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DANIL A. VASSILIEV

ABSTRACT. We describe rank 2 Gieseker semistable sheaves E on the Fano
threefold X5 of index 2 and degree 5 with maximal third Chern class c3(FE)
for all possible low values of discriminant Ay (E) < 40. The work uses the
theory of tilt-stability and Bridgeland stability conditions on smooth projective
threefolds. We also make a conjecture about the rank 2 sheaves on X5 with
maximal c3 and discriminant big enough.

1. INTRODUCTION

The first general results on boundedness of the Chern class c3 of rank 2 sheaves
on a Fano threefold were obtained by R. Hartshorne in the case of P? [11]. In
this work he obtained exact upper bounds on c3 of stable reflexive rank 2 sheaves
on P3 [11, Theorem 8.2 (b), (d)]. In 2018 B. Schmidt proved that the bounds
of Hartshorne hold true for any Gieseker semistable rank 2 sheaves without an
assumption of reflexivity and described semistable sheaves with maximal ¢z [23].
His work used the theory of tilt-stability and Bridgeland stability in the bounded
derived category D?(P3). The sheaves F with maximal c3, except for several special
cases of low discriminant, were described as extensions

(1) 0— Ops(—1)%2 = E — Oy(m) =0

for ¢ (F) = —1, respectively,

(2) 0—=F—FE—Oy(m)—0

for c;(E) = 0 ([23, Theorem 3.1]). Here V C P? is a projective plane and F
is a stable sheaf with ¢;(F) = —1, the lowest possible co(F) = 1 and maximal

c3(F) = 1. In a later article [25] Schmidt generalized these results to sheaves of
rank at most 4.

In our joint article with A. S. Tikhomirov [27] we applied the methods of Schmidt
to the smooth quadric threefold X5. In this case we similarly were able to get a
complete description of rank 2 (Gieseker) semistable sheaves on Xy with maximal
third Chern class, except for a single case (c1, c2) = (0, 1) in which these sheaves are
not reflexive [27, Theorem 3.1]. In our joint article we also constructed several new
infinite series of moduli components of rank 2 stable sheaves on P3, X5, X5 and on
Fano threefolds X4, which are intersections of two general' quadric hypersurfaces
in P5 [27, Theorem 1.3]. The general sheaves in these components are constructed
as extensions of the form 0 —+ F; — F — G; — 0, where G; are certain sheaves
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element corresponding to a point in a dense open subset of B.
1



2 DANIL A. VASSILIEV

supported on divisors S C X (here X is one of the threefolds X, Xs, X4, X5) and
F; is either the sheaf Ox (—1)®?2 or a twisted rank 2 sheaf F generalizing the sheaves
F from (2). We also obtained bounds on c3 of stable reflexive rank two sheaves E
on X, and X5 with ¢1(F) = 0 under an additional assumption of being a so-called
sheaf of general type [27, Theorem 1.2]. These bounds were obtained by considering
behaviour of stable sheaves under birational transformations X4 --+ X1, X5 --+ X5
and they may be not sharp.

An important feature of P? and the quadric X5, used in [23, 27], is that bounded
derived categories of coherent sheaves on these varieties admit full strong excep-
tional collections. It is known that there are only four types of smooth Fano three-
folds admitting a full exceptional collection of (the minimal possible) length 4: these
are P3, X5, X5 and Fano threefolds Vay of index 1 and genus 12 [18, Lemma 3.5,
[8]. In the present article we concentrate on the variety X5, which from now on will
be denoted by X.

The variety X = Xj5 is the unique smooth Fano threefold of index 2 and degree
5 [1]. It has Pic X = Z. There are some articles in which vector bundles on X
were studied. Arrondo and Costa [2] classified rank 2 vector bundles on X without
intermediate cohomology, that is, rank 2 vector bundles E such that H*(E(t)) =0
for all 0 < i < 3 =dim X and any t € Z. Bundles with such a vanishing are also
called arithmetically Cohen—Macaulay, or aCM for short. Faenzi [8] studied moduli
spaces of semistable aCM bundles on X, which turn out to be unirational, and
classified rank 3 semistable aCM bundles. Kuznetsov [12] and Faenzi [9] studied
instanton bundles on X, while Lee and Park [13] described stable Ulrich bundles
on this variety.

We will use the description of X as a linear section of Grassmannian Gr(2,5) C
PY (embedded by Pliicker) by a general linear subspace of codimension 3. Denote
by U the restriction to X of the universal rank 2 subbundle on Gr(2,5), resp. by Q
the restriction to X of the universal rank 3 quotient bundle on Gr(2,5). The class
of a divisor corresponding to the ample generator of the Picard group of X will be
denoted by H. Recall that the discriminant of a coherent sheaf F on a variety X
with respect to a polarization H is defined by

Ap(E) = (H? chy(E))? —2(H? - cho(E))(H - cha(E)),

where ch; are the components of the Chern character. The Bogomolov—Gieseker
inequality implies that the discriminant of a semistable sheaf is non-negative, and
classification of sheaves with maximal ¢z in [23], [27] goes by induction on the
discriminant. In the case of X5 the cohomology groups H?!(X,Z) are isomorphic
to Z and the Chern classes of objects can be considered as integers. More precisely,
for an object E € D?(X) with Chern classes ¢y, co, c3 we have

c? Co c3 C1C2 C3
h(E) = rk(E H+ (2> -=)H+ 2 -—+ = | H"
(3) ch(E) =1k(E) + 1 +<2 5) +<6 10+10
In particular, for a rank 2 sheaf E we have Ay (E) = 20co(FE) —25¢;(E)?. Using the
theory of tilt-stability and Bridgeland stability, we were able to obtain the following
description of semistable rank 2 sheaves with Ay (E) < 40 and maximal cs.

Theorem 1.1. Let E be a Gieseker semistable sheaf of rank 2 on X with Chern
classes c1,ca, 3.

(1) If ¢4 = —1, then co > 2.
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(1.1) If co = 2, then c3 < 0. In case of equality we have E = U.
(1.2) If co = 3, then cs < 1. In case of equality E is included into an exact triple

0—=UC-1) = O0x(-1)®* - E = 0.

(2) If ¢, =0, then ¢z > 0.
(2.1) If co =0, then cs < 0. In case of equality E = 09?2,
(2.2) If ca = 1, then c3 < —2, and in case of equality E is included into an exact
triple
0= E—0%—0,(1)=0

for a projective line L C X.
(2.8) If co = 2, then c3 < 0. In case of equality E is included into an exact triple

0= Q9(-1)*2 U - E—o.

In fact, in Theorem 3.4 we obtained the given bounds on the Chern classes of
objects, which are v, g-semistable for (8, «) belonging to the closure of some open
set, but Proposition 2.7 implies that Gieseker semistable sheaves are tilt-semistable
everywhere above the largest wall. Theorem 3.4 is formulated in terms of Chern
characters, which are related to Chern classes by formula (3). Comparing the
above result with the earlier works, we see that the bundle ¢ from (1.1) is aCM.
The sheaves from (2.3), when they are locally free, are at the same time aCM,
instanton in sense of [12], and twisted by Ox (—1) Ulrich bundles.

Theorem 1.1 can be considered as a step towards the description of all Gieseker
semistable rank 2 sheaves on X5 with a maximal class c3, by induction on the
discriminant. Based on the cases of P? and X5, we can make a conjecture that
general such sheaves E for ca(E) > 0 can be described as extensions 0 — F —
E — G — 0, where F is isomorphic to Ox (—1)®? or U, and G is an invertible sheaf
on a smooth hyperplane section of X (see Conjecture 4.5 for a precise statement).
The author also hopes that methods of [23], [27] and the present article can help to
describe semistable sheaves with maximal c3 on some other Fano threefolds, using
semiorthogonal decompositions of their derived categories.

Let us outline the structure of the paper. In Section 2 we, firstly, recall the
notions and results from the theory of tilt-stability and Bridgeland stability on
threefolds that we will use. One of the main features of these stability conditions
is that they are defined not on the category of coherent sheaves Coh(X), but on
other hearts of bounded t-structures on D?(X). These hearts can be obtained from
Coh(X) using the operation of #ilting. Next, we consider the full strong exceptional
collection (Ox(—1),Q(—1),U,Ox) and the heart

¢ = (Ox(-1)[3], 2(-1)[2],U[1], Ox)

of a bounded t-structure on D?(X) obtained from it. In (5) we define a region D
of the upper half-plane with coordinates (8, ). Using this region we prove the
existence of a family of Bridgeland stability conditions, defined on hearts A%#(X),
which are related to the heart € by the procedure of tilting (see Corollary 2.15). In
terms of [26], the exceptional collection generating € satisfies the upper half-plane
condition for these stability conditions. This property can be used to describe
tilt-semistable or Bridgeland semistable objects, because objects of € with a given
Chern character can be described rather explicitly (see Remark 2.16).

