arXiv:0904.1852v3 [math.FA] 14 May 2010

WEAK REGULARITY OF GAUSS MASS TRANSPORT

ALEXANDER V. KOLESNIKOV

ABSTRACT. Given two probability measures o and v we consider a mass trans-
portation mapping T satisfying 1) T sends p to v, 2) T has the form T =
@%, where ¢ is a function with convex sublevel sets. We prove a change of
variables formula for T. We also establish Sobolev estimates for ¢, and a new
form of the parabolic maximum principle. In addition, we discuss relations to
the Monge—Kantorovich problem, curvature flows theory, and parabolic non-
linear PDE’s.

Keywords: optimal transportation, Monge—Kantorovich problem, Gauss curva-
ture flows, parabolic Monge-Ampeére equation, Alexandrov maximum principle,
parabolic maximum principle, Sobolev and Hoélder a priori estimates.

1. INTRODUCTION

In this paper we study a class of mass transportation mappings having the form
Ve
T=p—=——
Vel

with some potential ¢. The mappings of this type have been introduced in [9], [§].
Assume we are given a couple of probability measures y = pg dr and v = p; dx.
It has been shown that, under general assumptions, there exists a unique ¢ with
convex sublevel sets A; = {x: p(z) <t} such that

T:z— ¢(x) n(z),

where n(z) is the normal vector to 0A; at x with ¢ = ¢(x) and T satisfies the
equality v = po T~1. We point out that the restriction of T to every level set 9A;
coincides (up to the factor t) with the Gauss map of dA;. In what follows we use
the name “Gauss mass transport” for 7.

Mappings of this kind are closely related to several areas of research. They can
be considered as “parabolic” analogs of optimal transportation mappings, which
attract attention of researchers from the most diverse fields, including probability,
partial differential equations, geometry, and infinite-dimensional analysis (see [36],
[37], and [7]). In addition, they arise naturally in the Gauss curvature flow theory.
Concerning transformations of measures of other related types, see [B], [6], [10].

The main goal of this paper is to establish some regularity properties of the
mapping 7. More precisely, we prove that T satisfies a change of variables formula,
which can be considered as the weakest regularity property of 7.

The corresponding result in the elliptic case (optimal mappings between mea-
sures with densities always satisfy a change of variables formula) belongs to McCann
[29]. This result turns out to be quite useful for different applications. Applications
of the change of variables formula include, for instance, the so-called above-tangent
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formalism which is a crucial technique in variational problems, PDE’s, and proba-
bility (see [37], [2], [4]).

The paper is organized as follows.

In Section 2, we briefly describe the main results of [9] that are used throughout.
These are the results on existence and uniqueness of Gauss maps, a description of an
important scaling procedure, and certain duality relations. In addition, we describe
the relations to curvature flows and the parabolic Monge-Ampere equation.

Our main result is proved in Section 3. We show that T satisfies the following
change of variables formula:

proT - -J =py with J =det D,T,

where D,T can be understood as the absolutely continuous part of the distributional
derivative of T. One has
J = ¢! DaplK,

where |Dy¢p| is the absolutely continuous part of the full variation of the vector-
valued measure Vo and K is the Gauss curvature of 04, ;).

In Section 4 we establish some natural Sobolev a-priori estimates for ¢. We
emphasize that ¢ is not Sobolev but only BV in general. Under assumption that
p1 = rd% we show that for every p > 0

\V
Cp,R/ |Vt dué/ ‘—po
A A Lo

Another natural question arising in the study of the Gauss mass transport is the
validity of some parabolic analogs of the maximum principle. Applying the mass
transportation arguments one can establish (see Section 5) the following form of the
parabolic maximum principle: every smooth function f on a convex set A satisfies
the inequality

p+1

du+ [ K7Ppbtt and—t,
0A

sup f < sup f+ C(d)/ IVfIK dz,
A A C_su

where

Copi={z:z e A,ndconv(Ay)}, A ={-f<t}
is the set of contact points for the sublevel sets of — f, conv(A;) is the convex enve-
lope of A;, and K is the corresponding Gauss curvature. This estimate is naturally
related to the Gauss mass transport and the second-order nonlinear parabolic dif-
ferential operator f — |V f|K (similarly to the Monge-Ampere operator in the
classical maximum principle). The inverse mapping S = T~ is associated with
another parabolic differential operator:

f,-det(f-1d+ D2f
f’_) (Td_l 0 )7

where D2 f is the Hessian on S?~1. The corresponding maximum principle is proved.

In Section 7, we are concerned with the regularity of the parabolic Monge-
Ampere equation. In particular, we briefly explain how the arguments employed in
[34] can be extended to our situation to prove Holder’s regularity of ¢. Thus we
establish Holder’s continuity of ¢ assuming that p1, p; € C?%(A) and dA is smooth
and uniformly convex.

The author express his gratitude to Vladimir Bogachev for valuable suggestions
and remarks.



2. EXISTENCE AND BASIC PROPERTIES

In what follows we denote by H™ the m-dimensional Hausdorff measure on R?,
m < d. For Lebesgue measure we also use common notation A\. We denote by S¢~!
the unit sphere in R? (and by Sffl its upper-half). We also use the symbols Dy,
D2 for the gradient and the Hessian on S91.

It will be assumed throughout the paper that

A1) the measure u is supported on a compact convex set A

A2) the measure v is supported on Br = {z: |z| < R} for some R > 0

A3) the measure p is absolutely continuous with respect to A|4 and v is abso-
lutely continuous with respect to A|p,,.

We start with a brief outline of two areas of research closely related to the Gauss
mass transport.

1) Optimal transportation.

Optimal transportation can be described as a problem of optimization of a certain
functional associated with a pair of measures. The quadratic transportation cost
W2 (11, v) between two probability measures u, v on R? is defined as the minimum
of the Kantorovich functional:

(1) m |z1 — 20|? dm(zy,22), m € P(p,v),

R4 xR4
where P (p, v) is the set of all probability measures on R x R? with the marginals p
and v; here |v| denotes the Euclidean norm of v € R%. The problem of minimizing
(@ is called the mass transportation problem. In many cases there exists a mapping
T: R4 — R?, called the optimal transport between p and v, such that v = poT~!
and

W2 (u,v) = / o= TP ).

If 11 and v are absolutely continuous, then, as shown by Brenier and McCann (see
[36]), there exists an optimal transportation T which takes u to v. Moreover, this
mapping is p-unique and has the form T' = VW, where W is convex. Assuming
smoothness of W, one can easily verify that W solves the following nonlinear PDE
(the Monge—-Ampere equation):
2 Po
det D*W (VT

In fact, this equation is satisfied in a certain sense without any smoothness assump-
tions (see Section 3).

2) Geometric flows.

We refer to [16], [I7] for an account in geometric flows. Let {I';} C R be a
family of embedded hypersurfaces. Denote by V(x,t) the velocity in the direction
of the inward normal —n(z) at a point z € I';. We say that {I';} satisfies a surface
evolution equation (or {T';} is a geometric flow) if V' satisfies

(2) V = f(z,t,n,Dn)

for some given function f. If f = H is the mean curvature, then I'; is called the
mean curvature flow. If f = K is the Gauss curvature, then I'; is called the Gauss
curvature flow.
The Gauss curvature flows have been introduced by Firey [I5] as a model of
the wearing stone on a beach. The existence and uniqueness of a Gauss curvature
3



flow starting from a smooth initial convex surface has been obtained by Tso [34] by
solving a corresponding parabolic Monge-Ampere equation. He proved, in partic-
ular, that I'; remains convex and shrinks to a point in finite time. The same result
for the mean curvature flow has been obtained by Huisken [2I]. More on Gauss
curvature flows see in [3].

