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1 Introduction

Nonlinear sigma models [1] are field theories that are of utmost importance in modern
mathematical and theoretical physics: from condensed matter physics to string theory. In
two space-times dimensions, sigma models are known to be renormalizable in one loop [2].
Certain examples of sigma models demonstrate similarities with realistic 4D gauge theories,
such as asymptotic freedom, instantons, and confinement.

There is a large class of integrable sigma models that can potentially be solved exactly
at both the classical and quantum levels. One of the most well-known examples of classical
integrable sigma models is the principal chiral model (PCM), where fundamental fields are
valued in the Lie group G. The integrability of PCM model has been established in [3].
Another important class is the symmetric space sigma models (SSSM) with fundamental
field taking values in the symmetric space coset G/H, whose classical integrability has
been shown in [4]. However, these two classes of sigma models (PCM and SSSM) do not
exhaust all possible integrable sigma models. In particular, integrable deformations of known
integrable sigma models have attracted a lot of attention and interest in recent years. The
first example of integrable deformations studied in the literature were the trigonometric and
elliptic deformations of the SU(2) PCM discovered in [5]. Later, integrable deformations of
SU(2)/U(1) SSSM [6] and SU(2) PCM models [7, 8] have been discovered, although their
classical integrability was not clear at that time and has been shown later in [9].

An important class of integrable deformations, called Yang-Baxter (YB) deformations,
that generalizes the models discovered in [6-8], has been constructed in [10-12]. More
general deformations were also discovered soon after. We refer an interested reader to the
recent review [13].

In these notes, we will be focusing primarily on YB-SSSM G/H theories (they are also
known as 7 deformed symmetric space sigma models, where 7 is the deformation parameter).



Being integrable at the classical level, they are also remarkable as quantum field theories.
In particular,

e They are renormalizable with one running coupling 7.
e They are asymptotically free.
« They are (believed to be) integrable at the quantum level, provided that H is simple!

Quantum integrability is checked by considering perturbative scattering of lightest particles in
the weakly coupled regime and comparing these perturbative amplitudes with exact deformed
(trigonometric) S-matrices, which solve the quantum Yang-Baxter equation [7, 8, 14, 15].
Assuming quantum integrability to hold in all loops, one can argue that UV region of
such theories can be described in conformal perturbation approach as a theory of a certain
conformal field theory perturbed by a set of relevant operators.? The holomorphic parts of
these operators are known as screening operators, and they turn out to form root systems of
affine Kac-Moody algebras, giving rise to Toda field theories, which are known to possess
an infinite tower of mutually commuting integrals of motion. This observation leads to
the following conjecture: every YB-SSSM should have an alternate description in terms
of Toda field theory [14-17].

Being restricted to the class of theories whose UV limits coincide with a collection of
free fields ¢;’s, one could attempt to verify an integrability /renomalizability conjecture in
at least two ways. The first is to find an appropriate UV-expansion of the metric and the
B-field so that the screening system manifests itself:

UV expansion

deformed sigma model screening system

1. Pick a YB-SSSM, compute the metric and the B-field.

2. Solve the 1-loop RG equations (generalized Ricci flow), observe that n is the only
running coupling satisfying 7 ~ (1 + n?).

3. Expand the metric and the B-field in the vicinity of the UV fixed point n = ¢ in powers
of (n — i) and find the corresponding relevant operators. Often they take the form
O = Aij&rcpia,gpje(ﬁk’@ with real constant vectors 8. Imaginary B’s give rise to
irrelevant perturbations.

4. Out of obtained relevant operators Oy, reconstruct the full integrable system of screening
charges. In general, it consists of different types of screening fields, either fermionic
el®®) with (o, ) = —1, or bosonic (dressed or sigma-model type) including both
real and imaginary exponential operators. This integrable system will depend on a
continuous parameter b, such that b=2 plays the role of the Planck constant. An example
of such an integrable system is a bowtie kind diagram (see (2.61), (2.62)).

'For N = 1 supersymmetric versions of these models this condition can be dropped.

2In the simplest case of deformed O(N) sigma-model the corresponding CFT is just the collection of free
fields. For other G/H sigma models, the situation might be different, and thus the corresponding CFT might
be interacting.



The opposite way is to solve the generalized Ricci flow equations:

Ricci flow
_—

screening system deformed sigma model

1. Pick a screening system of a sigma-model type (for O(N) sigma-models it will be of
bowtie type). It depends on a continuous parameter b.

2. Write down the relevant perturbations in the limit &6 — 0. These operators correspond
to “real” exponents in Oy ~ ePr:#). Neglect the “imaginary” ones.

3. Interpret this Toda field theory as a UV region of some sigma model and solve generalized

Ricci flow equations —G,, = Ry + 2V, V,® by iterations in conformal perturbation
parameter. The exact solutions for the metric, B-field, and dilaton field are thus found.

4. Perform T-dualities and change the target-space coordinates as needed. Observe that
this sigma model coincides with a YB-SSSM.?

A remarkable property of bowtie type integrable systems responsible for YB-deformed
O(N) sigma-models is the duality b> «+— —1 — b2, which holds at the level of Toda field
theory [14-16]. This duality swaps “real” and “imaginary” operators in the full screening
system, and thus it gives rise to some duality on the sigma model side:

YB-SSSM UV expansion ‘set of relevant operators‘

DUAL REGIME ! lswap b2es—1-b2
~

’dual regime of YB—SSSM‘ ‘dual set of relevant operators‘

(1.1)
The leftmost vertical arrow is the arrow we are interested in. Following it, we will find

Ricci flow

new solutions to generalized Ricci flow equations and show that they can be quite simply
obtained from the ordinary YB-deformed O(NV) sigma models by setting certain coordinates
to constant values.

The plan of this paper is the following. In section 2 we review known results about
YB-deformed O(N) sigma models, including explicit solution of Ricci flow equation and the
relation to bowtie integrable systems of screening operators. In section 3 we formulate our
main result: a solution of the generalized Ricci flow equation for O(2N + 1) sigma models
in the dual regime (see (1.1)). Then in section 4 we provide some concluding remarks and
highlight the direction for future work.

