00 ojHOM 00001IeHNN Yncesr CTUPJINHTA

Yerunos A. B.*

Moemy yuumenro, H. M. Kopobosy, x e2o 85-aemuso

B pabore BBOmsATCS 0O0OIIeHHbIe uncaa Crupaunra. [as HEX JTOKA3BIBAIOTCS CBOM-
CTBa, aHaJIOTUYHbIC CBOMCTBAM O6bI“IHbIX quceJr CTI/IpJH/IHFa. B YaCTHOCTH, C UX IIOMOIIbIO
JIOKa3BIBAETCs aHa 0T TeopeMbl Kiayszerna — ¢dou Illtaymra aist IUCKPETHBIX aHAJIOTOB
ances Bepuymau (ancen Kopo6osa). Taercs Takzke KOMOGHHATOPHAS WHTePIpETAIns 0000-
meHnbIx yuces CTUpPJIMHTA B TePMUHAX TEOpUU Ipados.

1 Yucaa Crupamnra

Yucyra CtupswHra IpeCcTaBIgioT co0oil JIByIapaMeTprHiecKue ceMeificTBa CIeruaabHbIX
guces. OHM BO3SHUKAIOT B PA3JIMYHBIX KOMOMHATOPHBIX 3aJadaX M IPU aHAIH3e JIPYTHX
crenpanpubrx wncen (em., mampumep, [4], [8], [11]). Ymeaa Crupamura 1-ro poma [} ]
(0 <k < n) oupesessorcsd KaK KOJAMIECTBO HEePECTaHOBOK U3 Tl 9JIeMEHTOB ¢ K LUKJIaMu.
Yucna Crupauara 2-10 poaa {E} (0 < k < n) paBubl yncay pa3bueHuil MHOXKECTBaA, U3
N 37eMeHTOB Ha K HemycThix moaMuOXkKecTB. [Ipum k < 0 mwim k > n gnciaa Crupannra
CYUTAIOTCS PABHBIMH HYJIIO.

PaBHocunibHOE ompejiesienne moaydaercs, ecan dncia CTUPIHHTA 331aTh Kak KO3(d-
CbI/H_[I/IeHTbI B Pa3JIO2KEHUAX

x“:i{t}xk (n>0), (1)

=Y m ¥ (n>0). 2)

31ech n ganee depes X u x™ GyneM 0603Ha9aTh yORIBAIONIE U BO3PACTAIONNE (DAKTOPH-

AJbHBIC CTEICHN:
Xt=x(x—1)...(x—n+1),

=x
X"=x(x+1)...(x+n—-1).

*Pabora Beimonnena npu gactuanoil nomuepxkke ¢pouga PO®IU, rparg N 01-01-00738



13 dopmyn (1) u (2) jerko HaxomsaTCst rpaHudHble 3HaueHns dncen CTupannra
n n 1, ectu n=0,
= = (3)
0 0 0, ectt m>1,

{2}=[ﬂ=1 (n>0), (4)

U peKyppeHTHbBIE COOTHOITEHUSI:

{E}:k{ni1}+{til} (T<k<m), (5)
MRS R (1<k<n). (6

Yeaosus (3)—(6) TakzKe OHO3HAYHO ONpeesistioT yncaa CTHPIUHTA U TO3BOJISIIOT JIer-
KO BBIYHC/JIHTH UX IIEPBble 3HAUCHUSI:

HEURHEERY

n ny

0 1 0 1

1 0 1 1 0 1

2 0 1 1 21 0 1 1

3 0 1 3 1 3| 0 2 3 1

4 0 1 7 6 1 41 0 6 11 6 1

OTMeTuM HECKOJIBKO M3BeCTHBIX cBoficTB uncesn Crupaunra (em. [4], [8]). Ilocae 3a-
MeHBI TepeMeHHOH X Ha —X B ompeeienusx (1)—(2) momyuatorcs eme e hopMyIib,
CBA3bIBAIOIIME MEXKIy c000il 0ObluHbIe U (PaKTOPUAJIbHBIE CTEHEHN:

x“=§i{§}v4rkﬂ' (n>0), (7

k=0
Xt — i m (=) K (n>0). (8)
k=0

DkBuBasenTHOCTH bopmyt (1)—(2) u (7)—(8) sBisieTcst YacTHBIM caydaeM GoJee 00IIero
yrBepxkaenust: aas gyuknuit f(n) u g(n), onpeneseHHBIX HA MHOKECTBE MEJIBIX HEOTPH-
IATEJbHBIX YUCEJI CIIPABEJINBbLI B3AUMHO 00paTHbIE COOTHOIIEHNUS