The main problem arising in respect with non-convex initial surfaces is the even-
tual singularity of the solution. It turns out that in general I'; becomes singular in
finite time. To overcome this problem several notions of generalized solutions have
been proposed. A weak notion of a solution to ([2)) have been introduced by Brakke
[I1]. He proved the existence of the mean curvature flow for any initial data in
some generalized measure-theoretical sense. According to the level-set method (see
[17]), the family {T';} is considered as level sets of some function u(t, z) satisfying a
nonlinear parabolic equation in viscosity sense. Finally, it is known that sometimes
the solutions to curvature flows can be obtained as scaling limits of certain ellip-
tic or parabolic equations. For instance, the mean curvature flow can be obtained
as a singular limit of the solutions to Allen—Cahn or Ginzburg-Landau equations
(see [22], [31]). It has been shown in [J] that Gauss curvature flows starting from
convex surfaces are singular limits of some optimal transportation problems. More
precisely, the following result has been proved in [9].

Theorem. Let A € R? be a compact convex set and let . = podzr be a
probability measure on A equivalent to the restriction of Lebesque measure. Let v =
p1dz be a probability measure on Br = {z: || < R} equivalent to the restriction of
Lebesgue measure. Then, there exist a Borel mapping T: A — Bpr and a continuous
function ¢: A — [0, R] with convex sub-level sets A; = {¢ < s} such that v =
woT™ 1 and

T=¢-n Halmost everywhere,

where n = n(zx) s a unit outer normal vector to the level set {y: o(y) = p(z)} at
the point x.

If ¢ is smooth, the level sets of ¢ are moving according to the following Gauss
curvature flow equation:

3 is:—sd_lex-nx

) (5 2 K@) (o)

where x(s) € 0Ar—_s, 0 < s <r, z(0) € A is any initial point satisfying p(x(0)) =
R.

Remark 2.1. 1) The theorem does not guarantee that the boundary 0A is
exactly the level set {¢p = R}. Nevertheless, one can easily check that this
is indeed the case when A is strictly convex.

2) Tt is not clear in general whether {z: p(z) = 0} contains a unique point or
just has Lebesgue measure zero.

3) The case p; = rd%l’ po = C corresponds to the standard Gauss curvature
flow. The asymptotic behavior of 0A, for small values of r is a standard
problem in differential geometry. For the classical Gauss flow it is known
that 0A, is asymptotically spherical in shape for values of 7 close to 0 (see
[3]). This problem has not been studied so far for the flows of the type ().

4) Potential ¢ is not Sobolev in general, but admits a bounded variation (BV)
(see [1]). The distributional derivative of ¢ can have a singular component
in the n-direction.



In addition, T is unique and admits an inverse T~! (see [9], Section 3).

Let us briefly describe the idea of the proof and some important related facts.
The potential ¢ is a pointwise limit of a sequence of functions {¢;} with convex
sublevel sets. To construct ; we consider the optimal transportation VW, of u to
vo St where Sy(z) = z|z|". Let us set

EZZ—YE%Z
|VWt| 1+t

Clearly, T; pushes forward u to v. Choose Wy in such a way that min,c 4 Wi (z) = 0.
Define a new potential function ¢; by

1
Wy = —= o2,
L

Then one has

\Y%
Tt = (ptiwtt .
[Vepe |7

It was shown in [9] that

lim ¢, = @, nhﬁngo T, =T

n—r oo
almost everywhere (for a suitable subsequence ¢, — 00).
The dual potentials

Wi(y) = Sélﬂgd(@w — Wi(x))

of the corresponding dual Monge-Kantorowich problem define via renormalization
another natural convergent sequence

W (ylyl")
Hy(y) = Tt

It was shown in [9] that
H, - H

pointwise, where
H(r,0): Br =[0,R] x S*1 - R,

H(r,0) = sup (0,z).

z: p(z)<r
We warn the reader that in [9] we deal with a slightly different potential ¢; =
H(r,0)r.

Let us describe the expression for 7, " in terms of H;. To this end we fixn € §¢~1
and introduce local coordinates (1, ---,64_1) on S9! in a neighborhood of n. We
assume everywhere below that

_On
‘1= 90,

constitute an orthonormal basis in the tangent space of S~ at n. Then the
following relation holds
d—1

T, ' (y) = (Ht + HLl(Ht)r) ‘n+ ;(Ht)gi - ;.
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In the limit ¢ — oo one has

d—1

T'y)=H-n+Y Hp -e;=H n+DyH.

i=1
Remark 2.2. In what follows we often choose the following convenient local coor-
dinate system on S?~!. We take the center of S9! for the origin and introduce
the standard Euqlidean coordinates in R? such that n becomes the North Pole:
n=(0,0,...,1). A neighborhood of n can be parametrized by

d—1
(917-'-7911—1) — (6‘1,-'-79d—17(1 - 2912)1/2)
i=1

In particular, one has at n:

de; Oe; .,
= —n, =0,1 .
00, 00, 7
Clearly, (r,61,...,04—1) is a parametrization of a cone with the vertex at the origin.

Now we describe the relation between the Gauss mass transport and the para-
bolic Monge—Ampere equation.

Several parabolic analogs of the elliptic Monge—Ampere equation have been in-
troduced by Krylov (see [25]). He also proved some forms of the parabolic maximum
principle (see also [35]).

Let ¢ = po dr be a probability measure on an strictly convex set A. Consider a
Gauss mass transportation

Vo
T=p=—
IVl
sending p to a measure v = p; dx on Bg: = {z: |z| < R}.

Ezample 2.3. Assume d = 2 and fix a standard coordinate system (21, z2). Assume
that the functions below are smooth. Introduce the global polar coordinate system
(r,0). One has
T'=H-n+Hy-v,
n= (cos 0, sin@), v = (—sinb, cosb).
Let us compute the derivative of T~! in polar coordinates:
T '=H, n+Hy v
Te_l =H ng+Hp-nu+Hg-Vg+ Hpg-v=_(H+ Hpp) - v.
Taking into account that det D(r,6) = % one gets det DT~ ! = w Finally,
by the change of variables formula
H,.(H + Hyp
(4) plzpo(H-n—l—He-V)%.
Let us describe a standard trick which allows to rewrite () in the form of the
parabolic Monge—Ampeére equation. Introduce another variable on x5 < 0:
z=—ctgl, m <6< 27
Thus 0 = arcctg(—z). Instead of H it is convenient to work with
u=+1+ 22 H.
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Note that u is just the restriction of the corresponding 1-homogeneous support

function H 4, with a fixed r to the line xo = —1. In particular, u is convex in z.
Taking into account that % = ﬁ%, one can easily compute
zH + Hy H + Hgg
U, = =

7\/1_’__22 y Uzz = 7(1 +22)%'
Finally, we set
T =T o (r,arcctg(—2)).
Writing this mapping in coordinates (x1,x2) as a function of (z,7), one gets
T = (uz, zuz —u) = (uz, u*(us)),
where u* is convex conjugated to u with respect to z-variable

u*(z,r) = sup (zz — u(z,7)).
zER!?

The change of variables formula takes the form

1 r ( rz,—r
V1+ 22

Note that (@) can be considered as a parabolic Monge-Ampére equation.
In addition, (B]) can be easily interpreted from the point of view of mass trans-
portation. Indeed, let us set

(5) Uy * Uzz = ), (Z,T)€R+XR.

po(tz, zu, —u) 1+ 22 1

- T (T‘Z,—T‘)dd
V= raz.
1+2"\T1 2

Then 7 is a measure on R X [0, R] which coincides with the image of v under the
mapping

(rz,—r)

VIt 22

Further, p is the image of # under 7 ~!. Function u is convex in z and increasing
with respect to r.

(z,y) —

All these computations can be generalized to the multidimensional case. One
has T~'= H -n+ """ Hy, -e; = H-n+ DgH and

_ H,-det(H -1d+ D2H
©) pr = po(r— T A1 Dotl)

Here DZH denotes the Hessian of H on the unit sphere. For computing D3 H it is
convenient to deal with the local polar coordinate system as described above. In
this case D3 H (n) can be represented just by the matrix (8921,91_ H). Note that

1 1
— H = ———.
K(T-1) [Ve(T1)|
Finally, let us define coordinates (z,r) and the corresponding chart

V(z,r): {—R < zq <0} — Bg,

det(H -1d+ DjH) =

(xl,... (21,...,zd_1,—1):V(z,r).

