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 a b s t r a c t

Given a graph, the (induced) Pk-partition problem is to decide whether its vertex set can
be partitioned into subsets, each of which induces (the k-path) a k-vertex subgraph with
a Hamiltonian path. We show that these problems are NP-complete for planar subcubic
bipartite (H1,H2, . . . ,Hℓ)-free graphs of girth g , for any k, g ≥ 3, l ≥ 1, where Hi is
obtained by joining central vertices in two copies of P3 with Pi+1. We show that the Pk-
partition (induced Pk-partition) problem is NP-complete for split graphs and any k ≥ 5,
chordal graphs and any k ≥ 4 (any k ≥ 3), line graphs of planar bipartite graphs and
any k ≥ 5 (any k ≥ 3). We show that the P4-partition and, for any k ≥ 5, induced
Pk-partition problems, restricted to split graphs, are polynomial. Additionally, we prove
NP-completeness for the optimization version of the induced P4-partition problem and
split graphs.

© 2025 Elsevier B.V. All rights are reserved, including those for text and data mining, AI
training, and similar technologies.

1. Introduction

1.1. Some packing and partitioning problems in graphs

Let H be a simple graph. The H-Packing problem is to find in a given graph the maximum number of pairwise vertex-
disjoint, not necessarily induced, subgraphs, each of which is isomorphic to H . The H-Partition problem is a special 
decision version of the H-Packing problem, which is to decide whether the vertex set of a given graph can be partitioned 
into, not necessarily induced, subgraphs, each isomorphic to some fixed graph H . If all the subgraphs are required to be 
induced, then the last problem is said to be the Induced H-Partition problem. The H-Partition problem arises in many 
application domains, examples of applications for specific graphs H can be found in [7,10,31]. The Induced H-Partition
problem has applications in computer aided electronic circuit board design [23].

The H-Partition and Induced H-Partition problems are widely studied in discrete optimization from structural 
and complexity perspectives, see, for example, the articles [2,4,6,21,22,24,25,30,38,41]. In this paper, we focus on the 
complexity issues of the H-Partition problem and its induced version for the case, when H is the k-path Pk. Structural 
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and complexity aspects of the Pk-Partition problem for k ≤ 3 are also well-studied [1,4,10,31,33,35]. In this paper, we 
primarily focus on the case of k ≥ 4 and continue research, related to the computational complexity of the Pk-Partition
problem and its induced version in special graph classes [35,36]. More details are presented in the next subsection.

1.2. Notation, preliminaries, and statements of our results

For any natural n, by [n] we will denote the set {1, 2, . . . , n}. We use the standard graph-theoretic terminology, see, 
for example, [15,39] for any terminology, non-defined in this paper. Unless otherwise stated, we consider only simple 
graphs G = (V , E), each with vertex set V = V (G) and edge set E = E(G). For any vertex v of a graph G, by N(v) and 
deg(v) we denote the neighbourhood and degree of v. The order of a graph G is its number of vertices |V (G)|. We use the 
following notation:

(a) Pk is the path of order k,
(b) Kn is the complete graph of order n,
(c) 2K2 is the graph consisting of two vertex-disjoint copies of K2,
(d) G(U ∪ W , E) is a bipartite graph with parts U and W ,
(e) Kp,q is the complete bipartite graph G = (U ∪ W , E), such that |U | = p and |W | = q,
(f ) Hi is the graph, obtained from a Pi = (x1, . . . , xi+1) by adding vertices y1, y2, z1, z2 and the edges {y1, x1}, {y2, x1},

{z1, xk}, {z2, xk},
(g) L(G) is the line graph of a graph G.

Given vertices v0 and vk of a graph G, a walk (or a v0, vk-walk) of G is an alternating sequence v0, e1, v1, e2, . . . , vk−1, 
ek, vk of vertices vp, p ∈ {0} ∪ [k] and edges eq, q ∈ [k], such that ei = {vi−1, vi} ∈ E(G), for each i ∈ [k]. The vertices v0
and vk are end-vertices of the v0, vk-walk. The length of the v0, vk-walk is the number k. A trail is a walk without repeated 
edges. A path is a trail without repeated vertices.

A subgraph of a graph G is a graph H , such that V (H) ⊆ V (G) and E(H) ⊆ E(G). Given a non-empty subset E ⊆ E(G), the 
subgraph H of a graph G is induced by the edge set E if E(H) = E and any vertex v ∈ V (G) belongs to H if and only if v is 
incident to at least one edge from E . Given a non-empty subset U ⊆ V (G), the subgraph H of a graph G is induced by the 
vertex set U if V (H) = U and any two vertices u and v are adjacent in H if and only if u and v adjacent in G. The subgraph 
of G, induced by a vertex set U , is denoted by G[U]. A subgraph H of a graph G is induced, if there exists a non-empty 
subset U ⊆ V (G), such that H = G[U].

A clique of a graph is a set of its pairwise adjacent vertices. An independent set of a graph is a set of its pairwise 
non-adjacent vertices. The girth of a graph is the length of its shortest induced cycle.

A matching of a graph G is a subset M ⊆ E(G), such that M does not contain two adjacent edges. Given a vertex 
v ∈ V (G), we say that the matching M covers the vertex v, if v is incident to an edge of M . Given a subset U ⊆ V (G), we 
say that the matching M covers the set U if M covers each vertex from U . The matching M is perfect if it covers the vertex 
set V (G).

Definition 1.  Given a graph G = (V , E) and an integer k ≥ 3, a Pk-packing in G is a collection S of mutually vertex-disjoint, 
not necessarily induced, subgraphs of G, which are all isomorphic to Pk. A Pk-packing is induced if all the subgraphs are 
induced. The number |S| of subgraphs in S is the size of S.

For a graph G, we denote by pk(G) (respectively, by ipk(G)) the maximum size of a Pk-packing (respectively, an induced 
Pk-packing) in G. The decision problems, associated with these parameters, are defined as follows:

 The Pk-Packing problem The Induced Pk-Packing problem  
 Instance: A graph G and an integer b. Instance: A graph G and an integer b.  
 Question: Does G have a Pk-packing of size at least 
b? In other words, is it pk(G) ≥ b or not?

Question: Does G have an induced Pk-packing of 
size at least b? In other words, is it ipk(G) ≥ b or 
not?

Definition 2.  Given a positive integer k ≥ 3 and a graph G = (V , E), such that the number of vertices |V | is divisible by 
k, an (induced) Pk-packing S in G with |S| =

|V |

k  is called a (respectively, induced) Pk-factor of G.
In other words, a Pk-factor of a graph G is a collection of subgraphs of G, such that each subgraph is isomorphic to Pk

and each vertex of G is exactly contained in one of the subgraphs. An induced Pk-factor of a graph G is defined similarly 
with the additional condition that each subgraph is induced. Let us observe that there exist graphs of order t · k with 
k ≥ 3 that have a Pk-factor (e.g., Hamiltonian graphs) or an induced Pk-factor (e.g., paths and cycles) and graphs that 
do not have any Pk-factors and induced Pk-factors (e.g., stars K1,t·k−1). Hence, it is natural and reasonable to study the 
following decision problems:

 The Pk-Partition problem The Induced Pk-Partition problem  
 Instance: A graph G. Instance: A graph G.  

 Question: Does G have a Pk-factor or not? Question: Does G have an induced Pk-factor or not?
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Table 1
The computational complexity of the Pk-Partition/Induced Pk-Partition problems for various graph classes.
 Graph classes k = 3 k = 4 k ≥ 5  
 Cographs P [10]/? ? ?  
 Chordal graphs NPc [10]/NPc [Theorem  12] NPc [Theorem  11]/NPc 

[Theorem  12]
NPc [Theorem  11]/NPc 
[Theorem  12]

 

 Split graphs P [10]/P [16] P [Theorem  3]/? NPc [Theorem  8]/P 
[Theorem  9]

 

 Bipartite graphs of 
maximum degree 3

NPc [35]/NPc [35] NPc [35]/NPc [35] NPc [35]/NPc [35]  

 Planar bipartite graphs of 
maximum degree 3

NPc [35]/NPc [35] NPc [Theorem  1]/NPc 
[Theorem  2]

NPc [Theorem  1]/NPc 
[Theorem  2]

 

 Line graphs of planar 
bipartite graphs

?/NPc [Theorem  13] ?/NPc [Theorem  13] NPc/NPc [Theorem  13]  

 Subcubic grids NP-c [10]/NP-c [10] ?/? ?/?  
 Interval graphs P [10]/? ?/? ?/?  

The Pk-Partition and Pk-Packing problems are closely related to each other in the following sense [35]: if the 
Pk-Partition problem is NP-complete for some graph class, then the Pk-Packing problem, restricted to this graph class, 
is NP-complete as well.

