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Solution of the Dyson-Schwinger equation on a de Sitter background in the infrared limit
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We propose an ansatz which solves the Dyson-Schwinger equation for the real scalar fields in a
Poincaré patch of de Sitter space in the infrared limit. The Dyson-Schwinger equation for this ansatz
reduces to the kinetic equation, if one considers scalar fields from the principal series. Solving the latter
equation we show that under the adiabatic switching on and then off of the coupling constant, the Bunch-
Davies vacuum relaxes in future infinity to the state with the flat Gibbons-Hawking density of out-Jost
harmonics on top of the corresponding de Sitter invariant out vacuum.
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I. INTRODUCTION

The goal of the present paper is to understand the impact
of large infrared (IR) loop corrections on the vacuum states
in field theory on a Poincaré patch (PP) of de Sitter (dS)
space. In Ref. [1] a one-loop correction to the scalar field
Wightman function was calculated in PP over the Bunch-
Davies (BD) state [2]. The calculation was done in the
nonstationary (in-in or Schwinger-Keldysh) diagrammatic
technique. There are large IR contributions in the one-loop
correction even for the very massive fields.

They reveal themselves through particle creation—via the
vacuum averages {a*a) and (aa), where a and a* are
annihilation and creation operators. For example, for the
real massive scalar field theory with the A¢> self-interaction
one obtains that (a,a,) * A*log(pn) and (a,a_,) =
A2 log(pm) as the conformal time approaches future infinity,
n — 0. Here, p is the modulus of the spatial comoving
momentum.

Similar IR contributions do appear in other field theories
in PP independently of the spin of the fields and self-
interaction potentials, as long as they do not respect con-
formal invariance [3-7].

In Ref. [8] the observations of Ref. [1] were generalized
to the other dS invariant states (so-called « vacua [9,10])
and to the states containing finite densities of particles.
Furthermore, in Ref. [8] a kinetic equation was derived. Its
solution sums up the leading IR contributions in all loops.
One of the goals of the present paper is to show explicitly
the latter statement, i.e., to derive that kinetic equation
directly from the Dyson-Schwinger (DS) equation of the
non-stationary diagrammatic technique. In the situation
when, due to the large IR effects, the in-out S-matrix
approach is not appropriate, the description of the physics
via the quantum kinetic (DS) equation is more suitable,
because the latter equation describes the time-evolution of
the state occupation numbers.

The situation with the kinetic theory in dS space
demands some clarification. The tree-level Wightman
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function for any a vacuum respects the whole dS iso-
metry group [9,10] even if one restricts field theory to
the PP, which covers only half of dS. But there are gen-
erators of the dS isometry group which deform PP. As a
result, this symmetry is naively broken in the vertices of the
loop integrals to a subgroup, respecting only PP.

One can prove,1 however, that for the BD state the
variation of the loop contributions, under those isometry
transformations which deform PP, do vanish. Hence, the
exact Wightman function over the BD state depends only
on the dS invariant distance between its two arguments.
But for the other « vacua the isometry is broken in loop
integrals down to the subgroup in question.

In curved space-times (or in flat space curvilinear coor-
dinates) various coordinate systems frequently cover only
their parts. Hence, to do the calculations in such coordinates
one has to specify suitable conditions at the boundaries of
the corresponding patches. Obviously large IR effects are
sensitive to the boundary conditions. Hence, if one does not
perform a careful study of the matching between the bound-
ary conditions, one obtains different physical results by
doing calculations in different coordinate systems.

In particular, it happens that loop contributions in the
“global” dS space are not just large, but they are explicitly
IR divergent even for the massive fields [1,14]. In this
respect, dS space is similar to the QED in strong background
electric fields [15]. The presence of such divergences shows
that the moment when the interactions or background field
are switched on cannot be taken to past infinity [1]. This puts
an obstruction for the dS isometry invariance of the corre-
lation functions in global dS and favors the conclusion that
the cosmological constant should be secularly screened by
large IR effects, at least with those boundary conditions
which do not put dS space on “life support™ [1].

"We would like to thank A. Polyakov for giving us the idea for
this proof. Some elements of the proof can be found in
Refs. [11-13]. See also the discussion in the Appendix .
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The fact that dS isometry is respected in the loops over
the BD state is a good sign that the cosmological constant
cannot be secularly screened in PP, if the initial conditions
are just mild excitations over the BD state. But the pres-
ence of the large IR effects means that the BD state itself
gets modified.

Indeed, the one-loop correction G'(Z) to the BD
Wightman propagator G°(Z) is G'(Z) « A?10og(Z2)G°(2),
when the hyperbolic distance is taken to infinity, Z — o
[1]. This is just the Fourier transform of A?log(pn) cor-
rections. Thus, the factor A% log(Z) can be big and the loop
corrections are not suppressed even if A? is small.

The question is, what is the dressed state? We show below
that this question is related to the following one: What is the
fate of small density perturbations over the BD vacuum in
future infinity? To address these questions we derive and
solve the kinetic equation which describes the dynamics of
such density perturbations and, as we have mentioned, by its
product sums the leading IR contributions.

From the solution we see that if one sets the BD state as
the initial one at past infinity, where it is the ground state of
the time-dependent free Hamiltonian, this state gets modi-
fied even if one switches off the coupling constant at future
infinity. It will appear that the result of the summation of all
loops will contain modifications of the BD propagator,
which do not vanish as A — 0 in future infinity, but which
cannot be seen in the free, A = 0, theory. This makes dS
space quite different from Minkowski or anti—ds spaces
[16], where adiabatic variations of the self-interactions do
not change the true vacuum state.

To avoid confusion at this point, let us clarify our state-
ment. For the fixed comoving momentum p past infinity in
the expanding PP, 7 — oo, corresponds to the UV limit of
the physical momentum, pn. At the same time future
infinity, 7 — 0, corresponds to the IR limit of the physical
momentum. So if one starts at past infinity with the BD
state, the correlation functions have proper Hadamard UV
behavior. What we observe, however, is that for fixed p as
time goes by, n — 0, the IR behavior of the correlation
functions is changed (without changing their UV proper-
ties) and is described by a different state—flat density of
out-Jost harmonics on top of the corresponding vacuum.

