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Abstract

The Gamma-Theta Conjecture states that if the domination number of
a graph is equal to its eternal domination number, then it is also equal to
its clique covering number. This conjecture is known to be true for several
graph classes, such as outerplanar graphs, subcubic graphs and Cp-free
graphs, where k € {3,4}. In this paper, we prove the Conjecture for the
class of planar graphs.
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1 Introduction

In this paper, all graphs are finite, simple and undirected. Let G be a graph with
a vertex set V(G) and an edge set E(G). A set D C V(G) is called dominating if
every vertex not from D has a neighbor in D. An eternal dominating set of G is a
dominating set that can defend any infinite series of vertex attacks, where an attack is
defended by moving one guard along an edge from its current position to the attacked
vertex. In other words, a dominating set D C V(@) is eternal dominating in G, if
for every sequence vy,...,vs of s > 1 vertices from V(G), there exist dominating sets
Dy = D,Dq,...,Ds and vertices ug € Dg,u1 € D1,...,us_1 € Ds_1 such that the
vertex wu; is adjacent to v;+1 and D11 = (D; \ {u;}) U {viy1} for all i € [0;s — 1]. The
cardinality of a minimum dominating set (eternal dominating set) of G is called the
domination number (the eternal domination number) and denoted by v(G) (v*°(G)).
A set I C V(Q) is called independent, if its vertices are pairwise nonadjacent. The
cardinality of a maximum independent set of G is called the independence number and
denoted by a(G). A clique cover of G is a partition of V(@) into cliques. The minimum
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possible number of cliques in a clique cover is called the clique covering number, and
denoted by 0(G).

The study of the eternal domination number started in [1], where the trivial relation
7(G) < a(G) <4*(G) < 0(G) was first mentioned. The inequality v°(G) < (O‘(QG)) was
proved in [2] for all graphs G. In [3] graphs G’ were found such that v*°(G’) = (a(g"))'
In [4], the inequality v*°(G X H) > a(G) - v*°(H) was obtained (here G X H denotes
the strong product of graphs G and H).

In this paper, we study the eternal domination model known as one guard moves.
There is another well-known model all guards move, which was introduced in [5] (in this
model all guards are allowed to move to a neighboring vertex after each attack). There
are also some generalizations like oriented [6] and fractional [7] eternal domination. See
a survey on eternal domination in [8].

Following [9], we call a graph G mazimum-demand, if v°°(G) = 6(G). The following
open problems are of interest:

Problem 1. Characterize the class of maximum-demand graphs.

Problem 2 (The Gamma-Theta Conjecture). Prove that every graph G such that
Y(G) = v*(Q) is mazimum-demand.

We summarize the known results on these problems in the following theorems.

Theorem 1. All graphs from the following classes are mazximum-demand:
(a) [1] Perfect graphs;
(b) [1] Graphs with the clique covering number at most 3;
(c) [9] Ky-minor-free graphs;
(d) [9] The cartesian products Cp,OAP,,, Cp,OC,, for all m,n > 1.
(d) [10] Circular-arc graphs;
(f) [11] Graphs with at most 9 vertices;
(9) [11] Triangle-free graphs with at most 12 vertices;
(i) [11] Planar graphs with at most 11 vertices;
(5) [11] Cubic graphs with at most 16 vertices.

Theorem 2. The Gamma-Theta conjecture holds for the following classes of graphs:
(a) Maximum-demand graphs;
(b) Subcubic graphs [12];
(¢) Triangle-free [12] and Cy-free [13] graphs.

It was proved in [5] that not all graphs are maximum-demand and an example of
a graph on 11 vertices that is not maximum-demand was given. Later, in [11], it was
shown that the smallest such graphs have 10 vertices, the eternal domination number 3
and the clique covering number 4 (there are two such graphs up to isomorphism). It was
also shown in [11] that the smallest triangle-free graphs that are not maximum-demand
have 13 vertices (there are 13 such graphs up to isomorphism). To date, there are no
known examples of planar or cubic graphs that are not maximum-demand. Note that



all outerplanar graphs are maximum-demand, since every such graph is Ky-minor-free.
It was proved in [14] that there are infinitely many graphs G such that G is maximum-
demand, but its prism (that is, the cartesian product GOK3) is not.

This paper proves the following fact:

Theorem 3. The Gamma-Theta conjecture holds for planar graphs.

We introduce a new technique based on 0-independent sets, that is, vertex subsets
with no two vertices from the same clique of a given minimum clique partition of a
graph. Supposing for a contradiction that a minimal (by the number of vertices) planar
counterexample G exists, we consider its minimum degree vertex v and the subgraph
G[N;(v)] induced by the vertices from the open neighborhood of v. The number of such
subgraphs (up to isomorphism) is relatively small, since the minimum vertex degree
of a planar graph is at most 5. This allows us to consider all possible subgraphs in
Lemmas 18-27 and 30—40 and conclude that a minimal counterexample does not exist.
Therefore, Theorem 3 follows instantly from the 21 lemmas mentioned above.

This paper is rather long. There are two main reasons for this. First, we need to
obtain a large number of auxiliary facts and properties in order to prove the main result.
Some facts about the structure of a minimal counterexample (Lemma 15 and especially
Lemma 17) are difficult to prove. Second, we have not found a universal approach to
check the configurations studied in Lemmas 18-27 and 30—40. Hence we have to use
slightly different approaches for different configurations, also leading to a lengthy proof.

2 Terminology
2.1 Basics

Let G be a graph. Denote by §(G) (A(G)) the minimum (maximum) vertex degree
of G. A vertex with degree 0 is called isolated; a vertex with degree 1 is called pendant.
Let v € V(G) and k > 1. Denote by Ni(v) (Ng[v]) the set of all vertices on distance
exactly k (at most k) from v. For a nonempty set U C V(G) let Ni(U) = Uyevr N (u)
and Ng[U] = UyeuNg[u]. We use the notation Gy = G\ N1[U]. If U = {u}, we write
G, instead of Gy,y; if U = {u, v}, we write Gy, instead of Gy, -

Let A,B C V(G). We say that A dominates B, if every vertex from B has a
neighbor in A. If A = {a}, we say that a dominates B. Let v € V(G) and W C V(Q).
We say that v is adjacent (not adjacent) to W if v has a neighbor (does not have a
neighbor) in W. Denote by G[W] the induced subgraph of G with the vertex set W. A
graph G is called H-free if it does not contain a graph H as a subgraph.

Let G be a plane graph and C be its cycle. Denote by int(C) (ext(C)) the set of
vertices inside (outside) C. Let Int(C) = G[int(C)] and Ext(C) = Glext(C)]. If both
int(C) and ext(C) are nonempty, C' is said to be separating. We call an edge ab € E(G)
separating, if the induced subgraph G \ {a, b} is disconnected.

Denote by IS(G),DS(G), MDS(G),EDS(G), MEDS(G) the families of all inde-
pendent, dominating, minimum dominating, eternal dominating and minimum eternal



dominating sets of G, respectively. Likewise, denote by CP(G) and MCP(G) the fam-
ilies of all clique partitions and minimum clique partitions of G, respectively.

We call a graph G critical, if it is a smallest by the number of vertices planar graph
such that v(G) = v>*(G) < 0(G).

2.2 0(-independent sets

Let G be a graph and C € MCP(G). Call a nonempty set S C V(G) 0-independent in C
if no two vertices of S belong to the same member of C. We say that S is 0-independent
in G if there exists a family ' € MCP(G) such that S is #-independent in C’. Note
that every nonempty independent set J C V(@) is f-independent in G, but the converse
is not true.

Consider the graph H on a Fig. 1 and its MCP C = {{uy, uq}, {us,us}, {us, us}}
The set {uy,us, us} is independent. The set {uy,ug,us} is not independent, but it is 6-
independent in C. The set {uy, us, u4} is not f-independent in C but it is f-independent
in H, since there exists another MCP C' = {{uy,us2}, {us,us}, {us,uc}}, such that
{uy,us,us} is 6-independent in C’. Finally, the set {ui,us,us} is not #-independent
in H, since for every family C* € MCP(H) either {uy,us} € C* or {uy,us} € C*.
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Fig. 1. The graph H

2.3 Strategies

Let G be a graph and D € DS(G). Call an attack sequence (AS) a finite sequence 2 of
vertices from V(G). A triple (G, D,2l) is called a strategy. A strategy (G, D,2l) is said
to be losing, if the guards from the set D can protect the vertices of G from a sequence
of attacks 2, and winning otherwise. More formally, a strategy (G, D, v ... v) is losing,
if for all i € [1; k] there exist sets D; € DS(G) and vertices u; € D;—1 N Ni[v;] such that
D, = (Di—l \ {ul}) U {Uz} Here Dy = D.

Consider the graph H on a Fig. 1 and its dominating set D = {ug,us}. It is easy
to see that the strategy (H, D, ujugus) is losing. However, the strategy (H, D, ujus) is
winning, hence D is not eternal dominating in G.

Remark 1. Note that the set D is eternal dominating in a graph G, if and only if
for every AS 2 the strategy (G, D,2l) is losing.



3 Preliminary results

3.1 Planar and outerplanar graphs

Lemma 1. Let G be a planar graph and uv € E(G). Moreover, let Nifu] \ Ni[v] =
{ui,...,up} and Ny[v] \ N1[u] = {v1,...,v4}. Then the following holds:
(a) If p,q > 2, then there exist integers i € [1;p] and j € [1;q] such that ujv; ¢ E(G).
(b) If p,q > 3, then there exist integers i,i € [1;p] and j,j" € [1;q] such that i <,
J <Jj and uvj,upvjy ¢ E(G).

Proof. The first statement of the lemma is obvious, since G' does not contain K33 as a
subgraph. We now prove the second statement. Assume that u;v; ¢ E(G). Then, by
the first statement, there exist integers ¢’ € [2;p] and j' € [2; ¢ such that uyv; ¢ E(G),
as required. O

Lemma 2. Let G be a planar graph with a separating cycle C such that |int(C)| > 2
and every vertex of Int(C) has a neighbor in C. Then Int(C) has a pair of nonadjacent
vertices with at least 6(G) — 2 neighbors in C.

Proof. The subgraph Int(C) is outerplanar, since every its vertex has a neighbor in C.
It is well-known that every outerplanar graph with at least 4 vertices has a pair of
nonadjacent vertices with degrees at most 2. Hence Int(C') has a pair of nonadjacent
vertices x,y with degrees at most 2. Then both x and y have at least §(G) — 2 neighbors
in V(G) \ int(C), as required. O

3.2 Eternal dominating sets

First, we mention several known facts.
Lemma 3 ([1]). For every graph G we have v(G) < a(G) < y*(G) < 0(G).

Lemma 4 ([9], Preposition 11). Let G be a graph with a cutvertex v. Moreover, G is
obtained from graphs G1 and Go by identifying vertices v1 € V(G1) and vy € V(G3)
with v. If the graphs G1, Ga, G1 \ v1, Ga \ vy are mazimum-demand, then G is also
maximum-demand.

Lemma 5 ([11], Observation 29). Every planar graph on 11 vertices or less is maximum-
demand.

Lemma 6 ([15]). Let H be an induced subgraph of G, then v*°(H) < v*°(QG).

Remark. Clearly, if H is an induced subgraph of G, then 0(H) < 6(G). However,
this property does not hold for the domination number. Consider the complete bipartite
graph K7, and its induced empty subgraph K,,. Then ’y(K_n) > y(Kj ) for all n > 1.

We now prove a generalization of Lemma 6.



Lemma 7. Let H be an induced subgraph of G, then the following holds:

(i) There exists a set Dy € MEDS(G) such that |D1 NV (H)| > > (H).

(i1) If v°(H) = v*°(G), then for every induced subgraph H' of H, there exists a set
Dy € MEDS(G), such that Dy CV(H) and |DyNV(H')| >~ (H').

Proof. We prove the first statement. Consider a set D € MEDS(G) such that the
cardinality |D NV (H)| is maximum possible. Suppose that |D NV (H)| < v*°(H), then
there exists an AS 2( such that the strategy (H, D NV (H),) is winning. Since no set
from M EDS(G) has more than |[D NV (H)| guards in V(H), the strategy (G, D,%) is
also winning, a contradiction.

We now prove the second statement. By the first statement, there exists a set
D, € MEDS(G) such that D; C V(H). We now apply this statement to the graph H
and its induced subgraph H’ and obtain a required set D-. O

3.3 Graphs with v < 6

In this subsection we obtain two sufficient conditions for a graph to have the dominating
number less than the clique covering number.

Lemma 8. Let G be a graph such that v(G) = 0(G) and J C V(G) be its -independent
set. Then there exists a set J' € MDS(G) such that J C J'.

Proof. If |J| = 6(G), then J has a common vertex with every member of C, hence J €
MDS(G) and we can choose J' = J. If |J| < 8(G), select a vertex from every member
of C not intersecting with J and obtain a set J*. Then J U J* is #-independent set in C
and |J U J*| = 60(G). Clearly, JU J* € MDS(G), thus we can choose J' = JU J*. O

Lemma 9. Let G be a graph and C € MCP(G). Moreover, let J be a 0-independent
set in C. If there exists a cliqgue W € C such that J dominates W and JNW = (), then
v(G) < 0(G).

Proof. Since JNW = ) and J is 6-independent in C, we have |J| < 0(G) — 1. If
|J| = 0(G) — 1, then every member of C \ {W} intersects with J, thus J € DS(G) and
v(G) < 0(G), as required. Suppose that |J| < 0(G) — 1. If v(G\ W) < 8(G\ W), then

NG) <A(GAW)+1<O(G\W) +1=0(G)

and we are done. Otherwise by the previous lemma there exists a set J* € DS(G\ W)
such that J C J* and |J*| = 6(G) — 1. Then J* € DS(G) and v(G) < 0(G), as
required. ]

Remark 2. Lemma 9 implies that if v(G) = 6(G) and C € MCP(G), then all
members of C are maximal by inclusion in V(G). In particular, if G has no isolated
vertices, then C has no 1-vertex cliques.



Lemma 10. Let G be a graph and v € V(G) be its vertex satisfying one of the properties
(a)-(e). Then v(G) < 0(G).

(a) v is adjacent to at least two pendant vertices;

(b) Ni(v) = {u1,u2}, wyus ¢ E(G). Moreover, there exist vertices uy € Ny(ui) \
Nl(’LLQ) and u’2 S Nl(UQ) \ Nl(ul).

(c) Ni(v) = {u1,u2}, ujug ¢ E(G). Moreover, there exist nonadjacent vertices
z,y € (N1(u1) N Ni(uz)) \ {v}.

(d) Ni(v) = {u1,us}, uyug ¢ E(G). Moreover, min(deg(u),deg(uz)) > 4.

(e) N1(v) = {uq,...,us}, where s > 3. Moreover, the vertices from Ny(v) are not
pendant and N1(v) € IS(G).

Proof. (a) Suppose v is adjacent to pendant vertices u; and ug. Then ujus ¢ E(G) and
there exists a set D € MEDS(G) such that {u;,us} C D. However, (D \ {u1,u2}) U
{v} € DS(G), thus v(G) < v>*(G) = |D| < 0(G), as required.

(b) Consider a family C € MCP(G) and its clique W 3 v. Assume by symmetry
that W = {v,u1}. The set {u],us} € IS(G) is f-independent in C and dominates
{v,u1}, thus v(G) < 6(G) by the previous lemma.

(c) Consider a family C € MCP(G) and its clique W 3 v, assume that W = {v, u; }.
Clearly, one of the sets {uz,x} and {ug,y} is #-independent in C and dominates {v, u; },
thus v(G) < 0(G) by the previous lemma.

(d) It follows from (c) that the set (Ny(u1) N Ni(ug)) \ {v} is a clique. Since G is
planar, |(Ny(u1)NN1(uz))\{v}| < 2. Then both sets Ny (u1)\ N1 (uz) and Ny (ug)\ N1 (u1)
are nonempty; this contradicts (b).

(e) Consider a family C € MCP(G) and its clique W > v. Assume by symmetry
that W = {v,u1}. Since wu; is not pendant, there exists a vertex uj € Ni[uy] \ Ny[v].
Since ugug ¢ E(G), one of the sets {u],u2} and {u},us} is f-independent in C and
dominates {v,u;}. Thus 7(G) < 6(G) by the previous lemma. O

4 Properties of a critical graph

In this section we consider a critical graph G, that is, a minimal by the number of
vertices planar graph such that v(G) = v>°(G) < 0(G). In subsection 4.1 we obtain a
few simple facts and outline the proof of the main result. In subsections 4.2 and 4.3 we
prove more difficult structural properties.

4.1 Induced subgraphs
Lemma 11. Let W C V(G) be a nonempty clique, then v*°(G) = v (G \ W).

Proof. Suppose for a contradiction that v>°(G) # v*°(G \ W). Lemmas 3 and 6 imply
that
VG\W) <AZ(G\W) <+7(G).

Consider a set D € DS(G \ W) and a vertex w € W. Clearly, D U {w} € DS(G),
hence 7y(G\ W) = y*(G\ W) = v(G) — 1. Consider a family C € MCP(G\ W). Since
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CU{W} € CP(G), we have 6(G\ W) > 0(G) — 1. Thus (G\ W) > ~v(G\ W) and G
is not critical, a contradiction. O

Lemma 12. For every edge uwv € E(G) neither Nylu] C Ny[v] nor Ni[v] C Ni[u].

