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The present paper is devoted to the study of the dynamics of mappings commuting with
pseudo-Anosov surface homeomorphisms. It is proved that the centralizer of a pseudo-Anosov
homeomorphism P consists of pairwise nonhomotopic mappings, each of which is a composi-
tion of a power of the pseudo-Anosov mapping and a periodic homeomorphism. For periodic
mappings commuting with P , it is proved that their number is finite and does not exceed the
number NP , which is equal to the minimum among the number of all separatrices related to
saddles of the same valency of P -invariant foliations. For a periodic homeomorphism J lying
in the centralizer of P , it is also shown that, if the period of a point is equal to half the pe-
riod of the homeomorphism J , then this point is located in the complement of the separatrices
of saddle singularities. If the period of the point is less than half the period of J , then this
point is contained in the set of saddle singularities. In addition, it is proved that there exists
a monomorphism from the group of periodic maps commuting with a pseudo-Anosov home-
omorphism to the symmetric group of degree NP . Each permutation from the image of the
monomorphism is represented as a product of disjoint cycles of the same length. Furthermore,
it is deduced that a pseudo-Anosov homeomorphism with the trivial centralizer exists on each
orientable closed surface of genus greater than 2. As an application of the results related to
the structure of the centralizer of pseudo-Anosov homeomorphisms to their topological classi-
fication, it is proved that there are no pairwise distinct homotopic conjugating mappings for
topologically conjugated pseudo-Anosov homeomorphisms.
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Introduction

Let f : Mn → Mn be a homeomorphism on a topological manifold Mn of dimension n.
Denote by Z(f) = {g : Mn →Mn | gf = fg} the centralizer of f (a set of all homeomorphisms
on Mn commuting with f). The centralizer Z(f) of f : Mn → Mn is called trivial if Z(f) =
= {fn | n ∈ Z}.

It is important to know the structure of the centralizer for a homeomorphism f : Mn →Mn,
as an example, for projecting f onto a topological space Mn/G by the natural projection
pG : Mn →Mn/G, where G is an infinite cyclic group of homeomorphisms with a genera-
tor g : Mn → Mn acting freely and dicontinuously on Mn. If g ∈ Z(f), then the projec-

tion f̃ : Mn/G → Mn/G of f : Mn → Mn onto Mn/G by the formula f̃(w) = pG
(
f
(
p−1G (w)

))

is a homeomorphism. Such constructions are used for realization of maps in some topological
conjugacy classes of maps (see, for example, [1, 2]). Another application of mapping centralizers
is the study of foliations (see, for example, [3, 4]). In particular, maps with the trivial centralizer
are used for construction of structurally stable foliations (see, for example, [5]). Furthermore, the
topological classification of mappings for some classes of dynamical systems requires knowledge
of the structure of their centralizer (see, for example, [6]).

In 1967, S. Smale in his review [7] formulated the problem of describing the centralizer of an
arbitrary diffeomorphism on a compact manifoldMn. At present, a significant number of results
on this problem have been obtained. For example, N.Kopell [8] proved that there is an open and
dense subset of circle diffeomorphisms in the space C2 with the trivial centralizer. D. Palis and
D.Yoccoz [9] proved that on a compact smooth manifold Mn the set of diffeomorphisms with
the trivial centralizer is everywhere dense in the set of structurally stable (satisfying axiom A
and the strong transversality condition) C∞-diffeomorphisms with a periodic sink (source). At
the same time, for C1-diffeomorphisms on every compact manifold Mn, C.Bonatti, S. Crovisier,
J.Vago, and G.M.Wilkinson in [10] constructed a nonempty open set of mappings containing
a dense subset of diffeomorphisms with a nontrivial centralizer. D.Damjanovic, A.Wilkinson
and D.Xu in [11] proved that the C∞-centralizer of a partially hyperbolic diffeomorphism of
a nilmanifoldM3 �= T

3 contains a normal subgroup which is isomorphic to either Z or Z×(R/Z).

In 1998 R.V.Plykin [12] proved that the centralizer of an Anosov diffeomorphism of an

n-dimensional torus is isomorphic to the direct product Z
l ⊕ F , l ∈ N, where F is a finite

commutative group. In particular, in the case of a two-dimensional torus, the centralizer of an
Anosov diffeomorphism is isomorphic to the group Z⊕Z2 and consists of powers of some Anosov
diffeomorphism and their superposition with a periodic map of period 2.

Throughout this paper, M2 is understood to be a closed orientable surface of genus greater
than one.

A generalization of Anosov diffeomorphisms of a two-dimensional torus to surfaces of genus
greater than one are pseudo-Anosov homeomorphisms (see the precise definitions in the sec-
tion 1). A homeomorphism P : M2 →M2 is called a pseudo-Anosov map with dilatation λ > 1
if on the surface M2 there exists a pair of P -invariant measured transverse foliations (Fs

P , μ
s),

(Fu
P , μ

u) with a set of saddle singularities SP such that each saddle singularity from SP has at

least three separatrices and μs(P (α)) = λμs(α)
(
μu(P (α)) = λ−1μu(α)

)
for any arc α transverse

to the foliation FSP (Fu
P ).

