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THE UNIQUE DECOMPOSITION THEOREM FOR
3-MANIFOLDS ADMITTING MORSE-SMALE
DIFFEOMORPHISMS WITHOUT HETEROCLINIC CURVES

EUGENE OSENKOV AND OLGA POCHINKA

ABSTRACT. One of the fundamental results of three-dimensional topol-
ogy is the Kneser—Milnor unique decomposition theorem. If a 3-manifold
admits a Morse—Smale diffeomorphism without heteroclinic curves, the
topology of the decomposition summands can be substantially refined.
For orientable 3-manifolds this was done by C. Bonatti, V.Z. Grines,
V.S. Medvedev and E. Pecou in 2002. In the present paper, we obtain
an exhaustive description of the decomposition into a connected sum
of non-orientable 3-manifolds admitting Morse-Smale diffeomorphisms
without heteroclinic curves.
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1. INTRODUCTION

We consider Morse-Smale diffeorphisms (M S-diffeomorphisms) defined on a
closed smooth 3-manifold M?3. This class of diffeomorphisms is denoted by M S(M3).

Let us recall that a diffeomorphism f: M3 — M3 is called a Morse-Smale
diffeomorphism (f € MS(M?)) if:

1) the non-wandering set Q¢ is hyperbolic and finite;

2) both invariant manifolds W and W' (stable and unstable respectively) of
any two periodic points p and ¢ have a transversal intersection.

Let f € MS(M3). A periodic point p is called nodal if one of its invariant
manifolds is zero-dimensional, otherwise it is called saddle. For diffeomorphism f,
we denote the number of nodal points as Iy and the number of saddle ones as 7,

let ] 5
Ty —LUf +
9f="5
If for any two distinct saddle points of f their invariant manifolds have a non-
empty intersection, then it is called a heteroclinic intersection. If the topological
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dimension of this intersection is 0, it consists of countably many points, each of
which is called a heteroclinic point; if its topological dimension is 1, then each
path-connected component of this intersection is called a heteroclinic curve. Let us
denote by M S, (M3) the class of Morse-Smale diffeomorphisms without heteroclinic
curves (M S,-diffeomorphisms).

One of the fundemental results in 3-dimensional topology is the Kneser—Milnor
unique decomposition theorem, which states that every closed 3-manifold can be
decomposed into a connected sum of prime manifolds, i.e., irreducible manifolds
(when every locally flat 2-sphere bounds a 3-ball) or homeomorphic to a Cartesian
product of spheres, direct S? x S' or twisted S* x S! (which is obtained by identifying
boundary spheres of S? x [0, 1] via an orientation reversing map).

If a 3-manifold M3 admits an M S.-diffeomorphism, one can say much more of
the topology of the prime decomposition summands for M3, which is the main
result of the present paper.

Theorem 1. Let the non-wandering set of a diffeomorphism f € M S.(M?3) consist
of ry saddle points and ly nodal points. Then gy = Tf_le’LQ
integer, and:
o if g =0, then M3 = S3;
e if gy >0 and M? is orientable, then M? is homeomorphic to the connected
sum of gy copies of S? x St
o if gr > 0 and M3 is non-orientable, then M3 is homeomorphic to the
connected sum of g copies of S? x ST

1S a non-negative

Note that in the case when the manifold M?3 is orientable, the result follows from
[2]. Moreover, since a special case of diffeomorphisms from the class M S,(M?3) is
time-1 maps of gradient-like flows (i.e., Morse—Smale flows without periodic orbits),
then the result obtained carries over without changes to those manifolds M3, admit-
ting such flows. However, from the classification of M S,-diffeomorphisms obtained
in [1] and the criteria of the embedding of such diffeomorphisms in a flow obtained in
[], it follows that any 3-manifold M3 admits diffeomorphisms f € M S, (M?) which
are not time-1 maps of flows. One of the obstacles of including a diffeomorphism in
a flow, in particular, is the wild embedding of its saddle invariant manifolds. This
leads to methods of proving Theorem 1 that are substantially different from the
case of flows.

