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Abstract—1In this paper we consider sequences of functions that are defined on a subset of the real
line and take on values in a uniform Hausdorff space. For such sequences we obtain a sufficient
condition for the existence of pointwise convergent subsequences. We prove that this generalization
of the Helly theorem includes many results of the recent research. In addition, we prove that the
sufficient condition is also necessary for uniformly convergent sequences of functions. We also obtain
a representation for regular functions whose values belong to the uniform space.
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1. INTRODUCTION

According to the classical Helly selection principle [1]([2], P. 208, lemma 2), each infinite uniformly
bounded family of monotone real functions defined on a segment [a,b] from R contains a pointwise
convergent on [a, b] subsequence. This Helly theorem is also valid for an arbitrary nonempty subset T’
from R (see, e.g., [3]) and for a uniformly bounded sequence of functions with uniformly bounded Jordan
variations. Most generalizations of the Helly selection principle are based on the uniform boundedness
of a sequence of functions and their generalized variations (see [4—7] for real-valued functions and [3,
8—16] for functions that take on values in a metric or Banach space). Such selection principles have
many applications [3, 810, 12—14], because they are efficient in proving the existence theorems; for
example, they are widely used in the convergence theory for Fourier series and in the theory of stochastic
processes. Generalizations of the Helly theorems are also applied in the multivalued analysis for proving
the existence of regular selections for multifunctions of bounded generalized variation, and in studying
nonlinear superposition operators [3].

In[17, 18] one first presents a selection principle for one-variable functions with values in a uniform
space. This principle implies most known generalizations of the Helly theorem with restrictions on
generalized variations [3—16]. Moreover, the restriction on the modulus of variation of functions from
the initial sequence that is a base of the selection principle proposed in [17, 18] is not only a sufficient
condition for the existence of a pointwise convergent subsequence, but also the necessary condition for
the uniform convergence of the sequence of functions (as distinct from the known selection principles
[3—16]).

In this paper we generalize the Helly theorem for a sequence of functions with values in a Hausdorif
uniform space; the obtained result includes the selection principle proposed in[17, 18].

Section 2 contains the main definitions and statements of the obtained results. In Section 3 we
adduce some auxiliary assertions and study regular functions with respect to a dense subset of the
definition domain. In Section 4 we prove the basic theorems and compare the main result (Theorem 1)
with the selection principle proposed in [17, 18].

Results of this paper were announced in[19, 20].

' E-mail: tretyachenko_y_v@mail.ru.
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36 TRET'YACHENKO
2. MAIN DEFINITIONS AND RESULTS

In what follows we assume that (X,U) is a Hausdorff uniform space with a set of pseudometrics
{dp}pep of uniformity ¢ ([21], Chap. 6), where P is some index set; in particular, each pseudometric d,
is uniformly continuous on X x X with respect to the product uniformity ([21], P. 243, theorem 11), i.e.,
Vpr € U foreachr > 0, where V,, = {(z,y) € X x X | dy(x,y) < r}. Recall that if {d,},ep is a set of
pseudometrics of a uniformity ¢, then the family {V},. | p € P, r > 0} is a base of the uniformity ¢/, i.e.,
forany U € U there existp € P andr > OsuchthatV, , C U ([21], P. 250, theorem 19). A uniform space
(X,U) is said to be a Hausdor|f (or separable) one, if conditions =,y € X and dp(z,y) = 0 satisfied for
all p € P imply that z = y. A sequence of elements {z;}32, of a uniform space (X,U) converges to an
element z € X (as j — o0),if lim d,(xj,z) = Oforall p € P. Since X is Hausdorff, this limit element x

J]—00

is unique. A subset Y C X of a uniform space (X, i) is called relatively sequentially compact, if each
sequence of elements of Y contains a subsequence that converges in X to some element of X.