In 1982, J. D.McCarthy published a preprint [13], in which he proved a theorem stating
that the centralizer of a pseudo-Anosov homeomorphism of a surface is a finite extension of an
infinite cyclic group.
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The present paper is devoted to the study of dynamical properties of mappings commuting
with pseudo-Anosov homeomorphisms and the structure of the group that they form.

For q ∈ N, we denote by bq the number of singular points of valency q of invariant foliations

of a pseudo-Anosov homeomorphism P . The sequence BP = {bq : q ∈ N} is called the singular
type of P . Since the sequence BP contains only a finite number of nonzero elements, for brevity
we will further indicate only the nonzero elements of this sequence. We denote the smallest
number of separatrices related to saddles of the same valency by

NP = min
bq∈BP

{qbq}.

A homeomorphism f : M2 →M2 is called periodic if there exists n ∈ N such that fn = id.
The least such n is called the period of f . Let us denote by ZPer(P ) the subset of all periodic
homeomorphisms of the set Z(P ) (since the set Z(P ) contains the identity homeomorphism idM2 ,
the set Z(P ) is nonempty) and by |ZPer(P )| the cardinality of the set ZPer(P ).

By Sn we denote the symmetric group of degree n ∈ N.

Theorem 1. Let P : M2 →M2 be a pseudo-Anosov homeomorphism. Then the following
statements are true:

1) the homeomorphism J ∈ Z(P ) is either a pseudo-Anosov or periodic homeomorphism;

2) ZPer(P ) is a normal subgroup of Z(P );

3) |ZPer(P )| � NP ;

4) there is a monomorphism ζP : ZPer(P ) → SNP
such that

ζP (J) = (a11 . . . a1n) · · · (am1 . . . amn) ∈ SNP
,

where n is a period of J ∈ ZPer(P ) and mn = NP ;

5) if J ∈ ZPer(P ) is a homeomorphism of period n, then n divides qbq for each bq ∈ BP ;

6) a homeomorphism J ∈ Z(P ) has the form J = piι, where p is the pseudo-Anosov homeo-
morphism with the singular type Bp = BP , i ∈ Z and ι ∈ ZPer(P ).

Let f : M2 → M2 be a periodic homeomorphism of period n. A point x ∈ M2 is called
a point of period k ∈ N if k is the smallest natural number such that fk(x) = x. It is easy to

check that k divides n. Hence, k � n
2 . We denote by Qk

f the set of all points of period k and

set Qf =
⋃

1�k�n/2

Qk
f .

Let P : M2 → M2 be a pseudo-Anosov homeomorphism. We recall that SP is the set of
saddle singularities of the foliations Fs

P , Fu
P , and denote by LP the set of all separatrices of

saddle singularities for these foliations (note that LP ∩ SP = ∅).

Theorem 2. Let P : M2 →M2 be a pseudo-Anosov homeomorphism and J ∈ ZPer(P ) is
a homeomorphism of period n. Then the following statements are true:

1) if J reverses the orientation ofM2 and n = 2(2m−1), m ∈ N, then Q
n/2
J = ∅ and QJ ⊂ SP ;

2) if J reverses the orientation of M2 and n = 4m, m ∈ N, then Q
n/2
J ⊂

(
M2 \ LP

)

and Qk
J ⊂ SP for any k < n

2 ;
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3) if J preserves the orientation of M2 and n = 2m− 1, m ∈ N, then QJ ⊂ SP ;

4) if J preserves the orientation of M2 and n = 2m, m ∈ N, then Q
n/2
J ⊂

(
M2 \ LP

)

and Qk
J ⊂ SP for any k < n

2 .

Theorem 3. Each closed orientable surface of genus g � 3 admits a pseudo-Anosov home-
omorphism with the trivial centralizer.

Theorem 4. Let P : M2 → M2 be a pseudo-Anosov homeomorphism. If the homeomor-
phism J1 ∈ Z(P ) is homotopic to the homeomorphism J2 ∈ Z(P ), then J1 = J2.

Corollary. Let P1, P2 : M
2 → M2 be pseudo-Anosov homeomorphisms and there exist

homeomorphisms H1, H2 : M
2 → M2 such that H1P1 = P2H1, H2P1 = P2H2. If the homeo-

morphism H1 is homotopic to the homeomorphism H2, then H1 = H2.

1. Main definitions and auxiliary statements

This section contains main definitions and auxiliary statements used in the paper.
A family F = {Li : i ∈ I} of path-connected subsets of a topological manifold Mn of

dimension n is called a k-dimensional foliation if it satisfies the following three conditions:

• Li ∩ Lj = ∅ for any i, j ∈ I such that i �= j;

•
⋃

i∈I
Li =Mn;

• for any point x ∈ Mn one can choose a local map (Ux, ϕx), x ∈ Ux, which we call the
local map of the foliation F , such that if Ux ∩ Li �= ∅, i ∈ I, then the path-connected
components of the set ϕx(Ux∩Li) have the form {(x1, x2, . . . , xn) ∈ ϕx(Ux); xk+1 = ck+1,

xk+2 = ck+2, . . . , xn = cn}, where the numbers ck+1, ck+2, . . . , cn are constant.