Acknowledgement. This work is an output of a research project implemented as
part of the Basic Research Program at the National Research University Higher
School of Economics (HSE University).

2. REQUIRED INFORMATION AND FACTS

2.1. Facts from Topology. Consider two topological spaces, X and Y. Let
A C X and B C Y be their subsets, let g: A — B be a homeomorphism, and let
~ be the smallest equivalence relation on X UY for which a ~ g(a) for all a € A.
The quotient space under this equivalence relation is said to be obtained by gluing
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the space Y to the space X along the map g, written
XU, Y.

Let X, Y be compact n-manifolds, D; C X, Do C Y be subsets homeomorphic
to D™, hy: D™ — D1, hg: D™ — Dy be the corresponding homeomorphisms and
g: 0D1 — 0Ds be a homeomorphism such that the map h;lghl lopn : SP1 — Snl
reverses orientation. Then the space X #Y = (X \int D1) U, (Y \ int D5) is called
the connected sum of X and Y.

Let X and Y be C"-manifolds. Denote by C"(X,Y) the set of all C"-maps
ArX — Y., Amap A: X — Y is said to be a C"-embedding if it is a C"-
diffeomorphism onto the subspace A(X). A C%-embedding is also called a topological
embedding.

A topological embedding A: X — Y of an m-manifold X into an n-manifold Y
(m < n) is said to be locally flat at the point M\(x), x € X if the point () is in
the domain of a chart (U, ) of the manifold Y such that ¢)(UNA(X)) = R™, here
R™ C R™ is the set of points for which the last n — m coordinates equal to 0 or
(U NAX)) =R, here R C R™ is the set of points with the non-negative last
coordinate.

An embedding A is said to be tame and the manifold X is said to be tamely
embedded if X is locally flat at every point x € X. Otherwise the embedding A is
said to be wild and the manifold X is said to be wildly embedded. A point A(x)
which is not locally flat, is said to be a point of wildness.

The following fact was proved in [2] for an orientable smooth 3-manifold, but
the proof nowhere relies on the orientability and smoothness property.

Proposition 1 [2, Proposition 0.1]. Let M? be a closed connected 3-manifold and
let \: S2 — M3 be a topological embedding of the 2-sphere which is smooth every-
where except one point. Let ¥ = X\(S?). Then any neighborhood V of the sphere ¥
contains a neighborhood K diffeomorphic to S? x [0, 1].

Proposition 2 (Annulus conjecture, [12]). Let Ao, A1: S? — S3 be a locally flat
(smooth) embeddings such that the spheres Yo = A\o(S?) and £1 = M\ (S?) do not
intersect each other. Then there exists a locally flat (smooth) embedding \: S? x
[0, 1] = S? such that N|sz2x i3 = i, i =0, 1.

Proposition 3 [3, Lemma 2.1]. Let K = S? x [0, 1] and let ho: S* x {0} —
S? x {0}, hy: S x {1} — S? x {1} be orientation preserving homeomorphisms
(diffeomorphisms). Then there exists a homeomorphism (diffeomorphism) h: K —
K such that h|§2><{0} = ho, h|§2><{1} = hy.

The twisted product of a 2-sphere on a circle is the factor space obtained by the
identification of the 3-annulus K3 = {(z1, 72, x3) € R3: 1 < 27 + 23 + 2% < 4} by
the minimal equivalence relation for which (z1, xa, 3) ~ (=21, 222, 223).
Proposition 4 [J, Exercise 3.9]. Two manifolds (S* < S")#(S?> xS') and (S* xS')#
(S? x SY) are diffeomorphic.

We denote hereafter by P a manifold diffeomorphic to either S? x S* or §? x S'.

Also, we denote by mP (m > 0) the connected sum of m copies of P, assuming
0P = S3.
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Proposition 5 [3, Theorem 1.5]. Let M3 be a closed connected smooth 3-manifold,
A: §2x[0, 1] = M3 be a smooth embedding, K = \(S*x [0, 1]), M = M3\int K and
let M be the manifold obtained from M by gluing a 3-ball to each of its boundary
spheres. Then

1) if M is connected, then the manifold M is connected as well and M? is
diffeomorphic to M # P;

2) if M is disconnected, then the manifold M consists of two connected com-
ponents My, My and M3 is diffeomorphic to My # M.

