® S09,+1 and 0 =n € B, (so that B,, is the rooted
conical tree with a single sub-tree {1,...,k — 1}) implies Lemma 3.3 in the assumptions
of Theorem 1.9(a) in R® $02741-

Finally, Theorem 2.1 taken in R ® spa, and 0 =n—1 € C,, J4 = {n} (so that C, is
the rooted conical tree with a single sub-tree {1,...,n —2} and Jy) implies Lemma 3.3
in the assumptions of Theorem 1.9(b) in R® Span, (with b, = b;_1,; for i < n and
by =bpp_1).

The lemma is proved. O

Furthermore, we proceed similarly to the proof of Theorem 1.3. Indeed, let R be any
C-algebra containing all b;;.

Denote A := R ® U(g). By definition, the subalgebra B of A generated by X :=
{ug,i € I} over R is U(g®).
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The canonical specialization homomorphism R - R implies that Lemma 3.3 holds
over R as well, that is, u; satisfy the relations of Theorems 1.9 and 2.3, that is, in the
notation of Proposition 4.1, the kernel of the canonical homomorphism ¢x 5 : R(X) - B
contains the set Y := {v},4,j € I}.

Let us define a filtration on A same way as in the proof of Theorem 1.3.

In particular, the subalgebra By of gr A generated by e;,i = 1,...,n — 1 is naturally
isomorphic to R ® U(n), where n =< ¢;,7 € I > is the nilpotent Lie subalgebra of g.

Then the natural inclusion of R-algebras B C A is compatible with the filtration and
defines a natural inclusion of graded algebras grB C By because gru; = e; for i € I
(that is, grX = {e;,i € I}).

Clearly, grY = {(ad e;)'7%i(e;) : i # j} and is the presentation of By, i.e., grY
generates the kernel of the canonical homomorphism ¢y, x grp : R(9rX) — grB = By.

Thus, all conditions of Proposition 4.1 are met. The proposition guarantees that the
relations of Theorems 1.9 and 2.3 give a presentation of B = U(g(®)) as an associative
algebra over R hence, of the Lie algebra g(®) over R.

Theorems 1.5, 2.3, and 1.9 are proved. 0O

3.6. Proof of Theorem 1.12

b)

Proof. The generators of sp(2n are as in Theorem 1.9

_ 1 _ _ _
up =€ +bi_1fi_1 — 5i,n§bi—1[fn—la [fn—1, fnl]

(a) It is clear that the set of elements

{Ul, e ,un,l}
(b) . . (b1yeresbr2) . (b)
generates a subalgebra of sp,,” isomorphic to sij . Define J as an ideal of sps,,
generated by the set [slgbbl""’b""z), Up)].

Recall that sp,, contains si,, and splits as a sl,-module

Sp2ng‘/l@8ln@‘/2

where the sl,, modules V; and Vi are Ce,, + [sl,,e,] and Cf,, + [sl,, fn] respectively.

Note that Vi = S%V,,. As a direct calculation shows the projection of J to V; is an

by

. . - byyebp . .
isomorphism of vector spaces and moreover it is an sl > module isomorphism where

~<bn72

. bi,. . byyebn
V1 is a module over sl since slp "2 C sl,.

(b) Introduce the set of elements u}, 1 <14 < n, as follows:

U,;,L = Up, U’;'L—l = [un—la [un—launH
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and ul,_, = Ad; o Ad; o---0 Ad2 _ (uy). There is an isomorphism of Lie

—k+1
algebras ¢ : sl(+)1 — J such that ¢(v;) = uj, where v; are the generators of slgjr)l,

b’ = (b},...,b,_,) where bj, = —22(n=k)+1 T8 h=t1n1.
i=k

k-1
Moreover [ul, .. ul, ;4] = (—=2)F (H bn_¢> [Un—p,ul,_j1q) for 1 < i < n hence
=1

n—

[ul _, + (=2)F+1 <H by 1) Up—p, Un_j11) = 0 Observe finally, that the elements

k
Uy = U+ (=2)" (H bni) Un—
i1

generate a copy of slslblv---abnﬁ)

This finishes the proof. O

after the appropriate localization.

3.7. Proof of Theorems 2.7 and 2.8
We need the following fact.

Proposition 3.4. Let g be a Kac-Moody Lie algebra with I = {1,...,r} and u; := e; +
bi—1fi—1 (with by = 0). Then for k > 2 one has:
(a) (ad up)*(usz) = (ad e1)*(e2) — 20k 2b1us,

(ad u2)*(u1) = (ad e2)*(e1) — 2b10k 2(ua + (a1z + 1)ez).

(b) (ad w;)* (uir1) = (ad e;)*(eiv1) + 05 bi(ad fi1)*(fi) — 260k 2(us — bi—1(aii1 +
)fz 1);
(ad wis1)*(us) = (ad €i41)*(es)+05bi_1(ad fi)*(fim1) —2bi0k 2 (wiy1—bit1(aiiv1+
1)).

(c) [ui, uj] = 0 whenever |i — j| > 1.

