
Journal of Mathematical Sciences, Vol. 292, No. 6, August, 2025

ON ONE CLASS OF NON-LOCAL AGGREGATION RULES

N. L. Polyakov and M. V. Shamolin UDC 519.15

Abstract. The paper proves a number of properties of a class of non-local aggregation rules that simulate
dynamic aggregation. The work is based on the clan approach in the theory of collective choice, which was
proposed by S. Shelah and developed by the authors.

It is well known that the local rules for aggregating individual preferences, under very general as-
sumptions, fall within the scope of the Errovian type impossibility theorems. See detailed reviews in [7,8],
as well as relatively recent results [1, 3, 6]. Many non-local rules that overcome this inconvenience to one
degree or another have been proposed in the literature and are applied in practice, for example, the Borda
method, known since the end of the XVIII century, the Kemeny method [10], the Copland method [11],
the Schulze method [12] etc. For the practical use of such rules, see, for example, [13]. Note, however, that
a “fair” deterministic method of aggregating individual preferences, which would give a strict order on
a set of alternatives or at least a single winner, is impossible for natural reasons. Indeed, it is impossible
to provide any arguments in favor of a particular collective decision when there are only two alternatives
and only two agents whose opinions on the preference of one alternative over the other are opposite.

In [5], a new class of non-local aggregation methods is proposed. To overcome the problem of the im-
possibility of a fair choice in such “symmetrical” situations, we introduce a random factor (drawing lots).
Note that using lots when it is necessary to choose from two or more “approximately equivalent” alter-
natives is quite consistent with natural human practice. According to the authors, the use of aggregation
procedures involving some randomness is, strictly speaking, the right way out of paradoxical situations
of the Errovian type, as long as such a procedure does not prevent the establishment of a winner (or the
ranking of alternatives) in the case when the preference of one alternative over another is objective (in
the sense of collective preferences).

In this work, the role of the lot is played by an increasing (by inclusion) sequence of subsets of sets of
alternatives, and the aggregation procedure simulates the sequential adoption of a collective decision, in
which agents at each step obey intermediate collective decisions and rearrange their a priori preferences
in accordance with a certain adaptation function. The main content of the work [5] It consists in studying
such dynamic aggregation procedures (in particular, a class of all such procedures is described that
preserve rational preferences on a finite set of alternatives A, |A| ≥ 3, and satisfy locality conditions at
each step). In this paper, we do not touch on dynamic aggregation systems and limit ourselves to studying
the properties of the resulting non-local rules. In addition, the main results of this work relate to the
procedures for aggregating rational preferences, so we slightly simplify the definitions and designations
compared to [5].

Basic Definitions

Let there be a finite nonempty set of (alternatives) A; to exclude trivial cases, we will continue to
assume everywhere that the cardinality of the set A is at least 3. A preference function on the set A is
any function c : [A]2 → A that satisfies the condition

c(p) ∈ p
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for any p ∈ [A]2. Here, the symbol [A]2 means the set of all two-element subsets of the set A:

[A]2 = {p ⊆ A : |p| = 2}.
The set of all preference functions on the set A is denoted by C(A).

For each function c ∈ C, you can match the preference relation Pc on the set A:

Pc(a, b) ⇔ (a �= b ∧ c({a, b}) = b) .

Obviously, the mapping c → Pc is a bijection from the set C(A) to the set of all connected asymmetric
binary relations on the set A. If the relation Pc is transitive (and, therefore, is a strict linear order on
the set A), then the preference function c is called rational. The set of all rational preference functions
on the set A is denoted by R(A). The image of the set R(A) when mapped c → Pc is the entire set L(A)
of strict linear orders on the set A; for a given linear order ≺ ∈ L(A), the value of the corresponding
function preferences c≺ on the set p = {a, b} ∈ [A]2 is the maximum of the elements a, b relative to the
order of ≺. In the future, we will use this one-to-one correspondence of the sets R(A) and L(A) and, if it
is convenient, identify rational preference functions and strict linear orders on the set A. We will denote
the linear order corresponding to the rational aggregation function c by the symbol ≺c (instead of Pc).

The aggregation rule any function is called f :
(
C(A)

)n → C(A), where n is an arbitrary natural
number. Aggregation rule f :

(
C(A)

)n → C(A) preserves the set D ⊆ C(A) if

c1, c2, . . . , cn ∈ D ⇒ f(c1, c2, . . . , cn) ∈ D

for all c1, c2, . . . , cn ∈ C(A). The set of all aggregation rules that preserve the set D is closed with respect
to the superposition and contains all projections, i.e., it is a clone (with the carrier C(A)).