Let us recall that a 3-manifold X is called irreducible if every 2-sphere that is
tamely embedded in X, bounds a 3-ball.

The classical version of the following theorem was formulated for oriented 3-
manifolds, but in [17] it was shown to be valid in the non-orientable case as well.

Proposition 6 (Kneser—Milnor theorem: [10], [11], [17]). Let M3 be a closed con-
nected 3-manifold. Then there exists the unique set (may be empty) of irreducible
manifolds My, ..., M, different from S® and the natural number m > 0 such that

M3 My # - 4 M, # mP.

2.2. Morse—Smale diffeomorphisms. This section provides information about
classical results of dynamical systems theory necessary to define the class of systems
we are dealing with.

Later on, M™ is a closed connected n-manifold (orientability is not required)
with a metric d, f: M™ — M™ is a diffeomorphism. It is also worth noting that
all the facts given in this section are proved in the case when M™ is orientable, but
the methodology of these proofs does not rely on this property in any way, and
therefore one can easily check the correctness of these results for non-orientable
case as well.

Let us recall the basic concepts of dynamical systems theory.

The orbit of a point x € M™ is the set O, = {y € M": y = f*(z), k € Z}.

A set A C M™ is said to be f-invariant if f(A) = A.

A compact f-invariant set A C M™ is called an attractor of the diffeomorphism f

if it has a compact neighborhood U, such that f(Ua) C intUs and A = () f*(U).
k>0
The neighborhood Uy in this case is said to be trapping.
The basin of the attractor A is the set

W5 ={reM": kgrf d(f*(x), A) = 0}.

For the attractor A, we also define the set £5, = W3 \ A.

For f, a repeller R, its basin and the set £% is defined to be an attractor A, its
basin and the set ¢5 for f~1.

A point x € M™ is said to be wandering for f, if there is an open neighborhood
U, of x such that fY(U,) NU, = @ Vt € N. Otherwise, the point z is said to be
non-wandering. The set of non-wandering points of f is called the non-wandering
set denoted by Q;. The non-wandering set is f-invariant and if € is finite, then
it consits of periodic points, i.e., points p € M™ such that f*(p) = p for a natural
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number k > 0. If for all natural numbers 0 < n < k the previous equation is not
satisfied, then k is called the period of the point p, we denote as m,,.
For a periodic point p, let us introduce the sets

s _ n., . kmy —

and
WY ={zeM": lim d(f*(z),p)=0},
k——o0

which are called the stable and the unstable manifolds of p respectively.

A periodic point p with a period m,, is said to be hyperbolic if the absolute values
of each eigenvalues of the Jacobi matrix (mézp )‘p is not equal to 1. If the absolute
values of all the eigenvalues are less than 1, then p is called an attracting, a sink
point or a sink; if the absolute values of all the eigenvalues are greater than 1, then
p is called a repelling, a source point or a sink. Attracting and repelling fixed points
are called nodes. A hyperbolic periodic point which is not a node is called a saddle
point or a saddle.

The hyperbolic structure of the periodic point p and the finiteness of the non-
wandering set implies that its stable and the unstable manifolds are smooth sub-
manifolds of M"™ which are diffeomorphic to R% and R"~% respectively, where g,
is the Morse index of p, that is, the number of the eigenvalues of Jacobi matrix
whose absolute value is greater than 1.

A connected component £ (£;) of the set Wit \ p (W \ p) is called unstable
(stable) separatriz of the periodic point p.

For p, let v, be +1(—1) if f™#|wu preserves (reverses) orientation and let y, be
+1(—1) if f™#|w: preserves (reverses) orientation.