The phenomenon we observe is a more complicated
version of the following one. Consider a simple linear
oscillator. In the perfectly linear case the oscillator will
remain in an excited state forever, if it was originally in
such a state. However, if one will switch on an interaction
of the oscillator to an external field and then switch it off,
the oscillator will relax to the ground state. That will
happen independently of the type of the interaction or the
type of the external field. The crucial difference of the dS
system from the simple oscillator one is that in the case of
the dS system the oscillator frequency changes in time. As
a result, even if one had started at past infinity with the
ground state of future infinity, the system would deviate
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form this state at the intermediate times and then relax back
into it in the future.

In Sec. IT we propose the dS invariant Kadanoff-Baym
equation which may be suitable to sum the dS invariant IR
corrections exactly over the BD state. This section just
gives an idea of what kind of problem has to be solved if
one would like to respect dS isometry exactly. However,
we find it rather unphysical to address the question of the
stability of the system in the circumstances when all the
symmetries are respected exactly. We propose to consider
slight excitations above the highly symmetric state and to
trace where they evolve in future infinity. For that reason,
in Sec. III we derive the kinetic equation which does not
respect dS isometry, but, unlike the full DS equation, is
suitable for the separation of the IR renormalization form
the UV one. The same equation was derived in Ref. [8]. It
was shown there that its collision integral is annihilated by
the Gibbons-Hawking density of out-Jost states on top of
the out vacuum. The same state annihilates the collision
integral of the Kadanoff-Baym equation of Sec. II up to
subleading terms in the IR limit.

To make the paper self-contained we present the general
discussion of the scalar fields in PP in the Appendix . All
the notations, which are not defined in the main text, can be
found in the Appendix .

II. TOWARDS AN INVARIANT KADANOFF-BAYM
EQUATION FOR THE BD STATE

In this paper we are going to study the following field

theory:

L=1lgl [ ] 0
Dots here stand for the higher self-interaction terms, which
make the theory stable. The reason that we are going to
consider the below formulas which are only due to the
unstable cubic part of the potential is just to simplify them.
This instability does not affect our conclusions [8].

For the BD state the one-loop correction to the Wightman
function G _, was calculated in Ref. [1] (see also Ref. [17]).
The result for the sum of the tree-level and one-loop con-
tributions in the IR limit, Z — oo, is as follows:

Vu®9, ¢+—¢>2+ ¢%

G(ltr] Z) ~ [1 B /\2(1 — e_27r,u) 2[00 dxx(D*3)/2*iﬂh2(x)
4u 0
X log(Z)]G(l+ (2). 2

All notations in this formula and in the formulas that follow
are given in the Appendix .

For large enough D the theory in question becomes
nonrenormalizable. But in the IR limit we do not care
about UV divergences and renormalizability of the theory
in question. We assume that all couplings in all equations
below take their physical values; i.e., all UV divergent
(~ A%logA) or finite (A?) contributions are absorbed into
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their renormalization. For the propagators which have
proper Hadamar behavior, the UV divergences in dS space
are the same as in the flat one. Because of that we prefer to
consider the BD state (or mild density excitations above it)
as the initial state of our system. But below we are keeping
track of only the leading large IR contributions.

As seen from (2), loops are not suppressed in comparison
with the tree-level contribution for large enough Z. One has to
understand what is the result of the summation of the leading
IR contributions at all loops. The answer to this question can
be obtained from the solution of the DS equation:

G(Zyy) = G'(Zyy) + A? f[dW]
X f[dU]GO(ZXW)i(ZWU)G(ZUY): 3

where G(Z) is the matrix of the exact propagators, while
G°(Z) is the matrix of the tree-level ones. All propagators
in (3) are functions of the invariant distance, because we are
quantizing over the BD state.

Having in mind the physical and mathematical origin of
the large IR effects [8], we have simplified the complete
system of DS equations in (3). We have assumed that the
vertex A does not receive any new large IR contributions on
top of those which are caused by the contributions con-
tained in the two-point functions.

Equation (3) is not suitable for the summation of only
large IR contributions A% log(Z), because it does not sepa-
rate the UV from the IR renormalization. One needs an
equation which sums up only the leading IR contributions
and does not even see the contributions which are either
suppressed by the higher powers of A or even UV divergent
(~ A?logA). The proper equation is the kinetic one of
Sec. III. However, it does not respect dS isometry, even
though one would like to sum the dS invariant contribu-
tions for the BD state.

One possible variant is as follows. We apply the Klein-
Gordon operator to both sides of (3) to get rid of its
dependence on the initial value of the propagator. This
operator, when acting on the function of Z, is equivalent
to O(g) + m?> = (Z*> — 1)0% + DZ3, + m?, which con-
verts the DS equation into an integro-differential equation
of the Kadanoff-Baym form. Recalling that the tree-level
Wightman functions, G% _ and G, solve the homoge-
neous equation, while the Feynman propagators, G, and
G° _, solve the inhomogeneous one, we obtain the follow-
ing equation for the Wightman function G _ ; (Zxy):

[ngya%m + DZyydz,, + m*1G[Zyy]
e [ [AW]G [ Zyy + i€]G [ Zyy + iesgn(n, — n,)]

+ a2 [ [AW]G Zyy + iesgn(n, — 1,)]G[Zyy — i€],

“4)
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in the limit Zy, — 0. However, we do not see that this
equation sums up only the leading IR terms and nothing
else. One possible way to move further is to apply the
ansatz G(Z) = f(Z)G%(Z) for Z — oo, where f(Z) is slow
in comparison with G°(Z). But instead we are going to find
the stationary IR solution of this equation by approaching
the problem from a different perspective.

As a side remark let us mention that it was argued
in Ref. [18] that the result of the summation of the IR
contributions should be the propagator built with the
use of the exact Hartle-Hawking state, the one which is
obtained via analytical continuation from the sphere
and constructed with the use of the exact Hamiltonian.
Obviously such a state depends on the coupling con-
stant A.