Proof. Suppose for a contradiction that Nju] C Nj[v]. Consider a set D € DS(G \ v).
Clearly, D dominates v, then v(G\v) > v(G). By Lemma 6, v>°(G\v) < v*°(G), hence
Y(G\v) =7°(G \ v) = v(G). We now prove that (G) = 0(G \ v). Consider a family
C € MCP(G \ v) with a clique W 3 u. Clearly, the set W' = W U {v} is also a clique,
hence (C\ {W}) U{W'} € CP(G) and 6(G \ v) = 0(G). Therefore, G is not critical, a
contradiction. O

Remark 3. Lemma 12 implies that for every vertex z € V(G) the set Ni[x] is not
a clique.

Lemma 13. For every nonempty set I C IS(G) we have
1(Gr) = 0(Gr) =~(G) = [1].
Proof. Consider a set D € M DS(Gy). Clearly, DU I € DS(G). Therefore,

1G) <~(Gr) + (1. (1)

Let 2 be a sequence of all vertices from I in some order. If there exists a set

D € MEDS(G) such that |[N1[I] N D| < |I|, then the strategy (G, D,2l) is winning, a

contradiction. Then for every set D' € MEDS(G) we have |V(G;)ND'| < ~*(G)—|I|.
Lemma 7 implies that

77(Gr) <7(G) = ] (2)
Remind that v(G) = ~v°°(G) and v(Gy) < v*°(Gy). It follows from (1) and (2) that
v(Gr) = v*(Gr) = v(G) — |I|. Since G is critical, v(Gy) = 6(Gr), as required. O

Remark 4. Lemma 13 implies that for every vertex a € V(G) we have
Y(Ga) = 0(Ga) =7(G) — 1.
Moreover, if b € V(G) and ab ¢ E(G), then
Y(Gap) = 0(Gap) =v(G) — 2.

Lemma 14. Let ab € E(G) and Q@ = Nifa] N N1[b], A = N1[a] \ Q, B = N1[b] \ Q.
Then the following is true:
(a) if G|Q] = K,,, where m € [2;4], then

V(Ga,b) = H(Ga,b) =7(G) — 2. (3)
(b) if |Q| > 4 and the condition (3) does not hold, then

NG\ Q) =0(G\ Q) =~(G) — 1. (4)
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Proof. Note that A, B # () by Lemma 12. We now prove the first statement. Lemmas 6
and 13 imply that
Y(Gap) <7 (Ga) =(G) — 1.

Clearly, if D € MDS(Gyp), then DU {a,b} € DS(G), hence v(Gyp) > v(G) — 2 and
7*(Gap) € {1(G) = 2,7(G) — 1}

Case 1. 7*(Gyp) = V(G) — 2. Then v(Gap) = Y(G) — 2. Since G is critical,
0(Gap) = 7(Gap) and we are done.

Case 2. 7°(Gyp) = 7Y*°(G) — 1. By Lemma 11, (G \ Q) = v*°(G). Thus by
Lemma 7 there exists a set D' € MEDS(G), such that

D'nQ =10, |D'Nn(AUB)| < 1. (5)

Since AN B = (), the set D’ does not dominate {a,b}, a contradiction.
We now prove the second statement. Again, it is easy to check, using Lemmas 6
and 13, that

Y(G) =2 < Y(Gap) <7Y(Gap) SY7(Ga) <v(G) — 1.

Case 1. 7*(Gap) = Y(G) — 2. Then v(Gqp) = ¥°(Gap). Since G is critical,
0(Gap) = 7(Gayp), thus the equality (3) holds, a contradiction.

Case 2. v°(Ggp) = 7(G) — 1. Suppose that v*°(G'\ Q) = v(G) — 1. Then it is
easy to see that v(G \ Q) = v(G) — 1. Since G is critical, v(G\ Q) = (G \ Q) and we
are done. Otherwise v°(G\ Q) = v*°(G). By Lemma 7, there exists a set D’ such that
the condition (5) holds. Again, D’ does not dominate {a,b}, a contradiction. O

Corollary 1. Let vu € E(G) and |N1(v) N N1(u)| < 1. Then the following is true:

(a) If a set S C V(G,4,) is O-independent in G, ,,, then it does not dominate the set
Nl[’U] \Nl[u] m Gu

(b) No vertex w € V(Gy,,) dominates the set Ni[v] \ Ni[u] in G,,.

Proof. We prove the statement (a) (the statement (b) is its special case with |S| = 1,
which is often used in what follows). By Lemmas 13 and 14,

/7(G) —2= V(Gv,u) = H(Gv,u) < V(Gu) = H(Gu) = V(G) -1

Note that V(G,) \ V(Gyu) = Ni[v] \ Ni[u]. Suppose that some set S C V(G,,,) is
f-independent in G, ,, and dominates Ny [v]\ N1 [u] in G,,. By Lemma 8, there exists a set
S* € DS(Gy,,) such that S C S*. Then S* € DS(G,,) and, therefore, v(Gy4) > 7(Gy),
a contradiction. O

Remark 5. The main idea of the proof of Theorem 3 can now be roughly formulated
as follows. We use the following approaches to show that a given graph G’ is not critical:

e Find an independent subset X C V(G’) (usually |X| = 1) such that the subgraph
Gy satisfies the condition of Lemma 9 or Lemma 10;

e For a vertex v € V(G') such that deg(v) = §(G’), find a vertex u € Ni(v) and a
set S C V(G,,,) such that S is f-independent in G, ,, and dominates Ny[v]\ Ny [u].
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4.2 Separating cycles

The following lemma allows us to consider, for a given separating cycle C of a critical
graph, a vertex from int(C) not adjacent to C.

Lemma 15. Let 6(G) > 4 and C be a separating cycle of G. Moreover, C = ujugus or
C' = uyugusuy and uy is not adjacent to int(C'). Then the following holds:

(a) if 8(G) =5, then int(C) € N1[C];

(b) if 6(G) =4 and int(C) C N1[C], then there exists a vertex w € int(C') such that
G[Nl(w)] = C4.

Proof. 1f int(C') € N1[C], then there is nothing to prove. Suppose that int(C) C N{[C].
Clearly, the graph Int(C) is outerplanar. Lemma 2 implies that there exist two vertices
from Int(C) with at least 6(G)) — 2 neighbors in {u;,u2,us}. Since G is planar, we have
0(G) = 4. Assume that C' = ujugus (it is not hard to modify the proof for the case
C = U1UQ’LL3’LL4).

Case 1. There exists a vertex x € int(C) such that for some 1 < i < j < 3
the following holds: (i) # dominates {u;, u;}; (i) int(zuu;) # 0; (iii) no vertex from
int(zuju;) dominates {u;,u;}.

Assume by symmetry that (i,7) = (1,2). Every vertex from int(ujusx) is adjacent
to either u; or ug, hence the subgraph G[int(ujusz)U{z}] is outerplanar. By Lemma 2,
there exists a vertex z’ € int(ujugx) adjacent to at least §(G)—2 vertices from {uy, ug, x}
and not adjacent to x. Then z’ dominates {u1,us}, a contradiction.

Case 2. There exist vertices x,2’ € int(C) with two common neighbors in C.
Assume by symmetry that 2’ € int(ujugx). Case 1 implies that int(ujuga’) = 0. We
use the notation

U; = Ni[u;] Nint(urz’'uszx), i € {1,2}.

If, say, Us = (), then for every vertex u} € U; we have Nj[u}] C Ny[ui], a contradiction
by Lemma 12. Thus we may assume that Uy, Uy # (). Moreover, xz’ ¢ E(G) (otherwise
for every vertex uf € U; we have Nj[uf] C Ni[ui], again a contradiction). Since
deg(x') > 4, the following subcases are possible:

Case 2.1. The vertex 2’ has at least two neighbors in U; for some i € {1,2}.
Assume by symmetry that ¢ = 1. Then there exist vertices uj,u] € U; N Ni[z/] such
that v} € int(uiz’u) and thus Nj[uj] C Ni[u], a contradiction.

Case 2.2. There exist vertices v} € Uy N Ny(z) and u, € Uy N Ny(z). Note that
deg(z') = 4 and int(uu)z), int(ugubhr) = 0. If wjul € E(G), then Ni[z/] = C4y, as
required. Suppose that uju), ¢ E(G) (see Fig. 2). Since deg(u}) > 4, the following
subcases are possible:

Case 2.2.1. There exist vertices y1,y2 € Ni[u}] NU;. Then either y; € int(uiufys)
or y2 € int(ujujyr). Therefore, Ni[y;] C Ni[ug] for some i € {1,2}, a contradiction.

Case 2.2.2. There exists a vertex z € Ny[u}] N (UaU{z}). Then v}, € int(ugz'uz).
Since ujuf ¢ E(G), we have Ny[ub] C Nifusg], a contradiction.
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@
Uq Us
Fig. 2. Nlustration for the proof of Lemma 15, Case 2.2.

Case 3. There exist vertices x,y1,y2 € int(C) such that for some 1 <i < j <3
the following holds: (i) wz, ujz, uiy1,u;y2, y1y2 € E(G); (i) = € int(uy1y2u; ).

Assume by symmetry that (i,7) = (1,2). Case 1 implies that int(ujusx) = 0. Note
that the vertices y1,y2 may or may not have more than one neighbor in C. We use the
notation U; = Ny[u;] N int(uixusy2yi), where ¢ € {1,2}.

Case 3.1. int(uizugysyr) = 0. Then deg(x) = 4 and Ny[z] = Cy, as required.

Case 3.2. int(uyzugysyr) # 0 and zy; € E(G) for some i € {1,2}. Assume by
symmetry that ¢ = 1. Then int(uizy;) = 0, hence U; = () and Uy # (). If there exists a
vertex ufy € Us nonadjacent to y1, then Ny [ub] C Np[ug], a contradiction by Lemma 12.
Otherwise y; dominates Us, thus at most one vertex from Us is adjacent to z. Since
deg(z) = 4, there exists such a vertex uy € Uy N Ny(z), then ujuguiy; is a 4-cycle and
G[N1(z)] = C4, as required.

Case 3.3. int(ujzuzysy1) # 0 and zy;, 2ys ¢ E(G). It is not hard to check, using
the argument from Case 2, that deg(z) = 4 and G[N;(z)] = Cy, as required.

Case 4. There exist at most two vertices in int(C') with two or three neigh-
bors in C. By Lemma 2, there are exactly two such vertices, denote them by x
and y. Case 2 implies that neither = nor y has three neighbors in C, thus we may
assume that wiz,uiy, usz,usy € FE(G) and usz,usy ¢ E(G). Case 1 implies that
int(ujusz), int(urugy) = 0. We use the notation U; = Ny (u;) Nint(uizuguzy), where
ie[1;3).

Case 4.1. zy € E(G). Lemma 12 implies that int(ujzy) = 0 and thus U; = 0. By
Case 3, x is not adjacent to Us and y is not adjacent to Us. Thus there exist vertices
z9 € Ug and z3 € Us such that zz9,yz3 € F(G). By Lemma 12, such vertices are unique.

Case 4.1.1. 2323 € E(G). The subgraph Int(ugxyus) is outerplanar, thus by
Lemma 2 there exist a vertex 2z’ € int(uszryusz) nonadjacent to zo with at least two
neighbors in {x,y,us,us}. Note that int(ugxzs),int(xyzsz2), int(uszsy) = 0, then 2’ is
adjacent to both us and ug, a contradiction.

Case 4.1.2. 2923 ¢ E(G). If zo has a neighbor in Us then it is easy to see
that Ni[z3] € Ni[ug], a contradiction by Lemma 12. Otherwise there exist vertices
ub,uly € Ni[ze] N Nifug], thus either Nj[ub] € Njfug] or Ni[uj] C Nifug], again a
contradiction by Lemma 12.

Case 4.2. zy ¢ E(G). Case 3 implies that z is not adjacent to Us. It is easy to
check, using Lemma 12, that z has at most one neighbor in U;. Thus there exists a
vertex z € Ni[x] N U;. Case 3 implies that z is not adjacent to Uy U Us. If zy € E(G),
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then int(uyzz) = int(u1yz) = (), thus deg(z) = 3, a contradiction. If zy ¢ E(G), then
z has at least two neighbors in Nj[u1], a contradiction by Lemma 12.

Case 5. There exist at least three vertices in int(C) with at most two neighbors in
C'. The previous cases imply there exist exactly three vertices z1,x9, 3 € int(ujusus)
with exactly two neighbors in C'. Assume by symmetry that w;z; ¢ E(G), i € [1;3].
Case 3 implies that the set {1, x2,z3} is independent. Case 1 implies that int(ujugzs),
int(uguszy), int(ujugze) = . We use the notation U; = Ni[u;] N int(ujz3usriuzxs),
where i € [1;3].

Case 5.1. For some 1 <4 < j < 3 the vertices x; and x; have a common neighbor
z. Assume by symmetry that (i,7) = (1,2). Case 3 implies that z is not adjacent
to {u1,uz2}, hence zuz € E(G) and zx3 ¢ E(G). Then z is not adjacent to U; U Us.
Lemma 12 implies that int(uszez) = int(uszr12) = 0, hence deg(z) = 3, a contradiction.

Case 5.2. The vertices z1, z2, 3 have no common neighors in int(C). Note that by
Case 3, x1 is not adjacent to U;. Lemma 12 implies that 1 have at most one neighbor
in Uy, thus there exist a vertex z; € Ny[z1] NUs. Case 3 implies that 27 is not adjacent
to Uy UUz U {x3}. Since deg(z1) > 4, there exist vertices uf,us € Ni[z1] N Us. Then
either Ny[uj] C Nyfus] or Ny[u4] € Nifus], a contradiction by Lemma 12. O

4.3 Cutvertices and separating edges
Lemma 16. A critical graph G has no cutvertices.

Proof. Suppose that G has a cutvertex v. Let G; be a component of G \ v and G5 be
the union of all its remaining components. Let G = G[V(G;) U {v}], where ¢ € {1,2}.
Consider three cases:

Case 1. v(Gy) = 6(Gy) and v(G2) = 0(G2). Let v(G1) = p and y(G2) = q.
Since G is critical, 0(G) = p+ ¢+ 1 and v(G) = v*°(G) = p + q. Consider a vertex
w € V(G1) N Ny[v]. By Lemma 8, there exists a set D1 € DS(G1) such that w € Dy,
thus v(G)) = p. Since 0(G) > p+q, we have 0(G)) = p+1. Moreover, since G is critical,
we have v°(G)) = p + 1. Likewise, v(G2) = ¢ and y*°(G%) = 0(G%) = g+ 1. Thus the
graphs G1, G, G2, G4 are maximum-demand, but the graph G is not maximum-demand,
a contradiction by Lemma 4.

Case 2. 7(G1) = 0(G1) and v(G2) < 6(G2). Consider a vertex w € V(G1) N Ny [v].
By Lemma 8, there exists a set D1 € DS(G1) such that w € D;. Then for every set
Dy € MDS(G3) we have D1 U Dy € MDS(G). Therefore,

Y(G) <9(G1) +9(G2) <YF(G1) +77(G2) =7 (G1 U G2) < v(G)

and G is not critical, a contradiction.

Case 3. 7(G1) < 0(G1) and y(G2) < 0(Ge). Clearly, v(G) < v(G1) +v(G2) + 1.
Note that for both ¢ € {1,2} the subgraph G; is not critical, thus v(G;) < 7v*(G;).
Therefore,

Y(G) < v(G1) +7(G2) +2 < 7™(G1) +77(Ga) < ™(G).

Again, G is not critical, a contradiction. O
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Lemma 17. If §(G) =5, then G has no separating edges.

Proof. Suppose for a contradiction there exists a separating edge ab € E(G). Let Gy
be a component of the graph V(G) \ {a,b} and G2 be the union of all its remaining
components. For i € {1,2} denote by G¢, G?, G?’b the induced subgraphs G[V (G;)U{a}],
G[V(G;)U{b}], G[V(G;)U{a, b}] respectively. If v(G1) < v*°(G1) and v(G2) < v*°(Gs),
then it is easy to see that v(G) < v*°(G) — 1, a contradiction. Then there are two
remaining variants:

Variant 1. Either v(G1) < v*°(Gy) or v(G2) < v*°(G2). Assume by symmetry
that v(G1) < v*°(G1) and v(G2) = 0(Gz2). Then, since v(G) = 7*°(G), we have
v(G1) = v°(G1) — 1. Therefore, there exist integers p,q > 1 such that

Y(G1) =p, ¥°(G1) = 0(G1) =p + 1;

¥(G2) =7 (G2) = 0(G2) = ¢;
Y(G) =7>(G)=p+q+1, 0(G)=p+q+2.

Since G has no cutvertices, both sets As = Ny(a) NV (G3) and By = N1(b) NV (G2)
are nonempty. If there exists a vertex w € As N By, then by Lemma 8 there exists a set
D such that w € D € MDS(Gs). Then D € MDS(GS?) and

G) < 7(G1) +7(G3’) < 4(G1) +7(Ga) =p+4q,

a contradiction. Therefore, A3 N By = (). We now consider four cases.

Case 1. There exists a set D; € MEDS(G) and an integer s € {1,2} such that
{a,b} N D1| = s and |D1 NV (G2)| < ¢ — s. Assume by symmetry that a € Ds.

Case 1.1. 7*°(G2\ A2) < v*°(G2). Note that W(Gg’b) > v(G)—~v(G1) = ¢+1, then

¥(G2 \ Az) < 7(G2\ A) < 7(G5") — 2.

However, for every set D € MDS(Gs \ As) we have D U {a} € DS(Gg’b). Hence
v(G\ Ag) > V(Gg’b) — 1, a contradiction.
Case 1.2. 7°(Gy \ A3) = 7>°(Ga). Let D} = D1 N (V(GY)). Note that

Ni[V(G2) \ Ag] € V(GY) and D] < y>(Gy \ A).

Then there exists an AS B with the vertices from V(G2) \ Ag such that the strategy
(G5, Dy, %B) is winning. Therefore, the strategy (G, Dq,B) is also winning, a contradic-
tion.