For each fixed k ≥ 3, the Pk-Partition problem is NP-complete [22]. It remains NP-complete for chordal graphs and 
k = 3 [10], bipartite graphs of maximum degree 3 (for each fixed k ≥ 3) [35], planar graphs (for each fixed k ≥ 3) [8], 
planar bipartite graphs (for each fixed k ≥ 3) [17,35], planar bipartite graphs of maximum degree 3 and k = 3 [35], 
subcubic grids and k = 3 [10]. At the same time, this problem is polynomial-time solvable for interval graphs and 
k = 3 [10], split graphs and k = 3 [10], square graphs and k = 3 [3], and some graphs G, such that, for any their 
induced subgraph H , pk(H) equals the minimum size of vertex subsets, intersecting all k-paths of H [34]. The Induced
Pk-Partition problem is NP-complete for bipartite graphs of maximum degree 3, for each fixed k ≥ 3, planar bipartite 
graphs of maximum degree 3 and k = 3 [35,36], and polynomial-time solvable for split graphs and k = 3 [16].

For each fixed k ≥ 3, the Pk-Packing problem is NP-complete [22,33] and remains NP-complete in any graph class, 
for which the Pk-Partition problem is NP-complete. On the other hand, for any fixed k ≥ 3, this problem is polynomial-
time solvable for trees [36] and for trees, when k is a part of the input [33]. The Induced Pk-Packing problem is known 
to be NP-complete for bipartite graphs of maximum degree 3, for each fixed k ≥ 3, for k = 3 and planar bipartite 
graphs of maximum degree 3 [35]. The P3-Packing problem has recently been considered in the parameterized complexity 
framework [14,19,29,40].

Both the Pk-Partition problem and Induced Pk-Partition problem can be modelled, using the framework from [12]. 
The P3-Partition problem has been widely studied from the computational complexity perspective. In contrast to this, the 
case of k ≥ 4 is little studied. Monnot and Toulouse in [35,36] posed a question about the computational complexity of the 
Pk-Partition and the Induced Pk-Partition problems, restricted to planar bipartite graphs of maximum degree 3, for any 
fixed k ≥ 4. In Section 2, we answer this question. Namely, we show that, for any fixed integers k ≥ 3, ℓ ≥ 1, and g ≥ 3, 
both problems are NP-complete for planar bipartite (H1,H2, . . . ,Hℓ)-free graphs of maximum degree 3 and girth at least 
g . In Section 3, we study the computational complexity of the considered problems in the class of split graphs. We show 
there that the Pk-Partition problem, restricted to split graphs, is polynomial-time solvable for k = 4 and NP-complete, 
for each fixed k ≥ 5, the Induced Pk-Partition problem is polynomial-time solvable, for each fixed k ≥ 5. Besides, we also 
show that the Induced P4-Packing problem for split graphs is NP-complete. Thus, for split graphs and the Pk-Partition
problem, we have the following complete complexity dichotomy in terms of k: This problem is polynomial-time solvable 
for them if k ≤ 4, otherwise, it is NP-complete. In Section 4, we study the computational complexity of the problems in 
the class of chordal graphs. We show that both problems, restricted to chordal graphs, are NP-complete, for each fixed 
k ≥ 4. In addition, we note that the Induced P3-Partition problem for chordal graphs is NP-complete as well. Finally, in 
Section 5, we study the computational complexity of both problems for line graphs of planar bipartite graphs. We show 
NP-completeness of the Pk-Partition and Induced Pℓ-Partition problems, restricted to line graphs of planar bipartite 
graphs, for each fixed k ≥ 5 and for each fixed ℓ ≥ 3, respectively.

Table  1 summarizes previously known and our complexity results for the Pk-Partition and Induced Pk-Partition
problems. We abbreviate ‘‘NP-complete’’ by ‘‘NPc’’ and ‘‘polynomial time solvable’’ by ‘‘P’’. Bold entries correspond to 
new results in this paper.

2. The computational complexity of the Pk-Partition / Induced Pk-Partition problems, restricted to planar bipartite 
graphs of maximum degree 3

The first result is NP-completeness of the considered problems in a subclass of planar bipartite graphs. A proof of this 
result is based on some well-known local graph transformation technique [5,11,26,32].

Theorem 1.  For any fixed integers k ≥ 3, g ≥ 3, and ℓ ≥ 1, the Pk-Partition problem is NP-complete for planar bipartite 
(H ,H , . . . ,H )-free graphs of girth at least g and maximum degree 3.
1 2 ℓ
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Fig. 1. The vertex 2k-splitting operation.

Proof.  Let k ≥ 3, g ≥ 3, and ℓ ≥ 1 be integers. We construct a polynomial-time reduction from the Pk-Partition problem 
for planar bipartite graphs, which is known to be NP-complete [17,35].

Let G = (V , E) be an arbitrary planar bipartite graph. Let us consider an arbitrary vertex v ∈ V , such that deg(v) ≥ 2. 
The vertex 2k-splitting with respect to v is defined as follows, also see Fig.  1:

(a) arbitrarily split the neighbourhood N(v) of v into two non-empty disjoint subsets A and B,
(b) add a path with vertices v1, v2, . . . , v2k,
(c) add the edge {v, v1} and all the edges between v2k and vertices from B,
(d) remove all the edges between v and vertices from B.

We denote by Gv
2k the graph, obtained from G by the vertex 2k-splitting operation with respect to v.

Claim 1.  The graph G has a Pk-factor if and only if Gv
2k has a Pk-factor.

Proof. Assume that G has a Pk-factor S. Our aim is to construct a Pk-factor S ′ of Gv
2k. Let Pv be the path of S , containing v. 

We denote the end vertices of Pv by u and w, i.e., the path Pv is a u, w-path of G. We will separately consider two possible 
cases.

Case 1. Suppose that v is not an end vertex of Pv , i.e., v ̸= u and v ̸= w. In this case, v divides Pv into two subpaths: 
the u, v-path P1

v  of order t and the v,w-path P2
v  of order k − t + 1. Without loss of generality, one may assume that the 

vertex of P1
v , adjacent to v, belongs to A. The following subcases are only possible:

Subcase A1. The vertex of P2
v , adjacent to v, belongs to A. Let us form two paths of order k of Gv

2k: one path P , consisting 
of v1, v2, . . . , vk, and another path Q , consisting of vk+1, vk+2, . . . , v2k. It is not hard to see that S ′

= S ∪ {P,Q } is a 
Pk-factor of Gv

2k.
Subcase B1. The vertex of P2

v , adjacent to v, belongs to B. Let us form 3 paths of order k of Gv
2k: the path P , 

consisting of V (P1
v ) and v1, v2, . . . , vk−t , the path Q , consisting of vk−t+1, vk−t+2, . . . , v2k−t , and the path R, consisting 

of v2k−t+1, v2k−t+2, . . . , v2k and V (P2
v ) \ {v}. It is not hard to see that S ′

= (S \ {Pv}) ∪ {P,Q , R} is a Pk-factor of Gv
2k.

We obtained a Pk-factor of Gv
2k in both subcases. We proceed to the second case.

Case 2. Suppose that v is an end vertex of Pv . Let us form two paths of order k of Gv
2k: one path P , consisting of 

v1, v2, . . . , vk, and another path Q , consisting of vk+1, vk+2, . . . , v2k. It is not hard to see that S ′
= S ∪{P,Q } is a Pk-factor 

of Gv
2k. We obtained a Pk-factor of Gv

2k in both cases.
Conversely, assume that S ′ be a Pk-factor of Gv

2k. Our aim is to construct a Pk-factor S of G. Let Pv be the path of S ′, 
containing v. The only possible cases are the following:

Case 1. The path Pv does not contain v1. We show that Pv does not contain any vertex from {v1, v2, . . . , v2k}. Suppose 
to the contrary that at least one vertex from {v1, v2, . . . , v2k} is contained in Pv . Let vj, j ∈ {2, 3, . . . , 2k} be the vertex of 
Pv with the minimum index j. Clearly, vj is an end vertex of Pv and j ∈ {k + 3, k + 4, . . . , 2k}. In this case, we have that 
v1, v2, . . . , vj−1 induce one or two paths of order k, belonging to the Pk-factor S ′. On the other hand, the quantity j− 1 of 
these vertices is not divisible by k and we obtain a contradiction.

Thus, Pv does not contain any of the vertices v1, v2, . . . , v2k. It implies that S ′ contains the following two paths: one 
path P , consisting of v1, v2, . . . , vk, and another path Q , consisting of vk+1, vk+2, . . . , v2k. It is not hard to see that the set 
S = S ′

\ {P,Q } is a Pk-factor of G.
Case 2. The path Pv contains v1. We immediately obtain that at least one vertex of {v1, v2, . . . , v2k} is an end vertex 

of Pv . Let vj+1 be the vertex with the minimum index that does not belong to Pv . The vertex vj, j ∈ [k − 1] is an end 
vertex of Pv . It implies that the Pk-factor S ′ contains the path P of order k, consisting of vj+1, vj+2, . . . , vj+k. We show that 
vj+k+1 is not contained in Pv . Suppose to the contrary that Pv contains vj+k+1. It is not hard to see that Pv contains the 
vertices vj+k+2, vj+k+3, . . . , v2k as well. Hence, Pv contains at least j + 1 + (2k − j − k − 1 + 1) = k + 1 vertices, which is 
a contradiction with the assumption that order of Pv is k.