The exact state in dS should as well depend on A, but
besides that we encounter a new phenomenon, which
cannot be grasped through the analytical continuation
from the sphere. We are going to show that the IR sta-
tionary solution of (4), the one which annihilates its rhs up
to subleading terms, does not depend on the coupling
constant. That is, even if we start from the BD state
(ground state of the free Hamiltonian on the sphere) and
then adiabatically switch on interactions and eventually
switch them off the theory relaxes to another state inde-
pendently from the self-interactions.

In the next section we will propose the result of the IR
dressing of the BD propagator, which, however, will not
allow us to fix the function f(Z). Because we will be able to
find the propagator at the stationary state, which is reached
as Z — oo, but we will not be able to find the route it uses to
approach stationarity in a dS invariant way, we will not be
able to find the expression for the propagator at finite
values of Z. We will find the form of its approach to the
stationarity only in the circumstances when the dS isome-
try is broken.

The hint for the expression of the stationary pro-
pagator comes from the following observations. First, the
dressed propagator should respect dS isometry. Second, it
should annihilate the rhs of (4) up to the suppressed terms.
These subleading terms can be absorbed into the finite
(~ A?) and infinite (~ A?logA) UV renormalization.

III. SOLUTION OF THE DYSON-SCHWINGER
EQUATION IN THE IR LIMIT

Let us consider small density perturbation over any «
vacuum. Then the dS invariance of the propagators is
broken even at tree level, but we still have large IR
contributions. To sum them up one has to solve the DS
equation as well, but this time it does not respect dS
isometry.

Because of the relation G%_ + G%, = G%, + G°_, it
is convenient to perform the Keldysh rotation [19,20] to
the new basis: D§ (X, ¥) = —4[G%_(X,¥) + G° . (X, V)],
DE(X,Y) = 6(n, — n)[GL,(X.¥) - GS_(X, V)], and
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DY(X,Y) = 0(n, — n,)[G_(X,Y) = G° (X, Y)]. Here
DRA are retarded and advanced Green functions. They
carry information about the quasiparticle spectrum of the
theory. At the same time the Keldysh propagator DX
describes the state of the theory. Thus, our main concern
below should be the solution of the DS equation for the
Keldysh propagator DX,

K — K 2
Dy (ny, m2) = Dg, (01, m2) + A omp

+2DE (11, 13)DX(n3, 14) DX

(77% 774)D
4

Note that we are looking for the kinetic equation whose
collision integral is defined at the A? order. In such an
approximation D§ can be substituted by DX under the
integral on the rhs of (5).

We propose the following ansatz to solve (5):

DX(m1, m2) = (1 m2) P~ V2aK (pmy, pm),
1 .
Eh(l’”fll)h*(Pﬁz)[l + 2n(pn12)]

+ h(pn)h(pn)k(pni) + cc, (6)

where 1, = /71 7,. Additionally, we use the tree-level re-
tarded and advanced propagators DX (1, 17,) = 0(n, — 1,) X

(0 12)P~Y2d" (pny, pma), Dp(m, n,) = —0(n, — ,)

(1112) P~ V2d" (pmy, pm), where d”(pmy, p1,) = 2Im
[A(pn)h*(pmy)]. In (6) n(pm) and k(pn) are unknown
functions to be defined by the equations under derivation.

This ansatz is inspired by the following observations.
The retarded and advanced Green functions can be found
as classical objects if the spectrum of quasiparticles is
known. The ansatz for the Keldysh propagator follows
from the interpretation of n(pn) as the particle density,
(aya,), and of k(pm) as the anomalous quantum average,
(a,a_,) [8]. We assume that in future infinity » and « are
independent of the spatial coordinates. Furthermore, due to
|

dX(pm, pma) =

—y(m3, 14)DX(n4, mp) + 2D (11, 13)D (03, 1) D3
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Because of spatial homogeneity of PP and due to its
rapid expansion, which is supposed to fade away any initial
inhomogeneity, we find it convenient to perform the
Fourier transform of all quantities along the spatial direc-
tions: DN®A(ny, ) = [dP xelPIDERA (), % 15, 0).
Then the Fourier transformed form of the DS equation
for DX is as follows?:

dP g 0 dysdn
Lo “[ DE (11, m3)DE (73, n)DE. (3, 1) D75, 1)

(13 1) D5 (M4, M)

1 1
- ’Dgp(”h» 13)DE(n3, 1) DE_ (03, 1) D5 (04, M2) — Dop(ﬁl, 13)D4 (13, 1) D4— (03, 1) D5 (74, ”72)]-

(&)

the symmetry of the PP under simultaneous rescalings of
its coordinates, 7 — Iy and X — IX, we expect that in
future infinity n and « should be functions of the physical
momentum pn only: n,(n) = n(pn) and k,(n) = k(pn).

It is known in condensed matter physics that nonvanish-
ing k signals that one has chosen wrong harmonics to
describe the quasiparticle spectrum. In addition, for con-
stant « one can always set it to zero by performing
Bogolyubov transformation which leads to the same ansatz
(6), but with harmonics corresponding to a different «
vacuum and a different value of n. Because of these
observations we do not specify harmonics until the end
where we check the IR behavior of k(pn) for the various
choices of them.

For general values of 7, and 7, the ansatz (6) does not
solve the DS equation in question. However, in the limit
P12 — 0and n;/n, = const, one can neglect the differ-
ence between 7; and 7, in the expressions which follow.
That can be done if one keeps track only of the leading
large IR contributions.