Case 2. There exists a set Dy € M EDS(G) such that a,b ¢ Do and |[DoNV (Gs)| <
g. Then there exists an AS B such that the strategy (G2, D2 NV (G2),B) is winning.
Clearly, the strategy (G, Dy,B) is also winning, a contradiction.

Case 3. There exists a set D3 € M EDS(G) such that {a,b} C D and D3NV (G3) =
q— 1. Then |D3sNV(G1)| =p and DsNV(Gy) ¢ EDS(G1). Hence one can attack the
vertices of V(G1) in such a way that one of the guards located on a vertex from {a, b}
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moves to a vertex from V(G1). Therefore, there exists a set D5 € M EDS(G) such that
|ID5sNV(G1)| =p+1and DN V(G2) =g — 1. Since |D5 N {a,b}| =1, Case 1 implies
that D5 ¢ MEDS(G), a contradiction.

Case 4. For every set D € MEDS(G) we have |D NV (G2)| > ¢q. Lemma 7
implies that ’yOO(GCf’b) =p+1. If ’y(G‘f’b) < p, then v(G) < p + q, a contradiction. If
’y(G'll’b) = p+1, then, since G is critical, H(G‘f’b) = p+ 1. Hence (G) < p+q+1, again
a contradiction. This completes the proof of Variant 1.

Variant 2. There exist integers p,q > 1 such that

Y(G1) = 0(G1) = p, 7(G2) = 0(G2) = q.

Clearly, 0(G) < p+ ¢+ 1. Since G is critical, it is easy to see that

Y(G) =7(G)=p+q, 0(G) =p+q+1.

Lemma 6 implies that v°°(G1UG2) < y*°(G\a) < v*°(G). Therefore, v°(G\a) = p+q.
Likewise, v°(G \ b) = p + ¢. It is not hard to see that

V(G \ a) = min(y(G),7(G1 U Ga)),
then v(G \ a) = p+ q. Likewise, 7(G \ b) = p+ ¢. Then, since G is critical,
0(G\a)=0(G\b)=p+q.

We now obtain a contradiction in several steps.

Claim 1. For some i € {1,2} there exists a family C' € MCP(G;) and a clique W € C’
such that the set W U {a} is a clique in G.

Proof. Consider a family C € MCP(G \ b) and its clique W' 3 a. If W’ = {a} then
0(G\b) = 0(G), a contradiction. Thus |W’| > 2. Since V(G1) NV (G3) = 0, there exists
i € {1,2} such that W'\ {a} C V(G;) (assume by symmetry that i = 1). Note that C
has exactly 6(G1) cliques with the vertices from G¢. It remains to remove from C all
the cliques with the vertices from V(G3) and replace the clique W’ with W = W'\ {a}
to obtain a required family ¢’ € MCP(Gy). O

For the rest of the proof of Variant 2 we assume that Claim 1 holds with ¢ = 1.
Claim 2. There exists a family C" € MCP(Gy) such that W ¢ C”.

Proof. Suppose for a contradiction that W belongs to every MCP of GG;. It follows from
Claim 1 that for some j € {1,2} there exists a family C* € MCP(G;) with a clique
@ € C* such that the set QU{b} is also a clique. If j = 2, then §(G) < |C'|+|C*| = p+q,
a contradiction. Suppose that j = 1. Since W € C*, either W = Q or W N Q = 0.
If W = Q then W U {a,b} is a clique, thus 0(G;) = H(G'll’b) and 0(G) = p+gq, a
contradiction. If W N Q = 0, then (W U {a}) N (Q U {b}) = 0, and 6(G1) = O(GS?),
again a contradiction. ]
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For the rest of the proof, fix families C',C"” € MCP(G1) and a clique W C V(Gy)
such that W U {a} is a clique in G, W € C' and W ¢ C”. Note that W is maximal by
inclusion in V(Gy).

Claim 3. |W| = 3.

Proof. Since G is planar and W U {a} is a clique, [W| < 3. Note that v(G1) = 6(G1)
and 0(G1) > 3. Remind that W is maximal by inclusion in Gy. If W = {z}, then x
is isolated in Gi, a contradiction. Suppose that W = {x1,z2}. By Lemma 1, there
exist nonadjacent vertices 2} € Ni(z1) N V(G1) and 24, € Ni(z2) N V(G1). Then the
set {z], x4} € IS(G1) dominates W, a contradiction by Lemma 9. O

Let W = {x1,z9,z3}. Assume by symmetry that 3 € int(axixs), thus bzs ¢ E(G).

Claim 4. The vertices 1 and xo have no common neighbors in V(G1) \ {z3}.

Proof. Suppose for a contradiction there exists a vertex y € V(Gy) \ {x3} adjacent to
both 1 and x9. The clique {z1,x2, z3} is maximal by inclusion in Gy, thus yzs ¢ E(G).
Let X3 = Ny[zs] \ {x1,x2,a}. Suppose there exists a vertex z € X3 such that the set
{y,z} is 6-independent in C’. Then {y,z} dominates W in G;, a contradiction by
Lemma 9. Therefore, {y} U X3 is a clique. Since degg(x3) > 5 and z3b ¢ E(G), we
have |X3| = 2. Let X3 = {24, 2%}, then some clique from C’ contains {y, 4, 2% }.

Case 4.1. {z4,2%,y} € C'. Consider a vertex z € Ny[y] \ {z1,x2, 24,24} (such a
vertex exists, since ya,yb ¢ E(G)). The set {z,23} € I1S(G1) dominates {z%,2%,y}, a
contradiction by Lemma 9.

Case 4.2. There exists a vertex y' € Nj(y) such that {a%,2%,y,y'} € C’'. Since
G is planar, y' € int(z4zfy). Consider a clique W’ such that z3 € W' € C”. Since
W # W', there exists i € {1,2} such that z; ¢ W’'. Note that W' C {z1,z2, z3, 2§, %
and z;y' ¢ E(G), thus the set {x;,y'} € IS(G1) dominates W', a contradiction by
Lemma 9. U

Claim 5. Neither x1 nor xo has a common neighbor with x3 in V(Gy) \ {1, z2}.

Proof. Suppose for a contradiction there exists i € {1,2} such that the vertices x; and
x3 have a common neighbor y € V(Gy) \ {z1,22}. Assume by symmetry that i = 1.
Let Xo = N[z \ {z1,23,a,b}. Lemma 9 implies that the set Xo U {y} is a clique, thus
| X2 < 2. Note that X5 is nonempty, since degg, (z2) > 3. Hence y is a unique common
neighbor of z; and z3 in V(G1) \ {z2}.

Case 1. Xy = {24} for some z, € V(G;). Consider the clique W’ such that
zo € W € C". Claim 4 implies that W' = {zg, 25} or W' = {x9,25,23}. The set
{z1,y} dominates W, thus by Lemma 9 it is not #-independent in C" and there exists a
clique W” such that {x1,y} C W"” € C". Since G is planar and | Ny (z})\ {22, z3,y}| > 2,
there exists a vertex z € Ni(xh)\{z2,x3,y} such that z ¢ W”. Therefore, the set {z1, z}
is f-independent in C” and dominates W, a contradiction by Lemma 9.

Case 2. Xy = {2}, 24} for some 24,25 € V(G1). Assume by symmetry that z/, €
int(z1xexhy), thus z124, x5, ¢ E(G). By Lemma 9, both sets {y, 24} and {y, 23} are
not f-independent in C’, hence there exists a clique W' such that {y, x5, 245} C W' e C'.
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Case 2.1. W' = {y, 2}, 24}. Consider a vertex z € Ni(y) \ {z1, x3, 25, 25 }. The set
{x9,2} € IS(G;1) dominates {y, x5, 24}, a contradiction by Lemma 9.

Case 2.2. There exists a vertex ¢y’ € V(G) such that {y, v/, 2, 25} € C’ (see Fig. 3).
Then ' € int(zhaly). Consider the clique W” such that zo € W” € C”. Claim 4 implies
that W C {a}, 27, x1,29,23}. There exists i € {1,3} such that z; ¢ W”. Hence the
set {z;,y'} € IS(G1) dominates W”, a contradiction by Lemma 9. O

a

b
Fig. 3. Illustration for the proof of Claim 5, Case 2.2

Claim 6. There exist vertices y1,y2,y3 € V(G1) such that {x3,y1,y2,y3} € C".

Proof. Suppose there are no such vertices. Claims 4, 5 and Lemma 9 imply that for
all 1 <4 < j < 3 the set {z;,z;} is f-independent in C”. Then the following cases are
possible:

Case 1. There exists a vertex y € V(G1) such that {z3,y} € C”. Consider a vertex
y € Ni[y] \ {z1,22,23}. Claims 4, 5 imply that y'z; ¢ E(G) for some ¢ € {1,2}. Then
the set {y/,z;} € IS(G1) dominates {x3,y}, a contradiction by Lemma 9.

Case 2. There exist vertices y1,y2 € V(G) such that {z3,y1,y2} € C”. Claims 4, 5
imply that y;x; ¢ E(G) for all 4,5 € {1,2}. Consider the sets Y; = Nq(y;) \ Ni(x3),
i € {1,2}. Note that |Yi|,|Y2| > 3.

Case 2.1. There exists a vertex w € Y; NY,. Then for some ¢ € {1,2} the set
{w,x;} is independent and dominates {x3,y1,y2} € C”, a contradiction by Lemma 9.

In cases 2.2 and 2.3 we assume that Y; NY; = 0.

Case 2.2. For some i € {1,2} there exists a vertex w; € Y; not adjacent to {z1,z2}.
Assume by symmetry that ¢ = 1. Since G is planar and |Y3| > 3, the set {w; }UY3 is not
a clique. Thus there exists a vertex wy € Y5 such that the set {wq,wsy} is f-independent
in C”. Claims 4, 5 imply that there exists j € {1, 2} such that woz; ¢ E(G). Then the
set {xj, w1, wa} is 6-independent in C” and dominates {y1, y2,z3} € C”, a contradiction.

Case 2.3. Every vertex from Y;UY5 is adjacent to either x1 or x5. Consider a subset
Z C Y1 UY5 of vertices z such that the set {x1, 2} is #-independent in C”. Note that
|Z| > |Y1|+ |Ya| — 2. Assume that |[Y1NZ| < |YanZ|. If [Y1NZ]| > 2, then by Lemma 1
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there exist nonadjacent vertices wy; € Y7 and we € Y3, thus the set {x1, w1, ws} is 6-
independent in C” and dominates {y1,y2, 3}, a contradiction. Otherwise |Y1 N Z| =1
and |[YoN Z| > 3. Let Y1 N Z = {w;}. There exists a vertex wa € Yo N Z such that the
set {wy,wy} is f-independent in C”. Thus {x1,w;,ws} is also f-independent in C” and
dominates {y1, y2, 23}, a contradiction. O

We are now ready to finish the proof of Variant 2. Assume by symmetry that
y3 € int(y1y2x3), then x1ys, xoys ¢ E(G). Let X; = Nylx;) \ {x1, 22, 23,a,b}, i € {1,2}.
Assume that |X1]| > |X3| > 1.

Case 1. |Xy| = 1. Let Xy = {x}}. Consider the clique W’ such that 25 € W' € C".
Since the set {z1, 2,23} is f-independent in C”, we have W’ = {xq,25}. Consider a
vertex z € Ny(x5) \ {x1, 22, 23}. Claim 5 implies that there exists ¢ € {1,3} such that
the set {z;,z} is f-independent and dominates W', a contradiction by Lemma 9.

Case 2. |X3| > 2. By Lemma 1 there exists a pair of nonadjacent vertices x} € X3
and x5 € Xy. Claims 4 and 5 imply that 2 # y; for all 4,5 € {1,2}. Hence the set
{2}, z},y3} € IS(G) dominates the clique {x1, z2, 23} € C’, a contradiction by Lemma 9.
The proof of Lemma 17 is complete. O

5 Critical graphs with § <4

5.1 Case § <3
Lemma 18. If G is critical, then 6(G) > 3.

Proof. Suppose that there exists a vertex v € V(G) such that deg(v) < 2. By Lemma 12
the set Ni[v] is not a clique, then deg(v) = 2 and the neighbors of v (denoted by w;
and ug) are nonadjacent. Corollary 1(b) implies that N;(u1) = Ni(ug) (if, for example,
there exists a vertex uj € Ny(u1) \ Ni(ug), then v(Gy,) < v(Gypusy), a contradiction by
lemmas 13 and 14). Let deg(u;) = 1+ k and Ni[ui] \ {v} = {wi,...,wr}. Assume
that the vertices wy,...,wy, are in clockwise order around w;, then w;w; ¢ E(G) for all
1<i<j+2<k.

Case 1. kK = 1. By Lemma 5 we have |V(G)| > 4. Then w; is a cutvertex, a
contradiction by Lemma 16.

Case 2. k = 2. Suppose that wywy ¢ E(G). Lemma 10(c) implies that every vertex
z € V(GQ) \ N1[v] has a neighbor in {w;,ws} (otherwise v(G,) < 6(Gy), a contradiction
by Lemma 13). Thus {v, w1, ws} € DS(G) and v(G) < 3. By Lemma 13, (Gy, u,) < 1.
Since G is Ks-free, we have |V(G)| <9, a contradiction by Lemma 5.

Suppose now that wiwe € E(G). By Lemma 13, v(G,) = 6(G,) = v(G) — 1 and
V(G uz) = 0(Guyuy) = 7(G)—2. However, for every family C € MCP(Gy, u,) we have
CU{{v,u1},{ug, wi,ws}} € CP(G), thus 0(G) < 0(Gy, u,) +2 = v(G), a contradiction.

Case 3. k = 3. By Lemma 10(c), every vertex from V(G) \ Nz[v] has a neigh-
bor in {wy,wq, w3}, thus {v,wi,ws, w3} € DS(G) and y(G) < 4. If v(G) < 3 then
Y(Gurusy) = 0(Gruyusy) < 1 and [V(G)| < 10, a contradiction by Lemma 5. Suppose
that 7(G) = 4, then there exists a vertex xo € N;(w2) not adjacent to {wy,ws} (if there
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is no such vertex, then {uy,w;,ws} € DS(G), a contradiction). Since wyws ¢ E(G),
we have v(G,,) < 6(Gy,) by Lemma 10(c), a contradiction.

Case 4. k > 4. If N3(v) = 0, then v(G) = [{v,u1}| < [{v, w1, ws}| < a(G), hence G
is not critical, a contradiction. Suppose that N3(v) # (. Lemma 10(c) implies that for
every vertex € N3(v) the set {wy, ..., wi}\Ni[z] is a clique. Since G is K33 3-free, every
vertex from N3(v) has at most two neighbors in {w,...,wi}. Therefore, k = 4 and
every vertex from N3(v) dominates either {wi,wy} or {ws,ws}. Assume by symmetry
that there exists a vertex € N3(v) that dominates {wy,ws}. Then wswy € E(G) by
Lemma 10(c) and thus Nq[wy] C Nilws], a contradiction by Lemma 12.

U

Lemma 19. If G is critical, then 6(G) > 4.

Proof. Suppose for a contradiction that 6(G) < 3, then 6(G) = 3 by the previous lemma.
Let v € V(G) be a vertex of degree 3 and Nj(v) = {uy,us,ug}. Consider three cases
depending on the structure of the subgraph G[N;(v)].

Case 1. G[N;(v)] = 3K;. By Lemma 13,

AG) =2 < (o) < ¥(G) = G) — 1 for all i € {1,2,3}. (6)

Corollary 1(b) implies that no vertex from Ny(v) has exactly two neighbors in Ny (v)
(if, say, such a vertex dominates {ui,us}, then v(Gy ) > 7(Gyy), a contradiction).

Case 1.1. There exists a vertex w € Na(v) that dominates Ny (v) (since G is planar,
such a vertex is unique). Then there exist pairwise distinct vertices u; € Ny (u;)\ {v, w},
where i € {1,2,3}. Assume by symmetry that ug € int(vujwus) and v}y € int(vugwus).
Then the set {u},u)} € IS(Gy 4, ) dominates {uj,us}, a contradiction by Corollary 1(a).

Case 1.2. Every vertex from Ny(v) has a unique neighbor in Ny (v). By Lemma 1
there exist nonadjacent vertices uf € Ny(u1) \ {v} and uf € Ny(uz2) \ {v}. Again, the
set {uff,ul} € 1S(Gy ) dominates {ui, us}, a contradiction by Corollary 1(a).

Case 2. G[Ny(v)] & Ky U Kj. Assume that ujus € E(G) and ugus, ujug ¢ E(G).
Note that by Lemma 14 the property (6) still holds. Moreover, every neighbor of
us is adjacent to both u; and wue (if, for example, there exists a vertex x € Na(v)
such that zuz € E(G) and zu; ¢ E(G), then x dominates Ny[v] \ Ni[u1] = {us} in
G, , a contradiction by Corollary 1(b)). Since G is K3 3-free, we have deg(us) < 2, a
contradiction.

Case 3. G[N1(v)] = P3 or G[Ny(v)] = C3. Clearly, for some i € {1,2,3} we have
Nip[v] € Nqug), a contradiction by Lemma 12. O

5.2 Case § =14

Throughout this subsection we consider a planar graph G with a vertex v such that
deg(v) = 0(G) = 4. Let Ni(v) = {u1,u9,us,us} and S C Ny(v). Call a vertex
x € Na(v) S-vertez, if Ni(x) N Ni(v) = S. We use the notation U; = Ny(u;) \ Ni(v).
Since G is critical, the sets U; are nonempty by Lemma 12.