) T

71. =

¢ 2 4 ... 2
1+2i+--+25,

Now we introduce a new potential u

uz\/1+zf+---+z§715



and verify the following proposition by direct computations.
Proposition 2.4. Assume that T is smooth. The following representations hold
on —R < x4 <O0:

1)
T ' = (Vou, (2, V.u) —u) = (Vou,u*(V.u)),

where
u*(z,r) = sup ((a:,z} — u(z,r)),
rERI-1
T =T oV(z,r).
2)

det(H -1d+ D2H) = (1 + 22 +--- 4 22_,) 2@ D det D?u
3) the change of variables takes the form

1
u, - det D?u = P <z Vzu> —)
where
L r d-1 T2,y T2d—1, —T
e 1+Z%+"'+Z§—1} pl(\/l—i-zf—i— + 25 1)'

More on the parabolic Monge-Ampeére equation see in Section 7.

3. CHANGE OF VARIABLES

Let A be any convex compact set of positive volume and let T: A — B be a
Gauss mass transport between two given probability measures i and v satisfying the
assumptions specified in the introduction. To prove the change of variables formula
for the Gauss mass transport we need to define the Gauss curvature for sufficiently
"large” amount of points x € JA. To this end we consider the corresponding
support function

Ha(6) = sup(8, z).
z€A
Here we assume that § € R%. Clearly, H4 is 1-homogeneous and convex. Hence,
by the Alexandrov theorem H,4 is almost everywhere twice differentiable. Recall
that every convex function V is a.e. twice differentiable in the Alexandrov sense,
i.e. for almost all x there exists a matrix D2V (z) (the absolutely continuous part
of the second distributional derivative) such that

(7) [V(y) = V(2) = (VV(2),y —2) — %(D?IV(@“) y—zy—o)|=o(y—zl), y =z

(see [14]).

Remark 3.1. A parabolic analog of the Alexandrov theorem for monotone-convex
functions was proved by Krylov (see [25]).

Definition 3.2. In what follows we say that f: M — R, where M is a Borel set is
differentiable at « € M in the sense of Alexandrov if (7)) holds for y € M.
8



In particular, homogeneity implies that for every fixed r > 0 the function Hylgp,
is twice differentiable for H¢!-almost all z € 0B,
Recall that H is defined as follows:
H(r,0) = sup (0,x).
feSe xeA,

Lemma 3.3. For p-almost all x € A and all 0 < r < R the function H|sp, 1is
twice differentiable at v - n(x) in the Alexandrov sense.

Proof. Tt was noted above that H|sp, is twice differentiable in the Alexandrov sense
for H41-almost all y € dB,.. Hence by Fubuni’s theorem the set of all y such that
H|sp,(y), m = |y| is not twice differentiable in the Alexandrov sense has v-measure
zero. The claim follows from the fact that T pushes forward p to v. O

Next we want to define the Gauss curvature for an arbitrary convex surface 0 A
H?1-almost everywhere. Let us recall how the Gauss curvature can be defined in
the smooth case.

Assume that 0A is a level set of some smooth function F'. Then

VF(z)
n(z): = ——=—-.
|VE(z)|
Let {e1, ea,...,e4—1} be an orthonormal basis such that n_Le; for every 1 < i < d—1.

Then
K(x) = det Dn(x),

where D is the differential operator on the tangent space to JA. Computing this
expression in Euclidean coordinates one gets

K =det A; ;, where

1 .
(8) Aij(x) = mwzF(iﬂ)@ueg‘), 1<d,j<d-1
In particular, this formula is applicable when the surface is represented locally as
the graph of a convex function

F=W(z1,...,24-1) — Zd,

where {e;} can be obtained by an orthogonalization procedure from a basis tangent
to I’ at some point.

It is convenient to compute the Gauss curvature in terms of the support function.
The following lemma (well known for smooth surfaces) gives another practical way
of computing.

Lemma 3.4. Let 0A be a convex surface which coincides with a graph of some
convex function W(xy,...,xq-1) in a neighborhood Q of xo and n(xg) is unique
at xo. Then the following are equivalent

1) W is differentiable at xq in the Alexandrov sense and D>W (xq) is nonde-
generate,
2) Hls,_, is differentiable at n(xq) in the Alexandrov sense and

det (H I+ (Dg)aH) on(zo) # 0.
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Proof. Choosing an appropriate coordinate system, we may assume without loss of
generality that zo = 0, W(0) = 0 and VW (0) = 0. Let us assume for a while that
W is smooth and D?W > 0 in €. Introduce local coordinates (61,---,604_1) on
S9-1 satisfying the equality

W = ;(Wml,...,Wmdﬂ,—l) - (91,92,...,9d_1,—

V14| VIV|?

Clearly, the first d — 1 basis vectors of the ambient space constitute an orthogonal
basis in the tangent space to S?~! at zo. Note that

0
VW (z) = ——,
V1-10]
where 0 = (01,...,04-1), x = (z1,...,24) and

d—1
H = Zei,fi — 1V 1-— |9|2£L'd.
=1

Set W*(x) = sup,cq((z,y) — W(y)). Since VW and VW* are reciprocal, one has

Taking into account that x4 = W (z), one has

H= <9,VW*(\/%W)>—W. W(VW*(\/%W)).

Hence
H0) = VTP W ()

on Ty (2). This is equivalent to

(xv_l) )
V14 |z?

on ). By approximation arguments these relations remain valid for every convex
W in Q. Now assume that H is twice Alexandrov differentiable at 0. Clearly,
H(0) =0, VH(0) = 0. The same holds for W*. Using Alexandrov differentiability
of H, we get

W*(z) = /1+ |22 H(

2

W*(z) = (%H(O, —1)+ %((Dﬁ)aH(O, —1):10,:10)) + o(x?).

This means that D2W* = H -1d + (Dg)aH. We get 1) by the duality relations for
convex functions (see, for instance, [29]). The opposite implication follows by the
same arguments. O

Clearly, if the surface is smooth and strictly convex, in the situation of the

Lemma [3.4] one has
1

K = .
det(H -1d + D3H) on

10




Definition 3.5. Let A be an arbitrary convex surface. We call the following
quantity K ”Gauss curvature of 0A at x”

(9) K(2): -

" det(H -1d + (D2) H) on(x)

if there exists a unique normal n(x), H is twice Alexandrov differentiable at n(x)
and H -1d 4 (Dj) H is nondegenerate.

If n(x) is unique, but H is not twice Alexandrov differentiable at n(x), we set
K(x) = 0. The latter is equivalent to det D2W (w1, ...,24-1) = 0 if A coincides
locally with a graph of W: R4~ — R.

Remark 3.6. Clearly, by Lemma [3.4] K () is well-defined for H?~!|54-almost all z,
since W is H? 1-a.e. differentiable.

Remark 3.7. In the special coordinate system considered in the proof of Lemma[3.4]
one has K = det D2W. Following the proof of Lemma[3.4one can easily understand
that (§) holds almost everywhere in a non-smooth setting with F =W — x4 if the
second derivative of W is understood in the Alexandrov sense.

Recall an important result of McCann [29].

Theorem (McCann). (Change of variables formula for convex func-
tions.) Let p= f dx and v = g dzx be two probability measures and V' be a convex
function such that v = o VV =Y. Then for u-almost all z one has

g(VV)det D2V = f,
where D2V is the second Alexandrov derivative of V.

In the following proposition we deal with the Gauss map n: 94 — S9! (non
multivaled!) which is H? !-a.e. well defined.