As a result one can substitute the average conformal
time 71y, = ./7;7;, instead of both 7, and 7, for the
limits of integrations over 713 and 74. Then the ansatz in
question reproduces itself under substitution into the DS
equation if n and « obey the following:

n( )=~nl® — 2 d”'q " aod ( )D=3)/2
PMi2) = np (27)P T N347M4(M374

| _
><{[dK(qns,qn4)dK(lp—qln3,Ip—q|n4)+1d (gm3.qma)d=(Ip —qlms |p — qlns)

—d~ (gms qna)d (1p— glms, |p — gln)[1 + 2n(pn13)]]h*(pn3)h(pn4)

+40(ny— 13)d*(lp — qlms. |p — glm)Reld™ (g3, gn)h(pn3)h(pns) k(p 7742)]} (7

2Feynman rules can be found in Ref. [21].
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and
dDilq N2 _
cpmi) = ' = X | oy f dnzdn(m3m) P2
I _
X {[d’((qm, qna)d®(Ip — qlms, Ip — qlns) + FRLCEE qna)d=(lp — qlns, |p — qlns)
+d (gm3, qna)d®(lp — qlms, |p — qln)[1 + 2n(pn13)]]h*(pn3)h*(pn4)
+40(ns — m3)d*(Ip — qlms, |p — qlma)d (gms, q774)h*(pna)h(pm)K(pmz)}, (8)
|
where ng)) and Kg)) define the initial propagator  scales, which lies in the basis of kinetic theory [20]. In

D(’fp(m, 71,). Their presence is the drawback of the integral
form of the equations under consideration, because then
the equation itself depends on the initial conditions. The
integro-differential form of these equations is just the
system of kinetic equations for n and « together, which
was derived using different methods in Ref. [8].

In the derivation of (7) and (8) we have used the
following relations d~(pm, p1s) = —d (pm, pmy) =
—[d~(pny, pm)]* and [d”'Gf(q,|p—ql)= [d°~'qf
(Ip—ql,q). Additionally, we assumed that n(pn)
and «(pm) are slow functions in comparison with
h(pm). Then one can safely change their positions under
the dn; and dn, integrals, which we frequently do in the
equations below. This is due to the usual separation of

A2Sp 1/m2 dq
n(pny) =~ n) + --22 f —

emP-tJ, q

— d” (x3, x4)d" (x3, X4)[1 - 2n(£9613

q

our case this approximation is correct only for the fields
from the principal series, m > (D — 1)/2, for which the
harmonics h(pmn) oscillate at future infinity.

However, the ansatz (6) solves (5) as well for the scalars
from the complementary series, m = (D — 1)/2. For them
the harmonics do not oscillate at future infinity. The main
problem with the situation when A(pm) is as slow as n(pn)
and x(pm) is that then one cannot derive the Kkinetic
equation of the usual form. More complicated integro-
differential equations are available whose solution and
physical interpretation are not yet known to us.

To simplify (7) and (8) we change the variables as
qni234 = X134 and use some approximations [8] to
arrive at

f[ " dvydxy (g 0972 X {[[dK<x3, )P+ gl (e x)P

)P Go)Ge)

+ 40(x, — x3)dX (xs, x4)Re[d‘ (x3, x4)h<§x3)h<£ x4)K<£x42)]} and

q q

NSp_y [Umadq ([0 1
c(pmia) = ) = 2202 [ a9 @ e x)F + 41 G0

emP-t ], q

+ d (s, x3)dX (i3, x4)[1 + 2n<§x13)]] X h*<§x3)h*<§x4>
+ 46(xs — x3)d% (x5, x4)d ™ (x3, x4)h*<§ )C3)]’l<§X4>K(§X42)}. )

Here Sp_, is the volume of the (D — 2)-dimensional
sphere of unit radius and x;; = /5;X;. In (9) we have
neglected p in comparison with ¢ inside the integrals to
keep only the leading IR terms. See Ref. [8] for more
detailed discussion.

Now for the BD state h(x) < FH EL) (x). Then the x34
integrals are saturated around x ~ u, because of the rapid
oscillations of the Hankel function at large values of their
arguments. Hence, h(pxs;4/q) can be expanded around

zero, because p/q < 1 in (9). Then, because FH Eg(x)

behaves as C.x** + C_x~'*, when x — 0, there are inter-
ference terms under the dg/q integral which do not depend
on g. As the result, both n(pn) and «(pn) behave as
A2 log(pm) in future infinity. Moreover, k(pn) is generated
even if it was set to zero at the initial stage [8]. Its presence
in future infinity signals that the backreaction on the BD
state (do not confuse it with the backreaction on the dS
geometry) is huge.

One should be a bit more careful with the similar ma-
nipulations for the other « vacua, because their harmonics
behave as linear combinations of e?7 and e " at large
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momenta. But careful study reveals the same picture for
most of them [8]. The explanation comes from the fact that
their harmonics A (x) also behave as linear combinations of
x'# and x~* in future infinity.

Only for the out-Jost harmonics, A(x) « J;,(x), which
behave as single waves x'#, the situation is different. In
particular, if one puts «(pn) to be zero it is not generated
back in (9). Or more precisely, contribution to it behaves
as A2, i.e., is negligible in comparison with A?log(pn).
That is because the integrand of dg/q, defining « in (9),
contains only g-dependent terms and, hence, the corre-
sponding integral is convergent as pnp — 0. At the same
time, for the harmonics in question n(pn) has contribu-
tions of the order of A2log(pm). (The physics for the
general « vacua was discussed in greater detail, e.g., in
Ref. [22]).

dn(x)
dlog(x)  2Q2m)P!
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All in all, out-Jost harmonics represent the proper qua-
siparticle states in future infinity. Which means that for
out-Jost harmonics the ansatz (6) with x(pn) = 0 does
reproduce itself after substitution into the DS equation.
This is possible if one neglects terms which are suppressed
in comparison with powers of A2log(pm). This is the
argument which favors the interpretation that, indepen-
dently of the initial state at past infinity of PP, the field
theory state flows in future infinity to the out vacuum with
some density of particles on top of it [8]. To support such a
conclusion we are going to show in a moment that for the
out-Jost harmonics x(p7) indeed flows to zero in future
infinity, even if it was not zero originally.

The kinetic equation is obtained from (9) when «(pmn) is
set to zero, via application of the differential operator to
both sides:

AZS, 0 B 0 B » .
b 2,U« / dx3ng 3)/2[ dx4xf‘D 2 ¢ {Relx; "V (x3)x V*(x) (1 + n(x))n(xs)?