2 Preliminaries

Sigma models are classically described by smooth maps X : ¥ — M, where ¥ is a Riemannian
manifold called the world-sheet and M is a smooth manifold called the target-space. It is
assumed to be equipped with a (preudo-)Riemannian metric G and possibly other geometric

3We note that the steps 3 and 4 can be united, and one can solve generalized Ricci flow equation right
away (2.3). But technically, it is much easier to follow the steps 3 and 4 instead.



data such as Kalb-Ramond 2-form field B, dilaton, higher-form fields consistent with the
metric, etc. The action of such a theory can be written in the Polyakov form [18§]

S:% / (mho‘ﬁGW(X)c‘)aX“c’)ﬂX"—keaﬂBW(X)8QX“85X”+MR(2)®(X)+...>d2x,

(2.1)
where h,g is a metric on a two-dimensional world-sheet ¥, G, and B, are metric and
B-field, R® is Ricci curvature of h and ® is a dilaton field. All these geometric data on
M are pulled back on ¥ via the field map X : ¥ — M, written in local coordinates as
XH"(z), and then integrated over X against the usual Lebesgue measure. In this work, we will
just take ¥ to be a Minkowski flat space (a real 2-plane or a cylinder) with the light-cone
coordinates £ = t & x. With this choice the sigma model action involving the metric and
the B-field takes the following form:

1
C Arx

s / (G () + B (X)) 0, X" 0_X¥ % (2.2)
Two-dimensional non-linear sigma models are renormalizable. At 1-loop order the RG
equations [2] (see also [19]) are often called the generalized Ricci flow equations and read

. 1
_G;U/ = Rul/ - ZHI;)\HW@)\ + V/LVV + VVV}Lu

. N R (2.3)

—B,, = Hy,,V" — §V)\H w T Vuwy — Vywy,
where V,, and w, correspond to a wave function renormalization. By V, we denote the
covariant derivative with respect to the usual metric connection; H = dB is the magnetic
flux 3-form.

2.1 PCM and sigma models on symmetric spaces
PCM is integrable and renormalizable

We start by reviewing general classical and quantum properties of nonlinear sigma models on
arguably the simplest non-trivial example, the so-called principal chiral model. The principal
chiral model (PCM) is the non-linear sigma model with the target space being M = G, a com-
pact semisimple Lie group equipped with the canonical metric ds?> = —A"2tr (g7 tdgg~'dyg).
Here A2 is some positive constant (overall scale) and tr denotes the Cartan-Killing metric
on g = Lie(G), which for compact semisimple groups is strictly negative definite and thus
nondegenerate. The action of PCM model takes the form

—m/tr (97104997 0_g)d*x. (2.4)

PCM is a fairly simple NLSM, yet it enjoys a plethora of nice properties. One of these is

the celebrated Lax integrability [3]. It can be seen as follows. Classical equations of motion are*

0yj-+0-j. =0,  jr=g 'Osg. (2.5)

“These are just conservation law for Noether current corresponding to right symmetry g(z,t) — g(z,t) - h.
This is not a coincidence.



Oftentimes it is more convenient to work in the coordinate-independent setting. Namely,

denote j = g~ 'dg € A (X) ® g, so that ji are just the light-cone components of the current

1-form j. The conservation equations are then rewritten as d,j% = 0, or, in the coordinate-

independent fashion, as dx j = 0. Now, since j € A}(2) ® g is a pull-back of the canonical

1-form on the group via the section g : & — G, it is also flat: dj + 3[j A j] = 0.
Consider the following Lie algebra-valued 1-form:

Jtzxj
L) =977

It depends on the spectral parameter z and is flat if and only if the equations of motion

or Li(z)= 1‘7;2, z e C. (2.6)

are satisfied:

dL(z) + % LE)AL(Z)] =0 = {df] N 0 (2.7)
dj+3[injl=0
We call a mechanical system Lax integrable precisely when it admits the so-called Lax
connection L(z), flatness of which is equivalent to the classical equations of motion.
The 1-loop renormalization group flow in sigma models without Kalb-Ramond term and
dilaton is given by the celebrated Ricci flow equation [2]:

G,
dt

where UV region is t - —oo and IR region is ¢ — 0. It can be shown that the canonical

A
= —Ry,,, t=log XO (2.8)

metric on the Lie group is in fact Einstein metric:

1
ds? = V] Tr (g 'dgg~'dg) = Ru =h"(G) G, (2.9)
where hV(G) is the dual Coxeter number of Lie group G. We conclude that in the principal
chiral model the only running coupling constant is A:

i) -1 e (2.10)

So, in the UV limit ¢ — —oo the theory becomes free: A(—oo) = 0, and in the IR region
t — 0 it becomes strongly coupled. This phenomenon is widely known as asymptotic freedom.

Symmetric G/H models are integrable and renormalizable

It is possible to construct a sigma model on homogeneous space G/H by gauging out H-degrees
of freedom. For this we introduce h = Lie(H)-valued gauge field

Opr— O+ A, AcA(D)®b, (2.11)
plug it into the PCM action, and then integrate A out (which is a purely classical procedure,
since A does not have a kinetic term). Since g is compact (semi-)simple, it can be decomposed

1
into the orthogonal direct sum g = h @ m. The result of integration over Ay € b is

1 _ B 1 B )
Sa/m = —W/tr (g o)™ (g70_g)™ )P = —7/tr (97'0+9 Pulg'0_g))d%,

402
(2.12)
where Py, is a orthogonal projector on m = h*, and j™ = Py, (j) is m-component of j.



The metric on the target space G/H corresponding to the action (2.12) is obviously
G-invariant. Consider its restriction on the tangent space over a single point pg = e-H € G/H.
At this point the metric in question is (up to multiplication by A~2) just the usual Cartan-
Killing form on g = T.G restricted onto h* = m. The transitive action of G on G/H can
be used to construct a global metric on the homogeneous space.

