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Abstract

This paper proposes a new approach to the investigation of a class of controlled Markov
chains with discrete time on a finite interval, which possess some monotonicity and
concavity properties related to the transition function and the utility function of the
decision maker. By introducing a stochastic discount factor based on the myopic
optimal strategy, it is relatively easy to find an optimal strategy in the process modified
by the stochastic discount. In a particular case of the model — multi-stage optimal
investment problem under “hard” constraints including a call option model — this
approach provides a simple way for calculation of optimal investment strategy in the
modified process. In other words, the decision maker adopting the stochastic discount
factor into the model can essentially simplify the determination of an optimal control
for the Markov chain by using the myopic optimal strategies only, i.e., by solving a
sequence of one-stage optimization problems without analyzing the more complicated
dynamic programming equations.

Keywords Controlled Markov chain - Multi-stage optimal investment - Stochastic
discount - Utility function - Call option

Mathematics Subject Classification 60J20 - 91G20

1 Introduction

A core body of research on controlled Markov chains resulted from Howard’s book [7].
Since the corresponding equations of dynamic programming are difficult to be solved,
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there appear works on approximate solutions to the problem: [9, section 2.5] studies
an approximation of an original controlled Markov processes in continuous time on a
finite interval by appropriately chosen controlled finite state Markov chains in discrete
time; the author of [17] investigates a similar problem with a countable state space by
considering a finite-state and finite-action model as an approximation. Applications
of this approach to an inventory model, a cash-balance model, and a growth model
are given there. Also, Runge-Kutta method for time discretization in optimal control
models has recently been widely used (see, e.g., [18]). Investment processes with
stage-by-stage probabilistic constraints are studied in [6, 10], the latter also admits a
bankruptcy of the investor. Book [4] deals with financial investment markets, including
the study of controlled Markov chains in the frame of options of different types. The
authors of [ 15] studied portfolio insurance strategies to protect investors against market
movements by providing an initially specified guarantee during the investment period.
As was noted in that paper, this kind of a protection mechanism is especially important
for the systems with pension plans modeled by a Markov chain. In [16, section 4.3],
an eco-finance network is treated as a time-discrete control problem. It describes the
economical interactions between several agents (countries, or companies, etc.) aimed
at minimizing their emissions caused by technologies, and using financial means.
Note that many papers have been devoted to the study of controlled Markov chains
on an infinite time interval with discounted or averaged cost as the functional to be
minimized (see, e.g., survey [1] and references therein).

In this paper, we investigate a problem of finding an optimal strategy in controlled
Markov chains with discrete time and a finite horizon, that maximizes the expected util-
ity of the final state. The novelty is to simplify the corresponding equations of dynamic
programming, i.e., we modify this problem by introducing a stochastic discount factor
related to a myopic strategy and then obtain a relatively simple solution to the modified
problem. The applications to finance models within the proposed discount approach
to investment problems, including the so-called call option, are presented. Practition-
ers may be interested in the suggested approach since that simplifies the solving of
the dynamic programming optimality equations in Markov decision processes with
discrete time, which describe the models of: inventory, investment, pension plans, and
eco-finance network (see [4, 9, 15-17]). Converting the problems into a sequence of
one-stage problems makes them much easier to be solved and, therefore, does not
involve essential computation errors. As a result, it seems that the presented work
suggests some novel method.

2 Initial Problem Formulation
Consider a homogeneous controlled Markov chain X;, ¢t = 0, ..., T, with the state
space X belonging to R.

Definition 2.1 In the following, the term “state space” is understood as an open convex
set X in R containing all possible values of (X;).

This definition does not seem restrictive, since all possible states of the controlled pro-
cess (X;) are included into X. At the same time, such a notion allows for determining
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the convexity of some subsets of X and differentiation of some functions defined on
X, which will be used further.
The dynamics equation is

X1 =F(X;,a,8), Xo = xo,

where: F (-, -, -) is a Borel-measurable function, stochastic vectors &, t =0, ...,

T —1, are independent and identically distributed (i.i.d.), decisions a belong to a convex
compact set of admissible decisions A C R" defined as A = {a € R" : hj(a) >
0,j=1,...,m}, and hj(a) are given continuous concave functions. Suppose

the transition function F'(x, a, z) and F; (x,a, z) > 0 are continuous in
(x,a) e X x Aforany fixedz €S, (1)

where S = supp&; is the support of &, i.e., the smallest closed set in R” such that
P (& €suppé) = 1.

Remark 2.1 The assumed property that the function F(x, a, z) is increasing in x is
justified by the following: further X; = x will be regarded as a current capital of
the decision maker, so a greater value x naturally leads to a greater value X, (in a
probabilistic sense).

We suppose that all the random variables are defined on a complete probability space
(£2, F, P).Onthis space we define the natural filtration (F;),>0, where J; is the sigma-
algebra o (&, ..., &—1). An admissible strategy is a sequence & = (ag, ...,ar—1),
where a; is F;-predictable; for each t = 0, ..., T — 1, the values of a; belong to A.
Denote the set of all admissible strategies by I7.
The problem we begin with is a problem of maximizing the expected utility of the
final state
maximize E U (X7) subjecttor € I1. 2)

Here and throughout the rest of the paper, the utility function U (x) is continuous,
concave, and U’(x) > 0 on the related domain.

Definition of a stochastic discount factor.
First of all, define a process of “utilities”, ¥; = U(X;), t = 0, ..., T. Its transi-
tion function is Q(y,a,z) = U (F(U’](y), a, z)) , and Yy = U (xp). In this case,
condition (1) is equivalent to

the transition function Q(y, a, z) and Q’y (v, a, z) > 0 are continuous in

(y,a) € U(X) x A for any fixed z € S,

where U (X) denotes the set of values of the function U(x), x € X. To prove the
inequality above, note that

: 0 ]
0}(v-a:9) = U (FW™'(0),0.9)) =
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U (FW™'0).a.2)) FLW™' (). a. /U0 ) > 0.