Proposition 3.8. For every A, = {z: p(x) <t} the measure (K-’Hd_let) on~!

is absolutely continuous with respect to H~' and the following change of variables
formula holds for every bounded Borel function f: S%1 — R:

K dH* = / faHt

OA, n(dA;)

Proof. 1t is sufficient to prove this result for 0A; NV instead of dA;, where V is
a small neighborhood of a point zy € dA; with unique n(zg). Fix such a point
and choose a coordinate system in such a way that n(z¢) = eq and the surface dA;
coincides (locally) with the graph of a convex function W: U C R4~1 — R, where
U is an open ball containing 0 and W attains its minimum at 0. In addition, we
may assume that OW(U) is a bounded set. Let U be a local chart of 94; NV and
parametrize a part of 9A; NV in the following way

U>s (x1,...,24-1) = (z1,...,Ta—1, W(x)).
Since W is Lipschitz on U, the surface measure %! on dA; NV can be computed
in this chart by mo = (1 4+ |VW|2)2#%1. The Gauss map n is given by

1
n= 7(—8951‘/‘/5 AR _8zd71VV7 1)

V1+ | VIV|?
This holds for almost every (x1,...,24-1).
11



Identify the half-sphere S~ 'N{z4 < 0} with its projection B¢~! on (1, ...24_1)
and n with the mapping fi: — —%“__ taking values in B‘li_l. Note that the

1+ VW2

surface measure on S4~! can be computed in the local chart

(xl,...,a:d,l)—)(xl,...,a:d,l,\/1—:17%—...—173_1)

1 d—1
1—|z|?

Note that n = F o VW is the composition of VW with the smooth mapping

by my =

x

HO == 5nr

which is nondegenerate everywhere.

Writing the local chart expressions we get that the claim is equivalent to the
equality mi|aa,) = (K - mo)|ar, o0, where My = {z € V: det D2W > 0}.

Note that K is well-defined on M, . By Remark 3.7 we have

K =det D,n = det D,W - det DF(z) o (VIV).
By the result of McCann the optimal transport VW pushes forward
det D2W - H o,
to ’Hd_1|vw(M+). Hence we obtain that the image of the measure
K(1+ |VW|2)%7-Ld*1|M+ = K -mo|n,

under VW coincides with

det F(2)(1 + 2] T H  owar, )-
Now applying the standard change of variables formula we get that the image of

det F(a)(1+ |e[*) 21" ow ar, )
under y = F(z) coincides with \/1i|—y|2Hd_1|ﬁ(M+) = maln(a,)- The proof is com-
plete. (Il

The fact below follows easily from the McCann’s theorem.

Corollary 3.9. If V is a convex function satisfying det D>V |y = 0 for some set
M with A(M) > 0, then the image of A\|p under VV is singular to \.

The proof of the following lemma can be found, for instance, in [7].

Lemma 3.10. If V is a convex function satisfying D2V > 0 on M, then A o
VV =1 is an absolutely continuous measure.

We prove an analog of the McCann’s theorem for the Gauss mass transport.
We start with a change of variables formula for the mapping 7' defined by a
monotone-convex potential u. Since u and H are related by a smooth change of
variables, it gives immediately a change of variables formula for H.

Remark 3.11. We recall that u(z,r) (see Section 2) is convex in z and increasing
in 7. Hence one can define u, and (D?),u H%almost everywhere, where u, means
a partial derivative of u in the classical sense.

12



Theorem 3.12. (Change of variables formula for u) The potential u satisfies
the change of variables formula for H%-almost all (z,7) C R¥~! x [0, R]

p1
uy - det (D?)qu = ———,
" (D2)a po(T—1)

where

_ r d—1 TZ1y ey T2d—1, —T

P1 = P} 2 jl P1 ( ) .

Ltzi+. +z5, \/1+z%+...+z§71

Proof. Fix an orthogonal coordinate system (z1, ..., 2z4) and denote by é; the corre-

sponding basis. Recall that mapping 7' sends 7 = ﬁ1d$|RdX[01R] to w71 ({za<0})
and admits a.e. the representation

d—1

T '= ZUZi & +ut(Vau) - éq,

i=1
where u*(2) = sup,cga-1((%,2) — u(z)). Let us represent 7! as the composition
of two mappings 7! = Sy 0 Sy, where S;: R4™! x [0, R] — R?~! x [0, R] has the
form

Si(z,7m) = (Vou,r)
(all expressions are written in the Euclidean (z,r)-coordinates!) and

d—1
Sa(z,r) = Zzl <€ +u(z,7) - €q.
i=1

Let us show that det (Dg)au > 0 almost everywhere. Indeed, set
M: ={(z,7): det(Df)au =0}.
Assume that A(M) > 0. Then by Corollary B.9 and Fubini’s theorem
D= py M a0 Syt
is a singular measure. Let us disintegrate  along the r-axis:
v(r,z) = v*(dr) - po(dz).

Here p is the projection of 7 onto R4~ and v*(dr) are the corresponding condi-
tional measures.

Denote by 7 the projection of & onto (z1,...,2z4—1). It follows from the relation
7085 " = pil7-1({z4<0y) that the image of 7y = ([ v*(dr)) - po(dz) under

d—1
(10) (Zl,...,Zd_l)%ZZi'éi
=1

coincides with the projection of p|7—1({z,<03) onto (z1,...,74_1). Since the latter
admits a Lebesgue density and (I0) is smooth and nondegenerate, one gets that
po(dz) admits a Lebesgue density fo(z). Hence for H% !-almost all z the one-
dimensional measure v*(dr)|s, (u) is singular. Note for H%!-almost every fixed
z the mapping r — u*(z,7) pushes forward v*(dr)|s, (ar) to a one-dimensional
absolutely continuous measure. Since v*(dr)|s, (ar) is a singular measure, one has

uli(r,z) = —o0

(note that u* is decreasing in r) for H%-almost all z and v*(dr)g, (ar)-almost all
r. This follows by duality from Corollary 3.9l
13



Next we note that
ur(Vyu,r) = —up(z,r)
M-a.e. Indeed, in the case of smooth functions with non-degenerated second deriv-
ative it follows by differentiating the duality relation

u* (Vyu,r) +u=(V,u,z)

in 7. The general case easily follows by approximations.

Thus u, = oo v-almost surely on M. But this contradicts the assumption
A(M) > 0.

Since det (Dg)au > 0, by Lemma 310 the image & under S; is absolutely contin-
uous. Then one can apply the McCann’s change of variables formula for H!-almost
every fixed value of r. Applying the same theorem once again to Sy (for H4!-
almost every fixed z) one gets the result. ([l

Corollary 3.13. (Change of variables formula for H) Since T~ ' and T~*
are related by a smooth change of variables, one immediately gets

_Hy-det(H -1d + (D2) H)
p1 :PO(T 1) ) 9)a

He-almost everywhere on Brg.

Corollary 3.14. The Gauss curvature K (x) = det(H-Id+ (Dg)aH) is well-defined
and positive for p-almost all x.

Recall that D denotes the generalized derivative of ¢ in the distributional sense.
Since ¢ has convex sublevel sets, it is a BV function (see [1]). Hence D¢ can be
understood as a vector-valued measure satisfying

/<D<p,§> doe = —/(p divé dz

for every smooth compactly supported vector field £. We denote by ||Dy|| the
corresponding total variational measure and by |D,¢| its absolutely continuous
component and by |D;¢| its singular component.

Theorem 3.15. (Change of variables formula for ) The following change of
variables formula holds for p-almost all x € A:

(K| Dol 1) (@) p1(T(x)) = po().

Proof. Let A C A be a set, where K is well-defined and positive. By the previous
corollary pi(A) = 1. Let us show that |Dsp|(A) = 0. Indeed, otherwise we can find
a set My, C A with A(M,) = 0 and |D,p|(M,) > 0. By the coarea formula for BV
functions (see [I], p. 159)

0< Kd|D5<p|=/ Kd||D<pH:// K dHdt.
M My 0 OANM,

By Proposition and Fubini’s theorem the latter equals

// ¢~ (d=1) de—ldtz/
0 JOB:NT (M) T(M

s

ly| = VdH
)

Since T pushes forward u to v, one has A\(T'(M;)) = 0. We get a contradiction.
14



Applying again the coarea formula for BV functions we get

_ " d—1
J e ippio= [ [ LK @

for any Borel bounded function £. By Proposition B.8]
[ ammant = [ e ant
0ANA B:

for almost all ¢ € [0, R]. Since T takes podz to pidz, one gets

— % T o)y = /0( 5 tW = ) )~ Dt

Hence, for p-almost all y € B,, one has W 0T (y) p1(y) = |y|~(¢=V. The
proof is complete. O

Corollary 3.16. Comparing different change of variables formulae, one gets

1
Dayp| =
Dot = F )

p-almost everywhere.