The property of classical (Lax) integrability of PCM remains intact after gauging for some
homogeneous spaces. More precisely, if the Lie algebra g = h & m admits an automorphism
o of order 2, which preserves § subalgebra

o(h)=b;  o(m)=-m, (2.13)
then the coset G/H is called symmetric homogeneous space, and the corresponding homo-
geneous space sigma model is Lax integrable with the Lax connection
1— 2 2

2 n z
1+ 22 1+ 22

RG flows in the symmetric space sigma models are of no difference from those in the

L(z)=A+ * K, where A =Py(j), K =Pn(j). (2.14)

principal chiral models, since every symmetric homogeneous space is in fact Einstein too!

2.2 Yang-Baxter deformation

We recall that the principal homogeneous space G endowed with the canonical metric is
Einstein (meaning that the Ricci tensor is proportional to the metric). G/H is Einstein

provided G/H is symmetric. Since 1-loop RG equation reads —G, = R, the target-space
metric G, depends on RG time ¢ only through the overall scale A72(¢),

G (t) = A72(t) - G (to), (2.15)

S0, there is in fact only one running coupling constant in these theories. We remind the reader
that the general sigma model is a theory with an infinite number of couplings, since G, (X)
is a function of target-space coordinates, which can be as complicated as one wants it to be.

A more interesting dependence on ¢ can be obtained by introducing another independent
coupling. A very fruitful way to do so is to consider integrable parametric deformations.
“To deform a theory” means making the metric and B-field depend on a finite number of
additional deformation parameters (in this work we will only add one), which are then
identified with new coupling constants. Sometimes, it is possible to make the deformation
preserve classical integrability, in which case the deformation is called integrable.

One of the main mysteries about these integrable deformations is the integrability-
renormalizability conjecture [6-9]. Assume that the metric and the B-field in certain sigma
model depend only on a finite number of parameters {A1, Ag,..., An}:

Guv = GNV({)‘k})7 B = BMV<{)\k}>a (2.16)

and that the sigma model with these G, and B, is classically integrable. Then, under
renormalization G, and By, will depend on RG-time only through these couplings Ay (t)’s.
We call such sigma models RG-stable or renormalizable in the strong sense. In short, this
conjecture states the following:

RG-stability = Integrability



Yang-Baxter PCM

One of these integrable deformations is the so-called Yang-Baxter deformation of PCM [10].
In what follows, we will describe the construction and the basic features of it. We start
from the action

1 . 1 . 2 —1
5= v /tr (m—m%,ﬂ) d*z, Ry =Ady'RAd,, (2.17)

where R € End(g) is a constant linear operator on the Lie algebra, n € C is the deformation
parameter, and the limit  — 0 corresponds to the non-deformed model.

Equations of motion

Equations of motion for YB-PCM can be obtained by varying g(z) — g(z)(1 — e(z)) (in-
finitesimal right-acting symmetry). It is more convenient to rewrite the Lagrangian in the
following way: since Ry, = Ad;1 R Adg,

. 1 . . 1 1
L:tr <J+]_—7’/'7€]_> =tr (]_’_.Adg]-_ﬁ]zAdglj_) =
g

1 1
_ 1y 1) o
—tr (Adg () T A, (g_)) —tr <k+1_an_>, (2.18)

where ki are the components of the right-invariant current:
k=—dgg™';  Ad;'(j) = k. (2.19)

Under the infinitesimal right shifts 6g = —ge these currents transform as 6k = Ad,(de), so,
by direct computation the variation of the Lagrangian is

0L = tr (E (04— + 8_J+)) + total derivatives, (2.20)
where
1 1 1 1 1 1 1 1
Jo=ZAd,! ko=, Ji= A k= ..
€70 1-qR™ E1-1R, T TR gl Ry

(2.21)
Here, R' € Endg is the operator conjugated to R with respect to the Killing form:
tr(X R(Y)) = tr(RYX)Y), and ¢ is an arbitrary number.

Classical integrability

If we require Ji+ to be not only conserved, but also flat
OrJ_—0_Jp+[J_,J:] =0, (2.22)

then the Lax connection could be defined by L4 () = % (exactly as in (2.6)) and the system
would be Lax integrable. The direct computation shows that the flatness condition (2.22)

is equivalent to the system of two equations on R € Endg:

R+ R =0;
{ (2.23)

[RX,RY]+ R([X,RY] + [RX,Y]) + 2[X,Y] =0, VX,Y €g,



where ¢?

is an arbitrary complex parameter. The first equation forces R to be skew-symmetric.
The second equation is called modified classical Yang-Baxter equation (mcYBe). Usual
(unmodified) cYBe is recovered at ¢? = 0. For general ¢ we can always rescale R by a real
factor to make ¢ € R equal to 1 or —1 or 0. The solutions to these mcYBe’s are usually

called unmodified (¢ = 0), non-split (¢ = y/—1) and split (¢ = 1) r-matrices.

Drinfeld-Jimbo solution

One solution to mcYBe is the so-called Drinfeld-Jimbo r-matrix RP?. Choose a Cartan-Weyl
basis in g = (Fu, E_q, H;). In this basis one has

RP(Fio) = 4cFio,  RPI(H;) =0. (2.24)

We notice that in the non-split case R? = —R, which gives rise to a non-zero B-field. Indeed,
expanding the geometric series

L SR g =1 T g2y L p (a5)
_ 2 2°70 '
1-7R = prd 147 147

we see that there is a non-zero skew-symmetric part.

1-loop RG flow

As it was mentioned previously, classical integrability makes RG flows in YB-PCM act only
on the coupling constants A and 7. 1-loop equations (2.3) can be shown to be [20, 21]

dn 242 d 2) _
E—const(l—kn), %<7]-)\)—0. (2.26)

So, there is effectively only one running coupling 7, since A2 - ) is a first integral of RG flow.