Let X7 stand for the set of all functions f : T — X that act from a nonempty subset 7' C R in X.
Recall also that a sequence of functions {f;} = {f;}32; C XT converges pointwise on T to some

function f € XT (we write f; — fon T as j — oo) il lim d,(f;(t), f(t)) =0forallp e Pandt e T,
j—0o0
butif lim supdy(f;(t), f(t)) = Oforallp € P, then {f;} converges uniformly on T to the function f. A
J—00 teT

sequence {f;} C X7 is said to be pointwise relatively sequentially compact, if the sequence {f;(t)}
is relatively sequentially compact with any ¢ € T'.

In order to formulate a generalization of the Helly theorem and other results of this paper, we introduce
the value {N,(e, f,T)}pep.

For a natural number n € N we denote by {I;}} < T an ordered set of n non-overlapping segments
I; = [s;,t;) CR,i=1,...,n, whose endpoints s; and ¢; belong to T so that s1 < t; < sy <to <--- <
Spe1 < tpo1 < sp < ty (Wlthn— 1 for brevity we write I = {[;}{ and I < T). I I; € {I;}7, fEXT
and p € P, then we put |£(Ii)lp = dyl(f(s:), f{:).

Forp € P,e > 0,and f € XT we define the value N, (e, f,T) € {0} UN U {oo} by the following rule:
Ny(e, f,T) =sup {n € N | I{L;}} < T such that |f(L;)|, > Vi=1,...,n}, (1)

where sup) = 0; here if 0 £ E C T and f € X7T, then we put Ny(e, f, E) = Ny(e, f|g, E), where
flg : E — X is the restriction of the function f on the set E. In the case when T' = [a,b] and X =R,
value (1) is considered in [22], Part III.

One of the most important properties of the value { N, (e, f,T)},cp is the following one: With its help
one can describe regular functions, i.e., those that have one-sided left and right limits (we clarify their
meaning below). Let S be an everywhere dense subset of [a,b]. Denote by Ug(a, b]; X) the set of all
functions f : [a,b] — X that satisfy the Cauchy conditions with respect to S

< I%m 0dp(f(s), f(t)) =0V p e P ateach point 7 € (a, b] (2)
38,t—7—
and

SSSHE}HO dy(f(s), f(t)) =0Vp € P at each point 7 € [a, b). (3)

Then the following equality is valid (we adduce its proof below in Section 3):

Us(la,b); X) = {f : [a,b] > X | Np(e, f,S) < ooforallp e Pande > 0}. (4)

The following three theorems represent the main results of this paper. The first one is the selec-
tion principle for one-variable functions with values in a uniform space stated in terms of the value

{N;D(E’ f> T)}pE’P~
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Theorem 1. Leth) # T C Rand let (X,U) be a Hausdor[f uniform space with at most countable set
of pseudometrics {d,}pep of uniformity U. Let {f;} C XT be a pointwise relatively sequentially
compact sequence of functions such that

Np(e) = limsup Ny(e, fj, T) < oo forallp € P and e > 0. (5)

J—00

Then {f;} contains a subsequence that converges pointwise on T to some function f € X' that
satisfies the condition Ny(e, f,T) < Ny(¢) forallp € P and e > 0.

In the following theorem we prove that condition (5) is necessary for the uniform convergence of the
sequence { f;}.

Theorem 2. Let ) # T C R and let (X,U) be a Hausdor[f uniform space with a (not necessarily
countable) set of pseudometrics {dy}pep of uniformity U. If a sequence {f;} C XT converges
uniformly on T to a function f € XT such that Ny(e, f,T) < oo for all p € P and > 0, then
condition (5) is fulfilled; more precisely,

limsup Ny (e, f;,T) < 6lim0Np(5, f,T) forallp e Pande > 0.
—e—

Jj—00

Recall that a sequence {f;} C XT converges almost everywhere (a. e.) on T to a function f € XT
(as j — o0) if there exits a set £ C T of zero Lebesgue measure such that lim d,(f;(t), f(t)) =0
j—00

forall pe P and t € T\ E. Theorem 1 immediately implies that if a sequence {f;} C X7 satisfies
condition (5) with 7'\ E in place of T, where E' C T is some set of zero Lebesgue measure, then some
subsequence in {f;} converges a. e. on T to a function f € X7 such that N,(e, f,T \ E) < oo for all
p € P and € > 0. The following theorem is a selection principle for the convergence almost everywhere
in terms of the value {N)(e, f,T)}pep for a one-variable function with values in a uniform space.

