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Abstract—In investigating dynamical systems with chaotic attractors, many aspects of global
behavior of a flow or a diffeomorphism with such an attractor are studied by replacing a
nontrivial attractor by a trivial one [1, 2, 11, 14]. Such a method allows one to reduce the
original system to a regular system, for instance, of a Morse—Smale system, matched with it.
In most cases, the possibility of such a substitution is justified by the existence of Morse —Smale
diffeomorphisms with partially determined periodic data, the complete understanding of their
dynamics and the topology of manifolds, on which they are defined. With this aim in mind, we
consider Morse—Smale diffeomorphisms f with determined periods of the sink points, given on
a closed smooth 3-manifold. We have shown that, if the total number of these sinks is k, then
their nonwandering set consists of an even number of points which is at least 2k. We have found
necessary and sufficient conditions for the realizability of a set of sink periods in the minimal
nonwandering set. We claim that such diffeomorphisms exist only on the 3-sphere and establish
for them a sufficient condition for the existence of heteroclinic points. In addition, we prove that
the Morse —Smale 3-diffeomorphism with an arbitrary set of sink periods can be implemented
in the nonwandering set consisting of 2k + 2 points. We claim that any such a diffeomorphism
is supported by a lens space or the skew product S? x S!.
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1. INTRODUCTION AND FORMULATION OF RESULTS

In the present paper, we consider the class of Morse—Smale diffeomorphisms (M S-diffeomor-
phisms) f : M3 — M?3 defined on a smooth closed connected 3-manifold M?3. We denote this class
by MS(M?). The results obtained here describe the properties of these diffeomorphisms under the
condition that the periods of sink orbits are determined.

For any finite set A, we will denote by |A| its cardinality. Let r € N,
k= (ki,... k)
be an r-tuple of natural numbers such that k; < --- < k, and
k=k +--+k.

For any tuple k, let M S, denote the set of M S-diffeomorphisms f whose tuple of sink periods is
exactly x. Let {1y denote the nonwandering set of f. The set

Qqa q € {07 17273}

“E-mail: mkbarinova@yandex.ru
“E-mail: eosenkov@hse.ru
T E-mail: olga-pochinka@yandex.ru

226



ON MORSE-SMALE 3-DIFFEOMORPHISMS WITH A GIVEN TUPLE 227

is defined as a subset of Q, consisting of points with the Morse indez g (it means that the unstable
manifold of these points has the topological dimension ¢). Let
Cq = ‘Qq|-

In this paper, we get the following results about diffeomorphisms from M S.

Lemma 1. For any f € MS, there exists an integer ny > 0 such that
Q] = 2(k +ny). (1.1)

For any n € NU{0}, MS,, is defined as the subset (possibly empty) of M.S,, consisting of
diffeomorphisms f such that [Q¢] = 2(k + n).
Lemma 2. A diffeomorphism f € MS, belongs to MS,, ,, iff Co =n.

Since systems with a minimum number of points in a nonwandering set are of great scientific
interest [1, 2], we will focus on considering the class M S, o. The following statement gives us some
necessary conditions for an M S-diffeomorphism to belong to M Sy .

Lemma 3. Let f: M3 — M3 belong to M S, . Then
1) C3=1,Ci=k—1;
2) M3 is a 3-sphere S3.
The next result shows that the set M S, o may be empty for some tuples x.
Theorem 1. The set M Sy, o is non-empty iff the tuple k = (k1, ..., k;) has the following property:
Jie{l,...,r}, m; e NU{0}: k; = 2™ (1.2)

Moreover, for any k satisfying (1.2), the set MS, o contains both orientation-reversing and
orientation-preserving diffeomorphisms.

A surprising consequence of this theorem is the following result.

Theorem 2. Let k satisfy (1.2). Then any diffeomorphism f € MS, o has the following properties:

a) if ky > 2, then Qy contains a fived saddle point o such that f|wu is orientation-reversing;

b) if k1 > 3, then the wandering set of f contains heteroclinic points.

Below we show that, in contrast to the class MSy o, every k can be realized by some
diffeomorphism f € M Sy 1. For this reason, we investigate the periodic data of diffeomorphisms
from this class.

Lemma 4. Let f: M3 — M3 be in M Sy 1. Then the periodic data of f has one of the following
forms:

1) 00:]{5,01:]{:, 02:1,03:1,'
2) Co=k, Cr=k—1,0Cy=1, C3=2.

Theorem 3. For any k, the set M S, 1 is never empty and contains both types of diffeomorphisms:
given on orientable and non-orientable 3-manifolds.

According to Lemma 2, the nonwandering set of f € MS, 1 has a unique saddle point o with
a one-dimensional stable manifold. In the general case, the set cl(W}) is not a submanifold of the
ambient manifold M? (see, for example, [7]). In the case where it is, the following result takes place.
Theorem 4. Let a diffeomorphism f : M3 — M3 be in M S,1 and c(WE), o € Qs be a submani-
fold of M3. Then M? is homeomorphic either to a lens space or to the skew product S* x St.V

UThe skew product S? X S? is defined as the space obtained from S? x [0, 1] by gluing its boundary spheres via an
orientation-reversing homeomorphism.
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2. NECESSARY DEFINITIONS AND FACTS
2.1. Orbit Spaces

This part is devoted to the topology of the orbit space for some homeomorphism f defined on
the topological manifold X. In presenting the material, we mainly follow the monograph [13].
Let f: X — X be a homeomorphism of a topological space X. Denote by
Zy

the cyclic (finite or infinite) group of integers k such that {f*, k € Z;} is the set of all different
powers of the homeomorphism f. We use the notation

X/f
for the space of f-orbits on X and
px/f X = X/f

for the natural projection equipped the space X/f with the quotient topology. For each connected
component X of X/f, let us denote by myg the number of connected components in the
preimage p;(} s (X).

Recall that a fundamental domain of the f-action on X is a closed set Dy C X such that there
is a subset D ¢ C Dy with the following properties:

1) cl(Dy) = Dy;
2) f*(Dy)N Dy = forall k € (Z;\ {0});

3) U fHDy) = X.
kEZ;

Denote by D¢/ ; the quotient space under the smallest equivalence relation ~¢ on Dy for which

x~yg f(x).
It is said that

e a homeomorphism f acts freely on X if f¥(x) # x for any point € X and any element

ke (25 \{0});

e a homeomorphism f acts discontinuously on X if for any compact K C X the set of elements
k € Z; for which f*(K) N K # @ is finite.

In the case of free and discontinuous action, the orbit space X/f and the projection p x/f have
the following properties.

Proposition 1 ([13]). Let a homeomorphism (diffeomorphism) f act freely and discontinuously
on a topological (smooth) n-manifold X. Then

1) px/5: X — X/f is a cover, inducing the structure of a topological (smooth) n-manifold on
the orbit space X/ f;

2) for a fundamental domain Dy of the f-action on X, the spaces Dy/~, and X/f are
homeomorphic;

3) for each connected component X of X/f, the map

ng :m(X) = mgZy,
assigning to each class [¢] € wl(X) the integer k € Z5 such that the lift ¢ of a loop ¢ connects
the point x to the point f(x), is an epimorphism.
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Let us denote by 7x,¢ the map made up of epimorphisms 7¢ (from the Cartesian product of
fundamental groups to the Cartesian product of the corresponding subgroups of Z).