Yang-Baxter G/H models are integrable and renormalizable

Since the global group of YB-PCM contains G-subgroup acting from the right, we can
still gauge some H C G to obtain a 1-parametric deformation of the sigma model on the
homogeneous space G/H. Replacing d — d + A in with A € A'Y ® b in the YB-PCM
action, we get

1 1 2 —1
S = Y /tr <K+1 — nRK_> dz, Ki=-g(0++As)g . (2.27)

Then we integrate A out, after a simple (yet somewhat lengthy computation) we obtain
the action of the Yang-Baxter G/H-model:

5= fu <<j+>“‘1—n;zgm<j_>m> o, ()" =Pu(is),  (228)

where R, is the same as in (2.17).



Lax integrability

The usual way to derive the Lax connection is to find a current that is flat and conserved.
It was done for symmetric spaces in [11] (see also [22]). The result is

J
Li(2) = A + V1 -2 ;Z (2.29)

where A4 is the h-valued connection 1-form used to gauge out H-degrees of freedom, and
1

Jp=—"3j L =g '0.g. 2.30
+ 1:|:77,Rg]i, J+ =9 0Oxg (2.30)

RG flows

Solving the RG flow equations for the model (2.28) for real n we find cyclic solutions [23].
This motivates us to consider different regime 1 = ix and A2k =: h, so that i doesn’t run
and the YB-deformed G/H-sigma model action becomes

K -1 m 1 -1 m 2
= —— _— _ . 2.31
s h/“<(9 0" T ag>)dx (2.31)

We note that in this domain of the parameters, the metric tensor is real, while the components
of the B-field are pure imaginary (for Minkowski worldsheet). It can be shown that the B-field
in (2.31) spoils the parity P and the time reversal 7' symmetries. Thus the theory (2.31)
possesses only C' and PT symmetries and the imaginary value of the B-field indicates that it
is non-unitary. Physically, it is similar to the sigma model with the 8 term with an imaginary
value of 6, which certainly violates unitarity. However, the scattering in (2.31) is described by
a factorized unitary S-matrix, which possesses C' and PT symmetries (see [14, 15] for examples
of such S-matrices), making this theory a perfectly admissible and interesting example of
an integrable QFT. This apparent paradox — a non-unitary theory being described by a
unitary S-matrix — seems to be closely parallel to the treatment of the Yang-Lee singularity
in [24], yet the details have not been discussed in the literature so far.

Similarly to YB-PCM theory, in the YB-deformed symmetric space sigma model the
only running coupling is k, and RG flow boils down to an ODE

dk

— =Ch(s* -1 2.32
— Ch(k )s (2.32)
where C' = h}; is the dual Coxeter number of G. Notice the difference compared to (2.26):
in the r.h.s. there is a power 1 of (1 — x2)!. For YB-PCM it was (1 — x2)? (2.26). This

difference will be of utmost importance for us in this work.
The 1-loop equations (2.32) are solved by

k(t) = —tanh(Cht) (2.33)
There are three interesting limits:

1. h— 0, k fixed

This is the classical limit: the RG time along the flow is ¢ ~ % — —0



2. h— 0, t fixed

This is a non-deformed limit. In fact, along the flow x ~ Ch, so in the general action of

YB-G/H (2.31) a deformation parameter « is small, while the overall factor ¥ is finite.

3. t — —o0, h fixed

This limit is the most interesting one. From general physical grounds, it can be argued
that in the vicinity of UV fixed point (k — 1, ¢ — —o0) the metric behaves as

ds® = dsh,; or cpr + A Z (relevant perturbations). (2.34)
finite

A is a dynamically generated mass scale. The structure of relevant perturbations in the
r.h.s. is the subject of our interest.

2.3 Ricci flow, conformal perturbations and Toda field theories
As it was mentioned in the previous section, in the vicinity of the UV fixed point x = 1 the
metric in asymptotically free sigma model can be approximated by

ds® T dX*PdX"Y + A Z AD(X) dX dXY + O(A?). (2.35)

The matrices A,(fy) define IR-relevant operators. By physical arguments it is clear that these

are the graviton vertex operators
o = A o, x*o_XV elPrX), (2.36)

such that B% > 0. In string theory they are interpreted exactly as metric perturbations

of a conformal background.
In fact, in deformed O(N) models (YB-deformed SO(N+1)/SO(N) models) by performing

suitable T-dualities and coordinate changes it is always possible to force the matrices A,(fl,)

(T))

to be of rank 1. More precisely, A,(f,,) = a,(f)a,(f), where a(") = (an’) are constant “light-like”

(of zero euclidean length) vectors:

a™ =(0,...,0,1,0,...,0,7,0,...,0) (2.37)
A condition of perturbation to be relevant is, in fact, a very strong one: only very special
choices of a’s and (A,,)’s are allowed. We will return to this discussion in the next section.
Example: sausage model

Now we demonstrate how these relevant operators appear in the simplest non-trivial example,
YB-deformed O(3)-model. The sausage metric and B-field are (see below)

d6? + cos? 0 dop? iK? sin 26,
ds? = = B:—[dﬁ ANd ] 2.38
y h 1—k2sin?6 ’ 2h |1 — k2sin? 6, 1A den (2.38)
For general  this metric solves the Ricci flow equation provided V = w = 0 and kK = — tanh At

(see (2.32)). We perform T-duality [25] in ¢ direction. Then the dual metric and B-field
read (we set A = 1):

1— 2 in2 0
A% quat =  |dO% + 2i tan 0 dde + —5

do? Br-dual = 0. 2.39
k2 cos? 6 gb], T-dual (2.39)

,10,



They solve 1-loop RG flow equations with®

i(1 — K?)

Vrdual =
ua K2 cos2 0

We now perform the following convenient change of coordinates:
i
o— o+ 3 log sinh? v, 6 — arcsin coth y.
The metric becomes

1 2 1— 2
N @y + de?) + —-

2 _
dST_dual =

Since T-duality preserves t-dependence in k(t), we write for T-dual metric

62t

1—
k= —tanht = T 1 — e+ 0(e?), where e =¢€(t) := 2€*,

which results in the following UV-expansion:

A% uar = dy” + de? + 3 [(dy +ide)*e™ + (dy — i dg)*e™] + O().

