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1. Introduction and main results

The electrical Lie algebras were introduced by T. Lam and P. Pylyavskyy in [8] and 
further studied by Yi Su in [10]. An infinitely generated electrical Lie algebra of type 
A also appeared in the context of categorification in representation theory [2]. The aim 
of this paper is to generalize the notion of electrical Lie algebra into a multiparametric 
family in any given semisimple or Kac-Moody Lie algebra 𝔤, in such a way that they 
are flat deformations of the nilpotent part 𝔫 of 𝔤. We also construct various embeddings 
(vertex and edge models) of the electrical Lie algebras into the corresponding Kac-Moody 
ones.

We start with the definition of the electrical Lie algebra given below which depends 
on a set of parameters ai. If all ai are equal to the imaginary unit these generators 
in the case of sln give an important representation of the Temperley-Lieb algebra for 
the zero value of the loop fugacity parameter ([1]) and they also give a solution to the 
Zamolodchikov tetrahedral equation [9], [6].

Definition 1.1. Let A = (aij) be a (generalized, not necessarily symmetrizable) I × I

Cartan matrix and let 𝔤 = 𝔤A =< ei, fi, i ∈ I > be the corresponding Kac-Moody Lie 
algebra. For any family a = (ai, i ∈ I) ∈ CI let 𝔤(a) be a Lie subalgebra of 𝔤 generated 
by

ui := ei + ai[ei, fi] − a2
i fi , i ∈ I. (1.1)

We call 𝔤(a) a generalized electrical Lie algebra of type 𝔤.

In particular, sl(a)
2 is generated by a single nilpotent u =

(︃
a 1

−a2 −a

)︃
∈ sl2.

This definition makes sense if the ground field C is replaced with any algebra con
taining all ai, e.g., with C[ai, i ∈ I] and it is justified by the following.
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Theorem 1.2. For any Kac-Moody Lie algebra 𝔤 and any a ∈ CI the generalized electrical 
Lie algebra 𝔤(a) of type 𝔤 satisfies

(ad ui)1−aij (uj) = −2δaij ,−1ajiaiajui (1.2)

for all distinct i, j ∈ I.

It turns out that these relations are defining. This was conjectured for finite types in 
[8, Conjecture 5.2], which was partially confirmed in [10] and [3,4].

Theorem 1.3. In the notation of Theorem 1.2 the relations (1.2) provide a presentation 
of 𝔤(a). Moreover, 𝔤(a) is a flat deformation of the nilpotent part 𝔫 =< ei, i ∈ I > of 𝔤
in the sense that 𝔤(a) ∼ = 𝔫 for any a ∈ CI as naturally filtered vector spaces.

We prove Theorem 1.3 in Section 3.2 (along with its generalization to any coefficient 
algebra R containing all ai) by utilizing a mini-theory of flat deformations of associative 
and Lie algebras which we present for the reader’s convenience in Appendix.

Note that if we view all ai as formal parameters (after replacing C with C[a] =
C[ai, i ∈ I]), then C[a] ⊗ 𝔤 is graded by the root lattice Q :=

⨁︁
i∈I

Zαi via deg ai =

deg ei = − deg fi = αi, i ∈ I. In particular, ui is homogeneous with deg ui = αi and 
both 𝔤(a) and U(𝔤(a)) are Q-graded.

Now we construct a ``real form'' 𝔤(b) of the electrical Lie algebra sl(b)
n .

Theorem 1.4. Let 𝔤 = sln. Then gauig
−1
a = ei + bi−1fi−1 for i = 1, . . . , n − 1 in the 

notation of (1.1) (with the convention f0 = 0, a0 = 0), where we abbreviated bj :=
−ajaj+1 and ga := ean−1fn−1 · · · ea2f2ea1f1 ∈ SLn.

We prove Theorem 1.4 in Section 3.3.
A bit paradoxically, if all ai are imaginary hence bj in Theorem 1.4. We produce more 

real forms of 𝔤(a) below and in Section 2.
More generally, for any b = (b1, . . . , bn−2) ∈ Cn−2 we denote by sl(b)

n the Lie subalge
bra of sln generated by ui := ei + bi−1fi−1, i = 1, . . . , n− 1 (with the convention b0 = 0, 
f0 = 0 and establish the following

Theorem 1.5. The Lie algebra sl(b)
n has a presentation

• [ui, uj ] = 0 if |i− j| > 1
• [ui, [ui, uj ]] = −2bmin(i,j)ui if |i− j| = 1

We prove Theorem 1.5 in Section 3.5 as a particular case of Theorem 2.3.
Clearly, if all bi ̸= 0, Theorem 1.5 follows from Theorem 1.4. Note however, that for 

n = 5, b1 ̸= 0, b2 = 0, b3 ̸= 0, such a tuple (a1, a2, a3, a4) does not exist and the assertion 
of Theorem 1.5 does not follow from Theorem 1.4.
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Theorem 1.4 suggests an ``edge model'' of generalized electrical Lie algebras as follows.
Given a Kac-Moody Lie algebra 𝔤 and a tuple b = {bij = bji|aij = −1}, we denote 

by 𝔤(b) the Lie algebra generated by ui, i ∈ I subject to

(ad ui)1−aij (uj) + 2δaij ,−1bijui = 0 (1.3)

for all distinct i, j ∈ I where bij = 0 unless aij = −1. We refer to 𝔤(b) as the generalized 
electrical Lie algebra of the edge type 𝔤 associated with the Lie algebra 𝔤 (so it is logical 
to think of 𝔤(a) as the vertex type). Ultimately, on Theorems 1.4 and 1.5, we say that an 
edge model of an electric Lie algebra of type 𝔤 is any subalgebra of 𝔤 isomorphic to 𝔤(b).

Clearly, if all bij = ajiaiaj whenever aij = −1 in the notation of (1.2), then by 
Theorem 1.3, 𝔤(b) ∼ = 𝔤(a). Note however, that the generalized electrical Lie algebra sl(b)

n

of the edge type sln is also embedded into sln for any b ∈ Cn (here bi = bi,i+1 = bi+1,i
for i = 1, . . . , n− 2).

Based on this, we can pose a natural

Problem 1.6. Describe the set 𝒱A of all tuples b = {bij = bji|aij = −1} such that 𝔤(b)

admits an edge model.

Theorem 1.3 gives an edge model for all b = (bij) ∈ 𝒱A with bij = ajiaiaj .
Using the edge model sl(b)

n , we generalize a remarkable observation of Lam and 
Pylyavskyy from [8] that sl(1)

n
∼ = spn−1, where 1 = (1, . . . , 1), for all n ≥ 2 as follows. 

Recall that the Lie algebra spn for n odd was introduced in [5].