ng:§:{z}t4VﬂM o fMJ=§:Bjt4WMM. )

k=0 k=0

ITpu nmojcraHoBKe OJHOIO W3 3TUX PABEHCTB B JAPYTroe MOJIYyYarTCsd OPTOrOHATIBHBIE COOT-
HoIeHus it yuces CTUpJuHra 1-ro u 2-ro poja

n k ek n K1, ek _J1, m=n,
RISl M TR Fiie
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paBHOCHIBHBIE (9).
DKCIOHEHIIMATLHBIC TPOU3BOAAIINAEC (DYHKIIMHA NOCIeT0BATEIHLHOCTE {E} n [L‘] (k =

n,n+I,n+2,...) UMeT CJIeIyONui B
— [n)z" (ee—1)
2 kfnl kO
n=k
o K
b n)zt _ (n)
—lkjnl kT

C IIOMOIIBIO YHUCeJI CTI/IpﬂI/IHFa MOZKHO IIOJIYHUTDb dABHO€ IIpe€JCTaBJIEHHE AJId YHCEJI

bepnynnnm:

m) [k+17 (=D ] m+ 1
;{k}{ n ] k+1 _m+1< n )Bm“_” (n->0). (10)

Tak:ke ObIBAIOT 1OJIE3HBIMU PABEHCTBA
n+1 n k n+1 n|/k
=2 @t B2 )

2 Oo6o6miennbie yncia CtupJmHra

IIycTh p — dbukcupoBannoe JeiictBurenbnoe yncsao. Hapsay ¢ yObIBaonmuMu 1 BO3pacTa-
omuMa (pakTOPUATLHBIME CTEIeHIME OyAeM paccMaTpUBaTh MPOU3BEIEHNUs, B KOTOPHIX
KavK/JIbIil CJIeTYIONIIiT COMHOYKNTEb OTJINYAeTCs OT MPEeJBIIYIIEro Ha P:

x(x = P)(x—2p)...(x — (n—1)p) = p" (g)

n
X
x(x+p)x+2p)...(x+(n—1)p) =p" (1;) .
IIycreie npousseenns (mpu N = 0) 1O Ope e/ IeHHIO IPE/II0IAIAI0TCA PABHBIME €[MHUIE;
npu p = 0 6ygem cuurath, uto p" (x/p)* =p" (x/p)" = x™
Omnpenenum 0606imennbe ancaa Crupaudra 1-ro poja [L‘]p u 2-10 poja {L‘}p KaK
K03 dunuenTr B paBeHCTBAX

SORSANE



ITpennoxenune 1 Obobuwertvie wucia Cmupaurza Yyodosaemeopaom paHUSHbIM YCA0-

BUAM
n n 1, ecru n=0,

toh - 1ol - =
0)J, 0], 0, ecau m>1,

{2h={ﬂp=1 (n > 0), (14)

U peERYPPEHTIHHIM COOMMHOWEHUAM

{khZUw—n+U{ 5 h+{k_1h M<k<n), (1)

n n—1 n—1
[kL:(p(n—U—k)[ K L-f—[k_1L (1 <k<n). (16)

HokazarenbcTBo. Pasencrsa (13)—(14) HemocpeICTBEHHO CAEAYIOT U3 ONpe/IeJeHIi
obobmennpix ances Crupsunra (11)—(12).
J1st moKazaTesbeTBa MepBoil PeKyppeHTHOH (bOPMYJIBI B TOKICCTBE
n n—1 n—1 n—1

X2 = (x - X —x(x —p)™=) — (n— x4 x(x —p)=L

pazioxkuM yosiBatorue hakTopuaibHble crenenu no dpopmyie (11):

n k n—1 k
g G) =2t e (B)
> (=) =) pk—=1 (=) —
k=0 {k P P k=0 k P p
1 Kk n—l Kt
n—1 X\ n—1 x\——
e N G) XN G
0 k p p k=0 k P p
Janee, cpapauBas Ko3bQHIMEHTH IPU cjlaraeMbIX BHIa P© (x/p)h, IPUXOAUM K paBeH-

ctBy (15).
AHAJIOTUYHO U3 TOXKIECTBA

3

=
i

pn <X>n _p(n_ 1)pn71 (X)n_1 _i_Xpnf] (X+ 1 >n_] _
p p S\ B
—_ Xpn_] <X+1)n1 _Xpn—l (f)n]
P p

Jutst 0bo0menubrx ancen CtupaumHra 1-T0 poja MoJIydaeTcs pPeKyppPeHTHOe COOTHOIIe-
nue (16).
[Tosp3ysick dopmynamu (13)—(16) JT€rK0 BBIYUCIUTH MEPBBIE JEMEHTBI MOCIEI0BA-