Thus, vj+k+1 is not contained in Pv and, hence, vj+k+1 is an end vertex of another path Q ∈ S ′. The following subcases 
are only possible:
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Subcase A2. The vertex v is an end vertex of Pv . In this situation, Pv consists of v, v1, v2, . . . , vk−1, P consists of 
vk, vk+1, . . . , v2k−1, and Q  contains v2k. The set S , obtained from S ′ by removing Pv , P and replacing v2k in Q  by v, is 
a Pk-factor of G.

Subcase B2. The vertex v is a non-end vertex of Pv . Let us form the path R of order k of G from Pv and Q  as follows:

(a) remove v1, v2, . . . , vj from Pv ,
(b) remove vj+k+1, vj+k+2, . . . , v2k−1 from Q ,
(c) identify v and v2k of the obtained paths.

The resulting path R is a path of order k of G. It is not hard to see that the set S = (S ′
\ {Pv, P,Q }) ∪ {R} is a Pk-factor of 

G. We obtained a Pk-factor of G in both cases. ♦

Claim 2.  By means of the vertex 2k-splitting operation, G can be transformed into a planar bipartite (H1,H2, . . . ,Hℓ)-free 
graph of girth at least g and maximum degree 3.

Proof. Assume that G has a vertex v with deg(v) ≥ 4. For the vertex 2k-splitting with respect to v, we split N(v) into 
two disjoint subsets A and B, such that |A| ≥ 2 and |B| = 2. After it, we obtain a graph with 2k new vertices. Clearly, all 
the degrees of new vertices are at most 3 and degree of v is decreased by one. It is not hard to see that the operation 
preserves the planarity and bipartiteness. Applying this procedure to every vertex of degree at least 4, we obtain a graph 
of maximum vertex degree 3.

Let us consider the variant of the vertex 2k-splitting operation, when |B| = 1. It is equivalent to replacing an edge by 
a path of length 2k+ 1. Now, we replace each edge of the planar bipartite graph by a path of length 2k+ 1. The length of 
each induced cycle is increased in 2k+1 times. Consequently, the resulting graph contains no cycles of odd length, i.e., it is 
bipartite. As replacing an edge by a path preserves planarity, the resulting graph is planar as well. Applying the operation 
a necessary number of times, we will avoid induced cycles of orders at most g and induced subgraphs isomorphic to 
H1,H2, . . . ,Hℓ.♦

Applying the handshaking lemma, it is not hard to check that after the transformation of G, described above, we will 
obtain a graph with at most 2k|E(G)| vertices. Therefore, those transformations can be performed in polynomial time. This 
finishes the proof of this theorem. □

We showed NP-completeness of the Pk-Partition problem for planar bipartite graphs with bridge-like forbidden 
induced subgraphs and bounded maximum degree and girth. A proof is completely the same for the ‘‘induced’’ version of 
the Pk-Partition problem. Hence, we have the following result:

Theorem 2.  For any fixed integers k ≥ 3, g ≥ 3, and ℓ ≥ 1, the Induced Pk-Partition problem is NP-complete for planar 
bipartite (H1,H2, . . . ,Hℓ)-free graphs of girth at least g and maximum degree 3.

3. The computational complexity of the Pk-Partition / Induced Pk-Partition problems, restricted to split graphs

Further, we study the computational complexity of the Pk-Partition problem for split graphs. We will show that it can 
be solved in polynomial time for k = 4 and split graphs (see Theorem  3), but remains NP-complete, for any k ≥ 5 (see 
Theorem  8). Theorem  8 will be proven by induction, where the induction base will be NP-completeness of the Pk-Partition
problem for split graphs (see Theorems  4,5,6,7) and k ∈ {5, 6, 7, 8} and the induction step will be NP-completeness of the 
Pk−4-Partition problem for split graphs.

Theorem 3.  The P4-Partition problem is polynomial-time solvable for split graphs.

Proof.  Recall that a split graph G is a graph, whose vertex set can be partitioned into a clique C and an independent set 
I . We will solve the P4-Partition problem for G by reducing in polynomial time this problem to the problem of finding a 
matching in G, covering I .

Claim 3.  The graph G admits a P4-factor if and only if |I|+ |C | is a multiple of 4, and there exists a matching M of G, covering 
I .

Proof. Assume that there is a P4-factor S of G. Clearly, |C | + |I| is a multiple of 4. Let us form a perfect matching M of G
as follows. Initially, we put M = ∅. For each path P from S , we include two non-adjacent edges of P to M . The obtained 
set M is a perfect matching of G. Finally, we remove from M all the edges that are not incident to any vertices of the set 
I . The resulting set M is a matching of G, and it covers I .

Conversely, assume that |I| + |C | is a multiple of 4 and M is a matching of G, such that M covers I . Note that any two 
edges e1 and e2 of M are connected with an edge e of G[C], so that these 3 edges e1, e2, and e form P4. Either M (if |M| is 
even) or M minus any of its elements e′ (if |M| is odd) can be divided into pairs. Each such a pair produces P4. The edge 
e′ together with any edge of C , not adjacent to any element from M , also forms P .
4
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Fig. 2. (a) a component Hx
i , (b) a component Hz

k  and (c) a component Hy
j .

Therefore, there is a set S of pairwise vertex-disjoint 4-paths that covers all the vertices of I . All the remaining non-
covered vertices of G belong to C . These vertices can be partitioned into groups of 4 vertices. Each such a group of vertices 
forms a clique, from which we can pick P4. We add these paths to S. It is not hard to see that the resulting set S is a 
P4-factor of G. ♦

Let B be the bipartite graph, which is obtained from G by removing all the edges from C . It is not hard to see that 
there is a matching M in G, covering I , if and only if the maximum size of a matching in B equals |I|. As computing a 
maximum matching in a graph with n vertices and t edges can be done in O

(√
n · (n+ t)

)
 time [27, p. 256], we can solve 

the P4-Partition problem for G with n vertices and m edges, using Claim  3, in O
(√

n · (n + m)
)
 time. This finishes the 

proof of this theorem. □

Theorem 4.  The P5-Partition problem is NP-complete for split graphs.

Proof.  We present a polynomial-time reduction from the 3-Dimensional Matching problem, which is known to be 
NP-complete [20]. Any instance of this problem consists of a set C = {t1, t2, . . . , tm} ⊆ X × Y × Z of triples, such that 
each element of X ∪ Y ∪ Z is contained in at most 3 triples from C, where X = {x1, x2, . . . , xn}, Y = {y1, y2, . . . , yn}, and 
Z = {z1, z2, . . . , zn} are pairwise disjoint sets. A 3d-matching is a subset M of C, such that no two triples in M agree in 
at least one coordinate. The 3-Dimensional Matching problem is to decide whether there exists a 3d-matching M ⊆ C
of size n or not.

Given an instance I = (X, Y , Z, C) of the 3-Dimensional Matching problem, we construct a split graph G = (V , E) as 
follows:

(a) for each element xi ∈ X , we create the component Hx
i , illustrated in Fig.  2, (a),

(b) for each element zk ∈ Z , we create the component Hz
k , illustrated in Fig.  2, (b),

(c) for each element yj ∈ Y , we create the component Hy
j , illustrated in Fig.  2, (c), and denote the set {mj, pj, qj, sj} by 

Wj,
(d) next, we perform the following procedure:

for each triple (xi, yj, zk) ∈ C do
if deg aj = 1 then

connect vx
i  with aj and aj with vz

k by edges
if deg(aj) > 1 and deg bj = 2 then

connect vx
i  with bj and bj with vz

k by edges
if deg(aj) > 1 and deg bj > 2 then

connect vx
i  with cj and cj with vz

k by edges
For any i, j, k ∈ [n], put Nij,k = N(vx

i ) ∩ N(vz
k) ∩ {aj, bj, cj}. By construction of G, we have

Nijk ̸= ∅ H⇒ |Nijk| = 1 ⇐⇒ (xi, yj, zk) ∈ C.

(e) finally, we denote W1 ∪ W2 ∪ . . .Wn ∪ {vx
1, v

x
2, . . . , v

x
n} ∪ {vz

1, v
z
2, . . . , v

z
n} by W  and connect any two its distinct 

vertices by an edge.
We denote the obtained graph by G. Clearly, this graph G is split into the clique W  and the independent set I = V (G)\W . 

It is clear that |W | = 6n and |I| = 9n.
Let us show that there exists a 3d-matching M ⊆ C of size n if and only if G has a P5-factor. Assume that there 

is a 3d-matching M of size n. Let us construct a P5-factor S of G as follows. Initially, we put S = ∅. For each triple 
(xi, yj, zk) ∈ M, we will form paths P,Q , and R in the following way:

(a) if vx
i , aj are adjacent and aj, vz

k are adjacent, then P,Q , and R are the paths with the vertex sets {ux
i , v

x
i , aj, v

z
k, u

z
k}, 

{ℓj,mj, tj, pj, bj}, and {cj, qj, kj, sj, rj}, correspondingly,
(b) if vx

i , bj are adjacent and bj, vz
k are adjacent, then P,Q , and R are the paths with the vertex sets {ux

i , v
x
i , bj, v

z
k, u

z
k}, 

{ℓ ,m , t , p , a }, and {c , q , k , s , r }, correspondingly,
j j j j j j j j j j
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Fig. 3. A balanced bipartite graph B and the graph G, obtained from B.