Theorem 1.7. sl(b)
n preserves the form ωb :=

n−1∑︁
k=1 

(︃
n−2∏︁
i=k 

(−bi)
)︃
v∗k ∧ v∗k+1 in Cn = Cv1 ⊕

· · · ⊕ Cvn. If n is even then this form is non-degenerate as it follows from [11]. In this 
case sl(b)

n is the intersection of spωb
⊂ sln with the annihilator of v1 = v1 − b1v3 +

b1b3v5 − b1b3b5v7 + · · · ∈ Cn = Vω1 (where {v1, . . . , vn} is the standard basis of Cn), 
therefore, sl(b)

n is isomorphic to spn−1 when b1 · · · bn−2 ̸= 0. If n is odd, then the form 
ωb has a one-dimensional kernel that is an invariant of the action of sl(b)

n .

We prove Theorem 1.7 in Section 3.4. For n = 6 the form Ω(b)
6 is given in v1, . . . , v6

by its Gram matrix

Ω(b)
6 =

⎛⎜⎜⎜⎜⎝
0 b1b2b3b4 0 0 0 0

−b1b2b3b4 0 −b2b3b4 0 0 0
0 b2b3b4 0 b3b4 0 0
0 0 −b3b4 0 −b4 0
0 0 0 b4 0 1
0 0 0 0 −1 0

⎞⎟⎟⎟⎟⎠ .

In view of Theorem 1.7, the electrical Lie algebra of type sln has a trivial center if 
n is odd and a one-dimensional center if n is even. It is curious that the non-injective 
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homomorphism sl(b)
2k

∼ = sp2k−1 → sl2k−1 is far from the natural embedding sp2k−1 ⊂
sl2k−1.

We will use other principle unipotents for conjugation of the standard embedding into 
several new ones.

Example 1.8. Conjugating with g′a = ea2f2ea1f1ea3f3 and g′′a = ea1f1ea3f3ea2f2 in SL4
respectively, gives two new embeddings sl(a)

4 ↪→ sl4:

g′auig
′−1
a = ei + δi,2(b1f1 + b3f3 + b1b3[f1, [f3, f2]]) ,
g′′auig

′′−1
a = ei + (1 − δi,2)(bif2 + b[fi, f2])

for i = 1, 2, 3, where we abbreviated b1 = −a1a2, b3 = −a2a3, b = −a1a2a3.

We generalize the first embedding to all 𝔤 with a conical Dynkin diagram which 
includes all simply-laced 𝔤 (Theorem 2.1) and the second embedding to all 𝔤 with a star
like conical Dynkin diagram, including D4 and D̂4 (Theorem 2.5). The following result 
gives such an edge model in types B and C and is of ``conjugation type'' as Theorem 1.5.

Theorem 1.9. (a) Let 𝔤 = so2n+1 with I = {1, . . . , n} and the short root is α1. Then the 
assignments ui ↦→ ei + bi−1,ifi−1, i = 1, . . . , n define an injective homomorphism of Lie 
algebras so(b)

2n+1 ↪→ so2n+1 (with the convention b01 = 0)
(b) Let 𝔤 = sp2n with I = {1, . . . , n} and let the long root be αn. Then the assignments 

ui ↦→ ei + bi−1,ifi−1 − δi,n
1
2b

2
n,n−1[fn−1, [fn−1, fn]] for i = 1, . . . , n define an injective 

homomorphism of the Lie algebras sp(b)
2n ↪→ sp2n.

We prove Theorem 1.9 in Section 3.5 by using results of Section 2 where we also 
construct vertex models for electrical Lie algebras of several other Kac-Moody types, 
including E6, E7, E8, F4, G2 and their a�ine versions as well (Theorems 2.1 and 2.3) 
along with some edge models (Theorem 2.9).

Our next result also gives an edge model for dihedral, type D, and a�ine A type, 
however, unlike Theorem 1.9, we do not expect any intertwiner from the vertex model.

Theorem 1.10. (a) Let 𝔤 = 𝔤A be a Kac-Moody algebra of rank 2 with I = {1, 2} such 
that a21 ≤ −2. Let b12 := a21a1a2. Then the assignments u1 ↦→ e1, u2 ↦→ e2 + b12f1, 
define an injective homomorphism of Lie algebras 𝔤(b) ↪→ 𝔤.

(b) Let 𝔤 = so2n, n ≥ 3 with I = {1, . . . , n} and with the branch at i = n−2. Then the 

assignments ui ↦→
{︄
ei + bi−1,ifi−1 if 1 ≤ i ≤ n− 2
ei + bn−2,ifn−2 if i ∈ {n− 1, n}

i = 1, . . . , n, define an injective 

homomorphism of Lie algebras so(b)
2n ↪→ so2n.

(c) Let 𝔤 = ˆ︁sln, the untwisted a�ine Lie algebra of type Ân−1 with I = {0, . . . , n− 1}. 
Then the assignments ui ↦→ ei + bi−1,ifi−1, where i− 1 is calculated modulo n for i ∈ I, 
define an injective homomorphism of the Lie algebras ˆ︁sl(b)

↪→ ˆ︁sln.
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We prove Theorem 1.10 in Section 3.9.

Remark 1.11. The a�ine electrical Lie algebra of type Ân−1 from the theorem above was 
first discovered by T. Lam and A. Postnikov, see [7].

Theorem 1.12. For any b ∈ Cn−1 one has:
(a) sp(b)

2n
∼ = sl

(b1,...,bn−2)
n ⋉ J , where the first factor is a copy of sl(b1,...,bn−2)

n in sp(b)
2n

generated by u1, . . . , un−1 and J is the Lie ideal of sp(b)
2n generated by un and sl(b1,...,bn−2)

n .
As sl(b1,...,bn−2)

n module J is isomorphic to S2V where V is the restriction to 
sl

(b1,...,bn−2)
n ⊂ sln of the standard sln-module Vω1 = Cn.
(b) If all bi ̸= 0, then there is an isomorphism of Lie algebras J ∼ = sl(b

′)
n+1 for some 

choice of the parameters b′ (which we specify in the proof) and the Lie algebra sp(b)
2n is 

naturally isomorphic to sl(b1,...,bn−2)
n ⋉ sl

(b′)
n+1.

Remark 1.13. It is well-known that 𝔥⋉𝔤 ∼ = 𝔥⊕𝔤 for any Lie algebra 𝔤 and its subalgebra 
𝔥 under the right adjoint action of 𝔥 on 𝔤 (namely, the diagonal copy of 𝔥 in 𝔥 ⋉ 𝔤

commutes with (0, 𝔤)).
Moreover, applying this to 𝔤 = spn, 𝔥 = spn−1, Theorems 1.7 and 1.12(b) produce, 

after an appropriate localization, an isomorphism

sp
(b)
2n

∼ = sl(b1,...,bn−2)
n ⊕ sl

(b1,...bn−1)
n+1

recovering [10, Theorem 2.3.1].1

We prove Theorem 1.12 in Section 3.6.

