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The process of the nonlinear transformation of a
wave in shallow water is well known and admits an
exact analytical description in the form of the Rie�
mann wave within the framework of nonlinear shal�
low�water theory [1, 2, 5, 7, 10, 11, 17]. In this case,
the emphasis is on the wave shape, its spectrum, and
the time of its breaking (identified with a so�called
gradient catastrophe in the framework of hyperbolic
shallow�water equations). The wave collapse usually
occurs near the shore or when the wave enters a river
mouth [7, 8, 12, 15–18]. The motion of the breaking
wave (bore) is well known; the theory usually deals
with a developed bore (flow velocities on both sides of
the jump approach constant values). Different types of
shock waves occur depending on the height of a bore:
a parabolic wave at H > 9h (H is the height of the bore
and h is the water depth in front of the bore), a hydrau�
lic jump at 9h > H > 1.5h (the classical form of a shock
wave), and an undular bore at H < 1.5h [6, 7]. In the
latter case, for a description of the structure of the
shock wave, the dispersion effects must be taken into
account (for example, in the framework of the
Korteweg–de Vries–Burgers equation), and shallow�
water equations in divergent form with corresponding
boundary conditions at discontinuity should be con�
sidered in the first two cases. At the same time, if the
wave is long enough so that the shock front occupies a

small part of the wave, it can be described in general as
a shock wave by ignoring the front structure and
approximating the front by a discontinuity. The
change in the amplitude of the bore depends on the
pattern of the wave field behind discontinuity. For a
small�amplitude bore, the field outside discontinuity
is still described by a solution in the form of the Rie�
mann wave and the bore amplitude can be found ana�
lytically [7]. Here we have a full analogy with problems
of nonlinear acoustics [9], where the formation and
development of a shock wave in the second order of
nonlinearity are analyzed in detail. However, as noted
in [9], the shock wave is not inscribed in the shock�
wave profile in the third order of nonlinearity and the
generation of waves reflected from discontinuity is
possible. This effect was experimentally observed in
transmission lines for electromagnetic waves, where
the dispersion effects, however, are significant [3]. For
water waves, the nonlinearity can be arbitrarily strong
at shallow depths; therefore, the asymptotic estimates
within the framework of the weak nonlinearity approx�
imation are not always applicable. Here, we analyze the
process of formation and evolution of the shock wave in
shallow water without restrictions on its amplitude within
the framework of shallow�water theory.
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The basic equations of the nonlinear theory of shal�
low water are

(1)

where H(x, t) = h + η(x, t) is the water depth counted
from the bottom, η(x, t) is the water�surface displace�
ment, u is the horizontal velocity of the water flow, g is
the acceleration due to gravity, and h is the unper�
turbed basin depth assumed to be constant. For the
waves moving in one direction (for definiteness toward
x > 0), the order of (1) can be lowered and the equation
can be written as [2, 5]

(2)

(3)

It is significant to emphasize that Eq. (2) is exact in
the framework of the shallow�water theory and is valid
for a wave of any amplitude up to its breaking. The
general solution of (2) has the form

(4)

where H0(x) determines the water�surface profile at
the initial time. The implicit form of (4) describes the
so�called Riemann wave, which is well known in non�
linear acoustics [4, 9]. For water waves, solution (4)
describes the nonlinear deformation of the wave with a
steep front on its face slope. A detailed analysis of the
nonlinear deformation of a shallow�water wave and of
the change in its spectrum up to the collapse moment
was performed in [5].

The dependence of the local propagation velocity
of the wave on its amplitude, which determines the
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nonlinear deformation of the wave, is shown in Fig. 1

(here c =  is the celerity of linear long waves).
The velocity of a positive perturbation (wave crest)

always exceeds the linear propagation velocity so that
the crest acquires a steep front with time. If the wave is
of negative polarity (trough), its velocity is lower than
the linear velocity and a steep front forms on the back
slope of the wave. If the trough is very deep so that

(5)

the trough velocity becomes negative (see (3)). In this
case, different portions of the wave profile propagate
in different directions so that the shock wave is formed
almost instantaneously. It is already seen from here
that the nonlinear effects should be more pronounced
in the wave trough than in its crest. Formally the non�
linearity parameter, defined as the ratio of the particle
velocity in water to the wave propagation velocity (the
Mach number u/V), becomes infinite. It is this case
that we analyze in detail below.

The initial condition for the Riemann wave in the
first series of experiments was the Gaussian pulse of
negative polarity (a trough on the water surface)

(6)

in which the flow velocity is defined by the right�hand
side of (2) so that the wave propagated in one direc�
tion. In further calculations the unperturbed depth of
a basin was set equal to h = 1 m and the characteristic
half�size of the pulse was taken to be l = 142 m, so that
the long�wave approximation was valid. The wave
amplitude A0 was varied widely. To take into account
shock waves, the equation for the velocity on the left�
hand side of (1) was replaced by the equation for dis�
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charge uH to provide the divergent form of the conser�
vation laws [13], but the equation for the water depth
remained the same. Numerical calculations were car�
ried out with the use of the Clawpack software pack�
age, which solves the hyperbolic equations using the
finite�element method [13, 14]. Shallow�water equa�
tions were solved with periodic boundary conditions;
the domain size was set equal to 8000 m so as to
observe the nonlinear deformation of the wave. The
spatial step was 8 m; its two� or threefold variation
resulted in a change in wave amplitudes of no more
than 1.5%. The time step is chosen to satisfy the Cou�
rant condition and is equal to 1 s.