(c) if vx
i , cj are adjacent and cj, vz

k are adjacent, then P,Q , and R are the paths with the vertex sets {ux
i , v

x
i , cj, v

z
k, u

z
k}, 

{ℓj,mj, tj, pj, aj}, and {bj, qj, kj, sj, rj}, correspondingly,
and add these 3 paths P,Q , and R to S. Therefore, the set M gives 3n pairwise vertex-disjoint 5-paths of G, and G has 
15n vertices. Hence, S is a 5-factor of G.

Conversely, assume that S is a P5-factor of G. We have that |S| = (|W | + |I|)/5 = 3n. As I is an independent set, 
each path from S contains at most 3 vertices of I . All the vertices of I are covered by paths from S and |I| = 9n. By the 
pigeonhole principle, each path from S contains at least 3 vertices of I . Consequently, each path from S contains exactly 
3 vertices of I . It implies that each path from S does not contain any edge of W .

For any i ∈ [n], as deg(ux
i ) = 1, there exists a unique path Pi ∈ S , starting at ux

i . As ux
i  is adjacent to the single vertex 

vx
i , the second vertex of Pi is vx

i . The path Pi does not contain any edge of W . Hence, the third vertex of Pi is a vertex from 
I \ {ux

i }. By construction of G, if vx
i  is adjacent to a vertex w of I \ {ux

i }, then w can only be either aj, or bj, or cj, for some 
j ∈ [n]. Let us consider the following three cases, depending on whether w = aj or w = bj or w = cj:

Case 1. Suppose that w = aj. By construction of G, we have that N(aj) = {vx
i , pj, v

z
k}, for some k ∈ [n]. Let us observe 

that the fourth vertex of Pi cannot be the vertex pj, otherwise, in S , there is no a path, containing ℓj, and, as a consequence, 
S is not a P5-factor of G. Consequently, the fourth vertex is vz

k . The fifth vertex of Pi is uz
k, otherwise, there is no a path 

from S , covering uz
k. As each path from S does not contain any edge of W , the P5-factor S includes the path with the 

vertex set {ℓj,mj, tj, pj, bj} and the path with the vertex set {rj, sj, kj, qj, cj}.
Case 2. Suppose that w = bj. The fourth vertex of Pi is distinct to the vertex pj, otherwise, in S , there is no a path, 

containing ℓj, and, as a consequence, S is not a P5-factor of G. Analogously, the fourth vertex of Pi cannot be the vertex 
qj, otherwise, in S , there is no path containing rj, and, as a consequence, S is not a P5-factor of G. By construction of G, 
N(bj) = {vx

i , pj, qj, v
z
k}, for some k ∈ [n], and the fourth vertex of Pi is vz

k . As in the previous case, the fifth vertex of Pi is uz
k. 

As each path of S does not contain any edge of W , the P5-factor S includes the path with the vertex set {ℓj,mj, tj, pj, aj}
and the path with the vertex set {rj, sj, kj, qj, cj}. The path Pi gives us the triple θi = (xi, yj, zk) ∈ C, which we include to 
the set M.

Case 3. Suppose that w = cj. The vertex cj can actually not have a degree larger than 3, since yj cannot belong to more 
than three triples from C . Let us observe that the fourth vertex of Pi cannot be the vertex qj, otherwise, in S , there is no 
a path, containing rj, and, as a consequence, S is not a P5-factor of G. Hence, the P5-factor S contains 3 paths with the 
following vertex sets: {ux

i , v
x
i , cj, v

z
k, u

z
k}, {ℓj,mj, tj, pj, aj}, and {rj, sj, kj, qj, bj}, for some j, k ∈ [n].

Now, we construct a 3d-matching M ⊆ C of size n. Initially, we put M = ∅. Our idea is to add a triple θi ∈ C to 
M, for each i ∈ [n]. For any i ∈ [n], the path Pi contains a vertex vx

i , a unique vertex in {aj, bj, cj}, and a vertex vz
k . By 

construction of G, the triple θi = (xi, yj, zk) is in C, and we include this triple to M. The resulting set M consists of n
triples θi = (xi, yj, zk), i ∈ [n], which is a 3d-matching, as S is a P5-factor. Taking into account that G can be constructed 
in polynomial time, we obtain the desired polynomial-time reduction. This finishes the proof of this theorem. □

Theorem 5.  The P6-Partition problem for split graphs is NP-complete.

Proof.  In order to show that it is NP-complete, we construct a polynomial-time reduction from the P4-Partition problem, 
restricted to balanced bipartite graphs, which is known to be NP-complete [35, Theorem 3.1].

Let us consider an arbitrary bipartite graph B = (U ∪ W , E), such that its order |U | + |W | is a multiple of 4 and 
|U | = |W |. We transform this graph B into a split graph G as follows, also see Fig.  3:

(a) for each i ∈ [
|U |+|W |

4 ], add new vertices ui and wi to the graph, and connect them with an edge,
(b) connect any two distinct vertices of U ∪ {u1, u2, . . . , u |U |+|W |

4
} with an edge.

The obtained graph G is split, in which I = W ∪ {w1, w2, . . . , w |U |+|W |

4
} is an independent set and C = U ∪

{u1, u2, . . . , u |U |+|W |

4
} is a clique. 

Claim 4.  The graph B admits a P -factor if and only if the graph G admits a P -factor.
4 6
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Fig. 4. (a) a component Hx
i , (b) a component Hz

k  and (c) a component Hy
j .

Proof. Let S be a P4-factor of B. The number of paths from S equals |U |+|W |

4 . Append to each path from S an edge of the 
form {ui, wi}, i ∈ [

|U |+|W |

4 ], so that each edge {ui, wi}, i ∈ [
|U |+|W |

4 ] is appended to exactly one path from S. We obtain a 
collection of 6-paths of G. This collection is a P6-factor of G.

Conversely, let us consider a P6-factor S of G. By construction of G, we have that |S| =
|U |+|W |

4 . The following 
observations are easy to see:

(a) the graph G does not contain a 6-path P , such that P has more than 3 vertices of I ,
(b) as |I| = |C |, each path from S contains exactly 3 vertices of C and 3 vertices of I ,
(c) there is no a path from S , containing, simultaneously, a vertex of {ui, wi} and a vertex of {uj, wj}, where i ̸= j,
(d) each path from S starts at a vertex wi, i ∈ [

|U |+|W |

4 ] and does not contain edges of G[U].

Consequently, in order to obtain a P4-factor of B, it suffices to delete vertices wi and ui, i ∈ [
|U |+|W |

4 ], from each path of 
S.♦

It is not hard to see that the split graph G can be constructed in polynomial time. It finishes the proof of this 
theorem. □

Theorem 6.  The P7-Partition problem is NP-complete for split graphs.

Proof.  This proof is similar to the proof of Theorem  4. We present a polynomial-time reduction from the NP-complete 
3-Dimensional Matching problem [20].

Let (X, Y , Z, C) be an instance of the 3-Dimensional Matching problem. We construct the split graph G as in the proof 
of Theorem  4 with the following modifications: instead of the components Hx

i , Hz
k , and H

y
j , illustrated in Fig.  2, we use 

the components, illustrated in Fig.  4; in (c), we denote by Wj the set {mj, ej, pj, qj, fj, sj}; we put
W = W1 ∪ W2 ∪ · · · ∪ Wn ∪ {zx1, z

x
2, . . . , z

x
n} ∪ {vx

1, v
x
2, . . . , v

x
n} ∪ {vz

1, v
z
2, . . . , v

z
n}

and connect with an edge any two distinct vertices of W .
The obtained graph G is split with a clique W  and an independent set I = V (G) \W . Let us observe that |W | = 9n and 

|I| = 12n.
We will show that there exists a 3d-matching M ⊆ C of size n if and only if G has a P7-factor. Assume that M ⊆ C is a 

3d-matching of size n. We construct a P7-factor S of G as follows. Initially, we put S = ∅. For each triple (xi, yj, zk) ∈ M, 
we form 3 paths P,Q , and R in the following way:

(a) if vx
i , aj are adjacent and aj, vz

k are adjacent, then P,Q , and R are the paths with the vertex sets {ux
i , z

x
i ,

wx
i , v

x
i , aj, v

z
k, u

z
k}, {ℓj,mj, dj, ej, tj, pj, bj}, and {rj, sj, hj, fj, kj, qj, cj}, respectively,

(b) if vx
i , bj are adjacent and bj, vz

k are adjacent, then P,Q , and R are the paths with the vertex sets {ux
i , z

x
i ,

wx
i , v

x
i , bj, v

z
k, u

z
k}, {ℓj,mj, dj, ej, tj, pj, aj}, and {rj, sj, hj, fj, kj, qj, cj}, respectively,

(c) if vx
i , cj are adjacent and cj, vz

k are adjacent, then P,Q , and R are the paths with the vertex sets {ux
i , z

x
i ,

wx
i , v

x
i , cj, v

z
k, u

z
k}, {ℓj,mj, dj, ej, tj, pj, aj}, and {rj, sj, hj, fj, kj, qj, bj}, respectively,

and add these paths P,Q , and R to S. It is not hard to see that S is a P7-factor of G.
Conversely, assume that S is a P7-factor of G. Let us observe that |S| = (|W | + |I|)/7 = 3n. As I is an independent set, 

each path from S contains at most 4 vertices of I . All the vertices of I are contained in paths from S and |I| = 12n. By 
the pigeonhole principle, we have that each path of S contains at least 4 vertices of I . Hence, each path from S contains 
exactly 4 vertices of I . It is not hard to see that each path from S does not contain any edge of W . We may recover a 
3d-matching M of size n in a similar way as in the proof of Theorem  4. The proof of this theorem is complete. □

Theorem 7.  The P8-Partition problem is NP-complete for split graphs.