Define also amyopic Markov strategy 7 = (ag(x), ..., dr—i(x)), where each decision
a;(x) is a solution to the problem

maximize E [U (X;41)|X; = x] = EU(F(x, a, &)) subjecttoa € A 3)

for each fixedt =0,...,T — 1, and x € X. Evidently, a,(x) are identical functions
of x, since {X;} is a homogeneous controlled Markov chain.

Remark 2.2 The introduced myopic strategy is explained by a desire of the decision
maker to improve his/her situation only at the next stage, regardless of achieving the
maximum of E U (Xr) (see(2)). As we will see in section 3, this strategy turns out to
be optimal in a discounted modification of problem (2).

In the terms introduced above, problem (3) is equivalent to
maximize E [Y;41|Y; = y] = EU (F(U*l(y), a, g,) subjecttoa € A,

t=0,...,T — 1, with y = U(x), where x = X, is the current state of the process
(X;). This leads to the corresponding myopic strategy in the utility process, 7 =
(ao(y),...,ar—1(y)), where y € U(X) — the set of values of U (x), x € X.

Let Y,,t = 0,..., T, be the utility process under the myopic strategy 7. By
construction, ¥; = U (X ) where (X,) is the process under the myopic strategy 7.

Also, Yt+1 = Q(Y,, at(Y,), &) aef Q(Y,, &). Thus, (Y,) is a Markov chain with the
corresponding transition function Q(y, z).
Define

g(y) E[YmIYz—y] TJISXEQ()’,CI’&)=

“)
max E U (F(U™'(y), a, &)
acA
as an optimal one-step utility, and suppose that
g(y) is concave on U (X). ®))
The stochastic discount factor is the product of derivatives
def T—1
e N
r= [T 6)

Remark 2.3 (Oneconomic sense of the discount factor N1) Since ?T =0 (?T_l LET1 )

=0 (Q(?T—Z, Er-2), $T—1> and so on for

! Here and further, for definiteness, the notation g/ (y) is understood as the right derivative.
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?T_3, R IA’o = yp, formal differentiating the superposition of the functions with
respect to the initial utility gives

Y7 (@, Y0)

T—1
= " (Vi ).
T0 1;[) Q) (Y, &)

If each multiplier Q/y (Y;, &) is averaged with respect to &;, we get

T—1
[]s@)=nr.
=0

Thus, the discount factor N7 can be called a step-wise marginal utility (under the

myopic 7).

In the case of a simple linear dynamics equation X +1 =X, &, where §; arei.i.d. stochas-

tic values, with a linear utility function U (x) = x, we have

)?T = ]_[[T:_Ol &. Denoting p = E&;, we get that the discount factor Ny =
,T:_Ol o = p! —a constant exponentially increasing with 7, i.e., a “usual” discount

factor widely used in economic models.

Lemma 2.1 Let (1) and (5) be met. Then, the function g(y) (see (4)) is concave and
g >0

Proof The concavity of g(y) is stated in (5), and the inequality Q; (v,a,z) > 0is
proved above. By, e.g., [3], the directional derivative in y of max,c4 Q(y, a, z) with
a direction v = 1, i.e., the right derivative, is

amaxaGA Q(yva’ Z) aQ(%a, Z)
= max —— >0,
av acA(y,z) ay
where A(y,z) = {@’ € A: Q(y,d’,2)} = maxgea Q(, a, z). Hence, taking into
account the definition of g(y) in (4), we have that g’(y) > 0 on the related domain. O

The following lemma provides a sufficient condition for concavity of g(y) in terms
of the transition function Q(y, a,z) = U (F(U~(y), a. z)) of the chain (¥;).

Lemma 2.2 Let Q(y,a, z) be concave in (y, a). Then, the function g(y) (see (4)) is
concave.

Proof Denote y, = ay; + (1 —a)yz and ay = aa; + (1 — a)ay. By the assumption,
a function w(y, a) = E Q(y, a, &) is concave in (y, a), hence

aw(yr,ap) + (1 —a)w(yz, a2) < w(yy, ay) forany a; € A and a € [0, 1]. The right
hand side of the inequality does not exceed max,ecq w (Yo, @) = &(Va)-

Let a®(y;) € argmax{w(y;,a)|a € A},i = 1, 2. Then,

aw(yr,a’(y)) + (1 — @w(yz, a®(y2)) = ag(y1) + (1 — a)g(y2) < g(ya). Thus,
gy) = max w(y, a) is concave. m]
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Consider an example illustrating Lemmas 2.1 and 2.2. Let X, be the investor capital
at moment ¢, the dynamics equation be

X1 = Xi{a, &), Xo=x0 >0,

where:a € A ={a € R" : a; > 0, Z’f a; = 1}, & are non-negative i.i.d. stochastic
vectors equal to the rates of return, and (-, -) denotes the scalar product. The utility
function is U(y) = In y. Then, the transition function of the utility process is
O(y,a,z) =U (F(U_l(y), a, z)) = y + In{(a, z) which is concave in (y, a) and
increasing in y. Note that in the view of Lemma 2.1, the stochastic discount factor

T—1
Nr = l_[ ¢'(Y,) > 0 almost sure (a.s.).
t=0

3 A Modified Problem Formulation

Instead of problem (2), we now turn to the modified problem of maximizing the final
utility under the stochastic discount factor,

maximize JN[rr] = E[U(X7)/Nr]subjecttor € I, (7

where N7 is defined in (6).

The very formulation resembles the model with a deterministic inflation discount
given in Remark 2.4, but with the stochastic discount N7 introduced. Dividing the
goal functional by N7, we “rid” the model of the step-wise marginal utility under
the myopic strategy (see Remark 2.4). As we will see further, problem (7) admits a
relatively simple solution, namely, the myopic strategy 7.

Theorem 3.1 Let assumptions (1) and (5) be met. Then, an optimal strategy in problem
(7) is the myopic strategy 7 defined in (3).