In Section 3 we, firstly, give a characterization of the shifts Ox (n)®™, Ox (n)®™[1]
of twisted trivial sheaves on X in terms of stability and Chern characters and prove
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that such shifts have maximal chs among objects with the same ch<s. Next, we
prove Theorem 3.4, giving Theorem 1.1 above.

Finally, in Section 4, we make a conjecture (Conjecture 4.5) about sheaves with
maximal c3 for ¢ > 0 and prove some bounds on the third Chern character which
may help to prove this conjecture, following the arguments in [23]. Also, in Propo-
sition 4.4 we determine the invertible sheaves on smooth hyperplane sections of X
which correspond to rank 2 semistable sheaves on X with maximal cg if Conjecture
4.5 is true.

Acknowledgements. The author thanks God for the opportunity to make this
work. Also he thanks Alexander S. Tikhomirov for introducing him to the subject
and encouraging the study.

Notation.

C Dbase field
X = X5 smooth section of the Grassmannian Gr(2,5) embedded by
Pliicker into the space P?, by a linear subspace P9
U restriction to X of tautological subbundle on Gr(2,5)
Q restriction to X of tautological quotient bundle on Gr(2,5)
H positive generator of the Picard group Pic X ~Z —
class of hyperplane section of X < P,

Coh(X) category of coherent sheaves on X
D’(X) bounded derived category of coherent sheaves on X
H!(E) ith cohomology sheaf of the complex E € D?(X)
HU(E) ith hypercohomology group RT'(E) of E € D*(X)
ch(E) Chern character of the object F € D¥(X)
ch<p(E) cho(E)+ ...+ ch,(E)

2. THE DERIVED CATEGORY D?(X) AND STABILITY

Let X = X5 be the unique smooth Fano threefold of Picard number one, index
2 and degree 5. Recall that X can be constructed as a codimension 3 linear section
of Grassmannian Gr(2,5) embedded by Pliicker in P?. The cohomology groups of
X are

H*(X,7Z)=H°(X,Z)® H*(X,Z) ® HY(X,Z) ® H*(X,Z) =
=Z[X)® Z[H] ® Z[L) ® Z[P),

where H denotes the class of a hyperplane section of X, L is the class of a projective
line on X and P is the class of a point. We have H - L = P,H? = 5L, H® = 5P.
We will identify H°(X,Z) and H%(X,Z) with Z by putting X =1 and P = 1.

Recall that the slope of a coherent sheaf E € Coh(X) is defined as p(E) =

2
u-stable (resp. p-semistable) or slope stable (resp. slope semistable) if for any proper
subsheaf 0 # F — F the inequality u(F) < u(E/F) (resp. u(F) < u(E/F)) holds.

Following [4] and [23], we obtain a new heart of a bounded t-structure on D?(X)
using the process of tilting. In general, let A be the heart of a bounded t-structure
on a triangulated category ©. Recall that a torsion pair is a pair (T, F) of subcat-
egories of the category A such that, firstly, Hom(7T,F) =0 for any T € T,F € F
and, secondly, for any E € A there is a short exact sequence 0 T — F — F — 0
in A with T € T,F € F.

(in case of division by 0 we set u(E) = +00). A coherent sheaf E is called
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For an arbitrary real number 3 we have the following torsion pair on the category
of coherent sheaves:

Ts = {E € Coh(X): any quotient E — G satisfies u(G) > 8},
Fp ={E € Coh(X): any subsheaf F — E satisfies u(F') < S}.

In general, if (T, F) is a torsion pair on the heart A as defined above, its tilt is the
extension closure (F[1],7) C ©. It is also the heart of a bounded t-structure. In
our case the new heart Coh”(X) is the extension closure (Fs[1],73). Equivalently,
Coh” (X)) can be described as the full additive subcategory of the derived category,
consisting of those complexes E € D*(X) for which H~1(E) € F3,H*(E) € T3 and
H(E) =0 for i # —1,0.

Recall the notion of tilt-stability. Again § is an arbitrary real number. The
twisted Chern character is defined as ch® = e~ ## . ch. Explicitly, for F € Db(X)
with ch(E) =7 + cH + dH? + eH? we have

chi (E) =r, ch?(E) = (¢ — pr)H, ch(E) = (d — Bc+ %QT)HQ,

2 3
chf (E) = (e — Bd + %c— %
Let a > 0 be a positive real number. Following Schmidt ([22, 24]), for an object

E € Coh”(X) we define a central charge function

r)VH3.

2
. ; (e .
Z5(E) = Z315(cho(E), chy (E), chy(E)) = —H-ch (E)+ H®-chg (E)+i(H?-chy (),

which is a Z-linear map Z{1% : K(D*(X)) = K(Coh”’(X)) — C.

The tilt-slope of F is defined by

R(Z515(E))
S(z8(E))
where division by 0 is again interpreted as giving +o0o. The object E is called tilt-
(semi)stable (or v, g-(semi)stable) if for any non-trivial proper subobject F' — E
in Coh”(X) the inequality vq g(F) < (<) Va.s(E/F) holds.

We can consider ch<y as a map to a lattice A = Z2? @ {5Z (if ch<y(E) =
r+ cH + dH? we map E to (r,c,d)). Define a bilinear form Q*!"* on A ® R by
Q" ((r,¢,d), (R,C, D)) = Cc—Rd—Dr. Denote QU (E) := Q"!*(ch<3(E), ch<2(E)).

The Bogomolov-Gieseker inequality holds for tilt-stability, asserting non-negativity
of the discriminant Ay (E) = (H?)? - Q" (E) (see [17, Theorem 2.1]):

Va,g(E) =

Proposition 2.1. For any v, g-semistable object E € CohB(X) we have
(4) Ap(E):= (H?)? QU(E) = (H - chy(E))* — 2(H® - cho(E))(H - chy(E)) =
= (H?- ch(E))? — 2(H® - chl(E))(H - chi(E)) > 0.

The v, g-stability is a so-called very weak stability condition [24]. In particular,
it satisfies the support property with respect to Q*'*. It means that, firstly, the
Bogomolov-Gieseker inequality holds for semistable objects, and secondly, for any
non-zero v € A@R with Z{h(v) = 0 we have Q"' (v) < 0. Also Harder-Narasimhan
filtrations exist for v, g-stability. For a Bridgeland stability condition (A, Z) defined
on a heart A of a bounded t-structure, in addition, we have Z(E) # 0 for any
nonzero E € A [24].
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In order to construct Bridgeland stability conditions on X we make another tilt,
as proposed by Bayer, Macri and Toda for smooth projective threefolds ([4]). Let
Tas=1{E € Coh?(X): any quotient E — G satisfies vq, 5(G) > 0},
Fop=A{FEc¢€ Coh”(X): any non-trivial subobject F < E satisfies v, s(F) < 0},
and set AYP(X) = (F/, sl T3 ). For any s € R define

[0}

8 8 g a’H? g
Zop.s = —chy +sa?H? - ch} +i(aH - chy — —5 - chg),
L ‘SR(ZQ%S)
)\a,B,s T T )
S$(Za,8,5)

division by 0 is again interpreted as giving +oc.

An object E € A%P(X) is called Ay g s-(semi)stable, if for any non-trivial sub-
object F' — E we have Ay g,s(F) < (<) Aa,,s(E).

It is known that for s > & (A*#(X), Za,p,s) is a Bridgeland stability condition
[14, Corollary 0.2]. This result follows from the fact that the following generalized
Bogomolov-Gieseker inequality holds for X ([14, Theorem 0.1], [3, Theorem 5.4]):

Proposition 2.2. Assume that E is v, g-semistable. Then
Qup(E) = o*Ay(E) + 4(H - ch§)? — 6(H? - chf (E))chi (E) > 0.

Fixve A =7%9 1—102. There is a locally finite wall-and-chamber structure in the
upper half-plane H := {(8,a) € R? | a > 0} such that for an object E € Coh”(X)
with ch<s(E) = v tilt-stability of E' does not change when (3, «) vary within a
chamber ([3, Proposition B.5]). A numerical wall with respect to v € A is a non-
trivial proper subset W of H given by an equation of the form v, g(v) = v g(w) for
another element w € A. We denote this numerical wall by W (v, w). A numerical
wall W is called an actual wall (or simply a wall) if the set of semistable objects
with class v changes at W. The structure of walls in tilt-stability is well understood.
We have the following Proposition.