It is easy to check that precisely one of the following possibilities holds:
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1. G[N;(v)] has a triangle (Lemma 20);
2. G[N;(v)] has a vertex of degree 3 (Lemma 21);
3. G[N1(v)] = Cy (Lemma 22);
G[N1(v)] 2 4K, (Lemma 23);
5. G[N;(v)] 2 Ps U K; (Lemma 24);
6. G[N1(v)] = Ko U2K; (Lemma 25);
7. G[N1(v)] & 2K, (Lemma 26);
8. G[N1(v)] = Py. (Lemma 27);

Lemma 20. If G[N1(v)] has a triangle, then G is not critical.

Proof. We may assume that G[N1(v)] has a cycle ujusug such that ug € ext(vujusg)
and uy € int(vujug). Select a vertex x € Uy. Since x € int(vujug), the vertex ug is not
adjacent to {uy4,z}. Lemmas 13 and 14 imply that

Y(G) =2 =7(Gouz) = 0(Gous) < V(Guy) = 0(Guy) =7(G) — 1.

Note that V(Gy,) = V(Gyuy) U {us}. Since ¥(Gyuy) = 0(Gyuy), Lemma 8 implies
that there exists a set D € M DS(Gy ;) such that z € D. Hence D € DS(G,,) and
Y(Gus) < Y(Gyuy), a contradiction. O

Lemma 21. If G[Ni(v)] has a vertex of degree 3, then G is not critical.
Proof. We have Nj[v] C Nilu;] for some i € [1;4], a contradiction by Lemma 12. O
Lemma 22. If G[N1(v)] = Cy, then G is not critical.

Proof. We may assume that G has a cycle ujuguguy, then ujus,usus ¢ E(G) by
Lemma 20. First, we prove the following property.

Claim. For both i € {1,2} we have U; C U;1o or U;yo C Uj.

Proof. Suppose for a contradiction that, for example, there exist vertices u} € Uy \ Us
and us € Us \ U;. If, moreover,

’Y(G \ {ul,UQ,’U,U4}) = H(G \ {ul,UQ,’U,U4}) = ’Y(G) -1,

then by Lemma 8 there exists a set D € M DS(G \ {u1,u2,v,u4}) such that {u),us} C
D. Since D € MDS(G), we obtain a contradiction. Thus by Lemma 14 we have
Y(Guy 0y) = 7°(G) — 2. Lemma 13 implies that

’Y(G) -2= ’Y(G{m,v}) = H(G{m,v}) < ’Y(Gul) = H(Gul) = ’Y(G) -1

By Lemma 8, there exists a set D' € M DS(G,, ,) such that uy € D’. Clearly D' €
DS(Gy,), hence v(Gy, v}) = (G, ), a contradiction. O
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We are now ready to finish the proof of Lemma 22. Assume that U; C Uz and
Us C Uy. Let w € No(v) be a common neighbor of u; and us. Since G is planar and
0(G) = 4, w is the unique common neighbor of us and uy4, thus deg(uy) = deg(ug) = 4.
Consider an induced (n — 6)-vertex subgraph H = G[V(G) \ (N1[v] Uw)]. Lemmas 6
and 13 imply that y*°(H) < ~4°(G,) = v°°(G) — 1. Consider two cases:

Case 1. 7*°(H) < ~4*°(G) — 2, then v(H) < v(G) — 2. For every set D € MDS(H)
we have D U {v,w} € DS(G), thus v(H) = v>*°(H) = v(G) — 2. Since G is critical,

v(H)=60(H)<0(G) — 3.
Consider a family C € MCP(H). Clearly,
C U {{u1,uz,v} U{us,us,w}} € CP(G).

Therefore, (G) < §(H) + 2, a contradiction.
Case 2. ¥°(H) = v*°(G) — 1. By Lemma 11, v*°(G \ {u1, u2,v}) = v*°(G), then
by Lemma 7 there exists a set D" € MEDS(G) such that

D" n{v,ur,us} =0, |D" N {v,ui,us,us,ug,w} <1.
It is easy to see that D” does not dominate {u1,us,v}, a contradiction. O
Lemma 23. If G[N1(v)] £ 4K, then G is not critical.

Proof. Consider three cases:

Case 1. There exists a vertex w € Na(v) with at least three neighbors in Np(v).
Corollary 1(b) implies that w is a Nj(v)-vertex. Since G is planar, such a vertex is
unique. We may assume that the vertices ui, us, u3, us are in clockwise order around v,
then ug € int(vuywug) and uy € ext(vuywug). Hence int(vujwusg) U int(vuswus) # 0.
By Lemma 15, there exists a vertex = € int(vujwug) U int(vuswus) not adjacent to
Ni[v]Uw. Then v(Gz) < 0(G,) by Lemma 10(e), a contradiction.

Case 2. There exists a vertex ¢ Nj[v] with at most one neighbor in N;(v). We
may assume that x is not adjacent to {ug, us,us}. Since v(G;) = 0(G;), Lemma 10(a,e)
implies that exactly one vertex from Nj(v) is pendant in G,. Then for some k € [1;4]
the vertex  dominates the set Uy and zuy, ¢ E(G) (see Fig. 4). Since |Uy| > 3, there
exist vertices yi1,y2,ys € Uy such that int(uryizys) N Ux = {y2}. Since deg(y2) > 4,
Lemma 15 implies that there exists a vertex z € int(ugyixys)Uint(ugy2xys) not adjacent
to Na[v]. Then v(G,) < 0(G;) by Lemma 10(e), again a contradiction.

Fig. 4. Tllustration for the proof of Lemma 23, Case 2 (here k = 3).
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Case 3. Every vertex from V(G) \ Ni[v] has exactly two neighbors in Nj(v).
Since G is planar, there exists a pair of vertices from Nj(v) (say, (u1,u2)) with no
common neighbors in Ny(v). Then it is easy to see that {v,us,us} € DS(G). Note that
Ni(v) € IS(G), hence v(G) < a(G) < ~v*°(G), a contradiction. O

Lemma 24. If Ni(v) = P3U Ky, then G is not critical.

Proof. Assume by symmetry that E(G[Ni(v)]) = {uiug,ugus} and us € ext(vujug).
By Corollary 1(b), G has neither {uy,u4}-vertices nor {us, u4}-vertices. Consider two
cases:

Case 1. There exists a vertex w € Na(v) with at least three neighbors in Np(v).
Corollary 1(b) implies that w is a {u1, us, uy }-vertex or a {uy,ug, us, ug}-vertex. Since
G is planar, such a vertex is unique and w € ext(vujugus). Hence uy € ext(vujugus)
and we may assume that the vertices u1,...,us are in clockwise order around v.

Case 1.1. There exists a {uj,us}-vertex x. Note that x € int(vujwug), then
upw ¢ E(G) and Uy C int(vujzus). Consider a vertex uf, € Up. Corollary 1(b) implies
that uj is not a {u1,us, ug}-vertex. If upur,upus ¢ E(G), then v(Gyy) < 0(Gyy) by
Lemma 10(e), a contradiction. Otherwise uf is a {ug,u;}-vertex for some i € {1,3},
assume by symmetry that ¢ = 1. If there exists a vertex u) € U, \ Us, then the set
{ub,uy} € IS(Gy,) dominates the set {u1,ug,us}, a contradiction by Corollary 1(a).
Otherwise Uy C Us, hence the vertices us and u4 have at least three common neighbors
in Gy and 7(Gy;) < 6(G,y) by Lemma 10(d), again a contradiction.

Case 1.2. There are no {ug,us}-vertices. Since 6(G) > 4, both sets U; \ Uz and
Us \ U are nonempty. Consider a vertex u) € Uy. Corollary 1(b) implies that u is not
adjacent to {u,ug}. Assume by symmetry that u) € int(vugwuy), then there exists a
vertex uj € Uy \ Us, nonadjacent to u}. The set {u),u)}} € IS(G, ;) dominates the set
{u1,u4}, a contradiction by Corollary 1(a).

Case 2. Every vertex from Ny(v) has at most two neighbors in Nj(v). Recall that
G has neither {uj,uy}-vertices nor {us,us}-vertices. Then every vertex from Uy is a
{ug, uy }-vertex or a {uy4}-vertex. Consider three subcases:

Case 2.1. All vertices from Uy are {ug,uq}-vertices. Since |Uy| > 3, there exist
{ug, ug}-vertices x1, xo, x3 such that int(ugziugxs) NUy = {x2}. Since x1, 23 ¢ Uy UUs,
we have Ny[zo] N (U UU3) = 0.

Case 2.1.1. Uy # Us. We may assume that there exists a vertex u} € U; \ Us, then
the set {u}, 2} € IS(Gyuy) dominates {uy,ug, uqs}, a contradiction by Corollary 1(a).

Case 2.1.2. U; = Us. Then uy € int(vujugus). Consider a vertex y € U N
Us. Since y € ext(vujugus) and Uy € int(vujugus), the vertices ug and uy have at
least |Us| > 3 common neighbors in Gy, thus v(Gy) < 6(Gy) by Lemma 10(d), a
contradiction.

Case 2.2. There exists a {ug, uq}-vertex x and a {u4 }-vertex uj.

Case 2.2.1. uy € ext(vujugug). Assume by symmetry that v € int(vugzuyg). Con-
sider a vertex u} € U;. The set {u),u}} € IS(G, ;) dominates {uy,uq}, a contradiction
by Corollary 1(a).

Case 2.2.2. uy € int(vujugug). Assume by symmetry that uy € int(vugus).
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Case 2.2.2.1. There exists a vertex uj € Up \ Us. Since u] € ext(vugug), we
have zu} ¢ E(G). The set {u},z} € I5(Gy.4,) dominates {u, us}, a contradiction by
Corollary 1(a).

Case 2.2.2.2. There exists a vertex uy € Us \ U;. Remind that uy ¢ Uy by
Corollary 1(b). Since |Uy| > 3, there exists a vertex u} € Uy such that the set {uf, ujf}
is f#-independent in G,,,,. Since {uf,u}} dominates {us,us}, we obtain a contradiction
by Corollary 1(a).

Case 2.2.2.3. U; = Us. By Lemma 10, the equality v(G,) = 6(G,) implies that
|U1| = 2 and the set {u1} UUj is a clique. Let U; = {y,z}. Lemma 13 implies that
Y(Guyuz) = Y(G) — 2 and 0(Gy, ;) < 0(G) — 3. Note that

V(G) = V(Gu1,u3) U {1)7 Ui, U2,uU3,Y, Z}'
Consider a family C € MCP(Gy, u;). Clearly,
Cu {{Ua uz, Ug}, {ulaya Z}} € CP(G)

Hence 0(G) < 0(Gy, u3) + 2, a contradiction.

Case 2.3. All elements of Uy are {uy}-vertices.

Case 2.3.1. U; # Us. Assume by symmetry that there exists a vertex v} € Uy \ Us.
Since |Uy| > 3, the set {u)} UUy is not a clique, thus there exists a vertex u), € Uy such
that the set {u},u}} is f-independent in G, ,,, a contradiction by Corollary 1(a).

Case 2.3.2. Uy = Us. There exist {uq, us}-vertices y1, yo such that yo € ext(vuiyius).
Consider a vertex u) € Us. The set {uh,y2} € IS(Gyu,) dominates {u1,u2}, again a
contradiction by Corollary 1(a).

U

Lemma 25. If Ni(v) = Ky U2K;, then G is not critical.

Proof. Assume by symmetry that ujug € E(G) and ug € ext(vujug). Corollary 1(b)
implies that every vertex from Us N Uy is a Ni(v)-vertex and no vertex from Ny(v) has
exactly three neighbors in Ny (v). Consider two cases:

Case 1. There exists a vertex w € Uy N Us.

Case 1.1. wis a Ny(v)-vertex. Since G is planar, such a vertex is unique. Moreover,
w,uy € ext(vujug). We may assume that the vertices ui, ..., uy are in clockwise order
around v, then Uy U Us C int(vujwuy).

Case 1.1.1. There are no {uj,uq}-vertices. Note that Us N Uy = {w}, hence
|Us \ {w}],|Us \ {w}| > 2. By Lemma 1, there exist nonadjacent vertices uj € Us \ U;
and uy € Uy \ Uy. Then the set {ufs,u}} € IS(Gyy,) dominates the set {us,us}, a
contradiction by Corollary 1(a).

Case 1.1.2. There exists a {uj,uq}-vertex x € V(G) (see Fig. 5). It is easy to
check, using Corollary 1(a), that Uy = Us. Since |Us \ {w}| > 2, there exists a {ug, us}-
vertex y nonadjacent to w. Hence y is not adjacent to Uy U Uy and v(Gy) < 6(Gy) by
Lemma 10(d), a contradiction.
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Uq

Fig. 5. Illustration for the proof of Lemma 25, Case 1.1.2.

Case 1.2. w is not a Nj(v)-vertex, then it is a {uy, us}-vertex. Then Us N Uy = ().
Since |Us| > 3, the set {w}UUs is not a clique, hence there exists a vertex u4 € Us such
that the set {w, u4} is 6-independent in G, ,,, and dominates {u1, ug, ug}, a contradiction
by Corollary 1(a).

Case 2. U; NUz = (. By Lemma 1 there exist nonadjacent vertices uj € U; and
ul, € Uy. Corollary 1(b) implies that these vertices have at most two neighbors in Ny (v).
The following subcases are possible:

Case 2.1. One of the vertices ug and uyg (say, us), is not adjacent to {u},u)}.
If wijus € E(GQ) or uhus € E(G), then {u},u} € I1S(Gyyy) dominates {ug, ua, uq},
a contradiction by Corollary 1(a). Therefore, ufu;1o ¢ E(G), for all 4,5 € {1,2}. By
Lemma 10(e), in both G,/ and G, exactly one of the vertices uz or us is pendant. Since
|Us|, |Us| > 3, if ug is pendant in G, then uy is pendant in G, and vice versa. There-
fore, both vertices uz and u4 are pendant in G{u’l RATE:! contradiction by Lemma 10(a).

In the subcases 2.2-2.4 we may assume that both uz and u4 have exactly one neigh-
bor in {uf, u)}.

Case 2.2. uy € int(vujuz). Assume by symmetry that vjuy, ubug € E(G).

Case 2.2.1. U; C U;. Since u}, € ext(vujuz) and Uy C int(vujug), we have
Y(Gyy) < 0(Gyy) by Lemma 10(d), a contradiction.

Case 2.2.2. There exists a vertex uj € Uy \ U;. Since u) € int(vujug) and
uh € ext(vujug), we have uhu) ¢ E(G). Hence the set {u),u)} € I1S(Gy ., ) dominates
the set{us,u4}, a contradiction by Corollary 1(a).

In the subcases 2.3-2.4 we assume that us,uy € ext(vuijug). We may also assume
that the vertices ui,us,us, uys are located clockwise around v. Then the only possible
configuration is ujuy, uhus € E(G).

Case 2.3. Uy NUy; = {u}}. Corollary 1(a) implies that every {ug,us}-vertex
dominates Uy \{u] }, thus u is a unique such vertex in G. Consider vertices uy € Us\{uf}
and vy € Uy )\ {u}}. Clearly, uj € int(vugubujuy) and vjuly ¢ E(G) (see Fig. 6).
Thus the set {u},u5} € IS(Gyu,) dominates the set {u,us,us}, a contradiction by
Corollary 1(a).
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Uy

Fig. 6. Hlustration for the proof of Lemma 25, Case 2.3.

Case 2.4. There exists a vertex « € (U NUy) \ {u)}. We may assume that
x € int(vuiujus) (otherwise rename the vertices » and u}). Since v(Gy) = 0(Gy;), by
Lemma 10(b) there exists a vertex y € (UaNUs)\{uj)}, assume that y € int(vugubus). If
there exists a vertex z € Uy \ Uy, then the independent set {y, z} dominates {ug, u3, u4}
in Gy, a contradiction by Corollary 1(a). Otherwise Uy C Uy, hence v(Gy) < 6(G) by
Lemma 10(d), a contradiction.

O
Lemma 26. If N(v) = 2K,, then G is not critical.

Proof. Assume by symmetry that ujug, usus € E(G). We may also assume that uz, uy €
ext(vujug) and the vertices uq,...,uy4 are in clockwise order around v. Corollary 1(b)
implies that no vertex from Ny(v) has exactly three neighbors in Nj(v). Consider two
cases:

Case 1. There exists a Nj(v)-vertex w.

Case 1.1. There exists a {uz, us}-vertex y. It is easy to check, using Corollary 1(a),
that Uy = Uy. Lemma 10(b) implies that there exists a {u1, uq }-vertex x € ext(vujwuy).
Likewise, it is easy to check, using Corollary 1(a), that Uy = Us.

Case 1.1.1. min(deg(u1),deg(uz)) = 4. Assume by symmetry that deg(u;) = 4.
Then wzx € E(G) (otherwise Ni[ui] = P3 U K, a contradiction by Lemma 24). Note
that deg(z) > 4 and x is not a cutvertex by Lemma 16. Then by Lemma 15 there exists
a vertex z € int(ujzw)Uint(ugzw) not adjacent to Np[v]U{w,z,y}. Consider a family
C € MCP(G,) and its clique W > v. Recall that W is maximal by inclusion, thus
|W| = 3 and either W = {v,u1,u2} or W = {v,u3,us} (assume that W = {v, u1,us2}).
If {w,uz} or {w,us} is #-independent in C, we obtain a contradiction by Lemma 9.
Otherwise, since Us NUy = {w}, we have {w,us,us} € C. Then the set {z,v} € IS(G,)
dominates {w, us, us}, a contradiction by Lemma 9.

Case 1.1.2. min(deg(uy),deg(ug)) > 5. Then G has at least two {uy,uy }-vertices
and at least two {ug, us}-vertices. Hence there exists a vertex z € Uy N Us not adjacent
to Uy. Since |U;| > 3, we have v(G,) < 0(G,) by Lemma 10(d), a contradiction.