Aggregation rule f :
(
C(A)

)n → C(A) is called local (or satisfying Arrow conditions) if

(1) for any functions c1, c2, . . . , cn ∈ C(A), the set p ∈ [A]2 and the element a ∈ p the foolowing
properties

c1(p) = c2(p) = · · · = cn(p) = a ⇒ f(c1, c2, . . . , cn)(p) = a

are satisfied;
(2) for all functions c1, c2, . . . , cn, c′1, c′2, . . . , c′ninC(A)PP ∈ [a]2 the following property

(
c1(p), c2(p), . . . , cn(p)

)
=

(
c′1(p), c′2(p), . . . , c′n(p)

) ⇒ f(c1, c2, . . . , cn)(p) = f(c′1, c
′
2, . . . , c

′
n)(p)

is executed.
Arrow’s [14] theorem states that no non-dictatorial local aggregation rule preserves the set R(A) ra-

tional preference functions, where under dictatorial rule d :
(
C(A)

)n → C(A) any projection is understood:

d(c1, c2, . . . , cn) = ci

for some number i ∈ {1, 2, . . . , n} and any functions c1, c2, . . . , cn ∈ C(A) (condition 3 ≤ |A| < ∞ is
essential).

Local aggregation functions allow for the following convenient description. Each sequence from the
set An is (or is identified with) the function a : {1, 2, . . . , n} → A; therefore, for any n-tuple a ∈ A<ω we
use the standard notation doma and rana for its definition area and value area, respectively. Let us put
An

≤2 = {a ∈ An : | rana| ≤ 2}. Any function g : An
≤2 → A satisfying the condition

(∀(x1, x2, . . . , xn) ∈ An
≤2)

∨

1≤i≤n

(g(x1, x2, . . . , xn) = xi)

is called (n-local) a conservative 2-function on the set A.
For each local aggregation function, f : (C(A))n → C(A) there is a single n-local conservative 2 is

a function f̂ on the set A for which

f(c1, c2, . . . , cn)(p) = f̂
(
c1(p), c2(p), . . . , cn(p)

)

for any c1, c2, . . . , cn ∈ C2(A) and p ∈ [A]2.
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For 2-functions, the composition operation is naturally defined, and the operation f → f̂ commutes
with composition, i.e., for any local aggregation rules f :

(
C(A)

)n → C(A) and f1, f2, . . . , fn :
(
C(A)

)m →
C(A) if h = f(f1, f2, . . . , fn), then

ĥ = f̂(f̂1, f̂2, . . . , f̂n).

Therefore, for any opinion D ⊆ C(A) opinion

{f̂ : f saves a set D}
is closed relative to the composition. In addition, it contains all the constraints of k-local projections on
the set Ak

≤2, i.e., it is a 2-clone in the terminology of [5].
In the following, we will identify the local aggregation rules of f and the corresponding 2-functions f̂ .
Of particular importance is 2-clone M(A) of all local aggregation rules generated by the majority

rule maj : A3
≤2 → A, that is, 2-function that is determined by the condition

maj(x, x, y) = maj(x, y, x) = maj(y, x, x) = x

for any x, y ∈ A. In [5], it is shown that this 2-clone is exactly the set of all local aggregation rules that
dynamically preserve a set of rational preferences. Note that every 2-function f ∈ M(A) of arbitrary arity
nis self-dual in the sense that for any permutation σ of the set A and the sequence a ∈ An

≤2 completed

σ
(
f(a)

)
= f(σa)

(for aggregation functions, this condition is also called the condition of neutrality).
Each n-local self-dual 2-function f can be defined using (uniquely determined by the function f) the

set of decisive coalitions Cf ⊆ P({1, 2, . . . , n}), i.e., the totality of all sets I ⊆ {1, 2, . . . , n} that satisfy
the condition:

f(a) = a ⇔ {i ∈ {1, 2, . . . , n} : a(i) = a} ∈ Cf

for any arbitrary a, b ∈ A and a ∈ {a, b}n.
In this case, a self-dual 2-function f belongs to a 2-clone of M(A) if and only if the set of decisive

coalitions Cf satisfies the conditions:

(1) if I ∈ Cf and I ⊆ J ⊆ {1, 2, . . . , n}, then J ∈ Cf ,
(2) for each set I ⊆ {1, 2, . . . , n} exactly one of the two conditions: I ∈ Cf and {1, 2, . . . , n} \ I ∈ Cf

hold.
If n-local self-dual 2-function f is given by means of a set of decisive coalitions Cf , then for any

preference functions c1, c2, . . . , cn ∈ C(A) and various elements a, b ∈ A the following properties

f(c1, c2, . . . , cn)({a, b}) = b ⇔ {i ∈ {1, 2, . . . , n} : ci({a, b}) = b} ∈ Cf

hold; it is equivalent to

(a, b) ∈ Pf(c1,c2,...,cn) ⇔ {i ∈ {1, 2, . . . , n} : (a, b) ∈ Pci} ∈ Cf . (∗)
Now, for any local aggregation rule, we define, generally speaking, not the local rule fA,J , where A is

an adaptation function, but J is a draw.
By adaptation function (on the set A) we mean any function

A : C(A) ×
( ⋃

B⊆A

C(B)
)

→ C(A),

satisfying the conditions: for all sets of B ⊆ A and functions c ∈ C(A) and d ∈ C(B)

(1) A(c, d)�[B]2= d,
(2) if c�[B]2= d, then A(c, d) = c

795



(for any function h and the set X ⊆ dom h is the symbol h�X denotes the restriction of the function h to
the set X).

The adaptation function A preserves a set of rational preferences if for any c ∈ C(A), B ⊆ A and
d ∈ C(B) the following properties

(
c ∈ R(A) ∧ c ∈ R(B)

) ⇒ A(c, d) ∈ R(A)

hold.
Lot (on the set A) is any subset of the set P(A) that is linearly ordered by the inclusion relation

and contains the set ∅ and A. Obviously, any lot J admits a (single) numbering J = {A0, A1, . . . , Am},
m < ω satisfying the condition

1 ≤ i < j ≤ m ⇒ Ai ⊆ Aj

(and therefore, A0 = ∅ and Am = A).
Further writing down

J = {A0, A1, . . . , Am},
we mean that the above condition is fulfilled.

Definition 1. For each n-local 2-function f , the adaptation function A and the lot J = {A0, A1, . . . , Am}
let us define the value of FA,J(c1, c2, . . . , cn) functions fA,J on an arbitrary profile (c1, cn). For each natural
number k, 0 ≤ k ≤ m, we define the preference functions ck

1, c
k
2, . . . , c

kn on the set And and the preference
function dk on the set Ak as follows:

(1) c01 = c1, c
0
2 = c2, . . . , c

0
n = cn and d0 = ∅;

(2) if k ≥ 1, then
ck
1 = A(c1, dk−1), ck

2 = A(c2, dk−1), . . . , ck
n = A(cn, dk−1)

and
dk = f(ck

1 �[Ak]2 , c
k
2 �[Ak]2 , . . . , c

k
n �[Ak]2).

And now we define
fA,J(c1, c2, . . . , cn) = dm.

In [5], it is shown that if the adaptation function A preserves a set of rational preferences, then
an aggregation rule of the form fA,J preserves a set of rational preferences if and only if the following
conditions are met:

(1) the aggregation function f belongs to the clone M(A),
(2) draw J = (A0, A1, . . . , Am) is the maximum, i.e., satisfies the conditions: |A1| = 2 and |Ak+1 \

Ak| = 1 for any k, 1 ≤ k ≤ m − 1
(condition 3 ≤ |A| < ∞ is essential).

The set of all aggregation rules of the form fA,J , where the adaptation function A preserves a set of
rational preferences, and the local aggregation function f and the lot J satisfy the two above conditions,
denoted by NLM(A).

If it is convenient, we will identify each maximal lot J with the sequence a1a2 . . . a|A| of pairwise
distinct elements of the set A or, if you prefer, with a strict linear order on the set A: in this case
J = {A0, A1, . . . , Am}, where m = |A| − 1, A0 = ∅, A1 = {a1, a2}, . . . , Am = {a1, a2, . . . , a|A|} = A.

On the Properties of the NLM(A) Class of Non-Local Aggregation Rules

In [5], a study of the properties of the NLM(A) class of non-local aggregation rules has begun. The
following result reinforces Theorem 4 from this paper.

Sequences c ∈ (
R(A)

)n are often called profiles (of participants). For each n-local 2-function f ∈
M(A) and profile c=(c1, c2, . . . , cn)∈(

R(A)
)n element a ∈ A will be called (f, c)-winner if f(c)({x, a})=a

for any element of x ∈ A \ {a}, it is equivalent if {i ∈ {1, 2, . . . , n} : ci({x, a}) = a} ∈ Cf for any element
x ∈ A \ {a}.
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If f is an n-local majority rule, then (f, c)The-winner is Condorcet winner for an arbitrary sequence
of c. If f(c) ∈ R(A), then (f, c)-the winner is the maximum element in linear order ≺f(c). In the general
case, the Condorcet winner (and, of course, (f, c)-winner) may not exist, but it is easy to give examples
where (f, c)-there is a winner, but f(c) /∈ R(A).