TeJbHOCTe {E}p u [Hp:




n n n n n
len Gho )
0] 1
1 0 1
21 0 p—1 1
31 0 (p—1Dp—2) 3(p—1) 1
41 0 (p-NpEp-2p-3) p-NIp-11) 6p—-1) 1

n n n n n
oo, Bl B, B
0| 1
11 0 1
20 0 p—1 1
31 0 (p—1)(2p—1) 3(p—1) 1
41 0 (p-1N2p-—1DBp—-1) (p-10lp=7) 6p—-1) 1

W3 ompenenenuit ciemyer, YTO BETUIUHBI {E}p u [E]p SBJIAIOTCA MHOTOYJIEHAMH OT
napameTpa p CTemeHH M — K H, B YaCTHOCTH,

{?} p—T)p=2)...(p—(n—1)),
P

{ﬂ —(p—12p—1)...(p(n=1)=1), (17)
P

Gl =l = G

[nans na npuBeieHHbIE TAOIUIBI MOYKHO 3AMETUTD, YTO CTAPIITUE U MJajiine Ko3ddu-
[UEHTHI STUX MHOTOYJIEHOB COBHNAIAIOT ¢ OObIIHBIME uuncaamMu Crupsunara. Kpome 31oro
BIJIHO, YTO MHOT'OYJICH {Tk‘}p IEePEXO/INT B [L‘]p (€ TOYHOCTDIO JI0 3HAKA) IPU [EPECTAHOBKE
K03 dunueHToB B 06paTHOM HIOPSIIKE.

n n
IMpennoxkenue 2 Obobuiennvie wucaa Cmupiurea {k}p u [k]p ceaaarb, opye ¢ dpy-
20M COOMHOWEHUAMU

RN RN RGN A

KpOM@ moeo, OHU CBA3AHBL C 00BIYHBMU YUCAAMU Cmup,/zuuea paseHcmeamu

N Rt s N

1 n n 1 n n
lim —— = lim —— = . 2
e R e I Y



HokazarenbcTBo. [Tokaxkem crpapeyinBocTh nmepsoro u3 pasencts (18). Bropoe 6y-
JIeT TOIy9aThesd u3 Hero 3amenoit p — 1/p. HeiicrBurensno, u3 ycaosuit (13) u (14)

caeayeT, 9To popmyJia
nl (1 "R n (21)
kfi U p k]
P

BointoiHgercd npu K = 0 u npu k = n.. [losromy jocratodno yoeauThes, 9TO BEJTUUIHHbI,
CTOANIAE B PA3HBIX YACTAX ITOM (DOPMYJIBI YIOBIETBOPSIOT OJHUM U TeM Ke PeKyPPEeHT-
e cootHomenusaM. Cornacuo (15) ancaa {1} cBssanbl ycaoBuem

P

{E}f(%‘““) {nk }]+{2_]}] (1<k<n). (22)

C apyroit ¢TOpoHBI, cooTHOIIEHHe (16) MOXKHO TepenucaTh B BUIe

) B-G) () TG L

U3 coBnagenus xoadduumentos B dpopmynax (22) u (23) serTexaer paBeHcTBO (21).

Ananoruvno s 10Ka3aTeabCTBA PaBeHcTB (19) J0CTaTOvHO IPOBEPUTH COBIAICHUE
IPAHUYHBIX YCJIOBUI H PEKYPPEHTHBIX COOTHOIICHHIA.

Pagencrsa (20) mosyuatorcs, ecsim B (18) mepediTi K mpejiesry mpu p — 00 U BOCIONb-
3oBaThCst coorHorenusiMu (19).

[Tpe/yioxKenne 2 MOKHO HHTEPIPETHPOBATH CJIEAYIOIUM 06PA30M: dHCIA {E}p u [Hp
HI'PAIOT IBOMCTBEHHYIO (B cMbIc/ae cooTHOmeHus (18)) poJb APYT MO OTHOIIEHUIO K IPYTY

H 3aHUMaIOT IMPOMEXKYTOYIHOE IIOJIO2KEHHUE MEXKAY YHUC/IaMHA CTI/IpﬂI/IHFa 1-ro m 2-1o PoJa.

