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Abstract—In investigating dynamical systems with chaotic attractors, many aspects of global
behavior of a flow or a diffeomorphism with such an attractor are studied by replacing a
nontrivial attractor by a trivial one [1, 2, 11, 14]. Such a method allows one to reduce the
original system to a regular system, for instance, of a Morse – Smale system, matched with it.
In most cases, the possibility of such a substitution is justified by the existence of Morse – Smale
diffeomorphisms with partially determined periodic data, the complete understanding of their
dynamics and the topology of manifolds, on which they are defined. With this aim in mind, we
consider Morse – Smale diffeomorphisms f with determined periods of the sink points, given on
a closed smooth 3-manifold. We have shown that, if the total number of these sinks is k, then
their nonwandering set consists of an even number of points which is at least 2k. We have found
necessary and sufficient conditions for the realizability of a set of sink periods in the minimal
nonwandering set. We claim that such diffeomorphisms exist only on the 3-sphere and establish
for them a sufficient condition for the existence of heteroclinic points. In addition, we prove that
the Morse – Smale 3-diffeomorphism with an arbitrary set of sink periods can be implemented
in the nonwandering set consisting of 2k + 2 points. We claim that any such a diffeomorphism
is supported by a lens space or the skew product S2 ×̃ S
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1. INTRODUCTION AND FORMULATION OF RESULTS

In the present paper, we consider the class of Morse – Smale diffeomorphisms (MS-diffeomor-
phisms) f : M3 → M3 defined on a smooth closed connected 3-manifold M3. We denote this class
by MS(M3). The results obtained here describe the properties of these diffeomorphisms under the
condition that the periods of sink orbits are determined.

For any finite set A, we will denote by |A| its cardinality. Let r ∈ N,

κ = (k1, . . . , kr)

be an r-tuple of natural numbers such that k1 � · · · � kr and

k = k1 + · · ·+ kr.

For any tuple κ, let MSκ denote the set of MS-diffeomorphisms f whose tuple of sink periods is
exactly κ. Let Ωf denote the nonwandering set of f . The set

Ωq, q ∈ {0, 1, 2, 3}
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is defined as a subset of Ωf , consisting of points with the Morse index q (it means that the unstable
manifold of these points has the topological dimension q). Let

Cq = |Ωq|.
In this paper, we get the following results about diffeomorphisms from MSκ.

Lemma 1. For any f ∈ MSκ there exists an integer nf � 0 such that

|Ωf | = 2(k + nf ). (1.1)

For any n ∈ N ∪ {0}, MSκ,n is defined as the subset (possibly empty) of MSκ, consisting of
diffeomorphisms f such that |Ωf | = 2(k + n).

Lemma 2. A diffeomorphism f ∈ MSκ belongs to MSκ,n iff C2 = n.

Since systems with a minimum number of points in a nonwandering set are of great scientific
interest [1, 2], we will focus on considering the class MSκ,0. The following statement gives us some
necessary conditions for an MS-diffeomorphism to belong to MSκ,0.

Lemma 3. Let f : M3 → M3 belong to MSκ,0. Then

1) C3 = 1, C1 = k − 1;

2) M3 is a 3-sphere S
3.

The next result shows that the set MSκ,0 may be empty for some tuples κ.

Theorem 1. The set MSκ,0 is non-empty iff the tuple κ = (k1, . . . , kr) has the following property:

∃ i ∈ {1, . . . , r}, mi ∈ N ∪ {0} : ki = 2mi . (1.2)

Moreover, for any κ satisfying (1.2), the set MSκ,0 contains both orientation-reversing and
orientation-preserving diffeomorphisms.

A surprising consequence of this theorem is the following result.

Theorem 2. Let κ satisfy (1.2). Then any diffeomorphism f ∈ MSκ,0 has the following properties:

a) if k1 � 2, then Ωf contains a fixed saddle point σ such that f |Wu
σ
is orientation-reversing;

b) if k1 � 3, then the wandering set of f contains heteroclinic points.

Below we show that, in contrast to the class MSκ,0, every κ can be realized by some
diffeomorphism f ∈ MSκ,1. For this reason, we investigate the periodic data of diffeomorphisms
from this class.

Lemma 4. Let f : M3 → M3 be in MSκ,1. Then the periodic data of f has one of the following
forms:

1) C0 = k, C1 = k, C2 = 1, C3 = 1;

2) C0 = k, C1 = k − 1, C2 = 1, C3 = 2.

Theorem 3. For any κ, the set MSκ,1 is never empty and contains both types of diffeomorphisms:
given on orientable and non-orientable 3-manifolds.

According to Lemma 2, the nonwandering set of f ∈ MSκ,1 has a unique saddle point σ with
a one-dimensional stable manifold. In the general case, the set cl(W s

σ) is not a submanifold of the
ambient manifold M3 (see, for example, [7]). In the case where it is, the following result takes place.

Theorem 4. Let a diffeomorphism f : M3 → M3 be in MSκ,1 and cl(W s
σ), σ ∈ Ω2 be a submani-

fold of M3. Then M3 is homeomorphic either to a lens space or to the skew product S2 ×̃ S
1.1)

1)The skew product S2 ×̃ S
1 is defined as the space obtained from S

2 × [0, 1] by gluing its boundary spheres via an
orientation-reversing homeomorphism.
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2. NECESSARY DEFINITIONS AND FACTS

2.1. Orbit Spaces

This part is devoted to the topology of the orbit space for some homeomorphism f defined on
the topological manifold X. In presenting the material, we mainly follow the monograph [13].

Let f : X → X be a homeomorphism of a topological space X. Denote by

Zf

the cyclic (finite or infinite) group of integers k such that {fk, k ∈ Zf} is the set of all different
powers of the homeomorphism f . We use the notation

X/f

for the space of f -orbits on X and

pX/f : X → X/f

for the natural projection equipped the space X/f with the quotient topology. For each connected

component X̂ of X/f , let us denote by mX̂ the number of connected components in the

preimage p−1
X/f (X̂).

Recall that a fundamental domain of the f -action on X is a closed set Df ⊂ X such that there

is a subset D̃f ⊂ Df with the following properties:

1) cl(D̃f ) = Df ;

2) fk(D̃f ) ∩ D̃f = ∅ for all k ∈ (Zf \ {0});

3)
⋃

k∈Zf

fk(D̃f ) = X.

Denote by Df/∼f
the quotient space under the smallest equivalence relation ∼f on Df for which

x ∼f f(x).
It is said that

• a homeomorphism f acts freely on X if fk(x) 	= x for any point x ∈ X and any element
k ∈ (Zf \ {0});

• a homeomorphism f acts discontinuously on X if for any compact K ⊂ X the set of elements
k ∈ Zf for which fk(K) ∩K 	= ∅ is finite.

In the case of free and discontinuous action, the orbit space X/f and the projection pX/f have
the following properties.

Proposition 1 ([13]). Let a homeomorphism (diffeomorphism) f act freely and discontinuously
on a topological (smooth) n-manifold X. Then

1) pX/f : X → X/f is a cover, inducing the structure of a topological (smooth) n-manifold on

the orbit space X/f ;

2) for a fundamental domain Df of the f -action on X, the spaces Df/∼f
and X/f are

homeomorphic;

3) for each connected component X̂ of X/f , the map

ηX̂ : π1(X̂) → mX̂Zf ,

assigning to each class [ĉ] ∈ π1(X̂) the integer k ∈ Zf such that the lift c of a loop ĉ connects

the point x to the point fk(x), is an epimorphism.
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Let us denote by ηX/f the map made up of epimorphisms ηX̂ (from the Cartesian product of

fundamental groups to the Cartesian product of the corresponding subgroups of Z).

Proposition 2 ([13]). Let homeomorphisms f and f ′ act freely and discontinuously on manifolds
X and X ′, respectively, and let X/f , X ′/f ′ be connected. Then

1) if h : X → X ′ is a homeomorphism such that hf = f ′h, then the map ĥ : X/f → X ′/f ′

defined by

ĥpX/f = pX′/f ′h (2.1)

is a homeomorphism and ηX/f = ηX′/f ′ ĥ∗;

2) if ĥ : X/f → X ′/f ′ is a homeomorphism such that ηX/f = ηX′/f ′ ĥ∗, then equality (2.1)

defines a homeomorphism h : X → X ′ for which hf = f ′h, and this homeomorphism is unique
up to the choice of a pair of points x ∈ X, h(x) ∈ X ′ in each connected component of X, X ′.

2.2. Tori and Klein Bottles Embeddings in S
2 × S

1 and S
2 ×̃ S

1

First of all, we say that the character “∼=” means “isomorphic”, “homeomorphic”, or “diffeo-
morphic”, depending on the context.