= n(0)(1 + n(x3))2] + 2 Rex Wx3)x, “W(xy) [n(x3)(1 + nlx3))(1 + n(x))

= (1 + n(x3))n(x3)n(x)] + Re[x¥ Vxz)x, “V*(x) (1 + n(x3)*(1 + n(x)) = n(x3)*n(x)]}. (10)
|
Here x=pnp, V(x) = [ (x) — #::)le —...],  collision integral (10) it should be clear that I'; defines the

me” H ]
b

and W(x)=[|h(x)|2—m—... h(x) =

*/mjiﬂ (x) with J being the Bessel function. Dots in

these expressions stand for a finite number of terms with
higher powers of 1/|x|. The presence of such contributions
makes the collision integral well defined after the Taylor
expansion of 4(px/q) and can be explained by the behavior
of the out-Jost harmonics in the limit x — oo. All of this is
clarified in Ref. [8].

This is exactly the kinetic equation which was derived in
Ref. [8]. If one has started with a small density perturbation
over the BD vacuum, one can expect that n(pn) is small in
future infinity. As is explained in Ref. [8], in this case (10)
degenerates into a renormalization group type differential
equation. The latter one can be solved with the result:

where

n(pm) = %[C(pn)F +1],

A2S 00 e 2

]"1 = (277-)5)_12,& ,[O dyy(D 3)/2 ’/‘V(y) | , (11)
A2Sp oo B . 2

I, = 7(%)5)712# jo dyy®=/ 2+"‘V(y)l :

where C is the integration constant, which depends on the
initial conditions.
This solution has stable point % ~e 2" & 1 for u>>1,

which approximately annihilates the collision integral in
(10). The stable point is reached when the production of
particles is equilibrated by their decay [8]. In fact, from the

decay rate of the scalar particle into two, while I', defines
the particle production rate. Note that log(pmn) is decreas-
ing as we approach future infinity and n(pn) is the density
per volume which does not dependent on scale 1/7 [8].

The most interesting fact, from the perspective of the
discussion above, is that the stable point in question does
not depend on A. [Of course, the way the solution (11)
approaches the stationarity (its value for nonzero pn) does
depend on A]. Furthermore, it is not hard to see now that by
product we have shown that the stationary state of the
kinetic equation (10) also annihilates, modulo subleading
terms, the rhs (collision integral) of (4).

The last thing which we have to check is the behavior at
future infinity of x(p) for the out-Jost harmonics, if it was
initially nonzero. We also assume that we have started from
its small value in past infinity and that it flows to zero in the
future. Under these assumptions, if one keeps only the
leading terms, the integro-differential form of the equation
for k(pm) from (9) degenerates to

dK(pn) 4i/\2$D—2
AP _p  [,=—2°D72
diog(pm) P T g
0 vy 3 )
Xf[ dxydxyx PP DI2E G () — x3)
XTIm[V(x3)V*(x4)] (12)
Here, Rel3=T,—-T,=(1—e 2", >0, and,

hence, the solution of this equation, x(pn) * (pn)'3,
flows to zero in future infinity. That is, our assumption is
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self-consistent and (11) is stable under linearized pertur-
bations of k(pmn).

IV. CONCLUSIONS

We have found the result of IR dressing of the BD
vacuum in PP of dS. The dressed state is described by out-
Jost harmonics and corresponds to k(pm) =0 with
n(pm) = e >™*. Furthermore, the corresponding two-point
correlation function depends, in future infinity, only on the
time difference, 7;/n, = ™1, rather than on both of
the times (7; and 7,) independently, which means that
the dressed state also solves the kinetic problem in dS space.

Using the same methods as those which lead to (10),
one can derive the kinetic equation in the contracting PP,
ds®> = dt* — e Hdx?> = #(d’r}2 — dx?*), where 0 — n =
e’ — +oo. The solution of the latter equation for low
momenta p is [8]

1 1
A —T'logn flog%’

n(n) ~ 13)

and is independent of p. It is valid for n <mn, =
¢m/A 3 1 Here A is an integration constant, which
depends on the initial state and I ;‘—:2 >0 for m>
(D—-1)/2.

One can see that the distribution in question grows with
time, due to the contraction of the space and constant
particle production, and moreover has a pole at some finite
1o- In this case the backreaction on the gravitational back-
ground should be strong. This observation means that in
global dS space the situation can be quite different form the
one in the expanding PP, at least because global dS con-
tains expanding and contracting PP simultaneously. Then
we have two competing processes—expansion of the space-
time and explosive particle production [8].
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APPENDIX

The D-dimensional dS space is the hyperboloid, X/ZL =
-X:+Xx?=1, (u=01,....,.D and i=1,...,D)
in the (D + 1)-dimensional Minkowski space ds> =
dX3 — dX;. Throughout this paper we fix the curvature

PHYSICAL REVIEW D 86, 044031 (2012)

of the hyperboloid to be 1. The expanding PP of this space
is defined by the coordinates

X2 ¥?
X, = sinhz + —¢', X, = —cosht + —¢/,
2 2 (14)

X, = e'x,, a=1,....D—1

and covers only half of dS space, X, — X, = ¢’ = 0. The
induced metric in these coordinates is ds*> = dr* —
eXdy? = #(dn2 —dx?), where n=e¢"=1/(Xy—Xp).
The past infinity of the PP corresponds to t — —oo, i.e.,
to 7 = +oo. This is the boundary of the PP inside global
dS space, X, = Xp. The future infinity is at t = +o0, i.e.,
at 7 = 0. The dS isometry is just the rotation symmetry
group of the ambient Minkowski space, SO(D, 1).

To quantize scalar fields in PP one has to specify the

time-dependent part of the harmonics g,(n) = M

h(pm) inside the harmonic expansion ¢(n,X) =
[d 'pla,g,(m)e P* + a} g% (n)e'P*]. From the Klein-
Gordon equation in PP it follows that A(pn) has to solve

the Bessel equation with the index u = {fm? — (251)2,

where m is the mass of the particle.