3 /lanpHeiinme cBoiicTBa 0000IIEHHBIX YMCEJ
CrupsuHra

Ilpengioxkenue 3 Obobuiennovie wucaa Cmupiunea ce6A3aHYE OPMOLOHANLHLMU COOT-

n k ek n K1, ek
A, 7 =[] g 0

k k

HokazareabcTso. [locie 3amensl B paBercTBax (11)—(12) nepemenuoii x Ha —X, HO-
JIy4aIOTCs elle JiBa COOTHOIICHUS] JIUIsL 4UCel {E}p u [“}p, anasoruunbie dhopmysaam (7)—

) )
T g {le}p (—1)"*p <%> (n>0), (24)

p" (% - i mp (1) % (> 0). (25)



[Tpumenss nocaenoBaresbHO pasencrsa (11) u (25) moaygaem

TR )T (T e

k k
m k —m
-y Y ) ] e
m k P P

CpaBuenne k03 HUIMEHTOB NPHU CJIaraeMbiX BUAa X™ MPUBOAUT K MEPBOMY OPTOTHAJIb-

HOMY COOTHOHIICHHIO
k
Z{E} [ :| (_1)n7k:6mn-
K p LMy

Ananornuno ¢ nomomnisio dopmyn (12) u (24) mpoepsiercss TOXKIECTBO
n k _
K p LTy

CaencrBue 1 /s obobuennonr wuces Cmupiumza cnpaediussl 63aUMHO 00pammvle
COOmHOWEHUA ananozuynvie (9):

_ Z{ } M0 e =3 [} .
k=0 k=0 P

Jlnst moKasaTesbCTBa JOCTATOYHO MOACTABUTHL OJHY U3 (DOPMYJI B JIPYIYIO U BOCIOIb-
30BaThCS TPEJIOKEHNEM 3.

Hpe,u;.aneHne 4 IKcnonenyuasvHve npoudsodaujue GYHKUUL nociedosamesvrocmet

{ }p (k=nn+1T,n+2,...) umerom sud
> n T4+2z)P—11%1
Fk(Z)Z;{E}p%Z {%} g (26)
o} n . k1
Gk(z):;mp i, [1—(1—pz)p} e (27)

HoxkazaTenbcTBO. [IpoBepum cHavana cupaBeuBoOCTh nepBoit popmysast. [Ipu k =
0 paBencrBo (26) HemocpeacTBeHHO caefyer u3 ycaosus (13). lanee mpuveHuM WHIYK-
muto. Ipemgmonoxkum, aro kK > 1 u gma kK — 1 HyKHOe paBeHCTBO yxKe mokasano. M3
PEKYpPpPEHTHOro coorHormenus (15) cuiemyer, 94To

Fk(z):i(kp—n—H){ }% i{ }

n=k n==k



Hunddepennupys mocsienee paBeHCTBO 110 Z TPUXOIUM K JuddepeHinajibLHOMy ypaBHe-
Huto st pysakimn Fi(z):

F.(z) = kpF(z) — zF.(z) + Fi_1(2)
nJjin
(1+2)F.(z) = kpFu(z) + Fr1(2).

Pemrass ero mMerozoM Bapuanuy HOCTOSHHON ¢ y4yeTroMm HadaJjbHoro yciaosusa Fi(0) = 0
nostydaem dbopmyay (26).

PaserctBo (27) nposepsiercs anaaorndno. OHo, oueBrHO, BepHO pn K = 0. Kak u B
IpeJbIIYIIeM crydae, 1jis mepexona ot k—1 K k, npumeHuM K JieBoit yactu dpopmyisr (27)
peKyppenTHoe cooTHomenue (16):

o0 n—1] z" < [n—1] ="
Gk(z):nzk(p(n—n—k){ K ]pa"‘nzk{k_]ljm.

[Tpomudpepentupyem mosyuenHoe paBeHCTBO 1m0 z. Pesynabratom Oyiaer mudpepeniim-
aJabHOe ypasHenue s Gynkuun Gy (z)

Gy(2)(1 —pz) = —kGy(z) + Gy_1(2)
¢ HavasrbHbiM yenoBueM Gy (0) = 0. Ero pemenne nact B Tounoctu dopmyy (27).

CuenctBue 2 Jlaa scex ueavir myn > 0 8uN0OAHAIOMCA PABEHCMEA

tr1g, =2 () ) 070
o, =X [, ()

HokazareabcTso. U3 dopmyist (26) caenyer, uro dyukmuu Fr(z) u Fiyq(z) cBasa-
HBl YPABHECHHEM
i (2) =Fn(2)(0 +2)7.