4. SOBOLEV ESTIMATES FOR ¢

The main goal of this section is to establish some natural Sobolev estimates for
¢ (Theorem A.5). The proof is based on the integration-by-parts and change of
variables formulae.

Before proving Theorem we establish some |V|«-bounds with the help of
the classical maximum principle. These estimates have an interest in their own,
they will also serve as an intermediate step in Theorem [7.1}

It will be assumed below that H,., Hy, Hgp are continuous and continuously dif-
ferentiable in r (except, maybe, the origin) up to the boundary. We also assume
without loss of generality that H > 0 and H(0) = 0 (this can be achieved just
by shifting A and assuming that ¢(0) = 0). The estimates obtained below do not
depend, however, on higher derivatives (see in this respect Remark [1.4]).

Let us set

P =prit,
Since H is smooth, it satisfies
P=po(T™Y) H, -det(H -1d + D3 H)
up to dBr. We recall that H, = 1/|Vp(T1)|.

Proposition 4.1. a) Assume that for some C >0

1+3
|VPO|§CPO d7 PSO,

and there ezists u: (0, R] — R with u € L*([a, R]) for every R > a > 0 such that
P

FT < u(r).

In addition, assume that QA is smooth, \g = infzepa K(x) > 0 and poloa < C,
Plop, > &. Then

R
H.>D; exp(—/ u(s)ds).

15



In particular
R
|[Vo| < Dy exp(/ u(s)ds
©
with Dy, Dy depending on d,C, Ay, R

b) Assume that for some C >0

1
Po C
and
P,
= >_cC.
P2
In addition, assume that OA is smooth, Ao = sup,cgq K(z) < 00, poloa > C,
Plopg < % and
H>er
for some € > 0. Then
D
H, < =7, |Vl > Doy

with Dy, Dy depending on d,C, R, ¢, Ao.

Proof. a) We are looking for the minimum of H,el on Bp \ Br, T0 > 0, where
f = f(r) is a radially symmetric function to be chosen later. Assume that the
minimum is attained at some point zo ¢ 0Br . We deal with the local coordinate
system (r,0) as described at Section 2. Let us differentiate log H, + f(r) along r
and every 6; at this point. One has

H’I‘T
H,
The second differentiation yields H,g,9, > 0. Rotating the coordinate system when

necessary we may assume that DzeH is diagonal at xg. Differentiating the change
of variables formula in 7 yields

Hrei =0, > _fr'

d—1

P (Vpo(T™'),H, -1+ 25;11 Hpp, e + i H, + Hpo,0,
P po(T—1) “~ H+Hyp,
Hence
d—1
P, {(Vpo(T~1),n)7 1
— > H, - fr+Hy, T 15
P~ L po(T—1) | / ; H + Hy,p,
(Vpo(T1),n)1 1 T
> H, — fr d-—1)H,|——————
e = B Gt {det(H—i—DgeH)}
(Vpo(T—1),n)7 2 (T ) 7=
> - —)HT | P T
H’I‘ L po(Tﬁl) ] f’l‘ + (d 1) |: P :|
This implies
_d_ 1 P =[P,
H7 < — -+ fr
_d—l{pO(T_l)} [P_Ff}
1
paT 1 7% —1
~ Hy gy (Voo T



Applying Holder’s inequality one gets
1 { P

po(T~1)

1 — 4 d

+Cy [Pﬁ Vo (T~ pg ™ (T*l)} .

75
H <

1P R
— T _HTGFI
—d-1 } [P+f}+2

where C7 depends only on d. Let f be of the type

f=—Cor— /0 u(s)ds.

One gets

1 Hﬁ < _ G [L

27" T d—1lpy(T™Y)
Then it follows from the assumption of the proposition that the right-hand is neg-
ative for a sufficiently large Co > 0. This contradicts the estimate H, > 0.

This means that

}ﬁ +C {Pﬁ !Vpo(T_l)\pJ%(T‘l)}d.

H, exp(—Car —/ u(s)ds)
0
can attain its minimum only at 0Bg. Taking into account that
H, > C3(C,R) inf K
loBz 2 Cs )mlenaA (z)

one gets the desired estimate.
b) In the proof we use an idea from [34]. We are looking for the maximum of

H,
H —g(r)
on Br\ B;,, where g = §r. Note that H —g > 5r. Assume that log H, — log(H —

g(r)) attains its maximum at xo with |zg] < R (otherwise the estimate is trivial).
Then at this point
Hrr _ Hr - g/ S O7 Hrei _ HGZ' —0.
H. H-yg H, H-yg
The second differentiation gives
Hr T H- g
Differentiating the change of variables formula one obtains

d—1
Pr Hrr Hr"'Hre-G» 1 1 1
= g Voo(T™Y), T, Y.
P H, “ H-+ Hypg, po(T—l)< po(T) )

Hence

d—1 d—1
HT + H’I"eiei

d—1
H, H— g+ Hpg H, 1
H + Hy,p, H—g H + Hy,p, H—g “~ H + Hoo,

=1

i=1

<(d-1)




Next using
d—1
Tr_l = Hr'n'f'ZHrOi €
i=1
we get

1 e (Ve R, (VT )
oty (VT ) = gy e ) e

d—1
H, ( -1 1 -1
= ((Vpo(T™Y)n) + —— S Hy. (Vpo(T ,ei).
ey (V) 4 g 3 Ho T ),e)
Taking into account the assumptions, boundedness of Hy, and H, we get

1 H,
po(T~1) H-g

(Vpo(T~),T;71) < Cy
Thus we obtain

P, H, _g/ H, d—1 d—1 po(Tfl) H,
— < —+4+({d-1 1- H, C )
B gt D (1 VE ) s

Multiplying this inequality by H — g, using the assumptions of the theorem and
boundedness of H we get

_d_ -1
~C(H — g) <CoH, —g' — (d— 1)gH"" d\l/@.

Thus implies

—d_ — d
Hﬂ*l < O4M + g(_g’ + CQHT) < M < %Hf/(dfl) + 07(1) .
g r

g r
Hence
( H, )d/(d—l) < Cs
H—yg T opdtat
This gives the desired result. O

Remark 4.2. The proof of a) can be generalized to the case of pre-limiting potentials
H; (see Section 2). Since the computations are quite involved, we give only some
intermediate results. For simplicity let us skip the index ¢ and write H instead of
H;. Choose a function f in such a way that f(x) ~ —(d — 1) In(r — ro)™* for z close
to 0By, and assume that the minimum point zy does not belong to dBr. One has

d—1
r
T*lz(H —H) Hy, -e;.
T n ; o€
The derivatives of T~! at zq satisfy

- (1 2y " H d_lH
o= (e gte) ot ot

1 r ‘ t r .
Tei = (H—lHré’l) -n+;H‘9i9j " €5. + (H—1H+ H_—lHT +H9i9i)el.
Choosing an appropriate basis, we may assume without loss of generality that

Hy,9, =0
18



for i # j. Then

t+2HT rH,,
t+1 1+1¢

t H,
det DT ' = ( [(—H+ . ) +Heiei]+

1+t 1+t

rHre

Z 1+t H([mH+ +t} +H9].9j).

At the minimum point one has

HT’I"
(11) i =—f', Hpy, =0,
HTTT " N2
(12) —- + (f - (f ) ) >0, HT9i9i > 0.

H,

The reasoning from the above proposition leads to the following estimate:

e 1) (5 - ) )
—(t+3)f' +r((f)* = 1)
t+2)—rf
L (e

Choosing an appropriate f one gets the desired bound.
Corollary 4.3. Assume that

1
P<C,= < po,
O_Po

0A is smooth and uniformly conver,
Vool | B
po 1" P

and poloa < C, % < Plopr- Then Dip? < |Vg| < Do for some Dy, Dy > 0
depending only on d,C and OA.