At first, we estimate the breaking time when the
Riemann wave (4) ceases to be smooth. The time of
formation of the first steep portion on the wave (break�
ing) can be calculated exactly for any amplitude [5]

(7)

In particular, for the initial perturbation given by
(6), the dependence of the dimensionless breaking
length (X = cTbr/l) on the dimensionless wave ampli�
tude А0 is determined by a parametric curve

(8)

this dependence is shown in Fig. 2. As one might
expect, the small�amplitude wave breaks at long dis�

tances (proportional to ), while the large�ampli�
tude wave breaks almost instantaneously. Note that the
critical depth (5), for which А0 = 5/9, is by no means
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indicated formally in Fig. 2; however, at А0 > 0.5 the
wave breaks at distances that do not exceed its length.

In the first series of experiments, the dimensionless
depth of the trough was relatively small (А0 = 0.3). The
wave transformation is illustrated in Fig. 3 for different
times.

The process of shock�wave formation and evolu�
tion qualitatively proceeds in accordance with predic�
tions of weakly nonlinear theory [7, 9]. The shock
wave begins to form within about 95 s in accordance
with (8), but the initial stage is not very evident in
Fig. 3. By about 200 s, the discontinuity in the wave is
completely formed, and then the wave begins to decay
in amplitude (Fig. 4).

As the amplitude increases, the nonlinear effects
manifest themselves at smaller times and a new effect
appears: the formation of the reflected wave from dis�
continuity in a running wave. Figure 5 illustrates this
for А0 = 0.6. The reflected wave has small amplitude
and a large length comparable to the pulse length. The
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origin of the reflected wave is described in [9]; it is
related to the fact that the shock front cannot be
inscribed in the Riemann wave (2). For large ampli�

tudes (А0 > 5/9), this discrepancy is most noticeable:
the Riemann wave should travel to the left, while the
shock wave should propagate to the right.

The reflection from discontinuity is even more
noticeable for strongly nonlinear waves, and Fig. 6
shows the structure of the wave field with amplitude
А0 = 0.9. In this case the reflected wave also transforms
into a shock wave. Because the velocity of particles in
the toe is lower than the linear velocity, the discontinu�
ity forms on the back slope of the reflected wave.

It is well known that a change in the bore amplitude
in the framework of weakly nonlinear theory can be
found using the rule of equal squares [7, 9]. Without
presenting rather cumbersome transcendental equa�
tions for the amplitude of the shock wave (their awk�
wardness arises from the Gaussian form of the initial
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Fig. 5. Formation of the shock wave and the generation of the wave reflected from discontinuity (А0 = 0.6).
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perturbation), we write an asymptotic expression valid
in the final stage of shock�wave degeneration

(9)

The asymptotic curve given by (9) is depicted in
Fig. 7 by a solid line. It describes changes in the ampli�

0
2

( ) ~ .brT
A t A

t

tude of the shock wave at large times well for both
weakly nonlinear and strongly nonlinear waves.

The amplitude of the reflected wave versus the ini�
tial amplitude of the basic wave is shown in Fig. 8.
According to the weakly nonlinear theory of acoustic
shock waves in the third order of perturbation theory
[9], the amplitude of the reflected wave is almost

exactly equal to ; this asymptotic dependence is also
shown in Fig. 8. As is seen, the asymptotic dependence
works well not only for small�amplitude waves but also
for large�amplitude waves (A0 ~ 0.8), except for anom�
alously large amplitudes (А0 ~ 0.9–0.98). One inter�
esting case is the shape of the reflected wave, which
remains a pulse and transforms at large times into a tri�
angular pulse with a shock front in some sense mirror�
reflected to the incident pulse. Note that the effect of
reflection from the shock front, which was predicted in
[9], was modeled in nonlinear transmission lines [3],
where, however, dispersion played a role resulting in
the reflection of a relatively high�frequency wave. In
our calculations, the dispersion is zero and the
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reflected wave of large amplitude also becomes a shock
wave, which is easily seen in Figs. 5 and 6.

To demonstrate the “difference” in the effect of
nonlinearity on pulses of different polarities (crest and
trough), we now consider a rightward�traveling sign�
variable wave described by

(10)

In calculations, h = 1 m, l = 1000 m, k = 5 × 10–4 m–1,
and B was varied widely (0.1–10) so that the maximum
departure of the profile from the equilibrium state A0 =
B × Max[exp(–x2/l2)sin(kx)] took values from 0 to h.
The deformation of the wave with the initial amplitude
А0 = 0.6 m is shown in Fig. 9. As was noted before, the
dynamics of the wave trough is strongly nonlinear and
its part tends to move in the opposite direction. This
property also manifests itself in a sign�variable wave.
As a result, the pulse of negative polarity is separated
from the wave and the reflected wave first interacts
with the positive part of the basic wave. The shock
wave propagating to the right becomes nonsymmetric

2
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around the horizontal axis. These effects become even
stronger for amplitudes А0 = 0.9 (Fig. 10). In this case,
the reflected wave rapidly turns into a shock wave and
the basic wave eventually transforms into a positive
shock triangle. This effect arises from the interaction
of two shock waves of different polarities, one of which
(hump) is more intense.

To sum up, we would like to emphasize several
important conclusions inferred from the study we have
conducted. The amplitude of the shock wave at large
times decreases in proportion to t–1/2, as is predicted
by weakly nonlinear theory, despite the strong nonlin�
earities of the waves considered here. The front of the
shock wave of negative polarity generates a reflected
wave, which itself transforms into a shock wave at large
times. Its amplitude is almost exactly equal to the cube
of the initial amplitude over a wide range of the wave
height, except for anomalously large heights. In the
case of the sign�variable initial perturbation, the basic
wave at long distances transforms into a shock wave of
only positive polarity (hump).
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