Case 1.2. There are no {ug,us}-vertices. Assume by symmetry that there are no
{u1, uq }-vertices.
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Case 1.2.1. deg(w) = 4. By Lemma 13, v(G, ) = 7(G)—2 and §(G, ) < 0(G)—3.
Consider a family C € MCP(Gy,,). Clearly,

CU{{v,u1,u2} U{us,ug,w}} € CP(G).

Hence 0(G) < 0(Gy ) + 2, a contradiction.

Case 1.2.2. deg(w) > 5.

Case 1.2.2.1. int(vugwus) U ext(vujwuy) # 0. Assume that int(vugwus) # 0.
By Lemma 16, w is not a cutvertex, thus for some i € {2,3} there exists a vertex
u; € U; Nint(vugwus). Assume that ¢ = 2, consider a vertex v} € U;. Remind that
ubus ¢ E(G), then the set {u),us} € IS(G,.4,) dominates {u;, us}, a contradiction.

Case 1.2.2.2. int(vugwug) U ext(vujwug) = (). For some j € {1,3} there exists a
vertex x € Ni[w|Nint(ujuj1w). Assume that j = 3. By Lemma 15 the set int(vujug)U
int(wujug) contains a vertex y not adjacent to Nj[v] U {w,x}. Consider a family C €
MCP(G,) with a clique W > v. Assume by symmetry that W = {v,u1,us}. Note that
UsNUy = {w}. If {w,ug} or {w,us} is #-independent in C, we obtain a contradiction by
Lemma 9. Otherwise {w, us,us} € C and the set {v,z} € I5(G;) dominates {w, us, u4}
in G, a contradiction.

Case 2. All vertices of Na(v) have at most two neighbors in Nj(v). Corollary 1(b)
implies that there are no {w;,u;+1 }-vertices, where i € {1,3}. By Lemma 1 there exist
nonadjacent vertices v} € Uy and u), € Us. Then by Corollary 1(a), each of the vertices
ug and wuy is adjacent to either u} or u}. Since both «} and uf, have at most two neighbors
in Ny (v), the only possible configuration is ujus, ujus € E(G).

Case 2.1. U; # Uy or Uy # Us. We may assume that there exists a vertex
uy € Uy \ Uy. Then ufu}, by Corollary 1(a). Consider a vertex ufy € Us \ {u)}, then
ujuy € E(G) by Corollary 1(a) and uhug,usu) ¢ E(G). Hence {u},u} € IS(Gyuy)
dominates {uq,ug,us}, a contradiction.

Case 2.2. U; = Uy and Uy = Us. Consider the subgraph H = G[V(G) \ Na[v]].
Note that Gy, u; = H and Gy, 4, = Ko U H, thus v(Gy, us) = Y(Guy ue) — 1. However,
Lemmas 13 and 14 imply that v(Gy; us) = Y(Guy us) = 7(G) — 2, a contradiction. O

Lemma 27. If N(v) = Py, then G is not critical.

Proof. Assume that wjug,ugus,usuy € E(G) and u; € ext(vugug). Corollary 1(b)
implies that G has no S-vertices, where

S e {{ur,u}, {us, ua}, {ur, ug, ug}, {ug, ug, us}}.

In the following cases (except subcases 3.3 and 4.3) we assume that the vertices
u1 and uy have a common neighbor in No(v). Thus we may also assume that uy €
ext(vugugs) and the vertices uq, ..., uy are in clockwise order around v.

Case 1. There exists a Nq(v)-vertex w. Lemma 22 implies that deg(uz) > 5, then
int(vuiwus) \ {ug} # 0. If deg(w) = 4, then for every family C € MCP(G,,,) we have

CU{{v,ur,uo} U{w,us,us}} € CP(Q),
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thus 6(Gyw) > 0(G) — 2, a contradiction by Lemma 13. Hence deg(w) = 5 and the set
Y = Ni(w) \ Ni(v) is nonempty. Lemma 15 implies that int(vujwug) \ (N2[v]UY") # 0,
since one of the cycles vuiug, vusus, uiusw, usugw is separating.

Case 1.1. There exists a vertex z € V(G) \ (N2[v]UY') that does not dominate the
set Y. Select a vertex z € Y \ Ny(z), consider a family C € MCP(G,) and its clique
W s v If W = {v,ug,us}, then {uj,us} € IS(G,) dominates W, a contradiction.
Otherwise we may assume that W = {v, uj,us}. If {w,us} or {w,us} is f-independent
in G, we obtain a contradiction by Lemma 9. Otherwise {w,uz,us} € C (since G
has no {us, ug}-vertices, this clique is maximal by inclusion). The set {v, z} € IS(G,)
dominates {w,us,uy}, a contradiction by Lemma 9.

Case 1.2. Every vertex from V(G) \ (Nz2[v] UY) dominates Y. Then all ver-
tices from Y either belong to the set int(u;u;+1w) for some i € {1,2,3}, or belong to
the set int(vujwuy). Lemma 15 implies that int(vuui41) = 0 for all i € {1,2,3}.
Note that deg(usz), deg(us) > 5 by Lemma 22, hence the only possible configura-
tion is int(ujusw) = int(ugusw) = @ and Y C int(ugusw). Moreover, every vertex
from ext(vujwuy) is adjacent to u; or uy (otherwise it does not belong to Nafv] UY
and does not dominate Y, a contradiction). Corollary 1(a) implies that U; = Uy
(if, say, there exists a vertex uwj € Uj \ Uy, then for any vertex u) € Us the set
{u},ub} € I1S(Gy,,) dominates {ui,us}, a contradiction). Since Uy \ {w} # 0, there
exists a vertex y € ext(vujwuy) such that ext(vuiyuy) = 0. Clearly, deg(y) < 3, a
contradiction.

Case 2. There exists a vertex w € Na(v) with exactly three neighbors from Nj(v).
Assume by symmetry that w is a {u,us,us}-vertex. Since G is planar and has no
{u1,ug,ug}-vertices, all vertices from Ny(v)\ {w} have at most two neighbors in Ny (v).

Case 2.1. There are no {uq,us }-vertices. It is easy to verify, using Corollary 1(a),
that the set (U U Us) \ {w} is a clique on at most three vertices. Remind that G
has no {uy,us}-vertices, hence min(deg(uy),deg(uz)) = 4. If deg(uy) = 4, then the
subgraph G[N[u1]] has at most two edges, a contradiction by Lemmas 20-26. Otherwise
deg(uz) = 4. Let Uy = {ub}. Lemmas 20-26 imply that ubug € E(G). Consider a vertex
uy € Uy \ {w}. The set {uh,u}} € IS(Gy,y,) dominates {us,us}, a contradiction by
Corollary 1(a).

Case 2.2. There exists a {u, uy}-vertex. Consider vertices =,y € Uy NUy such that
ext(vuyzug) NUL NUL = {y} (if there exists a unique {uq,ug}-vertex y, then z = w). It
is easy to see that Uy \ Uy € int(vujwuy) by Corollary 1(a). Hence by Lemma 15 there
exists a vertex z € int(uizusy) U ext(vuiyug) not adjacent to Niv] U {x,y}. Consider
a family C € MCP(G,) and its clique W > v. It is easy to check that one of the sets
{u1,uq}, {u2,y}, {us,y} € IS(G,) dominates W, a contradiction.

Case 3. Every vertex from Na(v) has at most two neighbors in Nj(v). Moreover,
there exists a {ug, ug}-vertex w. Recall that by Corollary 1(b) G has neither {uj,ug}-
vertices nor {ug, u4 }-vertices.

Case 3.1. There exist two distinct {uj,uy}-vertices  and y nonadjacent to w.
We may assume that Uy N Uy N ext(vuizug) = {y}. Corollary 1(a) implies that w
dominates both sets Uy \ Uy and Uy \ Uy, hence these sets belong to int(ujugwususx).

26



By Lemma 16, y is not a cutvertex, then ext(vuiyuy) = 0 and int(uizugy) # 0. By
Lemma 15, since Uy N int(ujzusy) = 0, there exists a vertex z € int(ujzrusy) not
adjacent to Ny[v] U {z,w}. Consider a family C € MCP(G,) and its clique W > v. It
is easy to check that one of the sets {u1,us}, {ug,z}, {us,z} € IS(G,) dominates W,
a contradiction.

Case 3.2. There exists a unique {u, u4 }-vertex x nonadjacent to w. Remind that
G has no {uy, ug}-vertices. It is easy to check, using Lemmas 20-26, that deg(u1) > 5
and |Uy \ {z}| > 2. Corollary 1(a) implies that (U; \ {z}) U {w} is a clique, then
|U1 \ {z}| = 2. Let Uy = {u},uf,z}, assume by symmetry that v} = int(uiufwus)
(see Fig. 7). Since deg(u}) > 4, by Lemma 15 the set int(ujuswuf) \ {u}} contains a
vertex z not adjacent to Ni[v] U {w,x}. Again, consider a family C € MCP(G,) and
its clique W > v. One of the sets {uy,uq}, {u2,z}, {us,z} € IS(G,) dominates W, a
contradiction.

Uy

Fig. 7. HNlustration for the proof of Lemma 27, Case 3.2.

Case 3.3. There are no {uy, us }-vertices nonadjacent to w. If w dominates U; UUy,
then the vertices u; and uy are pendant in Gy, thus v(Gy) < 6(Gy,) by Lemma 10(a),
a contradiction. Otherwise there exists a vertex y € U; U Uy such that wy ¢ E(G).
Assume by symmetry that y € Uy, then the set {w,y} is #-independent in G, ,, and
dominates the set {u1,us,us}, a contradiction by Corollary 1(a).

Case 4. Every vertex from Ny(v) has at most two neighbors in Nj(v). Moreover, G
has no {ue, ug}-vertices. If uy € ext(vujugus), then we assume that for some i € {1, 2}
the graph G does not have {u;, u;yo}-vertices (say, i = 2).

Case 4.1. There exist a pair of distinct {uq,uq}-vertices  and y. We may assume
that ext(vuizug) NUL NUg = {y}.

Case 4.1.1. There exists a vertex u} € Uy Nint(uizugy). Note that v} ¢ Uy.
Consider a vertex uy € Us. Since uh € ext(ujzuay), the set {uj,ub} € IS(Gyu,)
dominates {u1,us}, a contradiction by Corollary 1(a).

Case 4.1.2. U Nint(uizugy) = 0. Since deg(y) > 4, by Lemma 15 there exists a
vertex z € int(ujzugy)Uext(vuiyuy) not adjacent to Ni[v]U{x}. Consider a family C €
MCP(G,) and its clique W 3 v. It is easy to check that one of the sets {uy,uq}, {usz,x},
{us,z} € IS(G,) dominates W, thus v(G,) < 0(G,) by Lemma 9, a contradiction.

Case 4.2. There exists a unique {uy, uy}-vertex. Note that G has neither {uq, us}-
vertices nor {ug, us }-vertices. Then Lemmas 20-26 imply that deg(u;), deg(uz) > 5 and
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|U1 \ Uy, U2\ Uy| > 2. By Lemma 1 there exist nonadjacent vertices uj € Uy NV (Gy,)
and u), € Uy NV(Gy,), a contradiction by Corollary 1(a).

Case 4.3. There are no {uy,uq}-veritces. If uy € ext(vujusus), we apply the
argument from Case 4.2. Assume that ug € int(vugus).

Case 4.3.1. There exists a vertex u, € Us\Uy. Lemmas 20-26 imply that deg(u;) >
5, hence |U;| > 3 and there exists a vertex uj € Uj such that the set {u},u)} is
f-independent in G, ,,, a contradiction by Corollary 1(a).

Case 4.3.2. Uy C Uy. Moreover, there exists a vertex uj € Us \ U;. Note that
deg(ug) > 5, then there exists a {ug, uq}-vertex uh nonadjacent to ufs. Hence the set
{ub,us} € V(Gyu, ) dominates {us,uq}, a contradiction by Corollary 1(a).

Case 4.3.3. Uy C Uy and Us C U;. Since |Us| > 2, there exist vertices x,y € U1NUs
such that int(ujugusy)NUs = {x}. Note that Us € int(vugus), then by Lemma 15 there
exists a vertex z € int(ujugusz)Uint(uixugy) not adjacent to Nj[v]U{x,y}. Consider a
family C € MCP(G.) and its clique W > v. Note that |U;],|Us| > 3 by Lemmas 20-26,
thus there exist vertices uj € U; and uj € Uy such that both sets {u], us} and {u}, us}
are f-independent in C. It is easy to check that one of the sets {u], us}, {u}, ua}, {ui,us}
dominates W, a contradiction by Lemma 9. O

6 Critical graphs with 0 =5

Throughout this section we consider a critical graph G and its vertex v such that
deg(v) = 0(G) = 5. Let Ny(v) = {uq,...,us} and S C Ny(v). Call a vertex x € Na(v)
S-vertex, if Ni(xz) N Ny(v) =S. We use the notation U; = Nj(u;) \ Ni(v).

6.1 Additional properties

Lemma 28. Suppose that ujus € E(G) and there exist four pairwise distinct vertices
ui,ui € Uy and uj, u3 € Uy, such that ujuy ¢ E(G) and uiu3 ¢ E(G). Then there exist
i,j € {1,2} and k € [3;5] such that the set {u},u}, ur} is independent.

Proof. Assume by symmetry that us € ext(vujus). Consider two cases:

Case 1. uy,us € ext(vujug). We may assume that the vertices uq,...,us are in
clockwise order around v, and the vertices u},u3 are in clockwise order around wus.

Case 1.1. There exists i € {4,5} such that u;u3 € E(G). Then ug € int(vugu3u;)
and u%, u% € ea:t(vugu%ui). Thus the set {u%, u%, us} is independent, as required.

Case 1.2. wqu3,usu? ¢ E(G). If both sets {u?,u3,us} and {u?,u2, us} are not
independent, then usu},usu? € E(G) and ui € int(vujuduy). If, moreover, the set
{ul,ul,us} is not independent, then uius € E(G). Hence ul € ext(vujudus) and
ulug,utug ¢ E(G). If both sets {ul,ud,u;},i € {3,4} are not independent, then
udus,ulug € E(G). Therefore, u3 € int(vuguius) and the set {ul,u3, us} is inde-

pendent, as required (see Fig. 8).
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Fig. 8. Illustration for the proof of Lemma 28, Case 1.2.

Case 2. {ug,us} Nint(vuiuz) # 0. Assume by symmetry that uy € ext(vuius)
and us € int(vujug). Suppose that for all i € [3;5] and j € {1,2} the set {u],ud, u;}
is not independent, then there exist a,b € {1,2} such that uf,u$ € ext(vujus) and
ui’_“,ug’_b € int(vujuz). Moreover, both u¢ and u$ dominate {uz,us}, this contradicts

the planarity of G. O
Lemma 29. If the subgraph G[N1(v)] is triangle-free, than Ny(v) = 0.

Proof. Suppose there exists a vertex x € Ny(v). Note that Na[v] C V(G,). Consider a
family C € MCP(G,) and its clique W > v. Since G[Nj(v)] is triangle-free and W is
maximal by inclusion, we have |W| € {2,3}. Suppose that [W| =2 (say, W = {v,u1}).
Consider a vertex uj € U; (it exists by Lemma 12). The set {u],ug,us, us} is not a
clique, then for some i € [2;4] the set {u),u;} is f-independent in C and dominates W.
Thus v(G,) < 6(G,) by Lemma 9, a contradiction.

We now suppose that |W| =3 (say, W = {v,u1,uz2}). Consider three cases:

Case 1. Both vertices u; and ug are pendant in G[Ny(v)]. If there exists a vertex
w € Uy N Us, then the set {w,us, uq,us} is not a clique and for some i € [3;5] the set
{w,u;} is 6-independent in C and dominates W, a contradiction by Lemma 9. Suppose
that Uy N Uy = (0. Since |Uy],|Usz| > 3, by Lemma 1 there exist vertices u%,u% € Uy and
uy,u3 € Uy such that ujuj, uiu3 ¢ E(G). By Lemma 28, there exist integers 4, j € [1;2]
and k € [2; 5] such that the set {u}, u?, u)} is independent. This set dominates {v,u1,us}
in G,, again a contradiction by Lemma 9.

Case 2. Either uy or ug is not pendant in G[N1(v)]. Assume that usus € E(G).
Since |U;| > 3, the set {ug} U U; is not a clique. Then there exists a vertex u} € Uy
such that the set {u),us} is 6-independent in C and dominates W, a contradiction by
Lemma 9.

Case 3. Both vertices u; and ug are not pendant in G[Np(v)]. Since G[Ny(v)] is
triangle-free, we may assume that ujus, ugus € E(G) and ujus, usus ¢ E(G). Note that
Uy, Uy # (). If there exists a vertex w € UyNUs, then the set {w, us, uy, us} is not a clique
and for some i € [3;5] the set {w, u;} is -independent in C and covers W, a contradiction
by Lemma 9. Otherwise consider some vertices uj € Uy and u}, € Us. If none of the sets
{u),us}, {uh, us}, {us,us} is f-independent in C, then u)jus, ubus, usus € E(G) and the
induced subgraph G[{v,u1,ug,us, us, u},u)}] is nonplanar, a contradiction. O
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We now introduce another important tool:

Corollary 2. Suppose there exists a verter x € V(G) \ N1[v] and an integer k € [1;5]
such that x dominates Uy. Then |Ug| < 2.