Proof. Prove (a). Indeed, [u1,us] = [e1, ea + by f1] = €12 + b1 hq,

((Zd U1)2(UQ) [61, €12 —+ blhl} ((Ld 61) (22) — 2b161 = (ad 61)2(22) — 2b1U1
(ad u2)2(U1) = [e2 + bif1,e21 — bihy] = (ad 62)2(61) + braizez + brajzes — 2b?f1
= (ad 62)2(61) — 2b1U2 + 261(0,12 + ].)62

In particular, (ad u1)3(u2) = (ad e1)3(e2),
(ad up)*(u1) = (ad e2)*(e1) + bi[f1, (ad e2)*(e1)] = (ad e2)*(e1) -

By taking commutators repeatedly with u; and ug respectively, we finish the proof of

(a).
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Prove (b) ['meuj] = [Ci =+ tkfk;,@j —+ tgff] = e; + tktéfkf + 5’Lftzhz o 6jktjhj7 where
€ij = [ei,ej], fre = [fx, fe]. Then

(ad w;)*(uj) = [e; + ti fi, €ij + titefre + Sictihi — Sjxt;hy]
= eiij + tatefrre + Sictitnain fro — Sirti(2e; — aintr fr) + Ojxazitie; + dti(azie; — 2t; f;)
= eij + tatefune + ti(20ictiain — 28;xt;) fro + 2(8jkazit; — Gits)es

if k 7£ i, 14 7&,7 where Cab ‘= [eaaeb]v fab = [favfb]a €aab ‘= [ea;eab}a faab = [faafab]~
Therefore, we obtain (ad u;)3(u;) = (ad €;)?(e;) +t3te(ad fi)*(fr) because [e;, frre) =
0, [fx,eiiz) = 0.
By taking commutators repeatedly with u;, we obtain by induction in r:

(ad u)"(u;) = (ad e;)"(¢;) + t;" te(ad f)"(fe) - (3.6)

Taking j =i+ 1,k =i— 1,£ =4, r — k, we finish the proof of the first part of (b).
Taking i — i+ 1,j =k =14, =1i—2, r — k, we finish the proof of the first part of (b)
(all t, = by).

This finishes the proof of (b).

Part (c) is immediate.

The proposition is proved. O

Now we can finish proof of Theorem 2.7. Indeed, in view of Proposition 3.4(a) one
can take al, = a1z, ah, = ag

Also, if @ > 1, then in view of Proposition 3.4(b), one can take a},,, =
min(ai7i+1, ai_u) and a;+17i = min(ai+17i, (1,'71'_1).

Finally, in view of Proposition 3.4(c), one can take a}; = a;; = 0 whenever [i —j| > 1.

Thus, Theorem 2.7 is proved. O

In the notation of Theorem 2.8, denote

ol {Bi +aji—10,10,fi—1 f1<i<r

€; + airara; fr ifr<i<r+4d .
Clearly, the relations for the pairs (uj,uj,,), i =1,...,r—1 follow from Theorem 2.7.
It is also clear that [u},u}] = 0 whenever ¢ = 1,...,7, j = r+1,...,7 +d and

r<ij<r-4d.
Theorem 2.8 is proved. O

3.8. Proof of Theorems 2.9

We retain the notation of Section 3.5. Theorem 2.8 implies that the homomorphism of
Theorem 2.9 is well-defined. Applying the argument of Section 3.5 once again, we obtain
the desired assertion.

Thus, Theorem 2.9 is proved. 0O
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3.9. Proof of Theorem 1.10

Taking g = g” = g in Theorem 2.9 with r = 2 we obtain the assertion of (a).

Taking g = g” = 509, in Theorem 2.9 with the branch at the vertex r =n —2, d =2
of the Dynkin diagram I = {1,...,n} we obtain the assertion of (b).

Prove (c). Let g = sly, I = {1,...,n}, 1 and n are neighbors. Taking sl, C g
corresponding to I'\ {n} = {1,...,n— 1} gives us relations of st for uy, ..., up_1. The
remaining relations of g(®) can be obtained by the cyclic symmetry i — i +1 mod n.

Applying the argument of Section 3.5 once again, we see that the subalgebra generated
by u;, i € I is isomorphic to g®), i.e., is its edge model.

Theorem 1.10 is proved. 0O

4. Appendix: Flat deformations

For any ring R and any set X denote by R(X) the free R-algebra freely generated by
X.

Let B be an algebra over R and X C B be a generating set. Denote by ¢x g the
canonical surjection R(X) — B, denote Jx := Ker ¢x p. The natural filtration on
R(X) with degz =1 for all x € X induces a natural filtration on B, so let grB be the
associated graded algebra of B. Clearly, grR(X) = R(X). For any subset S C B denote
by ¢rS the image of S in grB.

If A is a filtered algebra and J is a two-sided ideal of A, then

grA/J is canonically isomorphic to grA/grJ. In particular,

grB = R{grX)/grJx .
Denote by ¢grx,grp the canonical surjection R{grX) — grB = R{grX)/grJx.

Proposition 4.1. Let B be an algebra over R generated by X C B. Suppose that'Y is a
subset of R(X) such that

o Y is contained in the kernel of vx B.

o The kernel of ¢g4rx grB is generated by grY .

Then B = R(X)/(Y), where (Y) denotes the two-sided ideal of R{(X) generated by Y .

Proof. Indeed, for any subset Y C R(X), the inclusion grY" C gr(Y") implies the inclusion
of ideals (grY) C gr(Y). Now let Y be as in the assumptions of the proposition. Then
the inclusion Y C Jx implies the inclusion of ideals (Y) C Jx hence gr(Y) C grJx
(if the latter inclusion is an equality, then so is the former). Taking into account that
grdx = {(grY), we obtain gr(Y) C (grY). These two opposite inclusions imply that
gr{Y) = grJx. Therefore, Jx = (Y).

The proposition is proved. O
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