Theorem 1. Let there be a finite set A, |A| ≥ 3. Then there is an adaptation function A0 on the set
A that preserves rational preferences and satisfies the following condition: for each n-local 2-function
f ∈ M(A) and each profile c = (c1, c2, . . . , cn) ∈ (

R(A)
)n if there exists (f, c)is the winner of a ∈ A, then

for any maximum draw J on the set A, the maximum element of linear order is PfA,J (c) is equal to a.

Corollary 1. Any function fA0,J ∈ NLM(A) satisfies the Condorcet criterion.

Proof. Obviously, the function A0 is sufficient to define on pairs of rational preference functions; in
addition, rational preference functions can be identified with the corresponding linear orders. Thus, it is
sufficient to define the function

A′
0 : L(A) ×

( ⋃

B⊆A

L(B)
)

→ L(A),

which satisfies the conditions:
(1) ≺2 ⊆ A′

0(≺1,≺2),
(2) if ≺2 ⊆ ≺1, then A′

0(≺1,≺2) = ≺1

for all couples (≺1,≺2) ∈ domA′
0 (then we can proceed to the adaptation function on rational preference

functions by putting A0(c, d) = cA′
0(≺c ,≺d)).

We will write linear orders on subsets of the set A as sequences of a1a2 . . . ak of pairwise dis-
tinct elements of the set A: linear order ≺ = a1a2 . . . ak on the set B = {a1, a2, . . . , ak} is the set
{(ai, aj) : 1 ≤ i < j ≤ k}.
Definition 2. For each set B ⊆ A, of linear order ≺B = b1b2 . . . bk on the set B and of linear order
≺A on the set A, we define the linear order A′

0(≺A,≺B). Let ≺A\B = a1a2 . . . al be a constraint of
linear order ≺A on the set B \ A. Let us define the sequence ≺0,≺1, . . . ,≺l of linear orders on the sets
B, B ∪ {a1}, B ∪ {a1, a2}, . . . , A, respectively. Let us write

(1) ≺0 = ≺B,
(2) for any i, 1 ≤ i ≤ l, if ≺i−1 = c1c2 . . . ck+i−1, then

(a) if ai ≺A cr for any r, 1 ≤ r ≤ k + i − 1, then ≺i = aic1c2 . . . ck+i−1,
(b) if cr ≺A ai for any r, 1 ≤ r ≤ k + i − 1, then ≺i = c1c2 . . . ck+i−1ai,
(c) if the first two conditions are not met, then

≺i = c1c2 . . . cjaicj+1 . . . ck+i−1,

where j is the minimum number from the set {1, . . . , k + i − 1} for which the following
conditions are met

ai ≺A cj+1, ai ≺A cj+2, . . . , ai ≺A ck+i−1.

Let us write A′
0(≺A,≺B) = ≺l.

Obviously, the function A′
0 satisfies all the necessary conditions. For an example, see the appendix.

Lemma 1. Let the linear orders ≺0,≺1,≺2, . . . ,≺l be such as in Definition 2. Then
(1) ≺0 ⊂ ≺1 ⊂ · · · ⊂ ≺l,
(2) for any number j, 1 ≤ j ≤ l, the following property

A′
0(≺A,≺B) = A′

0(≺A,≺j)

hold.
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Proof. The first point immediately follows from the definition. To prove the second point, we denote by
the symbols ≺′

0,≺′
1, . . . ,≺′

l−j the linear orders that are sequentially constructed to calculate the linear
order A′

0(≺A,≺j) by Definition 2. By induction on i, 0 ≤ i ≤ l − j, the equality ≺j+i = ≺′
i is easily

proved. In the case of i = l − j, we obtain the second statement of the lemma.

Lemma 2. For any linear orders ≺A on the set A and ≺B on the set B ⊆ A and any elements x, y ∈ A,
it is fulfilled:

(1) if y ∈ A \ B and (x, y) ∈ ≺A, then (x, y) ∈ A′
0(≺A,≺B),

(2) if x is the maximal element of the set B with respect to linear order ≺B and (y, x) ∈ ≺A, then
(y, x) ∈ A′

0(≺A,≺B).