P,
<C

)

Remark 4.4. We have proved the above estimates assuming smoothness of H. But
the final results do not depend on the bounds of the derivatives of H. We give
some sufficient conditions for H to be smooth in Section 7. Applying smooth
approximations it is possible to show that the estimates remain true without extra
smoothness assumption of the solution. In particular, the upper bound on |V|
implies the absence of a singular part for De.

Theorem 4.5. Assume that p1 = Tcqu- Then for every p > 0 there exist C, g > 0
such that

p+1
19 Co [ 1960 s [ S dr [ 9o anet,
0A

\%
(14) pR/ V[Pt du</’ Po

19

p+1
du+ | K7Ppbtt dudt.
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Proof. Under assumptions of the theorem the change of variables formula reads as
CK|Ve| = po.

Computing DT is the standard frame {n,vy,--- ,vq_1}, we get

_(IVel 0
DT—( bt A )

= (i) 2= Cwir)

The Jacobian matrix of S = T~! computed (r,6) coordinates has the form (recall

that 0, = 0, and Oy, = 10, )
H. 0
DS—( 0 >

H + Hy,y, )
— )
Recall that H,.(T) = IV—IW' Since DS(T') = DT, one can also assume that A and

B are diagonal (at a fixed point). Denote by A; the eigenvalues of A. Then using
DT o DS(T) = 1d one easily obtains

where

with
¢=(Huy,), B= (

PPy 1o (T)A; = 0.

Vel
Next we find
d—1
d—1
= —Hgl(T) (H’I’T‘(T)|Vgﬁ| —+ ZHT9i (T) |</$1:;|)
- Spm;l HT”I"(T)
Rl Z@er’») = THANT)

Taking into account that ¢ has convex level sets (hence dlvIv 2 0), we get

. @ _ rH,,
dw(sawwp) 2 Vo + pel Vol o 2 [Vl = pr o T,
Thus
. rH,
(15) Vel < div(ore o ||W|p)+pHp+2 oT.

Integrate () over A with respect to u. One obtains

. — <V<PaVPO>
div Vol|? ) p d:z:—R/ Vol po dH? 1—/907 VolP dx
/A ( IVI| |)° 8A| Feo A Vel Vel

v
< R/ IVel? po de*1+a/ IVsalp+1du+N(s,p)/ wp“’—po
0A A A Lo
20
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Applying the change of variables and integrating by parts we get

rHry rHyy p e
p/ Hp+2 oT dp, p/ Hp+2 dv = m <VHTP 1,£L'>p1 dx
R T

pR —p—1 d—1 4 —p—1
=2 H P lpdH* ' + / H P "p1 dx
p+1Jopg (p+1) Jp,
p 1 d—1
= V Pl g V Ppo dH* .
The obtained estimates imply immedlately (EIZ{I) Estimate ([[4) follows from (I3])
and the change of variables formula. O

Remark 4.6. Estimates of these type are also available for the pre-limiting poten-
1
tials. For instance, for T' = @%|ch|m one has

om 2 (SIV6(S)P) oT

forp=2+ Then one can show that for ¢ > 0

1+t
\Y%

[ et s [ [T gz, [ vpisan

0A A

Remark 4.7. The result can be easily generalized to the general case of a continuous
rotational invariant density v = p, dz = p,(r) dz.
Indeed, take a mapping T sending v to d7”” and having the form T'(z) = f(r)%.
The function f satisfies
oy (r) = f/(T).
Note that w‘g—%, where ¥ = f(p) sends p to dTI. Applying ([[3)) to ¥ we get

¢ [ errtmertt s [ |22
A

Remark 4.8. Tt looks possible to prove L°°-bounds on |Vy| using the parabolic
maximum principle (see the next Section) and assuming high integrability of |V po|.
Estimates of this type for the potential u have been obtained in [20]. Results from
[20] are not directly applicable to our situation, since we need to consider u in
unbounded domains.

du+ / V[P po dH.
O0A

5. VARIANTS OF THE PARABOLIC MAXIMUM PRINCIPLE

For every convex V we denote by |0V|(B) the associated Monge—Ampere measure
of the set B, which is defined as follows:

oVI(B) = A({ | oV (z
zeB
where 0V is the subdifferential of V at .
For smooth V one has
OV = det D*V dz.

This means that VV sends OV to Lebesgue measure if det D2V # 0.

Recall that for every continuous function f on a convex set A one can define its
convex envelope f, which is the supremum of all affine functions less than f. The
set Cy = {z: f(z) = fi(x)} is called the set of contact points of f.
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According to the elliptic maximum principle (also called Alexandrov maximum
principle or Alexandrov-Bakelman-Pucci principle) every continuous function f on

a convex set A C RY satisfies
1

sup f < sup f + C - diam(A) [8f* (cf)} ‘)
A A
where C' depends only on d. If f is twice continuously differentiable, this implies

1

sup f < sup f + C - diam(A) [/ | det D2f(x)|da:] .
A A D2 f(2)<0
where C depends only on d. Equivalently, passing to ¢ = sup, f — f, one gets that

for every non-negative g

1
inf g < C - diam(A) {/ det DQg(:zr)d:r} ‘)
o4 D2g()>0

A parabolic version of the maximum principle was obtained by Krylov (see [25]).
Later Tso [35] simplified the proof in some special cases and gave extensions in
some particular cases.

In this section we prove some other variants of the parabolic maximum principle.

Definition 5.1. For a continuous function f defined on a convex set A consider
its sublevel set A; = {f <t} and the convex envelope conv(A;) of A;. Every point
z € IntA satisfying x € A; N dconv(A;) for some t we call a contact point of A;.
The set of all such points will be denoted by Cy ;.

We denote by Si_l the upper half of the unit sphere in R%. For every set
Q= {(r, 0): R <r <Ry 0€ Q}, where Q C Sfr*l is a spherically convex set,
we denote by

0pQ = Q X Ry U0Q x [Rq, Ro]

its parabolic boundary.

Theorem 5.2. 1) Let v be a twice continuously differentiable function on a
convex set A C R%. Then there exists a constant C = C(d) depending only
on d such that

(16) supv(z) < sup v(z) + C(d)/ |Vu|Kdx.
€A T€IA C

—u,l

where K(x) is the Gauss curvature of the set 9 conv{y: v(z) <v(y)} at x
2) Let Q be a set of the type

Q:{(r,e); Ry <7< Ry, eeQ}

with a spherically conver QQ C Si_l satisfying dist(Q,(?Si_l) > 0. Then
for every twice continuously differentiable function f: Q — R satisfying
Sup,cg,o f = 0, one has

(17) Slglzpf < Cisup f+Cs a1

pQ

{/Ff Ifrdet(f-IdJrD%f)ldx}%,

where Ty = {x € Q: f, <0, f-Id+ D%f < 0}, and constants C;,Cy > 0
depend only on d and Q.
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Proof. 1) Set f = (M —v)"/?, where M = sup 4 v. The estimate (6 is equivalent
to
(18) inf f4 < C fENV | K da.

A Csa

For every 0 < ¢t < infpa f let us consider the set A, = {z: f(z) < t} C A and
its convex envelope conv(A4;). Since A is convex, conv(A;) lies inside of A and, in
addition, dist(conv(A:),0A4) > 0. Set: C; = dconv(A;) N A;. Since f is smooth,
the image of Cy under the Gauss map n of dconv(A4;) covers the unit sphere. Hence

the image of
U a=cpu

O<t<infou f

under T' = f -n coincides with {x: ||z|| < infpa f}. One has det DT = fI~ 1|V f|K.
The result follows from the change of variables formula.
2) Let us consider the set of vectors V satisfying

a) <v,n> < M, for all x € Q
and
b) <v, n> >m, for all z € 0,0,
with n = I;_I’ M =sup,c4 f, m =supgega f. Since dist(Q,aSi_l) > 0, the set of
vectors v satisfying b) is non-empty and has the form
(r,0): r>C(Q)m, 0eQ
for some set Q C Sifl and a constant C(Q) depending on Q. If M < C(Q)m, the
claim is proved. If not, then V is nonempty. Consider the set
B={(r0): CQm<r<M, 6cQ}cCV.
Clearly,
Co(Q)(M — C(Q)m)* < A(B).
It remains to estimate A(B). For every a € B define M, = {x: f(z) = (a,n)}.
Conditions a) and b) imply that M, is non-empty and contained inside of 2. Hence,

there exists a point 9 € M, in the interiour of 2, where |z| attains its maximum.
One has at this point

f(xo) = (a,n),
fo(zo) = {a,n,) = L<0L,v>.
|0

for every unit v1ln. This implies that
Dyf = a— {a,n)n.
In addition,
fr(zo) <0, Dgf(xo) < D§<a,n> = —{(a,n) - Id = — f(x0) - 1d.
Hence B C I'y. Set:

d—1
S = f(z)n + || Z fo(@)vi = f(z)n + Do f(x).