Proposition 2 ([13]). Let homeomorphisms f and [’ act freely and discontinuously on manifolds
X and X', respectively, and let X/f, X'/f" be connected. Then

1) if h: X — X' is a homeomorphism such that hf = f'h, then the map h: X/f — X'/’
defined by

is a homeomorphism and nx,; = UX//f/iL*,'

2) if h:X/f — X'/ is a homeomorphism such that Nx/f :’I’]X//f/il*, then equality (2.1)
defines a homeomorphism h : X — X' for which hf = f'h, and this homeomorphism is unique
up to the choice of a pair of points x € X, h(z) € X' in each connected component of X, X'.

2.2. Tori and Klein Bottles Embeddings in S*> x S' and S? x S!

a3

First of all, we say that the character means “isomorphic”, “homeomorphic”, or “diffeo-

morphic”, depending on the context.
Let X be a topological space; let A C X be its subset. We denote by
ja:A— X
the inclusion map.
Consider two topological spaces, X and Y. Let A C X and B C Y be their subsets, let g: A -+ B
be some homeomorphism, and let ~ be the minimal equivalence relation on X LI'Y for which

a ~ g(a) for all a € A. The quotient space by this equivalence relation is said to be obtained by
gluing the space Y to the space X along the map g, written

XU,Y.

A topological (smooth) embedding of a topological (smooth) manifold X into a topological
(smooth) manifold Y is defined as a map e : X — Y such that e : X — ¢(X) is a homeomorphism
(diffeomorphism).

For example, a knot in Y is the image e(S') of an embedding e : S! — Y (or this embedding
itself).

A topological embedding e : X — Y of an m-manifold X into an n-manifold Y (m < n) is said
to be locally flat at point e(x), z € X, if the point e(x) lies in the domain of a chart (U, ) of
the manifold Y such that either (U Ne(X)) =R™ (here R™ C R is the set of those points,
whose last n — m coordinates are 0) or ¢ (U Ne(X)) = R (here R € R™ is the set of points with
nonnegative last coordinate). The embedding e is said to be tame and the manifold X is said to
be tamely embedded into Y if e is locally flat at all points of e(X), and Z = e(X) is called an
m-submanifold of Y. Otherwise, the embedding e is called wild and the manifold X is called wildly
embedded. The point e(z), at which e is not locally flat, is called a point of wildness.

A tubular neighborhood of an m-submanifold Z of an n-manifold Y is a submanifold N(Z) C Y
containing Z and equipped with a continuous map p : N(Z) — Z such that for any point z € Z there
exist a neighborhood U > z and a diffeomorphism ¢ : U x D*=™ — p=1(U) for which poy (u,t) = u
(see Fig. 1). The existence of a tubular neighborhood of any smooth submanifold Z C int Y follows
from [9], for example.

An (n — 1)-submanifold Z of an n-manifold Y is said to be two-sided if its tubular neighborhood
is homeomorphic to Z x [—1,1] and one-sided, otherwise.
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Fig. 1. A tubular neighborhood N(Z) of a submanifold Z.

Proposition 3 ([10, Lemma 3], [9]). Let X be an n-manifold with nonempty boundary 0X and

let g : 0X — 0X x {0} be a homeomorphism. Then
X Uy (0X x[0,1]) = X.

For ¢ € N, we consider

D? = {(21,...,2,) € R?: 2% —i—...,—i—azg < 1} — ag-ball (disc),

STt = 9D — a(q — 1)-sphere
and for v € {—,+}, we define the involution ¢, : D? — DY as follows:

tg(21, 22, ..., xq) = (VT1,T2,...,%q).

(2.2)

Identifying the boundary disks D9 x {0}, D? x {1} of D? x [0, 1] by the relation (d,1) ~ (i4,,(d),0),

we obtain the manifold
(D? x S,
with the boundary
(STt x s1y,,
which is
e the direct product D? x S! with the boundary S7~! x S', if v = +;

e the skew product D¢ x S' with the boundary S7~! x S', if v = —.

For some natural number n > ¢ and a sign p € {—,+}, let us consider the n-manifold S~ x

D"~ % [0,1]. After identifying (s,d,1) ~ (tg,,(5); tn—q,u(d),0), we get the n-manifold

(STt x D" x SY),, ..

Here is the notation list for the manifolds most commonly used throughout this article:

e 2-torus T, = St x St

e Klein bottle T_ =S' % S':

N,(T,) = (S* x D! x S1),,,, here

— N (T,) =T, x [-1,1] is a tubular neighborhood of a two-sided T,,
— N_(Ty4) is a tubular neighborhood of a one-sided torus,
— N_(T_) is a tubular neighborhood of a one-sided Klein bottle;

solid torus W, = D? x S!;
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e solid Klein bottle W_ = D? x S;
o P, =S? xS
e P_=5% xS
Let us recall that a meridian of a solid torus (Klein bottle) W, (W_) is such a knot that is

noncontractible on its boundary T4 (T_), but is contractible in the solid torus (Klein bottle) itself.

Proposition 4 ([3, 21]). Let g : OW, — 0W, be a homeomorphism. Then

e g can be extended to a homeomorphism g: W, — W, <= g maps a meridian into a
meridian;

o W, U, W, =P, <= g maps a meridian into a meridian.

The 3-manifold L, , =W, U, W, , where g: 0W, — 0W, is a homeomorphism, mapping a
meridian of the solid torus into some knot with the homotopy type (p, q), is called a lens space. In
particular,

S* 2Ly, S2xS' > Lo;.
Proposition 5 ([16, 17]). Let g: OW_ — OW_ be a homeomorphism. Then

e g always maps a meridian into a meridian;
e g can always be extended to a homeomorphism g : W_ — W_;
e W_U,W_=P_.

Let us elaborate on the properties of embeddings e : T, — P.
Note that 71 (P+) = Z, so we will say that a connected subset A C P4 is homotopically nontrivial
if jas(m1(A)) # 0. In this case, there is a natural m € N such that
jas(m(A)) = mZ. (2.3)
We call some set m-turning if it has property (2.3).
Proposition 6 ([4, Theorem 4]). Every m-turning torus Ty C Py bounds an m-turning solid

torus.

To describe a 1-turning Klein bottle in P, we consider a rotation Rap(t) of the 2-sphere S?
by the angle 7t around the axis AB, here A = (0,1,0) and B = (0,—1,0). We choose the biggest
circle Sp on S?, passing through A and B. Then the sought Klein bottle (see Fig. 2) can be defined,
for example, by the formula

K= J Rap(So) x {”™}.
te(0,1]

By construction, a tubular neighborhood N (K) of K is diffeomorphic to N_(T_) and the manifold
Y =P, \int N(K) is a 2-turning solid torus (see Fig. 2).

Proposition 7 ([6, Proposition 1.4]). For every Klein bottle T_ C P there exists a homeomor-
phism h : P4 — P4 such that h(T_) = K. Moreover, any two Klein bottles in P4 have a nonempty
intersection.

An immediate consequence of Propositions 6 and 7 is the following fact.
Proposition 8. Let T, C P, be a homotopically nontrivial torus or Klein bottle. Then T, s one
of the following types:
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Fig. 3. 4-turning two-sided torus Ty C P+. Fig. 4. Klein bottle T C P,.

1) Ty is a two-sided m-turning (m € N) torus and the manifold P, \ int N(1'y) consists of two
connected components, at least one of which, Y, is an m-turning solid torus (see Fig. 3);

2) T_ is a one-sided 1-turning Klein bottle, N(T-) = N_(T_) and Y =P \int N(T_) is a
2-turning solid torus (see Fig. 4).