Proof. Let ≺A\B be a constraint of the order of ≺A on the set A \ B, ≺A\B = a1a2 . . . al.
First, let us prove the first point. Let y ∈ A \ B, (x, y) ∈ ≺A and y = ai for certain number i,

1 ≤ i ≤ l.
Let x ∈ B be. In the sequence c1c2 . . . cjaicj+1 . . . ck+i−1, which defines the linear order ≺i from

Definition 2, for each z ∈ {cj+1, . . . , ck+i−1} the inequality y ≺A z is fulfilled, therefore, x is one of the
elements of c1, c2, . . . , cj . So, x ≺i y. It remains to use point (1) of Lemma 1.

Now let us say x ∈ A \ B. Let x = aj for some number j, 1 ≤ j ≤ l. Then j < i, since x ≺A y. The
linear order ≺j from Definition 2 is defined on the set B ∪ {a1, a2, . . . , aj}, which contains the element
x = aj and does not contain the element y = ai. It remains to use point (2) of Lemma 1 and the case
discussed above x ∈ B.

Now let us prove the second point. If y ∈ B, the statement is obvious. Let y ∈ A \ B, x be the
maximum element of the set B with respect to the order ≺B, and the linear orders ≺1,≺2, . . . ,≺l be such
as in Definition 2. By induction on i, 0 ≤ i ≤ l, we prove that for any y ∈ {a1, a2, . . . , ai} the fact holds:
y ≺A x ⇒ y ≺i x (case i = l proves the statement). The basis of induction is obvious. Let i > 1 and
the statement holds for all smaller numbers. By the assumption of induction, the fact is valid for any
y ∈ {a1, a2, . . . , ai−1}. This means that for all y ∈ {a1, a2, . . . , ai−1} it is fulfilled: x ≺i−1 y ⇒ x ≺A y.
Let ai ≺A x be. Then ai ≺A y for all such y ∈ {a1, a2, . . . , ai−1} that x ≺i−1 y. This means that ai ≺i x
is by Definition 2.

Let us move on to the proof of the theorem. Let us assume an n-local 2-function f ∈ M(A) and
a profile c = (c1, c2, . . . , cn) ∈ (

R(A)
)n. Let the element a ∈ A be (f, c)-winner. Let J be the maximum

lot on the set A, which we identify with the sequence a1a2 . . . a|A| of pairwise distinct elements of the set A,
assuming m = |A| − 1, A0 = ∅, A1 = {a1, a2}, . . . , Am = {a1, a2, . . . , a|A|} = A. Let s ∈ {1, 2, . . . , m} be
a number such that a = as. Let the preference functions ck

1, c
k
2, . . . , c

k
n be on the set A and the preference

functions dk be on the set Ak, 0 ≤ k ≤ m, such as in Definition 1.
It suffices to prove that for all numbers k, 1 ≤ k ≤ m, and i, 1 ≤ i ≤ n, it is fulfilled: for each

x ∈ A \ {a}
(1) if (x, a) ∈ ≺ci , then (x, a) ∈ ≺ck

i
,

(2) if a ∈ Ak, then a is the maximal element of the set Ak with respect to linear order ≺dk .
The case of k ≤ s− 1. Let (x, a) ∈ ≺ci . Then the first of the points to be proved immediately follows

from Lemma 2, point (1), since a /∈ Ak−1. Let a ∈ Ak (i.e., k = s − 1). Then, as proved, for every
x ∈ Ak−1 and every number i for which (x, a) ∈ ≺ci , the condition (x, a) ∈ ≺ck

i
holds. In other words, for

everyone x ∈ Ak−1 the following property

{i ∈ {1, 2, . . . , n} : (x, a) ∈ ≺ci} ⊆ {i ∈ {1, 2, . . . , n} : (x, a) ∈ ≺ck
i
}

holds. Because a is (f, c)-winner, we have the followings: {i ∈ {1, 2, . . . , n} : (x, a) ∈ ≺ci} ∈ Cf . Due to
the monotony of the set Cf by inclusion, we have

{i ∈ {1, 2, . . . , n} : (x, a) ∈ ≺ck
i
} ∈ Cf .

Now the second of the points to be proved immediately follows from (∗).
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Now for all k, s − 1 ≤ k ≤ m, we prove both points by induction on k. The base has already been
proven. Let k ≥ s and the statement holds for all numbers less than k. By the assumption of induction,
a is the maximum element of the set Ak−1 with respect to the linear order ≺dk−1 . Then for any x ∈ A\{a},
the first of the points to be proved immediately follows from Lemma 2, point (2), and the second is proved
similarly to the case k ≤ s − 1.