Proof.  In order to show that it is NP-complete, we present a polynomial-time reduction from the P6-Partition problem, 
restricted to balanced bipartite graphs, which is known to be NP-complete [35, Theorem 3.1].
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Let us consider an arbitrary bipartite graph B = (U ∪ W , E), such that its order |U | + |W | is a multiple of 6 and 
|U | = |W |. We transform this graph B into a split graph G as follows:

(a) for each i ∈ [
|U |+|W |

6 ], add to the graph two additional new vertices ui and wi, connected by an edge,
(b) connect any two distinct vertices of U ∪ {u1, u2, . . . , u |U |+|W |

6
} by an edge.

The obtained graph G is split, in which I = W ∪ {w1, w2, . . . , w |U |+|W |

6
} is an independent set and C = U ∪

{u1, u2, . . . , u |U |+|W |

6
} is a clique. 

Claim 5.  The graph B admits a P6-factor if and only if G admits a P8-factor.

Proof. Let S be a P6-factor of B. We have that |S| =
|U |+|W |

6 . Append an edge {ui, wi}, i ∈ [
|U |+|W |

6 ] to each path from S , 
so that each edge {ui, wi}, i ∈ [

|U |+|W |

6 ] is appended to exactly one path from S. We obtain a collection of 8-paths of G, 
which is a P8-factor of G. Conversely, let us consider a P8-factor S of G. By construction of G, we have that |S| =

|U |+|W |

6 . 
The following observations are easy to see:

(a) the graph G contains no a path P of order 8, such that P contains more than 4 vertices of I ,
(b) as |I| = |C |, every path from S contains exactly 4 vertices of C and 4 vertices of I ,
(c) there is no a path from S , containing, simultaneously, a vertex of {ui, wi} and a vertex of {uj, wj}, where i ̸= j,
(d) every path from S starts at a vertex wi, i ∈ [

|U |+|W |

6 ] and contains no edges of G[U].

Consequently, in order to obtain a P6-factor of B, it suffices to delete vertices wi and ui, i ∈ [
|U |+|W |

6 ] from each path from 
S.♦

It is not hard to see that the split graph G can be constructed in polynomial time. The proof of this theorem is 
complete. □

Theorem 8.  For each fixed integer k ≥ 5, the Pk-Partition problem is NP-complete for split graphs.

Proof.  We use the mathematical induction method. The claim for k = 5, k = 6, k = 7, and k = 8 is the basis step, given 
by Theorems  4, 5, 6, and 7.

Let k ≥ 9 be an arbitrary integer. By the inductive hypothesis, the Pk−4-Partition problem for split graphs is 
NP-complete. We give a polynomial-time reduction from the Pk−4-Partition problem, restricted to split graphs.

Given a split graph G with a clique C and an independent set I , such that |C | + |I| is a multiple of (k − 4), we 
construct a split graph G∗ as follows: add 2t paths of order 2 with the vertex sets {x1, y1}, {x2, y2}, . . . , {x2t , y2t}, such 
that x1, x2, . . . , x2t are adjacent to all the vertices of G, where t = (|C |+ |I|)/(k−4). It is not hard to see that the obtained 
graph G∗ can be split into the clique C ∪ {x1, x2, . . . , x2t} and the independent set I ∪ {y1, y2, . . . , y2t}. The graph G∗ can 
be constructed in polynomial time.

We claim that G has a Pk−4-factor if and only if G∗ has a Pk-factor. Let S = {S1, S2, . . . , St} be a Pk−4-factor of G and 
t = (|C |+|I|)/(k−4). We transform each path Si, i ∈ [t] of order k−4 into a path S∗

i  of order k by adding 4 vertices xi, yi and 
xt+i, yt+i. Clearly, S∗

1 , S
∗

2 , . . . , S
∗
t  form a Pk-factor of G∗. Conversely, assume that there is a Pk-factor S∗

= {S∗

1 , S
∗

2 , . . . , S
∗
t }

of G∗. As y1, y2, . . . , y2t are leaves, both end vertices of each path S∗

i , i ∈ [t] are elements of the set {y1, y2, . . . , y2t}. It is 
not hard to see that each path S∗

i , i ∈ [t] contains exactly two vertices of {x1, x2, . . . , x2t}. Now, we transform the paths 
S∗

1 , S
∗

2 , . . . , S
∗

t−1, and S∗
t  of order k into paths S1, S2, . . . , St−1, and St of order k−4 by removing vertices of {x1, x2, . . . , x2t}, 

and {y1, y2, . . . , y2t}. The paths S1, S2, . . . , St−1, and St form a Pk−4-factor of G. The proof of this theorem is complete. □

Next, we will study the computational complexity of the ‘‘induced’’ version of the Pk-Partition problem for split graphs.

Theorem 9.  For each fixed integer k ≥ 5, the Induced Pk-Partition problem can be solved in polynomial time for split 
graphs.

Proof.  Let k ≥ 5 be an integer. Any split graph does not contain 2K2 as an induced subgraph [13, p. 106]. On the other 
hand, Pk has 2K2 as an induced subgraph. Consequently, split graphs do not admit induced Pk-factors and the Induced
Pk-Partition problem for split graphs can be solved in a constant time. □

The computational status of the Induced P4-Partition problem, restricted to split graphs, remains open. We suspect 
that it is NP-complete. Further, we will prove a weaker claim by showing that the C4-Packing problem is NP-complete 
for bipartite tournaments.

Let G = (V , E) be a split graph with a clique C and an independent set I , such that |C | = |I|. Given an induced P4-packing 
S of G, we have that each path from S has 4 vertices, say a, b, c, d, where b, c belong to C and a, d belong to I . Let us 
transform G into a bipartite graph H = (C∪I, E) by removing all the edges between distinct vertices of C . Therefore, all the 
induced subgraphs of G, each isomorphic to P4, bijectively correspond to all the induced subgraphs of H , each isomorphic 
to 2K . Hence, all the induced P -packings of G bijectively correspond all the induced 2K -packings of H . Consequently, 
2 4 2
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Fig. 5. A bipartite tournament Li , associated with a variable xi, i ∈ [n].

the Induced P4-Packing problem, restricted to split graphs, is polynomial-time equivalent to the Induced 2K2-Packing
problem for bipartite graphs. We carry over the latter problem to bipartite tournaments. Recall that a bipartite tournament
is an oriented complete bipartite graph.

Suppose that H = (C ∪ I, E) is an arbitrary bipartite graph with parts C and I , where |C | = |I|. Let us define a bipartite 
tournament T = (C ∪ I, A) with parts C and I , such that, for each pair of vertices u ∈ C and v ∈ I , the tournament 
T  contains the arc (u, v), if {u, v} ∈ E , or the arc (v, u), if {u, v} /∈ E . It is not hard to see that all the induced 2K2-
packings of H bijectively correspond to collections of mutually vertex-disjoint (oriented) 4-cycles in T . Thus, the Induced
2K2-Packing problem for bipartite graphs is polynomial-time equivalent to the C4-Packing problem for balanced bipartite 
tournaments: Given a bipartite tournament T = (C ∪ I, A), such that |C | = |I|, and an integer k, does the tournament 
T  have at least k mutually vertex-disjoint 4-cycles? A close problem, in which it is asked whether there exist at least k
mutually vertex-disjoint 3-cycles in a given tournament, i.e., an oriented complete graph, is known to be NP-complete [9].

Theorem 10.  The C4-Packing problem is NP-complete for bipartite tournaments.

Proof.  We construct a polynomial-time reduction from a special case of the well-known 1-In-3 Satisfiability problem, 
which is a variant of the 3-Satisfiability problem, where it is asked whether there is an assignment of Boolean values to 
variables, such that exactly one of the literals in each clause is true. Moore and Robson in [37] showed NP-completeness 
of the 1-In-3 Satisfiability problem in the case, when

(a) a conjunctive normal form Φ is defined over variables x1, x2, . . . , xn and consists of clauses C1, C2, . . . , Cn, n is 
divided by 3;

(b) each clause consists of three distinct variables without negations;
(c) each variable is included in exactly three clauses;
(d) the graph, whose vertices are clauses and variables, edges join clauses and the variables that they contain, is planar.

This special case of the 1-In-3 Satisfiability problem is called the Cubic Planar Monotone 1-In-3 Satisfiability problem.
Let Φ be a conjunctive normal form from an instance of the Cubic Planar Monotone 1-In-3 Satisfiability problem. We 

construct a bipartite tournament T  as follows. For each variable xi, i ∈ [n], which is included in three clauses, say Cp, Cq, 
and Cr , where p < q < r , we create a bipartite tournament Li, see Fig.  5, with parts Ui = {aip, c

i
p, a

i
q, c

i
q, x

i, air , c
i
r} and 

Wi = {bip, d
i
p, b

i
q, d

i
q, b

i
r , d

i
r}. Vertices of this tournament are sequentially arranged one after another as depicted in Fig.  5. 