Cpasuubag ko3¢ duiuentsr upu z™ B JIeBoil 1 MPaBOil YACTAX ITOTO TOXKAECTBA, MOJLY-

qaeM (OPMyYJTy TIePBOe YTBEDIKIECHHE TEOPEMBI.
Jlnst mokaszarebCTBa BTOPOi (DOPMYJIbI pACCMOTPUM NPOU3BOAHYIO (PYHKINN Gy1(2),
ompe/ie/IeHHoil paBeHcTBOM (26):

L al(z) = Gul(z)(1T—pz)» .

[ToacraBisst B 9T0 paBeHCTBO

(1 —pzpi =1 (1= —p2p7)] -y

|
=0 )’



u, jesasg 3aMeHy k = m + j, IPUXOJUM K COOTHOIIEHHIO

hal2) = 3 Gute) (:1) (b 1)t

Jlasiee, Kak U B IIPEJBLIYIIEM CJIydae, OCTACTCS CPABHUTH KOI(MDMUITHEHTHI IPH CJIaraeMbIX

Buga z".

4 Csa3b ¢ uncaamu KopoboBa

I{aHONHHHﬂ,qTO YUCJla 1 IIOJIUHOMBI BepHYHHHﬁOHpeAeﬂHKHCH paBeHCTBaMH

n

BOZ], Z(z)Bv:Bn (nZZ),

v=0
Bn(x) = i (TV‘) B (n>0).
v=0
B wactHocTH,
B, :—%, 32:%, B; =0,
Bi(x) =x %, Ba(x) =x* —x + ]g,
B3(x) = x> — %xz + 7%

B pse 3a1a4 Teopun duces1 uMer0T 3Hadenne apudmMeTrnieckue cBoiicTBa dnces bep-
HYJLITH.

B 1847 r. Kymmep mokaszas Teopemy depma 1j1st MHOYKECTBA MPOCTHIX YHCE], HA3bI-
BaeMbIX peryasgpHbiMu. [IpocToe 4mcsio p Ha3bIBaeTCd PETYIASPHBIM, €CJIU OHO He JeJTUT
qrcI0 KaaccoB Kpyrosoro o Q(e?™P). Kpome toro, KyMMep OTKPBLI 31€MeHTAPHBIIL
KPUTepUil PeryysipHOCTU: HEYETHOE IIPOCTOE YUCJIO P ABJSETCH PEryjspHBIM, eCju P He
JeINT YUCARTeIb HE OZHOTO 3 4ucer By, By, ..., By_z (em. [1], [2]).

JIpyruM mpuMepoM, B KOTOPOM HEIOCPEJICTBEHHYIO PYyJib UTPAIOT apupMeTHICCKHE
cBolicTBa unces BepHysuH, sBIgeTCd 337a49a O P—audecKoil nHTepnoadnuu (—QyHKIun
Pumana (cm. [5]).

B cBa3u ¢ 31uM OKa3bIBAIOTCS 1OJIE3HBIMU siBHbIE (POPMYJIbL Jijisd duces DepHyJuiu.
[Tpumepom moxker caykuTh paerctso (10). [Ipu n =1 oHO IPUBOIUT K TOKIECTBY

L (=1)
Z{T})!H] — B, (28)

j

Orciofa yzKe JOCTATOYHO IIPOCTO BHIBOJAUTCA TeopeMma Kiayzena — don raynra: mis
BCAKOro qmucaa beprymm By, malizerca nenoe I, Takoe, 9T0

Bon = Ihn — Z %)

q—112n



rJe CyMMHPOBAaHIE MPOXOAUT MO MPOCTHIM (, Ajist KOTopbix (q — 1) | 2n. Dra teopema
MOJTHOCTBIO OMUCHIBACT 3HAMEHATEIN YUCe] BEePHYILIN U TO3BOJISET MOJydaTh HEKOTOPYIO
undopmanuio 06 nx ancauresaax (em. [1], [2], [3]).

B pabore [6] KopoGoBbiM GbLIN BBeJICHBI CIEIUATbHBIE YUCAA Py U CleruaIbHbIe 110-
JUHOMBI P (X), KOTOpbIE MOXKHO CYMUTATH JUCKPETHBIMYA AHAJIOTAMU IHUCEJ U HOJTMHOMOB
Bepuysmn. Kak u B pabore (9], BBegem qucaa K, u mosmaombr Ky (x) (duciaa u moamHOMBI
KopoboBa) mpn HOMOIIH PABEHCTB

Ke=1, > (L‘) K™ =K, (n>2); (29)

Kalx) = Y (TV‘) K™ (n>0). (30)

Yucaa K, n nomuaomsr K (x) ommuatorea or uncesn Py, u noaunomos Pp(x) u3 pa-
6ot [6]-]7] koHcTaHTOi:

K, =n!Py, Kn(x) =n!P.(x).