It follows from the 1 theorem that for any function f ∈ M(A), maximum lot J and profile c if
f(c) ∈ R(A), then the maximum elements of the orders ≺f(c) and ≺fA0,J (c) match. Nevertheless, these
orders are generally different.

Example 1. Let A = {a, b, c, d} and the profile c consist of rational preferences c1, c2, c3, which correspond
to the orders ≺c1= cadb, ≺c2= bdac and ≺c3= dabc. It is easy to verify that the preference function
d = maj(c1, c2, c3) is rational and corresponds to the order ≺d= dabc. On the other hand, for the lot,
J = bcad is a rational preference function e = majA0,J(c1, c2, c3) corresponds to the order ≺e= bdac.

The following two theorems partially clarify the relationship between the results of local and non-local
aggregation using the function f ∈ M(A).

Theorem 2. Let a finite set A, |A| ≥ 3, n be given-the local function f ∈ M(A) and such a profile
c ∈ (R(A))n that f(c) ∈ R(A). Then there is such a lot of J that f(c) = fA0,J(c).

Proof. We show that the maximum lot can be chosen as J , which is identified with the sequence
a1a2 . . . a|A| = ≺f(c). Let the preference functions ck

1, c
k
2, . . . , c

k
n and dk, 0 ≤ k ≤ m = |A| − 1, such

as in Definition 1.
By induction on k, we show that for any number k, 1 ≤ k ≤ m, the linear order ≺dk has a linear order

constraint ≺f(c) on the set Ak (obviously, this proves the theorem in the case of k = m). The induction
base (k = 1) follows immediately from the definitions. Let k ≥ 2 and the statement is true for all smaller
numbers. By the assumption of induction, linear order ≺dk−1 there is a linear order constraint ≺f(c) on
the set Ak−1 = {a1, a2, . . . , ak}.

It is sufficient to prove that (ak, ak+1) ∈≺dk .
For each number i, 1 ≤ i ≤ n, by Lemma 2, point (1), is fulfilled: if (ak, ak+1) ∈ ≺ci , then (ak, ak+1) ∈

≺A0(ci,dk) = ≺ck
i
. Hence,

{i ∈ {1, 2, . . . , n} : (ak, ak+1) ∈ ≺ci} ⊆ {i ∈ {1, 2, . . . , n} : (ak, ak+1) ∈ ≺ck
i
}.

Since (ak, ak+1) ∈≺f(c), we have {i ∈ {1, 2, . . . , n} : (ak, ak+1) ∈ ≺ci} ∈ Cf . Due to the monotony of the
set Cf by inclusion, we obtain:

{i ∈ {1, 2, . . . , n} : (ak, ak+1) ∈ ≺ck
i
} ∈ Cf .

Hence, (ak, ak+1) ∈ ≺dk by (∗).
Theorem 3. Let us give a finite set A, |A| ≥ 3, n-local function f ∈ M(A), and a profile c =
(c1, c2, . . . , cn) ∈ (

R(A)
)n. Then the following conditions are equivalent :

(1) For any maximum draw J the property f(c) = fA0,J(c) holds,
(2) There is such a sequence (a1, a2, . . . , a|A|) pairwise distinct elements of the set A, such that for

each number j, 1 ≤ j ≤ |A| − 1 the set

{i ∈ {1, 2, . . . , n} : (aj , aj+1), (aj , aj+2), . . . , (aj , a|A|) ∈ ≺ci}
belongs to Cf .

Proof. (2) ⇒ (1). It is easy to verify that condition (2) guarantees that the preference function f(c) is
rational, moreover ≺f(c) = a1a2 . . . a|A|.

Let J be an arbitrary maximum lot, which is identified with the sequence b1b2 . . . b|A|, and the prefer-
ence functions ck

1, c
k
2, . . . , c

k
n and the preference functions dk, 0 ≤ k ≤ m = |A| − 1, such as in Definition 1.

799



By induction on k, we show that for any number k, 1 ≤ k ≤ m, the linear order ≺dk has a linear
order constraint ≺f(c) on the set Ak = {b1, b2, . . . , bk+1} (obviously, this proves the theorem in the case
of k = m).

The induction base (k = 1) follows immediately from the definitions. Let k ≥ 2 and the statement
is true for all smaller numbers. By the assumption of induction, the linear order ≺dk−1 is a constraint of
the linear order ≺f(c) on the set Ak−1 = {b1, b2, . . . , bk}. We denote ≺dk−1= c1c2 . . . ck.