We do not know of any generalization of this result to P_, so we provide our proof here.

Lemma 5. LetT,, C P_ be a homotopically nontrivial torus or Klein bottle. Then T, is one of the
following types:

1) T4 is a two-sided 2k-turning (k € N) torus and the manifold P_ \ int N(T') consists of two
connected components, exactly one of which Y is a 2k-turning solid torus (see Fig. 3);

2) Ty is a one-sided 1-turning torus, N(T4) = N_(T4) and Y =P_ \ int N(T}) is a 2-turning
solid torus (see Fig. 6);

3) T_ is a two-sided (2k — 1)-turning (k € N) Klein bottle and the manifold P_ \ int N(T_)
consists of two connected components, at least one of which, Y, is a (2k — 1)-turning solid
Klein bottle (see Fig. 5).

Proof. Let us represent the manifold P_ as the orbit space
P_ = (82 x R)/T

of the action of a diffeomorphism 7 : S? x R — S? x R defined (see formula (2.2) for ¢35 ) as follows:

T(s,t) = <L37_(8),t + %) .

Then
P, = (82 X R)/T2.
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—N(T%)
Fig. 5. Two-sided 1-turning Klein bottle 7 C P_. Fig. 6. One-sided torus 7y C P_.
In this case, the mapping
T=p, Tp; Py =Py (2.4)
is an involution such that P_ =P, /7, and its corresponding natural projection
r= ppipﬂ):rl Py =P (2.5)
is a two-fold cover. In addition, we note that
T, C P is an m-turning surface < pﬂ,;l(T ) consists of m connected components. (2.6)

Let Ty C P_ be an m-turning torus. Then it follows from formulas (2.4)—(2.6) that r—1(T})
consists of either i) one m-turning torus 7" if m is odd or ii) two -turning tori T,7(T) if m is
even. Due to Proposition 8, there is a two-sheeted cover of a tubular neighborhood N(T;) C P_
by one or two copies of Ny (T), respectively, for each of the cases.

In case ), the torus T bounds a solid torus in P, by virtue of Proposition 6. If T bounds two
solid tori and the involution 7 maps one of them into the other, then, due to Proposition 4, m = 1.
Therefore, N(T;) 2 N_(T4) and Y =P_ \ int N(7) is a 2-turning solid torus. Thus, we have

obtained case 2) of this lemma.

Otherwise, keeping in mind that 7' bounds a solid torus, we conclude that every component T'
of p, YTy) bounds a solid cylinder, not intersecting with the other components. It follows from the

definition of an m-turning surface that there is a compact cylinder T,, C T, alift of T, such that
P. (I1n) = T and one of its boundary circles maps into the other under 7™, the mth power of 7.

Since m is odd, we immediately get that T’ is a Klein bottle, which is a contradiction. Thus, there
are no (2k — 1)-turning tori in P_.

In case ii), each of the tori T, 7(T") bounds one solid torus and the involution 7 maps one solid
torus to another. Then N(T5) = N, (T, ) and the manifold P_ \ int N (7'} ) consists of two connected
components, exactly one of which Y is an m-turning solid torus. Thus, case 1) is realized.

Let T_ C P_ be an m-turning Klein bottle. Since a two-fold cover of a Klein bottle can
be done only using either torus or two distinct Klein bottles as the covering space, then,
due to the uniqueness of Klein bottle in P, (see Proposition 7) and formulas (2.4)-(2.6), the

manifold r—1(7_) is one m-turning torus 7. It follows directly from this that m is odd, that is,

m = 2k — 1, k € N. By virtue of Proposition 6, T bounds a solid torus in P, which is invariant
under involution 7. Therefore, N(7_) = N, (T_) and the manifold P_ \ int N(7_) consists of two
connected components, at least one of which, Y, is a (2k — 1)-turning solid Klein bottle. O
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2.3. Morse—Smale Diffeomorphisms

In this section, we will remind the reader of the general information about Morse—Smale
diffeomorphisms (see, for example, [12] for more details). Here and below, M™ is a closed connected
n-manifold with a metric d; f : M™ — M™ is a diffeomorphism.

A point x € M" is said to be wandering for f if there is an open neighborhood U, of x such
that f*(U,)NU, = @ Vk € N. Otherwise, the point x is said to be nonwandering. The set of all
nonwandering points of f is called the nonwandering set, usually denoted by €2;. The simplest
example of a nonwandering point is a periodic point, i.e., a point p € M™ such that there exists
some natural number m for which f™(p) = p. The smallest such number is said to be the period of
the point p; written as m,,.

A periodic point p € Qf with a period m,, is said to be hyperbolic if the absolute value of each

eigenvalue of the Jacobi matrix (%)‘ is not equal to 1. The number g, of the eigenvalues of
P

the Jacobi matrix, whose absolute values are greater than 1, is called the Morse indez of a point p.
Points with the Morse index n (0) are called sources (sinks), the other points are called saddles.
The sets

Wi ={zeM": lim d(f*(z),p) =0}

k—r4-00
W ={zeM": lim d(f*(z),p)=0}
k——o0

are called the stable and the unstable manifolds of a point p, respectively. The sets W7, W are
also called invariant manifolds of a point p.

For an f-invariant closed subset B of {1; we define the sets W, W3 as follows:

W= wy, wi=Jw;.
pEB pEB

If p and r are hyperbolic periodic points of f with Wi N W}’ # &, then the intersection W' N W
is called a heteroclinic intersection. 0-dimensional path-connected components of heteroclinic
intersection are called heteroclinic points, 1-dimensional components are called heteroclinic curves,
and components of higher dimension are called heteroclinic manifolds.

Some diffeomorphism f: M™ — M" is called a Morse - Smale diffeomorphism (f € MS(M™))
if 1) its nonwandering set ¢ is finite (thus consists of periodic points) and hyperbolic and 2)
for any two periodic points p and r the unstable manifold W} intersects the stable manifold Wy
transversally. Here and below, f € MS(M™).

A compact f-invariant set A C M™ is called an attractor of a diffeomorphism f if it has a
compact neighborhood Uy such that

fUA) CintUs, A= () fH(Ua).
k>0

In this definition, the neighborhood U4 is said to be trapping. A repeller R of f is defined to be an
attractor for f~1.

For any hyperbolic periodic point p € Qy of f € MS(M™) we use the following notation:

e m, is the period of p;
® ¢, is the Morse index of p;
e (vp,p1p) is the orientation type of p, i.e., v, = + (—) if the map f™*|wu preserves (reverses)

orientation and p, = + (—) if the map f™7[ws preserves (reverses) orientation;

e [y (£;) is a path-connected component of the set W'\ p (W, \ p) which is called an unstable
(stable) separatriz of p;
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ON MORSE-SMALE 3-DIFFEOMORPHISMS WITH A GIVEN TUPLE 235

e O, is the orbit of p for which we set mo, = my, qo, = @, Vo, = Vp, po, = iy

Proposition 9 ([13, Theorem 2.1, Proposition 2.3]). Let f € MS(M"). Then

1) Mm= U Wg;
pEQf

2) for any p € Qy, Wy is a smooth submanifold of M™ and is diffeomorphic to R%;

3) c(ly)\ (LyUp) = U Wyt for any unstable separatriz £} of p € Qy;
reQplsNWi£g

4) if the separatriz ty does not take part in heteroclinic intersections, then there is a unique sink
w such that
c(ly) =pUly Uw,

with cl(ﬁ;;) being homeomorphic to either a closed interval if g, = 1 or the sphere S% if g, > 1.