Example 1.14. The Chevalley generators of sp6 are given in terms of the folding of the 
standard generators for sl6 under the flip i ↦→ 6 − i:

ẽ1 = e1 + e5, ẽ2 = e2 + e4, ẽ3 = e3, f̃1 = f1 + f5, f̃2 = f2 + f4, f̃3 = f3.

The flip-invariant copy of sl(b)
6 is generated by the elements (Theorem 2.3 with k = 3)

ũ1 = e1, ũ2 = e2 + b1f1, ũ3 = ẽ3 + b2f̃2 − b22[f̃2, [f̃2, f̃3]]/2

ũ4 = e4 + b1f5, ũ5 = e5 .

The generators of sp(b)
6 are u1 = ũ1+ũ5, u2 = ũ2+ũ4, u3 = ũ3. Introduce the elements of 

sp
(b)
6 : w3 = u3, w2 = [u2, [u2, u3]], w1 = [u1, [u1, w2]]. These elements, on the one hand, 

generate the ideal J and, on the other hand, a copy of sl(b
′)

4 where b′ = {−32b21b22 ,−8b22}. 
This shows a splitting of sp(b)

6 into a semidirect product as in Theorem 1.12(c).

1 The electric algebras of type Bn in [10] correspond to the type Cn in our approach.
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Moreover, as Remark 1.13 claims there is a copy of sl(b
′)\−8b22

3 that commutes with 

the above copy of sl(b
′)

4 . It is generated by the elements

v1 = −8b1b2u1 + w1, v2 = 4b2u2 + w2

After the appropriate localization

sp
(b)
6

∼ = sl(b1)2 ⊕ sl
(b1,b2)
3

where the generators of the summands are

{u1 − w1

8b1b2
, u2 + w2

4b2
} and {w3, − w2

8b2
, 

w1

4b1b2
}

respectively.

2. Other vertex and edge models of electrical Lie algebras

In this section, we generalize Theorem 1.4, Example 1.8 and Theorems 1.9, 1.10 to 
other semisimple and Kac-Moody algebras.

To any (generalized) Cartan matrix A = (aij , i, j ∈ I) we assign its graph Γ(A) on 
the vertex set I such that (ij) is an edge iff aij < 0.

We say that a rooted tree is conical if the only possible branch is at the root (which 
we always denote by 0).

For example, a linear graph with the set of vertex [−m,n], m,n ≥ 0 is a conical tree. 
Also, all Dynkin diagrams of types ADE are conical rooted trees.

Any rooted tree Γ with root 0 is naturally a layered partial order ≺ on Γ with the 
maximal element 0 and whose minimal elements are the leaves. Furthermore, for any 
i ∈ Γ \ {0} denote by i+ ∈ I the parent of i in ≺, that is, the smallest element j such 
that i ≺ j.

Likewise, if Γ is a conical tree, for any non-leaf i ∈ Γ \ {0} denote by i− ∈ I the only 
son of i in ≺.

Theorem 2.1. Suppose that Γ(A) is a conical tree with the root 0 and aij ∈ {0,−1} for 
all i, j ∈ I such that j ̸= 0. Then (Ad ga)(ui) =⎧⎨⎩ei + bi−fi− if i ̸= 0

e0 − a0f − a2
0
2 [f , [f , f0]] −

∑︁
k≥3

a2
0

k! (ad f + a0[f0, f ])k−1([f , [f , f0]]) if i = 0

for i ∈ Γ(A), where we abbreviated bi− := −aiai+ for i ∈ I (with the convention bi− = 0
for any leaf i of Γ), f :=

∑︁
j∈I:j+=0

ajfj and ga = ea0f0
∏︁
i̸=0

eaifi , where the product is 

decreasing (i.e., i+ always precedes i).



8 A. Berenstein et al. / Advances in Mathematics 478 (2025) 110405 

Proof. We need the following

Proposition 2.2. Suppose that Γ(A) is a conical tree with the root 0 and such that aij ∈
{0,−1} for all i, j ∈ I such that 0 / ∈ {i, j}. Then

(Ad ga)(ui) =

⎧⎨⎩ei + bi−fi− if i ̸= 0
e0 + a0[f̂ , h0 + a0f0] − a2

0
∑︁
k≥2

1 
k! (ad f̂)k(f0) if i = 0

for i ∈ Γ(A), where we abbreviated bi− := −aiai+ for i ∈ I (with the convention bi− = 0
for any leaf i), f :=

∑︁
j∈I:j+=0

ajfj and ga = ea0f0
∏︁
i̸=0

eaifi , where the product is decreasing 

(i.e., i+ always precedes i), and f̂ = (Ad ea0f0)(f) =
∑︁
k≥0

ak
0
k! (ad f0)k(f).

Proof. Indeed, if i ̸= 0, then ga = g′g′′ where g′ = ea0f0
∏︁
i∈I′

eaifi and g′′ =
∏︁

j∈I′′
eajfj , 

both products decreasing where I ′′ = {j : j ⪯ i}, I ′ = (I \ {0}) \ I ′′.
As in the proof of Theorem 1.4, (Ad g′′)(ui) = ei + bi−fi− hence

(Ad ga)(ui) = (Ad g′)(ei + bi−fi−) = ei + bi−fi−

because both ei and fi− are fixed by Ad g′.
This proves the first case.
Now let i = 0. Then

(Ad ga)(u0) = (Ad ea0f0
∏︂
i̸=0

eaifi)(u0)

= (Ad ea0f0
∏︂

i∈I:i+=0

eaifi)(u0) = (Ad ea0f0ef )(u0)

because [fi, fj ] = 0 if i+ = j+ = 0. Furthermore,

(Ad ef )(u0) = (Ad ef )(e0 + a0h0 − a2
0f0) = e0 + a0(Ad ef )(h0) − a2

0(Ad ef )(f0)

= u0 + a0[f , h0] − a2
0((Ad ef )(f0) − f0)

because [f , h0] =
∑︁

i∈I:i+=0
aia0ifi. Therefore, [f , [f , h0]] = 0. Finally,

(Ad ga)(u0) = (Ad ea0f0)(u0 + a0[f , h0] − a2
0((Ad ef )(f0) − f0))

= e0 + a0[f̂ , h0 + 2a0f0] − a2
0((Ad ef̂ )(f0) − f0)

because (Ad ea0f0)(h0) = h0 + 2a0f0.
This proves the second case. The proposition is proved. □
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Since a0i = −1 whenever i+ = 0 hence [f0, [f0, f ]] = 0, we obtain

f̂ = f + a0[f0, f ] .