An element of a family F is called a leaf.
A foliation is called transitive on Mn if it contains a leaf that is everywhere dense on Mn.
A foliation F with a set of singularities S on a manifold Mn is a family of path-connected

subsets of Mn such that the family F \ S is a foliation of Mn \ S.
A foliation F is called invariant under the homeomorphism P : Mn → Mn (P -invariant)

if P maps a leaf of F to a leaf of F .
Throughout this paper, M2 is a closed orientable surface.
A foliation Wq, q ∈ N, on R

2 with a standard saddle singularity at O = (0, 0) and q sep-

aratrices is a foliation with a singularity set S = {O} on R
2 and nonsingular leaves defined by

the relation (x1+ ix2)
q = (t+ ic)2 if q is odd, and (x1+ ix2)

0.5q = t+ ic if q is even, where t ∈ R,
c = const. Rays l1, . . . , lq ∈Wq for which c = 0 are called separatrices of O (see Fig. 1).

A one-dimensional foliation F onM2 is called a foliation with saddle singularities if the set S
of singularities of F is a finite number of points s1, . . . , sc and for any point si, i ∈ {1, . . . , c},
there are a neighborhood Ui ⊂ M2, a homeomorphism ψi : Ui → R

2 and a number qi ∈ N

such that ψi(si) = O and ψi(F ∩ Ui) = Wqi
\ {O}. The leaf containing the curve ψ−1i (lj),

j ∈ {1, . . . , qi}, is called a separatrix of the point si. The point si is called a saddle singularity
with qi separatrices, or a singular point of valency qi.

Let F be a one-dimensional foliation with a set of singularities S on a manifold M2. By
an arc α on M2 we mean a continuous image of the segment [0, 1] (the interval (0, 1) or the
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Fig. 1. Foliation Wq on R
2 with a saddle singularity at O and q separatrices for q = 1, 2, 3, 4

half-interval [0, 1), (0, 1]) on M2. An arc without self-intersections α ⊂ M2 is transversal to
a foliation F if for every nonsingular point x ∈ α of F there exists a local chart (Ux, ϕx) of F
such that ϕx(α) = Ox2. Two one-dimensional foliations are called transverse to each other if
they have a common set of singularities and any arc of any leaf of one of them is transversal to
the other.

A transversal measure μ for a foliation F with saddle singularities on M2 is a real-valued
function that is defined on all arcs on M2 and has the following properties:

1) μ(α) � 0 for any arc α on M2;

2) μ(α) = 0 if and only if the arc α is completely contained in a leaf of the foliation F ;

3) if α1 ∩ α2 = ∅, then μ(α1 ∪ α2) = μ(α1) + μ(α2);

4) if α0 and α1 are two arcs transversal to F and connected by a homotopy F : [0, 1]× [0, 1] →
→ M2 such that F ([0, 1] × {0}) = α0, F ([0, 1] × {1}) = α1 and the arc F ({t} × [0, 1]),
t ∈ [0, 1], is contained in some leaf of the foliation F , then μ(α0) = μ(α1) (see Fig. 2).

Fig. 2. Curves α0 and α1 are connected by homotopy F

A pair (F , μ) consisting of a foliation F with saddle singularities and its transversal mea-
sure μ is called a measured foliation.

We recall that a homeomorphism P : M2 → M2 is called a pseudo-Anosov map with di-
latation λ > 1 if on the surface M2 there exists a pair of P -invariant measured transverse
foliations (Fs

P , μ
s), (Fu

P , μ
u) with a set of saddle singularities SP such that each saddle singu-

larity from SP has at least three separatrices and μs(P (α)) = λμs(α)
(
μu(P (α)) = λ−1μu(α)

)

for any arc α transverse to the foliation FSP (Fu
P ).
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Statement 1 (see [14, Lemma 3.1]). A homeomorphism P ′ that is topologically conju-
gate to a pseudo-Anosov homeomorphism P is also pseudo-Anosov. Moreover, the conjugating
homeomorphism maps singular points of the P -invariant foliations to singular points of the same
valency of the P ′-invariant foliations.

Statement 2 (see [14, Theorem 3.2]). The set of periodic points of a pseudo-Anosov
homeomorphism is everywhere dense on the surface.

Statement 3 (see [14, p. 42]). The dilatation of a pseudo-Anosov homeomorphism is
a topological invariant.

Statement 4 (see [14, Theorem 19.6]). The set of topological conjugacy classes of
pseudo-Anosov homeomorphisms of a fixed singular type with a dilatation bounded above is finite.

Let P : M2 → M2 be a pseudo-Anosov homeomorphism. For the point x ∈ M2 we de-
fine the stable W s(x) =

{
y ∈M2 : d (Pn(x), Pn(y)) → 0, n→ +∞

}
and unstable W u(x) =

=
{
y ∈M2 : d (Pn(x), Pn(y)) → 0, n→ −∞

}
manifolds of point x. The following fact follows

from the definition of pseudo-Anosov homeomorphism.