So the Toda perturbation operators take the form
O12 = / AP 0. X1 X" el X) P, X = (y,9)

with

1 —1

do, WT-dual = 0, and KT-dual = K = — tanh t.

[(dy +idg)?e® + (dy — idg)%e].

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

Af}ﬁ(l' Z)Z“»W ar = (2,0), A£23=<_1-_Z>=<1,—i>®2, ay = (~2,0).

2.4 Yang-Baxter O(IN) sigma models: known results

Metric and B-field

Here we follow [17]. We use the following parametrization of the coset elements for even-

dimensional spheres:

g = etz Tis for  SO(3)/S0(2),
g= 92134 ,02Ts5 ;01 T12 01T g SO(5)/S0(4),
g= e?3T56 03157 234 0235 ;01 T12 1 T13 g1 SO(7)/S0O(6),

(2.47)

®Alternatively, one could notice that the B-field of (2.38) is a closed form (H = dB = 0), and thus does not
run in RG flow itself (B;; = 0) and does not participate in the running of the metric on RG flow (see (2.3)).
One could argue that B-field can be dropped in the T-dual case too. Indeed: we perform T-duality ignoring

the closed B-field:
K s 1—k2?sin%0  ,

dg?.

2
dsT_dual,B=0 =
uab 1 — k2sin? 0 K cos2 6

This metric solved Ricci flow with
(1 — k%) tanf
1 — k2sin?6

de.

Vr_dual,B=0 =

— 11 —



and for odd-dimensional ones:

g = e?BuehTizehiTis g5 S0(4)/SO(3),

g — P56 o 0234 0235 ;01T12 01T SO(6)/S0(5),

¢7%86¢37%66937%7€¢27§46927§5e¢1732601733 for S()(S)/S()(7), (2'48>

g=e

The YB-deformed metric and B-field on even-dimensional sphere S?V have the form
(here and below we set i = 1)
N N
dsyp_gon = Y Sk(0) (df),% + cos? ekdgz)z), Byp_sov = »_ bp(0)dfy A doy,  (2.49)
k=1 k=1

and for odd-dimensional S2V+1.

N N
ds3p_gavi = D Sk(e)(de,%+cos2 ekdqﬁz) +50(0)dx®,  Byp_gen+1 = Y bp(0)d0y Adopy..
k= =

(2.50)
The functions Sk (@) are
k=1 2 N
sin” 0;
Si(0) = =1 . 50(0) = k [ sin? 6y, (2.51)
1 — K2 (Hk_l sin 0 ; )sm 0y 1:[
and
iK? 9 i?  TI5Z] sin® 6; sin(26y)
bp(0) = ————=—log Sy (6 =5 dby. A doy. 2.52
£(6) 2 96, 8 5k(6) 1—/{2]_[ —1 sin* 0 sin? 6y, k A\ (2.52)

Notice how even-dimensional metric and B-field (2.49) are obtained from odd-dimensional
ones (2.50) by “erasing” the isometric x-direction.
The corresponding vector fields (or rather 1-forms) V' = V,(z)dz* and w = w,(x)dz* read:

N
Veen = =2 cot(On—_g41) (( —1)F1(0 ZF ) doy, (2.53)
k=1
N
Veenst = — Y cot(On—p11) | (2k — 1)F1(6) — 22 Fj(0) — 1| db, (2.54)
k=1

and

k=1

Wean = —i/@zn: (2N — 2k +1) (H sin? 0; ) cos?(0y,) Fi,(6) doy, (2.55)

WgaN+1 = —mz (2N — 2k +2) (H sin® 6, ) cos®(0y) Fi.(0) déy, (2.56)
k=1

— 12 —



where the functions Fj (@) are just the denominators of Si(0):

_ -1
Fi.(6) = (1 — K2 (k]'f sin’ 9]-) sin’ 9k) : (2.57)
j=1

With these V and w the 1-loop equations (2.3) are solved provided that (for YB-deformed
O(N) models)

k(t) = —tanh(N — 2)¢ (2.58)
Graviton operators in O(/N) models

An analysis performed in the previous section for sausage model can be generalized. In [16]
it was shown that for general O(N) models graviton vertex operators take the form

O'LJ = (a’ia 8+‘10)(a17 a—‘p)e(ﬂij’(‘o)a (259)
where ¢ = (X',...,X") and
200 + o
(@) = (o) = 15 B, = Tt (2.60)

The requirement of the perturbation by operators O;;’s to be integrable turns out to be
extremely restrictive, almost completely fixing the vectors a;.

Now we describe the allowed root systems {c;}. Consider the Gram matrix I';; = (o, o).
Since I';; is symmetric, it can be treated as an incidence matrix of the weighted graph. Since
I';; = —1, every node of this graph corresponds to a vector of “real length” \/—1, which we,
inspired by the bosonization formula ) <> eﬁ‘b, call a fermionic root and denote by &. If
two fermionic roots a; and a; have a non-zero pairing (o, o) = = # 0, we draw a line
connecting the corresponding nodes and assign a label z to it:

T

S—

The integrability condition requires I';; to be of a very special form. Specifically, we
have the diagrams

a2 Q2N +2
_b2 —b2
a3 2 Q4 2 as 2 2
1+b —b —b 1+b
14252 X R— eeens —X X 1+2b2 (2.61)
_p2 32
b 2N—4 b
[e3} Q2N 41
for O(2N) system and
o2 Q2n+1
—b2 142
a3 2 Qy 2 as 2
1+b —b —b
1+20° @ e — —1-2%(2.62)
_p2 2
b IN_3 1+b
o Q2n

for the O(2N + 1) one. Here b is a non-zero Liouville-like parameter.
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Given a system of fermionic screening operators, one associates a perturbing opera-
tor (2.59) for each pair a; and a; such that (o - ;) # 0. We note that in both cases, O(2N)
and O(2N + 1), there are two ways to define the maximal set of perturbing operators O;;:

I: 012 034 056 078

(2.63)
IT: O13 023 045 Opr

It can be easily checked that for real b’s the exponents 3;; in the set I are real and proportional
to b~!, while the exponents in I are purely imaginary and proportional to (i3)~! with

= V1+02. Tt follows that only the operators of the set I have negative anomalous
dimensions and are therefore IR-relevant. In contrast, purely imaginary operators are
IR-irrelevant.