Let j be the smallest number with conditions 1 ≤ j ≤ k and

(bk+1, cj), (bk+1, cj+1), . . . , (bk+1, ck) ∈ ≺f(c)

(if the condition is not satisfied for any number j, let us assume j = k + 1). Thus, the linear order is
≺f(c) contains a pair of (cs, bk+1) for each s, 1 ≤ s ≤ j − 1, and a pair of (bk+1, ct) for each t, j ≤ t ≤ k.
It suffices to show that

(1) (cs, bk+1) ∈ ≺dk for any s, 1 ≤ s ≤ j − 1, and
(2) (bk+1, ct) ∈ ≺dk for any t, j ≤ t ≤ k.

The first of these statements is proved in an obvious way. From Lemma 2, point (1), it follows that
for all s, 1 ≤ s ≤ j − 1, and all i, 1 ≤ i ≤ n, the following property holds: if (cs, bk+1) ∈ ≺ci , then
(cs, bk+1) ∈ ≺A0(ci,dk−1) = ≺ck

i
. It means that

{i ∈ {1, 2, . . . , n} : (cs, bk+1) ∈ ≺ci} ⊆ {i ∈ {1, 2, . . . , n} : (cs, bk+1) ∈ ≺ck
i
}.

Since (cs, bk+1) ∈ ≺f(c), the set {i ∈ {1, 2, . . . , n} : (cs, bk+1) ∈ ≺ci}, and also the set {i ∈ {1, 2, . . . , n}:
(cs, bk+1) ∈ ≺ck

i
}, belongs to Cf . It remains to use (∗).

Now let us prove the second of the statements. Fix t, j ≤ t ≤ k, and consider the set It of all numbers
i, 1 ≤ i ≤ n for which

(ct, bk+1) ∈ ≺ck
i

= ≺A0(ci,dk).

It suffices to show that the set

{1, 2, . . . , n} \ I = {i ∈ {1, 2, . . . , n} : (bk+1, ct) ∈ ≺ck
i
},

belongs to the set Cf : then the statement will be valid for (∗).
Note that i ∈ It if and only if the linear order ≺ci contains at least one of the pairs (ct, bk+1),

(ct+1, bk+1), . . . , (ck, bk+1). Indeed, if one of these pairs, denoted by (ct′ , bk+1), belongs to the linear
order ≺ci , then it belongs to the linear order ≺A0(ci,dk−1) = ≺ck

i
by Lemma 2, point (1). Also, t = t′

or (ct, ct′) ∈ ≺dk−1 ⊆ ≺ck
i
. So (ct, bk+1) ∈ ≺ck

i
by transitivity. Otherwise, the linear order ≺ci contains

contains all pairs of (bk+1, ct), (bk+1, ct+1), . . . , (bk+1, ck) and, therefore, the pair (bk+1, ct) belongs to the
linear order ≺A0(ci,dk−1) = ≺ck

i
by definition of the function A0.

And so,

It = {i ∈ {1, 2, . . . , n} : (ct, bk+1) ∈ ≺ci ∨ (ct+1, bk+1) ∈ ≺ci ∨ · · · ∨ (ck, bk+1) ∈ ≺ci},
and the set {1, 2, . . . , n} \ It consists of all such numbers i that the linear order ≺ci contains all pairs
(bk+1, ct), (bk+1, ct+1), . . . , (bk+1, ck). Each of these pairs belongs to the order ≺f(c) by construction. Let
r be a number such that ar = bk. Then the set

Q = {i ∈ {1, 2, . . . , n} : (ar, ar+1), (ar, ar+2), . . . , (ar, a|A|) ∈ ≺ci}
is contained in the set {1, 2, . . . , n} \ It as a subset. It remains to be noted that by condition (2), the
set Q, and with it the set {1, 2, . . . , n} \ It, belongs to Cf .

(1) ⇒ (2). Assume that condition (2) is not fulfilled and condition (1) is fulfilled, and we come to
a contradiction.

Let ≺f(c) = a1a2 . . . a|A|. Let the preference functions ck
1, c

k
2, . . . , c

k
n and preference functions dk,

0 ≤ k ≤ m = |A| − 1, such as in Definition 1 for the lot, J = a|A|a|A|−1 . . . a1. Due to the obvious
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inclusions

≺d1 ⊆ ≺d2 ⊆ · · · ⊆ ≺dm

(m = |A| − 1), it suffices to show that for some number k, 1 ≤ k ≤ m, the order ≺dk is not the same as
the order constraint ≺f(c) on the set Ak = {a|A|, a|A|−1, . . . , a|A|−k}.