Statement 5. Let P be a pseudo-Anosov homeomorphism. Then the stable (unstable)
manifold of the point x /∈ SP is the leaf of the foliation Fs

P (Fu
P ) containing x. The stable

(unstable) manifold of the point x ∈ SP is the union of x and its separatrices of the folia-
tion Fs

P (Fu
P ).

A rectangle is a subset of Π ⊂M2 that is the image under the continuous mapping υ of the
square [0, 1]× [0, 1] into M2 with the following properties: υ is one-to-one on the interior of the
square and maps horizontal segments of the square into arcs of the leaves of Fs

P , and vertical

segments into arcs of the leaves of Fu
P . We denote by Π̇ the image of the interior of the square.

The images of the horizontal and vertical sides will be called the contracting and stretching sides
of the rectangle Π.

A Markov partition for a pseudo-Anosov homeomorphism P is a finite family of rectan-

gles Π̃ = {Π1, . . . , Πn} for which the following conditions are satisfied:

•
⋃

i
Πi =M2; Π̇i ∩ Π̇j = ∅ when i �= j;

• P (∂sΠ̃) ⊂ ∂sΠ̃ (P (∂uΠ̃) ⊃ ∂uΠ̃) for the union ∂sΠ̃ (∂uΠ̃) of all contracting (stretching)
sides of parallelograms Π1, . . . , Πn.

Statement 6 (see [15, Proposition 10.17]). A pseudo-Anosov homeomorphism has
a Markov-partition.

Statement 7 (see [14, Lemma 3.5]). Let P be a pseudo-Anosov homeomorphism
and lu (ls) be the separatrix of a saddle singularity of the foliation Fu

P (Fs
P ). Then for any

arc α of any leaf of the foliation Fs
P (Fu

P ) the intersection lu ∩α (ls ∩ α) consists of a countable
number of points, each of which is isolated in the inner topology lu (ls), i. e., the topology induced
by the immersion R → lu (R → ls).

Statement 8 (see [14, Exercise 3.3]). Each leaf of the foliations Fs
P and Fu

P of a pseudo-

Anosov homeomorphism P is everywhere dense on M2.

A foliation F is called uniquely ergodic if it admits a unique (up to multiplication by
a constant) transversal measure.
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Statement 9 (see [15, Theorem 12.1]). The foliations Fs
P and Fu

P of a pseudo-Anosov
homeomorphism P are uniquely ergodic.

Statement 10 (The Euler –Poincaré formula, [14, Theorem 5.4]). Let BP =

= {bq : q ∈ N} be the singular type of a pseudo-Anosov homeomorphism P : M2 → M2 on the

surface M2 of genus g. Then ∑

bq∈BP
(2− q)bq = 2(2 − 2g).

Statement 11 (see [16]). There exists a pseudo-Anosov homeomorphism of any singular
type allowed by the Euler –Poincaré formula except for the singular type {b3 = 1, b5 = 1}.

2. The structure of the centralizer of a pseudo-Anosov
homeomorphism

This section contains a proof of Theorem 1 divided into lemmas.

Lemma 1. Let P : M2 → M2 be a pseudo-Anosov homeomorphism with measured folia-
tions (Fs

P , μ
s), (Fu

P , μ
u). Then for any homeomorphism J ∈ Z(P ) the foliations Fu

P and Fs
P are

J-invariant and the homomorphism ηP : Z(P ) → R+ is well defined by the formula ηP (J) = ν,

where μs(J(α)) = νμs(α), μu(J(α)) = 1
νμ

u(α), α is an arc on M2.

Proof. Let P : M2 → M2 be a pseudo-Anosov homeomorphism with measured folia-
tions (Fs

P , μ
s), (Fu

P , μ
u) and J ∈ Z(P ). Since P = JPJ−1, the homeomorphism J maps

stable manifolds of the homeomorphism P to stable ones and unstable manifolds to unsta-
ble ones. Therefore, J (Fs

P ) = Fs
P and J (Fu

P ) = Fu
P . For the foliation Fs

P (Fu
P ), we define

a transversal measure μ̃s(α) = μs(J(α)) (μ̃u(α) = μu(J(α))), where α is an arc transverse to
the foliation Fs

P (Fu
P ). Since the foliations Fs

P , Fu
P are uniquely ergodic (Statement 9), there

exist numbers νs, νu ∈ R+ such that μ̃s = νsμs and μ̃u = νuμu. Thus, μs(J(α)) = νsμs(α),
μu(J(α)) = νuμu(α).

Since the pseudo-Anosov homeomorphism P has a Markov partition (see Proposition 6)
consisting of n ∈ N rectangles Π1, . . . , Πn, the measure μs⊗μu is well defined on each rectangle Πi

(i ∈ {1, . . . , n}) by the formula

μs ⊗ μu(Πi) = μs(αs,i)μ
u(αu,i) = μi,

where αs,i is the stretching side of the rectangle Πi and αu,i is the contracting side. Since the

foliations Fs
P , Fu

P are invariant under J , the set J(Πi) (i ∈ {1, . . . , n}) is also a rectangle with
measure

μs ⊗ μu(J(Πi)) = μs(J(αs,i))μ
u(J(αu,i)) = νsνuμi.

