Math-Net. Ru

I. V. Arzhantsev, Uniqueness of addition in semisimple Lie algebras, Russian
Mathematical Surveys, 2001, Volume 56, Issue 3, 569-571

DOL: https://doi.org/10.1070/RM2001v056n03ABEH000399

Use of the all-Russian mathematical portal Math-Net.Ru implies that you have read and agreed to these terms of use
http://www.mathnet.ru/eng/agreement

Download details:
IP: 109.252.122.205
May 9, 2023, 15:04:36




Russian Math. Surveys 56:3 569—-600 (©2001 RAS(DoM) and LMS
Uspekhi Mat. Nauk 56:3 151-180

COMMUNICATIONS OF THE MOSCOW MATHEMATICAL SOCIETY
Translated by C. J. Shaddock

Uniqueness of addition in semisimple Lie algebras

I. V. Arzhantsev

The problem of uniqueness of addition is being actively investigated in the theory of associative
rings. We recall that an associative ring A is called a unique addition ring or UA ring for short
if every automorphism of the multiplicative semigroup a: (4, -) = (4, -) is a ring isomorphism.
One of the most striking results here is Stephenson’s theorem on uniqueness of addition in the
matrix ring of dimension n > 2 over an arbitrary associative ring with identity [1].

In the present note we prove uniqueness of addition for semisimple Lie algebras. This result
may be regarded as an analogue of Stephenson’s theorem in the category of Lie algebras. The most
interesting special case is the algebra sl : if ¢ is a bijection onto the set of matrices with zero trace,
and for any pair of matrices ¢(AB — BA) = ¢(A)¢p(B) —p(B)¢(A), then ¢(A+ B) = ¢(A) +¢(B).

Definition. A Lie ring R is called a Lie ring with unique addition, or a UA Lie ring, if for every
bijection ¢: R — R satisfying the condition
¢([a,b]) = [¢(a),d(b)]  Va,be R, (%)

we have ¢(a + b) = ¢(a) + ¢(b) Va,b € R.

Henceforth ¢ will denote a bijection of a Lie ring R satisfying condition (x). We note

that ¢(0) = 0 since ¢([0,0]) = [¢(0), ¢(0)].
Let Z(a) = {a1 € R | [a1,a] = 0} denote the centralizer of an element a € R.

Lemma 1. Ifa,b € R and Z(a) N Z(b) = {0} then ¢(a +b) = ¢(a) + H(b).
Proof. Let ¢(a+b) = ¢(a) + ¢(b) + ¢(c). Then
[#(a),o(b)] = ¢([a,b]) = ¢([a+ b,b]) = [p(a+ b), $(b)]
= [¢(a) + ¢(b) + ¢(c), $(b)] = [$(a), p(b)] + [¢(c), #(D)],
whence 0 = [¢(c), $(b)] = ¢([c,b]). Hence c € Z(b). Similarly, c € Z(a) and thus c = 0.
Let G be a finite-dimensional Lie algebra over an infinite field k.

Theorem 1. If for any a € G, a # 0, there is a b € G such that Z(a) N Z(b) = {0}, then G is
a UA Lie ring.
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Lemma 2. Under the conditions of Theorem 1 the subset U(a) ={b € G| Z(a)N Z(b) = {0}} is
dense and open in G in the Zariski topology.

Proof. Consider the linear map § — G G, = — ([z,al, [z,y]). At the point y = b the rank of this
map is maximal. Thus it is maximal on an open dense subset of G.

Lemma 3. Under the conditions of Theorem 1, for any non-zero ai,as € G with a1 + a2 # 0
there is a ¢ € G satisfying the following conditions:

Z(a1 + a2) N Z(c) = {0}, Z(a1) N Z(az + c) = {0}, Z(a2) N Z(c) = {0}.

Proof. The intersection U(a1 + a2) N (U(a1) — a2) N U(az) of Zariski-open sets is non-empty.

Proof of Theorem 1. For an arbitrary pair of elements a1,as € § we choose the corresponding
element ¢ in Lemma 3 and apply Lemma 1 several times: ¢(a1)+¢(az)+¢(c) = ¢(a1)+¢(az+c) =
¢(a1 + a2 + ¢) = ¢(a1 + a2) + ¢(c). If a1 + a2 = 0, then we choose ¢ so that Z(a1) N Z(c) = 0.
Therefore ¢(c) = ¢(a1 + az + ¢) = ¢(a1) + ¢(az + ¢) = ¢(a1) + ¢(az) + &(c).

Henceforth we shall assume that &k is an algebraically closed field of characteristic zero.
Theorem 2. If the algebra G is semisimple, then G is a UA Lie ring.

Proof. (1) Suppose that G is simple. We shall show that the condition of Theorem 1 holds. The
centralizer of a regular semisimple element is a Cartan subalgebra of of the algebra §. Let us
prove that there is a Cartan subalgebra that intersects Z(a) trivially. Let G be the algebraic
group corresponding to §, T a maximal torus in G and Ga the orbit of an element a in the adjoint
representation. It is sufficient to show that the dimension of an orbit in general position for the
action T : Ga is equal to dimT. Let Ty be the stabilizer of a point in general position for this
action ([2], 7.2). Since T is commutative, the subgroup Tj lies in the kernel of non-effectiveness
of the action (a normal subgroup of G) and hence is finite.

(2) For a semisimple algebra we fix a decomposition of it into a sum of simple ideals. We shall
call an element complete if its projection on each of the simple ideals is non-zero. If elements a, b
and a+b are complete, then the arguments for the pair a, b are the same as in the case of a simple
algebra.

(3) Let @ and b be complete. Then for almost any ¢ we have ¢(a)+¢(b)+¢(c) = ¢(a)+¢(b+c) =
$(atb+c) = dlatb) +é(c) + é(d), d € Z(c), or (a)+$(b) — da+b) = ¢(d). By varying c we
find that d = 0.

(4) Let b be complete. There exist ai,a2 € G such that a; + a2 = a and the elements a1, a2,
az+b are complete. Then ¢(a)+¢(b) = ¢p(a1)+¢(a2) +é(b) = ¢(a1)+¢(az+b) = ¢p(a1+a2+b) =
¢(a+b).

(5) If a and b are not complete, then we write b = by + be and apply the arguments of the
preceding section.

We can consider a stronger requirement for the uniqueness of addition in Lie algebras.

Definition. We shall call a Lie algebra § a UA Lie algebra if for any bijection ¢ satisfying
condition () there exists a basis {e;} in G such that ¢ is the composition of an automorphism
of G and the map > kie; — Y a(ki)e; for some automorphism « of the field k.

Conjecture. Every semisimple Lie algebra is a UA Lie algebra.

This conjecture was proved in [3] for the Lie algebra sls over an arbitrary field with character-
istic not equal to 2.

We note also that uniqueness of addition was proved in [4] for a wide class of complex Lie
algebras under the condition that the bijection is continuous.

The author is grateful to K. I. Beidar and A. V. Mikhalev for drawing his attention to this
problem, to A. V. Titov for having pointed out a special case of Lemma 1, and to D. A. Timashev
for valuable comments.
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