Definition 1. A diffeomorphism f: M™ — M™ is called a Morse—Smale diffeomor-
phism if its non-wandering set €y is finite and hyperbolic, and for any two periodic
points p, r the stable W7 and unstable W manifolds of points p and r intersect
transversally.

Let us denote by M S(M™) the class of Morse-Smale diffeomorphisms defined on
the manifold M™. For f € MS(M"™), we define the set Qf of all its periodic points,
having Morse index equal to i. We also denote by r; the number of saddle points

of f, by Iy the number of nodal points, and define the number g¢ = Tf*éifw

Proposition 7 [6, Theorem 2.1]. Let f € MS(M™). Then
1) M™= U Wy
pEQf
(2) Wy is a smooth submanifold of the manifold M™ which is diffeomorphic to
R9 for every periodic point p € Qy;

(3) cl(£y) \ (6, Up) = U W3 for every unstable separatriz €} of a
r€Qy: LpNWEA£D
periodic point p € y.

Proposition 8 [5, Lemma 3.3] (Lefschetz—Hopf theorem for Morse-Smale 3-dif-
feomorphisms). For any given diffeomorphism f € MS(M?3), the following equality
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holds

> (1% =o.

pEQ‘f

If o1, oo are distinct periodic saddle points of a diffeomorphism f € MS(M™)
then the intersection W3 NW # @ is called a heteroclinic. If dim(W; NW ) >0
then a connected component of the intersection W3 N Wy is called a heteroclinic
manifold and if dim(W; N W3 ) = 1 then it is called a heteroclinic curve. If
dim(Wg, NW ) = 0 then the intersection W7 N W is countable, each point of
this set is called a heteroclinic point and the orbit of a heteroclinic point is called
the heteroclinic orbit.

Proposition 9 [6, Proposition 2.3|. Let f € MS(M™) and o be a saddle point of
f such that the unstable separatriz % has no heteroclinic intersections. Then

cl(fz) \ (fg U o) = {w},

where w is a sink point. If ¢, =1 then cl(€) is an arc topologically embedded into
M™ and if ¢, = 2 then cl(£%) is the sphere S% topologically embedded into M™.

A diffeomorphism f € MS(M™) is called a “source-sink” diffeomorphism if its
non-wandering set consists of a unique sink and a unique source.

Proposition 10 [6, Theorem 2.5]. If a diffeomorphism f € MS(M™), n > 1, has
no saddle points then f is a “source-sink” diffeomorphism and the manifold M™ is
homeomorphic to the n-sphere S™.!

A natural generalization of these facts for dimension n = 3 is the following
statement.

Proposition 11 [I13, Theorem 1]. If all saddle points of f € MS(M3) have
the same Morse indices, then the ambient manifold M? is diffeomorphic to the
3-sphere S3.

Proposition 12 [7, Corollary 1.1]. If a Morse-Smale diffeomorphism f: M™ —
M™ has no saddle points with one-dimensional unstable (stable) manifolds, then
the non-wandering set of f contains exactly one sink (source).

Proposition 13 [7, Theorem 1]. Let f € MS(M"™) and Q4 be a subset of Q such
that the set
A=Qfuwg,
is closed and f-invariant. Then
(1) the set A is an attractor of the diffeomorphism f;

2 wi= U W5
pG(AﬂQf)

3) dimA = .

(8) dim pGa%)éf){qp}

IThe second part of this statement can be known as a special case of the Reeb’s Theorem [14]
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For an orbit O, of a point p, let mo, = my, qo, = Gp, Vo, = Vp, o, = Hp,
W5, = U wy, Ws, = U wg.
qe0, qe0,
Following the classic paper by S. Smale [15], we introduce on the set of periodic
orbits of f € MS(M™) a partial order <:

Oi-<(9j — W(SQLHW(%J#Q

According to Szpilrajn’s theorem [16], any partial order (including the Smale
order) can be extended to a total order. Let us consider a special kind of such total
order on the set of all periodic orbits.

We say that a numbering of the periodic orbits O, ..., Ok, of the diffeomor-
phism f € MS(M™) is dynamical if it satisfies the following conditions:

(1) Oi-<0j = 1 < J;
(2) g0, <go, = i <j.