Onu okazweBaOTCA 60J1ee yI0OHBIME, TIOCKOJIBKY X CBOHCTBA UMEIOT OOJIBITEe CXOJICTBO C
AHAJTOTHYHBIME CBONCTBAMHU YUCEN ¥ MHOTOUWIEHOB BepHyiin.

[onp3ysich onpenenenusayu (29)—(30) HETPYAHO BHIYUCIUTD [EPBBIE YUCTA U MOJTUHO-
Mbl Kopobosa:

1 21 21
KIZ_pT> K2:p6 ) KSZ_p4 )
1 2
Kib) =x— 2o, Kalx) =2 —px+ P,
3p+1) ., plp+3). p*—1

3 2 _
K3(x) =x > X"+ 5 X O

Paznuumnbie coiicTa ances Ky u mosmuomos Ky (x) Moo maiitu B paborax [6]-[7] u
[9]-[10].
Hokazxem st ances: Kopo6osa dbopmysisl, anagorngnbie pagercrsam (10) u (28).

IMpennoxkenue 5 /laa awboix m >0 uv > 1 sonosniemes pasercmeso

m) [j+1] (=17~ 1 m+1
M e

j

HdokazareabcTBo. PaccmMoTpuMm cymMmy



[To dopmyte (9) uz pabors [6]

K1 (mp) — Kiny

Sm(n) = p(m+ 1)

Hanee pacruceiBast K1 (np) o onpezesnenuto (30), moaydaeM cieyoniee mpeacTaBie-
aue juid Sy (n):
1 m+1 m4+1
Smin) = —— np)*Kigpi—v. 32
e Gy (L 32

C apyroit cTopoHbl, o onpeeaennto (11) gucen {E}p,

Pacmceisag NV o dopmyae (25), Haxommm, 4To

B m) p i+17 (=1 (mp)r
S‘“(”)_Z{j}pm;{v L -

1
j p

B Y m ] +1 (_])jH—V
s (7)) S

]. )

CpasuuBas Tenepb B dopmyiax (32) u (33) xosdbdunuentsr upu (np)¥, upuxoaum K
pasenctsy (31).

CaenacrBue 3 [lpu m > 0 cnpagedauso coommowerue

n oy
;{j}p(p—U(ZP—U..-(Jp—UjH K. (34)

Hnst nokasareabcrBa dopmyrast (34) mocrarouno noactasuth B (31) 3Hauenne v = 1
M IIPUMEHUTH paBercTsBo (17) ¢ v =j+ 1:

{J‘*{q =(p-12p-1)...0p=1) (>0
P

N3 crencrBus 3 nma uuces KopoboBa MOXKHO BBIBECTH YTBEDKICHHE, aHAJIOTHYHOE
teopeMe Kiayszena — ¢on [Iltayara s uyncen bepuysuim.

CanencrBue 4 [lycmo p — yeaoe wucno, m> 1 u (p, (m+1)!) = 1. Toeda wucro Ky,
ACNACTNCA UCABLM.

11



HokazareabcTBo. B dopmyie (34) Bee koaddunmenTs {T} SIBJISIIOTCS  TEJIBIMU
P
pH JMIOOBIX 3HAUEHUAX P. [l JoKa3aTeIbeTBa CIeICTBHS TTOKAYKEM, 9TO KazKaasd 1podb

BHU3,
(p—12p—1)...(p—1)

- 0<ji<m 35
T 0<j<m) (35)
Takzke OyaeT meabiM ancaom. JlefictBurensho, u3 yeaosus (p, (m+ 1)!) = 1 noaydaem,
aro (p,j+1) = 1. Orcroma ciaemyer, 9To 9ucaa p, 2p, ..., jp IPEJACTABISIOT CODOH MOTHY IO

CUCTEMY BBIYETOB 1O MO0 j + 1 6e3 Hysad. 3HaunT, OqHO U3 uncea p — 1, 2p — 1, ...,
ip — 1 mesures na j + 1 6e3 ocrarka, u pobb (35) paBHA [EJOMY YHUCILY.

5 KombuHaTopHag maTEpHpeTanns o000MIeHHBIX YMCEJI
CrupsuHra

Kak u obwransie anciaa Crupawara, daucia {E}p n [Hp JIONYCKAIOT KOMOMHATOPHYIO WH-
TePHPETAIHIO.

[lycts p > 2 — marypaibHoe uucso. Pacemorpum cienyioniyio 3ajady. Jlam muki
quaael p. Tpebyercst pacctaBuTh M MeTOK 1, 2, ..., L 0 N PA3JIUYHBIM BEPIITHHAM 9TOTO
nmukaa. PasMeTk, KOTOpble MOYXKHO COBMECTUTH MTOBOPOTOM, OTOXKICCTBIISIIOTCS.