Let X be a topological space; let A ⊂ X be its subset. We denote by

jA : A → X

the inclusion map.

Consider two topological spaces, X and Y . Let A ⊂ X and B ⊂ Y be their subsets, let g : A → B
be some homeomorphism, and let ∼ be the minimal equivalence relation on X 
 Y for which
a ∼ g(a) for all a ∈ A. The quotient space by this equivalence relation is said to be obtained by
gluing the space Y to the space X along the map g, written

X ∪g Y.

A topological (smooth) embedding of a topological (smooth) manifold X into a topological
(smooth) manifold Y is defined as a map e : X → Y such that e : X → e(X) is a homeomorphism
(diffeomorphism).

For example, a knot in Y is the image e(S1) of an embedding e : S1 → Y (or this embedding
itself).

A topological embedding e : X → Y of an m-manifold X into an n-manifold Y (m � n) is said
to be locally flat at point e(x), x ∈ X, if the point e(x) lies in the domain of a chart (U,ψ) of
the manifold Y such that either ψ

(
U ∩ e(X)

)
= R

m (here R
m ⊂ R

n is the set of those points,

whose last n−m coordinates are 0) or ψ
(
U ∩ e(X)

)
= R

m
+ (here Rm

+ ⊂ R
m is the set of points with

nonnegative last coordinate). The embedding e is said to be tame and the manifold X is said to
be tamely embedded into Y if e is locally flat at all points of e(X), and Z = e(X) is called an
m-submanifold of Y . Otherwise, the embedding e is called wild and the manifold X is called wildly
embedded. The point e(x), at which e is not locally flat, is called a point of wildness.

A tubular neighborhood of an m-submanifold Z of an n-manifold Y is a submanifold N(Z) ⊂ Y
containing Z and equipped with a continuous map p : N(Z) → Z such that for any point z ∈ Z there
exist a neighborhood U � z and a diffeomorphism φU : U ×D

n−m → p−1(U) for which pφU (u, t) = u
(see Fig. 1). The existence of a tubular neighborhood of any smooth submanifold Z ⊂ intY follows
from [9], for example.

An (n− 1)-submanifold Z of an n-manifold Y is said to be two-sided if its tubular neighborhood
is homeomorphic to Z × [−1, 1] and one-sided, otherwise.
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Fig. 1. A tubular neighborhood N(Z) of a submanifold Z.

Proposition 3 ([10, Lemma 3], [9]). Let X be an n-manifold with nonempty boundary ∂X and
let g : ∂X → ∂X × {0} be a homeomorphism. Then

X ∪g (∂X × [0, 1]) ∼= X.

For q ∈ N, we consider

D
q = {(x1, . . . , xq) ∈ R

q : x21 + . . . ,+x2q � 1} − a q-ball (disc),

S
q−1 = ∂Dq − a (q − 1)-sphere

and for ν ∈ {−,+}, we define the involution ιq,ν : Dq → D
q as follows:

ιq,ν(x1, x2, . . . , xq) = (νx1, x2, . . . , xq). (2.2)

Identifying the boundary disks Dq × {0}, Dq × {1} of Dq × [0, 1] by the relation (d, 1) ∼ (ιq,ν(d), 0),
we obtain the manifold

(Dq × S
1)ν

with the boundary

(Sq−1 × S
1)ν ,

which is

• the direct product Dq × S
1 with the boundary S

q−1 × S
1, if ν = +;

• the skew product Dq ×̃ S
1 with the boundary S

q−1 ×̃ S
1, if ν = −.

For some natural number n > q and a sign μ ∈ {−,+}, let us consider the n-manifold S
q−1 ×

D
n−q × [0, 1]. After identifying (s, d, 1) ∼ (ιq,ν(s), ιn−q,μ(d), 0), we get the n-manifold

(Sq−1 × D
n−q × S

1)ν,μ.

Here is the notation list for the manifolds most commonly used throughout this article:

• 2-torus T+ = S
1 × S

1;

• Klein bottle T− = S
1 ×̃ S

1;

• Nμ(Tν) = (S1 × D
1 × S

1)ν,μ, here

– N+(Tν) = Tν × [−1, 1] is a tubular neighborhood of a two-sided Tν ,

– N−(T+) is a tubular neighborhood of a one-sided torus,

– N−(T−) is a tubular neighborhood of a one-sided Klein bottle;

• solid torus W+ = D
2 × S

1;
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• solid Klein bottle W− = D
2 ×̃ S

1;

• P+ = S
2 × S

1;

• P− = S
2 ×̃ S

1.

Let us recall that a meridian of a solid torus (Klein bottle) W+ (W−) is such a knot that is
noncontractible on its boundary T+ (T−), but is contractible in the solid torus (Klein bottle) itself.

Proposition 4 ([3, 21]). Let g : ∂W+ → ∂W+ be a homeomorphism. Then

• g can be extended to a homeomorphism g : W+ → W+ ⇐⇒ g maps a meridian into a
meridian;

• W+ ∪g W+
∼= P+ ⇐⇒ g maps a meridian into a meridian.

The 3-manifold Lp,q = W+ ∪g W+, where g : ∂W+ → ∂W+ is a homeomorphism, mapping a
meridian of the solid torus into some knot with the homotopy type 〈p, q〉, is called a lens space. In
particular,

S
3 ∼= L1,0, S

2 × S
1 ∼= L0,1.

Proposition 5 ([16, 17]). Let g : ∂W− → ∂W− be a homeomorphism. Then

• g always maps a meridian into a meridian;

• g can always be extended to a homeomorphism g : W− → W−;

• W− ∪g W− ∼= P−.

Let us elaborate on the properties of embeddings e : Tν → P±.
Note that π1(P±) ∼= Z, so we will say that a connected subset A ⊂ P± is homotopically nontrivial

if jA∗
(
π1(A)

)
	= 0. In this case, there is a natural m ∈ N such that

jA∗
(
π1(A)

)
= mZ. (2.3)

We call some set m-turning if it has property (2.3).

Proposition 6 ([4, Theorem 4]). Every m-turning torus T+ ⊂ P+ bounds an m-turning solid
torus.

To describe a 1-turning Klein bottle in P+, we consider a rotation RAB(t) of the 2-sphere S
2

by the angle πt around the axis AB, here A = (0, 1, 0) and B = (0,−1, 0). We choose the biggest
circle S0 on S

2, passing through A and B. Then the sought Klein bottle (see Fig. 2) can be defined,
for example, by the formula

K =
⋃

t∈[0,1]
RAB(S0)× {ei2πt}.

By construction, a tubular neighborhood N(K) of K is diffeomorphic to N−(T−) and the manifold
Y = P+ \ intN(K) is a 2-turning solid torus (see Fig. 2).

Proposition 7 ([6, Proposition 1.4]). For every Klein bottle T− ⊂ P+ there exists a homeomor-
phism h : P+ → P+ such that h(T−) = K. Moreover, any two Klein bottles in P+ have a nonempty
intersection.

An immediate consequence of Propositions 6 and 7 is the following fact.

Proposition 8. Let Tν ⊂ P+ be a homotopically nontrivial torus or Klein bottle. Then Tν is one
of the following types:

REGULAR AND CHAOTIC DYNAMICS Vol. 30 No. 2 2025



232 BARINOVA et al.

Fig. 2. Klein bottle K in P+.

Fig. 3. 4-turning two-sided torus T+ ⊂ P±. Fig. 4. Klein bottle T− ⊂ P+.

1) T+ is a two-sided m-turning (m ∈ N) torus and the manifold P+ \ intN(T+) consists of two
connected components, at least one of which, Y , is an m-turning solid torus (see Fig. 3);

2) T− is a one-sided 1-turning Klein bottle, N(T−) ∼= N−(T−) and Y = P+ \ intN(T−) is a
2-turning solid torus (see Fig. 4).

We do not know of any generalization of this result to P−, so we provide our proof here.

Lemma 5. Let Tν ⊂ P− be a homotopically nontrivial torus or Klein bottle. Then Tν is one of the
following types:

1) T+ is a two-sided 2k-turning (k ∈ N) torus and the manifold P− \ intN(T+) consists of two
connected components, exactly one of which Y is a 2k-turning solid torus (see Fig. 3);

2) T+ is a one-sided 1-turning torus, N(T+) ∼= N−(T+) and Y = P− \ intN(T+) is a 2-turning
solid torus (see Fig. 6);

3) T− is a two-sided (2k − 1)-turning (k ∈ N) Klein bottle and the manifold P− \ intN(T−)
consists of two connected components, at least one of which, Y , is a (2k − 1)-turning solid
Klein bottle (see Fig. 5).