The same proposition holds for stable manifolds.
Let us denote by

Qq, ¢€{0,...,n}

the subset of the nonwandering set €2; of f, consisting of points with the Morse index ¢. Let
Cq = |Qq|. The symbol 5, = B,(M") denotes the gth Betti number, i.e.,

Bg(M") = rank Hy(M",7Z).
By x(M™) we denote the Euler characteristic of M", i.e.,

n

D (=1)28, = x(M™).

q=0

Proposition 10 (Lefschetz—Hopf Theorem, [23, 24]). For any f € MS(M™), the following
relations hold:

Co=po, Ci—Co=p1—py, Co—Ci+Co=pP2—pb1+pPo, .-,

n

D (110, = x(M").

q=0
Since M™ is connected, Sy = 1. All other Betti numbers are nonnegative, and if n is odd, then
X(M™) = 0. Given this, the immediate consequence of the Proposition 10 is the following fact.

Proposition 11. For any diffeomorphism f € MS(M™), there are the following estimates from
below:

Co>1,C, > 1; (2.7)
9] > 200 (2.8)
Co+Co+---4+Ch1=C1+Cs+---+Cy, for an odd n. (2.9)

Proposition 12 ([18, Theorem 1]). Let f € MS(M"), n > 3, and let all its saddle points be of
the Morse index 1. Then M"™ = S".
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2.4. Linearizing Neighborhood

In this section, following [7, 8, 12], we show how to reduce the study of local dynamics of
Morse —Smale diffeomorphisms f € MS(M™) to the study of linear systems in R”.

Let us fix ¢ € {0,1,...,n}, v,u € {—,+} and denote by aq,,, : R — R" the diffeomorphism
defined as

Lg+1 Lg+2 Tn )
2 7 2 772
We call aq,,, the canonical diffeomorphism. The stable Wy and the unstable W, manifolds of
its unique fixed point O are the coordinate hyperplanes Oy, ., and Og, ;. z,, respectively. The
restrictions a¥ , = aq,u,u|WZ; and ag , = aqyyvu\wg are called the canonical expansion and contraction,

q7'j
respectively, i.e.,

g (21,22, .., 2y) = (1/23;1, 2xo,..., 2z, 1

ag,(T1,. .., 2q) = (V211,...,22), V(z1,...,7,) € WY,

q?V
Lg+1 X
@5 (Tgits ey n) = (ung) V(@1,. .. n) € WE.
One can check directly that the diffeomorphism ay, acts freely and discontinuously on the

smooth g-manifold W'\ O. In order to identify the topology of the manifold
Wew = Wy \ O)/ag,,

one can note that a fundamental domain of the a¥

go-action on Wi\ O can be chosen to be
homeomorphic to

St % [0,1].

Then, using the notation from Section 2.2, we obtain from Propositions 1, 2 the following result

(see Figs. 7, 8).
Oe=— —=00
N /

Wy =st xS S° x [0, 1] Wi, =St xS0

Fig. 7. Manifolds Wi _, Wi .

St x [0,1]

Fig. 8. Manifolds W5 _, W' ..

Proposition 13 ([13, Proposition 2.5]). The orbit space WZV is a smooth closed g-manifold.
Moreover,

® WZV = (Sq_l X Sl)u;
My, (ﬂl(W;V)) =2Zifq=1,v=— and i, (Wl(VA\/;,,)) = Z for all other q, v.
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The same is true for the orbit space W;’,u = W;\O)/ay,,, since

W;u = Wﬁ—q,u‘
For g € {1,...,n — 1}, we assume
Ng=A{(m1,...,2p) €R" s (af + - +a)) (a2 + - +ap) <1}
It can be checked directly that N is an ag,, ,-invariant set which is a closed neighborhood for both
W and Wy Let
N = Ny \ W, N = Ny \ W

It is readily verified that a4, , acts freely and discontinuously on the smooth n-manifold ./\fq“
with boundary, producing the orbit space
Nu

q?l/7/"/

=N, ¢/
with the fundamental domain (see an example of this in Fig. 9) homeomorphic to
ST x D" x [0, 1].

Again, using the notation from Section (2.2), due to Propositions 1, 2, we obtain the following
result.

Proposition 14. The orbit space N s a smooth n-manifold with boundary. Moreover,

Q7V7/”’
o N¥, = (ST x D" x SY),,,;

~

N, (wl(N;fV7“)) =2Zifq=1,v=— and N (71'1(./\7;?7”’”)) =7 for all other q, v.

. . % S _ S .
The same is true for the orbit space N7, , = N7 /aq. ., since

NE, L 2N

q,V, n—q,p,v"

Fig. 9. The fundamental domain of the a1, ,-action on N}* for n = 2 (on the left) and that of the az,,,,-action
on N3' for n = 3 (on the right).

Let us introduce the pair of a,,, ,-invariant transversal foliations in N as follows:

‘7::;: U {(xlv"')xn)eNq:(':Eq-i-l)"')xn):(Cq-‘rl"")cn)}v

(Cq+1,...,cn)eozq+1...wn

f;: U {(:El,...,zvn)6./\/’(11(351,---,35(1):(Cla'-"cq)}-

(Clv'“ch)eorl...rq
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Let
~un U ~su s
Foom = Py, , (Fg)s Faon = Py, , (F4);
rus U 7S5 o s
Fawm = Pys, . (Fe)s Foww = Pys, . (Fq)-
Since every leaf of the foliation F/ \ W' (F7\ W;) is homeomorphic to D? (D"~?) and does
not contain points from the same orbit of a4, ,, each leaf of the foliation .7:";‘,;1# (ﬁ;ﬁﬁ#) is also

homeomorphic to D? (D"~ ?) and intersects transversally the manifold W;; u (Wf]‘ ,) at a single point
(see Figs. 10, 11).

Fig. 10. Manifold N7, , = T? x [~1,1], n = 3, with the two-dimensional foliation F5% . and the one-
dimensional one ]:'f‘j__‘_

Fig. 11. Manifold /\A/';_‘_,_‘_ >~ D% x S' x S°, n = 3, with the 2-dimensional foliation .7:'15:3_74_ and the 1-dimensional
one, ]-A'fﬁ__‘_

Since Nj' \ W = N7 \ W§, the formula

—1
Jawu =Py (p/{/quyuyﬂ |N;;\W5)
defines the transition diffeomorphism
~ L NTu AU "rs N
gqﬂjﬂu‘ : Nq,V”U \ Wq7V — quyuu' \ unu" (210)
Moreover,
~ Ul Al _ Tus 215 ~ 751 A _ Tss A)S
gq"j’u(fquuu' \ Wq7V) - Fquﬂjuu' \ qul“ gq?”v”(f%l’,ﬂ \ quy) - fquuu' \ Wqﬂ/.
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It immediately implies that each leaf of the foliation f;ﬁﬁ’u (]:'jfl,,u
punctured disc D7\ O (D"~ 7\ O).

Let us establish the connection between the linear models constructed above and the invariant
sets of a Morse —Smale diffeomorphism.