Proof As beAfore,Alet JF; be the sigma-algebra o (&, ..., &—_1). By construction of
g(y) = EY:41|Y: = y] = max E Q(y, a, &), we have that the conditional expec-

tation with respect to F; (see e g [4] for the definition) is E [Y;41|F;] < g(¥;) and
E [Yr+1lfﬂ] = g(¥}) as. Hence,

EYi41 — Y,+] |F:] < g(Yy) —g(Yt) <g (Yt)(Y, Yt) a.s., the latter inequality holds
by the stated concavity of g(y). Following this way, we have

E[(Yes1 — Yy /g XTI < Y, — ¥y,
E[(Y; — Y;)/g/(Y;_1)|9'~;_1] <Y_1—Y_1,
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Therefore, Z, < (v, — ¥,)/ TT'Z) ¢/(%,) is such that E [Z;41|F] < Z as.. ic.. Z;
is a super-martingale (see, e.g., [4]) under any admissible strategy . Indeed,

t t
E [(Y,H ~Yien)/ Hg%?s)m} = E| (1 = fu)I% ]/ [T /B0 =
5s=0 s=0
A t_l A
i —Y/[]e'Fo

s=0

since E [(Yz+1 — I?t+1)|5t,] /g’()?,) <Y — ﬁ a.s. As easily seen, Z; converts into

a martingale under 7 = 7, which means in particular that E Y7 < E I}T, i.e., the
myopic strategy 7 is optimal in (7). O
Remark 3.1 Actually, the proof of Theorem 3.2 establishes a result stronger then just
the optimality of 7. It is proved that Z; = (¥; — Yy / ]_[2;(1) g'( Yy)isa super-martingale
under any admissible strategy 7, and converts into a martingale under 7 = 7. The
optimality of 7 is only a trivial consequence of this fact.

Note also that an explicit form of the discount factor N7 is not needed for constructing
the myopic optimal strategy (see (3)) in (7). Only concavity of the function g(y) and
the inequality g’(y) > 0 are of importance.

4 The Case of a Non-Homogeneous Controlled Markov Chain
In this case, the dynamics equation is
Xl+] = F(ty Xf’ a, ‘i:t)a XO = X0,

where stochastic vectors &, t =0, ..., T — 1, are independent. The set of admissible
decisions a at each moment ¢ with a current state x of the process is a compact convex
set A; x» C R defined as
Aix={aeR": hj(t,x,a)>0,j=1,...,m}, where h(t, x, a) are concave in a
and continuous in (x, a).
Suppose that the derivatives

W >0,j=1,...,m, and continuous in (x,a) € X x R" ®)

for any fixed 7.

Suppose also that

the transition function F(z, x, a, z) and F.(t,x,a,z) > 0
are continuous in (x, a).

€))

Like in section 2, define the utility process Y; = U(X;) with the correspond-
ing transition function Q(t,y,a,z) = U (F(t,U"'(y),a,z)), where decisions
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A def
aedny, ™ Ay =1laeR: b, U (W) = 0,j =1,....,m} for

y € U(X). In the terms of the process Y;, conditions (8) and (9) imply that the same
properties hold for ﬁj(t, v, a) 4 h(t, U~ (y),a) and Q(t, y, a, 2).
Suppose, in addition, that a set

A {a.y):ae Ay yeUX)) is convex for all 1. (10)

Note that convexity of A, implies convexity in a of its projection Al, y for any fixed

(. y).
As before, the problem we begin with is a problem of maximizing the expected utility
of the final state

maximize E U(X7) subjecttor € 1. (11

Definition of a stochastic discount factor.
First of all, define a myopic Markov strategy 7 = (aop(x), ..., dr—1(x)), where each
decision a;(x) is a solution to the problem

maximize E [U(X,;+1)|X; =x]=EU(F(t,x,a,&))
subjecttoa € Ay x, t =0,...,T — 1. (12)

Let X;, 7 =0,...,T,bethe process under the myopic strategy 7. In the terms of the
utility process Y; = U(X;), problem (12) is equivalent to

maximize E [Y;41]Y; = y]l = EU (F(t, U=, a, gt))

subjecttoa € A,,y, t=0,...,T—1,

with the set Af,y defined above. This leads to a myopic strategy in the utility
process, 7 = (ao(y),...,ar—1(y)), where @ (y) = a;(U"'(y)). Thus, ?t =
U(X;),t = 0,...,T, is the utility process under the myopic strategy 7. Then
Yoo = U (F(t, I AR A gt)) — 0@, ¥,,&) and (¥,) is a Markov chain
with the corresponding transition function Q(z, y, z).

Define

g E¥ |7 =yl = max E Q. y.a.&) (13)

ach;y

as an optimal one-step utility, where y = U(x) is the utility of the current capital
Xl‘ = X.
Suppose that g;(y) is concave in y on the set U (X). (14)

Lemma 4.1 Let conditions (8)-(9) and (14) be met, and the Slater condition be sat-
isfied, i.e., for any t and x € X there exists a = a; x such that hj(t,x,a) > 0, j =
1,...,m.

Then, the functions g;(y) defined by (13) are concave in y and

g () > 0.
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Proof Concavity of g;(y) is supposed in (14). In terms of the utility process, the Slater
condition above is equivalent to the following: for any y € U (X) there exists d;, , such

that hj(t, y,a,) = hj(t, U (). dry) > 0,j = 1,....m, where @, y = a, -1
According to [14, Theorem 7.3, p. 101], the sign of g/(y) coincides with the sign of
L’y(t, v.a,ft) atsome a € A;yand i = (i1, ..., 4y) > 0. Here, the Lagrangian
L(t,y,a,n)=FEQ(,y,a, s,)+zsfl=1 ujﬁj(t, v, a). Taking into consideration that

M M > 0 (see (8))
ay N ’

> 0 (see (9)) and
dy
we complete the proof. O

The following lemma provides a sufficient condition for concavity of g; (y) in terms
of the transition function Q(z, y, a, z) and sets A, , of admissible decisions of the chain
(Yo).

Lemma4.2 Let Q(t,y,a,z) =U (F(t, U-'(y), a, Z)) be concave in (y, a) and (10)
be satisfied. Then, the functions g;(y) are concave in y at any fixed t.