Proposition 2.3 (Numerical properties of walls). Let v = (vo,v1,v2) € A be a
fized class with Ag(v) > 0. All numerical walls in the following statements are
with respect to v.

(1) Numerical walls are either semicircles with center on the B-axis or rays
parallel to the a-azis. If vg # 0, there is exactly one numerical vertical wall
given by B = v1/vg. If vg =0, there are no vertical walls.

(2) The curve vog(v) = 0 intersects all semicircular walls at their highest
point.

(3) If vg # 0, then the curve vog(v) = 0 is a hyperbola, which may be de-
generate if Ag(v) = 0. Its asymptotes are the lines B — a = vy /vy and
B+ a = wvi/vg. The semicircular numerical walls are nested along one of
the two branches of the hyperbola.

(4) If there exist semicircular actual walls, then there is a largest such wall.

(5) If Ag(v) > 0, then the set of (B, ) for which Qu g(vo,v1 H,voH? v3H?) =
0 is the semicircular numerical wall W ((vo,v1,v2), (5v1, 10v9, 15v3)). The
locus where Qo 5(vo,viH,vaH? vsH3) < 0 is the semidisk bounded by
Qa5 (vo, v1 H,voH? v3H3) = 0 and SB-azis.
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Proof. The statements (1)-(3) were proven by Schmidt [24, Theorem 3.3] for the
case of X = P3. In that case v,w € Z2 & %Z, but the calculations can be done for
any v,w € R3. The statement (4) follows from [24, Lemma 7.3]. The statement (5)
for the case of P? is [23, Lemma 2.10], and the calculation can be done in our case
too (we only need to multiply the vector (v1,2v9, 3v3) by 5 so that 5(vy, 2vs, 3vs) €
A). O

If an object E € Coh?(X), chey(E) = v is destabilized at the wall W, that is,
if W belongs to the boundary of the set {(5,a) € H | E is v, g—semistable}, then
either W is a vertical wall, or there exists a short exact sequence 0 - F — E —
G — 0 in Coh®(X) for (8,) € W such that

W ={(8,a) cH| Va,B(E) = Va,B(F)}

([3, Proposition B.5]). Following Schmidt, we denote a wall given by such an
equation by W(E, F). If W(E, F) is semicircular, we denote its radius by p(E, F).
We will also use the properties of walls described in the following Proposition.

Proposition 2.4 (Properties of actual walls). Let 0 - F — FE — G — 0 be an
ezact sequence in Coh” (X) defining a wall W.

(1) If W is semicircular and cho(F) > cho(E) > 0, then

2 Au(E)

P E) S 5 g (F) (S - (oo (F) — cig(E))”

(2) If W is semicircular, then Ay (F) + Ay (G) < Ap(E).

(3) For any point (S,a) € W, we have 0 < ch?(F) < chf(E), In case of
equality on either end, the wall is vertical. In particular, if H? ~ch§° (E)>0
has the minimal positive value among objects of Coh? (X), then there is no
actual wall that intersects the line = By.

(4) If cho(E) > 0, then either cho(F) > 0 and u(F) < p(E) or cho(G) > 0 and
u(G) < p(E).

(5) Suppose that W is semicircular. If cho(E) > 0,cho(F) > 0 and p(F) <
W(E), then 8 (E) < f_(F) < ju(F) < u(E).

Proof. The statement (1) is proven in [17, Lemma 2.4]. The statement (2) is essen-
tially proven in [24, Lemma 2.7]: it suffices to note that in the case of a semicircular
wall we have ch<o(F') # 0, ch<2(G) # 0 and ch<s(F) —Ach<2(G) # 0 for any A € R.
Hence, if we apply this lemma with the quadratic form Q(E) = Ay (E) defined on
A®R, we get that for some A > 0 and (8,a) € W ZS}E(ChSQ(F) — Ach<2(G)) =0,
s0 Q(ch<2(F) — Ach<2(G)) < 0, hence Q(F, G) := Q' (ch<5(F), ch<2(G)) > 0 (we
use the Bogomolov-Gieseker inequality for F' and G) and Q(E) = Q(F) + Q(G) +
2Q(F,G) > Q(F) + Q(G).

The statement (3) is proven in [25, Proposition 2.7 (iii)] for the case of P3, and
the proof works for any smooth projective threefold. The statement (4) is proven
in [25, Proposition 2.7 (v)], the proof works in our case unchanged.

Finally, the statement (5) appeared in the proof of [5, Lemma 3.6] and was
formulated in [25, Proposition 2.7 (vi)]. O

We have the following lemma ([24, Lemma 3.5]) that refines the last statement
of Proposition 2.4 (3).
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Lemma 2.5. If an object E € CohB(X) is Vo, g-semistable for o> 0, then one of
the following holds:

(a) H1(E) =0 and H°(E) is a p-semistable pure sheaf of dimension > 2.

(b) H~Y(E) =0 and dim H°(F) < 1.

(c) H™Y(E) is a torsion-free u-semistable sheaf and dimH(E) < 1. Also, if
B > u(E), then there are no non-zero morphisms from sheaves of dimension <1 to
E.

Moreover, if H? - Chf(E) is either zero or has the minimal positive value among
objects of Cohﬁ(X), then E is vo g-semistable if and only if it satisfies one of the
three properties above.

Proof. This is proven in [4, Lemma 7.2.1, Lemma 7.2.2]. Note that, if we assume
that H? -chf (E) has the minimal positive value and that F is v, g-semistable, then
it is v g-stable. O

Remark 2.6. Proposition 2.4 (2) implies that objects E € Coh” (X)) with Ay (E) =
0 can only be destabilized at the vertical wall. Hence, by Lemma 2.5 line bundles
and their shifts by one are tilt-semistable everywhere (under the condition that they
belong to Coh” (X)).

We will also use the following relation between tilt-stability and the more classical
notions of stability. Let f, g € R[m] be polynomials. If deg(f) < deg(g), then we set
f>g. If deg(f) = deg(g) and a, b are the leading coefficients in f, g respectively,
then we put f < (<) g if @ < (<) @ for all m > 0. For an arbitrary sheaf
E € Coh(X) we define the numbers a,(E) for i € {0,1,2,3} through the Hilbert
polynomial P(E,m) := x(E(m)) = a3(E)m?® + az(E)Ym? + a1(E)m + ao(E). In
addition, we set Py(E,m) := az(E)m? + az(E)m + a1(E). The sheaf E € Coh(X)
is called Gieseker (semi)stable, if for any its proper subsheaf 0 # F — E the
inequality P(F,m) < (<) P(E/F,m) holds. Respectively, F is called (semi)stable
if for any subsheaf 0 # F' — E the inequality P>(F,m) < (<) P»(E/F,m) holds.
Gieseker stability, 2-stability and p-stability of a sheaf satisfy the relations:

p-stability =——=> 2-stability =————==> Gieseker stability

M

p-semistability <—= 2-semistability <—= Gieseker semistability

Proposition 2.7. An object E € D*(X) belongs to Coh” (X) and is v, 5-(semi)stable
for B < u(E) < +00 and a > 0 iff E is a 2-(semi)stable sheaf of positive rank.

Proof. This is proven in [6, Prop. 14.2] for K3 surfaces, but the proof works in our
case too. (I

For a tilt-semistable object E with chy(E) # 0, following [5], we define

Ay(E
5(E) = 1) | G- e

84(8) = w(E) + | oD

The numbers S_ (E) and 84 (E) are the two solutions of the equation vy g(E) = 0.
We will use the following theorem to bound the rank of destabilizing subobjects.
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Theorem 2.8. Let E be a tilt-stable object on X with chg(E) # 0, which is not a
shift of a line bundle or a twisted ideal sheaf of points. If there is an integer n € Z
such that B_(E), B+ (E) € [n,n+ 1), then

Ap(E) > cho(E)%

Proof. This is a special case of [5, Theorem 3.1] (applied to E(—nH)) with H> =
9,ix = 2. |

In order to apply Theorem 2.8 we will use the following lemma.

Lemma 2.9. Let E € Coh®(X) be a tilt-stable object with cho(E) > 0. If there is a
semicircular wall W for E, then W is induced by a tilt-stable subobject or quotient

F with cho(F) > 0, u(F) < u(E).