Also, [f , h0] = −f and [[f0, f ], h0] = [f0, f ], therefore,

[f̂ , h0 + a0f0] = [f + a0[f0, f ], h0 + a0f0] = −f .

Finally, note that

[f̂ , f0] = [f + a0[f0, f ], f0] = [f , f0]

and

[f̂ , [f , f0]] = [f + a0[f0, f ], [f , f0]]] = [f , [f , f0]]]

The theorem is proved. □
Theorem 2.1 covers the cases when 𝔤 is of types E6, E7, E8, and F4.
Viewing the Dynkin diagram of sln as a conical tree with a ``root'' 0 = k ∈ {1, . . . , n−

1} we obtain the following corollary of Theorem 2.1, which generalizes Theorem 1.4.

Theorem 2.3. For any k ∈ {1, . . . , n− 1} the assignments

ui ↦→

⎧⎪⎪⎨⎪⎪⎩
ei + bi−1fi−1 if i < k

ei + bifi+1 if i > k

ek + bk−1fk−1 + bkfk+1 + bk−1bk[fk−1, [fk+1, fk]] if i = k

define an injective homomorphism sl(b)
n ↪→ sln (where bi := −aiai+1).

We prove Theorem 2.3 in Section 3.5.
The following is an immediate corollary of Theorem 2.1.

Corollary 2.4. Let Γ(A) be a conical star tree (i.e., every non-root is a leaf) with ai0 =
a0i = −1 for all i ∈ I \ {0}. Then the assignments

ui ↦→ ei − a0δi,0(f − a0

2 
[f , [f , f0]] − a0

∑︂
k≥3

1 
k! (ad f + a0[f0, f ])k−1([f , [f , f0]])) ,

where f :=
∑︁
j ̸=0

ajfj, define an injective homomorphism 𝔤(a) ↪→ 𝔤.
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Theorem 2.5. Suppose that Γ(A) is a conical tree with the root 0, J+ is a set of leaves of 
Γ(A) attached to the 0, and aij ∈ {0,−1} for all i, j ∈ I \ J+ such that j ̸= 0 and (i.e., 
J+

+ = {0}) such that ai0 = −1 for all i ∈ J+. Then

(Ad ga)(ui) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ei + bif
′
i − b2i

2 [[fi, f
′
i ], f ′

i ]
−a2

i

∑︁
k≥3

ak
0
k! (ad (f ′

i + ai[fi, f ′
i ]))k−2([[fi, f ′

i ], f ′
i ]) if i ∈ J+

e0 − a0f − a2
0
2 [f , [f , f

′
0]]

−a2
0
∑︁
k≥3

1 
k! ((ad f + a0[f ′

0, f ])k−1([f , [f , f ′
0]])) if i = 0

ei + bi−fi− otherwise

for i ∈ Γ(A), where we abbreviated bi− := −aiai+ for i ∈ I \ J+, bi := −a0ai, i ∈ J+
(with the convention bi− = 0 for any leaf i), f+ :=

∑︁
j∈J+

ajfj, f :=
∑︁

j∈I\J+:j+=0
ajfj, 

f ′
0 :=

∑︁
k≥0

1 
k! (ad f+)k(f0), f ′

i :=
∑︁
k≥0

1 
k! (ad (f+ − aifi))k(f0), i ∈ J+, and ga =

ef+ea0f0
∏︁

i∈I\({0}∪J+)
eaifi , where the product is decreasing (i.e., i+ always precedes i).

Proof. The case i ̸= 0, i / ∈ J+ follows from the proof of Theorem 2.1.
Now let i ∈ J+. Note that (Ad eajfj )(ui) = ui for all j ̸= 0, j / ∈ J+. Also, i ∈ J+:

(Ad eaifiea0f0)(ui) = (Ad eaifiea0f0e−aifi)(ei) = (Ad ea0(f0+ai[fi,f0]))(ei)

Taking into account that

(ad ((f0 + ai[fi, f0]))(ei) = ai[[fi, f0], ei]

= ai[[fi, ei], f0] = −a0ai[hi, f0] = −aif0

and

(ad (f0 + ai[fi, f0]))k−1(f0) = ai[[fi, f0], f0]] ,

we obtain

(Ad eaifiea0f0)(ui) = ei − a0aif0 +
∑︂
k≥2

ak−1
0
k! (ad (f0 + ai[fi, f0]))k−1(ai0a0aif0)

= ei + bif0 − b2i
2 

[[fi, f0], f0] − a0a
2
i

∑︂
k≥3

ak−1
0
k! (ad (f0 + ai[fi, f0]))k−2([[fi, f0], f0]) .

Finally,

Ad ga(ui) = (Ad ef+ea0f0)(ui) = (Ad ef+−aifi)((Ad eaifiea0f0)(ui))
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ei + bif
′
0i −

b2i
2 

[[fi, f ′
0i], f ′

0i] − a2
i

∑︂
k≥3

ak0
k! (ad (f ′

0i + ai[fi, f ′
0i]))k−2([[fi, f ′

0i], f ′
0i]) .

Now consider the remaining case i = 0. Then

Ad ga(u0) = (Ad ef+ea0f0efe−a0f0)(e0) = (Ad ef+ef̂ )(e0) = Ad ef+(ef (e0))

where f̂ = (Ad ea0f0)(f) = f + a0[f0, f ].
Finally, using the argument from the proof of Theorem 2.1 for i = 0 and replacing f0

with f ′
0 = Ad ef+(f0), we finish the proof of Theorem 2.5. □

The following is an immediate corollary of Theorem 2.5.

Corollary 2.6. In the assumptions of Theorem 2.5 assume additionally, that I \ J+ is of 
type A. Then

(a) the assignments

ui ↦→
⎧⎨⎩ei + bi−fi− if i / ∈ J+

ei + bif0 + bi
∑︁
k≥1

1 
k! (ad (f+ − aifi))k(f0) if i ∈ J+

define an injective homomorphism 𝔤(a) ↪→ 𝔤.
(b) Suppose that I = {1, . . . , n}, {1, . . . , n− 1} is of type An−1, and ain = ani = δik. 

Then the assignments

ui ↦→

⎧⎪⎪⎨⎪⎪⎩
ei + bi+1fi+1 if 1 ≤ i < k

ek + bk−1,kfk−1 + bk,k+1fk+1

+bk−1,kbk,k+1[fk−1, [fk+1, fk + an[fn, fk]]] if i = k

where bij := aijaiaj, define an injective homomorphism 𝔤(a) ↪→ 𝔤.

Theorem 2.7. Let 𝔤 = 𝔤A be a Kac-Moody algebra with I = {1, . . . , r} such that the 
Cartan matrix A of 𝔤 satisfies aijaji ̸= 0 iff |i− j| = 1 and aij ≤ ai−1,j−1 for all distinct 
i, j = 2, . . . , r.