Thus,

μs ⊗ μu
(
M2

)
= μs ⊗ μu

(
⋃

i

Πi

)

=
∑

i

μi

and

μs ⊗ μu
(
J
(
M2

))
= μs ⊗ μu

(
⋃

i

(J(Πi))

)

= νsνu

(
∑

i

μi

)

.
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Since J
(
M2

)
=M2, we get

νsνu = 1.

Put νs = ν. Then μs(J(α)) = νμs(α), μu(J(α)) = 1
νμ

u(α). Thus, the mapping

ηP : Z(P ) → R+

is well defined by the formula
ηP (J) = ν,

where μs(J(α)) = νμs(α), μu(J(α)) = 1
νμ

u(α), α is an arc on M2.
Let J1, J2 ∈ Z(P ), ηP (J1) = ν1 and ηP (J2) = ν2, that is,

μs(J1(α)) = ν1μ
s(α), μu(J1(α)) =

1

ν1
μu(α),

μs(J2(α)) = ν2μ
s(α), μu(J2(α)) =

1

ν2
μu(α).

Then

μs(J1(J2(α))) = ν1μ
s(J2(α)) = ν1ν2μ

s(α),

μu(J1(J2(α))) =
1

ν1
μu(J2(α)) =

1

ν1ν2
μu(α).

Therefore, ηP (J1J2) = ηP (J1)ηP (J2), that is, ηP : Z(P ) → R+ is a homomorphism. �

Lemma 2. Let P : M2 → M2 be a pseudo-Anosov homeomorphism and J ∈ Z(P ). Then
the following statements hold :

1) ηP (J) �= 1 if and only if J is a pseudo-Anosov homeomorphism;

2) ηP (J) = 1 if and only if J is a periodic homeomorphism.

Proof. Let P : M2 →M2 be a pseudo-Anosov homeomorphism, J ∈ Z(P ) and ηP (J) = ν.
We consider two cases separately: 1) ν �= 1 and 2) ν = 1.

1) Let ν �= 1. By Lemma 1, the homeomorphism J has a pair of invariant transverse
foliations Fs

P , Fu
P with a common set of saddle singularities that have at least three separatrices

and transversal measures μs, μu such that μs(J(α)) = νμs(α), μu(J(α)) = ν−1μu(α)) for any
arc α on M2. Therefore, the homeomorphism J is a pseudo-Anosov map with dilatation ν > 1(
1
ν > 1

)
.

2) Let ν = 1. Since the foliation Fu
P is invariant under J ∈ Z(P ), the separatrices of

saddle singularities under the action of J are mapped into separatrices of saddle singularities.
Finiteness of the set of separatrices implies that for a separatrix lu of a saddle singularity z of
the foliation Fu

P there exists m ∈ N such that Jm (lu) = lu and Jm(z) = z.
Let us prove that Jm(x) = x for any point x ∈ lu. Let [z, x] be the arc of the curve lu

bounded by the points z and x. Since μs (Jm[z, x]) = μs([z, x]), we have Jm([z, x]) = [z, x].
Therefore, Jm(x) = x.

Since the leaf lu is everywhere dense on M2 (see Statement 8) and Jm|lu = id, we get

that Jm(x) = x for any x ∈M2 and J is a periodic homeomorphism. �
Thus, point 1 of Theorem 1 is proved. The proof of Lemma 2 implies Lemma 3.
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Lemma 3. Let P : M2 → M2 be a pseudo-Anosov homeomorphism, lu be a separatrix of
a saddle singularity of the foliation Fu

P and J ∈ ZPer(P ) be a homeomorphism of period n. Then
the following statements hold :

1) the period of x ∈ lu is equal to n;

2) if J(lu) = lu, then n = 1.

Lemma 4. Let P : M2 → M2 be a pseudo-Anosov homeomorphism. Then ZPer(P ) is
a normal subgroup of Z(P ).

Proof. Let P : M2 → M2 be a pseudo-Anosov homeomorphism and ι1, ι2 ∈ ZPer(P ).

Then ηP
(
ι1ι
−1
2

)
= ηP (ι1)ηP

(
ι−12

)
= 1. By Lemma 2, ι1ι

−1
2 ∈ ZPer(P ). This means that ZPer(P )

is a subgroup of Z(P ).

Consider homeomorphisms J ∈ Z(P ) and ι ∈ ZPer(P ). Then ηP
(
JιJ−1

)
=

= ηP (J)ηP (ι)η
−1
P (J) = ηP (ι) = 1. By Lemma 2, JιJ−1 ∈ ZPer(P ). Thus, ZPer(P ) is a normal

subgroup of Z(P ). �
Thus, point 2 of Theorem 1 is proved.

Recall that NP = min
bq∈BP , bq 	=0

{qbq}, where BP is the singular type of a pseudo-Anosov

homeomorphism P (the smallest number of separatrices related to saddles of the same valency).

Lemma 5. Let P : M2 →M2 be a pseudo-Anosov homeomorphism. Then |ZPer(P )| � NP .