Now, in Toda QFT we expect duality with respect to involution b <— —1 — b? (or more
conveniently b <— i3) [16]. Fermionic root systems for O(2N + 1) are clearly self-dual with
respect to this involution, while O(2/N) are not. This nontrivial Zg-action on O(2/N) fermionic
root systems is precisely what allows us to define a dual regime in O(2N) models. Involution
b «— i/ interchanges real and purely imaginary exponents, and, in this way, it interchanges
the sets [ +— Il comprising the data 8,; (inner products of relevant exponents). These
vectors 3;,’s of I and II form affine Lie algebra root systems, which enjoy the same properties
with respect to the b? <+— —1 — b? involution: O(2N + 1) ones are self-dual while O(2N) are
not. This involution maps ZA)E\?) — lA?J(\}) (for O(2N) models) and By to itself (for O(2N +1)):

O(2N) models:

usual regime: [)53) (twisted affine) dual regime: D( (non-twisted affine)

O(2N + 1) models:

usual regime: éN dual regime: BN

In both cases the subscript N counts the number of nodes in the diagram minus one (the

affine one).
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Now, Toda action can be put into a sigma model form

AToda = / G (9) 0" d? Guw=0uw+A D (c,dp)(a;,dp)ePii?). (2.64)
(i,j) €TorIl

A QFT with this action is not renormalizable in a strict sense, since it requires an increasing
number of counter-terms at every order of perturbation theory in A. Miraculously, for
integrable Toda theories the condition of such a theory to be UV-finite in all loops is presicely
the celebrated Ricci flow equation

Gy

—A
dA

= Ry, +2V,V, . (2.65)

Here ® is a dilaton field depending on the coordinates of the target space and A, which is
found order by order in A. Solving this Ricci flow equation, one arrives at the action of a
strongly coupled field theory: a sigma model. Thus, every bowtie diagram gives rise to two
renormalizable sigma models, which arise from perturbation by I and II correspondingly.

3 Main result: dual solution from conformal perturbations

In the previous section, we explained the relation between certain sigma models and certain
Toda field theories. The neighborhood of a UV fixed point of a Yang-Baxter deformation (at
least for sphere sigma models) corresponds to a Toda type theory, and vice versa: integrable
Toda field theory gives rise to a renormalizable sigma model by imposing Ricci flow. This
is undoubtedly a manifestation of a far more general effect, which holds not only for YB-
deformed sphere sigma models, but arguably for any integrably deformed sigma model
(see [26, 27] for CP"™ models, [17] for OSp(/N|2m) models).

In this section, we elaborate on this correspondence and find a series of new solutions to
Ricci flow equations, which we call dual regimes of O(2N) models. Our process is as follows:

e Start from a free theory of 2N bosonic fields;

e Draw a bowtie diagram with 2N nodes, choose a regime and add a corresponding
integrable perturbation;

e Solve a 1-loop RG equation (2.3) for metric assuming no B-field is produced. In this
step one also has to find the dilaton field ®;

o Perform T-dualities as needed (they do not corrupt Ricci flow). Typically a non-zero
pure imaginary B-field is produced;

e Interpret the resulting metric and B-field as those of an integrably deformed sigma
model. This deformation can turn out to be the Yang-Baxter one, as in the usual

regime, or not.

3.1 Special case: O(4) model

Let us implement this general idea on the simplest non-trivial example of O(4) model.
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Yang-Baxter regime
We start from the Toda root system (tetrahedron shape)

a2 ay

]

s (3.1)

Denote target-space coordinates by (x1,x2,x3) and write the first order in conformal per-
turbation theory (b — 0). In order to do so, it is convenient to introduce an orthonormal
basis {E1,e1, ez} of R? and write for the Toda roots

o] = bE1 + 7:661, Q9 — bEl - iﬁel, a3 = —bEl + iﬁeg, oy = —bEl - i,Bez. (32)

Corresponding relevant perturbations are (ai,04z)(ai,0-z)e®12:9-) and (ou,d1x)(ou,d—x)ePse)

where
2(011 —+ 062)

B2 = (C\Cl + a2)2

so, the first order in conformal perturbation theory (b — 0) for metric and dilaton is

=b 1B, By=——"——"0=_blE, (3.3)

Gy =0 + eat<AW e + B, e_zl) +..., o= (p,z)+..., (3.4)

where the matrices A,, and By, are

1i0 10 i
Ay =(1,3,002 =i 10|, Bu=(1,0,)*=(00 0 |. (3.5)
000 i 0—1

We note that the metric depends only on the coordinate z;, while 22 and x3 are isometric
directions.
Assuming 1-loop RG does not produce nontrivial B-field and solving the 1-loop equation

~Guy = Ry +2V,V,® (3.6)

by iterations, in the first order in e we find o and p to be

1 i1
== =10; —=; = | . 3.7
« 27 p ( ) 27 2) ( )

Higher order terms can be computed in a standard way. From [16] we know that after T-duality,
which produces a purely imaginary B-field, and some change of coordinates, we arrive at

. df? + cos? 01d¢?

ds® =
1 — Kk2sin? 6,

’ B:_m?{ sin 26,

+ sin? 01 dy? 5

which exactly coincides with usual YB solution on S3. This justifies the duality between
the YB-deformed O(4) model (strong coupling region) and integrably perturbed free CFT
(perturbative region).
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Dual regime
In the dual regime we start from the dual Dynkin graph (b <+ —1 — b?)

a2

(3.9)
We introduce coordinates (1,22, x3) and orthonormal basis {e1, F1, E>} in R3 such that
oy = ife; +bE], a9 =1ife1 —bE;, 3= —ife; —bFEy, oy = —ifeq+ bEs. (310)

Relevant perturbations correspond to

2(01 + 053) . 1
(o1 + a3)?
2(az + a3)