Suppose also that the following three conditions hold.
• Either a12 = a21 = −1 or a21 < −1.
• Either ai−1,iai,i+1 > 1 or ai−1,i = ai,i+1 = ai,i−1 = −1 for i = 2, . . . , r.
• Either ai,i−1ai+1,i > 1 or ai+1,i = ai,i−1 = ai,i+1 = −1 for i = 2, . . . , r.

Then the assignments ui ↦→
{︄
e1 if i = 1
ei + bi−1fi−1 if 2 ≤ i ≤ r

define a homomorphism of 

Lie algebras 𝔤′(b) → 𝔤, where we abbreviated bj := aj+1,jajaj+1 for j = 1, . . . , r − 1, 
similarly to Theorem 1.9 and A′ is I × I the Cartan matrix of 𝔤′ given by a′12 = a12
a′21 = a21 and a′ij = min(ai−1,j−1, aij) for i, j = 2, . . . , r
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Theorem 2.8. Suppose that I = {1, . . . , r + d}, r ≥ 1, d ≥ 1 such that aijaji ̸= 0 for 
distinct i, j iff either i, j ≤ r and |i − j| = 1 or min(i, j) = r, the restriction of A to 
{1, . . . , r, r+i} satisfies the assumptions of Theorem 2.7 for i = 1, . . . , d and ar+i,r+j = 0
for all distinct i, j = 1, . . . , d. Then the assignments

ui ↦→

⎧⎪⎪⎨⎪⎪⎩
e1 if i = 1
ei + bi−1fi−1 if 2 ≤ i ≤ r

ei + bifr if r < i ≤ r + d

define a homomorphism of Lie algebras 𝔤′′(b) → 𝔤, where we abbreviated bi := airarai
for i = r + 1, . . . , r + d and A′′ is the I × I Cartan matrix of 𝔤′′ with a′′ij = a′ij whenever 
i, j = 1, . . . , r, a′′ij = min(ai−1,j−1, aij) whenever min(i, j) = r, i ̸= j and the remaining 
a′′ij = 0.

We prove Theorems 2.7 and 2.8 in Section 3.7.
Taking 𝔤′′ = 𝔤 in Theorem 2.8, we obtain the following

Theorem 2.9. Suppose that I = {1, . . . , r+d}, aijaji ̸= 0 for distinct i, j iff either i, j ≤ r

and |i− j| = 1 or min(i, j) = r (as in Theorem 2.8) and the Cartan matrix of 𝔤 satisfies
• Either a12 = a21 = −1 or a21 < −1.
• Either ai−1,i = ai,i+1 = ai,i−1 = −1 or ai,i+1 < −1 and ai,i+1 ≤ ai−1,i for i =

2, . . . , r
• Either ai+1,i = ai,i−1 = ai,i+1 = −1 or ai+1,i < −1 and ai+1,i ≤ ai,i−1 for i =

2, . . . , r.
• aij ≤ ai−1,j−1 whenever min(i, j) = r, i ̸= j.

Then the subalgebra generated by ui :=

⎧⎪⎪⎨⎪⎪⎩
e1 if i = 1
ei + bi−1fi−1 if 2 ≤ i ≤ r

ei + bifr if r < i ≤ r + d

is naturally 

isomorphic to 𝔤(b) for any b = (b1, . . . , bn−1).

We prove Theorem 2.9 in Section 3.8.
As in the proof of Theorem 1.3, all results of this section are valid if one replaces C

with and C-algebra containing all ai (resp. all bij).

3. Proof of main results

3.1. Proof of Theorem 1.2

Let eirj := 1 
r! (ad ei)r(ej), firj := 1 

r! (ad fi)r(fj), and uirj :=
r∑︁

k=0
ar−k
i

(︁
aij+r−1

r−k 
)︁
(eikj −

(−1)ra2k
i a2

jfikj) for any distinct i, j ∈ I and r ≥ 1.
We need the following result.



A. Berenstein et al. / Advances in Mathematics 478 (2025) 110405 13

Proposition 3.1. [ui, uirj ] = (r + 1)uir+1j for all distinct i, j ∈ I and r ≥ 1.

Proof. The following is immediate.

Lemma 3.2. [fi, eikj ] = −(aij +k−1)eik−1j, [ei, fikj ] = −(aij +k−1)fik−1j for all k ≥ 0
(with the convention fi−1j = ei−1j = 0).

Thus, we have for r ≥ 1:

[ei, uirj ] =
r∑︂

k=0

ar−k
i

(︃
aij + r − 1

r − k 

)︃
([ei, eikj ] − (−1)ra2k

i a2
j [ei, fikj ])

=
r∑︂

k=0

ar−k
i

(︃
aij + r − 1

r − k 

)︃
((k + 1)eik+1j + (−1)r(aij + k − 1)a2k

i a2
jfik−1j) ,

[hi, uirj ] =
r∑︂

k=0

ar−k
i

(︃
aij + r − 1

r − k 

)︃
([hi, eikj ] − (−1)ra2k

i a2
j [hi, fikj ])

=
r∑︂

k=0

ar−k
i

(︃
aij + r − 1

r − k 

)︃
(2k + aij)(eikj + (−1)ra2k

i a2
jfikj) ,

[fi, uirj ] =
r∑︂

k=0

ar−k
i

(︃
aij + r − 1

r − k 

)︃
([fi, eikj ] − (−1)ra2k

i a2
j [fi, fikj ])

=
r∑︂

k=0

ar−k
i

(︃
aij + r − 1

r − k 

)︃
(−(aij + k − 1)eik−1j − (−1)r(k + 1)a2k

i a2
jfik+1j)

Therefore,

[ui, uirj ] =
r+1 ∑︂
k=0

cka
r+1−k
i (eikj + (−1)ra2k

i a2
jfikj)

where cr+1 = r + 1 and

ck = (r − y)
(︃

x 
y + 1

)︃
+ (x + r + 1 − 2y)

(︃
x

y

)︃
+ (x− y + 1)

(︃
x 

y − 1

)︃

= (r + 1)
(︃
x + 1
y + 1 

)︃
− (y + 1)

(︃
x 

y + 1

)︃
+ (x− 2y)

(︃
x

y

)︃
+ y

(︃
x

y

)︃
= (r + 1)

(︃
x + 1
y + 1 

)︃

because 
(︁

x 
y+1

)︁
+
(︁
x
y

)︁
=

(︁
x+1
y+1 

)︁
, (y + 1)

(︁
x 

y+1
)︁

= (x− y)
(︁
x
y

)︁
, (x− y + 1)

(︁
x 

y−1
)︁

= y
(︁
x
y

)︁
, where 

we abbreviated x := aij + r − 1, y := r − k.
This proves Proposition 3.1. □
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Furthermore,

[ui, uj ] = [ei + aihi − a2
i fi, ej + ajhj − a2

jfj ] = eij + a2
i a

2
jfij

−ajajiei + aiaijej + a2
jaiaijfj − a2

i ajajifi = uij − ajaji(ei + a2
i fi)

Taking into account that

[ui, ei + a2
i fi] = [ei + aihi − a2

i fi, ei + a2
i fi] = 2aiui

and using Proposition 3.1 with r = 2, we obtain

(ad ui)2(uj) = 2ui2j − 2aiajajiui .