Proof. Let P : M2 → M2 be a pseudo-Anosov homeomorphism and J1, J2 ∈ ZPer(P ).
Denote by lu a separatrix of a saddle singularity of the foliation Fu

P . We put lu1 = J1 (l
u)

and lu2 = J2 (l
u). Assume that lu1 = lu2 . Then J−11 (J2 (l

u)) = lu. By Lemma 3, J−11 J2 = idM2 .
Then J1 �= J2 if and only if lu1 �= lu2 . Therefore, a homeomorphism J ∈ ZPer(P ) is uniquely
determined by the image of the separatrix lu. Consider q ∈ N such that NP = qbq. By Lemma 1,

homeomorphisms J1, J2 map separatrices of saddle singularities of valency q to separatrices of
saddle singularities of valency q. Thus, |ZPer(P )| � NP . �

Thus, point 3 of Theorem 1 is proved.

Recall that Sn is the permutation group of degree n ∈ N.

Lemma 6. Let P : M2 →M2 be a pseudo-Anosov homeomorphism. There is a monomor-
phism ζP : ZPer(P ) → SNP

such that

ζP (J) = (a11 . . . a1n) · · · (am1 . . . amn) ∈ SNP
,

where n is a period of J ∈ ZPer(P ) and mn = NP .

Proof. Let P : M2 →M2 be a pseudo-Anosov homeomorphism. Consider the separatrices of
saddle singularities of the foliation Fs

P of valency q such thatNP = qbq. Denote these separatrices

by l1, . . . , lNP
. Consider the homeomorphism J ∈ ZPer(P ) of period n. Since J maps the

separatrices of a saddle singularity of valency q to the separatrices of a saddle singularity of
valency q (see Lemma 1), there is a permutation

ωJ =

⎛

⎝
l1 · · · lNP

J(l1) · · · J
(
lNP

)

⎞

⎠

RUSSIAN JOURNAL OF NONLINEAR DYNAMICS, 2025, 21(1), 103–116



112 E.E.Chilina

which corresponds to J ∈ ZPer(P ). It follows from Lemma 3 that the separatrix li for
any i ∈ {1, . . . , NP } has the same period n. Consequently, the permutation ωJ can be expressed

as the product of
NP
n = m disjoint cycles of length n. We define the mapping ζP : ZPer(P ) → SNP

by the rule ζP (J) = ωJ . Then

ζP (J1)ζP (J2) =

⎛

⎝
l1 · · · lNP

J1(l1) · · · J1
(
lNP

)

⎞

⎠

⎛

⎝
l1 · · · lNP

J2(l1) · · · J2
(
lNP

)

⎞

⎠ =

=

⎛

⎝
l1 · · · lNP

J1(J2(l1)) · · · J1
(
J2

(
lNP

))

⎞

⎠ = ζP (J1J2).

Therefore, the mapping ζP is a homomorphism. It follows from Lemma 3 that the kernel of the
homomorphism ζP consists of the identity homeomorphism idM2 . Therefore, the mapping ζP is
a monomorphism. �

Thus, point 4 of Theorem 1 is proved.

Lemma 7. Let P : M2 → M2 be a pseudo-Anosov homeomorphism and J ∈ ZPer(P ) be
a homeomorphism of period n. Then n divides qbq for each bq ∈ BP .

Proof. Let P be a pseudo-Anosov homeomorphism and J ∈ ZPer(P ) be a homeomorphism
of period n.

Let us prove that n divides qbq for each bq ∈ BP . Consider saddle singularities of valency q

of the foliation Fu
P . Since JPJ−1 = P , the homeomorphism J conjugates the pseudo-Anosov

homeomorphism P to itself. Then, by Proposition 1, the homeomorphism J maps singular points
of valency q of the foliation Fu

P to singular points of valency q of the foliation Fu
P . Consequently,

the homeomorphism J maps separatrices of saddle singularities of valency q to separatrices of
saddle singularities of valency q. It follows from Lemma 3 that the orbit of any separatrix lu of
a saddle singularity of valency q consists of n curves. Thus, the set consisting of qbq separatrices

of saddle singularities of valency q is partitioned into
qbq
n orbits, that is, n is a divisor of qbq. �

Thus, point 5 of Theorem 1 is proved.

Lemma 8. For any pseudo-Anosov homeomorphism P : M2 → M2, there exists νP > 1

such that ηP (Z(P )) =
{
νiP | i ∈ Z

}
.

Proof. Let P : M2 →M2 be a pseudo-Anosov homeomorphism and J ∈ Z(P ).
We put η+P (Z(P )) = {ν ∈ ηP (Z(P )) | ν > 1}. It follows from Lemma 2 that any homeo-

morphism J from the preimage of η+P (Z(P )) is a pseudo-Anosov homeomorphism with dilata-

tion ηP (J). Consider an arbitrary λ ∈ η+P (Z(P )). Then, by Proposition 4, there exist finitely

many topological conjugacy classes of pseudo-Anosov homeomorphisms on M2 with dilata-
tion less than λ. Since dilatation is a topological invariant of pseudo-Anosov homeomorphisms
(Proposition 3), there are finitely many elements in the set η+P (Z(P )) that are less than λ.

Therefore, there is a minimal element of the set η+P (Z(P )). We put νP = min η+P (Z(P )).
Let us prove that for any J ∈ Z(P ) there exists n ∈ Z such that ηP (J) = νnP .