Proof. Suppose for a contradiction that |Ug| > 3. Then there exist vertices y1,y2,y3 €
Ui such that Up N int(ugpyixys) = yo. Since deg(yz) > 5, the set int(upyixys) U
int(ury22ys) is nonepmty, assume by symmetry that int(uxyizy2) # 0. If upz € E(G)
and y; € ext(ugy2x), then one of the edges y1x and yox is separating, a contradiction
by Lemma 17. Otherwise if y1y2 € E(GQ) (y1y2 ¢ E(G)), let C = y1y2x (C' = upyrzy2).
By Lemma 15, there exists a vertex z € int(C') not adjacent to the vertices from C. It is
easy to see that z ¢ N3[v], hence Ny(v) # ), a contradiction by the previous lemma. O

6.2 Case 6 =5

In this subsection we finish the proof of Theorem 3. It is easy to check that precisely
one of the following possibilities holds:

1. G[Ni(v)] has a cycle C3 (Lemma 30)
2. G[N1(v)] has a cycle C4 (Lemma 31)
3. G[N1(v)] has a cycle C5 (Lemma 32)
G[N1(v)] is acyclic and A(G[N;(v)]) > 3 (Lemma 33)

5. G[Ni(v)] 25K, (Lemma 34)
6. G[N1(v)] = K2 U3K; (Lemma 35)
7. G[N1(v)] 2 2K3 U K; (Lemma 36)
8. G[N1(v)] = P3 U2K; (Lemma 37)
9. G[N1(v)] = P3U Ks (Lemma 38)

10. G[N1(v)] 2 P5 (Lemma 39)

11. G[N1(v)] & Py U K; (Lemma 40)

Lemma 30. If G[Ni(v)] has a cycle Cs, then G is not critical.

Proof. We may assume that G[Np(v)]| has a cycle ujusus and v, ug, us € int(ujugus).
Assume by symmetry that uy € int(vujug).

Case 1. us € int(vujus) or us € int(vugus) (say, us € int(vuiug)).

Case 1.1. wuguq,uguy € E(G) or usui,usus € E(G) (say, uqui,ugus € E(G)).
Lemmas 13 and 14 imply that

(G) 2= ’Y(Gv,uz;) = H(Gvﬂm) <Y(Guy) = 0(Guy) =7(G) — 1.
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Note that V(G,) = V(Gyu, ) U{us, us} and Uy N (U3 UUs) = 0. Since |Us|, |Us| > 2,
Lemma 1 implies that there exists a vertex € V(G,,4,) that dominates {us,us} or
there exist nonadjacent vertices uy € Us N V(Gyy,) and uf € Us NV (Gyy,). Then
Y(Guy) < Y(Gyuy) by Lemma 8, a contradiction.

Case 1.2. uqug,usus € E(G). Case 1.1 implies that uqui, usu; ¢ E(G), then the
set Npui] N Npfv] is a clique and Lemmas 13 and 14 imply that

(G)—2= ’Y(Gv,m) = H(Gvﬂn) <Y(Guy) = 0(Gyy) =7(G) — 1.

Case 1.2.1. Neither Uy C U; nor Us C Uy. There exist vertices u)y € Uy \ Uy and
us € Us \ Uy. Since u)y € int(vujug) and uf € int(vujusz), we have ujul ¢ E(G). Note
that u), uf € V(Gyu, ), thus ¥(Gy,) < v(Gyy, ) by Lemma 8, a contradiction.

Case 1.2.2. There exists i € {4,5} such that U; C U;. Assume by symmetry
that ¢ = 4. Since |Uy| > 3, there exists a vertex v} € U; N Uy nonadjacent to Uy U Us.
Consider a family C € MC’P(G%), its clique W 5 v and some vertices uf, € Us, uf € Us.
If W = {v,ua,us}, then {uf, us} dominates W. Otherwise W = {v, u3, us} and {ug, uf}
dominates W, a contradiction.

Case 1.3. There exists i € {4,5} such that u;u;_o ¢ E(G). Assume by symmetry
that ¢ = 4. Lemmas 13 and 14 imply that

YG) =2 =7(Gouy) = 0(Guouy) <V(Guy) = 0(Guy) =7(G) — 1.

Case 1.3.1. There exists a vertex uly € Uy \ Uz. Consider a vertex uf € Us, then
the set {u), ul} € IS(Gyu,) dominates {uq, us}. Thus v(Gyu,) > V(Gy,) by Lemma 8,
a contradiction.

Case 1.3.2. Uy C U,. Since |Uy| > 3, there exists a vertex x € Uy N Uz not
adjacent to U;. Moreover, since vug is not a separating edge, there exists a vertex
u} € Uy Nint(vujug). Consider a family C € MCP(G;) and its clique W > v.

Case 1.3.2.1. W = {v,us,us} or W = {v,us}. Since |Us| > 3, there exists a
vertex uf € Us such that the set {uj,u?} is f-independent in C and dominates W, a
contradiction.

Case 1.3.2.2. W = {v,u1,us}. Again, since |Us| > 3, there exists a vertex u’ € Us
such that the set {us,u?'} is 6-independent in C and dominates W, a contradiction.

Case 1.3.2.3. W = {v,uj,ug}. If there exists a vertex u4 € Us nonadjacent
to us, then the set {u},u},us} € IS(G,) dominates W, a contradiction. Otherwise
Us C Us. By Lemma 17 the edge vug is not separating, thus there exists a vertex
uy € Uy Niint(vuqus). Consider a vertex z € Us N Us nonadjacent to uf (since |Us| > 2,
such a vertex exists). Since [Us| > 3 and Uy C ext(vuiug), we have y(Gyy o) < 0(Gyr 2)
by Lemma 10(d), a contradiction.

Case 2. uy,us € int(vujuz). Lemmas 13 and 14 imply that

Y(G) =2 =7(Gouz) = 0(Guouz) < V(Guy) = 0(Guy) =(G) — 1.

If the vertices u4 and us have a common neighbor in No(v), then by Lemma 8 (G, ) <
V(Gyus), @ contradiction. Suppose no such vertex exists. By Lemma 12, neither u; nor
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ug dominates {ug,us}. Thus |Uy| + |Us| > 4 and the set Uy U Us is not a clique. Hence
there exist vertices uj € UsNV (Gy yy) and uy € Us NV (Gy y,) such that the set {uly, uf}
is f-independent in Gy 4, thus Y(Gyus) > 7(Gys ), a contradiction. O

Lemma 31. If G[N1(v)] has an induced cycle Cy, then G is not critical.

Proof. We may assume that G[Nj(v)] has a cycle ujugusug and us € int(vujuz). By
Lemma 30 we may also assume that ugus ¢ E(G).

Case 1. uwjus ¢ FE(G). By Lemma 17, the edges vu; and vug are not separating,
thus there exist vertices u) € Uy Nint(vujuz) and u € Uy Nint(vujusz) (these vertices
may or may not coincide). The set {u},us} € IS(G) dominates the set {v,u1,ug,us},
hence by Lemma 8 the equality v(G \ {v, u1, uz,us}) = 0(G\ {v,u1,uz,us}) = y(G) — 1
is not possible. Lemmas 13 and 14 imply that v(Gyu,) < 7(Gy, ). Therefore, U; C Uy
for some ¢ € {3,5}. Likewise, 7(Gyu,) < V(Gu,) and, therefore, U; C U, for some
i € {4,5}. Since |U;| > 2 for all i € [3;5], we may assume by symmetry that Us C U;
and Uy C Us (see Fig. 9). Then there exists a vertex = € UyNUy not adjacent to Us \ Uy.
If zuy € E(G) (zu; ¢ E(Q)), then v(G5) < 0(G) by Lemma 10(b) (Lemma 10(e)), a

contradiction.

o

Fig. 9. Illustration for the proof of Lemma 30, Case 1.

Case 2. ujus € E(G). By Lemma 17, there exists a vertex u}, € Uy Nint(vujug).
The set {ufy, us} € 15(G) dominates {v, u1,u2,u3}, thus ¥(Gyu,) < ¥(Gu,) and U; C Us
for some i € {4,5}.

Case 2.1. Uy C Us. There exist vertices uly, ) € Uy such that UyNint(uqujusus) =
{uj}. Pick a vertex uf € Us \ Uy (it exists by Lemma 12 and may conicide with
ub). By Lemma 17, int(vugug) = int(vugus) = (), hence by Lemma 15 there exists
a vertex z € int(ugusuquy) not adjacent to Np[v] U {ub,uf,ut}. Consider a family
C € MCP(G,) and its clique W 3> v. If W = {v,u1,us} or W = {v,us,us} then the
set {ub,us} € IS(G,) dominates it. If W = {v,u1,us} then the set {uq,ut} € I1S(G,)
dominates it. If W = {v,uj,us} then the set {us,us} € IS(G,) dominates it. Finally,
if W = {v,us,us} then, since wiuj ¢ E(G), one of the sets {uy,uz} and {ug,ulj} is
f-independent in C and dominates W, a contradiction.
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Case 2.2. U; C Us. Since |Us| > 3, there exist vertices y1,¥2,ys € Us such that
int(usyruoys) N Us = {y2}. We may assume that int(usyjusy2) # 0. If, moreover,
int(usyrugy2) N Uy = @, then Lemma 15 implies that Ny(v) # (), a contradiction by
Lemma 29. Otherwise there exists a vertex z € U Nint(usyiugyz). Note that z is
not adjacent to Us U Uy. Consider a family C € MCP(G,) and its clique W > v. If
W = {v,u1,us} then the set {us,us} € IS(G,) dominates it. If W = {v,u;,us} then
the set {ys,us} € IS(G,) dominates it. If W = {v,us,us} then by Lemma 1 there
exists a vertex w € Us N Uy and the set {w,us} € IS(G,) dominates W or there exist
nonadjacent vertces uj € Us,u)y € Uy and the set {us,us,u)} € IS(G,) dominates W,
a contradiction.

O

Lemma 32. If G[N;(v)] = Cs, then G is not critical.

Proof. Assume that G has a cycle C' = ujugugugus and v € int(C). Lemmas 30 and 31
imply that C is chordless. If N3(v) # (), consider a vertex x € Ns3[v] and a family
C € MCP(G,) with a clique W > v. Since W is maximal by inclusion, we have
|W| = 3. Assume by symmetry that W = {v, uy, us}, then the independent set {us, us}
dominates W, a contradiction. We now assume that N3(v) = (). Consider four cases:

Case 1. There exists a vertex w € No(v), adjacent to three consecutive vertices of
C' (assume by symmetry that wu;, wug, wuz € E(G)). Since deg(uz) > 5, Lemma 15
implies that there exists a vertex = € N3(v) Nint(vujwus), a contradiction.

Case 2. There exists a vertex w € Na(v), adjacent to exactly three vertices of C' that
are not consecutive. We may assume that w is a {uy,us, us}-vertex. Then U N Uy = ()
and by Lemma 10(b) w dominates either Uy or Uy (say, Us). Corollary 2 implies that
|Ua| = 2. Let Uy = {ub,ul}, assume by symmetry that v}, € int(ujusuijw). Since
deg(ub) > 5, Lemma 15 implies that there exists a vertex = € N3(v) N int(ujugubw), a
contradiction.

Case 3. There exists a vertex w € No(v), adjacent to a pair of nonadjacent vertices
from Nj(v). Assume by symmetry that w is a {ug, us}-vertex.

Case 3.1. w dominates Us. We use the argument from Case 2.

Case 3.2. There exists a {ug}-vertex u), nonadjacent to w. Consider a family
C € MCP(Gy,) and its clique W > v. It is easy to check that one of the independent
sets {uq, w}, {u1,us} and {us,w} dominates W, a contradiction.

Case 3.3. For some i € {1,3} there exists a {ug,u;}-vertex x nonadjacent to w.
Assume by symmetry that ¢ = 3. Consider a family C € MCP(G,) and its clique
W s v, If W = {v,u1,us} then the set {us,w} € IS(G,) dominates it. Otherwise
W = {v,uq,us}. If there exists a vertex u)y € Uy \ Uy then the set {u},u;} € IS(Gy)
dominates W, a contradiction. Thus we assume that Uy C U;. By Lemma 9, it remains
to consider the case when for every vertex u) € Uy the set {u}, u1} is not f-independent
in G, then |Us| = 2. Let Us = {y1,y2}, assume that yow ¢ E(G) (see Fig. 10). If yo is
adjacent to Us, we rename the vertices and use the argument from Case 2. Otherwise
Lemma 10(b) implies that (G y, w}) < 0(Gy,,w}), @ contradiction.
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Uy

Fig. 10. Illustration for the proof of Lemma 32, Case 3.3.

Case 4. Every vertex from Ni(v) is adjacent to one vertex or two consecutive
vertices from Nj(v). By Lemma 14, it is sufficient to consider the following cases:

Case 4.1. y(G\ {u1,uz,u3,v}) = 0(G \ {u1,us,uz,v}) = v(G) — 1. If there exists
a {uy,ug}-vertex x, then the set {z,uy} € IS(G) dominates {v,u1,u2,us} in G, a
contradiction. Otherwise by Lemma 1 there exist nonadjacent vertices uj € U; and
uby € Us. By the previous cases, ujuy,ubus ¢ F(G), hence the set {u),u),us} € IS(G)
dominates {v,u,us,us} in G, again a contradiction.

Case 4.2. v(Gyu,) = 0(Gyu,) = 7(G) — 2. Since |Uy|, |Us| > 2, by Lemma 1 there
exists a {u4, us }-vertex = that dominates {u4,us} in G,,, or there exist vertices ujy € Uy
and uf € Us such that the set is {u,u;} € IS(G) dominates {u4,us} in G,,. Hence
Y(Gyus) = V(G ), a contradiction. O

Lemma 33. If G[N1(v)] is acyclic and A(G[N1(v)]) > 3, then G is not critical.

Proof. We may assume that u; has the maximum degree in (G[N(v)]) and ujuz, ujus,
uiuyg € E(G). Lemma 12 implies that ujus ¢ F(G). By Lemma 30, G[N;(v)] is triangle-
free, thus ugus,usug,usuy ¢ FE(G). We may also assume that wug,u; € int(vujus)
and ugy € ext(vujus). Lemma 17 implies that ujuyg is not a separating edge, thus
ext(vuiug) = O and int(vusujuy) # . By Lemma 15, there exists a vertex z €
int(vugujug) not adjacent to Ni[v] U Uz U Us. Consider a family C € MCP(G,) and a
clique W > v. Remind that W is maximal by inclusion, hence either u; € W or uz € W.

Case 1. W = {v,us}. Consider a vertex uf € Us. The set {uf,us} € IS(Gy)
dominates W, a contradiction.

Case 2. W = {v,u;,us}, where i € {2,3}. Let j =5 —i. If ujus ¢ E(G) then
|Us| > 3 and there exists a vertex ug € U such that the set {uj,uf} is f-independent
in C and dominates W, a contradiction. Suppose that u;us € E(G). If the vertices uy
and u; are f-independent in C, we obtain a contradiction by Lemma 9. Otherwise, since
|Us| > 2 and the set {u1,u;} UUs is not a clique, there exists a vertex ug € Us such
that the set {u},u;} is 6-independent in C and dominates W, again a contradiction.

Case 3. W = {v,u1,uz}. Consider a vertex uy € Us. The set {ub,us} € IS(G,)
dominates W, a contradiction.

Case 4. W = {v,u1,u3}. By Corollary 2, there exists a vertex us € Us such that
usr ¢ E(G). Then one of the sets {ufs,us} and {uf,u4} is independent in G, and
dominates W, a contradiction.
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Case 5. W = {v,u;,us}. By Corollary 2, there exists a vertex uly € Uy such that
uyz ¢ E(G). Then the set {ug,u)} € IS(G,) dominates W, a contradiction. O

Lemma 34. If Ni(v) = 5K, then G is not critical.

Proof. Consider two cases:

Case 1. N3(v) # (0. Select a vertex z € N3(v). Consider a family C € MCP(G,)
and its clique W > v. Assume by symmetry that W = {z,u;}. By Lemma 10(e), u; is
pendant in G,. Thus x dominates Uj, a contradiction by Corollary 2.

Case 2. N3(v) = (). If every vertex from Na(v) has at least three neighbors in Ny (v),
then {v,u1,u2,us} € DS(G), thus 7(G) < |N1(v)] < a(G) < v*°(G), a contradiction.
Otherwise there exists a vertex € Na(v), with at most two neighbors in Ny (v). By
Lemma 10(e), exactly one vertex from Ni[v] is pendant in G,. Thus for some i € [1;5]
the vertex x dominates the set U;, again a contradiction by Corollary 2. O

Lemma 35. If G[N1(v)] = K2 U3Ky, then G is not critical.

Proof. We may assume that ujus € F(G) and uz € ext(vujug). Consider two cases:

Case 1. There exists a vertex w € Na(v) that dominates N;i(v). Then w,uq,us €
ext(vujug), we may assume that the vertices uq, ug, . .., us are in clockwise order around
v. Since deg(u4) > 5, by Lemma 15 the set int(vugwus) contains a vertex x not adjacent
to Ni[v] U {w}. Consider a family C € MCP(G,) with a clique W > v. It is easy to
check that for some i € [1;5] the set {u;,w} is 6-independent in C and dominates W, a
contradiction.

Case 2. No vertex from Ny(v) dominates Nj(v). Corollary 1(b) implies that every
vertex from Na(v) has at most three neighbors in Nj(v) in G. Moreover, there are no
{us, ug, us }-vertices.

Case 2.1. There exists a vertex w € Uy U Us with at most two neighbors in Ny (v).
By Lemma 10(e), the equality v(G,,) = 0(G\) implies that for some i € [1;5] the vertex
w dominates the set U;, a contradiction by Corollary 2.