Proof. Proposition 2.4 implies that W is induced by a subobject or quotient F’
with cho(F") > 0, u(F') < u(E); the objects E and F’ should be tilt-semistable at
W. Take (8,«) € W. If F’ is not v, g-stable, we can consider its Jordan—Holder
filtration in v, g-stability. So, if F” is a subobject of E, then we take F' to be the
subobject of F’, which is v, g-stable with v, g(F) = va g(F"); respectively, if F’
is a quotient of E, we take F' to be the quotient of F”, which is v, g-stable with
Va,3(F) = va,g(F’"). Note that F' also defines the wall W. The object E is tilt-
stable on one side of W, therefore both F’ and F destabilize F on the other side.

cho(F’) cho(E) and cho(F)  cho(E)

It means that P (F) bl (B) P (F)  oh’(B)

with the fact that 5 < p(F), it implies that p(F') < u(E),cho(F) > 0. O

have the same sign. Together

In this article we will mostly work with tilt-stability. The following lemma will
allow us to use the properties of Bridgeland stability.

Lemma 2.10. Let E € Coh™ (X)) be a vq, 5, -semistable object such that vy, ,(E) =
0 and fix some s > 0. Then E[1] is Aay,p,,5-Semistable. If moreover E is vy, g,-
stable, then there is a neighbourhood U of (Bo, o) such that such that for all
(B, a) € U with ve g(E) > 0 the object E is Ao g,s-semistable.

Proof. All the statements are proved in [24, Lemma 6.2], except for the case of a
strictly vq,,g,-semistable object . However, such an object also belongs to the
category A% (X)) and has Aa, g,,s(E) = +00, hence it is Aa, g, s-semistable. [

Recall that X = X3 is a codimension 3 linear section of Gr(2, V'), where V = C5.
Denote by U and Q the restrictions to X of tautological subbundle and tautological
quotient bundle on the Grassmannian, so that we have a short exact sequence

0=-U—->VRO0x > Q—0.

In D?(X) we have a full strong exceptional collection (Ox(—1), Q(—1),U, Ox),
it is the collection €2 from [20] up to a twist with a line bundle. More precisely,
Orlov proved that it is a strong exceptional collection. Kuznetsov notes in [12, (12)]
that (U, QV,Ox, Ox (1)) is a full exceptional collection in D®(X), and the collection
that we use can be obtained from it by mutations and twisting with line bundles
([8, Lemma 5.3]), hence it is also full. The Chern classes of U and Q are calculated
n [13]. Using this we can obtain the following lemma.

Lemma 2.11. For alln € Z we have
2 2 3 2 2 3
ch?(Ox(n)) =1+ (n— B)H + (% —nB+ %)HQ + (% - %ﬂ + n% - %)HS.
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The twisted Chern characters of U and QV are given by

BO(=1)) = 3+ (—2— 2 3oy L 25 g Py

AUQ(1) =3+ (230 + (2 +28+ 28+ (1 2p 2= Dy,
2 3

() = 2+ (-1 20)H + (55 + 6+ BV 4+ (55— o= 0y

The values of Za,ﬁ,é can be computed as

2 3 2 1 2 2
Zap,1(0x(-1)) = é + g + % + % —~ %(14—5) +ia(z + 6+ % _ %)7

1 2 3 42 5 5 5
Zopf(@U1) = ~g5 4 28+ 5+ o = T4 39) via(C 420+ 60~ Do)
1B B B a? o1 .
ZapU) = =35+ 5+ 5 + 5 — g (L+28) +ial{g + 5+ 5 —a?),
B oo g a
Zap1(0x) = & = =~ +ial5 = 5).

Since (Ox(—1), Q(—1),U,Ox) is a full strong exceptional collection, it follows
that the extension closure € := (Ox(—1)[3], Q(—1)[2],U[1], Ox) is the heart of a
bounded t-structure on D’(X) [16, Lemma 3.14].

Define the following region in the upper half-plane:

(5) D::{(ﬁ,a)eH|6<—%,a<ﬁ+1}.

Following Schmidt ([22, Lemma 4.4, Lemma 4.6]), we prove the next lemma. The
part (i) of it asserts, roughly speaking, that the Z, g s-values of objects of € lie in
one half-plane.

Lemma 2.12. Take (3,a) € D.
(i) There exists s > ¢ and ¢1 € R such that

Zops(€) C{re™ir>0,¢1 —1< ¢ <1},
(ii) € C (A*F(X), A%P(X)[1]).

Proof. (i) We can plot the sets of points (3, ) € R? where two of complex numbers
Zopt (Ox(-1)), Zopt (Q(-1)), Zopt U, Zopt (Ox) are linearly dependent over
R. The graph shows that the region D is divided into four subregions (by the purple

FIGURE 1. Curves in which some of
Z 5,1 (Ox(~1). Zo 5 3 (Q(~1)). Zo s (U), Zo 51 (Ox) e
R-linearly dependent. The horizontal line is the [-axis, the
vertical one is the a-axis.
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curve, where Z, 5 1(Ox(—1) is proportional to Z, 3 1(Q(—1)), and a red curve,
where Zaﬁ’%((’)x) is proportional to Z, g 1(U)). It suffices to prove that for one
point in each of the subregions the Z,, 5 1-values of objects Ox (—1)[3], Q(—1)[2], U[1]
and Ox belong to one half-plane as described in the statement. Indeed, for
any (8,a) € D the Z,p,1-values of these four objects do not vanish (other-
wise at least three curves would intersect D) and Z, g s(E) depends continuously
on s, hence there exists s > & such that Z, g s-values of four generators of €
also lie in one half-plane. A calculation shows that at those points of D where
5a% —5B82—128—6 < 0 (to the right of the purple curve on the plot) for some s > %
we can take ¢ = % arg Zo 5,s(Ox (—1)[3]), respectively, if 5a? — 532 — 128 —6 > 0,
then we take ¢; = %arg Znp.s(Q(—1)[2]), and if 5a® — 582 — 123 — 6 = 0, then at
least one of these two values works.

(ii) Note that v4 3(Ox) > 0 for (8, o) € D, so tilt-stability of line bundles implies
that Ox € T, 5 C A*P(X). And v, 5(Ox(=1)[1]) < 0 in D, so Ox(-1)[3] €

a2l C AP (O[],

Let us show that Q(—1)[2] € A*?(X)[1]. Note that the vector bundle Q(—1) is
p-stable by the criterion [19, Remark 1.2.6 b)] (which holds for X5 too), because
h(Q(—1)) = 0 (since (Q(—1), Ox) is an exceptional pair) and h°((Q(—1))¥(-1)) =
h%(QY) = 0 (since (Q,Ox) is an exceptional pair). Assume that 3 < —2. Note
that Q(—1) is v, _1-semistable by Lemma 2.5, because H? - ch; ' (Q(—1)) has the
least positive value (among objects of Coh™(X)). Since f_(Q(—1)) < —1, Q(~1)
is also v, g-semistable for all =1 < 8 < —2, & > 0. Since vq g(Q(—1)) < 0 for —1 <
B<—2 weget Q(—1)[2] € Fopl2l C AP (X)[1]. Assume now that 3 > —2. Note

that Q(—1)[1] is v, _1-semistable by Lemma 2.5, since H? -chl_% (Q(—1)[1]) has the
least positive value. Also 84 (Q(—1)[1]) > —1, hence Q(—1)[1] is v, g-semistable
forall -2 < 8 < —1,a > 0. We have v4,3(Q(=1)[1]) > 0 for =2 < 8 < —3, so
Q(-1)[2] € T3 5[1] € A*P(X)[1].

Since (7, 5, F,,. ) is a torsion pair on the category Coh?(X), for 8 < —3 we get
an exact sequence

0—-U —-U—-U"—0,
where U' € T, 5,U" € F| 5. Then U'[l] € AP (X)[1],U"[1] € A¥P(X), so
U] € (A*P(X), A*P(X)[1]). 0
For the purpose of reference we include the following lemma.

Lemma 2.13. Let C and A be two hearts of bounded t-structures on a triangulated
category ©. If C C (A, A[l]), then for any E € C there is an exact triangle

(6) E'S%E—E" - E']

with E" € CN (A[1]),E" e CNA.

Proof. By [4, Proposition 2.3.2 (b)] (ANC, AN (C[-1])) is a torsion pair on the
category A. In particular, A C (C[-1],C). Applying [4, Proposition 2.3.2 (b)]
again, we get that (C[—1] N A,C[—1] N (A[—1])) is torsion pair on the category

C[—1]. Hence (C N (A[1]),C N A) is a torsion pair on the category C and for any
E € C we have an exact triple (6). O
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In [23, 27] an analogue of the following Proposition was used implicitly. Let us
justify it in more detail.