If J is a periodic homeomorphism, ηP (J) = ν0P = 1, that is, n = 0.

Let J be a pseudo-Anosov homeomorphism such that ηP (J) ∈ η+P (Z(P )). Let us prove

that there exists i ∈ N such that ηP (J) = νiP . If ηP (J) = νP , then i = 1. If ηP (J) �= νP ,

we have ηP (J) > νP . Note that
ηP (J)
νP

> 1 and
ηP (J)
νP

∈ η+P (Z(P )). Let m ∈ Z be such
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that
ηP (J)
νmP

> νP and
ηP (J)

νm+1
P

� νP . Then
ηP (J)

νm+1
P

> 1 and
ηP (J)

νm+1
P

∈ η+P (Z(P )). It follows from νP =

= min η+P (Z(P )) that
ηP (J)

νm+1
P

= νP . Therefore, i = m+ 2.

Since ηP (J) ∈ ηP (Z(P )) if and only if 1
ηP (J) ∈ ηP (Z(P )), we have ηP (Z(P )) =

{
νiP | i ∈ Z

}
.

�

Lemma 9. Let P : M2 → M2 be a pseudo-Anosov homeomorphism. Then a homeomor-
phism J ∈ Z(P ) has the form J = piι, where p is the pseudo-Anosov homeomorphism with the
singular type Bp = BP , i ∈ Z and ι ∈ ZPer(P ).

Proof. Let P : M2 → M2 be a pseudo-Anosov homeomorphism. Consider the homeomor-
phism J ∈ Z(P ). Put ν = ηP (J). By Lemma 8, there exists νP > 1 such that ηP (Z(P )) =

= {νiP | i ∈ Z}. Consequently, there exists i ∈ Z such that ν = νiP . We choose a homeomor-

phism p ∈ Z(P ) such that ηP (p) = νP and put ι = p−iJ . Then ηP (ι) = 1 and, by Lemma 2, the

homeomorphism ι is periodic. Thus, J = piι. It follows from Lemma 1 that Bp = BP . �
Thus, point 6 of Theorem 1 is proved.

3. Periodic mappings commuting with a pseudo-Anosov

homeomorphism

This section contains a proof of Theorem 2 divided into lemmas.

Lemma 10. Let P : M2 → M2 be a pseudo-Anosov homeomorphism and J ∈ ZPer(P ) be

a mapping of period n = 2m, m ∈ N. Then the period of x ∈M2 \ (LP ∪SP ) is equal to either n
or m.

Proof. Let P : M2 →M2 be a pseudo-Anosov homeomorphism, J ∈ ZPer(P ) be a mapping

of period n = 2m, m ∈ N, and x ∈M2 \ (LP ∪SP ). We denote by ls the leaf of the foliation Fs
P

containing the point x and by ls+, l
s− connected components of the set ls \ {x}. Let lu be

a separatrix of a saddle singularity of the foliation Fu
P . By Proposition 7, the set A = lu ∩ α for

any arc α ⊂ ls consists of countably many points. We choose points x+ ∈ lu ∩ ls+, x− ∈ lu ∩ ls−
and denote by k the period of x. Since Jk(x) = x and the foliation Fs

P is invariant under J , we

have Jk (ls) = ls. There are two cases: 1) Jk
(
ls+

)
= ls+ and 2) Jk

(
ls+

)
= ls−.

Let us consider the case 1): Jk
(
ls+

)
= ls+. We denote by [x, x+] an arc on ls with boundary

points x and x+. Since μs([x, x+]) = μs(Jk([x, x+])) and Jk(x) = x, we have Jk(x+) = x+.

Therefore, Jk (Lu) = Lu. It follows from Lemma 3 that the homeomorphism J has period k.
Therefore, k = n.

Let us consider the case 2): Jk
(
ls+

)
= ls−. Then J2k

(
ls+

)
= ls+. It follows from the previous

case that J2k(x+) = x+. By Lemma 3, the period of x+ ∈ lu is equal to 2k. Consequently, k = m.
�

Recall that, for a periodic homeomorphism J : M2 → M2 of period n, Qk
J is the set of

all points of period k and QJ is the set of all points of period less than n. For a pseudo-

Anosov homeomorphism P : M2 → M2, we remember that SP is the set of saddle singularities
of P -invariant foliations and LP is the set of all separatrices of saddle singularities for P -invariant
foliations (note that LP ∩ SP = ∅).

Lemma 11. Let P : M2 → M2 be a pseudo-Anosov homeomorphism and J ∈ ZPer(P ) be
an orientation-reversing homeomorphism of period n. Then the following statements hold :
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1) if n = 2(2k − 1), k ∈ N, then Q
n/2
J = ∅ and QJ ⊂ SP ;

2) if n = 4k, k ∈ N, then Q
n/2
J ⊂

(
M2 \ LP

)
and Qk

J ⊂ SP for any k < n
2 .

Proof. Let P : M2 → M2 be a pseudo-Anosov homeomorphism and J ∈ ZPer(P ) be an
orientation-reversing homeomorphism of period n. Note that n = 2k, where k ∈ Z. We consider
two cases separately: 1) n = 2(2k − 1), k ∈ N; 2) n = 4k, k ∈ N.