In turn, this and Proposition 3.1 imply by an induction in r ≥ 3 that

(ad ui)r(uj) = r!uirj

for all r ≥ 3.
Finally, if r = 1 − aij then 

(︁
aij+r−1

r−k 
)︁

= 0 for all k < r and eirj = firj = 0 which 
implies that uirj = 0.

Theorem 1.2 is proved. □
3.2. Proof of Theorem 1.3

We apply the results of Appendix to our situation as follows.
Let R be any C-algebra, fix a family a = (ai, i ∈ I) of elements of R.
Denote A := R ⊗ U(𝔤). By definition, the subalgebra B of A generated by X :=

{ui = ei + aihi − a2
i fi, i ∈ I} over R is U(𝔤(a)). According to (1.2), the kernel of the 

canonical homomorphism φX,B : R⟨X⟩ ↠ B contains the set Y := {(ad ui)1−aij (uj) +
2δaij ,−1ajiaiajui : i, j ∈ I, i ̸= j}.

Let us define a filtration on A by setting deg ei = 1, deg fi = deg hi = 0 for i ∈ I. 
Clearly, grA is generated by ei, fi, hi subject to the usual Serre relations except for 
[ei, fi] = hi which is replaced by [ei, fi] = 0. In particular, the subalgebra B0 of grA
generated by ei, i ∈ I is naturally isomorphic to R⊗ U(𝔫).

Then the natural inclusion of R-algebras B ⊂ A is compatible with the filtration and 
defines a natural inclusion of graded algebras grB ⊂ B0 because gr ui = ei for i ∈ I

(that is, grX = {ei, i ∈ I}).
Clearly, gr Y = {(ad ei)1−aij (ej) : i, j ∈ I, i ̸= j} and is the presentation of B0, i.e., 

gr Y generates the kernel of the canonical homomorphism φgrX,grB : R⟨grX⟩ ↠ grB =
B0.

Thus, all conditions of Proposition 4.1 are met. The proposition guarantees that the 
relations (1.2) give a presentation of B = U(𝔤(a)) as an associative algebra over R hence 
of the Lie algebra 𝔤(a) over R.

The theorem is proved. □
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3.3. Proof of Theorem 1.4

Clearly, ui = (Ad e−aifi)(ei) for all i ∈ I = {1, . . . , n− 1}.
Then for i = 1 we have

(Ad ga)(u1) = (Ad ean−1fn−1 · · · ea2f2)(e1) = e1 .

Now let i ≥ 2. Then

(Ad eaifi · · · ea2f2ea1f1)(ui) = (Ad eaifieai−1fi−1e−aifi)(ei)
= (Ad eai−1(fi−1+ai[fi,fi−1]))(ei) = (Ad eai−1ai[fi,fi−1])(ei)

= ei + ai−1ai[[fi, fi−1], ei] = ei − ai−1aifi−1 .

Here we used the facts that (Ad eafj)(ei) = ei if i ̸= j, (Ad eafj )(fi) = fi whenever 
|i− j| > 1 and (Ad eaifi)(fi−1) = fi−1 + ai[fi, fi−1] because ai,i−1 = −1. This is based 
on the following general fact

(Ad ex)(y) = ead x(y) . (3.4)

Finally,

(Ad ga)(ui) = (Ad ean−1fn−1 · · · eai+1fi+1)(ei − ai−1aifi−1) = ei − ai−1aifi−1 .

The theorem is proved. □
3.4. Proof of Theorem 1.7

Recall that sln acts on V ∗ via

ei(v∗j ) = δijv
∗
i+1, fi(v∗j ) = δi+1,jv

∗
i

where {v∗i } is the basis of V ∗ dual to {vi}. Therefore, a direct calculation shows that the 
generators ui = ei + bi−1fi−1 for i = 1, . . . , n− 1 of sl(b)

n preserve

ωb :=
n−1∑︂
k=1 

(︄
n−2∏︂
i=k 

(−bi)
)︄
v∗k ∧ v∗k+1 (3.5)

It is immediate that v1 ∈ V is invariant under the restriction from sln-action on 
V := Vω1 to the sl(b)

n -action on V . This, in particular, implies that the orthogonal 
complement V 1 ⊂ V ∗ to v1 is a (co-dimension 1) sl(b)

n -submodule of V ∗.
It is easy to see that ωb ∈ Λ2V ∗ in fact belongs to Λ2V 1 for odd n. Clearly, in this 

case vectors wi =
{︄
biv

∗
i + v∗i+2 if i is odd

v∗i if i is even
i = 1, . . . , n − 1 form a basis of V 1 and 
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−ωb = w1 ∧ w2 + w3 ∧ w4 · · ·wn−2 ∧ wn−1 and it of rank n− 1 if b1 · · · bn−2 ̸= 0. Since 
dim sl

(b)
n = dim spn−1, this implies that sl(b)

n
∼ = spn−1, and thus finishes the proof for 

odd n.
Let n be even. It is well-known that detM =

k∏︁
i=1

m2i,2i−1m2i−1,2i for any tridiagonal 

2k × 2k-matrix M with mii = 0.
This implies that ωb is of rank n if b1 · · · bn−2 ̸= 0. Therefore, in this case, the annihi

lator of ωb in sln is isomorphic to spn. Therefore, sl(b)
n identifies with a Lie subalgebra 

of spn.
Since V is a simple spn-module, then for any nonzero v ∈ V the annihilator of v is 

isomorphic to the maximal parabolic subalgebra of spn, i.e., to spn−1.
Since sl(b)n also annihilates v1 ∈ V , sl(b)n is a Lie subalgebra of spn−1. Then the 

dimension argument once again implies that sl(b)
n

∼ = spn−1 as well for even n.
The theorem is proved. □

3.5. Proof of Theorems 1.5, 2.3, and 1.9

Note that Theorem 1.5 is a particular case of Theorem 2.3(a).
Let ˆ̂

R = C[ai, i ∈ I] and let R̂ be its subalgebra generated by all bij := ajiaiaj
whenever aij = −1 in the assumptions of Theorems 1.9 and 2.3. Clearly, R̂ = C[bij ].