Proposition 14 [6, Proposition 2.6]. For any diffeomorphism f € MS(M™) there
is a dynamical numbering of its periodic orbits.

3. REDUCING DYNAMICS INTO COMPONENTS OF A CONNECTED SUM

In the present section we describe how the dynamics of the diffeomorphism
f € MS(M?) is reducing into summands of a unique prime decomposition for
an ambient manifold M?3.

Let us define a diffeomorphism a: R® — R? by the formula a(xy, x2, 23) =
(%, 2, %3) . It has a single non-wandering point O = (0, 0, ..., 0), which is a
fixed sink. Let

(=R3\ 0.

Lemma 1. If the non-wandering set of a diffeomorphism f € MS(M?3) contains
a fived saddle point o € Q2, whose instable manifold W does not take part in the
heteroclinic intersections, then
(1) there ewists a sink w € Q% such that AW = {w} UWY
(2) the set X, = cl WY is a topologically embedded 2-sphere, with this embedding
being smooth everywhere except maybe a the point w;
(3) the 2-sphere X, is an attractor of f;
(4) there exists a trapping neighborhood K, C W, of the attractor X, diffeo-
morphic to S* x [0, 1];
(5) the manifold l5, = Wy, \ ¥, consists of two connected components {1 and
Ly for each of which there exists a diffeomorphism h;: €; — £, i = 1, 2,
conjugating the diffeomorphisms f|,, and al,.

Proof. Ttems (1) and (2) automatically follow from Proposition 9, and item (3)
fololows from Proposition 13. Due to Proposition 1, the attractor ¥, has a neigh-
borhood K, C W3  diffeomorphic to S? x [~1, 1], which ¥, divides into two
connected components A; and Az. Since dK, C £5,_, then for every point x € K,
there exist a closed neighborhood U, C K, and a natural number v, such that
for every v > v, it is true that f*(U,) C int K,. Due to the compactness of
0K, one can find a finite subcover in {U,, z € 0K,}. Thus, one can define the
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required number N as the doubled maximum of the numbers v, corresponding to
the neighborhoods of U, in the chosen subcover.

Now let us prove the item (5). We glue two closed 3-balls to the annulus K, and
obtain a manifold diffeomorphic to S®. Whence, by Proposition 2, we conclude that
the set K, \int f(K,) consists of two connected components K; = A \int fV(A;),
Ky = Ay \ int fV(Ajy) diffeomorphic to S? x [0, 1].

Let

= PN, i=1,2
JEL

As K, is a trapping neighborhood of the attractor ¥, then &5, = Wg \ ¥,
consists of two connected components ¢, £5. For i = 1, 2, we construct the diffeo-
morphism h;: ¢; — £, conjugating the diffeomorphisms f~|,, and al,.

To achieve this, let B3 = {(z1, 22, ¥3) € R3: 2% + 2% + 2% < 1} and K =
B3\ int a(B?). Note that the set OK; consists of two 2-spheres C;, f¥(C;). Take an
arbitrary orientation-preserving diffeomorphism ¢; o: C; — S?. We will map the
second boundary component by the diffeomorphism ;1 = ap;of V: fN(C;) —
a(S?). As a consequence of Proposition 3, the smooth embeddings ©i,0, Pi,1 can be
continued to a diffeomorphism ¢;: K; — K. Since ¢; = |J f/V(K;), then

JEZL
Vo € l; I, € Z: x € fIN(K;).
As ¢ = |J d’(K), then the conjugating diffeomorphism h;: ¢; — ¢ is defined by
JEL
the following formula:
hi(x) = (pi(f =N (2))). 0
The following fact follows directly from Lemma 1 and Proposition 5.

Proposition 15. Let M be M3 \ int K, and M be a closed smooth 3-manifold
obtained from M by gluing a 3-ball along each its boundary spheres. Then
1) if M is connected, then the manifold M is also connected, with M> = M#P,
here P is diffeomorphic to either S* x S! or S2xSt;

2) if M is disconnected, then the manifold M has exactly two connected com-
ponents My, My, with M3 = M; # M.