Proposition 2.14. Suppose that C is the heart of a bounded t-structure on D®(X)
satisfying the properties (i) and (ii) of the category € from Lemma 2.12. For any
v € R we define a torsion pair

o T ={E ¢ A“P(X) | any quotient E — G satisfies \a g.s(G) > 7},
Fl={Ee A“P(X) | any subobject 0 # F — E satisfies Ao p.s(F) < 7}
Then there exists a v € R such that
(T, F[]) =C.

Proof. We take v = — cot m¢p1, where ¢; satisfies the property (i) of Lemma 2.12.
Since both € and (7', F//[1]) are hearts of bounded t-structures on D*(X), it suffices
to prove that C C (7, FJ/[1]).

Take E € C to show that E € (T, F//[1]). We denote A := A*#(X). By Lemma
2.13 we reduce the problem to the case when E € CNAor E € CN(A[1]). Assume
that £ € CN (A[l]) (for £ € CN A one can give a dual argument). If £ ¢ F'[1],

then there exists a subobject f : F' — E[—1] in A with A, g s(F) > 7. Note
that, since 0 # F € A and (A, Z, ,5) is a Bridgeland stability condition, we have

Zap.s(F) # 0. By Lemma 2.13 there is an exact triangle F’ Lrspr o F'[1]
with F/ € ANC,F” € AN (C[-1]). The object F’ should be nonzero by the
assumption on the A, g s-slope of F' and the property (i) of Lemma 2.12, hence

the morphism f’ : F/ — F is also nonzero. The composition F”’ L’ F E[-1]
has to be nonzero, since it is the composition of a nonzero morphism in A with
a monomorphism f. However, F' € C,E[—1] € C[-1], and existence of such a
morphism contradicts the definition of a t-structure. O

Lemma 2.12 and Proposition 2.14 together imply the following corollary.
Corollary 2.15. Let (8,«) € D, and let T}, F./ be the torsion pair on the category
A*P(X) defined in (7). There are s > § and v € R such that (T, F//[1]) = €.
Remark 2.16. Any object E € € is isomorphic to a complex of the form

Ox(—1)%* = Q(—1)% — u® — 0%,

concentrated in degrees —3,—2,—1 and 0. The numbers a,b, c,d are uniquely de-
termined by the Chern character of E.

Also, for further reference we include the following result (the idea is from [7,
Section 4]).

Lemma 2.17. Let E be a reflexive sheaf on a smooth projective threefold X. Then
ch;(EY) = ch;(E) fori <2, and chz(E) + ch3(EY) = h%(Ext' (E,Ox)) > 0.

Proof. The result [11, Proposition 1.3] of Hartshorne together with Auslander-
Buchsbaum formula implies that the projective dimension of E at any point of X
is smaller than or equal to 1. Therefore, we can construct a resolution

0—-& =28 —FE—0
with locally free sheaves &;. Dualizing, we obtain an exact sequence
0= EY =& — & — Ext'(E,0x) — 0.
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By [11, Corollary 1.4] the sheaf E is locally free on the complement of a closed
set of dimension < 0, hence dimsupp(€zt!'(E,Ox)) < 0. Such a sheaf can be
obtained from skyscraper sheaves by extensions, and Grothendieck-Riemann-Roch
Theorem implies, that ch;(Ext'(E,Ox)) = 0 for i < 2, and chz(Ext*(F,Ox)) =
hO(Extt(E,Ox)). Using additivity of Chern character in exact sequences and the
property ch;(£Y) = (—1)ich;(&) for a locally free sheaf £, we obtain the statement
of the lemma. O

3. OBJECTS WITH MAXIMAL THIRD CHERN CHARACTER
We first deal with the twisted trivial sheaves and their shifts.

Proposition 3.1. If E € D*(X) is a tilt-semistable or Bridgeland semistable ob-
ject for some o > 0,8 € R with ch(E) = ch(Ox(n)®™), then E = Ox(n)®™.
Moreover, if E is tilt-semistable and ch<s(E) = ch<a(Ox(n)®™), then chs(E) <
ch3(Ox (n)®m).

Proof. We follow the lines of the proof of [24, Proposition 4.1]. Tensoring F with
Ox (—n) we reduce to the case n = 0. We prove the statement for objects which are
Bridgeland semistable for a = %,ﬁ = —% and s > % from Corollary 2.15. By this
Corollary either E or E[1] belongs to €. The Chern character assumption implies
that F € € and £ = (’)g’?m. The rest of the proof of the first statement repeats the
arguments in [24, Proposition 4.1] verbatim.

The second statement is can analogously be reduced to the case n = 0. Then the
fact that E € Coh” (X) implies that 8 < 0, and then the generalized Bogomolov—
Gieseker inequality (Proposition 2.2) implies that chz(FE) < 0. O

The following statement may be used for dealing with semistable objects of
negative rank.

Proposition 3.2 ([4, Proposition 5.1.3]). For any v, g-semistable object E €

Coh? (X) with va, 5(E) # +00 there exists a Vo, g-semistable object E € Coh™#(X)
and a sheaf T supported in dimension zero together with a distinguished triangle

(8) E — RHom(E, Ox)[1] — T[-1] — E[1].

Corollary 3.3. If E € Coh”(X) is an object with ch<y(E) = —ch<y(Ox (n)®™),
which is tilt-semistable for some B > n,a > 0, then ch3(E) < ch3(Ox(n)®™[1]),
and in case of equality we have E = Ox(n)®™[1].

Proof. Applying Proposition 3.2 to E we obtain a tilt-semistable object E with
ChSQ(E) = ch<2(Ox(—n)®™), and the exact triangle (8) gives ch3(E) = chs(E) —
chs(T). Proposition 3.1 says that chs(E) < ch3(Ox(—n)®™), which gives the
desired bound on chs(F). In case when this bound is achieved we have T = 0 and
RHom(E,Ox)[1] = Ox(—n)®™. Applying the dualizing functor RHom(—, Ox)[1]
to both sides we get £ = Ox (n)®™[1]. O

Now we move to the main result of this article.

Theorem 3.4. Let E € Coh®(X) be an object with ch(E) =2+ cH +dH? + eH?,
which is vy, g-semistable for all (8, a) in the closure U of a non-empty open subset
U CH.

(1) If c=—1, then d < 5.
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(1.1) If d = %, then e < 3—10. In case of equality we have E = U.
(1.2) If d = —%, then e < 3—70. In case of equality E is a coherent sheaf, included
into an exact triple

0—=UC-1) = O0x(-1)%* - E = 0.

(2) If c =0, then d < 0.

(2.1) If d =0, then e < 0. In case of equality E = OE'?Q.

(2.2) If d = —%, then e < —%. In case of equality E is a coherent sheaf, included
into an exact triple

0= E— 0% —>0.(1)—=0

for a projective line L C X.
(2.3) If d = —%, then e < 0. In case of equality E is a coherent sheaf, included into
an exact triple

0= 9(-1)®2 U™ - F—o0.

We consider the above cases in a sequence of lemmas. Firstly, let us prove the
following auxiliary result.

Lemma 3.5. If an object E € CohB(X) is tilt-semistable in U for a non-empty
open subset U C H and ch(E) =3 — 2H + 2H? + eH?, then e < — .