Consider the case 1) n = 2(2k − 1). Let us prove that Q
n/2
J = ∅. Assume the converse.

Then Q
n/2
J is an infinite set consisting of a disjoint union of simple closed curves (see [17,

Corollary 2.4]). A separatrix lu of a saddle singularity of the foliation Fu
P is everywhere dense

on M2 (see Proposition 8). Therefore, there exists a point x ∈ lu ∩ Qn/2
J . By Lemma 3, the

period of a point x ∈ lu is equal to n. This contradiction concludes that Q
n/2
J = ∅. Then, it

follows from Lemma 3 and Lemma 10 that QJ ⊂ SP .

Consider the case 2) n = 4k, k ∈ N. Then it follows from Lemma 3 that Q
n/2
J ⊂

(
M2 \ LP

)

and it follows from Lemma 10 that Qk
J ⊂ SP for any k < n

2 . �
Thus, points 1 and 2 of Theorem 2 are proved.
Lemmas 3 and 10 imply the next lemma.

Lemma 12. Let P : M2 → M2 be a pseudo-Anosov homeomorphism and J ∈ ZPer(P ) be
an orientation-preserving homeomorphism of period n. Then the following statements hold :

1) if n = 2m− 1, m ∈ N, then QJ ⊂ SP ;

2) if n = 2m, m ∈ N, then Q
n/2
J ⊂

(
M2 \ LP

)
and Qk

J ⊂ SP for any k < n
2 .

Thus, points 3 and 4 of Theorem 2 are true.

4. Trivial centralizers

This section contains a proof of Theorem 3, which states that each closed orientable surface
of genus g � 3 admits a pseudo-Anosov homeomorphism with the trivial centralizer.

Proof. Consider a closed orientable surfaceM2 of genus g � 3. Statements 10 and 11 imply
that there exists a pseudo-Anosov homeomorphism P : M2 →M2 with the singular type BP =
= {b3 = 1, b4 = 1, b4g−5 = 1} (note that 4g − 5 � 7). By point 5 of Theorem 1, period n of

a homeomorphism J ∈ ZPer(P ) divides 3, 4 and 4g − 5. Therefore, n = 1 and ZPer(P ) = idM2 .

Then it immediately follows from Theorem 1 that Z(P ) = {pn | n ∈ Z}, where p : M2 →M2

is a pseudo-Anosov homeomorphism with the singular type Bp = BP = {b3 = 1, b4 = 1, b4g−5 =
= 1} and with the trivial centralizer Z(p) = Z(P ) = {pn | n ∈ Z}. �

5. Mapping class group of the pseudo-Anosov centralizer

This section contains a proof of Theorem 4 and a corollary.

A homeomorphism f : M2 → M2 is called homotopically periodic if there exists m ∈ N

such that fm is homotopic to the identity map idM2 . The least such m is called the homotopical
order of f .
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Statement 12 (see [18, Proposition 5.2.]). Let f : M2 → M2 be a homotopically
periodic homeomorphism of homotopical order m on M2 of genus g � 2. Then the period of any
periodic homeomorphism which is homotopic to f is equal to m.

Let P be a pseudo-Anosov homeomorphism. Let us prove Theorem 4, which states that if
the homeomorphism J1 ∈ Z(P ) is homotopic to the homeomorphism J2 ∈ Z(P ), then J1 = J2.

Proof. Let P be a pseudo-Anosov homeomorphism and the homeomorphism J1 ∈ Z(P ) is
homotopic to the homeomorphism J2 ∈ Z(P ). Then there exists a homeomorphism h : M2→M2

which is homotopic to the identity idM2 such that J1 = hJ2. Note that h = J1J
−1
2 ∈ Z(P ).

Since h is homotopic to the identity idM2 , it cannot be pseudo-Anosov (see, for example, [19,
Theorem 4]). Therefore, h is a periodic homeomorphism (see point 1 of Theorem 1), which is
homotopic to the identity idM2 . Then, by Statement 12, h = idM2 . Thus, J1 = J2. �

Let P1, P2 : M
2 → M2 be pseudo-Anosov homeomorphisms and there exist homeomor-

phisms H1, H2 : M
2 → M2 such that H1P1 = P2H1, H2P1 = P2H2. Let us prove the corollary

of Theorem 4, which states that, if the homeomorphism H1 is homotopic to the homeomor-
phism H2, then H1 = H2.

Proof. Let P1, P2 : M
2 → M2 be pseudo-Anosov homeomorphisms and there exist homo-

topic homeomorphisms H1, H2 : M
2 →M2 such that H1P1 = P2H1, H2P1 = P2H2. Then P1 =

= H−11 P2H1 and H2H
−1
1 P2H1 = P2H2. Therefore, H2H

−1
1 P2 = P2H2H

−1
1 and H2H

−1
1 ∈ Z(P2).

Since the homeomorphism H2H
−1
1 is homotopic to the identity idM2 and idM2 ∈ Z(P2), Theo-

rem 4 implies H2H
−1
1 = idM2 , that is, H1 = H2. �
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