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We describe a general method for calculating
cohomology groups of finite-dimensional spaces of
nonsingular functions and calculate the real cohomol-
ogy groups of the space of nonsingular curves of
degree 5in C[P2.

1. MAIN EXAMPLE

Let N5 denote the space of al homogeneous polyno-
mials C* - C of degree 5, and let P5 be its subspace
consisting of nonsingular polynomials (i.e., such that
their differentials vanish nowhere except at the origin).

Theorem 1. The Poincaré polynomial of the space
P equals (1 + t)(1 + t3)(1 + t9).

We denote the space M \P; by 3. According to the
Alexander duality, the conomology of Ps isisomorphic
to the Borel-Moore homology (i.e., the homology of
the complex of locally finite chains) of Zs:

H'(Ps, R) = Hap_1_i(Zs R),

where D = dimg(M5) =21 and 0 <i < 2D — 1. This
reduction was used for thefirst time by Arnol’d in [1].

Thegroup H, (Zs, R) can be calculated with the use
of the method of conical resolutions. In [4], conical res-
olutions of spaces of singular algebraic hypersurfaces
are described and the real cohomology groups of the
spaces of nonsingular plane complex curves of degree
<4 are calculated. We give amore general construction
of resolutions and apply it to the case of quintics (thisis

1 This article was submitted by the author in English.
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the first case where the application of the method from
[4] involves difficulties).

The study of spaces of nonsingular hypersurfaces
was motivated by problem 1970-13 from the list of [2]
concerning the topology of the space of nonsingular
cubics.

2. THE GENERAL METHOD OF CONICAL
RESOLUTIONS

Let V be afinite-dimensional affine space of real-

or complex-valued functionson amanifold M , and let
> OV beitsdiscriminant consisting of functions having
singularities of agiven type. To calculate the homol ogy
of the discriminant X, we construct itsresolution, i.e., a
space o (whose homology is easier to calculate than
that of ) and a proper mapping Tt 0 — > such that the
preimage of any point is contractible.

Example (see[3]). Let V be the space of polynomi-
as of degree k on &, where & = R or C, with leading
coefficient 1, and let = consist of polynomials having a
multiple root. Then aresolution o can be constructed as
follows: we take the space of pairs (f, X), where f [
and x belongs to the simplex spanned by al multiple
roots of f. This simplex livesin a Euclidean space of a
large dimension, into which we can embed &' in such

a way that the intersection of any two alﬂ - 1%—

dimensional simpliceswith verticeson theimage of the
embedding is equal to their common face (if it exists).
The projection ¢ — X consists in forgetting x. The
advantage of o over X isthat thereisanatura filtration
on o: first, we take the union of al (f, X) where x
belongs to the 0-dimensional simplices, then add the 1-
dimensional simplices, etc. The difference of the ith
and (i — D)th terms of thisfiltration is fibered over the
space of unordered collections of i points from F!.

Applying this idea to the case of polynomials in
many variablesinvolves somedifficulties. First, thesin-
gular set of ahypersurface may be infinite, so we need
to find a space in which all possible singular sets are

259



260

properly placed. Secondly, if the singular set isinfinite,
then it is unclear what the simplex spanned by the
points of such a set is. Thirdly, the limit of a sequence
of singular sets may be not the singular set of any
hypersurface in V: for example, the configuration in
CIP? consisting of three collinear pointsis not the sin-
gular set of a plane cubic; however, it is the limit of
generic three-point configurations. Below, we give a
general construction of a resolution this construction
uses the same idea as in the case of one variable. This
construction applies to the case of algebraic hypersur-
faces, and we hope that it might also be useful in other
Cases.

In what follows, we assume that V is a vector space
(asin our main example). All arguments can be easily
transferred to the affine case. Suppose that each func-
tion f [ isassigned a honempty compact subset K;

of acertain compact manifold M. For instance, if M =
Cnr+1\{ 0}, V isthe space of homogeneous polynomials
of agiven degree, and X consists of polynomialswhose
gradient vanishes at some point of M, thenitis natural
to set M equal to CIP" and K; equal to the image of the
set of singular points of f under the obvious projection
M - CP".

In the general case, we assume that the following
three conditions are satisfied: (i) if K; n Ky# @, then
f+g[E al’\dKfﬂ KgD Kf+g; (||) K)\f=Kf|f)\¢O;and
(iif) Ky = M, where O is the zero function. For any K [
M, let L(K) O V be the vector space consisting of all f
such that K O K;. We assume al so that the dimension of
L{x}) isthe samefor all x 00 M (say equals d) and the
mapping X — L({x}) from M to G4(V) (the correspond-
ing Grassmannian) is continuous.