OueBHIHO, 9TO PEIIeHneM STOH 3a1a4N ABISTIOTCS TUCIA

{T} —(p-1)p—2)...(p—(n—1).
P

Anajormgso amcsa { } ABJSIOTCH PellleHrneM 3aJa9i O PACCTAHOBKE N PA3JIUIHBIX
METOK TIO Pa3JIMYHBIM BePITUHAM JBYX IUKJIOB JJIMHBI P C JOMOJHUTEIbHBIM TpeOOBaHM-
€M: Ha KazKJI0M H3 IHUKJIOB XOTA 6bI O/IHa BepIIHHa JOJIZKHAQ 6bITb IIOME4Y€Ha. HpI/I ITOM
OTOXKACCTBJIAIOTCA Pa3METKH, KOTOPpbIe MO2KHO COBMECTHTHL ITOBOPOTOM MJIN I€PpEeCTaHOB-
KOH ITUKJIOB.

IIycts, Hanpumep, 1 =4 u k = 2. CyrmecrByer {;‘} = 7 c11ocob0B pa3dUTh MHOXKECTBO
{1,2,3,4} na 2 nomMHOXKeCTBA:

{1,2b0{3,4}; {1,3tU{2,4}; {1,4)U{2,3};
{1hui{z, 3,4} {210{1,3,4); {(31u{l,2,4}; {4U{1,2,3}.

HeTpynHo moACIRTATH KOTHIECTBO CIIOCOGOB PACIIONOKATE ITH MOIMHOKECTBA Ha ITUKIAX
(pucyHoK m306pazkeH Jyisi caydasi p = 4):

& <P

3(p — 1)? BapuanTos Buma 2 + 2 )(p — 2) BapuanToB Buga 1+ 3
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Ob11iee KOIMIECTBO CIIOCOOOB PACCTABUTH METKH HA JABYX IUKJIAX JJIHHBI P PABHO

3(p—12+4(p—1)(p—2) = (p—)(7p—11),

YTO COBIAJIAET € YUCIOM {3}p.

B obiem ciiydae HY»KHO paccMoTperhb rpad, cocrosiinmii u3 K nMUKJI0B, B KayKJ0M H3
KOTOpbIX 1o p Bepmiud. [Tomedaiorcs n Beprua sToro rpada uucjaamu or 1 10 N Tak,
4TOOBI Ha KazKJ/IOM U3 IUKJOB XOTd OBl OjiHA BepIilHHa ObLIa moMmedeHa. /IBe pasmeTKu
OTOXKJIECTBJIAIOTCS, €CJIU OJIHA MOYXKET OBITH HOJIYYeHA U3 JIPYTOil IepecTaHOBKOU HJIU Bpa-
meHueM uKI0B. [Ipn Takux ycaoBusx obInee KOJIUIeCTBO Pa3MeTOK OYIeT COBIAIATh C
YHCIIOM {E}p.

[TpoBepuMm 3710 yTBEPXKIEHUE /1T TPOU3BOIBHBIX L 1 K. OHO, OYEBUIHO, CIIPABEITUBO
npu k = 0 uw npu k = n. B obmem ciaydae npuMeHuM HHAYKIHIO 110 N U k. IlycThb
YTBEPKICHUE BEPHO I TUCE]T {n? }p u {T]:]] }p JlokazKeM ero Jjd 9uc/a {L‘}p. ITycTn
Ha K IuK/Iax moMedeHo N Beprud. Ecim ybpaTh METKY ¢ HOMEPOM M, TO OCTaBIIHECS
n—1 MeTKa MoxKeT pacmoaararbes anbo Ha kK— 1, aubo #a k nmukaax. Ilo npeamonoxenunio
UH/IYKIIMKE B [IEPBOM CJIydae Takux rpacon Oyier {1]:11 }p, BO BTOPOM — {”? }p Haiijiem
Ternepb CKOJBKAMHE CIIOCOOaMH MOYKHO BHOBL ITIOCTABUTH METKY N. B mepBoM ciydae ecth
POBHO OJIMH BapHAHT — IIOCTABHTH METKY Ha OJHY W3 Beprut HoBoro (k-—ro) mukmaa. Bo
BTOPOM CJiydae MeTKa MOZKeT ObITh mocTraB/ieHa na jaioboe u3 kp —n + 1 ¢cBoOOAHBIX MecT
Ha uMemoIuxca k nmukiax. Takum odpasom odImee KOJIUIeCTBO CIIOCODOB PaBHO