The tournament Li includes exactly 4 backward arcs, i.e., arcs from right to left, which are ℓi1 = (dip, a
i
p), ℓ

i
2 = (diq, a

i
q), ℓ

i
3 =

(dir , a
i
r ), ℓ

i
4 = (dir , a

i
p). All the remaining undepicted arcs between vertices of Ui and vertices of Wi are arcs from left to 

right.
We put together the bipartite tournaments L1, L2, . . . , Ln into one bipartite tournament L with parts X = U1 ∪ U2 ∪

· · · ∪ Un and Y = W1 ∪ W2 ∪ · · · ∪ Wn. To this end, we arrange L1, L2, . . . , Ln one after another in the natural order. Let 
us consider two arbitrary tournaments Li and Lj, i < j. Arcs between these tournaments are defined from left to right, 
i.e., from Li to Lj. In other words, L is the concatenation of L1, L2, . . . , Ln with arcs from Li to Lj, i < j.

For each clause Cp, p ∈ [n], we create two new vertices C1
p  and C2

p . We add new vertices C1
1 , C2

1 , C1
2 , C2

2 , C1
3 , C2

3 , . . . , C1
n , C2

n
to the end of L. After this, we add arcs in order to obtain a bipartite tournament T  with parts A = X ∪ {C2

1 , C2
2 , . . . , C2

n }

and B = Y ∪{C1
1 , C1

2 , . . . , C1
n }. Add the arc (C1

p , C2
p ), for each p ∈ [n]. For each pair of indices p, q ∈ [n], such that p < q, we 

add the arcs (C1
p , C2

q ) and (C2
p , C1

q ). For each clause Cp = (xi ∨ xj ∨ xk), p ∈ [n], and i < j < k, add the three backward arcs 
hi
p = (C2

p , bip), h
j
p = (C2

p , bjp), hk
p = (C2

p , bkp), see Fig.  6, and all the remaining possible arcs from vertices of L1, L2, . . . , Ln to 
the vertices C1

p  and C2
p .

Claim 6.  There is an assignment of Boolean values to x1, x2, . . . , xn, such that in each clause Cp, p ∈ [n] exactly one of its 
variables is true if and only if there are at least 10n3  mutually vertex-disjoint 4-cycles of T .

Proof. Let us consider an assignment of Boolean values to x1, x2, . . . , xn, such that exactly one of its variables in each 
clause Cp, p ∈ [n] is true. Let us construct a set S of mutually vertex-disjoint 4-cycles of T . Initially, we put S = ∅. Let xi
be an arbitrary variable, i ∈ [n]. This variable is exactly included in three clauses, say Cp, Cq, and Cr , where p < q < r . The 
considered variable x  corresponds to a sub-tournament L  of T , see Fig.  7.
i i
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Fig. 6. A fragment of the tournament T .

Fig. 7. A fragment of the tournament T .

If the value of xi is true, then add to S the 4-cycle on bip, c ip, C1
p , C2

p , the 4-cycle on biq, c iq, C1
q , C2

q , the 4-cycle on 
bir , c

i
r , C

1
r , C2

r , and the 4-cycle on aip, diq, xi, dir . Otherwise, add to S the 4-cycles on

aip, b
i
p, c

i
p, d

i
p; aiq, b

i
q, c

i
q, d

i
q; air , b

i
r , c

i
r , d

i
r .

Having this done for each variable xi, i ∈ [n], one after another, we will obtain the set S of mutually vertex-disjoint 
4-cycles of T , such that |S| = 4 ·

n
3 + 3 ·

2n
3 =

10n
3 .

If a = (u, v) is an arc of T , then u is the initial vertex and v is the terminal vertex of a. Let S be a set of mutually 
vertex-disjoint 4-cycles of T , such that |S| ≥

10n
3 . Without loss of generality, we may assume that S is a set of maximum 

cardinality. Let X be the set of arcs hi
p, which are in S , where i, p ∈ [n]. Our aim is to transform S without decreasing 

its size, so that each 4-cycle from the set, having hi
p ∈ X , satisfies the following condition (C1): it contains c ip and C1

p . We 
consider all the arcs from X in the increasing lexicographical order of (i, p). The terminal vertices of arcs from X form an 
increasing sequence.

Let us consider arcs from X in the aforementioned lexicographical order, starting from the first arc. Let hi
p ∈ X and 

C ∈ S be the 4-cycle with the arc hi
p. If it contains c ip and C1

p , then we do nothing. Otherwise, we correct 4-cycles from S , 
such that C will satisfy the condition (C1).

Assume that c ip is included in C ′
∈ S and C ′

̸= C . As c ip is not contained in any backward arc of T  and there are no two 
backward arcs of T , such that the initial vertex of one arc is the terminal vertex of another arc, the 4-cycle C ′ contains 
exactly one backward arc of T , namely the backward arc ℓi4. Let us focus on C ′ and hi

p. Fig.  8 illustrates the only four 
possible cases of their mutual location:

In any case, xi is either not included in any 4-cycle from S or included in C . Indeed, let us consider the situation, in 
which xi belongs to a 4-cycle from S. As xi is not contained in any backward arcs of T , the 4-cycle from S with xi contains 
exactly one backward arc, namely an arc hj

q ∈ X , such that its terminal vertex is at most the terminal vertex of hi
p. It 

means that j ≤ i and q ≤ p, if j = i. The cases j < i and j = i, q < p are not possible, since the 4-cycle from S with hj
q

contains c jq and C1
q , not the vertex xi. Hence, i = j and q = p. Consequently, hi

p = hj
q and xi is contained in C .

If xi does not belong to C , then we replace c ip by xi in C ′. After this, c ip is not involved in any 4-cycle from S. Assume 
that xi is in C . Then, we exchange xi and c ip in C and C ′. After this, c ip belongs to C . So, we may assume that either c ip
belongs to C or it does not belong to any 4-cycle from S.
189



O. Duginov, D. Malyshev and D. Mokeev Discrete Applied Mathematics 373 (2025) 179–195
Fig. 8. The four possible cases for mutual location of C ′ , depicted by bold lines, and hi
p .

Assume that the vertex C1
p  is contained in a 4-cycle C ′

∈ S and C ′
̸= C . As C1

p  is not contained in any backward arc of 
T , the cycle C ′ contains exactly one backward arc of T , which is an arc hi1

p1 ∈ X, p1 > p. Similarly, if C1
p1  is contained in 

a 4-cycle from S , then this 4-cycle contains a single backward arc hi2
p2 ∈ X, p2 > p1. If C1

p2  is contained in a 4-cycle from 
S , then this 4-cycle contains a single backward arc hi3

p3 ∈ X, p3 > p2 and so on. Thus, we obtain a sequence of indices 
p = p0 < p1 < p2 < · · · < pm, such that

(a) for each k ∈ [m], there is a 4-cycle from S , which contains the vertex C1
pk−1

, the arc hik
pk = (C2

pk , b
ik
pk ) and, as a 

consequence, the arc (C1
pk−1

, C2
pk );

(b) the vertex C1
pm  is not contained in any 4-cycle from S.

The latter condition follows from the fact that any 4-cycle of T  with an arc hi
p ∈ X contains at most one vertex 

C1
q , q ∈ [n]. Finally, we reconstruct all the 4-cycles from S as follows. For each k ∈ [m], we replace C1

pk−1
 by C1

pk  in the 
4-cycle from S , which contains C1

pk−1
. After this, C1

p  is not included in any 4-cycle from S . So, we may assume that either 
C1
p  belongs to C or it does not belong to any 4-cycle from S
Now, replace the two vertices of C , different from bip and C2

p , by c ip and C1
p  (if necessary). Having done this transformation 

for each arc hi
p ∈ X , one after another, we obtain the set S , such that each its 4-cycle, containing hi

p, satisfies the condition 
(C1). Thus, each 4-cycle from S with an arc hi

p ∈ X consists of bip, c ip, C1
p , C2

p . Note that any other 4-cycle from S is located 
inside its Li, i ∈ [n].

We will transform S of mutually vertex-disjoint 4-cycles into a set S ′ of mutually vertex-disjoint 4-cycles without 
decreasing its size. For each variable xi, i ∈ [n], that is included in 3 clauses, say Cp, Cq, and Cr , the set S ′ will contain

(a) the three 4-cycles of a sub-tournament Li: on aip, bip, c ip, dip, on aiq, biq, c iq, diq, and on air , bir , c ir , dir ;
or
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(b) the four 4-cycles: on bip, c ip, C1
p , C2

p , on biq, c iq, C1
q , C2

q , on bir , c ir , C1
r , C2

r , and on aip, diq, xi, dir .
Put S ′

= ∅. Let us consider an arbitrary variable xi, i ∈ [n], which is simultaneously included in clauses Cp, Cq, and 
Cr . This variable corresponds to a sub-tournament Li of T , see Fig.  7. The backward arcs hi

p, h
i
q, and hi

r  enter the vertices 
bip, b

i
q, and bir , respectively. The only following five cases are possible:

Case  1. None of the arcs hi
p, h

i
q, and hi

r  is contained in 4-cycles from S. In this case, the set S contains all the three 
4-cycles, pointed out in a), otherwise, S is not a maximum-cardinality set of mutually vertex-disjoint 4-cycles of T . Add 
these three cycles to S ′.