Case 2.2. Every vertex from U; U Us has exactly three neighbors in Ny (v). More-
over, ug,us € ext(vujuz). Since |Uj|,|Uz| > 3 and every vertex from Uy N U, has a
neighbor in {us,us,us}, it is easy to see that |[U; N Us| < 1 and thus |Uy U Us| > 5.
Hence there exist two vertices from Uy UU; with two common neighbors in {us, u4, us}.
Clearly, the subgraph G[N;[v] U Uy U Us] is nonplanar, a contradiction.

Case 2.3. Every vertex from U; U U, has exactly three neighbors in Ny (v). More-
over, {u4,us} Nint(vujug) # (. Assume by symmetry that uy € ext(vujug) and
us € int(vujug). If there exists a {ui,ug,us}-vertex z, then v(G) < 0(Gyz) by
Lemma 10(d), a contradiction. Otherwise Uy UUs € ext(vujug), thus U3 NUs| < 1 and
|U1 U Us| > 5. Since no vertex from Uy U Us is adjacent to us, there exist two vertices
from U; U Uy with three common neighbors in {uj,ug,us,us}. Again, the subgraph
G[N1[v] UU;y U Us] is nonplanar, a contradiction. O

Lemma 36. If G[N1(v)] = P3 U2Kq, then G is not critical.

35



Proof. Assume by symmetry that E(Ny(v)) = {ujue, ugus} and us € ext(vujug). Con-
sider some vertices x1,z9 € Us. It follows from Lemma 10, Corollary 1(b) and Corol-
lary 2 that both of them have either three or five neighbors in Nj(v). Consider two
cases:

Case 1. At least one of the vertices uy,us belongs to int(vujugus). Assume by
symmetry that ug € int(vujus).

Case 1.1. us € int(vujug). If for some i € {1,2} the vertex x; is a {uq,ug, us}-
vertex, then v(Gg,) < 6(Gz,) by Lemma 10(d), a contradiction. Otherwise z1,x9 €
int(vuiug). There exist 4,j € [1;2]| such that z;uj;3 ¢ F(G). Assume by symmetry
that ¢ = j = 1. By Corollary 2, u4 is not pendant in G,, thus v(G,,) < 6(Gg,) by
Lemma 10(b), a contradiction.

Case 1.2. wus € int(vugug). Then ugy and us have no common neighbors in
Ns(v), hence G has no {ui,ug,us}-vertices by Lemma 10(b). Then either x; or xo
is a {uy,ug, ug p-vertex (say, z1). Lemma 10(d) implies that v(G4,) < (G, ), a contra-
diction.

Case 1.3. uy € int(vujue), us € ext(vujugus). Assume that the vertices uq, ug, us,
us are located clockwise around v. It is not hard to check, using Lemma 10(b,d) and
Corollary 2, that xjus, zous € E(G). We may assume that xq is a {uq, ug, us }-vertex and
xg is a {ug, u3, us }-vertex. Then z; is not adjacent to Us \ {z2}, hence v(Gy,) < 6(Ga,)
by Lemma 10(b), a contradiction.

Case 2. wuy,us € ext(vujugus). Then z1,29 € ext(vujugus) and G has no
{u1, ug, ug}-vertices. We may assume that the vertices uq,us, ..., us are in clockwise or-
der around v and the vertices 21 and x5 are in clockwise order around wus. If z1us € E(G)
(xou; € E(G)) then xo (x1) has at most two neighbors in Nj(v), a contradiction. Thus
both z; and x9 have exactly three neighbors in Nj(v).

Case 2.1. There exists i € {1,2} such that z; is a {ua, u4, us }-vertex. Assume by
symmetry that ¢ = 1. Then u; € ext(vusziuy) and us € int(vugriug). Lemma 10(b)
and Corollary 2 imply that v(Gz,) < 6(G,), a contradiction.

Case 2.2. Neither z1 nor zs is a {ug,uy,us}-vertex. Then xjui,xous € E(G).
If zous € E(G), then Lemma 10(b) and Corollary 2 imply that v(Gg,) < 6(Gay), a
contradiction. Hence zoug € E(G). If zyuy € E(G) then Lemma 10(b) and Corollary 2
imply that v(G4,) < 6(Gy, ), hence z1u; € E(G). If there exists a vertex u} € Uy \ Us,
then {u},z2} € IS(Gy ;) dominates {uy, ug,us, us}, a contradiction by Corollary 1(a).
Therefore, U; C Us. By Case 2.1 G has no {x3, x4, x5}-vertices, thus deg(uz) = 5.
Lemma 32 implies that z1x9 ¢ E(G). Since 25 € int(vugzius), we have Ni[xo]NU; = (.
Since |Uy| > 3, we have v(Gy,) < 6(Gs,) by Lemma 10(d), a contradiction. O

Lemma 37. If Ni(v) = 2K, U K, then G is not critical.

Proof. Assume by symmetry that E(Ni(v)) = {ujug,usus} and us,ug € ext(vujusg).
Consider three cases:

Case 1. There exists a vertex w € Na(v) with at least four neighbors in Np(v).
Corollary 1(b) implies that w dominates Ny(v). Then us € ext(vuiug) N ext(vusuy)
and we may assume that the vertices uq,...,us are in clockwise order around v. Since
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deg(ug) > 5, the set int(vujwus) contains a vertex is not adjacent to Ni[v] U {w}.
Consider a family C € MCP(G,) and its clique W > v. It is easy to check that for
some i € [1;5] the set {u;, w} is f-independent in C and dominates W, a contradiction.

Case 2. There exists a vertex w € Na(v) with exactly three neighbors in Nj(v).
Corollary 1(b) implies that w is neither a {uy, ue, us }-vertex, nor a {us, u4, us }-vertex.

Case 2.1. wus ¢ E(G). Assume by symmetry that w is a {u, ug, us}-vertex. It is
easy to check, using Corollary 1(a), that U\ N1[w] = Us\ N1[w]. Since v(Gy) = 6(Gy),
Lemma 10(a,d) implies that there exists a vertex @ € Uy N Us N Ny[w] or vertices
u)y € UgyN Ni[w] and uf € Us N Np[w]. Moreover, Lemma 10(b) implies that there exists
a vertex y € (Uy N Us) \ N1[w]. Consider a vertex uj € Us. It is easy to check that
usy ¢ E(G). The set {uf,y} dominates {ug,us,us} in one of the subgraphs G,, and
G, , a contradiction by Corollary 1(a).

Case 2.2. wus € E(G). By Corollary 1(b), w is a {u;, uj, us}-vertex, for some
i € [1;2] and j € [3;4]. Then us € ext(vujuz) N ext(vusuys) and we may assume
that the vertices wy,...,us are in clockwise order around v. If (i,5) # (1,4), then
Lemma 10(b) and Corollary 2 imply that v(Gy) < 8(G,,). Suppose that (i,7) = (1,4).
By Lemma 10(b) and Corollary 2 there exists a vertex x € Uz N Us nonadjacent to w.
Case 2.1 implies that x is a {ug,us}-vertex, then v(G,) < 0(G;) by Lemma 10(e), a
contradiction.

Case 3. Every vertex of Na(v) has at most two neighbors in Ny (v).

Case 3.1. For some i € {1,3} there exists {u;, ujt1}-vertex w. Assume by
symmetry that ¢ = 1. By Corollary 2, there exists a vertex u; € Us such that
wuf ¢ E(G). By Corollary 1(b), for some j € {3,4} we have uju ¢ E(G). Hence
the set {w,u5} € IS(Gy,y;) dominates {uy,uz,us}, a contradiction by Corollary 1(a).

Case 3.2. For some i,j € {1,2} there exists {u;, u;q2}-vertex w. Then v(Gy) <
0(Gy) by Lemma 10(e) and Corollary 2, a contradiction.

Case 3.3. For some i € [1;4] there exists {u;, us}-vertex w (assume that i = 4).
Corollary 2 implies that there exists a vertex u4 € Us nonadjacent to w. Case 3.2 implies
that wyus ¢ E(G). Then {uj,w} € IS(G,,,) dominates {ug, uq,us}, a contradiction
by Corollary 1(a).

Case 3.4. Every vertex from Nj(v) has a unique neighbor in Nj(v). By Lemma 1,
for i € [1;4] there exist vertices u; € U; such that uwju, usu) ¢ E(G). Suppose there
exists a vertex uf € Us such that one of the sets {u),u5, uf} and {uf,u),uf} is in-
dependent (say, {u},ub, ut}). This set dominates {u1,ug,us} in a subgraph G, ., a
contradiction by Corollary 1(a). Otherwise every vertex from Us has a neighbor in
{u},us} and a neighbor in {u%, v/ }. Since |Us| > 4, the subgraph G[Nz[v]] is nonplanar,
a contradiction. O

Lemma 38. If G|[N;(v)] = P3 U Ko, then G is not critical.

Proof. Assume by symmetry that E(Ni(v)) = {ujuz, ugus, usus} and ug € ext(vujusg).
By Corollary 1(b), if a vertex from Nj(v) is adjacent to exactly four vertices from
Ni(v), then it is a {uq, us, ug, us }-vertex. Moreover, G has neither {u, u4, us }-vertices
nor {us,u4,us }-vertices. Consider three cases:
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Case 1. There exists a vertex w € Na(v) with at least four neighbors in N (v). Then
ug, us € ext(vujugug), hence we may assume that the vertices uy, ..., us are in clockwise
order around v. Since Uy \ {w} # 0, by Lemma 15 there exists a vertex = € int(vuzwus)
not adjacent to the set Nj[v] U Uz U {w}. Consider a family C € MCP(G,) and its
clique W 3 v. Clearly, |W| = 3. If ugw € E(G), then it is easy to check that for some
i € [1;5] the set {w,u;} is f-independent and dominates W, a contradiction.

Suppose that usw ¢ E(G). If W = {v,u4,us}, then one of the sets {u;,w} and
{us,w} is f-independent in C and dominates W, a contradiction. Otherwise assume by
symmetry that W = {v,uy,us}. If the set {us,w} is #-independent in C, we obtain a
contradiction by Lemma 9. Otherwise there exists a clique W’ € C such that us,w € W’.
Clearly, us ¢ W'. Since |Us| > 2, there exists a vertex ul, € Uy \ W’/. Note that
uh € int(vujwug), hence ubus ¢ E(G). Then the set {ub, w,us} is #-independent in C
and dominates W, a contradiction.

Case 2. Every vertex from Ny(v) has at most three neighbors in N;(v). Moreover,
there exists a vertex w € Uy that is not a {ug }-vertex.

Case 2.1. w is a {ug, u; }-vertex for some i € {4,5}. Lemma 10(e) and Corollary 2
imply that v(Gy) < 0(Gy), a contradiction.

Case 2.2. w is a {ug,uq,us}-vertex. If w € ext(vujugus), then v(Gy) < 6(Gy)
by Lemma 10(b) and Corollary 2, a contradiction. Hence w € int(vujugug), we may
assume that w € int(vugug). If there exists a vertex u} € Uy \Us, then {u}, w} dominates
{u1,u2,uq,us} in Gy, a contradiction by Corollary 1(a). Otherwise U; C Us. Since w
is not adjacent to Uy, we have 7(Gy) < 8(Gy) by Lemma 10(d), a contradiction.

Case 2.3. w is a {u;, uz, u; }-vertex, where i € {1,3} and j € {4, 5}.

Case 2.3.1. w € int(vujugus). Assume that w € int(vugug), then ug,u; €
int(vugus) and @ = 3. The vertices u; and ug_; have no common neighbors in Na(v),
thus Lemma 10(b) and Corollary 2 imply that v(G,,) < 6(Gy,), a contradiction.

Case 2.3.2. w € ext(vujugus). Then uy,us € ext(vujugusg), we may assume that
the vertices uy,...,us are in clockwise order around v. Lemma 10(b) and Corollary 2
imply that either (i,7) = (1,5) or (i,7) = (3,4). Assume by symmetry that (i,j) =
(1,5). Lemma 10(b) implies that there exists a vertex « € Us N Uy nonadjacent to w.

Case 2.3.2.1. There exists a vertex uf € Us \ U;. By Corollary 1(a), ufzx €
E(G). If there exists a vertex u) € Uy \ Us, then {u},w} dominates {u1,u4,us} in
G, a contradiction by Corollary 1(a). Otherwise Uy C Usz and there exists a vertex
' € (U3 NUy) \ {z}. Therefore, {z/,ut} € IS(Gyn,) dominates {us, uq,us}, again a
contradiction by Corollary 1(a).

Case 2.3.2.2. U5 C U;. Then zus ¢ E(G) (if zug € E(G), then v(G,) < 0(G,) by
Lemma 10(d), a contradiction). Since |Us| > 3, there exist vertices y1,y2 € Us\{w} such
that Us N ext(vuiyius) = {y2}. By Lemma 17, ext(vuiysus) = @, thus by Lemma 15
there exists a vertex z € int(u1y1usy2) not adjacent to Nj[v] U {z,w,y1}. Consider a
family C € MCP(G,) and its clique W > v. It is easy to check that one of the sets
{us, w}, {ur,z}, {ug,z,y1} € IS(G,) dominates W, a contradiction.

Case 2.4. w is a {u;,us}-vertex, i € {1,3}. Assume that i = 1. By Corollary 2,
there exists a vertex uj € Us nonadjacent to w. Corollary 1(b) implies that u5u; ¢ E(G)
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for some j € {4,5}. Then {w,u3} € IS(Gy,y,;) dominates {u1,us,uz}, a contradiction
by Corollary 1(a).

Case 3. Every vertex from Ny(v) has at most three neighbors in Ni(v). Moreover,
every vertex from Us is {ug}-vertex.

Case 3.1. There exists a vertex w € Uy N Us. Since Us N (Uy U Us) = 0, the
set {w} U U is a clique by Corollary 1(a). Let Uy = {u),uj}, assume by symmetry
that uf, € int(ujusufw). By Lemma 17, int(ugubuy) = (. By Lemmas 15 and 29,
int(uhubw) = 0. Hence int(ujugubw), int(ugugwuy) # (. By Lemma 17, there exist
vertices u) € Uy Nint(ujugujw) and vy € Us N int(ugugwuly). Since the set {uh, uf
is not f-independent in G, ., and ujuf, ubus, uju) ¢ E(G), the set {uf,uy,us} is 6-
independent in G, ,;, a contradiction by Corollary 1(a).

Case 3.2. There exists a vertex w € Uy N Us. Note that wu; ¢ E(G) by Corol-
lary 1(b). Corollary 2 implies that there exists a vertex u; € Us nonadjacent to w.
Then {uf,w} € IS(Gy,y, ) dominates {us,u4,us}, a contradiction.

Case 3.3. There exists {u;,u;} vertex x for some ¢ € {1,3} and j € {4,5}.

Case 3.3.1. uy € int(vujugus). Assume by symmetry that uy € int(vugus) and
(i,7) = (3,4). By Corollary 2, there exists a vertex ug € Us nonadjacent to x. Then
the set {uf,xz} € IS(G,,) dominates {us, u4,us}, a contradiction.

In subcases 3.3.2 and 3.3.3 we may assume that ug,us € ext(vujugug) and the
vertices ui,us, ..., us are in clockwise order around v.

Case 3.3.2. (i,j) = (1,4) or (4,5) = (3,5). Assume that (i,5) = (3,5). By
Corollary 2, there exists a vertex u)y € Uy \ U1 nonadjacent to x. Hence the set {u),z} €
IS(Gyu, ) dominates {us, uq,us}, a contradiction.

Case 3.3.3. (i,j5) = (3,4) or (4,7) = (1,5). Assume that (7,j) = (3,4) and the
number of {ug, u4 }-vertices in G is greater or equal than the number of {u;, us }-vertices.
Corollary 2 implies that there exists a vertex y € Us nonadjacent to . Corollary 1(a)
implies that y is a {uq, us}-vertex.

Case 3.3.3.1. x is the only {ug,us}-vertex in G. Then there exist vertices u)y €
Uy \ Us and ug € Us \ Uy. Corollary 1(a) imply that uyy, ufz € E(G), this contradicts
the planarity of G.

Case 3.3.3.2. There exists a {us, ug }-vertex 2’ # x. Assume that 2’ € int(vuszuy).
By Lemma 15, there exists a vertex z € int(vuszrus) nonadjacent to Ny[v] U {z,y}.
Consider the family C € MCP(G,) and its clique W > v. It is easy to check that one
of the sets {us,y}, {u1,z}, {u2,z,y} € IS(G,) dominates W, a contradiction.

Case 3.4. All vertices in Na(v) have a unique neighbor in Ny (v). By Lemma 1, there
exist nonadjacent vertices u) € Uy and uf € Us. Corollary 1(a) implies that every vertex
from Uy U Us is adjacent to u/y or u’5 Then it is easy to see that ug,us € ext(vujusus),
we may assume that the vertices uq,...,us are in clockwise order around v. Corollary 2
implies that ) does not dominate Us, then there exists a vertex uj € Us such that
usuf € E(G) and u)) € int(vugujuius). Hence u)y is not adjacent to U;. By Corollary 2,
us does not dominate Uy, thus there exists a vertex u) € Uy such that vjuf ¢ E(G).
Therefore, the set {u},u},ut} € IS(Gyuy) dominates {uj,us,us}, a contradiction by
Corollary 1(a). O

39



Lemma 39. If Ni(v) = Ps, then G is not critical.

Proof. We may assume that E(Ny(v)) = {ujug, ugus, uguy, ugus} and uy € ext(vugug).
Consider three cases:

Case 1. There exists a vertex w € Na(v) with at least four neighbors in Np(v).
Corollary 1(b) implies that ujw,usw € E(G). We may assume that uqw € E(G) and
the vertices uq,...,us are located clockwise around v.