Proof. Let us represent the manifold P− as the orbit space

P− = (S2 × R)/T

of the action of a diffeomorphism T : S2 ×R → S
2 ×R defined (see formula (2.2) for ι3,−) as follows:

T (s, t) =

(

ι3,−(s), t+
1

2

)

.

Then
P+ = (S2 × R)/T 2.
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Fig. 5. Two-sided 1-turning Klein bottle T− ⊂ P−. Fig. 6. One-sided torus T+ ⊂ P−.

In this case, the mapping

τ = p
P+
T p−1

P+
: P+ → P+ (2.4)

is an involution such that P− = P+/τ , and its corresponding natural projection

r = p
P−
p−1
P+

: P+ → P− (2.5)

is a two-fold cover. In addition, we note that

Tν ⊂ P± is an m-turning surface ⇐⇒ p−1
P±

(Tν) consists of m connected components. (2.6)

Let T+ ⊂ P− be an m-turning torus. Then it follows from formulas (2.4)–(2.6) that r−1(T+)

consists of either i) one m-turning torus T̃ if m is odd or ii) two m
2 -turning tori T̃ , τ(T̃ ) if m is

even. Due to Proposition 8, there is a two-sheeted cover of a tubular neighborhood N(T+) ⊂ P−
by one or two copies of N+(T+), respectively, for each of the cases.

In case i), the torus T̃ bounds a solid torus in P+ by virtue of Proposition 6. If T̃ bounds two
solid tori and the involution τ maps one of them into the other, then, due to Proposition 4, m = 1.
Therefore, N(T+) ∼= N−(T+) and Y = P− \ intN(T+) is a 2-turning solid torus. Thus, we have
obtained case 2) of this lemma.

Otherwise, keeping in mind that T̃ bounds a solid torus, we conclude that every component T̄
of p−1

P−
(T+) bounds a solid cylinder, not intersecting with the other components. It follows from the

definition of an m-turning surface that there is a compact cylinder T̄m ⊂ T̄ , a lift of T̃ , such that
p
P−

(T̄m) = T+ and one of its boundary circles maps into the other under T m, the mth power of T .

Since m is odd, we immediately get that T+ is a Klein bottle, which is a contradiction. Thus, there
are no (2k − 1)-turning tori in P−.

In case ii), each of the tori T̃ , τ(T̃ ) bounds one solid torus and the involution τ maps one solid
torus to another. ThenN(T+) ∼= N+(T+) and the manifold P− \ intN(T+) consists of two connected
components, exactly one of which Y is an m-turning solid torus. Thus, case 1) is realized.

Let T− ⊂ P− be an m-turning Klein bottle. Since a two-fold cover of a Klein bottle can
be done only using either torus or two distinct Klein bottles as the covering space, then,
due to the uniqueness of Klein bottle in P+ (see Proposition 7) and formulas (2.4)–(2.6), the

manifold r−1(T−) is one m-turning torus T̃ . It follows directly from this that m is odd, that is,

m = 2k − 1, k ∈ N. By virtue of Proposition 6, T̃ bounds a solid torus in P+ which is invariant
under involution τ . Therefore, N(T−) ∼= N+(T−) and the manifold P− \ intN(T−) consists of two
connected components, at least one of which, Y , is a (2k − 1)-turning solid Klein bottle. �
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2.3. Morse – Smale Diffeomorphisms

In this section, we will remind the reader of the general information about Morse – Smale
diffeomorphisms (see, for example, [12] for more details). Here and below, Mn is a closed connected
n-manifold with a metric d; f : Mn → Mn is a diffeomorphism.

A point x ∈ Mn is said to be wandering for f if there is an open neighborhood Ux of x such
that fk(Ux) ∩ Ux = ∅ ∀k ∈ N. Otherwise, the point x is said to be nonwandering. The set of all
nonwandering points of f is called the nonwandering set, usually denoted by Ωf . The simplest
example of a nonwandering point is a periodic point, i. e., a point p ∈ Mn such that there exists
some natural number m for which fm(p) = p. The smallest such number is said to be the period of
the point p; written as mp.

A periodic point p ∈ Ωf with a period mp is said to be hyperbolic if the absolute value of each

eigenvalue of the Jacobi matrix
(
∂fmp

∂x

)∣
∣
∣
p
is not equal to 1. The number qp of the eigenvalues of

the Jacobi matrix, whose absolute values are greater than 1, is called the Morse index of a point p.
Points with the Morse index n (0) are called sources (sinks), the other points are called saddles.
The sets

W s
p = {x ∈ Mn : lim

k→+∞
d(fkmp(x), p) = 0},

W u
p = {x ∈ Mn : lim

k→−∞
d(fkmp(x), p) = 0}

are called the stable and the unstable manifolds of a point p, respectively. The sets W s
p , W

u
p are

also called invariant manifolds of a point p.

For an f -invariant closed subset B of Ωf we define the sets W u
B , W

s
B as follows:

W u
B =

⋃

p∈B
W u

p , W s
B =

⋃

p∈B
W s

p .

If p and r are hyperbolic periodic points of f with W u
p ∩W s

r 	= ∅, then the intersection W u
p ∩W s

r

is called a heteroclinic intersection. 0-dimensional path-connected components of heteroclinic
intersection are called heteroclinic points, 1-dimensional components are called heteroclinic curves,
and components of higher dimension are called heteroclinic manifolds.

Some diffeomorphism f : Mn → Mn is called a Morse – Smale diffeomorphism (f ∈ MS(Mn))
if 1) its nonwandering set Ωf is finite (thus consists of periodic points) and hyperbolic and 2)
for any two periodic points p and r the unstable manifold W u

p intersects the stable manifold W s
r

transversally. Here and below, f ∈ MS(Mn).

A compact f -invariant set A ⊂ Mn is called an attractor of a diffeomorphism f if it has a
compact neighborhood UA such that

f(UA) ⊂ intUA, A =
⋂

k�0

fk(UA).

In this definition, the neighborhood UA is said to be trapping. A repeller R of f is defined to be an
attractor for f−1.

For any hyperbolic periodic point p ∈ Ωf of f ∈ MS(Mn) we use the following notation:

• mp is the period of p;

• qp is the Morse index of p;

• (νp, μp) is the orientation type of p, i. e., νp = + (−) if the map fmp |Wu
p
preserves (reverses)

orientation and μp = + (−) if the map fmp |W s
p
preserves (reverses) orientation;

• �up (�sp) is a path-connected component of the set W u
p \ p (W s

p \ p) which is called an unstable

(stable) separatrix of p;
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• Op is the orbit of p for which we set mOp = mp, qOp = qp, νOp = νp, μOp = μp.

Proposition 9 ([13, Theorem 2.1, Proposition 2.3]). Let f ∈ MS(Mn). Then

1) Mn =
⋃

p∈Ωf

W u
p ;

2) for any p ∈ Ωf , W
u
p is a smooth submanifold of Mn and is diffeomorphic to R

qp;

3) cl(�up) \ (�up ∪ p) =
⋃

r∈Ωf :�up∩W s
r 	=∅

W u
r for any unstable separatrix �up of p ∈ Ωf ;

4) if the separatrix �up does not take part in heteroclinic intersections, then there is a unique sink
ω such that

cl(�up) = p ∪ �up ∪ ω,

with cl(�up) being homeomorphic to either a closed interval if qp = 1 or the sphere S
qp if qp > 1.

The same proposition holds for stable manifolds.

Let us denote by

Ωq, q ∈ {0, . . . , n}
the subset of the nonwandering set Ωf of f , consisting of points with the Morse index q. Let
Cq = |Ωq|. The symbol βq = βq(M

n) denotes the qth Betti number, i. e.,

βq(M
n) = rankHq(M

n,Z).

By χ(Mn) we denote the Euler characteristic of Mn, i. e.,

n∑

q=0

(−1)qβq = χ(Mn).

Proposition 10 (Lefschetz –Hopf Theorem, [23, 24]). For any f ∈ MS(Mn), the following
relations hold:

C0 � β0, C1 − C0 � β1 − β0, C2 − C1 + C0 � β2 − β1 + β0, . . . ,

n∑

q=0

(−1)qCq = χ(Mn).

Since Mn is connected, β0 = 1. All other Betti numbers are nonnegative, and if n is odd, then
χ(Mn) = 0. Given this, the immediate consequence of the Proposition 10 is the following fact.