In time-dependent backgrounds there is no basis of
harmonics which can diagonalize the free Hamiltonian
once and forever. The choice of the harmonics in the
calculations corresponds to the choice of the background
state a plvac) = 0, usually referred to as vacuum. BD
vacuum [2] corresponds to h(pn) = e_(”“)/zjfgilj(pn),
where {1 is the Hankel function of the first kind.
These harmonics behave as e/?7 at past infinity and diago-
nalize the free Hamiltonian only in that part of space-time.

The other so-called a vacua can be obtained form the
BD one via the corresponding Bogolyubov transformations
and correspond to the harmonics which are linear combi-
nations of the Hankel functions of both kinds 4V and
HP. See, e.g., Ref. [10] for a similar discussion in the
global dS coordinates.

Because of the time dependence of the Hamiltonian one
has to apply the Schwinger-Keldysh diagrammatic tech-
nique instead of the Feynman one. In this technique every
particle is characterized by the matrix of four propagators
(see, e.g., Refs. [19,20]):

GL (X V)=Kp(X)¢(Y)), GL_(X.7)=ip(Y)(X)),
GL (X, V) =(Td(X)$(Y))=0(n, — n,)G2 (X, Y)
+0(n,—n,)G%_(X,Y),
GL_(X,Y)=(T$(X)p(Y))=60(n, — n,)G%_(X,Y)
+60(n,—n,)G% (X, Y), (15)
which obey one relation G%_ +G%, =G%, + G*_.

Here (7)T is the (anti)time ordering. Note that the
conformal time in our definition flows in the reverse
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direction (o0 — 1 — 0) with respect to the ordinary
time f.

All these propagators can be written with the use of the
Wightman function G(X, Y) = i{¢(X)¢(Y)). The latter
solves the Klein-Gordon equation in the metric of PP.
This equation is invariant under the full dS isometry
although coordinates (14) are restricted only to half of
dS space. Hence, the solution of the Klein-Gordon equa-
tion should depend on the invariant distance between its
two arguments—the two points on the hyperboloid, Xi =1
and YfL = 1. The convenient function of the latter
one on the hyperboloid is the so-called hyperbolic
distance Z = —X,Y*. As follows from (14) it is equal

toZ =1+ @2y, pp

The Klein-Gordon operator, when acting on the function
of Z rather than on the function of the two points X and Y
separately, is equivalent to [I(g) + m? = (Z> — 1)9%+
DZd, + m? [9,10]. After the change of variables to x =
(1 + Z)/2 the Klein-Gordon equation acquires the form of
the hypergeometric one. Its solution (away from the singu-
larity) is the following linear combination of the , | hyper-
geometric functions:

GO(Z)—AF(D_1+' D-1_ ‘D.1+Z)
! L )
+AF(D—1+. D-1 .D'I—Z)
W\ Ty T T
D— 1\

Here A, , are some constants which depend on the choice
of the a-vacuum state with respect to which the averaging
is done (see, e.g., Ref. [10]). For the BD vacuum, A, = 0.
To take care of the behavior of this function at its poles and
to obtain it as the quantum average (¢ (X)¢(Y)) one has to
be more careful.

In fact, the Green function (16) has three singular points
in the complex Z plane: Z = —1, 1, c0. They correspond to
the usual singular points x = (1 + Z)/2 = 0, 1, o of the
hypergeometric equation. The singular behavior G°(Z) «
1/(Z — 1)P/271 corresponds to the situation when X and Y
sit on the same light—cone—the standard UV singularity of
the propagator. Similar singularity of G°(Z) at Z = —1
corresponds to the situation when X sits on the light cone
with the apex at the antipodal point of Y. The antipodal
point is obtained via the reflection at the origin of the
ambient Minkwoski space [10]. Finally, at infinity G°(Z)
has the branching point limy_,G°(Z) < Z~(P~1/2
[C,Z'* + C,Z~*] with some constants C| .

To understand the behavior of G°(Z) at its poles it is
instructive to consider the Fourier transform of G°(Z)
along the homogeneous spatial directions:

PHYSICAL REVIEW D 86, 044031 (2012)

(b P)b(m,, — ) f 4P xe P69 GO(Z)

(D-3)/2
= % h(pn)h*(pn,).
(17)

The appearance of different solutions of the Bessel equa-
tion in place of 4(pn) here is in one-to-one correspondence
with the concrete values of A; , in (16) [10].

Let us consider the BD propagator. Its only singularity
inside the complex Z plane is at Z = 1 and corresponds to
the limit p — o0 in momentum space. In this limit the
Hankel functions behave as the plane waves. As it should
be, high momentum modes are not sensitive to the curva-
ture of the space-time; i.e., they coincide with the flat space
harmonics. For the inverse of the transformation (17) to be
well defined there should be an appropriate shift as n, —
My — N — My, * i€ in (17). The sign of this shift depends
on which one among 7, and 7, is greater. As the result for
the BD state [11],

G . [Z] = G[Z — i€]
G _[Z] = Gz — iesgn(n, — m,)]
G _[Z] = G'[Z + i€],
G°.[Z] = G[Z + iesgn(n, — n,)]

(18)

Here G°(Z) is analytic on the complex Z plane with the
single cut going from Z = 1 to infinity along the real axis.

The situation for the other o vacua is different because
in those situations harmonics are linear combinations of
the Hankel functions of the two kinds ") and {®. The
latter behave at large momenta as e~ P" instead of e’?". As
a result, for the other a vacua G°(Z) is defined on the
complex Z plane with two cuts connecting Z=1 and
Z = —1, correspondingly, to infinity and going, due to
the i€ shifts, in the opposite halfs of the complex Z plane.

Let us say a few words about the one-loop contribution
to the propagators due to the A¢? self-interaction. In the
Schwinger-Keldysh diagrams there are two types of the
vertices: the “+” and the “—" type, correspondingly. In
the “+” (“—"") type vertex, only “+” (““—"") ends of the
propagators can terminate. Correspondingly, the one-loop
correction can be written as

G\ (Zyy) = A2 [ [aW] [ (UG Z) 3 (Zy) GO (Z o),

(19)
where
N G (2) G (2
= (G‘l‘(m G2 (2) ) and
2o ([CL(2P [G2.@2)P %)
@)= <[G3<Z)]2 [GY, (Z)P )
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and the [dW] = dPTVWS(W2 — 1)0
(W — Wp), which is equivalent to the measure <% 42~ 1x
n

measure is

on PP. This formula for G' is valid for any a vacuum. Note
that in (19) dS isometry is naively broken by the presence
of the Heaviside # function in the integration measure,
which restricts to the PP.