Proof. Note that E should be tilt-stable in U, since ch<2(E) € A is a primitive
element. If F is not tilt-stable for some § < —%, a > 0, then there is a semicircular

wall W, which should intersect the ray 8 = S_(FE) = _2%2/5 (by Proposition
2.3 (2, 3)). Lemma 2.9 implies that this wall is induced by a tilt-stable subobject
or quotient F with cheo(F) = s + xH + yH?,5s > 0,u(F) < p(E). Since 0 <
Chf’(E) (F) < chf’(E)(E), we get
9) 0<x+§s+$s< %
Also we have —1 < S_(E) < B_(F) < u(F) < u(E) < 0 (cf. Proposition 2.4 (5))
and B (F) = 2u(F)~ B (F) < 2u(E) — B (E) < 0. Hence 8. (F), 8 (F) € [1,0).
If s # 1, we can apply Theorem 2.8 to F' and get that s> < Ay (F) < Ay (E) = 10.
Hence, s € {1,2,3}. A direct calculation shows that for any such s there are no
integer « satisfying (9). Therefore, E is tilt-stable for all 3 < —2Z,a > 0.
Proposition 2.7 implies that E should be a 2-stable sheaf, in particular, H*(E) =
0. If H*(E) # 0, then by Serre duality there is a nonzero morphism E —
Ox(—2)[1]. However, such a morphism would destabilize E below the wall W (E, Ox (—2)[1]),
contradicting what we have proved. We have td(Tx) = 1+H+ £ H?+ 1 H? (see [21,
Lemma 2.1]). Grothendieck-Riemann-Roch Theorem gives that x(E) = 5e + 2 =
—h*(E) — h3(E) <0, hence e < —%.
Since —1 < B_(E) < —3, Lemma 2.10 implies that E[1] is Ay g s-semistable for
some (8,a) € D with infinite A, g +(E[1]). Then Corollary 2.15 implies that E[1]
belongs to €. For the case e = —= we find that E = Ox(—1)[2] & U. However,
this object does not belong to Cohﬁ(X)7 so this case is impossible. Since the step
by which chs can change for a fixed ch<y is equal to 11{75 (because c3 belongs to
HS(X,Z)), we get that e < —F. O
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Lemma 3.6. If E € CohB( ) z's tilt-semistable in U for a non-empty open subset
UCH and ch(E)=2—-H + J0 T eH3, then e < 310, and in case of equality we
have E = U.

Proof. Suppose that F is destabilized at a semicircular wall by a tilt-stable subob-
ject or quotient F with ch<o(F) = s+xH +yH?2. The wall should intersect the ray

2
0< chf’(E) (F) < Chf’(E) (E), we have

(10) O<z+ - +\/7s<\/7

We also have —1 < f_(FE) < f_(F) < ) < u(E) < 0and 84 (F) = 2u(F) —
B_(F) < 2u(E)—p_(F) <0. If s #1, then applying Theorem 2.8, we get that
2 < Ag(F) < Ag(E) = 15. So s € {1,2,3}. The only option for an integer x
in (10) is s = 3,2 = —2. Using the inequalities 0 < Ay (F) < Ay (E) we get that
Y= % Then ch<y(E/F)=—-1+H — %2 (by abuse of notation we assume that F
is a subobject; if it is a quotient, then we can consider the kernel of the surjection
E — F instead of E/F). Lemma 3.5 implies that Chs(F) < —%, Proposition 3.3,

chs(E/F) 1
— 57— < 5. Hence in

B =pB_(E)=—3%— /5. Again we may assume that s > 0,(F) < pu(E). Since

which can be applied, since the wall is not vertical, gives
this case e < %5 But E = U has a bigger third Chern character, hence we get
that E should be tilt-stable for all § < —5,a > 0.

Tilt-stability of E implies that HO(E) = 0. If H?(E) # 0, then there would
exist a non-zero morphism E — Ox(—2)[1], contradicting the fact that E is tilt-
stable for all 8 < —%,a > 0. Grothendieck-Riemann-Roch Theorem gives that
X(E) = 5e — % < 0. This gives e < %. In case of equality Lemma 2.10 and
Corollary 2.15 imply that E[1] belongs to €. Chern character of E implies that

E=U. (]

Lemma 3.7. If E € CohB( ) is tilt-semistable z'n U for a non-empty open subset
U CH and ch(E) = 2 — L= + eH3, then e < — , and in case of equality E is a
coherent sheaf, included mto an exact triple

(11) 0= E— 0% —>0.(1)—=0
for a projective line L C X.

Proof. In this case ch<2(FE) also cannot be an integer multiple of ch<s of another
object, hence FE is tilt-stable in U. Any semicircular wall for E has to intersect
the ray = f_(E) = —%. We can assume that this wall is given by a tilt-stable
subobject or quotient F with ch<s(F) = s +aH +yH?, s > 0, u(F) < u(E). Since
0< chf’(E) (F) < chf’(E) (E), we have

V5 2f

We also have —1 < B_(F) < B_(F) < p(F) < u( ) < 0. Dividing (12) by
we obtain that p(F) < 2‘/55%‘/5 Hence for s > 4 4 (F) = 2u(F) — B_(F)
4\/5 s\/g < 0. In this case Theorem 2.8 can be applied to F and gives s?
AH( ) < Ap(E) =10. So, we get that s € {1,2,3}.

o

IN A
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If s = 1, then (12) implies that 7% <z< %, so z = 0, but in this case
the property u(F) < pu(E) does not hold and the wall is not semicircular. If

s = 2, then by (12) —1 < z < 0, which is impossible. And if s = 3, then (12)

implies that —2 < x < 0, so # = —1. Inequalities 0 < Ag(F) < 20 together
with the fact that y € —% + 1Z (since ¢;(F) € H*(X,Z)) imply that y = .

But then we find that Ay (F) = Ay(E/F) = 10, contradicting the inequality
Ay (F)+ Ay (E/F) < Ag(E). Therefore, E is v, g-stable for all a > 0,3 < 0.
Tilt-stability of E implies that H*(E) = 0. Also H?(E) = Hom(E, Ox(-2)[1]) =

0, because otherwise there would be a semicircular wall. Grothendieck-Riemann-
Roch Theorem gives x(F) = 5e +1 < 0, hence e < —%. Assume that e = —%.
Proposition 2.7 implies that E is a 2-stable sheaf. Since F is a rank 2 sheaf with
negative third Chern class, it cannot be reflexive (see the proof of [11, Proposition
2.6]). The sheaf E can be included into an exact sequence

0—-E—-SEY ST—0,

where dimsupp(7) < 1. If dimsupp(T) = 0, then v, g(EYY) = vop(E) for all
(B, ), and tilt-stability of E implies tilt-stability of EVY. Applying to EVV the

Vv
% < —1, contradicting reflexivity of EVV.

above arguments, we obtain that
So, supp(7T’) contains 1-dimensional components, and %i(ﬂ > % As Schmidt
noted in [25, Lemma 2.1], the dual of a slope semistable sheaf is slope semistable,
hence EVV is slope semistable. If it is slope stable, then Bogomolov-Gieseker in-
equality implies that ch<s(E) = (2,0,0). The generalized Bogomolov-Gieseker
vV
inequality implies %Eg) < 0. But, as we already mentioned, the third Chern
class of a rank 2 reflexive sheaf has to be non-negative, implying that chg(EYY) = 0.
Proposition 3.1 implies that EVY = (’)E’?Q, but this sheaf is not slope stable.
Therefore, EVV is strictly slope semistable, implying that there is a short exact

sequence in Coh(X)
(13) 0—-F—EYY —-G—0,

where I and G are torsion free rank one sheaves with u(F) = u(G) = 0. Bogomolov-

Gieseker inequality implies that H‘C;IIQ:;(F) and H'CE%(G) are non-positive, and positiv-

ity of %%,(T) implies that ch<s(F') = ch<2(G) = (1,0,0). Generalized Bogomolov-
Chg(F) and Ch3 G)
3 3

Gieseker inequality implies that ~fy3~ are non-positive, and non-negativity
of c3(EVY) implies their vanishing. By Proposition 3.1 we get FF = Ox,G = Oy,
hence EVV = 092

Since ch(T) = 11;)2 + I?, one-dimensional part of supp(7’) consists of one pro-
jective line L C X. Classification of coherent sheaves on P! implies that T =
Or(a) @ T',dimsupp(T’) < 0. Chern character of T together with existence of a
surjective morphism O?@z — T implies that T = Op(1) or T = O & Op,p € X.
However, in the second case one can, using that H°(E) = 0, construct a subsheaf
T, — E, contradicting 2-stability of E. And in case when T' = O (1) one can show

that Hom(Zz, F) = 0 if dim Z < 0, implying that E is 2-stable. d

Lemma 3.8. If E € CohB(X) is tilt-semistable in U for a non-empty open subset
UCH and ch(E)=2—-H — %2 +eH?3, then e < 3—70, and in case of equality E is
a coherent sheaf, included into an exact triple

(14) 0—=U(-1) = O0x(-1)® = E = 0.
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Proof. Note that H? - ch; *(E) has the least positive value, so there is no wall for
E at = —1 for any o > 0. The inequality Qq g(E) < 0 defines a semi-disk lying
below the numerical wall Q, g(E) = 0. Therefore the generalized Bogomolov-
Gieseker inequality together with the fact that the walls are nested implies that
Qo,—1(E) = 41 — 150e > 0. Using also the integrality of Chern classes of E, we
obtain the bound e < %. Assume that e = %.