Baz = (oot as)? g(—El — E») Bos =

201 tay) 1
(a1 +ag)? b
2@ tay) 1
(az +ag)?2 b

B3 = (Er — E») Bia = (B + E2) (3.11)

=

(—E1+Es)  (3.12)

Thus to the first order the metric and the dilaton read

GHV _ 5#1/_60415(14#”6961-&-:02 +ALV€—111+962 +A“yexl_x2 +ALVe—x1—a:2) ... D= (P,-TU)“!‘---

(3.13)
The perturbing matrix is
10 ¢
Ay =(1,0,0)%* =100 0 |. (3.14)
10 -1

Assuming that no B-field is produced, one solves the 1-loop equation —G’W =R, +2V,V,®
and finds a and p:

a=1, p= (o; 0; ;) (3.15)

Further analysis is rather straightforward. Analyzing first few orders of the expansion of
G, (t) in powers of e’ (in practice first 6 orders), we arrive at the following ansatz:

cosh i sinh
coth F' — sinhaI’} 0 - Zsilrl;lh ]x*_‘l
G = 0 & 0 . (3.16)
isinh z cosh z
" “sinh F1 0 coth F¥ + sinhF1

Analyzing first terms of the UV expansion, one can notice that the expansion of ¢(t) and
F(x3]t) coincides with

2
o(t) = — <2K7£m)) coth o, Flwlt) =~ +iam(iz|m), (3.17)
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where
m = —% and z = M, (3.18)
sinh” 5 T
and K(m) is the complete elliptic integral of the first kind and am(z|m) is the Jacobi
amplitude.

Now we perform T-duality in x3 direction in (3.16). The metric and B-field become

sinh F
d 2 _ d 2 d 2 d 2
iy cosh F' + cosh a:l( 71+ dr3) + ¢ d (3.19)
1 sinh 21 det A d )
= x x
cosh F + coshay 1} 5
Using the following change of coordinates
1 t t
cosh % = 56y’ y =dam (izm), tanh (4 - g) = tanh 3 sin? 6, (3.20)

and rescaling (G, By, t) = (1Gu, 1 By, 4t) the metric and B-field in these new coordinates

take the following form:

R d—Q% 4 sin?0, dQ% + fzos2 0 ‘dXQ
1 — xZsin2 6, 1 — k2 sin? 0y sin? 0y (3.21)
ik?  sin*6; sin 26, . .
B = T 2 0 sin? 92d92 A dx + i tan 0y dbs A dy,
with
K = —tanh 2t (3.22)

Let us briefly summarize our findings. There are two ways to integrably perturb the free
theory (three-dimensional flat space sigma model): T and II. The perturbation by I gives
rise to the YB-deformation of S3. The metric and B-field are

de? 201 do?
ds%Bisg =K 11 + c;)s' 219¢1 + sin® 6y alx2
— k2 sin
, ! (3.23)
1K sin 264
Byp_g3 = —— doy N d
YB-§? 21— r2sin6; 91

The second pertubation II, gives rise to a different sigma model on S3, which is not the
YB one. We call this solution dual. Up to relabeling xy — ¢ and dropping the exact form
itan s dfs A dx the solution is

62

df? + cos® 6, dx?
p 5 _ _aby .2 0 2
Squal_ss = K L — 12sin?; + sin” ¢ 1 — k2sin? @ sin?6y |’ (3.24)
. 9 i a4 3 |
iK sin® 6 sin 265
Bt ey = 7 dfs N dx.
dual—S3 2 1 — k2gint (91 sin? 92 2 X

We observe that quite astonishingly the data (G, Buy, Vj, w,) for both deformed theories

on S3 can be obtained from the data of the YB-deformed theory on S°:

df? + cos® 0y do? df3 + cos? 02 d¢3
1 — k2sin? 6, Y T kZsint 01 sin? 6,

iKk? sin 264 sin? 0, sin 265
B =—— | —5—df; Nd
YB-§? 2 |1— k2sin?6,; 1A der+

ds%B_SE) =K + sin% 0 + sin? 0; sin? 6 dx >

(3.25)

dfs N dgps

1 — k2 sin? 0y sin? 0
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by setting a pair of coordinates to constants:

Ox=7/2, ¢$1=const,
¢pa=const x=const

3.2 Special case: O(6) model

(3.26)

Now we turn from O(4) to O(6) [16]. Inspired by the observation (3.26), we will now
perform the calculations for ds%B_S5 and dsgual_gg) and describe the duality in a similar
way: both metrics will arise from YB-deformed theory on S” by setting different pairs of
coordinates to constants.

Usual (Yang-Baxter) regime

We start from the fermionic Toda root system

(3.27)

Denote the target-space coordinates by (z1,...,z5) and write perturbed metric and dilaton
field in the form (b — 0)

Gy = 6 + € (AW e + By e+ Cp e_$1+$2> +... &=(pz)+.... (3.28)

The matrices A,,, B, and C}, are
A, =(1,0,4,0,00%°, B, =(0,1,0,0,i)%*,  C = (0,1,0,—i,0)*%.  (3.29)

Notice that 3, x4, x5 are three isometric directions in the target space by construction.
Assuming 1-loop RG does not produce nontrivial B-field and solving the 1-loop equation

~Gy = Ry +2V,V,® (3.30)

by iterations, in the first order in e we find o and p to be

2 1
a==  p==(—1,1,—4i,24). (3.31)

3 6
In [16] the 1-loop Ricci flow was solved exactly (to all powers of €2/3). After some coordinate
changes and T-duality in isometric directions (producing non-zero pure imaginary B-field) the
metric and the B-field will reduce exactly to ds¥ <5 and Byp_gs given by (3.25) (see [16]

for details).
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Dual regime

Dual regime is obtained by replacing b — —1 — b? in the fermionic root graph (3.27).