Proof By the assumption, a function w,(y, a) = E Q(t, y, a, &) is concave in (y, a).
Fix any y1, y» € U(X) and a; € A,,y] ,a € A[,yz. Hence,

aw;(y1,a1) + (1 —a)w,(y2, a2) < wi(Ya, ag) for any a € [0, 1], where we denote
Yo = ay; + (1 —a)yz and ay = aa; + (1 — a)as. By concavity of A,, the decision
ay € A,, yo- Therefore,

aw:(y1,a1) + (I —a)ws(y2,a2) < max wy(yq, a).
acA; y,

Since a; and ay can be chosen arbitrary, we have g;(y) = max w;(y, a) is concave
a€A;y
in y. O

Similar to (6), the stochastic discount factor is the product of derivatives

T-1
N T g7 > 0as. (15)
=0

Instead of problem (11), we now study a modified problem of maximizing the final
utility under the stochastic discount factor

maximize JN[rr] = E[U(XT1)/Nr] subjecttor € I1, (16)

where N7 is defined in (15).

Theorem 4.1 Let assumptions (8)-(10) and (14) be met. Then, an optimal strategy in
problem (16) is the myopic strategy 7 defined in (12).

Proof The proof repeats the reasoning in the proof of Theorem 3.1. O
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5 A Multi-Stage Portfolio Investment Problem with a “Hard”
Constraint on the Final Capital

Here the dynamics equation is

X[+1 :X,(a,,&),tzo,...,T— 1,

n

Xo = xp > 0is the initial investor’s capital, (x, y) denotes the scalar product »_ x;y;,
i=1
stochastic vectors &, t =0, ..., T — 1, are positive i.i.d., and é,i is the rate of return
of the i-th asset at moment ¢. A decision a; is an n-dimensional vector of proportions
of the current capital chosen from the set A = {a € R" : a; > 0, Z’l' a; = 1}, thatis,
the “short sales” are not allowed (see, e.g., [10]). In addition, we impose a constraint
on the final capital, X7 > g (> 0) a.s. Introduce a problem

maximize J[r] = E U(X7) subjectto X7 > B a.s. (17

In this problem, the vector a; belongs to a set of admissible decisions A; , where
t=0,...,T — 1, is the number of stage and x is the current state of the process. The
rest of the section is devoted to finding the form of the sets A; ,.

def . .
Lemma5.1 Letv 2 ma[)f mlél(a, z) < 00, where S = supp &; is the support of & (see
acA ze

(1)), i.e., roughly saying, the set of possible values of this stochastic vector. Condition
T
xo > B/v (18)

is necessary and sufficient for non-emptiness of the interiors Int A; x of the sets of
admissible decisions

Ay =fa€A:xmina,z) > g r=o0,...,T -1 (19)
Z€E

Proof Begin with A7_1, = {a € A : xmigl(a,z) > pB}. It is easily seen that
Z€E

Int A1, # ¥ if and only if x > B/v. Then, the interior of A7 = {a €
A:x miél(a, z) > B/v} is non empty if and only if x > B/v?. Following this rea-
Z€

soning, we have that the interior of Ag , = {@ € A : xo miél(a, z) > B/vT s
F4S]

non-empty if and only if xg > B/v’. O

Remark 5.1 If S is convex then by the known theorem of the game theory (see, e.g.,

[5]) we have: since (a, z) is concave in a and convex in z, then the constant v in (18)
can be easily determined

v = max min{a, z) = min max{a, z) = min max{zy, ..., Zn}.
acA zeS zeS aeA zeS
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Consider also the case of the binomial market, where: n = 2, & = (mq, éé),
P{gy = M} = p,P{El =m} =1—p,and 0 < m < m; < M. In this case,
S = supp&; consists of two points, (m, m) and (m, M), and, hence, is not convex.
However, an antagonistic game with the gain matrix (see e.g., [5])

mypmj
M =
has a solution in the set of pure strategies because

max min m;; = min max m;; = mj.
i=1,2 j=1,2 j=1,2i=1,2

Hence, we simply have v = max min(a, z) = min max(a, z) = mj.
acA zeS zeS acA

6 A Modified Problem of the Multi-Stage Portfolio Investment with a
“Hard” Constraint

Instead of problem (17) which, to the best of the author’s knowledge, is not solved
fully, i.e., for a general distribution of &;, we now turn to the corresponding modified
problem.

maximize JN[n] = E[U(XT1)/Nr]subjectto X7 > B a.s., (20)

where: U (x) is the utility function, N7 defined in (15) is

T—1
Nr = [T gi(F. where g;(») = EU (U™ 0@ W™ ). &)
=0
and 7 = (dg, ..., ar—1) is the myopic strategy,

ar(x) € argmax{E U (x(a,&)) |a € Asx}, (21)
with A; , defined in (19). As before, define a utility process ¥; = U (X;),
t =0,..., T, with the transition function
O, y,a,z) = U(Ft, U (y),a,2)) = U (U "(y){a.z)) and the sets of

admissible decisions
Ay=A iy =lacA: U () Izneiél(a, z) > g/l
In terms of the utility process Y; = U (X;), problem (12) is equivalent to
maximize E [Y41]Y; = y] = EU (F(t, U=y, a, s,)) subjectto a € A, .,
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t = 0,...,T — 1. This leads to a myopic strategy in the utility process, 7 =
@o(y),....ar-1(y)), where a(y) = aU '(y) (see (21)). Thus,
Yy =U(X;),t=0,..., T, is the utility process under the myopic strategy 7.

Now we study the convexity property of the set A; (condition (10)), which in this
case has the form A; = {(a,y) : U~ (y) Iniél(a, z) > B/vT 7'~} Let us recall the
zZ€e

definition of risk aversion function [11]: let U(x) be twice differentiable, the risk
aversion function is
Lemma 6.1 If U (x) is such that

R(x) <2/xon X,

then A, is convex in (y, a).