Proposition 11. For any diffeomorphism f ∈ MS(Mn), there are the following estimates from
below:

C0 � 1, Cn � 1; (2.7)

|Ωf | � 2C0; (2.8)

C0 + C2 + · · · + Cn−1 = C1 + C3 + · · ·+ Cn, for an odd n. (2.9)

Proposition 12 ([18, Theorem 1]). Let f ∈ MS(Mn), n � 3, and let all its saddle points be of
the Morse index 1. Then Mn ∼= S

n.
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2.4. Linearizing Neighborhood

In this section, following [7, 8, 12], we show how to reduce the study of local dynamics of
Morse – Smale diffeomorphisms f ∈ MS(Mn) to the study of linear systems in R

n.

Let us fix q ∈ {0, 1, . . . , n}, ν, μ ∈ {−,+} and denote by aq,ν,μ : Rn → R
n the diffeomorphism

defined as

aq,ν,μ(x1, x2, . . . , xn) =
(
ν2x1, 2x2, . . . , 2xq, μ

xq+1

2
,
xq+2

2
, . . . ,

xn
2

)
.

We call aq,ν,μ the canonical diffeomorphism. The stable Wu
q and the unstable Ws

q manifolds of
its unique fixed point O are the coordinate hyperplanes Ox1...xq and Oxq+1...xn , respectively. The

restrictions auq,ν = aq,ν,μ|Wu
q
and asq,μ = aq,ν,μ|Ws

q
are called the canonical expansion and contraction,

respectively, i. e.,
auq,ν(x1, . . . , xq) = (ν2x1, . . . , 2xq), ∀(x1, . . . , xn) ∈ Wu

q ,

asq,μ(xq+1, . . . , xn) =
(
μ
xq+1

2
, . . . ,

xn
2

)
, ∀(x1, . . . , xn) ∈ Ws

q .

One can check directly that the diffeomorphism auq,ν acts freely and discontinuously on the

smooth q-manifold Wu
q \O. In order to identify the topology of the manifold

Ŵu
q,ν = (Wu

q \O)/auq,ν ,

one can note that a fundamental domain of the auq,ν-action on Wu
q \O can be chosen to be

homeomorphic to
S
q−1 × [0, 1].

Then, using the notation from Section 2.2, we obtain from Propositions 1, 2 the following result
(see Figs. 7, 8).

Fig. 7. Manifolds Ŵu
1,−, Ŵu

1,+.

Fig. 8. Manifolds Ŵu
2,−, Ŵu

2,+.

Proposition 13 ([13, Proposition 2.5]). The orbit space Ŵu
q,ν is a smooth closed q-manifold.

Moreover,

• Ŵu
q,ν

∼= (Sq−1 × S
1)ν ;

• ηŴu
q,ν

(
π1(Ŵu

q,ν)
)
= 2Z if q = 1, ν = − and ηŴu

q,ν

(
π1(Ŵu

q,ν)
)
= Z for all other q, ν.
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The same is true for the orbit space Ŵs
q,μ = (Ws

q \O)/asq,μ, since

Ŵs
q,μ

∼= Ŵu
n−q,μ.

For q ∈ {1, . . . , n− 1}, we assume

Nq = {(x1, . . . , xn) ∈ R
n : (x21 + · · ·+ x2q)(x

2
q+1 + · · ·+ x2n) � 1}.

It can be checked directly that Nq is an aq,ν,μ-invariant set which is a closed neighborhood for both
Ws

q and Wu
q . Let

N u
q = Nq \Ws

q , N s
q = Nq \ Wu

q .

It is readily verified that aq,ν,μ acts freely and discontinuously on the smooth n-manifold N u
q

with boundary, producing the orbit space

N̂ u
q,ν,μ = N u

q /aq,ν,μ

with the fundamental domain (see an example of this in Fig. 9) homeomorphic to

S
q−1 × D

n−q × [0, 1].

Again, using the notation from Section (2.2), due to Propositions 1, 2, we obtain the following
result.

Proposition 14. The orbit space N̂ u
q,ν,μ is a smooth n-manifold with boundary. Moreover,

• N̂ u
q,ν,μ

∼= (Sq−1 × D
n−q × S

1)ν,μ;

• ηN̂u
q,ν,μ

(
π1(N̂ u

q,ν,μ)
)
= 2Z if q = 1, ν = − and ηN̂u

q,ν,μ

(
π1(N̂ u

q,ν,μ)
)
= Z for all other q, ν.

The same is true for the orbit space N̂ s
q,ν,μ = N s

q /aq,ν,μ, since

N̂ s
q,ν,μ

∼= N̂ u
n−q,μ,ν.

Fig. 9. The fundamental domain of the a1,ν,μ-action on N u
1 for n = 2 (on the left) and that of the a2,ν,μ-action

on N u
2 for n = 3 (on the right).

Let us introduce the pair of aq,ν,μ-invariant transversal foliations in Nq as follows:

Fu
q =

⋃

(cq+1,...,cn)∈Oxq+1...xn

{(x1, . . . , xn) ∈ Nq : (xq+1, . . . , xn) = (cq+1, . . . , cn)},

Fs
q =

⋃

(c1,...,cq)∈Ox1...xq

{(x1, . . . , xn) ∈ Nq : (x1, . . . , xq) = (c1, . . . , cq)}.
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Let

F̂uu
q,ν,μ = p

N̂u
q,ν,μ

(Fu
q ), F̂su

q,ν,μ = p
N̂u

q,ν,μ
(Fs

q );

F̂us
q,ν,μ = p

N̂s
q,ν,μ

(Fu
q ), F̂ss

q,ν,μ = p
N̂s

q,ν,μ
(Fs

q ).

Since every leaf of the foliation Fu
q \Wu

q (Fs
q \ Ws

q ) is homeomorphic to D
q (Dn−q) and does

not contain points from the same orbit of aq,ν,μ, each leaf of the foliation F̂us
q,ν,μ (F̂su

q,ν,μ) is also

homeomorphic to D
q (Dn−q) and intersects transversally the manifold Ŵs

q,μ (Ŵu
q,ν) at a single point

(see Figs. 10, 11).

Fig. 10. Manifold N̂ s
1,+,+

∼= T
2 × [−1, 1], n = 3, with the two-dimensional foliation F̂ss

1,+,+ and the one-

dimensional one F̂us
1,+,+.

Fig. 11. Manifold N̂ s
s,+,+

∼= D
2 × S

1 × S
0, n = 3, with the 2-dimensional foliation F̂su

1,+,+ and the 1-dimensional

one, F̂uu
1,+,+.

Since N u
q \W u

O = N s
q \W s

O, the formula

ĝq,ν,μ = p
N̂s

q,ν,μ

(
p
N̂u

q,ν,μ
|Nu

q \Wu
O

)−1

defines the transition diffeomorphism

ĝq,ν,μ : N̂ u
q,ν,μ \ Ŵu

q,ν → N̂ s
q,ν,μ \ Ŵs

q,μ. (2.10)

Moreover,

ĝq,ν,μ(F̂uu
q,ν,μ \ Ŵu

q,ν) = F̂us
q,ν,μ \ Ŵs

q,ν, ĝq,ν,μ(F̂su
q,ν,μ \ Ŵu

q,ν) = F̂ss
q,ν,μ \ Ŵs

q,ν.
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It immediately implies that each leaf of the foliation F̂uu
q,ν,μ (F̂ss

q,ν,μ) is homeomorphic to the

punctured disc D
q \O (Dn−q \O).

Let us establish the connection between the linear models constructed above and the invariant
sets of a Morse – Smale diffeomorphism.

Proposition 15 ([13, Theorem 2.3]). Let f ∈ MS(Mn) and let p be its periodic point. Then

• f acts freely and discontinuously on W u
Op

\ Op;

• fmp |Wu
p \p and auqp,νp are smoothly conjugate;

• the orbit space Ŵ u
p = (W u

Op
\ Op)/f = (W u

p \ p)/fmp is diffeomorphic to Ŵu
qp,νp;

• ηŴu
p
= mpηŴu

qp,νp
.

Let p be a saddle periodic point of f ∈ MS(Mn). We say that the neighborhood Np of p is
linearizing if there is a homeomorphism υp : Np → Nqp, conjugating fmp |Np and aqp,νp,μp |Nqp

such

that F u
p = υ−1

p (Fu
qp), F

s
p = υ−1

p (Fs
qp) are two transverse smooth foliations.

Proposition 16 ([5]). Any saddle periodic point p of f ∈ MS(Mn) has a linearizing neighbor-
hood.

Let

Nu
p = NOp \W s

Op
, N s

p = NOp \W u
Op

.