Let us recall that for every diffeomorphism f € MS(M?) we denoted by r; and
l¢ the number of its saddle and nodal points respectively.
The following lemma establishes how the dynamics of the diffeomorphism f is

reduced to the summands of the unique prime decomposition (see Proposition 15)
of M3.

Lemma 2. The manifold M admits the Morse-Smale diffeomorphism f € MS(M),
coinciding with fN on M and such that

’I’J?:Tffl, Zf:lerl. (1)
Proof. Assume that
M=M\%,, M=RUMUR? M=R>U, MU, R>
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Denote by px: M — M the natural projection. Let us define the diffeomorphism
of M by the following formula:

}(.’I}) _ prN(pM|M)71(£E>, if x Ep./\;l(M)a
paappalre) (@), if o € py(R?).
By construction, the restriction of the diffeomorphism f to p (M) is conjugate to

the diffeomorphism fjf and the restriction of § to p,y(R?) is cojugated to a. It
follows that f € M.S(M) and that

T;:Tf—L l]‘c:lf—i—l.
Recall that M = M3\ int K, is a compact 3-manifold with boundary, consisting

of two spheres C, Cy, and M = B3 Uy, M Un, B2. Denote by M the disjoint union
B2 U M UB? and by py; : M — M the natural projection. The map

W(z) = {(PMM)(I?MW)—I(;E), if z € py(M),
(pM‘IB3)(pM|R3)_1<J;)’ ifz e p/\}[(Rs)

is a diffeomorphism between M and M and it induces the diffeomorphism f =
Y~ M — M, coinciding with f~ on M. Hence it follows that f € MS(M) and

rg=ry—1, lp=lf+1 O

4. UNIQUE SPHERE PRODUCT DECOMPOSITION FOR f € M S, (M?)

In the present section we will prove Theorem 1. It requires some auxiliary
lemmas.

Lemma 3. Let f € MS.(M3) and Q? # &. Then there exists a saddle point
s ch, whose unstable manifolds does not take part in heteroclinic intersections.

Proof. If we replace the original diffeomorphism f by any its iteration, then the
non-wandering set and the invariant manifolds of its points remain unchanged. In
this connection, without loss of generality, we will assume that the non-wandering
set Q of the diffeomorphism f € M S, (M?3) consists of fixed points. In this case,
has a dynamical numbering consistent with < (see Proposition 14), so we can choose
the minimal element ¢ in the set Q?p From the minimality and the definition of the
Smale order, it follows that W} cannot have heteroclinic intersections with stable
manifolds of the remaining points from Q?c Meanwhile, by definition of the class
MS,(M?), W does not intersect stable manifolds of points from 7} (otherwise
heteroclinic curves would be formed at the intersection). Thus, o is the required
saddle point. O

Lemma 4. Let f € MS(M?) and Q} =@. Then M3 = S3, Iy = r; + 2, with the
set Q?e consisting of an exactly one sink.

Proof. The manifold M? is diffeomorphic to S? by Proposition 11. The uniqueness
of a sink results from Proposition 12. Using the formula from Proposition 8, one
can easily obtain that 1 4+ry — (I — 1) = 0. O
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2

(a) Phase portrait of f: $* —» §* (B) Phase portrait of f: P — P

FiGURE 1. Illustration to Lemma 5

Here is an immediate consequence of Proposition 11.

Corollary 1. For any diffeomorphism f € MS(M?) defined on a non-orentable
manifold M3, The both sets Q}c and ch are not empty.

Lemma 5. Assume that the non-wandering set of the diffeomorphism f €M S, (M?)
contains exactly two saddles, having diffeerent Morse indices. Then exactly one of
the following statements holds:

(1) Iy =4 and M3 = S3;

(2) Iy =2 and M3 = P.