Proof Rewrite the expression for A; as

{(a,y) : min{a, z) — BT >0} =

zeS U-1(y)
(@, y): minfa, z) + w7t = o),

where u(x) = —1/x with its risk aversion function R, (x) = 2/x. According to [11],
u(U‘l(y)) is concave as R(x) < R, (x). Noting that miél(a, Z) is a concave function
zZ€

in a, we complete the proof. O

Let us verify the fulfillment of conditions (8)-(10) and (14) in Theorem 4.1 for
the considered case. Condition (8) evidently holds (see (19)). Condition (9) of the
increasing in x of F (¢, x, a, z) is satisfied (see the dynamics equation in section 5).
Condition (10) is met by virtue of Lemma 6.1. Condition (14) is guaranteed by the
following assumption (see Lemma 4.2):

UWw-'( y){a, z)) isconcavein (y, a), which is evidently satisfied if the utility function
U (x) is such that

U(U_l(y)w) is concave in (y, w) € U(X) x (0, 00). (22)

Theorem 6.1 Let assumptions (18), the inequality R(x) < 2/x on X, and (22) be met.
Then an optimal strategy in problem (20) is the myopic strategy 7 defined in (21).

Proof According to the theorem’s assumptions, the sets A 1,y have non-empty interiors,
Al are convex, and the function Q(¢, y, a, z) isconcavein (y, a), with Q’y (t,y,a,z) >
0. The latter implies that N7 > 0 a.s. So, the proof repeats the reasoning in the proof
of Theorem 4.1. O
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6.1 The Case of a Logarithmic Utility Function

Let U(x) = Inx. Then U(U~'(y)w) = y + Inw, so (22) is satisfied and R(x) =
1/x < 2/x.By Theorem 6.1, if (18) holds then the myopic strategy 7 solves problem
(20), where now

-1
Nt =[] 8P, &) =y + E In(a, ). &),
=0
7 = (do, ..., ar—p) is the myopic strategy defined by
a;(x) € argmax{E In{a, &) |a € A}, (23)

the sets of admissible decisions A; x are defined in (19).
The case of a two-asset market. Consider a particular kind of problem (20), where

the number of assets n = 2, the first is risk-less with a return Sf = m], the second

is risky with a stochastic return &} such that 0 < m “f inf {supp&i} <my < M af

sup{supp &3} < co. The feasibility condition in (18), xo > B/vT, is now xo > ,B/mlT.
Notice that according to Definition 2.1, the “state space” X of this chain is supposedly
open and convex, so the operation of differentiation is admissible for appropriate
functions on X.

Denote min{x, y} = x A y and max{x, 0} = (x)4. The optimization problem for
finding a myopic strategy takes the form

maximize E In[(1 — a)m + aEtz]

subjecttoOfafl/\{(ml—%>/(m1—m)}, (24)

T
xny

where the constraint (24) on a is equivalent in this case to (19).

This problem has an explicit solution in a particular case of a binomial market,
where the risky return is such that P{Eé = M} = p,P{l =m} =1-p, and
0 <m < m| < M. Since the objective function at any fixed ¢ is concave in a on the
non-empty interval, we get

&t(x)z(l/\(a*)+)/\{(ml—%>/(m1—m)}, t=0,...,T —1,
xm
where a™ = m —
mi—m M —m

is the point at which the derivative of the objective function becomes zero. According
to Theorem 6.1, if xg > B /mlT then the optimal in (20) myopic portfolios are (1 —
ar(x),a;(x)),t =0,...,T — 1, with a,(x) determined above.
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6.2 The Case of a Linear Utility Function

Let U (x) = x. The discount factor in this case is

T—1
Nr =[] &(¥), &) = y(@(y), E&), where y = x,
t=0
7 = (ao, ..., ar—1) is the myopic strategy,

a;(x) € argmax{(a, E&)|a € A; x},

with A,  defined in (19).
Since U (U~ (y)w) = yw, (22) is not satisfied. However, below we directly prove
concavity of the function g;(y) that can be rewritten as

& (y) = max L(a),

aeN(y)

where the sets N(y) = {a € R" : a; > 0,) 1 a; = y,migl(a, z) > B/vT~"~1} and
zZ€e
the function L(a) = (a, E &).

Lemma 6.2 The function g;(y) is concaveiny € X.

Proof Let yi, y» € X and a; € N(y1), az € N(y2). Since L(a) is concave,
alL(a;)+ (1 —a)L(ay) < L(aa; + (1 —a)ap) forany o € [0, 1]. 25)

Asaa; + (1 —a)az € N(ay; + (1 — a)y2), from (25) we have
alL(ar) + (1 —a)L(az) < g(ayr + (1 —a)y2). Hence
agi(y) + 0 —a)g(y2) < gr(ayr + (1 —a)y2). a

Thus, if (18) holds, then the myopic strategy is optimal in (20) in the case of the
linear utility function.

7 The Case of the Call Option in (B — S) market

The call option is a contract between the buyer and the seller of the call option to
exchange a security at an agreed price [8]. The buyer of the call option has the right,
but not the obligation, to buy an agreed quantity of a particular commodity or financial
instrument from the seller of the option at or before time 7' (the expiration date) for a
certain price. The buyer has no profit if he/she requests a payment at a moment before a
constant K (a strike price). In the interval [ K, T'], the buyer receives the profit S7 — K,

where St is the price of the risky asset. Thus, the function of the buyer’s profit (the

L. d
payment function) is (s — K) 4 lef max{0,s — K}.
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Similar to the case of the two-asset market, assume that the market has only two
assets with rates of return § = (&{, £}). The first are risk-less, ] = m a.s., &} are
i.i.d. and such that )
0<m® inf{supp&l} < my < M aef sup{supp 3} < oo — in distinction to the
discrete stochastic values &} introduced in the binomial market.

Define the dynamics equations for this model:
the investor’s capital is X,+1 = X,(as, &), Xo = x0 > 0,
the price for the risk-less asset is B;+1 = B;m1, B =m > 0,
the price for the risky asset is S;+1 = S,Eé, So = s9 > 0.

Let the payment function be f(s) = (s — K), and the investor’s utility function be
U(x) =1Inx.