Proposition 17 ([13, Theorem 2.4]). Let f ∈ MS(Mn) and let p be its saddle periodic point.
Then

• f acts freely and discontinuously on Nu
p ;

• the orbit space N̂u
p = Nu

p /f is diffeomorphic to N̂ u
qp,νp,μp

;

• ηN̂u
p
= mpηN̂u

qp,νp,μp
.

The same is true for N̂ s
p = N s

p/f . Let

F̂ uu
p = pN̂u

p
(F u

p ), F̂ su
p = pN̂u

p
(F s

p );

F̂ us
p = pN̂s

p
(F u

p ), F̂ ss
p = pN̂s

p
(F s

p ).

For a periodic orbit Op, the neighborhood NOp =
mp−1⊔

i=0
f i(Np), equipped with the map υOp :

NOp →
mp−1⊔

i=0
Nqp constructed from homeomorphims

υpf
−i : f i(Np) → Nqp, i ∈ {0,mp − 1},

is called a linearizing neighborhood of the orbit Op. In this definition, the map υOp is said to be
linearizing as well.

2.5. Classification of Morse – Smale 3-Diffeomorphisms

In the current section, we present some classification results for three-dimensional MS-
diffeomorphisms following [7]. Most of the facts are formulated and proved there under the
assumption that M3 is orientable, but all of them, with some refinement of the formulations,
are also valid in the non-orientable case.
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2.5.1. Necessary and sufficient conditions of topological conjugacy

Let f ∈ MS(M3).

Suppose

Af = W u
Ω0∪Ω1

, Rf = W s
Ω2∪Ω3

, Vf = M3 \ (Af ∪Rf ).

Proposition 18 ([15, Theorem 1]). Let f ∈ MS(M3). Then

• the sets Af and Rf are a connected attractor and a connected repeller of f respectively, and
their topological dimension is not greater than 1;

• Vf is a smooth connected 3-manifold, on which f acts freely and discontinuously, and

Vf = W s
Af∩Ωf

\ Af = W u
Rf∩Ωf

\Rf ;

• V̂f = Vf/f is a closed connected smooth 3-manifold and ηV̂f

(
π1(V̂f )

)
= Z.

Let

p
f
= pV̂f

, η
f
= ηV̂f

, L̂s
f = p

f
(W s

Ω1
\ Af ), L̂

u
f = p

f
(W u

Ω2
\Rf ).

The collection

Sf = (V̂f , ηf
, L̂s

f , L̂
u
f )

is called the scheme of the diffeomorphism f ∈ MS(M3).

Proposition 19 ([7, Theorem 1]). Diffeomorphisms f, f ′ ∈ MS(M3) are topologically conju-

gate iff their schemes are equivalent, i.e ., there exists a homeomorphism ϕ̂ : V̂f → V̂f ′ such that

• η
f
= η

f ′ ϕ̂∗;

• ϕ̂(L̂s
f ) = L̂s

f ′ , ϕ̂(L̂u
f ) = L̂u

f ′ .

2.5.2. Scheme surgery

To solve the realization problem for Morse – Smale 3-diffeomorphisms, it was proved in [8] that
any scheme of such a diffeomorphism possesses some characteristic property. This property will
allow us to define an abstract scheme that is implemented by some diffeomorphism.

To illustrate this property let us consider an orientation-preserving Morse – Smale diffeomor-
phism f : S3 → S

3 depicted in Fig. 12. Its nonwandering set Ωf consists of a fixed source α,

one saddle periodic orbit Oσ = {σ, f(σ), f2(σ)} of the Morse index 1, one fixed sink ω1, and one
periodic sink orbit Oω2 = {ω2, f(ω2), f

2(ω2)}. By definition, we construct Vf by deleting the sets

Af = W u
Oσ

∪ {ω1} ∪ Oω2 and Rf = α from S
3. The fundamental domain Df of the f -action on Vf

is homeomorphic to S
2 × [0, 1], therefore, V̂f

∼= P+.

As Vf is connected, the f -action induces the epimorphism ηf : π1(V̂f ) → Z. As the saddle σ

has period 3, the covering map pf : Vf → V̂f projects W s
Oσ

\ Oσ to a 3-turning torus T in V̂f (see

Fig. 13). So, L̂s
f = T , while L̂u

f = ∅. As torus L̂s
f is homotopically nontrivial, its fundamental group

admits generators a, b such that ηf (a) = 3, ηf (b) = 0.

Also, consider the sink basins W s
ω1
, W s

Oω2
with the wandering subsets V1 = W s

ω1
\ ω1, V2 =

W s
Oω2

\ Oω2 and orbit spaces V̂1 = V1/f, V̂2 = V2/f . By Propositions 13 and 15, V̂1
∼= V̂2

∼= P+ and

f -action induces the epimorphisms η1 : π1(V̂1) → Z, η2 : π1(V̂2) → 3Z, as ω1 is fixed, ω2 has period 3.
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Fig. 12. The phase portrait of f . Fig. 13. The characteristic space V̂f .

On the other hand, we can get (V̂1, η1), (V̂2, η2) from (V̂f , ηf , T ) directly. To this end, it is

enough to do on V̂f a surgery along the torus T in the following way. Take a tubular neighborhood

N(T ) ∼= T
2 × [−1, 1], delete its interior from V̂f and attach two copies of solid tori W1, W2 (gluing

meridians with the generator b) to the boundary of the resulting manifold (see Fig. 14). Thus,

we get a manifold (V̂f )T which, by Proposition 6, consists of two copies of P+. Moreover, every

component of (V̂f )T inherits surgical epimorphisms ηT to Z and 3Z, respectively, which continue ηf .

So we have
(
(V̂f )T , ηT

)
= (V̂1, η1) 
 (V̂2, η2).

To explain the surgery above dynamically, let us notice that

V1 
 V2 = (Vf \ int N s
Oσ1

) ∪Nu
Oσ1

,

where the attaching map is exactly the transition diffeomorphism.

Fig. 14. The result of the surgery along T is V̂1 and V̂2.

Now we are ready to introduce the general definition of the surgery of a closed 3-manifold along
a torus or Klein bottle.

Consider a closed connected smooth 3-manifold V̂ whose fundamental group admits an

epimorphism η : π1(V̂ ) → Z. Let es1 : N̂ s
1,ν1,μ1

→ V̂ be a smooth embedding such that η([es1(c)]) > 0

if ηN̂ s
1,ν1,μ1

([c]) = 1. We assume

• l̂s1 = es1(Ŵs
1,ν1),

• N(l̂s1) = es1(N̂ s
1,ν1,μ1

),

• V̄ s
1 = (V̂ \ l̂s1) 
 N̂ u

1,ν1,μ1
,
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• ĝs1 = es1ĝ1,ν1,μ1 : N̂ u
1,ν1,μ1

\ Ŵu
1,ν1 → N(l̂s1) \ l̂s1,

• V̂ s
1 = N̂ u

1,ν1,μ1
∪ĝu1

(V̂ \ l̂s1)

and denote by ps1 : V̄
s
1 → V̂ s

1 the natural projection. We will call V̂ s
1 the manifold obtained from V̂

by the surgery along the surface l̂s1 and denote it as

(V̂ )l̂s1
.

Proposition 20 ([19, Lemmas 3.4, 3.6 2)]). Every connected component v̂s1 of V̂ s
1 is a closed

smooth 3-manifold (see Fig. 15); the fundamental group of which admits the unique epimorphism
ηv̂s1 : π1(v̂

s
1) → mv̂s1

Z, mv̂s1
∈ N such that

ηv̂s1([p
s
1(c)]) = η([c]), for any loop c ⊂ V̂ \ l̂s1. (2.11)

Fig. 15. The surgery of V̂ = P+ along a two-sided 2-turning torus l̂s1. The manifold (V̂ )l̂s1
consists of two

connected components v̂s1,1 ∼= v̂s1,2 ∼= P+ such that ηv̂s
1,1

(
π1(v̂

s
1,1)

)
= Z, ηv̂s

1,2

(
π1(v̂

s
1,2)

)
= 2Z.

For (V̂ )l̂s1
, we denote by ηs1 the map composed of epimorphisms ηv̂s1 and call it the surgical

epimorphism obtained from η.
This notion does not cover the cases where some 2-dimensional stable separatrix takes part in

heteroclinic intersections. To deal with this imperfection, we introduce the even more general notion
of a surgery along an s-lamination.

Let us continue our construction and consider a smooth embedding2) es2 : N̂ s
1,ν2,μ2

→ V̂ s
1 such

that
1) ηs1([e

s
2(c)]) > 0 if ηN̂ s

1,ν2,μ2

([c]) = 1,

2) each leaf of the foliation es2(F̂ss
1,ν2,μ2

) ∩ ps1(N̂ u
1,ν1,μ1

) is a subset of some leaf of the foliation

ps1(F̂su
1,ν2,μ2

).