By a configuration in M, we mean an arbitrary non-
empty compact subset K [0 M. We denote the space of
all configurations in M by 2M. Suppose that the topol-
ogy on M is induced by a metric p. We introduce the
Hausdorff metric on 2M in the usual way as

p(K, L) = maxp(x, L) +maxp(x, K).
xOK xOL

It is easy to check that, if M is compact, then the space
2M with the metric p is also compact. For any subset

A 2M, we denote the closure of Ain 2M by A. For
instance, if A = B(M, k) is the space of all k-element
subsetsof M, then A = [ ] B(M, j).
i<k

Let X;, X,, ..., Xy be subspaces of 2V satisfying the
following conditions.

(i) For any function f [0 %, the set K; belongs to
some X;;

(i) If KO X, L OX,andK 0] L, theni <j;

(iii) For any i and al configurations K O X;, the
dimensions of the corresponding spaces L(K) (consist-
ing of functions f such that K O K;) coincide;
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(V)X n X=@ifi#];
(v) Any K O X;\X; belongsto some X, wherej <.

Under these assumptions, we construct a filtered
resolution o.

By condition (iii), foranyi=1, 2, ..., N, there exists
an obvious mapping K — L(K) from X; into the Grass-
mann manifold G (V). It is continuous, because the

mapping X — L{x}) is.

N N
Consider thespace Y= [ | Xi = [_] X,. We assume
i=1 i=1

that Y can be embedded continuously into some finite-
dimensional Euclidean space. Let X denote the space
Y#N, i.e., the Nth self-join of Y2 The spaces Y and Y*N
are compact. A smplex A O X is called coherent if the
configurations corresponding to its vertices form an
increasing chain. By condition (ii), the vertices of such
asimplex belong to distinct X;. The principal vertex of
a coherent simplex is the vertex corresponding to the
configuration maximal among all configurations corre-
sponding to the vertices of the ssimplex. Let A denote
the union of all coherent simplices. For any K 0 X;, we
denote the union of all coherent simplices whose prin-
cipal vertices are equal to K by A(K). Any set A(K) is
contractible.

Let A(K) denote the union [ ] A (K) over all maxi-

K
mal k [] K. The space A(K) isthe union of all ssgments
connecting points of d/A(K) with K; hence, it is homeo-
morphic to the cone over 0A(K). Let usintroduce afil-
tration » O &, 0P ,0O... OP = AinA by setting
&, =[] [] AK). Itiseasy toverify that all the spaces
j<iKOX,

N, A(K), and ®; are compact.

For any simplex A [0 X, we use A to denoteitsinte-
rior, i.e., the union of al points that do not belong to
faces of smaller dimensions. For any point x (1 X, there

isaunique simplex A such that x [J A

We define the conical resolution ¢ as the subspace
of V x A consisting of pairs (f, x) such that f (> and
x O A(Ky). There are obvious projectionst 0 - and
p: 6 - A.Weintroduce afiltration in o by setting F, =
p~'(®;). The mapping Tt is proper, since the preimage
of any compact set C [0X is closed in the compact
space C x A,

Below, we describe two additional technical con-
ditions ensuring that the difference of the ith and the

2 For any finite-dimensional space Y, its kth self-join Y*K can be
defined as follows. We take a generic embedding i: Y — R®
with some large but finite Q and define Y** as the union of all
(k—1)-dimensional simplices with vertices in i(Y) (“generic”
means that any two such simplices can intersect only in a com-
mon face).
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(i — Dth terms of the filtration is the space of a certain
fiber bundle over X;.

(vi) For eachi, let I ; denote the space consisting of
pairs (x, K) suchthat x O Kand K O X;; letpri: T; - X
be the projection to the second factor. Thetriple (7, X,
pr;) should be alocally trivial fiber bundle. We call this
fiber bundle the tautologi cal® bundle over Xi.

(vii) Note that any local trivialization of J; has the
form (x, K") — (t(x, K"), K"), where x isapoint in some
K O X, K' belongs to some neighborhood U = Kin X;,
and t: K x U - M is a continuous mapping such that,
fixing aK' O U, we obtain a homeomorphism t,.: K' -
K. We require that, for any K [J X;, there exist aneigh-
borhood U = K and alocal trividization of 7, over U
such that any mapping tx.: K - K'induces aone-to-one
correspondence between the subsets of K and K'
belonging to [ ] X; .

j<i

Theorem 2. Let X, X,, ..., Xy be subspaces of 2M
satisfying conditions (i)—(v). Then,

(@ T induces an isomorphism of Borel-Moore
homology groups,

(b) each space F\F,; _, isthe space of a vector bundle
of dimension dim(L(K)), where K [0 X;, over ®\®; _;

(o) if, in addition, X, X,, ..., ..., Xy satisfy condi-
tions (vi) and (vii), then the space ®\®, _, is fibered
over X;, and the fiber is homeomorphic to A(K)\A(K),
whereK [ X;.