Indeed, let ui = ub
i ∈ R̂ ⊗ 𝔤, i ∈ I be the elements as in (the right hand sides of) 

Theorems 2.3 and 1.9. Let vb
ij ∈ R̂⊗ 𝔤 be the left hand side of (1.3) in each case.

Lemma 3.3. vb
ij = 0 in each case of Theorems 1.9 and 2.3.

Proof. Theorem 2.1 taken in ˆ̂
R ⊗ sln and 0 = k ∈ An−1 (so that An−1 is the rooted 

conical tree with sub-trees {1, . . . , k − 1} and {k + 1, . . . , n− 1}) implies Lemma 3.3 in 
the assumptions of Theorem 2.3 for R̂⊗ sln.

Likewise, Theorem 2.1 taken in ˆ̂
R⊗ so2n+1 and 0 = n ∈ Bn (so that Bn is the rooted 

conical tree with a single sub-tree {1, . . . , k− 1}) implies Lemma 3.3 in the assumptions 
of Theorem 1.9(a) in R̂⊗ so2n+1.

Finally, Theorem 2.1 taken in ˆ̂
R⊗ sp2n and 0 = n− 1 ∈ Cn, J+ = {n} (so that Cn is 

the rooted conical tree with a single sub-tree {1, . . . , n− 2} and J+) implies Lemma 3.3
in the assumptions of Theorem 1.9(b) in R̂ ⊗ sp2n (with bi = bi−1,i for i < n and 
bn = bn,n−1).

The lemma is proved. □
Furthermore, we proceed similarly to the proof of Theorem 1.3. Indeed, let R be any 

C-algebra containing all bij .
Denote A := R ⊗ U(𝔤). By definition, the subalgebra B of A generated by X :=

{ui, i ∈ I} over R is U(𝔤(b)).
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The canonical specialization homomorphism R̂ ↠ R implies that Lemma 3.3 holds 
over R as well, that is, ui satisfy the relations of Theorems 1.9 and 2.3, that is, in the 
notation of Proposition 4.1, the kernel of the canonical homomorphism φX,B : R⟨X⟩ ↠ B

contains the set Y := {vb
ij , i, j ∈ I}.

Let us define a filtration on A same way as in the proof of Theorem 1.3.
In particular, the subalgebra B0 of gr A generated by ei, i = 1, . . . , n− 1 is naturally 

isomorphic to R⊗ U(𝔫), where 𝔫 =< ei, i ∈ I > is the nilpotent Lie subalgebra of 𝔤.
Then the natural inclusion of R-algebras B ⊂ A is compatible with the filtration and 

defines a natural inclusion of graded algebras grB ⊂ B0 because gr ui = ei for i ∈ I

(that is, grX = {ei, i ∈ I}).
Clearly, grY = {(ad ei)1−aij (ej) : i ̸= j} and is the presentation of B0, i.e., grY

generates the kernel of the canonical homomorphism φgrX,grB : R⟨grX⟩ ↠ grB = B0.
Thus, all conditions of Proposition 4.1 are met. The proposition guarantees that the 

relations of Theorems 1.9 and 2.3 give a presentation of B = U(𝔤(b)) as an associative 
algebra over R hence, of the Lie algebra 𝔤(b) over R.

Theorems 1.5, 2.3, and 1.9 are proved. □
3.6. Proof of Theorem 1.12

Proof. The generators of sp(b)
2n are as in Theorem 1.9

ui = ẽi + bi−1f̃i−1 − δi,n
1
2b

2
n−1[f̃n−1, [f̃n−1, f̃n]]

(a) It is clear that the set of elements

{u1, . . . , un−1}

generates a subalgebra of sp(b)
2n isomorphic to sl(b1,...,bn−2)

n . Define J as an ideal of sp(b)
2n

generated by the set [sl(b1,...,bn−2)
n , un].

Recall that sp2n contains sln and splits as a sln-module

sp2n ∼ = V1 ⊕ sln ⊕ V2

where the sln modules V1 and V2 are Cen + [sln, en] and Cfn + [sln, fn] respectively. 
Note that V1 = S2Vω1 . As a direct calculation shows the projection of J to V1 is an 
isomorphism of vector spaces and moreover it is an slb1,...bn−2

n module isomorphism where 
V1 is a module over slb1,...bn−2

n since slb1,...bn−2
n ⊂ sln.

(b) Introduce the set of elements u′
i, 1 ≤ i ≤ n, as follows:

u′
n = un, u′

n−1 = [un−1, [un−1, un]]
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and u′
n−k = Ad2

un−k
◦ Ad2

un−k+1
◦ · · · ◦ Ad2

un−1
(un). There is an isomorphism of Lie 

algebras ϕ : sl
(b′)
n+1 → J such that ϕ(vi) = u′

i, where vi are the generators of sl(b
′)

n+1, 

b′ = (b′1, . . . , b′n−1) where b′k = −22(n−k)+1
n−1∏︁
i=k 

b2i k = 1, . . . n− 1.

Moreover [u′
n−k, u

′
n−k±1] = (−2)k

(︃
k−1∏︁
i=1 

bn−i

)︃
[un−k, u

′
n−k±1] for 1 ≤ i < n hence 

[u′
n−k + (−2)k+1

(︃
k∏︁

i=1
bn−i

)︃
un−k, u

′
n−k±1] = 0 Observe finally, that the elements

u′′
n−k = u′

n−k + (−2)k+1

(︄
k∏︂

i=1
bn−i

)︄
un−k

generate a copy of sl(b1,...,bn−2)
n after the appropriate localization.

This finishes the proof. □
3.7. Proof of Theorems 2.7 and 2.8

We need the following fact.

Proposition 3.4. Let 𝔤 be a Kac-Moody Lie algebra with I = {1, . . . , r} and ui := ei +
bi−1fi−1 (with b0 = 0). Then for k ≥ 2 one has:

(a) (ad u1)k(u2) = (ad e1)k(e2) − 2δk,2b1u1,
(ad u2)k(u1) = (ad e2)k(e1) − 2b1δk,2(u2 + (a12 + 1)e2).

(b) (ad ui)k(ui+1) = (ad ei)k(ei+1) + bki−1bi(ad fi−1)k(fi)− 2biδk,2(ui − bi−1(ai,i−1 +
1)fi−1),

(ad ui+1)k(ui) = (ad ei+1)k(ei)+bki bi−1(ad fi)k(fi−1)−2biδk,2(ui+1−bi+1(ai,i+1+
1)).

(c) [ui, uj ] = 0 whenever |i− j| > 1.