The investigated problem is the maximization of the expected utility of the final

buyer’s capital under the stochastic discount

maximize E [In(X7)/Nr] subject to X7 > f(S7) a.s., (26)
T-1 S
0g:(Y;, S, . .
Nr = l_[ gt(a—tt), g (y,s) =y + E In{a,(e”, s), &) (see section 6.1).
y
=0

Here Y; = In(X;), Y; is the utility process under a myopic strategy
7 = (ao(e’,s), ..., ar—1(e”, s)) with @, (x, s) = (1 —a, (x, s), a} (x, s)) such that

al(x,s) € argmax{E In[(1 — a)m| + a&’]|a € A, .s). (27)

The sets A; x s of admissible decisions under current ¢, X; = x, and S; = s are found
in the following lemma, where we denote x vV y = max{x, y} and x A y = min{x, y}.

Lemma 7.1

m’lHd(t,sM) —xmp xmj —m’lHd(t,sm)
Atxs =|0vVv ) A, (28)
™ x(M —my) x(my —m)

all the sets A; s have non-empty interiors Int A; x s if and only if xo > m1d (0, so),
where:

T—t
dt.$) Y 3 Ch g (1= )" fsm M T = 0. T — 1,

1 i=0
Cl = JYIG =D}, and g = (M — m1)/(M — m).

Proof 2 According to [4, Corollary 7.9], and taking into account the convexity of
f(s) = (s — K)4+ and Jensen’s inequality, we have that forany 0 <t < T — 1 the

2 The formulation and proof of Lemma 7.1 are given by E.A. Shelemech
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minimal investor’s capital X at moment ¢ with S; = s guaranteeing the inequality
X7t > f(S7) a.s. is such that

X /m\ ™ =d,s)

(see the definition of d (¢, s5) above). Due to the reasoning at the beginning of the proof,
a decision a € [0, 1] is admissible if and only if

x[(I = a)ym) + az]

0< i —d(t, =
= zelmm) i1 (t, 52)
| x[(1 —a)ym| +am x[(1 —a)m; +aM
min ] *L¢ )t+11 1_ d(t, sm), LC )Hi 1_ dt,sM)t, (29)
ny ny
t =0,...,T — 1. The latter equality follows from that the minimized function is
concave in z. Trivial rearrangements of (29) give the lemma proof. O

Remark 7.1 The parametrization of the set A, , introduced in sections 5-6 and that of
the set A; x s are different: the former uses r € {0,..., T — 1} and x € X, while the
latter uses the three-dimensional parameter (¢, x, s) with s € supp S;. However, when
studying properties of these sets under the fixed parameters, we can exploit a similarity
of problems (20) and (26), and use Theorem 6.1, after verifying its assumptions with
respect to the considered case.

The set of admissible decisions A; . s in (28) can be represented by inequalities
hj(t,x,s,a) > 0 for the corresponding functions h;, j = 1,..., 4:

a >0,
m’lﬂd(t, sM) — xm
x(M — my)

xmp — m’l+ld(t, sm)

—_ Y

x(myp —m)
1—a=>0.

As easily seen, an analogue of (8) holds, the derivatives

ohj(t,x,s,a) .

0,j=1,...,4,
ax /

and continuous in (x,a) € X x R for any fixed  and s. Note also that the Slater’s
condition is met under fixed z, x, s.

From the expression of dynamics equation for the investor’s capital, we have that (9)
is satisfied, i.e., the transition function
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F(t,x,a,z) and F)Q (t,x,a,z) > 0 are continuous in (x, a). In terms of the utility
process Y;, the statement of Lemma 7.1 is rewritten as

eY(M — my) ’ eY(my —m)

t+1 1
i m T dt, sM) —e’my e’my —m' T d(t, sm
Arys = Apers = |:0 v —L ( ) ! 1 1 d( ) l:|

Evidently, the interior of At, y,s is not empty if and only if yo > In(md (0, s0)).
The next lemma establishes that an analogue of condition (10) takes place.

~ d ~ ~
Lemma7.2 Let A; lef {(v,a) : y € UX),a € Ay}, where A,y is defined
above. Then, the set At, ¢ IS convex.

Proof As is easily seen, the set A,, y,s can be represented as
Ov(b/e* —c)<a<(—g/e +w)Al,

where b, ¢, g, and w are corresponding positive constants that do not depend on y and
a.Let (y;,a;) € A; s, i = 1,2. Denote by
Va» ag) = (@y1 + (1 — o)y, aa; + (1 — a)az), o € [0, 1], and prove that

OV (b/e¥ —c) <ay < (—g/e’* +w) Al (30)

for any o € [0, 1]. The left inequality holds as the function b/ exp(y) — ¢ is convex
in y. The right inequality holds since —g/exp(y) + w is concave in y. O

Remark 7.2 The proved convexity property of Am under the logarithmic utility func-
tion can be proved for a more general case of the utility function U (x) such that its risk
aversion function R(x) < 2/x (recall that for U(x) = Inx its R(x) = 1/x < 2/x).
Indeed, following the reasoning in Lemma 6.1, we have (see (30)) that the function
b/U~!(y) — cis convex in y and the function —g/U ! (y) + w is concave in y.

Theorem 7.1 Let
xo > m1d(0, so), (31)

where the function d(t, s) is given in Lemma 7.1. Then, an optimal strategy in problem
(26) is the myopic strategy 7t defined in (27).

Proof Condition (22) is met (see the beginning of section 6.1) as the investor’s utility
function U (x) = In x. Condition (18) converts into (31) as follows from Lemma 7.1.
As was shown above, the analogues of conditions (8), (9), (10) are satisfied in our
case. Repeating the reasoning in the proof of Theorem 6.1, we complete the proof. O

In the particular case of the two-asset market described in section 6.1, where
P(§), = M) = p and P(§} = m) = 1 — p, the optimal myopic portfolios (see (27))
have an explicit form 7z (x, s) = (1 — &,1 (x,5), &tl (x, 5)) given below. Denote the point
at which the derivative of the objective function

E In[[(1 —a)m; —i—aéé] =In[(l1 —a)ym; +am](1 — p) + In[(1 —a)ym; +aM]p
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. def 1— . . . . . .
) b _ L
vanishes by a* = m [ml_m M—m] ] Since the objective function is concave in

a, the optimal decisions are
&tl (x,s) ={af(t,x,s) vVa*} na5(t, x,s),
where (see (28))