Proposition 15 ([13, Theorem 2.3]). Let f € MS(M™) and let p be its periodic point. Then

) is homeomorphic to the

e [ acts freely and discontinuously on W(%p \ Op;
° me|W;\p and aZp’Vp are smoothly conjugate;

o the orbit space Wp“ =(Ws, \Op)/f = (W \p)/fm is diffeomorphic to Wy

dp;Vp’

® Ty = Mplhyu

ap:Vp

Let p be a saddle periodic point of f € MS(M™). We say that the neighborhood N, of p is
linearizing if there is a homeomorphism v, : N, = N, conjugating f#|y, and ag, ., u,| Nap such
that I}l = v, 1(]-';; ), By =v, 1(.7-"5;7) are two transverse smooth foliations.
Proposition 16 ([5]). Any saddle periodic point p of f € MS(M™) has a linearizing neighbor-
hood.

Let

Ny = No, \ W5,, N, = No, \W(%p

Proposition 17 ([13, Theorem 2.4]). Let f € MS(M™) and let p be its saddle periodic point.
Then

e [ acts freely and discontinuously on Ny';

e the orbit space ]\7;‘ = N;j/f 1s diffeomorphic to Ny

Ap,Vp,Hp’

L4 Ju — M Y .
nNZI’L pnN‘Z? sVpsHp

The same is true for Ng = N,/f. Let
Fg&u =pg (Fu)’ frsu =pg (FS);

For a periodic orbit O, the neighborhood Np, = || f4(Np), equipped with the map vo, :
0

mp—1
No, = || N, constructed from homeomorphims
i=0

Opf T FU(N) = N, i€ {0,my, — 1},

is called a linearizing neighborhood of the orbit O,. In this definition, the map vo, is said to be
linearizing as well.

2.5. Classification of Morse—Smale 3-Diffeomorphisms

In the current section, we present some classification results for three-dimensional M S-
diffeomorphisms following [7]. Most of the facts are formulated and proved there under the
assumption that M3 is orientable, but all of them, with some refinement of the formulations,
are also valid in the non-orientable case.
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2.5.1. Necessary and sufficient conditions of topological conjugacy
Let f € MS(M?).
Suppose
Ap=W¢ o, Ry =W, Vi=M?\(A;URy).
Proposition 18 ([15, Theorem 1]). Let f € MS(M?). Then

o the sets Ay and Ry are a connected attractor and a connected repeller of f respectively, and
their topological dimension is not greater than 1;

e V; is a smooth connected 3-manifold, on which f acts freely and discontinuously, and

Vf = W,Zfﬂﬂf \Af = W]%fﬂﬂf \Rfﬂ
° Vf = Vy/f is a closed connected smooth 3-manifold and y, (ﬂl(Vf)) =Z.

Let
Py =Dy =gy L =0, (WS, \ Ap), LY = p (W, \ Ry).
The collection
Sp= (mef,f,;,ff;)
is called the scheme of the diffeomorphism f € MS(M3).

Proposition 19 ([7, Theorem 1]). Diffeomorphisms f,f € MS(M?3) are topologically conju-
gate iff their schemes are equivalent, i.e., there exists a homeomorphism ¢ : Vi — Vyr such that

2.5.2. Scheme surgery

To solve the realization problem for Morse -~ Smale 3-diffeomorphisms, it was proved in [8] that
any scheme of such a diffeomorphism possesses some characteristic property. This property will
allow us to define an abstract scheme that is implemented by some diffeomorphism.

To illustrate this property let us consider an orientation-preserving Morse —Smale diffeomor-
phism f:S? = S? depicted in Fig. 12. Its nonwandering set 1y consists of a fixed source «,
one saddle periodic orbit O, = {a, f(c), f?(c)} of the Morse index 1, one fixed sink w;, and one
periodic sink orbit O, = {w2, f(w2), f*(w2)}. By definition, we construct V; by deleting the sets
A =W§_ U{wi} UO,, and Ry = a from S3. The fundamental domain Dy of the f-action on Vj

is homeomorphic to S? x [0, 1], therefore, Vf =P,.

As Vy is connected, the f-action induces the epimorphism 7y : m(f/f) — Z. As the saddle o
has period 3, the covering map py : Vy — Vy projects W¢, \ O, to a 3-turning torus 7" in V} (see
Fig. 13). So, L% =T, while f)? = @. As torus ff} is homotopically nontrivial, its fundamental group
admits generators a, b such that n¢(a) = 3, ny(b) = 0.

Also, consider the sink basins WS , VV(‘EW2 with the wandering subsets Vi = W35 \ w1, Va2 =
Wéw \ O, and orbit spaces Vi = V1 /f, Vo = V5 /f. By Propositions 13 and 15, V} = V5, =2 P and

f-action induces the epimorphisms 7y : 7T1(‘71) —Z,n9: ﬂl(Vg) — 37, as wy is fixed, wo has period 3.
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Fig. 12. The phase portrait of f. Fig. 13. The characteristic space Vf.

On the other hand, we can get (Vl,m), (Vg,ng) from (Vf,nf,T) directly. To this end, it is
enough to do on Vf a surgery along the torus T in the following way. Take a tubular neighborhood

N(T) = T? x [~1,1], delete its interior from Vf and attach two copies of solid tori Wy, Wy (gluing
meridians with the generator b) to the boundary of the resulting manifold (see Fig. 14). Thus,

we get a manifold (Vf)T which, by Proposition 6, consists of two copies of P,. Moreover, every
component of (Vf)T inherits surgical epimorphisms nr to Z and 3Z, respectively, which continue 7.

So we have ((Vf)T,nT) = (Vi,m) U (Va,m).
To explain the surgery above dynamically, let us notice that

ViuVe = (Vy\int No, JUNG,

where the attaching map is exactly the transition diffeomorphism.

Fig. 14. The result of the surgery along T is V1 and Va.

Now we are ready to introduce the general definition of the surgery of a closed 3-manifold along
a torus or Klein bottle.

Consider a closed connected smooth 3-manifold V whose fundamental group admits an
epimorphism 7 : 71 (V) — Z. Let €5 : N — V be a smooth embedding such that 7([e$(c)]) > 0

if U ([c]) = 1. We assume

S
Ly,

i N(Ziq) = 6?(]\7187”17#1)7
o V= (V\I5) LAY

v1,p1?
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© 98 = eigrom N \ Wi, = NG,

o« V=N Ysp (VAT
and denote by p§ : V;# — V; the Patural projection. We will call V¥ the manifold obtained from V
by the surgery along the surface 7 and denote it as

(V)

I3

Proposition 20 ([19, Lemmas 3.4, 3.6 2)]). Every connected component o of V& is a closed
smooth 3-manifold (see F'ig. 15); the fundamental group of which admits the unique epimorphism
Nos + m1(07) — mes Z, mys € N such that

oy (103 ()]) = n([€]), for any loope € V\ I}, (2.11)

=

<

Fig. 15. The surgery of V=P, along a two-sided 2-turning torus ff The manifold (\A/)if consists of two

~

connected components 97, = 97 5 = P such that 7z | (71'1 (@il)) =7, nog (71'1 ({)ig)) = 27.

For (V)ii’ we denote by 77 the map composed of epimorphisms ne; and call it the surgical

epimorphism obtained from 7.

This notion does not cover the cases where some 2-dimensional stable separatrix takes part in
heteroclinic intersections. To deal with this imperfection, we introduce the even more general notion
of a surgery along an s-lamination.