Note that S(xg) = a. This means that

S(I'y) = B.
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By the change of variables formula

] 2
A(B)g/ det DS dx:/ |fr det(f dI_(11+D9f)|dx.
Ly Ly r

The proof is complete. O

Remark 5.3. Inequality (7)) implies a form of the parabolic maximum principle
(see [35]). Assume that supy ¢ f = 0. Then

(19) supfscﬁzi|ﬂdaLiii+zﬁfﬂd4;'
f

194

Set u = /14 22f, where z and x are related by the change of variables described
is Section 2. Using

det (f 1d + D2f) = det((l + z2)3/2D§u)

and trivial uniform estimates one gets

(20) supu < 0@ Q)| [

r.NQ
Iy, = {us < 0; D?u < 0}, for any u with supy, o u = 0 and a cylinder 2 = [0, R] x @
with convex ). To remove the restriction supy o u = 0 one applies the estimate to
U="v—Ssupy .

1
|y - det D2l dtdx} ‘

Remark 5.4. The above variants of the parabolic maximum principle are naturally
related with transport mappings of the type

Ve
Iz
Both variants of mappings can be obtained from the ”elliptic” transportation VV
by scaling procedures (see Section 2). The transportation by gradients are natu-
rallly associated with the elliptic maximum principle. Is it possible to derive both
parabolic maximum principles from the elliptic one?
1) Elliptic maximum principle implies (16]).
We prove that for every continuous f > 0 on a convex set A C R? satisfying
infyea f(x) = 0 and every 0 < p < 1 there exists a constant C' = C(d) depending
only on d such that

. o ed(14p) . dp —1
inf f < C diam®™(A) [OW.| o S; (CW),

S=H-n+ DyH.

where Cyy is the set of contact points of W = #fpr% and S,(z) =

particular, if f is twice continuously differentiable, one has

detD(f%)dx.

Clearly, letting p — 0 we deduce an equivalent form of (6] from (2IJ).

Proof: Let z¢ be a point satisfying f(z¢) = 0. If 2y € A there is nothing to
prove. Thus we assume that zg ¢ JA. Let V be the convex function whose graph
is the upside-down cone with vertex (zg,0) and base A with V' =m on M, where

]t =P

21 inf f20+P) < ¢ diam?? (A /
SR “ {w: D2F 5 (2)>0}

m = inf,cq #f“r% (z). It is easy to check that

B () C 8V(:v0) c oW, (Cw)
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Note that the measure with density
x
p: = det D (W)

is the image of Lebesgue measure under S;,. Hence

pdz < |OW, |0 S, (cw).
Bm/diamm)

The direct computation yields p = p r4?~1_ This immediately gives

é(#(m)dpz/fg pdw§|3W*|oSp_1(CW)

mydiame)

with C depending only on d. This proves the first part.

Finally, 2I) can be obtained by direct computations. We just notice that
{x: D2f"*5 (2) > 0} C Cw.

2) Elliptic maximum principle implies (I7]) with Q = Br and symmetric
f-

Let f: Brp — R be a symmetric (f(—x) = f(z)) bounded function. Assume that

f is twice continuously differentiable at every z # 0 and inf,ecp, f(z) < 0. Then
there exists a constant C' = C(d) depending only on d such that

. 2 1
£ det(f dIdl+ D3 1%
e

i <
= <]

Proof: For every ¢t > 0 consider

we(x) = || f(z|z]"T7)
defined on Bri+:. One has

R inf f= inf we(|z|™) = inf ws.
8BRf ZGBBR t(| | ) aBR1+t ¢

Since w¢(0) = 0, by the elliptic maximum principle

inf f = (mfagf%) < C(d) (/Cw det D?w, dx)%.

Indeed, wy is twice continuously differentiable everywhere in B, except, maybe, the

point x = 0. Without loss of generality one can assume that infp, w; < 0. Since

wy is continious, infw; is attained at some point Z. Since w; is symmetric, the

points (%, w(Z)) and (—&,w:(Z)) belong to a horisontal supporting hyperplane to

the graph of w,. Since w;(0) = 0, clearly 0 ¢ C,,. This justifies the above estimate.
Set: Si(y) = yly|*. Then

/ det D*w; dx = / det D*w;(S;) det DS; dy
th th (St)CBR

Cu,y (St)CBRr
Direct computations yield

Vur(S) = (£ + 1r3f:t
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Hence
_ fedet(f + D3f)

}51(1) det D(Vw(Sy)) )
The proof is complete.

3) Does elliptic maximum principle imply (20)? There are good reasons
to believe that the elliptic maximum principle implies (20). This problem seems
to be rather involved technically and we do not consider it here. We just give a
proof in a particular simple case. Let f satisfy all the assumptions from item 2).

In addition, assume that f = C outside of Q' U (=€), where
o = {(r,@): 0<r<R, eeQ'}

and Q' C Si_l satisfies dist(Q’, 851_1) > 0. By the previous result

: 2 3
inf f < C[/Fm, fr det(f Id+D9f)dx] .

o rd=1

Arguing as in Remark we get that

1
inf u < C(d,Q) [/ Juy - det D2u| dtdz]
holds for any bounded u: (0, R] x R%~! satisfying
1) w is smooth on (g, R] x R?~!
2) wu is constant outside of = (0, R] x Q with convex @ C R4~!
3) infgu = 0.

Passing to u = supg ¢ — ¢ we obtain

1
supp < C(d, Q) [/ oy - det D2 dtdx} !
Q Ty,

for any smooth compactly supported ¢ with supp(p) C Q.

6. ISOPERIMETRIC INEQUALITY

We discuss two apparently different proofs of the isoperimetric Euclidean inequal-
ity for convex sets (it is well-known that the general case can be easily reduced to
the convex one). First of them due Gromov. It is worth mentioning (this was
pointed out to the author by S. Bobkov) that arguments of such type go back to
Knothe [24]. More precisely, it has been shown in [24] that the Brunn—Minkowsky
inequality can be proved by transportation arguments with the help of triangular
mappings. The second proof comes from the differential geometry. Our aim is to
reveal a remarkable similarity between probabilistic and geometrical points of view.

1) (Mass transportation. Probabilistic approach.) We follow the mass
transportation arguments but use the Gauss mass transport instead of optimal (or
triangular) one. Let A C R? be a convex set and T' = go% send Lebesgue measure
on A into Lebesgue measure on Bg, where Bp is a ball of the same volume. By
the change of variables (see the previous section)

‘Pd_llDa‘PlK =1

Hence by the arithmetic—geometric inequality

1 Ve
1 =det D,T < —— TrD, (pat-),
¢ Sd-1 (9"|w|)
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where D,T is the absolutely continuous part of the distributional derivative DT
Clearly,

AA) div T do = —— (T,n) dH! < %%d—l(aA).
N _

< _

—d-1 d—1 Jaa

Taking into account that A\(A) = A(Bgr) = cqR?, one easily recovers the classical
isoperimetric inequality.