A calculation shows that the numerical wall W(E, Ox(—3)[1]) intersects the ray
B = —1. Therefore, Ext*(Ox(—1), F) = Hom(E,Ox(—3)[1]) = 0. Grothendieck-
Riemann-Roch Theorem gives that Hom(Ox (—1), E) > x(Ox(—1), E) = 4. This
gives an exact sequence

(15) 0= O0x(-1)®* 5 F—=5G—=0

in the category CohB(X) for § < —1 large enough. Here ch(G) = —2 + 3H —
2LH?+ 2 H3. We find ch(RHom(G, Ox)[1](-2)) =2—-H + If—; + g—g. Proposition
3.2 gives an exact sequence

0 — G — RHom(G,Ox)[1](~2) — T[-1] = 0

with a tilt-semistable object G and a sheaf T with dim T < 0. It follows that

ha(G) — Ly D) Since 3T) > 0 and, by Lemma 3.6, ©%(C) < L we obtain
that T = 0 and RHom(G,Ox)[1](-2) = U. Tt follows that G = U(-1)[1]. A
calculation shows that v, g(Ox(—1)) > v4,(EF) under the wall W(Ox(-1), E),

hence F is not tilt-semistable there. Since any wall lying above W(Ox(—1), E)

would intersect the ray § = —1, it follows that E is tilt-semistable everywhere
above W(Ox(—1), E). By Proposition 2.7 E is a sheaf, and (15) gives the exact
triple (14). O

In order to continue, we need several preparatory statements.

Lemma 3.9. If E € CohB(X) is tilt-semistable in U for a non-empty open subset
UCH and ch(E) =3 - H + %OHQ +eH?3, then e < 7é.

Proof. Any semicircular wall for E has to intersect the ray § = _(E) = %g\/ﬁ’
Assume that this wall is given by a tilt-stable subobject or quotient F' with ch<o(F') =

s+axH +yH? s> 0,u(F) < u(E). Since 0 < chf‘(E) (F) < ch’f‘(E) (E), we have

1 2V/10 210
(16) 0<x+38+ 30 s < 0
We have —1 < B_(FE) < B_(F) < u(F) < u(E) < 0. Also, 8+(F) = 2u(F) —
B_(F) <2u(E)—B_(E)=—-2+ % < 0. Hence Theorem 2.8 can be applied
to F and gives s> < Ay (F) < Ag(E) = 10. So, we have s € {1,2,3}.

If s = 1, then the only integer x satisfying (16) is * = 0. However, in this case
the property p(F) < p(E) does not hold. If s = 2, then 2 = —1. However, in this
case y € —3 + %Z, and the property Ag(F) = 25 — 100y € [0,10) is not satisfied
for any such y. And if s = 3, then there are no integer z satisfying (16).

We proved that there are no semicircular walls for E. 2-stability of F im-
plies that H°(E) = 0, and the absense of semicircular walls implies H?(E) =
Hom(E,Ox(-2)[1])¥ = 0. A calculation gives x(E) = 5e + 2 < 0, hence e

1

6"

O IA
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Lemma 3.10. If E € Coh” (X) is tilt-semistable in U for a non-empty open subset
UCH and ch(E) =3+ H + {5 H? + eH?, then e < — .

Proof. We have ch(E(—1)) =3 —2H + 2H? 4 (e — 15)H?, and E(—1) also has to
be tilt-semistable in a subset of H with non-empty interior. So Lemma 3.5 gives

2

Corollary 3.11. There are no objects E € Coh”(X) with ch<o(E) = 3—H+{:H?,
which are tilt-semistable in U for some non-empty open subset U C H.

Proof. By the proof of Lemma 3.9 such an object F should be tilt-stable for all
B < —%, a > 0, hence F is a 2-stable sheaf. The dual sheaf EV should be slope
semistable, and in fact slope stable since its rank and first Chern class are coprime.
If E is reflexive, then ch<y(EY) = 3+ H + {5 H?. However, in this case Lemmas
3.9 and 3.10 imply that ch3(E) + ch3(EY) < 0, contradicting Lemma 2.17, so the
sheaf F is not reflexive. There is a short exact sequence

0—E—E"Y -T-=0

with dimsupp T' < 1. The support of T cannot be zero-dimensional, because in
this case ch<a(EVY) = 3 — H + {;H? and by the previous argument EVY cannot
be reflexive. And if dimsupp T' = 1, then ch<y(EVY) = 3 — H + (& + d)H? for
d > 1 and Bogomolov-Gieseker inequality for EVY is not satisfied. O

Now we are ready to make the next step.

Lemma 3.12. If F € Coh” (X) is tilt-semistable in U for a non-empty open subset
U CH and ch(F) =2 — %Hz + eH?3, then e < 0, and in case of equality E is a
coherent sheaf, included into an exact triple

(17) 0= Q-2 U™ - F—o0.

Proof. Assume, firstly, that F is tilt-stable in U. Note that f_(E) = 7@ €

(=1,—3). In order to use the heart €, we need to find a point (89, ) on the
hyperbola v, g(E) = 7% + % — a? = 0 with ag < By + 1, such that E is v, g,-
semistable. The curve —% + A% — a? = 0 intersects the line a = 3+ 1 at the point
with 5 = 71—70, a= 13—0, hence it suffices to find such a point (8o, ap) with o < 1—30.

Any semicircular wall for £ has to be defined by a tilt-stable subobject or quo-
tient F with cheo(F) = s+ 2H + yH? s > 0,u(F) < p(E). If s > 4, then

Proposition 2.4 (1) gives p(E,F) < ‘1/—05 < . If E is tilt-semistable below some
wall of radius p < 1—05, then we can apply Lemma 2.10 and Corollary 2.15 to get that
E[1] € €. And if E is tilt-semistable above all such walls and there are no walls of

radius bigger than ‘1/—05, then E is, for example, tilt-stable at (8o, ag) = (—4/ %, %),

so E[1] € € too. So we need to rule out the cases 1 < s < 3.
We have 0 < chf’(E)(F) < chf’(E) (E), that is,

10 2+/10
(18) O<x+%s<?.

If s = 1, then the only integer = satisfying (18) is z = 0, but in this case the
property u(F) < p(F) does not hold.

If s = 2, then from (18) it follows that = —1. We should have Ay (F) = 25 —

100y € [0,40) and y € —3+ 1 Z, hence y € {—15, 75} In the first case Ay (F) = 35,
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in the second case Ay (F) = 15. However, in both cases Ay (E/F) = 25 and the
property Ay (F) +Ap(E/F) < Ag(E) is not satisfied.

Finally, if s = 3, then (18) implies that z = —1. We have Ag(F) = 25 — 150y €
[0,40) and y € —% + éZ, hence y = %. However, in Corollary 3.11 we proved that
there are no tilt-stable objects F' with such a Chern character. So, we have proved
that E[1] € €.

Tilt-semistability of E implies that HY(E) = 0. If H%(E) # 0, then there is a
nonzero morphism E — Ox(—2)[1]. However, such a morphism would destabilize E
everywhere below the wall W (E, Ox(—2)[1]), which is located above W (E, Ox (—1)[1])
and has radius bigger than 1'—0, contradicting what we have proved. A calculation
by Grothendieck-Riemann-Roch Theorem gives x(E) = 5e < 0, hence e < 0. Since
for e = 0 ch(E[l]) = 4ch(U[1]) + 2ch(Q(—1)[2]), we get an exact sequence of the
form (17).

Suppose now that F is strictly tilt-semistable in U. In this case E is an extension

0—-F—-FE—-G—0
with ch<o(F) = ch<2(G) =1 — %27 the objects F' and G are tilt-stable in U. The
curve vq g(F) = 0 is the same hyperbola —2 + 3% —a? = 0 as in the case of E. Note

that Ch;% (F) has the least positive value, hence there are no semicircular walls for
F intersecting the ray 3 = —1. The numerical wall W(F, Ox(—1)) intersects this
ray, hence any wall for F should lie below W (F, Ox(—1)) and its radius has to be
smaller than ->. The same arguments as above imply that chz(F) < 0, F[1] € €,

10
analogously ch3(G) < 0, G[1] € €, hence in this case E[1] also belongs to €, and in
the case of maximal chz(E) we get the exact triple (17). O

Remark 3.13. Using the Serre correspondence, one can prove that there exist slope
stable rank 2 vector bundles E on X with ¢1(E) = 0,co(E) = 2 and H'(E(-1)) = 0,
the so-called instanton bundles [9, Theorem D, Step 1 of the proof]. It follows that
there indeed exist tilt-stable sheaves E from (17).