But let us examine how G' does change under those
transformations of SO(D, 1) which change the argument of
the 6 function. (Here we reproduce the arguments of
J

PHYSICAL REVIEW D 86, 044031 (2012)

Polyakov [13]). Let us perform an infinitesimal rota-
tion around X, towards, say, X;: Xp— Xp — ¢X|.
Taylor expanding the integration measure up to the

first order in ¢, we get & [[dW]...= [dPTIWS§
(W2 = 1)6(Wy — Wp)eW, ... = [d(W, + Wp)dP VW
S(W2 — oW, ...

Hence, the contribution of one diagram form (19) to the
variation of, say, G1+_ over the BD vacuum state is as
follows:

SrGL (X, ¥) = A2 [ AP OWS(W2 — 1)8(Wo — Wp)W, [ [dU]

X G[ZXW - if]Gz[ZWU - if]G[ZUy - iesgn(

1 1 )]
U()_UD Y()_YD

+ A%[[dw]fd@“)w(ui —1)8(Uy—Up)U,

X G[ZXW - iE]G2|:ZWU - IG]G ZUY - i€Sgn<

=\ f d(Wy+Wp)dP~VWs(W2 — HW, f [dU]

X G[ZXW - l-f]GZ[ZWU - lf]G ZUY - iesgn(

1 1 T
Uy—Up YO_YD)_

1 )
Up—Up Yy—Yp/l

+ A2 f [dW] f d(Uy+Up)dP " VUS(U% — 1)U, X G[Zxy — i€]G*[Zyy — i€]G[Zyy — i€l (21)

We are going to show now that both integrals in the
last expressions do vanish because the integrands of
d(Wy + Wp) and d(U, + Up) are analytical functions in
the lower complex (W, + Wp)— and (U, + Up) planes,
correspondingly.

Let us examine first the situation with the d(W, + Wp)
integral. As we have pointed out above, its integrand is
analytical in the lower half Z plane, because the cut goes
just above the real axis due to the shift by ie in the
arguments of the propagators. At the same time Zyy =
—3(Xo = Xp)(Wo + Wp) —3(Xo + Xp)(Wy — Wp) + X, W,.
But Wy — Wy =0, because of the presence of the
8(Wy — Wp) in the integration measure for 6G' and
X, — Xp = 0, because we are in PP. Hence, G(Z) as the
function of W, + W, has the same analytical properties as
the function of Zyy. Furthermore, because propagators
have a powerlike decay as (W, + Wj) — oo, one can close
the integration contour by the infinite semicircle in the

lower half of the complex (W, + Wp) plane. The integrand
is analytical inside the contour. Hence, the integral is zero.
Similar arguments work for the d(U, + Up) integral.

Along the same lines one can show that all the contri-
butions to §G',_ do vanish. That is true as well for the
infinitesimal rotations in the other directions. Hence, in the
case of the BD state G, _(X, Y) is invariant under the full
dS isometry and is the function of Zyy only. Similarly one
can prove the invariance of the one-loop contributions to
the other propagators in BD vacuum. Furthermore, one can
easily extend these arguments to higher loops.

But all this does not work for the other « vacua, because
in that case, as we have mentioned, tree-level propagators
have another cut going from Z = —1 to infinity and it
should be shifted to the other half of the complex Z plane.
Hence, loop corrections to the propagators in a vacua
respect only that subgroup of all dS isometry, which leaves
the PP in question invariant.

[1] D. Krotov and A.M. Polyakov, Nucl. Phys. B849, 410
(2011).

[2] T.S. Bunch and P. C. W. Davies, Proc. R. Soc. A 360, 117
(1978).

[3] T. Prokopec, N. C. Tsamis, and R. P. Woodard, Ann. Phys.
(N.Y.) 323, 1324 (2008); R.P. Woodard, J. Phys. Conf.
Ser. 68, 012032 (2007); T. Prokopec, N.C. Tsamis, and
R. P. Woodard, Classical Quantum Gravity 24, 201 (2007);

044031-9


http://dx.doi.org/10.1016/j.nuclphysb.2011.03.025
http://dx.doi.org/10.1016/j.nuclphysb.2011.03.025
http://dx.doi.org/10.1098/rspa.1978.0060
http://dx.doi.org/10.1098/rspa.1978.0060
http://dx.doi.org/10.1016/j.aop.2007.08.008
http://dx.doi.org/10.1016/j.aop.2007.08.008
http://dx.doi.org/10.1088/1742-6596/68/1/012032
http://dx.doi.org/10.1088/1742-6596/68/1/012032
http://dx.doi.org/10.1088/0264-9381/24/1/011

E.T. AKHMEDOV AND PH. BURDA

[4]
(5]

(6]

(7]

(8]
[9]
[10]
(1]

S.-P. Miao and R.P. Woodard, Phys. Rev. D 74, 044019
(2006); Classical Quantum Gravity 23, 1721 (2006); N. C.
Tsamis and R. P. Woodard, Nucl. Phys. B724, 295 (2005);
R.P. Woodard, Nucl. Phys. B, Proc. Suppl. 148, 108
(2005); N.C. Tsamis and R.P. Woodard, Nucl. Phys.
B474, 235 (1996); Ann. Phys. (N.Y.) 253, 1 (1997);
Classical Quantum Gravity 11, 2969 (1994).

A.D. Dolgov, M.B. Einhorn, and V.I. Zakharov, Phys.
Rev. D 52, 717 (1995).

I. Antoniadis, P. O. Mazur, and E. Mottola, New J. Phys. 9,
11 (2007); E. Mottola, Phys. Rev. D 33, 1616 (1986); 33,
2136 (1986).