Proof. Let 0 € Q}. Since there are no any other saddle points in Q%, then the
point o is fixed and W} does not have heteroclinic points. Due to the definition
of M S,(M?3), it follows that W% does not take part into heteroclinic intersections
at all. By Lemma 1, the closure of W is an attractor £, homeomorphic to a 2-
sphere. Next, consider the two possible cases separately: 1) the sphere ¥, divides
the manifold M?; 2) the sphere X, does not divide the manifold M?3.

In case 1, using Proposition 15 and Lemma 2, we derive that M3 = M; # M,
with each of M;, i = 1, 2, admitting a Morse-Smale diffeomorphism f; € M S, (M;)
such that

ry +rp =1 (2)

Hence, with renumbering accuracy, vy, = 0, r5, = 1. According to Proposition
11, M; =283, i =1, 2, and hence M3 = S3?. From Lemma 4, we obtain that ly, =2,
lf, = 3. Using equation (1) on page 86, one has Iy =I5, + 15, =5, s0 Iy = 4 (see
Fig. 1a).

In case 2, according to Proposition 15 and Lemma 2, one can get that M3 =2
M # P, with M admitting the Morse-Smale diffeomorphism f € MS, (M) with
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exactly one saddle point, i.e., 77 = 1. Due to Proposition 11, M = S3, and therefore,
M? = P. Lemma 4 implies that [ = 3. After using formula (1), one can conclude
that [y = 2 (see Fig. 1b, where the boundary of the illustrated three-dimensional
annulus can be glued along the map (x1, xo, x3) — (221, 229, 2x3), realising the
case P =S? x S, and by (21, x2, v3) = (=221, 222, 223) for P = S2xS!). O

Now, we are ready to prove Theorem 1.

Theorem 1. Let f € MS,(M?) and Qy consists of r¢ saddle points and ly nodal

—l+2 . . .
% s a mon-negative integer and

M? = g,P,
here P = S§? x S' (S? x SY) if M? is orientable (non-orientable).

points. Then gy =

Proof. Later on without loss of generality, we assume that all non-wandering points
p of f € MS.(M?) are fixed and the numbers v, and u, are +1 (otherwise we can
replace f with a suitable iteration).

To begin with, let us note that if f has no more than 2 saddle points, then
the theorem follows from Proposition 11 and Lemma 4. For other diffeomorphisms
f € MS,(M?), we prove the theorem by induction on the number k > 2 of their
saddle points. We also assume that for any of these diffeomorphisms f the set Q?
is not empty, since otherwise it is true for f—1.

BASE CASE: k = 2. Here, the theorem follows from Lemmas 4 and 5.

INDUCTION STEP. Assume that the theorem holds for any diffeomorphism f €
M S, (M3) for which ry < k. Suppose that there is a diffeomorphism f € M S, (M?)
with ry = k saddle points.

It follows from Lemmas 3, 1 that in the set ch there exists a saddle o whose
closure of the unstable manifold is a 2-sphere ¥, = cl W} which is an attractor
with a trapping neighborhood K, C Wy, diffeomorphic to S? x [0, 1]. Let M =
M3\ int K, and M is a smooth closed 3-manifold obtained from M by gluing a
3-ball to each of its boundary spheres.

1) If M is connected, then M is connected as well and M?> =2 M # P, here P
is diffeomorphic to either S x S! or S? X S!;

2) if M is disconnected, then M consists of two connected components M,
MQ and M3 = Ml #Mg

By Lemma 2, on the manifold M there exists a a Morse-Smale diffeomorphism
f € MS(M) coinciding with f on M and such that

rp=ry—1, lp=lf+1
Next, we consider each case independently.

In the case 1, r; < k and g7 = gy — 1. Then by the inductive hypotheses,
M = g7P, here P = S x S' (S? x S') if M; is orientable (non-orientable). So, by
Proposition 4, M3 =2 grP.

In the case 2, let f; = f|y;,, @ = 1,2. Then ry, < k and g7, + g7, = g5 By
inductive hypotheses, M; = g7, P, here P = S? x St (S? x S') if M; is orientable
(non-orientable). Whence due to Proposition 4, M3 = g;P. O
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