Assertion (@) is obvious. The mapping F\F,_;, -
®\D; _, from (b) is p. There exists a mapping f; :
DO\, | - X taking x to the principal vertex of the
coherent simplex whose interior contains x. Thisisthe
projection of the fibration from (c). Note that the fiber
bundlep: F\F,_; - ®\®,_, istheinverseimage of the
tautological bundle over G (V) under the mapping

x> K — L(K), and £ (K) = A(KNOAK). A com-
plete proof of the theorem isgivenin [5].

In the case of plane quintics, the majority of config-
urations of singular points are discrete (consist of
finitely many points). To make the fiber of the bundle
O\, |, - X as simple as possible, we introduce yet
another condition.

(viii) If K is a finite configuration of X, then any
subset L [0 K is contained in some X; with j <i.

If condition (viii) holds, then the fiber of the bundle
(P\D; _,) - X; over apoint K [I X is an open simplex
whose vertices correspond to the points of the configu-
ration K. (This can be proved by induction on the num-
ber of pointsin the configuration K [J X;.) In this situa-
tion, the space A(K) is piecewise linear isomorphic to

3 For instance, if M = CP" and X; consists of projective subspaces
M of the same dimension, then this bundle is the restriction of the
projectivization of the usual tautological fiber bundle over some
Grassmannian manifold.
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the first barycentric subdivison of the simplex A
spanned by the points of K. The complex 0A(K) isiso-
morphic to the first barycentric subdivision of 0A. Let
A" denote the union of spaces A(K) over all finite K.

Lemma. If condition (viii) holds, then there existsa
mapping C: A" . M*N taking K to someinterior point
of the simplex A spanned by the points of K. This map-
ping is a homeomor phism onto its image and homeo-
morphically maps A(K) [respectively, dA(K)] onto A
(respectively, onto 0A).

Thislemmaimplies that, for any i such that X; con-
sists of finite configurations, the fiber bundle ®\®; _, is
isomorphic to the restriction to X; of the natural bundle
M#E\M*k =D B(M, k), where k is the number of
points in a configuration from X;. Thus, we have

H*(q)i\q)i—l’ R) = H*—(k—l)(xi’ iI]Q)1

where =R is the alternating local system with fiber R
(changing the sign every time two points of a configu-
ration are transposed). Suppose that V consists of com-
plex-valued functions. Then, by assertion (ii) of Theo-
rem 2, we have

H*(Fi\Fi—l) = H. _2a(P\D;_y)
= H*—Zdi—(k—l)(xi;i'R)»
where d; = dim cL(K) for K O X.

3. SPECTRAL SEQUENCE OF A CONICAL
RESOLUTION OF THE SPACE Z;

Let us apply the method described in the preceding
section to the case of plane complex quintics. Let us
specify a system of spaces X, satisfying conditions (i)—
(viii). For this purpose, we consider the subspace of

2t consisting of all K; over al singular f [ s, take
the closure of this space, and stratify it by the dimen-
sions of the spacesL(K) in such away that all setsinthe
same stratum are at least homeomorphic to each other
and the boundary of every stratum lies in the union of
the preceding strata. As a result, we obtain a list of
42 items (see [5]). Applying Theorem 2, we obtain a
conical resolution of the space %5 and a 42-term filtra-
tion onit.

Theorem 3. The spectral sequence for the Borel—
Moore homol ogy of the resolved space %5 is determined
by the following conditions.

(i) Thegroup Ell,yq isisomorphicto R if (p, q) = (1, 35),
(1, 37), (1, 39), (2, 31), (2, 33), (2, 35), or (3, 29); oth-
erwise. E, 4 = 0.

(if) The spectral sequence stabilizes at the term
E'=E~.

It followsfrom the computations performedin [4, 3]
that almost all columns are zero: it is shown in [4, 3]

that the groups H, (B(C", k), +R) and H, (B(CP", k),
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+[R) are zero for any k > 1 and any k> n + 1, respec-
tively. Thisis sufficient for calculating the majority of
columns in the spectral sequence. However, there are
two columns that should be considered in more detail.
They correspond, roughly speaking, to the cases of the
intersection points of three lines and a quadric in gen-
eral position and the intersection points of two quadrics
and a line in general position. “Genera position”
means that the number of intersection points is maxi-
mal, i.e, it equals9intheformer caseand 8 in thelatter.
Complete proofsare givenin [5].
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