— 1 n—1
(kp—n+1){“ }+{ }
k LT\ k=1

aro 110 (opmysie (15), coBoagaer ¢ YUCIOM {Tk‘}p.
Ob6obmennbie yncaa CTUpJuHTa 1-TO poja JOIMYCKAIOT WHTEPIIPETAIMIO B TePMHHAX

nepesbeB. OHa OKa3bIBaeTcs 6oJee ecTeCTBeHHON g ymces (—1)™ [Tﬂ_p, KOTOpBIE T0-

JIy4aloTCd, €CJIN B BbIpa2KCHUHU [1J1g1 [E]p BCe€ MHUHYCBI 3aMEHUTD ILJIIOCAMU:

n 4 n 4 n 4 n 4 n
= AR
0 1
1 0 1
2 0 p+1 1
3 0 pP+12p+1) 3p+1) 1
41 0  (p+1Rp+NBp+1) (p+1)(1p+7) 6(p+1) 1

[TousitHO, UTO YNKCTA
(=)™ {?} =p+1)2p+1)...(p(n—1)4+1)
-p

SIBJISIFOTCSI PEIIeHHEeM CJIeJIYIOMIell 3a/1a4n: HaliTu KOJIMYeCTBO YIIOPSAI0IeHHbBIX (ILIOCKHUX)
KOPHEBBIX JICPEBbEB, KOTOPBIE CO/IEPKAT N Y3JI0B BETBJICHUs cTernmenu p + 1, mpudem 31u
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¥3JIbl BE€TBJICHUA ITOMEYCHbI YUCJIaMHU OT 1 J0 M TaK, YTO IOpH ABHZKCHHU OT KOpPpHAd K
KOHIIEBOMY y3JIy HOMEpa METOK BO3PACTAIOT; KOHIEBBIE Y3JIhl OCTAIOTCSA HEIMTOMEUEHHBIMH.

Anajormyno npu npousBoabHoM K unca (—1)V ¢ [ELP. SIBJIAIOTCS PeIlleHneM 3a,1a91
o 1nojicyere rpadoB, COCTOAINMX U3 K yHOPs/I0YEHHbIX HEIYCTbIX JI€PEBLEB, KOTOPbIE B
COBOKYIIHOCTH HMEIOT Tl Y3JI0B BCTBJICHHA CTCIICHU p + 1, IIOMEYEHHbBIX YUCJIaMU OT 1 a0
N, 1 B KazKJOM JA€peBe YTO IIPU ABUXKCHUN OT KOPHA K KOHIEBOMY Y3JIY HOMEpa METOK
BO3PACTAIOT; KOHIEBBIE Y3JIbI MO—TPEKHEMY CUUTAIOTCS HEITOMEIeHHBIMH.

Hampumep, ectu 1 =4 u kK = 2, To KOJIUIECTBO TAKUX JE€PEBbEB JIEIKO HAlTH mepedo-

poM (pUCYHOK M300pazkeH st caydas p = 2):

3(p + 1)? BapuanTos Buma 2 + 2 4(p +1)(2p + 1) BapuanTos Buga 1 + 3

Ob11iee KOMIECTBO TAKUX JEPEBHEB DABHO
3p+1)+4p+12p+1) = (p+1)(11p +7),

9YTO COBIANAET C UUCIOM [ﬂ_p.

JlokazareabcTBO 3TOro pakra, Kak U B caydae o000IeHHbIX dnces CTupjamara 2-1o
PO, TPOBOAUTCSA UHAYKITHEH T0 N 1 K ¢ HCHOIB30BAHIeM TOT0, 9To dmucaa, (—1)v [E} -
npa 1 < k < N NOTIUHSAIOTCA PeKyPPEHTHOMY COOTHOIIEHUIO

nk | T _ . 1yn—1- n—1 1y n—1
1) k{k}_p—(p(n 1) 4 K)(=1) k[ 5 LH 1 k{k_d_p.

Anasormanyio (qyTh GoJiee CJI0KHYI0) HHTEPIPETAIMIO B TEPMUHAX JIEPEBHEB MOZKHO
JIaTh 9UCJIaM [’ﬂp u (=1 *k {E}ip.

[TogobOuble 3a1a9aMy CBI3aHBI ¢ HOACYETOM XUMUYECKHX u30MepoB. OHU paccMaTpu-
BAJIUCH paHee JJid TpadoB ¢ APYTUMHE OrpaHudeHusMu (cM., Hanpumep, [11]-[13]).
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