Case  2. All the arcs hi
p, h

i
q, and hi

r  are contained in 4-cycles from S. In this case, S contains all the 4 cycles, pointed 
out in (b). Add these four cycles to S ′.

Case  3. Exactly one of the arcs hi
p, h

i
q, and hi

r  is contained in 4-cycles from S . It is easy to check that S contains at most 
three 4-cycles, whose vertex sets are subsets of V (Li) ∪ {C1

p , C2
p , C1

q , C2
q , C1

r , C2
r }. Add to S ′ the three 4-cycles, pointed out 

in a).
Case  4. There are a 4-cycle C1 ∈ S , containing hi

q, and a 4-cycle C2 ∈ S , containing hi
p or hi

r . It is easy to check that S
contains at most one 4-cycle, located in Li. Add to S ′ the three 4-cycles, pointed out in a).

Case  5. There are a 4-cycle C1 ∈ S , containing hi
p, and a 4-cycle C2 ∈ S , containing hi

r . It is easy to check that S contains 
at most one 4-cycle, located in Li. Add to S ′ the three 4-cycles, pointed out in a).

Having this transformation done for each variable xi, i ∈ [n], we obtain the set S ′ of mutually vertex-disjoint 4-cycles 
of T , such that |S ′

| ≥ |S| and, for each variable xi, i ∈ [n], which is included in three clauses, say Cp, Cq, and Cr , the set S ′

contains either three 4-cycles from a) or four 4-cycles from b).
For any i ∈ [n], assign xi = true if S ′ contains four 4-cycles from b) and xi = false if S ′ contains three 4-cycles from a). 

Let us denote the number of variables with the true value by k. We obtain that

4k + 3(n − k) = |S ′
| ≥ |S| ≥

10n
3

and, as a consequence of this, k ≥
n
3 . As k ≥

n
3  and S ′ consists of mutually vertex-disjoint 4-cycles, each pair of vertices 

C1
p  and C2

p , p ∈ [n], is contained in a 4-cycle from S ′ and, as a consequence of this, exactly one of the variables from each 
clause Cp, p ∈ [n], is true.

The bipartite tournament T  can be constructed in polynomial time. This completes the proof. □

Corollary 1.  The Induced P4-Packing problem is NP-complete for split graphs.

4. The computational complexity of the Pk-Partition / Induced Pk-Partition problems, restricted to chordal graphs

Now, we study the computational complexity of the Pk-Partition / Induced Pk-Partition problems, restricted to 
chordal graphs. NP-completeness of the P3-Partition problem for chordal graphs is proved in [10]. We extend this result 
to arbitrary k.

Theorem 11.  For each fixed integer k ≥ 4, the Pk-Partition problem is NP-complete for chordal graphs.

Proof.  Suppose that k ≥ 5. As the class of split graphs is a subclass of the chordal graphs class and the Pk-Partition
problem for split graphs is NP-complete, the Pk-Partition problem remains NP-complete for chordal graphs as well. 
Hence, it remains to prove the statement for k = 4. We slightly modify the reduction from the 3-Dimensional Matching
problem to the P3-Partition problem, restricted to chordal graphs from [10, p. 332]. Let (X, Y , Z, C) be an instance of 
the 3-Dimensional Matching problem, where X, Y , and Z are pairwise disjoint sets, such that |X | = |Y | = |Z | = n and 
C ⊆ X × Y × Z . Let us construct a graph G as follows (similar to [10, p. 332]):

(a) for each element e ∈ X ∪ Y ∪ Z , add a pair of adjacent vertices ue and u′
e;

(b) for each triple t = (x, y, z) ∈ C, add three vertices vt
x, v

t
y, v

t
z and connect by edges vt

x with vt
y and ux, vt

z with vt
y and 

uz , vt
y with ux and uy, uz ;

(c) add an edge between any two distinct vertices of the set {ue : e ∈ X ∪ Y ∪ Z}.

The graph G is chordal, see [10, p. 332]. In addition, we add to G the following elements:

(d) a new vertex vt and the edge {vt , vt
x}, for each triple t = (x, y, z) ∈ C;

(e) a new vertex u′′
e  and the edge {u′′

e , u
′
e}, for each element e ∈ Y ∪ Z .

We denote the obtained graph by H . Clearly, the graph H is chordal. We show that there is a 3d-matching M ⊆ C of size 
n if and only if the graph H admits a P4-factor.

Suppose that M ⊆ C is a 3d-matching of size n. We construct a P4-factor S of H . Initially, we put S = ∅. For each triple 
t ∈ C \M, we form the 4-path Pt , induced by {vt , vt

x, v
t
y, v

t
z}, and add it to S. For each triple t = (x, y, z) ∈ M, we form the 

4-path St , induced by {vt , vt
x, ux, u′

x}, the 4-path Qt , induced by {vt
y, uy, u′

y, u
′′
y}, the 4-path Rt , induced by {vt

z, uz, u′
z, u

′′
z }, 

and add them to S. It is easy to see that S is a P -factor of H .
4
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Conversely, now suppose that S is a P4-factor of H .

Claim 7.  For each triple t = (x, y, z) ∈ C, the set S contains the 4-path Z t
1 on vt , vt

x, ux, u′
x or the 4-path Z t

2 on vt , vt
x, v

t
y, v

t
z .

Proof. Let T  be the 4-path from S , containing vt . As vt is adjacent to the single vertex vt
x, the second vertex of T  is vt

x. The 
third vertex of T  can be only ux or vt

y. Let us consider the following two cases (note that the fourth vertex of T  cannot be 
ux):

Case 1. Let the third vertex of T  be ux. The fourth vertex of T  is u′
x, otherwise, u′

x is not contained in any 4-path from 
S. In this case, T = Z t

1.
Case 2. Let the third vertex of T  be vt

y. The fourth vertex of T  cannot be the vertex uy, otherwise, neither u′
y nor u′′

y  is 
contained in any 4-path from S , and the vertex uz , otherwise, neither u′

z nor u′′
z  is contained in any 4-path from S. Hence, 

the fourth vertex of T  is vt
z . The fourth vertex of T  cannot be the vertex ux, otherwise, u′

x is not contained in any 4-path 
from S. Hence, the fourth vertex of T  is vt

z . In this case, T = Z t
2. ♦

Claim 8.  If a 4-path from S contains a vertex from {u′′
y : y ∈ Y } ∪ {u′′

z : z ∈ Z}, then this 4-path contains a vertex from 
{vt

y : t ∈ C, y ∈ Y } ∪ {vt
z : t ∈ C, z ∈ Z} as well.

Proof. Let T ∈ S be the 4-path, containing a vertex u′′
y , for some y ∈ Y . For the case of a vertex u′′

z , z ∈ Z , a proof is similar. 
As u′′

y  is adjacent to the single vertex u′
y, the second vertex of T  is u′

y. The third vertex of T  is uy. The fourth vertex of T
cannot be a vertex ux, x ∈ X , otherwise, u′

x is not contained in any 4-path from S , a vertex uy′ , y′
∈ Y , otherwise, neither 

u′

y′  nor u′′

y′  is contained in any 4-path from S , a vertex uz , z ∈ Z , otherwise, neither u′
z nor u′′

z  is contained in any 4-path 
from S. Hence, the fourth vertex of T  is vt

y, for some t ∈ C, such that y is included in t . ♦
Let x ∈ X be an arbitrary element. Let us consider the 4-path Px ∈ S , containing u′

x. As u′
x is adjacent to the single 

vertex ux, the second vertex of Px is ux. The third vertex of Px cannot be vt
y, for each triple t ∈ C, such that x is included 

in t , otherwise, vt
x, for some t ∈ C, is not contained in any 4-path from S. Similarly, any of the vertices uy, y ∈ Y  and uz , 

z ∈ Z cannot be the third vertex of Px. The third vertex of Px cannot be ux′ , for any x′
∈ X . Indeed, let us suppose that 

some vertex ux′ , x′
∈ X is the third vertex of Px. In this case, the fourth vertex of Px is u′

x′ . By Claim  7, we have Z t
1 ∈ S or 

Z t
2 ∈ S , for each triple t ∈ C. As Px ∈ S , we have 

|{t ∈ C : Z t
1 ∈ S}| ≤ |X | − 2 = n − 2. (1)

Let us consider the set F = {vt
y : t ∈ C, y ∈ Y } ∪ {vt

z : t ∈ C, z ∈ Z}. Let F ′
⊆ F  be the set of all the vertices that are 

contained in 4-paths from S , which contain at least one of vertices from {u′′
y : y ∈ Y } ∪ {u′′

z : z ∈ Z}. Let us observe that 
each 4-path from S contains at most one element of {u′′

y : y ∈ Y } ∪ {u′′
z : z ∈ Z}. Claim  8 implies 

|F ′
| ≥ |Y | + |Z | = 2n. (2)

On the other hand, if a vertex vt
y or vt

z (t ∈ C, y ∈ Y , z ∈ Z) is included in F ′, then t ∈ C, such that Z t
1 ∈ S. Taking into 

account (1), we obtain
|F ′

| ≤ 2 · |{t ∈ C : Z t
1 ∈ S}| ≤ 2(n − 2),

which is a contradiction with (2). Consequently, the third vertex of Px is vt
x, for some t ∈ C, such that x is included in t . 