Proof of Theorem 3.4. The bounds on chy(E) follow from Bogomolov-Gieseker
Inequality. Other statements are proven in Proposition 3.1 and Lemmas 3.6, 3.7,
3.8, 3.12. O

4. PARTIAL RESULTS AND A CONJECTURE

Lemma 4.1. Let E € Coh”(X) be a tilt-semistable object with ch(E) = H+dH? +
eH3. Then e < ﬁ + dz—z.

Proof. The proof of [17, Lemma 3.3] holds true for any smooth projective threefold
over C, for which the generalized Bogomolov-Gieseker inequality (Proposition 2.2)
holds, in particular, for X5. a

Lemma 4.2. Let E € Coh®(X) be a tilt-semistable object with ch(E) =1 —dH? +

eH?, then e < W.

Proof. Note that H?-chy'(E) has the least positive value, so Qo _1(F) > 0. This,

together with the fact that e € %Z, implies that for d =0 or d = % we have e < 0;
fordz%wehaveeg %; fordz%wehaveeg % andfordz%wehaveeg %

For d > 1 the statement follows from arguments in the proof of [17, Proposition
3.2]. O
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Denote by S a smooth hyperplane section of X C P®. It is known that S is a
del Pezzo surface of degree 5, isomorphic to a blow up of P? in 4 generic points.
Denote by p : S — P2 the projection of the blow up, denote by H’ the class
of p*(H) in Cl S and by Ei, Fa, E3, E4 the exceptional divisors corresponding to
the blown up points. We can compute that ¢1(Ts) = —c1(ws) = 3H' — Zle E;
and c2(Ts) = ca(Tp2) + 4 = 7 (using [10, Example 15.4.3]), which implies that
td(Ts) = 1+ w + P (here P is the class of a point). Denote by D the
divisor aH' + Z?:l b;E; and by ¢ : S — X the canonical injection.

Lemma 4.3. We have

4 4 4
et b 4 @~ 30— > b= 2 b
h *O D)) =H =1 = H2 i=1 i=1 = HS.
ch(i.Og( )) + 5 3 + o +6

Proof. Note that the embedding S — P’ is given by the anticanonical linear system

\3H'—Z?:1 E;| (indeed, adjunction formula implies that w¢ = Ox(1)|s). It follows
. 4 2 . 4

thgat iw(H')=(3H' =Y ;_ E;,H')L = 38= and i,(E;) = (3H' = Y_;_, E;, E;)L =

% for all j. Now a straightforward calculation using the Grothendieck—Riemann—

Roch Theorem gives the statement of the lemma. ([l

Proposition 4.4. Denote 3a + Z?:l b; by C. In the following k € 7Z.

(1) If C = 5k, then Ch3(i*§3_5(D)) < kQ;k + &. In case of equality a = 3k, all b;
are equal to —k.
(2) If C =5k +1, then Ch3(z*1?35(D)) < 5k2_18k_2 + &. In case of equality one of
the following holds:
(a) a =3k, one of b; is equal to 1 — k, while other three are equal to —k;
(b) a = 3k + 1, two of b; are equal to —k, while other two are equal to
—k—1.
(3) If C = 5k — 1, then ChB(i*P%S(D)) < 5’“2167’“ + é In case of equality one of
the following holds:
(a) a =3k, one of b; is equal to —1 — k, while other three are equal to —k;
(b) a = 3k — 1, two of b; are equal to —k, while other two are equal to
1—k.
(4) If C =5k + 2, then ChB(iﬁS(D)) < 5k2;0k_2 + % In case of equality one of
the following holds:
(a) a=3k+1, one of b; is equal to —1 — k, while other three are equal to
—k;
b) a =3k + 2, all b; are equal to —1 — k.
(
(5) If C =5k —2, then Cha(l*l?f(D)) < 5k2_13k+2 + %. In case of equality one of
the following holds:
(a) a =3k —1, one of b; is equal to 1 — k, while other three are equal to
—k;
(b) a=3k—2, all b; are equal to 1 — k.

Proof. Lemma 4.3 implies that for a fixed C' maximizing chs(i.Og(D)) is equivalent
to maximizing Q := a? — 24 b2. For a fixed C = 3a + Zle b;, a fixed a € R

1=1"1
and varying (b;) € R* the maximal value of @ is attained when all b; are equal

to %. The values of b; in Proposition 4.4 are obtained by choosing a point
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b = (b)) € Z* with 3, b; = C — 3a that is closest to the point with all b; equal
to % in the usual Euclidean metric. By Pythagoras’ Theorem this b is indeed a
point minimizing Z?:l b? and maximizing Q for fixed C and a. It remains to prove
that maximum of () can be reached only for the values of a given in the Proposition.

For fixed C' and a we have Q < fo, := a® — 4 (%)2 = —%a2 + %Ca — %2.
This is a parabola in a¢ with a maximum at ag = % This proves the Proposition
in the case C = 5k, k € Z. In the case C = bk + 1,k € Z ag = % lies in the
interval (3k,3k + 1). For the values of a,b; from Proposition 4.4 (2) we have Q =
5k?+2k—1. A calculation gives fokt1,36—1 = 5k2 42k —3. Hence for all a < 3k—1
Q < fsrt1,a < font1,36-1 < 5k* + 2k — 1. Also we find fspi1,3642 = bk? + 2k — 2,
hence for all @ > 3k +2 Q < 5k% + 2k — % < 5k? 4+ 2k — 1. Hence a € {3k, 3k + 1}.
This proves the case (2). The cases (3-5) can be proven completely analogously. O

The cases of rank two semistable sheaves with maximal chg on P3 [23] and on a
smooth quadric threefold [27] lead us to the following conjecture.

Conjecture 4.5. Suppose that E € Coh(X) is a Gieseker semistable sheaf with
ch(E) =2+ cH + dH? + eH3.
(1) Letc=—1andd= %—i—% < 0,C€eZ. Thene< —%—i—Ch?’(i*HM, where
D is a divisor on S from Proposition 4.4 for the given C' = 3a + Z?=1 b;.
A general sheaf E with mazimal e can be included into an exact sequence

(19) 0— Ox(~1)%2 = E — Og(D) — 0.

(2) Letc=0 andd:—%+%<<0, CeZ. Thene< %—i—%, where
D is a divisor on S from Proposition 4.4 for the given C' = 3a + Zle b;.
A general sheaf E with mazximal e can be included into an exact sequence

(20) 0—-U—E— Og(D)—0.

Note that, if C = 5k, k € Z, then i.Og(D) = (i.Og)(k) is a twisted structure
sheaf of S C X. In this case the moduli spaces of stable sheaves E from (19) and
(20) were described in [27, Theorem 4.2] and [27, Theorem 4.6], respectively. In
particular, it was proven that moduli spaces of these sheaves form smooth dense
open subsets of rational irreducible components of the moduli scheme of Gieseker
semistable sheaves on X. Note that in (19) and (20) S denotes a smooth hyperplane
section of X C PY, while in [27] we considered a more general case in which S was
an arbitrary effective divisor.

Let us give some further evidence for Conjecture 4.5. Note that for an extension

0= 0x(-1)%2 5 F—-G—=0
with ch(G) = H + (k= f5) H* + (%5552 4 L) B,k € Z we have ch(E) =
2—H+(k+%)H2+%HS'

Lemma 4.6. Let E € Coh”(X) be a tilt-semistable object with ch(E) = 2 — H +
(k + %0) H?+eH3. Ifk< -2 ande > %, then E is destabilized along a
semicircular wall with the subobject and the quotient of rank at most two.
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Proof. We can calculate that the radius pg of the numerical wall Q. g(E) = 0
satisfies the inequality

PQ 9 i 11 147 2401

> -k .
An(E) = 800" 2000 8000 — 20000k  —2-100k% + 24 - 10°K2 — 96 - 10k + 128000

Bounding each term, we see that —22— > _L_ hence we can apply Proposition

Au(E) ~ 300°
2.4 (1) to get the statement of our lemma. O

Lemma 4.7. Let E € Coh”(X) be a tilt-semistable object with ch(E) = 2 — H +
(k+i5) H*+eH?, k € Z. If k < —2 and E is destabilized by a subobject F of rank

2
one, then e < %.

Proof. Follows along the same lines as the proof of [23, Lemma 3.9]. Note that in
our case

1 (H~ch2(E))2+H~ch2(E)+ 5 15k —27k+1 2

2 H3 H3 24 30 T
Since the step by which chs(E) can change for a fixed ch<2(F) is equal to %3, the
bound proven in [23, Lemma 3.9] suffices to prove our lemma. O
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