2) (Curvature flows. Geometric approach.) The same proof can be rewrit-
ten in the language of curvature flows. The curvature flow proofs are well-known
in differential geometry (see partial results on the Cartan-Hadamard conjecture in
B3], [B0]). Let A; = {x: p(x) < t}. For convenience we assume that ¢ is smooth
on {z: ¢(x) > 0} (which is indeed the case for smooth strictly convex 9A). Note
that A; are expanding with the speed |v—1w The enclosed volume A(A4;) evolves
with the speed which can be exactly computed by the Gauss-Bonnet theorem

DAy =19t [ K andt = a1y (50,
dt oA,
Hence
A(Ar) = A(By).
In the other hand, it is known that

d
—HITH(9A;) =t4! KH dH*™!,
dt OA:
where H is the mean curvature. By the arithmetic-geometric inequality K1/(4—1 <

H
a-1- Hence

d
SHNQA) > (d—?t [ KAt andt
dt DA,

By Holder’s inequality

d d—1
ZHTH(0A)

att —1/(d-1)
>(@-1e ([ K antt) T (nhay)
0A,
7= —-1/(d-1)
= (d =) (A () T (R () .
Integrating in ¢ one obtains

Hd_l(At) > thd_l(Sd_l) _ Hd_l(Bt).

The proof is complete.

7. ON HOLDER’S REGULARITY OF THE GAUSS MASS TRANSPORT

The elliptic and parabolic Monge—Ampere equations belong to the family of the
so-called fully nonlinear PDE’s. See [12] (and [19] for the special case of the Monge—
Ampere equation). A short survey [26] presents the developments of the main ideas
of the nonlinear PDE’s theory.

The connection between the variational Monge—Kantorovich problem and the
elliptic Monge-Ampere equation was revealed by Brenier (see [36]). In [34] the
existence of the Gauss curvature flow for smooth data was established by solving
the corresponding equation of the parabolic Monge—-Ampere type.
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Contributions to the regularity theory of the elliptic Monge-Ampeére equation
were made by many authors, including Alexandrov, Calabi, Yau, Pogorelov, Krylov,
Spruck, Caffarelli, Nirenberg, and Urbas. There are several approaches to the reg-
ularity theory of nonlinear equations. A classical one is based on differentiating of
the underlying equation. Taking the second derivative one obtains another equa-
tion which is linear with respect to higher derivatives. Then one applies a priori
estimates from the linear theory. This was a common way for studying the nonlin-
ear PDE’s before the results of Krylov, Safonov, and Evans on a priori estimates
for nonlinear uniformly elliptic operators. See [26] for details.

Unfortunately, the elliptic Monge—Ampeére operator

u — det D%u

is not uniformly elliptic even in the class of convex functions. This is the reason
why the Krylov—Safonov—Evans theory is not applicable directly. The regularity
problem for the elliptic Monge—Ampere equation was solved in sufficient generality
by Caffarelli. Combining the nonlinear regularity theory and deep geometric consid-
erations he proved, in particular, that the solution V of the optimal transportation
problem
g(VV)det D*V = f

for probability measures f dz and g dy with compact supports X and Y is (2+ «)-
Holder continuous inside of X provided f, g are Holder continuous, bounded away
from zero and Y is convex.

Many regularity results for the Gauss curvature flows (see [34], [3]) were obtained
by using the classical way of differentiating the evolution equation. Similar to the
the elliptic case, the parabolic maximum principle plays a crucial role in the study
of this problem.

A parabolic analog of regularity theory for uniformly operators has been devel-
oped in [40].

The regularity of the parabolic Monge-Ampeére equation was studied by Krylov
[25], Ivochkina, Ladyzhenskaya [23], Gutiérrez, Huang [20], R.H. Wang and G.L. Wang
[38], [39] (see [26] for references). Some interesting results were proved by prob-
abilistic methods (optimal control and stochastic differential equations), see [26],
[32]. A parabolic analog of the Caffarelli theory for the elliptic Monge-Ampere was
developed by R.H. Wang and G.L. Wang in [38], [39]. They studied the parabolic
Monge-Ampere equation

(23) ug det D?u = f(t,2)

on the domain @ = Q x [0,7] with given values u = ¢(¢,2) on the parabolic
boundary 9,Q. It was shown in [38] that under the assumptions that

1) Q is compact, strictly convex with Cz;boundary
2) f is positive Lipschitz continuous on Q)
3) ¢ € C?1(Q) with ¢; >0, D20 >0 on Q

there exists a solution u € Cllota/ »2H for some o > 0. A measure-theoretic
interpretation (the parabolic Monge—-Ampere measure) was given in [39)].

For further generalizations and refinements, see [28]. Sobolev estimates for (23]
are obtained in [20].

We analyze below the regularity result of Tso. The reasoning from [34] can be
easily generalized to our situation with the help of our results from Section 4. We
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will not repeat the lengthy reasoning from [34] and give just a brief sketch of the
proof.
Let C*(Bg) be the parabolic Hélder norm (see [34]) on functions

f(r,0):[0,R] x $*" — R,

It was established in [34] that for pg = 1, p1 = p1(0) € C?>T(S9~1) with some
a > 0 and every R > 19 > 0 there exists C' such that

\Hrlasr26 B\, T 1 Do H csr2e o, < C

for some 8 > 0.

Using the estimate 0 < ¢, < H, < C,, for smooth H from Section 4 and
repeating the arguments from [34] it is not hard to verify Theorem [ below,
which is a generalization of Theorem 4.2 from [34]. Clearly, a solution H obtained
in this theorem coincides with the potential H of the corresponding Gauss mass
transport by the uniqueness theorem from [9].

Theorem 7.1. Assume that p1 € C*%(Bg),po € C**(A), A is uniformly convex
and Hy € C*%(S%1). Then a solution H to () with H|pa = Ha exists. In
addition,

H e C*(Br\ By,)

for every vy and
(24) \Hrlesr2o B\, T 1 Do H asr2e o,y < C

holds for some positive §8,e,C depending on ro, R, the curvature of 0A, the Holder
and uniform bounds on pg, p1.

Sketch of the proof: One proves the existence of a solution to ({@)).

1) The classical short-time existence result implies that a smooth (0475 ) solution
to (@) with a given initial value H(R,0) = H4(0) exists for t € [R — ¢, R] (see, for
instance [16], Theorems 2.5.7, 2.5.9). Let [R*, R] be the maximal existence interval.
Assume that R* > 0. Applying the change of variables formula, let us estimate the
volume enclosed by the hypersurface determined by H(R*,0). One concludes that
there exists a sphere contained in all hypersurfaces determined by H(r,0), r > R*.
Taking the center of this sphere as the new origin one can assume without loss of
generality that H is strictly positive on [R*, R].

2) The results of Section 4 give & < |H,| < C for some C' > 0 and every r €
[R*, R]. Following [34] one obtains that A > H + D3H > X for some constants 0 <
A < A,t € [R*, R]. This can be shown by differentiating twice the equation in 6 and
applying the classical maximum principle to a suitable function (see also Pogorelov-
type arguments in [I8], Theorem 17.19). Alternatively, one can use Caffarelli’s
result [I3] on bounds for principal curvatures of a smooth convex set under the
assumption that the corresponding Gauss curvature is positive and bounded.

3) Differentiate (@) in r. The Krylov—Safonov estimates (see [25]) imply that the
parabolic Hélder norm of H, on [R*, R] is under control. The same holds for Hy.

4) It remains to prove Hélder’s continuity of H + DZH. The arguments follow
[34]. Let us indicate the main difference. To estimate oscillation of Hyg (or u..) we
need an estimate for the additional term

[ log po(T) (&) — log po(T~)(y)] < sup %uﬂm _Tiy))
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(See [34], Theorem 4.1, (4.3)-(4.4)). Then we estimate T-!(x) — T~ !(y) by a
parabolic Hélder norm of Hy (see item 3)). Thus we get

HC‘«1+5/2,2+6 < O[(He)és/2,s + 1}

for some 6§, > 0. Then the parabolic interpolation inequalities (see [27], Theorem
8.8.1.) complete the proof.

5

) Since we have managed to keep control on the norms of derivatives of H on

[R*, R], the solution exists for r < R* by the short-time existence theorem. Hence
R* = 0. The proof is complete.

This work was supported by the RFBR projects 07-01-00536 and 08-01-90431-
Ukr, RF President Grant MD-764.2008.1, and the SFB701 at the University of
Bielefeld.
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