Let us consider this triple t = (x, y, z) ∈ C. As vt is adjacent to the single vertex vt
x, the fourth vertex of Px is vt . Thus, Px

is the subgraph of H , induced by {u′
x, ux, v

t
x, v

t
}. It is not hard to see that vt

y can only be an end-vertex of a 4-path Qx ∈ S , 
otherwise, u′′

y  or u′′
z  is not contained in any 4-path from S. The second vertex of Qx cannot be the vertex uz , otherwise, 

vt
z is not contained in any 4-path from S and the vertex vt

z , otherwise, u′′
z  is not contained in any 4-path from S. Hence, 

the second vertex of Qx is uy. The third vertex of Qx is u′
y, otherwise, u′

y is not contained in any 4-path from S. The fourth 
vertex of Qx is u′′

y , otherwise, u′′
y  is not contained in any 4-path from S. The vertex vt

z is an end-vertex of some 4-path 
Rx ∈ S. The second vertex of Rx is uz . The third vertex of Rx is u′

z , otherwise, u′
z is not contained in any 4-path from S. 

The fourth vertex of Rx is u′′
z , otherwise, u′′

z  is not contained in any 4-path from S.
Now, let us construct a 3d-matching M ⊆ C. Initially, we put M = ∅. For each x ∈ X , we add a triple t ∈ C to M, 

such that the corresponding path Px contains vt
x. It is not hard to see that M is a 3d-matching of size n. This finishes the 

proof of this statement. □

Let us observe that all the paths in the latter proof are induced subgraphs of H . It works for the Induced P4-Partition
problem without any changes. This proof can be slightly modified for the Induced Pk-Partition problem and k ≥ 5 as 
follows. We add to H the following elements:

(f ) the path on new vertices wt
1, w

t
2, . . . , w

t
k−4 and the edge {vt , wt

1}, for each triple t ∈ C;
(g) the path on new vertices w1

y , w
2
y , . . . , w

k−4
y  and the edge {u′′

y , w
1
y }, for each element y ∈ Y ;

(h) the path on new vertices w1, w2, . . . , wk−4 and the edge {u′′, w1
}, for each element z ∈ Z .
z z z z z
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We denote the resulting graph by Γ . It is easy to see that Γ  is chordal. There is a 3d-matching M ⊆ C of size n if and 
only if Γ  admits a Pk-factor. The proof of this fact is similar to the corresponding reasonings from the proof of Theorem 
11.

Theorem 9 from [10, p. 332], claiming that the P3-Partition problem for chordal graphs is NP-complete, uses a 
polynomial-time reduction from the 3-Dimensional Matching problem with a graph G, constructed by C as follows:

(a) for each element e ∈ X ∪ Y ∪ Z , add a pair of adjacent vertices ue and u′
e;

(b) for each triple t = (x, y, z) ∈ C, add three vertices vt
x, v

t
y, v

t
z and connect by edges vt

x with vt
y and ux, vt

z with vt
y and 

uz , vt
y with ux and uy, uz ;

(c) add an edge between any two distinct vertices of the set {ue : e ∈ X ∪ Y ∪ Z}.

It was shown in the proof of Theorem 9 from [10, p. 332] that if M ⊆ C is a 3d-matching, then⋃
(x,y,z)̸∈M

{(vt
x, v

t
y, v

t
z)} ∪

⋃
(x,y,z)∈M

{(u′

x, ux, v
t
x), (u

′

y, uy, v
t
y), (u

′

z, uz, v
t
z)}

is a P3-factor of G. This is an induced P3-factor. Otherwise, it was also shown there that any P3-factor of G has the 
mentioned form (hence, it is induced), for some M′

⊆ C, meaning that M′ is a 3d-matching. Hence, the proof of Theorem 
9 from [10, p. 332] also works for the Induced P3-Partition problem, restricted to chordal graphs.

Therefore, we obtain the following result:

Theorem 12.  For each fixed k ≥ 3, the Induced Pk-Partition problem is NP-complete for chordal graphs.

5. The computational complexity of the Pk-Partition / Induced Pk-Partition problems, restricted to line graphs of 
planar bipartite graphs

Theorem 13.  For each fixed k ≥ 3, the Induced Pk-Partition problem is NP-complete for line graphs of planar bipartite 
graphs.

Proof.  To prove this statement, we need the Edge Pk+1-Partition problem: Given a graph, the problem is to decide 
whether its edge set can be partitioned into subsets, each generating Pk+1. Namely, we construct a polynomial-time 
reduction from this problem, restricted to planar bipartite graphs, which is known to be NP-complete [17]. Let G be 
an arbitrary planar bipartite graph. Clearly, any subgraph of G, isomorphic to Pk+1, corresponds to an induced subgraph 
of L(G), isomorphic to Pk, and vice versa. It establishes the one-to-one correspondence between partitions of E(G) into 
subsets, each generating Pk+1, and partitions of L(G) into its induced subgraphs, each isomorphic to Pk. This fact gives the 
desired reduction, finishing the proof. □

Theorem 14.  For each fixed k ≥ 5, the Pk-Partition problem is NP-complete for line graphs of planar bipartite graphs.

Proof.  Let G = (V , E) be an arbitrary graph. A u, v-walk of G is a restricted s-walk, where s ≥ 3, if the following conditions 
are simultaneously true:

(a) the walk contains exactly s distinct edges of G;
(b) each edge of G is included into the walk at most twice;
(c) if e1 and e2 are arbitrary edges of the walk with e1 = e2, then e1 and e2 are consecutive in the walk;
(d) the vertices u and v are not necessarily distinct.
It is not hard to see that any restricted k-walk of G corresponds to a subgraph of L(G), isomorphic to Pk, and vice 

versa. Consequently, the Pk-Partition problem for line graphs is polynomial-time equivalent to the Restricted k-Walk 
Partition problem: Given a graph, the problem is to decide whether its edge set can be partitioned into restricted k-walks. 
It remains only to show NP-completeness of the latter problem, restricted to planar bipartite graphs for k ≥ 5.

The needed polynomial-time reduction (between a version of the 3-Dimensional Matching problem and the Edge
Pk+1-Partition problem) is presented in [17, p. 150]. Let us describe it in detail. The 3-Dimensional Matching problem, 
defined on disjoint n-element sets X, Y , Z and a subset C ⊆ X × Y × Z , remains NP-complete for instances, for which the 
bipartite graph GC with parts X ∪ Y ∪ Z and C and edge sets 

⋃
t=(x,y,z)∈C{{x, t}, {y, t}, {z, t}} is planar [18]. Fix an instance 

C and choose any naturals r, b, l with r, b, l < k
2  and r +b+ l = k. For any t = (x, y, z) ∈ C, change the 3-star on {t, x, y, z}

in GC as it is shown in the following Fig.  9:
Notice that, for any v ∈ {x, y, z}, a set of dv −1 independent Plv+1 has been attached to v, where dv is the degree of v in 

GC and lv = r (v = x)∨ lv = b (v = y)∨ lv = l (v = z). Arguing similarly (e.g., considering restricted k-walks, starting from 
the gadget pendant vertices) to the proof from [17, p. 150] (which shows that G has an edge Pk+1-partition if and only if 
C has a 3d-matching), one can verify that any restricted k-walk partition of G must be some its edge Pk+1-partition. Thus, 
the presented reduction works for the Restricted k-Walk Partition problem, showing its NP-completeness for planar 
bipartite graphs. This finishes the proof of this theorem. □
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Fig. 9. The local transformation of the 3-star.

The computational status of the Pk-Partition problem for line graphs of planar bipartite graphs is open for k ∈ {3, 4}. 
Let us consider the case of k = 3. In this case, restricted 3-walks of a graph induce subgraphs, isomorphic to K1,3 or P4
or K3. As the problem of partitioning the edge set of a given graph into subgraphs, each isomorphic to K1,3 or P4 or K3, is 
NP-complete [28], the P3-Partition problem is NP-complete for line graphs.

6. Conclusion and further work

In this paper, we considered and clarified the computational complexity of partitioning the vertex set of a given 
graph into (induced) subgraphs, each isomorphic to a path of order k in the following graph classes: planar bipartite 
(H1,H2, . . . ,Hℓ)-free graphs with large girth and maximum degree 3, split graphs, chordal graphs, line graph of planar 
bipartite graphs, see Table  1. Some of these results resolve known open problems. There are several open questions, which 
were not answered in this paper, for future research. What is the computational complexity of the Induced P4-Partition
problem for split graphs? What is the computational complexity of the Pk-Partition problem for line graphs of planar 
bipartite graphs and k ∈ {3, 4}? It would be also interesting to clarify the complexity status of both problems for other 
graph classes, for example, for grid graphs, unit interval graphs, interval graphs, cographs, see Table  1 as well.
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