1+1
def mi; d{t, sM) —xm
aj(t, x,s) <l ov 2 ( ) !
x(M — my)

’

N def Xmjp — m’lHd(t, sm)
a,(t,x,s) =

x(myp —m)

8 The Second Type of the Discount Factor

In the frame of the optimal control problem of non-homogeneous Markov chain defined
in section 4, we introduce another myopic strategy,

T = (ap(x), ...,ar_1(x)), where each decisiona;(x),t =0, ..., T —2, isasolution
to the problem

maximize E [X;41|X; =x] = E F(t,x, a, &) subjectto a € A; x, (32)
and the final decision a7_1(x) is a solution to the problem

maximize E [U(X7)| X171 =x]=EUF(T —1,x,a,&1-1))
subjectto a € Ar_1 . (33)

As compared with the myopic strategies introduced in (3) and (12), this approach is
“more straightforward”: The decision maker seeks just the largest mean capital at the
next stage up to the final stage, while in the previous models, he/she seeks the largest
expected utility of the capital at each next stage.

As before, we assume that the utility function U (x) is concave and U’(x) > 0 on X,
and conditions (8),(9), along with the Slater condition (see Lemma 4.1) are satisfied
foranyr =0, ..., T — 1. Also, an analogue of condition (10) is supposed to be met,
i.e., the set

A ={(@,x):aeR" hj(t,x,a) >0,j=1,..m,x € X}

isconvex forall0 <t < T — 1. (34)
The condition in Lemma 4.2,
U (F(t, U-! (), a, z))) is concave in (y, a) at each fixed t, z,
converts into
F(t,x,a,z)isconcavein (x,a) fort =1,...,T —2, 35)
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and U(F(T — 1, x, a, 7)) is concave in (x, a). (36)

Introduce the functions r;(x) aef E [)N(,Hlf(, = x,t =0,...,T —2, and

rr—1(x) af E [U()N(T)DN(T_] = x], where )?t is a process under the strategy 7
defined above. Following the reasoning in the proofs of Lemmas 4.1-4.2, we have that
r¢(x) are concave in x, and r/(x) > 0, t =0,..., T — L.

Let us study a problem of maximizing the expected discounted utility of the investor’s
final capital (see section 4)

max JM[7] = E [U(X7)/Mr), (37)

where the discount factor My = H;T:_ol r, (f( ;) >0 as.

Theorem 8.1 Let conditions (8)-(9) and (34)-(36) be met. Then, an optimal strategy
in problem (37) is the myopic strategy 7 defined in (32)-(33).

Proof The proof repeats the arguments in the proof of Theorem 4.1. O

Remark 8.1 Consider applications of the suggested approach to the multi-stage invest-
ment models with “hard” constraints, which are studied in sections 6-7. Now, the utility
functions over stages 0, ..., T —1, are linear and at the final stage T the function U (x) is
supposed to be such that its risk aversion function R(x) < 2/x (see Lemma 6.1). Note
that this inequality holds for the linear utility function, where R(x) = 0 < 2/x. To
sum up, under conditions (8)-(9) and (34)-(36), the optimal decisions in the discounted
problem (37) with the constraint X7 > § a.s. are

a;(x) € argmax{(a, E&)|a € As i},

t = 0,..,T — 2, with A;, defined in (19). The final decision
ar—1(x) € argmax{E U(x{a, &r)) |a € Ar—_1.x} (see section 6).

Turn to the call option in the (B-S) market described in section 7. Below, we follow
the notation introduced in that section. As was proved, the sets A; ¢ of admissible
decisions at a current moment ¢, with a state X; = x, and a current price of the risky
asset S; = s are defined in (28). Let xo > m1d(0, sg) (see (31)), which means the
non-emptiness of the interior of A; , . Under the linear utility function over stages
0, ..., T —1, the optimal myopic portfolios (1 —Eltl , &,1) are such that the shares invested
to the risky asset equal the right boundaries of the intervals A; x g, i.e.,

t+1
X —my d(t, sm
al =" 1 ( )/\l,t=0,...,T—2.
x(my —m)

The final decision is determined as
Ele_l € argmax{E In[(1 — a)m —l—aé%_l] la € Ar_1 x5}
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Letus examine the multi-stage investment model with the “hard” constraint X7 > g
a.s. and the logarithmic utility function U (x) = In x in the two-asset market described
in section 6.1. Recall that the sets of admissible decisions are

Ay=1{0<a SIA{<m1 —%) /(my —m)},
xm

1

t=0,...,T — 1. Problem (32) converts into
maximize x(m; + a(E &, — my)) subjecttoa € A; ;.

It is naturally supposed that the mean of the risky asset E &} > mj, where m; is
the return of the risk-less asset. Thus, the optimal myopic decisions in the strategy
ar(x) = (1 —a/(x),a (x)) are

&,l(x)zl/\{<m1—me"%)/(m1—m),t:O,...,T—Z, (38)

1

with &,1 (x) being the right boundary of the interval A; . The final decision E‘IT—1 (x)
(see (33)) is a solution to the problem
maximize E In x[(1 —a)m, +a$2T_l] subject to a € Ar_1 x, which can be rewrit-

ten as
M

maximize /ln(m1(1 —a) + ya)dF(y) subject to a € Ar—_1x, 39)

m

where F(y) is the distribution function of SZT -1

9 Examples

In this section, we present an illustrative example of the study of the multi-stage
investment model for the binomial market with the“hard” constraint, X7 > B a.s.,
described in section 6.1. The goals are: to calculate the myopic optimal strategy in the
problem (see (20))

maximize JN[JT] = E[U(X7)/Nr]subjectto X7 > B a.s., (40)
and to calculate the myopic optimal strategy of the second type defined in section 8
(see (39)-(38)) in the problem with the maximization of the mean current capitals up
to T — 2 stage, and maximization of the final utility,

maximize JY 7] = E [U(X7)/Mr] subject to X7 > B a.s. (41)

Let the initial capital xo = 1, the risk-less asset has a return ";“f =m; = 1.15 ass,,
the risky asset & be such that P{§} = M} = p, P{§} = m} = 1 — p, where
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Table 1 X\t 1 ) 3 4
1.5 0.4205 0.2182 0 0
2 0.4587 0.4587 0.4314 0.2308
2.5 0.4587 0.4587 0.4587 0.4587
3 0.4587 0.4587 0.4587 0.4587
Table 2 X\t 1 5 3 4
1.5 0.4205 0.2182 0 0
2 0.7577 0.6059 0.4314 0.2308
2.5 0.9600 0.8386 0.6990 0.4587
3 1 0.9937 0.8774 0.4587

m = 05,M = 2.5, and p = 0.5. The investor’s utility function is logarithmic,
U (x) = Inx, and the length of the horizonis T = 5.