Let l̄s2 = es2(Ŵs
1,ν2), N(l̄s2) = es2(N̂ s

1,ν2,μ2
) and l̂s2 = (ps1|V̂ \l̂s1

)−1(l̄s2). We will say (see Fig. 16) that

the manifold V̂ s
2 = (V̂ s

1 )l̄s2 is obtained from V̂ by a surgery along the surfaces l̂s1 ∪ l̂s2 and denote it
as

(V̂ )l̂s1∪l̂s2
.

2)The possibility of such an embedding follows from [5].
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Due to Proposition 20, each connected component v̂s2 of V̂ s
2 is a closed smooth 3-manifold

(see Fig. 16), the fundamental domain of which admits the unique epimorphism ηv̂s2 : π1(v̂
s
2) →

mv̂s2
Z, mv̂s2

∈ N such that

ηv̂s2([p
s
2(c)]) = ηv̂s1([c]), for any loop c ⊂ V̂ s

2 \ l̂s2.

These epimorphisms construct the map ηs2 (from the Cartesian product of fundamental groups to
the Cartesian product of the corresponding subgroups of Z), which we will also call the surgical
epimorphism obtained from η.

Fig. 16. The surgery of V̂ = P+ along two-sided tori: 1-turning torus l̂s1 and 2-turning punctured torus

l̂s2. The manifold (V̂ )l̂s1
consists of two connected components v̂s1,1 ∼= v̂s1,2 ∼= P+ such that ηv̂s

1,1

(
π1(v̂

s
1,1)

)
=

ηv̂s
1,2

(
π1(v̂

s
1,2)

)
= Z. The manifold (V̂ )l̂s1∪l̂s2

consists of v̂s2,1 ∼= v̂s2,2 ∼= v̂s2,3 ∼= P+ such that ηv̂s
2,1

(
π1(v̂

s
2,1)

)
=

ηv̂s
2,2

(
π1(v̂

s
2,2)

)
= Z, ηv̂s

2,3

(
π1(v̂

s
2,3)

)
= 2Z.

Iterating this process a finite number ns of times, we construct a closed 3-manifold

(V̂ )l̂s1∪···∪l̂sns

called the manifold obtained from V̂ by a surgery along the s-lamination L̂s = l̂s1 ∪ · · · ∪ l̂sns
. We

denote it by

(V̂ )L̂s

and by ηs
L̂s

we denote the surgical epimorphism obtained from η.

Similarly, we can perform a surgery along a u-lamination L̂u = l̂u1 ∪ · · · ∪ l̂unu
on the manifold V̂ ,

thereby obtaining a closed 3-manifold

(V̂ )L̂u

and a surgical epimorphism ηu
L̂u

obtained from η.

The collection S = (V̂ , η, L̂s, L̂u) is an abstract scheme if:
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• V̂ is a connected closed smooth 3-manifold with a fundamental group admitting some

epimorphism η : π1(V̂ ) → Z;

• L̂s, L̂u ⊂ V̂ are transversally intersecting s- and u-laminations, respectively;

• each connected component (V̂ )L̂s and (V̂ )L̂u is diffeomorphic to P±.

Proposition 21 ([8, Theorem 1]). The scheme of any f ∈ MS(M3) is an abstract scheme.
Conversely, for any abstract scheme S there is a diffeomorphism f ∈ MS(M3) such that the scheme
Sf is equivalent to S (see Fig. 17).

Fig. 17. The phase portrait of a diffeomorphism f : S3 → S
3 with a scheme equivalent to that in Fig. 16.

2.5.3. Interrelation between the periodic data of the diffeomorphism f ∈ MS(M3) and its scheme

The purpose of this subsection is to establish the connections between the scheme Sf and the

periodic data of the diffeomorphism f ∈ MS(M3).

Due to Proposition 9, for any f ∈ MS(M3) there is such a numbering of saddle orbitsO1, . . . ,Ons

with Morse index 1 that

clW u
Oi

⊂

⎛

⎝
ns⋃

j=i+1

W u
Oj

∪Ω0

⎞

⎠ .

Let

W u
i = W u

Oi
, W s

i = W s
Oi
, Ai =

ns⋃

j=i

W u
Oj

∪ Ω0, i ∈ {1, . . . , ns}.
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Then

Af = A1 ⊃ A2 ⊃ · · · ⊃ Ans ⊃ Ω0 = Ans+1.

For i ∈ {1, . . . , ns + 1}, let
V s
i = W s

Ai∩Ωf
\Ai.

Proposition 22 ([15, Theorem 1], [19, Proposition 3.1]). Let f ∈ MS(M3). Then for any
i ∈ {1, . . . , ns + 1}

• the set Ai is an attractor of f ;

• f acts freely and discontinuously on V s
i ;

• V̂ s
i = V s

i /f is a closed 3-manifold;

• V̂ s
i+1 can be obtained from V̂ s

i by a surgery along l̄si = pV̂ s
i
(W s

i \ Oi);

• map ηV̂ s
i

induced by projection pV̂ s
i
: V s

i → V̂ s
i coincides with the surgical epimorphism

obtained from η
f
.

As an immediate consequence of Propositions 22 and 15 we have the following relations between

manifolds V̂ s
i and the periodic data of a diffeomorphism f .

Proposition 23. Let Sf = (V̂f , ηf
, L̂s

f , L̂
u
f ) be the scheme of f ∈ MS(M3). Then

• L̂s
f = l̂s1 
 · · · 
 l̂sns

, here l̂si = p
f
(W s

i \ Af ) and consequently the number of path-connected

components of lamination L̂s
f coincides with the number of saddle periodic points of f with

Morse index 1;

• ηV̂ s
i

(
jl̄si ∗

(
π1(l̄

s
i )
))

= ms
iZ, here jl̄si

: l̄si → V̂ s
i is the inclusion map and ms

i is the period of

orbit Oi;

• (V̂ )L̂s = Ŵ s
Ω0
, which implies that the number of connected components of (V̂ )L̂s coincides

with the number of sink periodic orbits;

• for a surgical epimorphism ηv̂ : π1(v̂) → mv̂Z (here v̂ is some connected component of (V̂ )L̂s)
obtained from η

f
, the number mv̂ coincides with a period of the corresponding sink orbit.

Similarly, we can construct manifolds V̂ u
i , i ∈ {1, . . . , nu + 1} by ordering the set of periodic

saddle orbits with the Morse index 2 and then establish their relation with the periodic data of f .

3. Periodic Data of Diffeomorphisms from Class MSκ

This section is devoted to the proof of some auxiliary statements which give a general picture
of MSκ-diffeomorphisms and which we will use in the following.

Recall that by MSκ we denote a subclass of MS-diffeomorphisms f : M3 → M3 such that the
elements of κ are exactly the periods of sink orbits of f , where

κ = (k1, . . . , kr), k1 � · · · � kr, k1 + · · ·+ kr = k.

Let us also recall that the set Ωq, q ∈ {0, . . . , n}, is defined to be the subset of Ωf consisting of
points with the Morse index q; Cq = |Ωq|.

Lemma 1. For any f ∈ MSκ there exists an integer nf � 0 such that

|Ωf | = 2(k + nf ).
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Proof. It follows from the definition of class MSκ that |Ω0| = k. We know from Proposition 11

that |Ωf | � 2|Ω0| = 2k, with number |Ωf | being even. Then let us choose as nf the number
|Ωf |−2k

2 ,
from the above reasoning we conclude that it is a nonnegative integer. �

For any n ∈ N ∪ {0} we denoted by MSκ,n the subset (possibly empty) of MSκ which is of
diffeomorphisms f with |Ωf | = 2(k + n).

Lemma 2. A diffeomorphism f ∈ MSκ belongs to MSκ,n iff C2 = n.

Proof. ⇒ Suppose f ∈ MSκ,n, i. e., |Ωf | = 2|Ω0|+ 2n = 2k + 2n, where k is the sum of all ki in κ.
Then

k + C1 + C2 + C3 = 2k + 2n. (3.1)

Using the Lefschetz –Hopf formula from Proposition 10, we find that

k − C1 +C2 − C3 = 0. (3.2)

Adding equalities (3.1) and (3.2), we get C2 = n.

⇐ Suppose f ∈ MSκ and C2 = n. Due to Lemma 1, there is nf ∈ N ∪ {0} such that |Ωf | =
2(k + nf ). Then, again using the Lefschetz –Hopf formula, we obtain

k + C1 + C2 + C3 = 2k + 2nf . (3.3)

Adding (3.2) to (3.3), given that C2 = n, we get nf = n. �

Lemma 3. Let f : M3 → M3 belong to MSκ,0. Then

1) C3 = 1, C1 = k − 1;

2) M3 is a 3-sphere S
3.