Let us continue our construction and consider a smooth embedding? €5 NV e = V7 such
that

D ni(es(@) > 0 i ng, () =1,

2) each leaf of the foliation e5( Affy%w) N pj( Alu’ylm) is a subset of some leaf of the foliation

s

pi(fl,l/g,ug)’
Let I§ = es(Wi 1,)s N(I5) = es( Tua ) and I3 = (pf|V\[i)_1(Z§). We will say (see Fig. 16) that

the manifold Vf = (Vf);; 1s obtained from 1% by a surgery along the surfaces if U ZS and denote it
as

(V)[fu[g'

DThe possibility of such an embedding follows from [5].
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Due to Proposition 20, each connected component 05 of ‘728 is a closed smooth 3-manifold
(see Fig. 16), the fundamental domain of which admits the unique epimorphism ng; : m1(95) —
mysZ, mys € N such that

na ([P5(c)]) = mo: ([c]), for any loop ¢ C Vs \ B5.

These epimorphisms construct the map 75 (from the Cartesian product of fundamental groups to
the Cartesian product of the corresponding subgroups of Z), which we will also call the surgical
epimorphism obtained from 7.

Fig. 16. The surgery of V= P+ along two-sided tori: 1-turning torus if and 2-turning punctured torus

~

f. The manifold (V)if consists of two connected components 07 1 & 9, = Py such that ne; | (m1(611)) =
s (Wl(ﬁi2)) = Z. The manifold (V)[fUiS consists of 051 =035 = 03 3 2 P4 such that Nos 4 (m(ﬁ§,1)) =
765 5 (m1(03,2)) = Z, Mo3 4 (m1(953)) = 2Z.

Iterating this process a finite number ng of times, we construct a closed 3-manifold

A

V)

I3U-Uls

called the manifold obtained from 1% by a surgery along the s-lamination Ls = if u-.- UlA;‘;S. We
denote it by

A

(V)js
and by 77‘25 we denote the surgical epimorphism obtained from 7.

Similarly, we can perform a surgery along a u-lamination Lv = lAi‘ U---u Zﬁu on the manifold V,
thereby obtaining a closed 3-manifold

and a surgical epimorphism n}fu obtained from 7.

The collection S = (V,n,fﬁ,i)“) is an abstract scheme if:
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A

e V is a connected closed smooth 3-manifold with a fundamental group admitting some

A

epimorphism 7 : (V) — Z;

o [° , Lv cV are transversally intersecting s- and u-laminations, respectively;

e cach connected component (V);, and (V');, is diffeomorphic to P.

Proposition 21 ([8, Theorem 1]). The scheme of any f € MS(M3) is an abstract scheme.
Conversely, for any abstract scheme S there is a diffeomorphism f € MS(M?3) such that the scheme
Sy is equivalent to S (see Fig. 17).

Fig. 17. The phase portrait of a diffeomorphism f : S* — S with a scheme equivalent to that in Fig. 16.

2.5.3. Interrelation between the periodic data of the diffeomorphism f € MS(M?) and its scheme
The purpose of this subsection is to establish the connections between the scheme Sy and the
periodic data of the diffeomorphism f € MS(M?3).

Due to Proposition 9, for any f € MS(M?3) there is such a numbering of saddle orbits Oy, ..., O,
with Morse index 1 that

s

Ns
awg, < | |J w8, uo
j=i+1

Let
Ns
Wi’u — W(%Z’ Wis — Wél’ AZ = U W(%] ] Q()’ Z c {17 e ,ns}.
j=t
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Then
Ap=A1DAD--D Ay, D= Ap, 11
Forie {1,...,ns+ 1}, let
Vi = ijﬁf \ 4.
Pro{position 22 }([15, Theorem 1], [19, Proposition 3.1]). Let f € MS(M3). Then for any
1€4{1,...,ns+1

e the set A; is an attractor of f;

o [ acts freely and discontinuously on V*;

o V2=V?/fis a closed 3-manifold;

° ‘A/Z“jrl can be obtained from Vf by a surgery along If = pps (Wi Op);

e map nys induced by projection py. : Vi — VZ-S coincides with the surgical epimorphism
obtained from n,.

As an immediate consequence of Propositions 22 and 15 we have the following relations between
manifolds V;* and the periodic data of a diffeomorphism f.

Proposition 23. Let Sy = (Vf,nf,ﬁj},ﬁ?) be the scheme of f € MS(M3). Then

° ZAL}’} = if - Zis, here if =p,(W7\ Ay) and consequently the number of path-connected
components of lamination Lj} coincides with the number of saddle periodic points of f with
Morse index 1;

® Ty (jif* (7r1(l_f))) = m;iZ, here jp D= Vis is the inclusion map and m; is the period of
orbit O;;

° (V)ﬁs = Wg‘"’lo, which implies that the number of connected components of (V) coincides

with the number of sink periodic orbits;

is

e for a surgical epimorphism n; : 71 (0) — myZ (here ¥ is some connected component of (V)LS)
obtained from n,, the number my; coincides with a period of the corresponding sink orbit.

Similarly, we can construct manifolds Vi“, i€{l,...,n, + 1} by ordering the set of periodic
saddle orbits with the Morse index 2 and then establish their relation with the periodic data of f.

3. Periodic Data of Diffeomorphisms from Class M.S,

This section is devoted to the proof of some auxiliary statements which give a general picture
of M S-diffeomorphisms and which we will use in the following.

Recall that by MS, we denote a subclass of M S-diffeomorphisms f : M3 — M3 such that the
elements of k are exactly the periods of sink orbits of f, where

k= (ki,.... k), k1<--<k,, ki+4+---+k =k

Let us also recall that the set €y, ¢ € {0,...,n}, is defined to be the subset of Q; consisting of
points with the Morse index ¢; Cyq = [€].
Lemma 1. For any f € MS, there exists an integer ny > 0 such that

€2 = 2(k +ny).
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Proof. 1t follows from the definition of class MS, that |Qy| = k. We know from Proposition 11

that Q| > 2|Qg| = 2k, with number |Qf| being even. Then let us choose as ny the number WT_%

from the above reasoning we conclude that it is a nonnegative integer. O

)

For any n € NU{0} we denoted by MJS, , the subset (possibly empty) of MS, which is of
diffeomorphisms f with [Q¢| = 2(k + n).

Lemma 2. A diffeomorphism f € MS,. belongs to M Sy, iff Co = n.

Proof. = Suppose f € MS, ,,, i.e., || =2|Q| + 2n = 2k + 2n, where k is the sum of all k; in k.
Then

kE+Ci+ Cy+ C3 =2k + 2n. (3.1)
Using the Lefschetz —Hopf formula from Proposition 10, we find that
k—Ci+Cy—Cs5=0. (3.2)
Adding equalities (3.1) and (3.2), we get Co = n.

< Suppose f € MS, and Cy =n. Due to Lemma 1, there is ny € NU {0} such that |Q¢| =
2(k +ny). Then, again using the Lefschetz —Hopf formula, we obtain

k+01+02+03:2k—|—2nf. (3.3)
Adding (3.2) to (3.3), given that Cy = n, we get ny = n. O

Lemma 3. Let f : M® — M3 belong to M S, 9. Then

1) 03:1, 01:]{,‘—1,'
2) M?3 is a 3-sphere S3.