Case 1.1. uzw € E(G). By Lemma 15, there exists a vertex z € int(vuswus)
not adjacent to Ni[v] U Uy U {w}. Consider a family C € MCP(G,) and its clique
W > v. Suppose that none of the sets {u;, w}, i € {1,3,4,5} is both #-independent in
C and dominates W. Then it is easy to check that uwow ¢ E(G) and W = {v,u1,us}.
Moreover, the set {ug,w} is not f-independent in C. Note that |Uz| > 2 and the set
UsU{ug,w} is not a clique. Then there exists a vertex u/, € Uy such that the set {uf, w}
is f-independent in C. Since uzus ¢ E(G), the set {u), w,us} is also f-independent in
C and dominates W, a contradiction by Lemma 9.

Case 1.2. uzw ¢ E(G). Note that w dominates {uy,us}, hence ¥(Gyuy) > 7(Gusy)
and v(G\ {v,u2,us,us}) < v(G) by Lemma 14. Since uz € int(vuswuy), neither u; nor
us is adjacent to Us. Consider a vertex uj € Us. The set {u1,u5, us} € IS(G) dominates
{v,ug,us, uqs}, thus v(G \ {v,ua,us,us}) > v(G) by Lemma 8, a contradiction.

Case 2. There exists a vertex w € Na(v) with exactly three neighbors in Ni(v). As-
sume that either wu;, wus—; € E(G) or wug—; ¢ E(G), where i € {1,2}. If uyw,usw €
E(G), then we also assume that the vertices u1, us, . . . , us are located clockwise around v.

Case 2.1. wis a {ug, u3, ug }-vertex. By Corollary 2 and Lemma 10(b), there exists a
vertex x € U1 NUs nonadjacent to w. Thus uy € ext(vujugus) and us € ext(vuuguguy).
By Lemma 15 there exists a vertex y € int(vuswuyg) not adjacent to Nilv] U {x}.
Consider a family C € MCP(G,) and its clique W > v. It is easy to see that one of the
sets {us, x}, {ur, usa}, {ug, us} € 1S(Gy) dominates W, a contradiction.

Case 2.2. wis a {ug, us, ug }-vertex. Then uy € ext(vujuoug) and us is not adjacent
to Uy. Lemma 10(b) implies that w dominates Us, then |Us| = 2 by Corollary 2. Let
Uy = {ub,ul}, assume that ub € int(uugufw). Corollary 1(a) implies that Uy U {w}
is a clique, thus whuly € E(G). By Lemmas 15 and 29, int(uqubwuly) = 0, thus by
Lemma 17 there exist vertices v} € Uy N int(ujugubw) and ufy € Us N int(uguzwul).
Lemmas 30-38 imply that either usuf € FE(G) or wyuy € E(G). If uguf € E(G)
(muy € E(G)), then the set {u),uf} € IS(Gyuy) ({uh,us} € IS(Gyyy)) dominates
{u1,u2,us}, a contradiction by Corollary 1(a).

Case 2.3. w is a {uy, ug, ug }-vertex. Again, uy € ext(vujusug).

Case 2.3.1. ujs € ext(vujugusuy). Consider a vertex ug € Us, it is easy to see
that whuy, ubus ¢ E(G). The set {uy, us, us} € IS(G) dominates {v, ug, u3, uq}, hence
Y(Gyus) < 7(Gys) by Lemmas 13 and 14. Note that |Us| > 3. By Corollary 2, there
exists a vertex uy € Us such that {w,uf} € IS(Gyuy), thus Y(Gyus) > V(Gus) by
Lemma 8, a contradiction.

Case 2.3.2. us € int(vujuguguyg). Then us € int(vuguyg). Lemma 17 implies that
there exists a vertex x € Uz N int(vuzug). Corollary 1(a) implies that zus € E(G),
hence xuy ¢ E(G) by Corollary 1(b). It is easy to check, using Corollary 1(a), that Uy N
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int(ujugususw) = . By Lemma 17, int(vujug) = int(vusus) = (). Hence Lemma 15
implies that there exists a vertex z € int(ujusugusw) not adjacent to Ni[v] U {w,x}.
Consider a family C € MCP(G,) and its clique W > v. Since |Us| > 4, there exists
a vertex uf € Us such that the set {us,uf} is f-independent in C. Therefore, one of
the sets {w,us}, {u1,us}, {u2,us}, {us,ut} is 6-independent in C and dominates W, a
contradiction.

Case 2.4. w is a {u1,ug,us}-vertex. Clearly, w dominates {u1,us} in G, thus
Y(G\ {v,u2,u3,us}) = v(G) — 1 by Lemmas 8 and 14. Note that Us N U; = (0. If there
exists a vertex ufy € Uz \ Us, then the set {u1,us, us} € IS(G) dominates {v, ug, us, us},
a contradiction. Otherwise Us C Us and there exist vertices z1,z9 € Us such that
xo € ext(vugxius). Consider a vertex u) € Uy (note that u) # x; by Corollary 1(b)).
The set {u), z2} € IS(Gy,, ) dominates {us, u4,us}, a contradiction by Corollary 1(a).

Case 2.5. w is a {u1,us, us}-vertex. Since G is K3 3-free, such a vertex is unique.
Thus all vertices from Ny(v) \ {w} have at most two neighbors in Ny (v).

Case 2.5.1. There exists a vertex uy € Us\ (U3 UUs). The set {uy,us, us} € IS(G)
dominates {v,ug2,us,us}, hence v(Gyuy) < V(Gy;) by Lemma 14. Thus G has no
{u1, us }-vertices. We may assume that ufy € int(vujwus). If there exists {ua, us }-vertex
z, the set {uf, z} € IS(Gy,y, ) dominates {us, w4, us}, a contradiction by Corollary 1(a).
Otherwise by Lemma 1 there exist nonadjacent vertices u)y € Uy \ Uy and uf € Us \
Ui. The set {uf,uy,ut} € I1S(Gyy,) dominates {us, uq,us}, again a contradiction by
Corollary 1(a).

In subcases 2.5.2 and 2.5.3 we assume that Us C Uy U Us.

Case 2.5.2. For some ¢ € {1,5} there exist two {us, u; }-vertices 1 and x5. Assume
that i = 1 and 29 € ext(vuyzqus). Consider a vertex u, € Us. The set {u), za} €
IS(Gyuy) dominates {uq,ug,us}, a contradiction.

Case 2.5.3. |(U1 NUs) \ {w}], |(UsnNUs) \ {w}| € {0,1}. We may assume that
there exists a {uy,ug}-vertex x. If deg(us) = 5, then zus € E(G) by Lemmas 30-38, a
contradiction by Corollary 1(b). If deg(us) > 6, then there exists a {ug,us}-vertex y.
Corollary 1(a) implies that x dominates U, and y dominates Uy. Thus the vertices us
and uy4 are pendant in G, a contradiction by Lemma 10(a).

Case 3. Every vertex from Na(v) has at most two neighbors in Ny (v).

Case 3.1. v(G\{v,ua,us,us}) = v(G)—1. If there exists a vertex uj € Us\(U1UUs),
then the set {u;, us,us} € IS(G) dominates {v, ug, us, us}, a contradiction. Therefore,
Us CULUUs.

Case 3.1.1. maz(|U; NUs|,|Us NUs|) < 1. Clearly, deg(usz) = 5. There exist
vertices 1 € Uy NUs and z9 € U3 N Us. Lemmas 30-38 imply that uszy € E(G) or
ugze € E(G), a contradiction by Corollary 1(b).

Case 3.1.2. For some i € {1,5} there exist two {us,u;}-vertices z1 and zo. As-
sume that ¢ = 1 and z9 € ext(vujziug). If there exists a vertex u, € Uy \ Us, then
the set {ub,z9} € IS(Gy ) dominates {u,us,u3}, a contradiction by Corollary 1(a).
Otherwise Uy C Us, thus uy € int(vugus) and us € int(vuguguy). Consider a vertex
uby € Us, note that uhuy,uhus ¢ E(G). Since U N int(ujususzs) = @, by Lemma 15
there exists a vertex z € int(ujuguszs) not adjacent to Ni[v] U {z1,22}. Consider a
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family C € MCP(G,) and its clique W > v. It is easy to see that one of the sets
{z1,uh,uq}, {ur,us}, {us,us}, {us,uh} € IS(G,) dominates W, a contradiction.

Case 3.2. 7(Gyuy) < V(Guy). Clearly, G has no {uy,us}-vertices.

Case 3.2.1. There exist vertices v} € U \ Us and uf; € Us \ Us. Then vjuf € E(G)
(otherwise the set {u),ut} € IS(Gyu,) dominates {ug,us}, a contradiction). Hence
us € ext(vujugusuy), we may assume that the vertices uy,...,us are located clockwise
around v. The set (U1 UU;)\Us is a clique, thus |(U;UUs5)\Us| < 3 and |(U;UU5)NU3| >
3. Hence there exist vertices x1,x2 € U; N Us for some ¢ € {1,5} (say, i = 1). Assume
that z9 € ext(vuiziug). Consider a vertex uf, € Uy, then the set {uh, zo} € I1S(Gyus)
dominates {u1,u2,us}, a contradiction by Corollary 1(a).

Case 3.2.2. U; C Us or Us C Us (assume that U; C Us). There exist vertices
x1,x9,x3 € Uy N Us such that {z2} = int(uiziugxs) N U;. Then it is easy to check,
using Corollary 1(a), that Uy C Us. Hence uy € int(vugug) and us € int(vuguguy).
Consider a vertex u), € U, note that ubuy ¢ E(G). By Lemma 15, there exists a vertex
z € int(uiziugzs) U int(ugzousxs) not adjacent to Ni[v] U {x1,x2,x3,u5}. Consider
a family C € MCP(G) and its clique W > v. Clearly, {us,z1,z2, 23} is not a clique,
then there exists j € [1;3] such that the set {us,z;} is 6-independent in C. Hence
one of the f-independent sets {us,z;}, {wi,ua}, {u2,us}, {us,us} dominates W, a
contradiction. O

Lemma 40. If Ni(v) = Py U Kj, then G is not critical.

Proof. Assume that E(Ni(v)) = {ujug, ugug,usus} and uy € ext(vugus). Consider
three cases:

Case 1. There exists a vertex w € Na(v) with at least four neighbors in Np(v).
Corollary 1(b) implies that ujw, ugw, usw € E(G). Then uy € ext(vujugus) and uz, w €
ext(vujugusuy). We may assume that usw € E(G) and the vertices uy,...,us are in
clockwise order around v. By Lemma 15, there exists a vertex z € int(vugwus) not
adjacent to Ni[v]UUsU{w}. We use the argument from Case 1.1 of the previous lemma
to obtain a contradiction.

Case 2. There exists a vertex w € Na(v) such that wu;, wu;+o € E(G) for some
i € {1,2}. Assume by symmetry that ¢ = 2.

Case 2.1. wug € E(G). The set {u1,w} € IS(G) dominates {v,ugz,us,uq}, thus
Y(Gouz) < 7(Gys) by Lemmas 13 and 14. Lemma 10(b) and Corollary 2 imply that
there exists a vertex x € U;NUs such that wz ¢ E(G). Since ¥(Gyuy) < 7(Guy), we have
zuz € E(G), then it is easy to see that ug, w € int(vugus) and x,us € ext(vujugus).
Therefore, w is not adjacent to U; U Us and (Gy,) < 0(Gy) by Lemma 10(d), a con-
tradiction.

Case 2.2. wuz ¢ E(G).

Case 2.2.1. w does not dominate Us. Lemma 10(b,e) implies that wu; € E(QG)
and wus ¢ E(G). Moreover, there exists a vertex x € Us N Us (Corollary 1(b) implies
that zus ¢ E(G). Clearly, us € int(vugusguy). Two configurations are possible:

Case 2.2.1.1. uj € int(vugus). Then Uy C Uy by Corollary 1(a) and there exists
vertices y1,y2 € Uy N Uy such that ext(vuiyoug) N Uy = {y1}. Then ext(vuiyiug) = 0
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and by lemma 15 there exists a vertex z € int(u1yjuqy2) not adjacent to Ny[v]U{x,y;}.
Consider a family C € MCP(G,) and its clique W > v. It is easy to check that one of
the independent sets {uy,uq}, {u1, 2}, {us,y1}, {ue,y1} dominates W; a contradiction.

Case 2.2.1.2. uj € int(vuguy). Corollary 1 implies that Uy N int(ugugugw) = (.
Moreover, for every vertex uly € Uy either u) € Uy or vz € E(QG).

If Uy C Nyz], then deg(uq) = 5 by Corollary 2. Moreover, G[N;(u4)] = Py U K7,
hence there exists a vertex u) € Uz N Uy. Since |Us| > 4, there exists a vertex uf € Us
such that the set {u/,ul} is 6-independent in G, a contradiction by Corollary 1(a).

Therefore, there exists a vertex y € UyNUy. Clearly, y € ext(vujwuy). By lemma 17,
int(vuiug) = int(vuguz) = (). Hence by lemma 15 there exists a vertex z € int(ujugw)U
int(uguzusw) not adjacent to Ni[v] U {x,y}. Consider a family C € MCP(G,) and its
clique W > v. It is easy to check that one of the independent sets {uy,uq}, {ui,x},
{us,y}, {ue,y} dominates W; a contradiction.

Case 2.2.2. w dominates Us. Corollary 2 imply that |Us| = 2. Let Us = {uf,u5},
assume by symmetry that u} € int(uguzufw). Lemmas 30-39 imply that Nj[us] =
Py U K1, thus uhuf ¢ E(G) and either ugufy € E(GQ) or uguy € E(G).

Case 2.2.2.1. ugub € E(G). Corollary 2 implies that the vertices uj, u4, us are not
pendant in Gy, hence v(Gy;) < 6(G,;) by Lemma 10(e), a contradiction.

Case 2.2.2.2. wuy € E(G). If int(ugujwuf) # 0, then Ny[v] # 0 by Lemma 15,
a contradiction by Lemma 29. Thus int(uquzusw) # (), and by Lemma 17 there exists
a vertex uy € int(ugugujw) N Us. If Ut NUs = 0, then v(Guyay) < 0(Guyuy) by
Lemma 10(b), a contradiction. Otherwise there exists a vertex x € Uy N Us. Clearly,
us € ext(vujugusuy). If there exists a vertex y € Us \ Uy, then {uf,y} € IS(Gyu,)
dominates {u3,u4,us}, a contradiction. Hence Us C Uy and ¥(Gyyuy) < 0(Guyuy) by
Lemma 10(d), a contradiction.

Case 3. For both i € {1,2} no vertex from Ny(v) dominates {u;,ui12}. By
Lemma 14, it suffices to consider the following subcases:

Case 3.1. There exists i € {1;2} such that

Y(G\ {v, uiy i1, wig2}) = 0(G\ {v, ui, i1, wig2}) = 7(G) — 1.

Assume by symmetry that ¢ = 2.

Case 3.1.1. There exists a vertex x € UsNUs. Case 2 implies that zuy, zug ¢ E(G).
Then Lemma 10(e) and Corollary 2 imply that v(G5) < 6(G,), a contradiction.

Case 3.1.2. U; N U3 = (). Moreover, |[U; N Uy| > 2. Then there exist vertices
wy,wy € Up NUy such that Uy N ext(vujwiug) = {wa}.

Case 3.1.2.1. uj € int(vujuguguyg). Assume by symmetry that us ¢ int(vujus).
Select a vertex uf € Us.

If there exists a vertex z € ext(vujwiug) not adjacent to Nq[v]UUs U {w1 }, consider
a family C € MCP(G,) and its clique W > v. It is easy to check that one of the
sets {ug,w}, {ug, w1}, {ur,us}, {w1,ut} € IS(G,) dominates W, a contradiction by
Lemma 9.

Suppose that all vertices from ext(vujwiug) are adjacent to Nifv] UUs U {w;}. By
Lemma 17, ext(vujwouy) = 0, then int(ujwiugwy) # 0. By Lemma 15 there exists a
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vertex uly € Uy Nint(ujwiugws). Consider a vertex ufy € Us, remind that uhu; ¢ E(G).
The set {uy,us,uy} € IS(G) dominates {v,ug,us,us}, hence v(G \ {v,ug,ug,us}) >
~v(G), a contradiction.

Case 3.1.2.2. uj € ext(vujugusuy). Since Uy NUs = (), by Lemma 1 there exist
nonadjacent vertices ufy € Us\Us and uy € Us\Us. If wous ¢ E(G), the set {uf, uf, wa} €
IS(Gyuy) dominates {uy,us, us, us}, a contradiction. Otherwise Lemma 10(e) implies
that V(Guyuy) < 0(Guy ), a contradiction.

Case 3.1.3. Us NU;s = 0. Moreover, |Uy N Uy < 1. Then |U; \ U] > 2 for
both i € {3,4}. If there exists a vertex x € Us N Uy, then {z,u;} € I5(G) dominates
{v,ug2,us, us} and y(G) < v(G\{v,u2,us, us}) by Lemma 8, a contradiction. Otherwise
by Lemma 1 there exist nonadjacent vertices uf € Us \ Uy and u) € Uy \ Uy. The set
{u1,uf,u)} € IS(G) dominates {v, ug, us, us}, again a contradiction by Lemma 8.

Case 3.2. 7(Gyyp) = V(Guzw) = 7(G) — 2. Since G is K3 3-free and |Us| > 4,
there exists a vertex uf € Us such that ufu; ¢ E(G) for some ¢ € {2,3}. Assume
by symmetry that ¢ = 3. Remind that U; N U3 = (). By Corollary 2 there exists a
vertex u} € U; nonadjacent to uf, then the set {u},us} € IS(Gy,) dominates {u1,us}.
Therefore, ¥(Gyuy) > 7(Gys) by Lemma 8, a contradiction.

]
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