Proof. Suppose f ∈ MSκ,0. We know from the previous lemma that C2 = 0. With an estimate
C3 � 1 on the number of sources (see Proposition 11), we obtain C1 � k− 1 from the equality (3.1).
The opposite inequality C1 � k − 1 follows from the Morse inequality C1 − C0 � β1 − β0 and the
relations β1 � 0, β0 = 1, which are true for a connected (by definition) M3. Hence, the first
statement of this lemma is proved by solving Eq. (3.2).

Since Ω2 = ∅, we conclude from Proposition 12 that M3 ∼= S
3. �

Lemma 4. Let f : M3 → M3 be in MSκ,1. Then the periodic data of f has one of the following
forms:

1) C0 = k, C1 = k, C2 = 1, C3 = 1;

2) C0 = k, C1 = k − 1, C2 = 1, C3 = 2.

Proof. Suppose f ∈ MSκ,1. It follows from Lemma 2 that C2 = 1. With the upper-bound estimate
C3 � 1 on the number of sources (see Proposition 11), we get another estimate C1 � k from
equality (3.1). Then the estimate C1 � k − 1 follows from the second Morse inequality C1 − C0 �
β1 − β0 and relations β1 � 0, β0 = 1, which are true for a connected (by definition) M3. Thus, |C1|
equals either k or k − 1, therefore, the points of this lemma are proved by solving Eq. (3.2). �
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4. CHARACTERIZATION OF AN r-TUPLE κ FOR THE CLASS MSκ,0

In the present section we prove Theorem 1:

MSκ,0 is non-empty iff tuple κ has the following property:

∃ i ∈ {1, . . . , r}, mi ∈ N ∪ {0} : ki = 2mi . (1.2)

Moreover, for any κ with property (1.2), the set MSκ,0 contains both orientation-preserving and
orientation-reversing diffeomorphisms.

Further, we separately prove the necessity of property (1.2). After that, for any κ with
this property we construct two abstract schemes, realized by the required orientation-preserving
and orientation-reversing diffeomorphisms of MSκ,0. This construction implies the sufficiency of
property (1.2).

4.1. Necessity of Property (1.2)

First of all, let us prove a lemma that allows us to see how exactly the epimorphism η : P± → nZ
changes under the surgery along a torus or Klein bottle.

Lemma 6. Suppose that

• P± is equipped with a nontrivial homomorphism η : π1(P±) → Z such that η
(
π1(P±)

)
= nZ;

• Tν ⊂ P± is an m-turning surface;

• V̄ = (P±)Tν ;

• η̄ is the surgical homomorphism obtained from η.

Then

1) if T+ ⊂ P+, then V̄ consists of two connected components V̄1
∼= V̄2

∼= P+ and η̄
(
π1(V̄1)

)
= nZ,

η̄
(
π1(V̄2)

)
= mnZ;

2) if T− ⊂ P+, then V̄ ∼= P+ and η̄
(
π1(V̄ )

)
= 2nZ;

3) if T+ ⊂ P− is a one-sided torus, then V̄ ∼= P+ and η̄
(
π1(V̄ )

)
= 2nZ;

4) if T+ ⊂ P− is a two-sided torus, then V̄ consists of two connected components V̄1
∼= P−,

V̄2
∼= P+ and η̄

(
π1(V̄1)

)
= nZ, η̄

(
π1(V̄2)

)
= mnZ;

5) if T− ⊂ P−, then V̄ consists of two connected components V̄1
∼= V̄2

∼= P− and η̄
(
π1(V̄1)

)
= nZ,

η̄
(
π1(V̄2)

)
= mnZ.

Proof. We consider only cases 1) and 2), since the proof is similar in other cases.

1) By Proposition 8, the tubular neighborhood T+ ⊂ P+ is homeomorphic to N+(T+) and
P+ \ intN(T+) consists of two connected components, at least one of which, Y , is an m-turning
solid torus, i. e., jY ∗

(
π1(Y )

)
= mZ. We denote by Y ′ its second connected component. In this case,

Y ′ must satisfy the property jY ′∗(π1(Y
′)
)
= Z. It follows from the definition of a surgery of P+

along a homotopically nontrivial torus T+ that manifold V̄ consists of two connected components
V̄1

∼= Y ′ ∪g1 W+ and V̄2
∼= Y ∪g2 W+, where g1, g2 : ∂Y → ∂W+ are homeomorphisms mapping

a meridian of Y into some meridian of W+. Therefore, by Proposition 4, V̄1
∼= V̄2

∼= P+. Since
η
(
π1(P+)

)
= nZ, the surgical homomorphism η̄ satisfies η̄

(
π1(V̄1)

)
= nZ and η̄

(
π1(V̄2)

)
= mnZ.

2) By Proposition 8, a tubular neighborhood of a Klein bottle T− ⊂ P+ is homeomorphic
to N−(T−) and Y = P+ \ intN(T−) is a 2-turning solid torus, i. e., jY ∗

(
π1(Y )

)
= 2Z. It follows
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from the definition of a surgery of P+ along a compact homotopically nontrivial Klein bottle
T− that V̄ = Y ∪g W+, here g : ∂Y → ∂W+ is a homeomorphism mapping a meridian of Y into

some meridian of W+. Then, by Proposition 4, V̄ ∼= P+. Since η
(
π1(P+)

)
= nZ, the surgical

homomorphism η̄ has to satisfy η̄
(
π1(V̄ )

)
= 2nZ.

The other cases are proved similarly with the only correction: to determine the topology of the
complement P− \N(Tν), we use Lemma 5; to determine the topology of connected components of
the manifold V̄ , we need to use the properties of Klein bottle homeomorphisms from Proposition 5.

�

Lemma 7. Let f ∈ MSκ,0. Then

∃ i ∈ {1, . . . , r}, mi ∈ N ∪ {0} : ki = 2mi . (1.2)

Proof. Suppose f ∈ MSκ,0. Then, due to Lemma 3, the nonwandering set of any such f contains a

unique source point. It follows from Lemmas 2 and 3 that L̂u
f = ∅ and V̂f

∼= P±. If L̂s
f = ∅, then,

according to [22], f is a “source-sink” system, thus property (1.2) obviously holds. Otherwise, due to

Proposition 23, the orbit space of sinks’ attracting basins can be obtained from the manifold V̂f by a

surgery along s-lamination L̂s
f , while sinks’ periods are determined by the surgical homomorphism

obtained from ηf . The surgery along an s-lamination L̂s
f is just a step-by-step sequence of surgeries

along compact tori or Klein bottles. By Lemma 6, on each such step we have components with all
previous epimorphisms or (if the surface is the Klein bottles) one of them will be doubled. Since

ηf
(
π1(V̂f )

)
= Z, at least one component v̂ of (V̂ )L̂s is equipped with the surgical epimorphism

ηv̂ : π1(v̂) → 2mZ, m � 0. Then Proposition 23 implies that there is some sink orbit with period
ki = 2mi , where mi = m. This concludes the proof of the lemma. �

4.2. Construction of an Abstract Scheme by a Given κ

Let κ = (k1, . . . , kr) be an r-tuple of natural numbers such that

1 � k1 � · · · � ki = 2mi � · · · � kr.

This section describes the construction of abstract schemes S+
κ,0 and S−

κ,0, realized (see Proposi-

tions 23, 21) by an orientation-preserving and an orientation-reversing diffeomorphism from MSκ,0

respectively.

For an orientation-preserving one, we consider the scheme S+
κ,0 = (V̂ , η, L̂s, L̂u) (see Fig. 18),

where:

1) V̂ = P+;

2) η : π1(P+) → Z is an isomorphism;

3) L̂u = ∅;

4) L̂s = l̂s1 ∪ · · · ∪ l̂sr+mi−1, where

• l̂s1, . . . , l̂
s
r−1 are k1-, . . . , ki−1-, ki+1-,. . . , kr-turning tori, respectively;

• l̂sr, . . . , l̂
s
r+mi−1 are 1-,2-, . . . , 2mi−1-turning punctured Klein bottles, respectively.

An orientation-reversing diffeomorphism realizes, for example, the scheme S−
κ,0 = (V̂ , η, L̂s, L̂u),

where:

1) V̂ = P−;

2) η : π1(P−) → Z is an isomorphism;
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Fig. 18. Scheme Sκ,0, where κ = (3, 4).