Proof. Suppose f € MS, 9. We know from the previous lemma that Cy = 0. With an estimate
C3 > 1 on the number of sources (see Proposition 11), we obtain C; < k — 1 from the equality (3.1).
The opposite inequality C7 > k — 1 follows from the Morse inequality C; — Cy > 81 — [y and the
relations (3, > 0, By = 1, which are true for a connected (by definition) M?3. Hence, the first
statement of this lemma is proved by solving Eq. (3.2).

Since Qs = @, we conclude from Proposition 12 that M3 = S3. O

Lemma 4. Let f : M? — M3 be in M Sy 1. Then the periodic data of f has one of the following
forms:

1) 00:]{5,01:]{:, 02:1,03:1,'
2) Co=k, Cr=k—1,0y=1, C3=2.

Proof. Suppose f € MSy 1. It follows from Lemma 2 that Cy = 1. With the upper-bound estimate
C3 > 1 on the number of sources (see Proposition 11), we get another estimate C; < k from
equality (3.1). Then the estimate C; > k — 1 follows from the second Morse inequality C; — Cy >
B1 — Bo and relations 31 > 0, By = 1, which are true for a connected (by definition) M3. Thus, |C1|
equals either k or k — 1, therefore, the points of this lemma are proved by solving Eq. (3.2). U
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4. CHARACTERIZATION OF AN r-TUPLE x FOR THE CLASS MS;

In the present section we prove Theorem 1:
MS,, o is non-empty iff tuple s has the following property:

316{1,...,T},mi€NU{O}ZkiZQmi. (12)
Moreover, for any x with property (1.2), the set M .S o contains both orientation-preserving and

orientation-reversing diffeomorphisms.

Further, we separately prove the necessity of property (1.2). After that, for any x with
this property we construct two abstract schemes, realized by the required orientation-preserving
and orientation-reversing diffeomorphisms of M S, o. This construction implies the sufficiency of
property (1.2).

4.1. Necessity of Property (1.2)

First of all, let us prove a lemma that allows us to see how exactly the epimorphism 7 : P+ — nZ
changes under the surgery along a torus or Klein bottle.

Lemma 6. Suppose that
e P is equipped with a nontrivial homomorphism n : w1 (Py) — Z such that n(wl(IP’i)) =nZ;

e T, C Py is an m-turning surface;

o V=(Pi)r;

e 7] is the surgical homomorphism obtained from .

1) if Ty C P, then V consists of two connected components Vi = Vo = P, and 77(771(171)) = nZ,
ﬁ(wl(Vg)) = mnZ;

2) if T- C Py, then V =Py and ij(m(V)) = 2nZ;
3) if Ty CP_ is a one-sided torus, then V =P and fj(m(V)) = 2nZ;

4) if Ty CP- is a two-sided torus, then V' consists of two connected components Vi = P_,
Vo =Py and 7j(m (V1)) = nZ, (w1 (V2)) = mnZ;

5) if T C P_, then V consists of two connected components Vi = Vo = P_ and ﬁ(wl(Vl)) =nZ,
’17}(7T1(V2)) = mnZ.

Proof. We consider only cases 1) and 2), since the proof is similar in other cases.

1) By Proposition 8, the tubular neighborhood Ty C P, is homeomorphic to N4 (Ty) and
P, \ int N(T}) consists of two connected components, at least one of which, Y, is an m-turning
solid torus, i.e., jy« (711 (Y)) = mZ. We denote by Y its second connected component. In this case,
Y’ must satisfy the property jy.(m (Y’ )) = Z. It follows from the definition of a surgery of Py
along a homotopically nontrivial torus T that manifold V consists of two connected components
iy’ Ug, W4 and Vo2Y Ug, W4, where gi1,g2 : 0Y — O0W, are homeomorphisms mapping
a meridian of Y into some meridian of W_. Therefore, by Proposition 4, V; =V, = P, . Since
n(m1(P+)) = nZ, the surgical homomorphism 7 satisfies 7(71 (V1)) = nZ and 7j(m1(V2)) = mnZ.

2) By Proposition 8, a tubular neighborhood of a Klein bottle 7_ C P, is homeomorphic
to N_(T_) and Y =P, \int N(T) is a 2-turning solid torus, i.e., jy.(m1(Y)) = 2Z. It follows
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from the definition of a surgery of P, along a compact homotopically nontrivial Klein bottle

T_ that V =Y U, Wy, here g : 0Y — OW is a homeomorphism mapping a meridian of Y into
some meridian of W,. Then, by Proposition 4, V = P,. Since n(m(P4)) = nZ, the surgical
homomorphism 7 has to satisfy 7 (711(17)) = 2nZ.

The other cases are proved similarly with the only correction: to determine the topology of the
complement P_ \ N(T},), we use Lemma 5; to determine the topology of connected components of

the manifold V, we need to use the properties of Klein bottle homeomorphisms from Proposition 5.
O

Lemma 7. Let f € MS, . Then
die{l,...,r}, m; e NU{0} : k; = 2™, (1.2)

Proof. Suppose f € MSy . Then, due to Lemma 3, the nonwandering set of any such f contains a
unique source point. It follows from Lemmas 2 and 3 that f)} = @ and Vf =Py If ff} = &, then,
according to [22], f is a “source-sink” system, thus property (1.2) obviously holds. Otherwise, due to
Proposition 23, the orbit space of sinks’ attracting basins can be obtained from the manifold Vf by a
surgery along s-lamination L%, while sinks’ periods are determined by the surgical homomorphism
obtained from 7. The surgery along an s-lamination ff} is just a step-by-step sequence of surgeries

along compact tori or Klein bottles. By Lemma 6, on each such step we have components with all
previous epimorphisms or (if the surface is the Klein bottles) one of them will be doubled. Since

ng (ﬂl(Vf)) = Z, at least one component ¢ of (V) .+ is equipped with the surgical epimorphism
N = ™ (V) — 2™Z, m > 0. Then Proposition 23 implies that there is some sink orbit with period
k; = 2™ where m; = m. This concludes the proof of the lemma. O

4.2. Construction of an Abstract Scheme by a Given k
Let kK = (k1,...,k,) be an r-tuple of natural numbers such that
1<k < <k =2" - L Ky

This section describes the construction of abstract schemes SZ o and S, realized (see Proposi-
tions 23, 21) by an orientation-preserving and an orientation-reversing diffeomorphism from M S, o
respectively.

For an orientation-preserving one, we consider the scheme S:, 0= (V,n, Ls ,ﬁ“) (see Fig. 18),
where:

1) V= Py
2) n:m(P4) — Z is an isomorphism;
3) L = o;
4) L*=BuU---U lAﬁeri_l, where
° A‘f, ... ,Zﬁ_l are ki-, ..., ki_1-, kj11-,. .., ke-turning tori, respectively;
° Zﬁ, . ,iﬁ tmy—1 are 1-2- 2mi~1_turning punctured Klein bottles, respectively.

An orientation-reversing diffeomorphism realizes, for example, the scheme S_, = (V, 7, Ls, fJ“),
where:

1) V=P
2) n:m(P_) — Z is an isomorphism;
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Fig. 18. Scheme S0, where k = (3,4).

3) L" =g
4) Is=Fu---u Zﬁ+mi_l, where
° Z{, e ,Zﬁ_l are one-sided ki-, ..., k;j_1-, kij11-, ..., k--turning tori, respectively;

° iﬁ is a 1-turning punctured one-sided torus;

° _q are 1-2-, ..., 2mi—1_turning punctured Klein bottles, respectively.