Since condition (2) is not satisfied, for some number j the set {i ∈ {1, 2, . . . , n} : (aj , aj+1),
(aj , aj+2), . . . , (aj , a|A|) ∈ ≺ci} does not belong to Cf . Hence, his addition

T = {i ∈ {1, 2, . . . , n} : (aj , aj+1) ∈ ≺ci ∨ (aj , aj+2) ∈ ≺ci ∨ · · · ∨ (aj , a|A|) ∈ ≺ci}
belongs to Cf .

Consider the linear order ≺d|A|−j−2 = c1c2 . . . c|A|−j−1. If it is not a linear order constraint ≺f(c) on
the set Aj = {a|A|, a|A|−1, . . . , aj+1}, everything is proved. Otherwise, reasoning similar to that in the
first part of the proof leads us to equality

T = {i ∈ {1, 2, . . . , n} : (aj+1, aj) ∈ ≺
c
|A|−j−1
i

}.

Since T ∈ Cf , by (∗), we obtain: (aj+1, aj) ∈≺d|A|−j−1 , which proves the theorem completely.

Discussion

The class NLM(A) of non-local aggregation rules of the form fA,J is a natural class of non-local
aggregation rules with lots that preserve a set of rational preference functions. The authors believe that
studying the properties of this class is an urgent task both in the theoretical and applied sense. The
following questions remain open for now.

(1) Give an axiomatic description of the class NLM(A).
(2) Describe all the adaptation functions A for which the theorem 1 is true.
(3) For each n-local 2-function f ∈ M(A) and profile c = (c1, c2, . . . , cn) ∈ (R(A))n element b ∈ A

will be called (f, c)-loser if any element x ∈ A \ {b} is satisfied the folloings:

{i ∈ {1, 2, . . . , n} : ci({x, b}) = x} ∈ Cf .

Is there an adaptation function A on the set A that preserves rational preferences and simultane-
ously satisfies the following two conditions: for each n-local2-function f ∈ M(A) and each profile
c = (c1, c2, . . . , cn) ∈ (R(A))n

(a) if there is a (f, c)is the winner of a ∈ A, then for any maximum draw J on the set A, the
maximum element of linear order is P ‘F ‘A,J (c) is equal to a;

(b) if there is a (f, c)is the loser of b ∈ A, then for any maximum draw J on the set A, the
minimum element of linear order is PfA,J (c) is equal to b?

The example 1 shows that the function A0 does not satisfy the second of these conditions, in
particular, not every function fA0,J ∈ NLM(A) satisfies the Condorcet loser criterion.

(4) What other characteristics (other than the maximum element) do rational preference functions
f(c)have? and fA0,J(c) for an arbitrary n-local function f ∈ M(A), an arbitrary profile c ∈
(R(A))n and an arbitrary maximum draw of J provided f(c) ∈ R(A)?

(5) Does the maximum element of the order belong to fA0,J(c) to the Smith set (Smith seth, see [16]),
to the Schwartz set (Schwartz set, see [17]) for an arbitrary lot J?

(6) In the literature, some conditions for a class of profiles are sometimes considered stronger than
consistency with the majority rule, see, for example., [18, 19]. How do these conditions relate to
the conditions of the theorem 3?

(7) To develop a theory of manipulability for rules of the form fA,J .
(8) To develop a game-theoretic approach to dynamic aggregation systems.
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Application: Adaptation Function A0 on a Three-Element Set

Example 2. Let |A| = 3. Action adaptation function A0 can be described as follows. Let B = {x, y} ∈
[A]2, c ∈ R(A) and d ∈ R(B) = C(B). If x, y have neighboring alternatives relative to ≺c, then the
relation ≺A0(c,d) is a linear order that continues the order of ≺d and leaves the element z ∈ A\{x, y} in its
place. If x, y there are extreme alternatives with respect to ≺c, and with respect to the order of ≺d they
are rearranged, then the relation ≺A0(c,d) there is a linear order that continues the order ≺d and moves
the middle element z ∈ A \ {x, y} to the maximum position. Informally speaking, this models the agent’s
natural behavior in a situation where the decision made in the previous step may lead to the eventual
winner being the worst alternative, from his point of view: the agent promotes the alternative that he
considers second in quality.

The function A0 can be visualized in the following table. Let ≺c= xyz. Then

≺d ≺A(c,d) ≺d ≺A(c,d)
xy xyz yx yxz

yz xyz zy xzy

xz xyz zx zxy

.
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