3) L̂u = ∅;

4) L̂s = l̂s1 ∪ · · · ∪ l̂sr+mi−1, where

• l̂s1, . . . , l̂
s
r−1 are one-sided k1-, . . . , ki−1-, ki+1-, . . . , kr-turning tori, respectively;

• l̂sr is a 1-turning punctured one-sided torus;

• l̂sr+1, . . . , l̂
s
r+mi−1 are 1-,2-, . . . , 2mi−1-turning punctured Klein bottles, respectively.

Next, we will prove the following remarkable fact.

Theorem 2. Let κ satisfy (1.2). Then every diffeomorphism f ∈ MSκ,0 has the following
properties:

a) if k1 � 2, then Ωf contains a fixed saddle point σ such that f |Wu
σ
is orientation-reversing;

b) if k1 � 3, then the wandering set of f contains heteroclinic points.

Proof. a) If k1 � 2, then due to property (1.2) of κ, the inequality mi � 1 holds. Since V̂f is
equipped with the epimorphism ηf to group Z, it follows that (see Propositions 23, 8 and Lemma 5)

the obtained inequality mi � 1 implies that the lamination L̂s
f must contain a Klein bottle (a

one-sided torus) l̂si0 , i0 ∈ {1, . . . , r} if V̂f
∼= P+ (V̂f

∼= P−). Moreover, l̄si0 ⊂ v̂si0−1, v̂
s
i0−1

∼= V̂f and

ηv̂si0−1

(
jl̄si0∗

(
π1(l̄

s
i0
)
))

= Z. After the surgery along l̄si0 , the 2-turning torus ∂N(l̄si0) bounds a solid

torus N(l̂ui0) in the manifold v̂si0
∼= P+ (here ηv̂si0

(
π1(v̂

s
i0
)
)
= 2Z), being a tubular neighborhood of a

trivial knot l̂ui0 . Due to Propositions 23, 15, the knot l̂ui0 is a projection of the unstable separatrices

of some saddle point σ ∈ Ωf such that f |Wu
σ
reverses orientation.

b) If k1 � 3, then due to property (1.2) of κ, it is true that mi � 2, therefore, in addition to the

surface l̂si0 the lamination L̂s
f must contain a Klein bottle l̂si1 , i0 < i1 � r, such that l̄si1 ⊂ v̂si1−1

∼= v̂si0 .

Assuming that the diffeomorphism f has no heteroclinic points, we find that the 1-turning knot l̂ui0
does not intersect the Klein bottle l̄si1 inside the manifold homeomorphic to P+, which contradicts
Proposition 7. �
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5. CHARACTERIZATION OF THE CLASS MSκ,1

In this last section, for any κ we prove the non-emptyness of the class MSκ,1 (we prove
Theorem 3) and determine the topology of manifolds admitting such diffeomorphisms (we prove
Theorem 4).

Theorem 3. For any κ, the set MSκ,1 is never empty and contains both types of diffeomor-
phisms: given on orientable and non-orientable 3-manifolds.

Proof. Let us describe abstract schemes S+
κ,1 and S−

κ,1, realizable (see Propositions 23, 21) by

diffeomorphisms from MSκ,1 defined on the manifolds P+ and P−, respectively.

Let us define the scheme S+
κ,1 to be (V̂ , η, L̂s, L̂u) (see Fig. 19), where:

1) V̂ = T+ × S
1 = T

3 and q+ : R3 → T
3 is a natural projection;

2) η : π1(V̂ ) → Z is an epimorphism defined by η([q+(υ)]) = 1, where υ = {(0, 0, z), z ∈ [0, 1]};

3) L̂u = l̂u1 = q+(Oxz);

4) L̂s = l̂s1 ∪ · · · ∪ l̂sr, where:

• l̂s1, . . . , l̂
s
r−1 are pairwise disjoint two-sided tori each of which, l̂si , is a tubular neighbor-

hood of the knot ci = q+(Ci) with Ci =
{
(x, y, z) ∈ R

3 : z = kix, y = i
r

}
;

• l̄sr = q+(P ) is a two-sided torus, where P =
{
(x, y, z) ∈ R

3 : z = −kry + 1
}
.

The scheme S−
κ,1 = (V̂ , η, L̂s, L̂u) is constructed similarly to the scheme S+

κ,1, but it should be

done on the manifold V̂ = T− × S
1, using natural projection q− : R3 → V̂ (see Fig. 19). �

Fig. 19. Abstract schemes S±
κ,1.

Theorem 4. Let a diffeomorphism f : M3 → M3 be in MSκ,1 and cl(W s
σ), σ ∈ Ω2, be a

submanifold of M3. Then M3 is homeomorphic either to a lens space or to the skew product S2 ×̃ S
1.

Proof. To determine the topology of the ambient manifold M3, without loss of generality we can
suppose that all points in Ωf are fixed for f : M3 → M3, f ∈ MSκ,1. It follows from the definition
of the class MSκ,1 that the repeller Rf is of the form

Rf = cl(W s
σ) = W s

σ ∪ Ω3.

In addition, we will assume that all saddle points of Ω1 are ordered σ1, . . . , σr such that pf (W
u
σi

∩
Vf ) = l̂ui , i ∈ {1, . . . , r}. According to Lemma 4, we break up the following proof into two separate
cases: 1) |C3| = 1 and 2) |C3| = 2.
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Fig. 20. Case 1a): C is noncontractible on the left and contractible on the right.

In case 1), Rf is a knot in M3. Since Rf is a submanifold, a trapping neighborhood W of Rf

is diffeomorphic to either a solid torus or solid Klein bottle. Let us look at these two possibilities
separately: 1a) W ∼= W+; 1b) W ∼= W−.

1a) Using the same technique as in the proof of the lemmas [20, Lemmas 3.1, 3.2], we can choose
the solid torus W so that the stable manifold W s

σ1
transversally intersects the torus ∂W along

the unique knot C = W s
σ1

∩ ∂W . Let us denote by D ⊂ W s
σ1

the two-dimensional disk bounded

by the knot C and denote by N(D) ⊂ M3 its tubular neighborhood transversally intersecting the
torus ∂W along a tubular neighborhood N(C) ⊂ ∂W . Let us put E = N(D) ∪W and Σ = ∂E (see
Fig. 20).

If C is a noncontractible knot on the torus ∂W , then Σ is a 2-dimensional sphere (see Fig. 20).

Let M̃3 = (M3 \ intE)∪g D
3, where g : Σ → S

2 is some diffeomorphism. Then M̃3 admits a Morse –

Smale diffeomorphism f̃ topologically conjugated to f outside the ball D3 and having the unique
nonwandering point — a source — inside D3 (see, for example, [18, Lemmas 4, 5]). Since all saddle

points of f̃ have the Morse index 1, it follows, due to Lemmas 2 and 3, that M̃3 is homeomorphic
to the 3-sphere S

3. An immediate consequence of this fact is that M3 \ intE is homeomorphic to
the 3-ball, therefore M3 \ intW is homeomorphic to the solid torus, and thus M3 is a lens space.

If C is a contractible knot on the torus ∂W , then Σ consists of two connected components, one of
which, Σ1, is homeomorphic to a 2-torus, while the other Σ2 is homeomorphic to a 2-sphere. Using
a method similar to that above, we can prove that Σ2 bounds a 3-ball B2. Then E2 = E ∪B2 is a
solid torus. Let us repeat our reasoning for saddle points σ2, . . . until the trace of a stable manifold
of some saddle point is an essential curve on the boundary of the solid torus. Such saddle point must
exist, since otherwise, having exhausted all saddle points, we obtain the fundamental domain of
the sink point basin, homeomorphic to T+ × [0, 1], which is impossible by virtue of Proposition 15.

1b) In view of the above considerations, without loss of generality, we can assume that C is

a nontrivial knot on the Klein bottle ∂W . As V̂f is homeomorphic to the direct product of the

Klein bottle with S
1 and pf (W

s
σ1

∩ Vf ) is a-turning torus there, C is a meridian of W . Similarly to

case 1a), this implies that M3 \ intW is homeomorphic to the solid Klein bottle, and thus, due to
Proposition 5, M3 ∼= P−.

In case 2), Rf is a closed arc in M3. Since Rf is a submanifold, its tubular neighborhood is

a 3-ball B. Then M3 admits a Morse – Smale diffeomorphism f̃ , coinciding with f outside B and
having a unique nonwandering point (namely, source) inside B (see, for example, [18, Lemmas 4, 5]).
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Since all saddle points of f̃ have the Morse index 1, it follows, due to Lemmas 2 and 3, that the
manifold M3 is homeomorphic to the 3-sphere S

3, which is a lens space L1,0. �
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