7s 7s
Bt B,

Next, we will prove the following remarkable fact.

Theorem 2. Let s satisfy (1.2). Then every diffeomorphism f € MS, o has the following
properties:

a) if k1 = 2, then Qy contains a fized saddle point o such that f|ww is orientation-reversing;
b) if k1 = 3, then the wandering set of f contains heteroclinic points.

Proof. a) If ky > 2, then due to property (1.2) of s, the inequality m; > 1 holds. Since Vf is
equipped with the epimorphism 7y to group Z, it follows that (see Propositions 23, 8 and Lemma 5)

the obtained inequality m; > 1 implies that the lamination ﬁ}"} must contain a Klein bottle (a

~ ~

one-sided torus) ifo, io € {1,...,r} if V; =P, (V; = P_). Moreover, I3 Cof_y, 05 ) = V; and

034 (jl} L(m (l_fo))) = Z. After the surgery along [$ , the 2-turning torus 8N(l_fo) bounds a solid
i0— i

20’
torus N (l}g) in the manifold o; =P, (here o, (m1(05))) = 27Z), being a tubular neighborhood of a
trivial knot /3 . Due to Propositions 23, 15, the knot [/ is a projection of the unstable separatrices
of some saddle point o € Qy such that f|yu reverses orientation.

b) If k1 > 3, then due to property (1.2) of s, it is true that m; > 2, therefore, in addition to the
surface ffo the lamination ﬁ; must contain a Klein bottle ifl, ig < i1 < 1, such that [fl Coj 1 205
Assuming that the diffeomorphism f has no heteroclinic points, we find that the 1-turning knot i
does not intersect the Klein bottle [;“’1 inside the manifold homeomorphic to P, which contradicts
Proposition 7. U
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5. CHARACTERIZATION OF THE CLASS M5, 1

In this last section, for any x we prove the non-emptyness of the class MS, 1 (we prove
Theorem 3) and determine the topology of manifolds admitting such diffeomorphisms (we prove

Theorem 4).
Theorem 3. For any k, the set MS, 1 is never empty and contains both types of diffeomor-
phisms: given on orientable and non-orientable 3-manifolds.

Proof. Let us describe abstract schemes SZ , and Sy, realizable (see Propositions 23, 21) by
diffeomorphisms from M S, ; defined on the manifolds P and IP_, respectively.

Let us define the scheme 8:,1 to be (V,n, L*, L") (see Fig. 19), where:

1) V=T, xS"=T3and ¢; : R> = T? is a natural projection;

A~

2) n:m (V) — Z is an epimorphism defined by n([¢s(v)]) = 1, where v = {(0,0, 2), z € [0,1]};

A ~

3) Lt =t = g1 (Ox2);
4) L¥ =5 U--- U2, where:

° Zf, e ,Zﬁ_l are pairwise disjoint two-sided tori each of which, if , 18 a tubular neighbor-
hood of the knot ¢; = ¢4 (C;) with C; = {(z,y,2) € R®: 2 = kjz,y = L };
e [ =q.(P) is a two-sided torus, where P = {(z,y,2) € R : 2 = —k,y + 1}.

The scheme S, = (f/,n,fﬁ ,f}“) is constructed similarly to the scheme S;f 1, but it should be
done on the manifold V = T_ x S!, using natural projection ¢_ : R3 — 1% (see Fig. 19). (]

Fig. 19. Abstract schemes S,fl.

Theorem 4. Let a diffeomorphism f: M3 — M3 be in MS,1 and cl(WS), o0 € Qq, be a
submanifold of M?. Then M? is homeomorphic either to a lens space or to the skew product S*> x S'.

Proof. To determine the topology of the ambient manifold M?, without loss of generality we can
suppose that all points in Q are fixed for f : M S M3 feM Si,1. It follows from the definition
of the class M S, 1 that the repeller R; is of the form

Ry =cl(W3) =W;UQs.
In addition, we will assume that all saddle points of €; are ordered o1, ..., 0, such that py (W3 N
Vi) = lAZL, i€ {l,...,r}. According to Lemma 4, we break up the following proof into two separate
cases: 1) |C3] =1 and 2) |C3] = 2.
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/ O / / O
[~ [~
N Ry S NG
o\ U 7 | U
~\ e ~\ Wz

Fig. 20. Case la): C is noncontractible on the left and contractible on the right.

In case 1), Ry is a knot in M3. Since R; is a submanifold, a trapping neighborhood W of Ry
is diffeomorphic to either a solid torus or solid Klein bottle. Let us look at these two possibilities
separately: la) W = W, ; 1b) W = W_.

la) Using the same technique as in the proof of the lemmas [20, Lemmas 3.1, 3.2], we can choose
the solid torus W so that the stable manifold W7 transversally intersects the torus OW along
the unique knot C' = W7 NIW. Let us denote by D C W, the two-dimensional disk bounded
by the knot C' and denote by N (D) C M? its tubular neighborhood transversally intersecting the
torus OW along a tubular neighborhood N(C) C OW. Let us put E = N(D)UW and ¥ = OF (see
Fig. 20).

If C' is a noncontractible knot on the torus W, then ¥ is a 2-dimensional sphere (see Fig. 20).
Let M3 = (M3 \ int E) U, D, where g : & — S? is some diffeomorphism. Then M3 admits a Morse -
Smale diffeomorphism f topologically conjugated to f outside the ball D? and having the unique
nonwandering point — a source — inside D? (see, for example, [18, Lemmas 4, 5]). Since all saddle
points of f have the Morse index 1, it follows, due to Lemmas 2 and 3, that M? is homeomorphic
to the 3-sphere S?. An immediate consequence of this fact is that M3\ int ' is homeomorphic to
the 3-ball, therefore M3 \ int W is homeomorphic to the solid torus, and thus M? is a lens space.

If C' is a contractible knot on the torus OW, then ¥ consists of two connected components, one of
which, X1, is homeomorphic to a 2-torus, while the other Y5 is homeomorphic to a 2-sphere. Using
a method similar to that above, we can prove that o bounds a 3-ball By. Then Fy = EU By is a
solid torus. Let us repeat our reasoning for saddle points o9, ... until the trace of a stable manifold
of some saddle point is an essential curve on the boundary of the solid torus. Such saddle point must
exist, since otherwise, having exhausted all saddle points, we obtain the fundamental domain of
the sink point basin, homeomorphic to T x [0, 1], which is impossible by virtue of Proposition 15.

1b) In view of the above considerations, without loss of generality, we can assume that C' is
a nontrivial knot on the Klein bottle OW. As Vf is homeomorphic to the direct product of the
Klein bottle with S' and py(Wg, NVj) is a-turning torus there, C' is a meridian of W. Similarly to
case 1a), this implies that M3\ int W is homeomorphic to the solid Klein bottle, and thus, due to
Proposition 5, M3 = P_.

In case 2), Ry is a closed arc in M 3. Since Ry is a submanifold, its tubular neighborhood is

a 3-ball B. Then M? admits a Morse —Smale diffeomorphism f , coinciding with f outside B and
having a unique nonwandering point (namely, source) inside B (see, for example, [18, Lemmas 4, 5]).
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Since all saddle points of f have the Morse index 1, it follows, due to Lemmas 2 and 3, that the
manifold M? is homeomorphic to the 3-sphere S3, which is a lens space L. O
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