Theorem 3. Let T and (X,U) satisfy conditions of Theorem 1. Assume that a sequence of
functions {f;} C X1 is such that for a. a. t € T the set {f;(t)} is relatively sequentially compact

and for any § > 0 there exists a measurable set Es C T of the Lebesgue measure L(Eg) < § such
that

limsup Ny (e, f;,T \ Es) < oo Jorallp € Pande > 0.

J—00

Thenin {f;} there exists a subsequence that converges a. e. on T to some function f € XT with the
following property: For any 6 > 0 there exists a measurable set E§ C T of the Lebesgue measure
L(ES) < d such that Ny(e, f, T\ Ef) < oo forallp € P ande > 0.

3. THE MAIN PROPERTIES OF THE VALUE N,(e, f,T)

For the proof of the stated theorems and the following comparison of Theorem 1 with the selection
principle in [17, 18] we need some properties of the value { N, (e, f,T)}pep. Note that the fact that the
value Ny(e, f,T) equals 0 or oo is expressed, respectively, by the conditions

Np(e, f,T) =0 < |f(I)|p <eforall I <T (6)
and
Np(e, f,T) =00 <= VYneN 3{;}7 < T suchthat|f(L;)|, >eforalli=1,...,n. (7)
Butif Ny(e, f,T) € N, then for any n € N in view of definition (1) we get the correlations
n < Np(e, f,T) < H{L;}7 < T suchthat |[f(l;)], > eforalli=1,...,n; (8)

n>Ny(e, £,T) < VLY <T 3L, 2 ST <1and {1, )1 - N0 ¢ {1y
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38 TRET'YACHENKO

h that L), <e (9
suc algkgnn_l]avf(aﬂ)lf( Ny <e. (9)

The main properties of value (1) for an arbitrary function f € X7 and p € P are described in the next
lemma.

Lemma. (a) /[0 < &1 < g9, then Ny(ea, f,T) < Np(er, f,T).
(b) If0 # Ey C Ey C T, then Ny(e, f, E1) < Ny(e, f, Ea) for any e > 0.
() IT{f;} c XT and fj — fonT as j — oo, then Ny(e, f,T) < liminf Ny(e, f;,T) Jor all e > 0.
j—00

(d)Ifs,t € Tand s < t, thennys = Ny(e, f,(—00,t]NT) < coif and only if ng = Ny(e, f, (=00, s] N
T) < oo and nsy = Np(e, f,[s,t] NT) < oo, and in this case there exists n, € {0,1} such that
Ng = Ng + Ng ¢ + M.

Proof. Properties (a) and (b) immediately follow from definition (1).

(c) Without loss of generality we assume that N (e, f,T) > 0.

I Ny(e, f,T) < ooandn = Ny(e, f,T), then in view of property (8) there exists a set {I;} < T"such
that | f(;)|, > eforalli =1,...,n. Lete’ =¢'(n,p) > 0 be such that l%ign |f(L;)]p, > &' >e. Owing

to the pointwise convergence of f; to f on T', we can find a number J € N (that depends on the set {Z;}}
and p € P) such that

/ /

dy(F(s1), f(s0)) < ° 2_5 and dy(f;(t:), f(t:) < © 2_5 forallj > Jandi=1,...,n.