Table 1 presents the optimal decisions &t] (x) in the myopic strategy 7 =
(ap(x), ..., a4(x)) for problem (40), where a;(x) = (1 — &,1 (x), &tl (x)). In the table,
the moment ¢ of decision making runs over {1, ..., 4}. The values of the current states
X, =x €{1.5,2,2.5, 3} are chosen just to illustrate the dynamics of decision mak-
ing, the optimal decisions are the solutions to problems (24). At the moment t = 0
under the fixed initial capital xo = 1, the optimal decision Ezé(l) = 0.01 is the right
boundary of the interval Ag 1 (see (24)).

Note that the value

1_
a1=0.4587=m1( P _ P )
my—m M—m

is the point at which the derivative of the objective concave function in (24) vanishes.
The other entries of Table 1 are either the left boundary (=0) or the right boundaries of
theintervals A; , defined in (24). Quite expected, the interval A; , shrinks as f increases
at a fixed x. On the other hand, A; ; becomes wider as the current capital x grows at a
fixed ¢, which leads to that the interval contains the point 0.4587 — the zero of derivative
of

ElIn[(1 — a)m + aé‘;,z] — for any 7 if x is 2.5 or 3 (see the last two rows of the
Table 1).

Table 2 presents the optimal decisions Eztl (x) in the myopic strategy for problem (41)
under the second kind of the discount factor, where, as before, ¢ runs over {1, ..., 4}
and x runs over {1.5, ..., 3}. Similar to problem (39), we have at t = 0 and with the
prescribed initial capital xo = 1 that the optimal decision in this case is Ezé (1) =0.01.

By construction (see (32)), the optimal decisions d,l (x) coincide with the right
boundaries of the intervals A; x fort =0, ...,3. Whent = 4, &i (x) is a solution to
the problem of maximizing E In[(1 — a)m + aéf] subjectto a € A4 . Similar to
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0.05

time t

Fig.1 Optimal shares &tl (x) of capital invested to the risky asset under a varying current capital x: [1,1 (1.5)
—solid line, &, (2) - point line, @, (2.5) — dashed line, &, (3) — dash-dot line

Table 1, if x equals 2.5 or 3, the intervals A4 , are wide enough to include the point
0.4587, the zero of the derivative of the goal function (see the last column of Table 2).

The obtained results in Tables 1-2 for problems (40)-(41) are illustrated on Fig. 1-2
respectively.

As is shown on Fig. 1, the investment to the risky asset with the capital x = 1.5 falls
to zero if t > 3 (see the solid line). Also, Eztl (2) (point line) decreases as t grows from
t = 3. It can by explained by a relatively small capital value x = 1.5 or x = 2 that
leads to investing more capital into the risky-free asset in order to satisfy the constraint
in (40). In the other cases with x = 2.5, 3, one can see that at these “large” capitals
x > 2.5 the investments to the risky asset remains the same.

Fig. 2 is somewhat similar to the graphs depicted on Fig. 1; however, after r = 1
all the investments to the risky asset fall, which is explained by the investor’s desire
to partially rid the portfolio of the risky asset in order to increase optimal utility value
in problem (33) at the last stage 7 — 1 = 4 of decision making.

@ Springer



Journal of Optimization Theory and Applications (2026) 208:104 Page230f25 104

portfolios a(t)

O '} 3 1
0 1 2 3 4
time t

Fig. 2 The case of the second type of the discount factor (see section 8). Optimal shares &tl (x) of capital
x invested to the risky asset under the varying x: Eztl (1.5) — solid line, Ez,l (2) — point line, é,l (2.5) — dashed
line, &) (3) — dash-dot line

10 Conclusions

This paper examines an issue of finding an optimal strategy in the controlled Markov
chains with a finite horizon and state space X € R. The goal functional is the expected
utility of the final state. It is supposed that the chains possess some monotonicity and
concavity properties related to the transition function and the utility function of the
decision maker. Introducing a stochastic discount factor based on the myopic optimal
strategy allows for a relatively simple finding of an optimal strategy in the process
modified by the stochastic discount. Moreover, the modified process turns out to be a
super-martingale under any admissible strategy and converts into a martingale under
the myopic strategy. Applications of the suggested discount approach to investment
problems, including the call option, are presented. Also, in practice, this approach can
be applied to inventory, investment, pension plans, and eco-finance network problems
(see section 1 and references therein).

Further research may also include the investigation of more complicated option
schemes, e.g., the so-called Asian or American options [8]. The subjects for studying
may be the models of Markov decision processes in continuous time described in
[2] (including two players, portfolio manager and Nature), and a Markov regime-
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switching jump-diffusion model with delay and an application to a problem of optimal
consumption problem from a cash flow [13]. These problems may be modified by the
discretization of time [9, 18] or by inventing an appropriate stochastic discount for the
continuous time models. Another venue of research is to analyze a hypothesis that the
myopic strategy is the first term of some expansion of an optimal strategy in the initial
optimal control problem for non-discounted controlled Markov chains.

There are some limitations of the suggested approach, including: continuity of the
transition function and its derivation F, ; (x,a, z) > 0, concavity and differentiability
of the utility function U (x), convexity of the sets A; , of admissible decisions (see
section 4). In the problems with the “hard” constraints (see sections 6-7), it is supposed
that the risk aversion function is R(x) < 2/x.
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