Proof. Prove (a). Indeed, [u1, u2] = [e1, e2 + b1f1] = e12 + b1h1,

(ad u1)2(u2) = [e1, e12 + b1h1] = (ad e1)2(22) − 2b1e1 = (ad e1)2(22) − 2b1u1

(ad u2)2(u1) = [e2 + b1f1, e21 − b1h1] = (ad e2)2(e1) + b1a12e2 + b1a12e2 − 2b21f1

= (ad e2)2(e1) − 2b1u2 + 2b1(a12 + 1)e2

In particular, (ad u1)3(u2) = (ad e1)3(e2),

(ad u2)3(u1) = (ad e2)3(e1) + b1[f1, (ad e2)2(e1)] = (ad e2)3(e1) .

By taking commutators repeatedly with u1 and u2 respectively, we finish the proof of 
(a).
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Prove (b). [ui, uj ] = [ei + tkfk, ej + tℓfℓ] = eij + tktℓfkℓ + δiℓtihi − δjktjhj , where 
eij := [ei, ej ], fkℓ = [fk, fℓ]. Then

(ad ui)2(uj) = [ei + tkfk, eij + tktℓfkℓ + δiℓtihi − δjktjhj ]
= eiij + t2ktℓfkkℓ + δiℓtitkaikfk − δiℓti(2ei − aiktkfk) + δjkajitjei + δjktj(ajiei − 2tjfj)

= eiij + t2ktℓfkkℓ + tk(2δiℓtiaik − 2δjktj)fk + 2(δjkajitj − δiℓti)ei

if k ̸= i, ℓ ̸= j where eab := [ea, eb], fab := [fa, fb], eaab := [ea, eab], faab := [fa, fab].
Therefore, we obtain (ad ui)3(uj) = (ad ei)3(ej)+t3ktℓ(ad fk)3(fℓ) because [ei, fkkℓ] =

0, [fk, eiij ] = 0.
By taking commutators repeatedly with ui, we obtain by induction in r:

(ad ui)r(uj) = (ad ei)r(ej) + tr−1
k tℓ(ad fk)r(fℓ) . (3.6)

Taking j = i + 1, k = i − 1, ℓ = i, r ↦→ k, we finish the proof of the first part of (b). 
Taking i ↦→ i + 1, j = k = i, ℓ = i− 2, r ↦→ k, we finish the proof of the first part of (b) 
(all tm = bm).

This finishes the proof of (b).
Part (c) is immediate.
The proposition is proved. □
Now we can finish proof of Theorem 2.7. Indeed, in view of Proposition 3.4(a) one 

can take a′12 = a12, a′21 = a21
Also, if i > 1, then in view of Proposition 3.4(b), one can take a′i,i+1 =

min(ai,i+1, ai−1,i) and a′i+1,i = min(ai+1,i, ai,i−1).
Finally, in view of Proposition 3.4(c), one can take a′ij = aij = 0 whenever |i− j| > 1.
Thus, Theorem 2.7 is proved. □
In the notation of Theorem 2.8, denote

u′
i :=

{︄
ei + ai,i−1ai−1aifi−1 if 1 ≤ i ≤ r

ei + airaraifr if r < i ≤ r + d
.

Clearly, the relations for the pairs (u′
i, u

′
i+1), i = 1, . . . , r−1 follow from Theorem 2.7.

It is also clear that [u′
i, u

′
j ] = 0 whenever i = 1, . . . , r, j = r + 1, . . . , r + d and 

r < i, j ≤ r + d.
Theorem 2.8 is proved. □

3.8. Proof of Theorems 2.9

We retain the notation of Section 3.5. Theorem 2.8 implies that the homomorphism of 
Theorem 2.9 is well-defined. Applying the argument of Section 3.5 once again, we obtain 
the desired assertion.

Thus, Theorem 2.9 is proved. □
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3.9. Proof of Theorem 1.10

Taking 𝔤 = 𝔤′′ = 𝔤 in Theorem 2.9 with r = 2 we obtain the assertion of (a).
Taking 𝔤 = 𝔤′′ = so2n in Theorem 2.9 with the branch at the vertex r = n− 2, d = 2

of the Dynkin diagram I = {1, . . . , n} we obtain the assertion of (b).
Prove (c). Let 𝔤 = ˆ︁sln, I = {1, . . . , n}, 1 and n are neighbors. Taking sln ⊂ 𝔤

corresponding to I \{n} = {1, . . . , n−1} gives us relations of sl(b)
n for u1, . . . , un−1. The 

remaining relations of 𝔤(b) can be obtained by the cyclic symmetry i ↦→ i + 1 mod n.
Applying the argument of Section 3.5 once again, we see that the subalgebra generated 

by ui, i ∈ I is isomorphic to 𝔤(b), i.e., is its edge model.
Theorem 1.10 is proved. □

4. Appendix: Flat deformations

For any ring R and any set X denote by R⟨X⟩ the free R-algebra freely generated by 
X.

Let B be an algebra over R and X ⊂ B be a generating set. Denote by φX,B the 
canonical surjection R⟨X⟩ ↠ B, denote JX := Ker φX,B . The natural filtration on 
R⟨X⟩ with deg x = 1 for all x ∈ X induces a natural filtration on B, so let grB be the 
associated graded algebra of B. Clearly, grR⟨X⟩ = R⟨X⟩. For any subset S ⊂ B denote 
by grS the image of S in grB.

If A is a filtered algebra and J is a two-sided ideal of A, then
grA/J is canonically isomorphic to grA/grJ . In particular,

grB = R⟨grX⟩/grJX .

Denote by φgrX,grB the canonical surjection R⟨grX⟩ ↠ grB = R⟨grX⟩/grJX .

Proposition 4.1. Let B be an algebra over R generated by X ⊂ B. Suppose that Y is a 
subset of R⟨X⟩ such that

• Y is contained in the kernel of φX,B.
• The kernel of φgrX,grB is generated by grY .
Then B = R⟨X⟩/⟨Y ⟩, where ⟨Y ⟩ denotes the two-sided ideal of R⟨X⟩ generated by Y .

Proof. Indeed, for any subset Y ⊂ R⟨X⟩, the inclusion grY ⊂ gr⟨Y ⟩ implies the inclusion 
of ideals ⟨grY ⟩ ⊂ gr⟨Y ⟩. Now let Y be as in the assumptions of the proposition. Then 
the inclusion Y ⊂ JX implies the inclusion of ideals ⟨Y ⟩ ⊂ JX hence gr⟨Y ⟩ ⊂ grJX
(if the latter inclusion is an equality, then so is the former). Taking into account that 
grJX = ⟨grY ⟩, we obtain gr⟨Y ⟩ ⊂ ⟨grY ⟩. These two opposite inclusions imply that 
gr⟨Y ⟩ = grJX . Therefore, JX = ⟨Y ⟩.

The proposition is proved. □
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