(3.32)
This duality impacts the choice of relevant operators. The dual metric is then
Gy = 6 — (14,“,6'9”2”31 + AIWGQCT%1 + Byye "2 4 B;rwefxrm) +..., (3.33)
where the matrices A,(j,,) and ij,,) are
Ay, = (1,0,0,i,00%*, B, = (0,0,1,0,i)%?, (3.34)

and 1 means transpose and complex conjugate. Notice that there are now only two isometric
directions (x4, x5), not three as in YB regime.
In parallel to the previously reviewed Yang-Baxter regime, we solve

-G = Ry +2V,V, P, d=(p,z)+... (3.35)

order by order in powers of e® to find o and p:

1
a=1 p=5(0,0,0,—i,—i). (3.36)

In [16] the exact solution was found. The metric reads

coth F—har o g ~snhey 0

0 ¢ 0 0 0
T _ coshaxs _ ssinh a3

Qh 0 coth ' sinh F/ 0 L L sinh F/ ’ (337)

-sinh x coshz
~¥sinh Fl' 0 Qh coth F' + sinh F} - 0 b

_;sinhzg cosh g

0 0 Uewn 0 coth F' 4 222

where similar to (3.17)

2
o(t) = — <2K7Em)) cotht, Flws,t) = F(—wa,t), Flwalt) = —t +iam(iz|m), (3.38)
with 2K (m) .
m
z = . 9, m = —m (339)

After performing T-duality in x4 and x5 directions and certain peculiar change of coordinates
analogous to that of O(4)

(@1, @2, 23, T4, 5) > (01, 02,03, P2, d3),
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the metric and the B-field (up to exact form) can be re-casted as

) 62 sin0y (d03 +cos?02d3)  sin0;sin?0y (d03+cos?03dg3)
S dual-55 = [ 1—k2sin?6, 1—k2sint6; sin26, 1—k2sin?0; sin?#,sin205 ]
iKk? sin*6; sin26 sin*#; sin*0,sin 205
Bauar-g» == 2 [ 1—k2sin?6; sin26, di2/\da+ 1—k2sin?0; sin?#,sin265 dfsdos
(3.40)
with
k(t) = — tanh 4¢. (3.41)

We see that the usual (I) and the dual (IT) perturbations give rise to different deformations
of S°: ordinary YB-deformation and newly found dual deformation (3.40). Moreover, both
of them “lie inside” the YB-deformed S” theory. Indeed, it is straightforward to check that
the same rules of setting coordinates from YB-deformed S7 metric and B-field to constants

hold for V and w as well

03=m/2, ¢$1=const,
(y x=const

3.3 General conjecture: dual solution on S?V—1

(3.42)

Inspired by the examples of dual solutions on S? and S?, we claim that the data (ds?, B, V,w)
on S?M~! resulting from setting d¢; = 0 and dy = 0 in the usual Yang-Baxter data on
S2N+1 ] solve generalized Ricci flow equations (2.3), and thus provide a new one-parametric
integrable deformation of S?~! sigma model (dual deformation of O(2N) sigma-models).
More explicitly this dual data reads

o3 ol
dyal_gon-1 = = :2 o +Zsk )(d07+c0s? 06} ), Bauar_sen-1 = Y by(0)d0 Adoy,
k=2
(3.43)
with
N k
Vdual—S2N*1 = VYB—SZN = -2 Z COt(eN,]erl) ( -1 F1 Z d@k
= =2 (3.44)

n

Waual_S2N—1 = WyR_§2N = —ik Z (2N — 2k +1) (H sin? 6, ) cos®(0r,) Fi.(0) déy,
k=1

with the same functions Si(60), br(0), and Fj(0) as in (2.51), (2.52) and (2.57). The
parameter k = k(t) is the only running coupling

Raual—s2N—1(t) = Kyp_g2v—1(t) = —tanh(2N — 2)t (3.45)

This solution is obtained from the YB solution for S?¥*! (2.50) by setting ¢; = const
and xy = const.
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4 Concluding remarks

In this work, we have defined and studied the dual regime in YB-deformed O(2N) sigma
models. In particular, we have obtained a new series of solutions to the generalized Ricci flow
equations (3.43). We emphasize several important questions and future directions of study.

o It is rather natural to expect that dual YB-deformed O(2/N) sigma models should admit
a Lagrangian description similar to the description of conventional YB SSSM (2.31).
Furthermore, the way in which we came to the definition of dual YB-deformed O(2N)
sigma models suggests that they must be classically integrable and admit a Lax
representation. Finding such a description is a very interesting and important task.

o As the dual YB-deformed O(2N) sigma models correspond to integrable deformation of
O(2N) model, they are expected to have the same spectrum of fundamental particles
as in undeformed O(2N) models. The scattering matrices of the latter theories have
been found in the seminal paper [28]. They coincide up to a total factor with the
rational R-matrices for Dy algebra. It is well known that there are two non-equivalent
trigonometric deformations of Dy R-matrices [29, 30] that correspond to affine Dynkin
diagrams f)](\}) and f)](\?) The first deformation has been identified in [14] with the
YB-deformed O(2N) model. The identification goes through the construction of Toda
field theory whose exponents coincide with the exponents of the fermionic screenings
of the bowtie diagram (2.61) and perturbative computation of the scattering matrix.
The dual YB-deformed O(2N) sigma models are then naturally associated with the
second deformation [31]. It is important to note that in both regimes the corresponding
S-matrix obeys unitarity, C' and PT symmetries (see discussion after (2.31)). It is also
worth to mention that for N = 2 the dual YB-deformed model studied in this paper, is
a special case of more general Fateev model [8] in regime III [32].

o In the recent paper [33] a new class of integrable deformations of the principal chiral
model called Z,-twisted trigonometric sigma models has been introduced. Considering
in particular the case of SO(2N) Zo-twisted models with the twist corresponding to
an outer automorphism of s0(2N) reveals that one of the global symmetry groups gets
broken down to U(1)V~! in contrast with U(1)" for the usual YB-deformed PCM. In
this way, twisted deformed PCM has one less isometries than the untwisted one. The
same phenomenon occurs for the dual regime of deformed % model, and it is
therefore natural to expect the existence of a coset version of Zs-twisted models, which

would coincide with the dual regime.
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