W. Xue, X. Gao, and R. Brandenberger, J. Cosmol.
Astropart. Phys. 06 (2012) 035; W. Xue, K. Dasgupta,
and R. Brandenberger, Phys. Rev. D 83, 083520
(2011).

S.B. Giddings and M.S. Sloth, J. Cosmol. Astropart.
Phys. 07 (2010) 015; 01 (2011) 023; A. Riotto and M. S.
Sloth, J. Cosmol. Astropart. Phys. 04 (2008) 030.

E.T. Akhmedov, J. High Energy Phys. 01 (2012) 066.

E. Mottola, Phys. Rev. D 31, 754 (1985).

B. Allen, Phys. Rev. D 32, 3136 (1985).

A. M. Polyakov, Nucl. Phys. B797, 199 (2008).

[12]
[13]
[14]

[15]

[16]
[17]

[18]

[19]
[20]

(21]

(22]

044031-10

PHYSICAL REVIEW D 86, 044031 (2012)

A. M. Polyakov, Nucl. Phys. B834, 316 (2010).

A. Polyakov, http://hep.caltech.edu/ym35/.

E.T. Akhmedov and P. V. Buividovich, Phys. Rev. D 78,
104005 (2008); E.T. Akhmedov, P.V. Buividovich, and
D. A. Singleton, Phys. At. Nucl. 75, 525 (2012).

E.T. Akhmedov and E.T. Musaev, New J. Phys. 11,
103048 (2009); E.T. Akhmedov and Ph. Burda, Phys.
Lett. B 687, 267 (2010).

E.T. Akhmedov and A.V. Sadofyev, Phys. Lett. B 712,
138 (2012).

D.P. Jatkar, L. Leblond, and A. Rajaraman, Phys. Rev. D
85, 024047 (2012).

D. Marolf and 1. A. Morrison, Phys. Rev. D 82, 105032
(2010); Gen. Relativ. Gravit. 43, 3497 (2011); A. Higuchi,
D. Marolf, and 1. A. Morrison, Phys. Rev. D 83, 084029
(2011); D. Marolf and I. A. Morrison, Phys. Rev. D 84,
044040 (2011).

A. Kameneyv, arXiv:cond-mat/0412296.

L.D. Landau and E.M. Lifshitz, Physical Kinetics
(Pergamon Press, Oxford, 1975), Vol. 10.

M. van der Meulen and J. Smit, J. Cosmol. Astropart.
Phys. 11 (2007) 023.

S. Kundu, J. Cosmol. Astropart. Phys. 02 (2012) 005.


http://dx.doi.org/10.1103/PhysRevD.74.044019
http://dx.doi.org/10.1103/PhysRevD.74.044019
http://dx.doi.org/10.1088/0264-9381/23/5/016
http://dx.doi.org/10.1016/j.nuclphysb.2005.06.031
http://dx.doi.org/10.1016/j.nuclphysbps.2005.04.056
http://dx.doi.org/10.1016/j.nuclphysbps.2005.04.056
http://dx.doi.org/10.1016/0550-3213(96)00246-5
http://dx.doi.org/10.1016/0550-3213(96)00246-5
http://dx.doi.org/10.1006/aphy.1997.5613
http://dx.doi.org/10.1088/0264-9381/11/12/012
http://dx.doi.org/10.1103/PhysRevD.52.717
http://dx.doi.org/10.1103/PhysRevD.52.717
http://dx.doi.org/10.1088/1367-2630/9/1/011
http://dx.doi.org/10.1088/1367-2630/9/1/011
http://dx.doi.org/10.1103/PhysRevD.33.1616
http://dx.doi.org/10.1103/PhysRevD.33.2136
http://dx.doi.org/10.1103/PhysRevD.33.2136
http://dx.doi.org/10.1088/1475-7516/2012/06/035
http://dx.doi.org/10.1088/1475-7516/2012/06/035
http://dx.doi.org/10.1103/PhysRevD.83.083520
http://dx.doi.org/10.1103/PhysRevD.83.083520
http://dx.doi.org/10.1088/1475-7516/2010/07/015
http://dx.doi.org/10.1088/1475-7516/2010/07/015
http://dx.doi.org/10.1088/1475-7516/2011/01/023
http://dx.doi.org/10.1088/1475-7516/2008/04/030
http://dx.doi.org/10.1007/JHEP01(2012)066
http://dx.doi.org/10.1103/PhysRevD.31.754
http://dx.doi.org/10.1103/PhysRevD.32.3136
http://dx.doi.org/10.1016/j.nuclphysb.2008.01.002
http://dx.doi.org/10.1016/j.nuclphysb.2010.03.021
http://hep.caltech.edu/ym35/
http://dx.doi.org/10.1103/PhysRevD.78.104005
http://dx.doi.org/10.1103/PhysRevD.78.104005
http://dx.doi.org/10.1134/S1063778812040023
http://dx.doi.org/10.1088/1367-2630/11/10/103048
http://dx.doi.org/10.1088/1367-2630/11/10/103048
http://dx.doi.org/10.1016/j.physletb.2010.03.040
http://dx.doi.org/10.1016/j.physletb.2010.03.040
http://dx.doi.org/10.1016/j.physletb.2012.04.061
http://dx.doi.org/10.1016/j.physletb.2012.04.061
http://dx.doi.org/10.1103/PhysRevD.85.024047
http://dx.doi.org/10.1103/PhysRevD.85.024047
http://dx.doi.org/10.1103/PhysRevD.82.105032
http://dx.doi.org/10.1103/PhysRevD.82.105032
http://dx.doi.org/10.1007/s10714-011-1233-3
http://dx.doi.org/10.1103/PhysRevD.83.084029
http://dx.doi.org/10.1103/PhysRevD.83.084029
http://dx.doi.org/10.1103/PhysRevD.84.044040
http://dx.doi.org/10.1103/PhysRevD.84.044040
http://arXiv.org/abs/cond-mat/0412296
http://dx.doi.org/10.1088/1475-7516/2007/11/023
http://dx.doi.org/10.1088/1475-7516/2007/11/023
http://dx.doi.org/10.1088/1475-7516/2012/02/005