Due to the triangle inequality for such j and 7 we get
e <|fIi)lp < dp(f(80): fi(50)) + dp(f5(s0), f5(ta)) + dp(f5(ta), f(t:))
g —e g —e

<, TG L)+, T =1+l e (10)

Therefore, | f;(1;)|, > e forall j > Jand ¢ = 1,...,n. In accordance with property (8) this means that
n < Np(e, f;,T) forall j > J, therefore n < 1£1§ Ny(e, 3, T) < liminf Ny(e, f;,T).

> J—00
Butif Ny(e, f,T) = oo, then we choose n € N arbitrarily and make use of property (7). Reasoning as
above, we conclude that n < liminf N, (e, f;,T), and it remains to take into account the arbitrariness
j—o00

of n.

(d) Without loss of generality we assume that n; > 0.

1. Let us first prove that if n; < oo, thenng + ng < ny.

Proposition (b) implies that ng < n; and ng; < ny, therefore if ng = 0 or ng; = 0, then the inequality
is evident. Butifng > 0 and ns; > 0, then due to property (8) there exist sets {I;}}* < (—o0, s] N T and
{J 312" <[5, 8] N T such that | f(I;)|, > eforalli =1,...,ng and |f(Jg)|, > eforall k =1,... ng,.
Note that {I;}}* U {Jx}[*" < (—00,t] N T and that d,-distances mentioned above (their quantity is
ns + nst) exceed e. Then on the base of property (8) we get the desired inequality ng + ns; < ng.

2. Assume that ny < oo and nsy < co. Let us demonstrate that if n € N and the set {I;}} <
(—o0,t] NT is such that |f(I;)[, > e for all i = 1,...,n (such I; always exist, because n; > 0), then
n < ng+ nss + 1, whence due to the arbitrariness of n from definition (1) we infer ny < ng+mns; + 1, as
well as the desired equality.

With n =1 the inequality is evident, therefore in what follows we assume that n > 2. If a point
s € T is located so that the set {I;}} entirely belongs to (—oo,s]NT or [s,t] NT, then, respectively,
n <ngorn<ng Ifapoint s is the endpoint of one of the segments from the set {I;}} and the
startpoint of another one, i.e., s € I;, N I} for some k € {1,...,n — 1}, then {L;}¥ < (—o0,s|NT
and {I;}};,; < [s,t]NT. Hence in accordance with property (8) we obtain k < ns and n —k < ng,
such that n < ng + ng,. Finally, if s is located inside some segment Iy, k € {1,...,n}, then {Ii}lf_l =<
(—oo,s]NT and {I;}},, < [s,t] N T, where {I;}} = 0 = {I;}!' ;. Hence in view of property (8) we find
k—1<ngandn —k < ngy, and therefore n < ng +ngy + 1.
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A GENERALIZATION OF THE HELLY THEOREM 39

In order to prove equality (4) we need the notion of a stepwise function. Recall that a function
g :[a,b] — X is called stepwise, if there exist a partition a = cg < c¢1 < -+ < o1 < ¢ = b of the
segment [a, b] and elements z1, ..., x,, € X (dependent on g) such that g(t) = x; for all t € (¢;—1,¢;),
i=1,...,m. Forsuch a function g we have

Ny(e,g,]a,b]) <2m < oo forall pe Pande > 0. (11)

Proof of equality (4). /Inclusion “O”. Let a point 7 € (a,b] be arbitrary (considerations for 7 €
[a,b) are analogous). Let us prove that for any p € P and € > 0 one can find d(e,p) € (0,7 — a)
such that d,(f(s), f(t)) <eforall s,t € SN[r—d(e,p), 7). Let us prove this assertion ad contrario.
Let pp € P and gy > 0 violate the above assertion. Then for arbitrary §; € (0,7 — a) one can find
points si,t1 € SN [T —61,7), s1 < t1, such that dp,(f(s1), f(t1)) > eo. Further, by induction, if
1€N,1>2 and §;_1 € (0,7’ — a) and poin‘[s Si—1,ti—1 € SN [7’ — 5i_1,T), S;—1 < t;—1, are already
chosen, then we put §; = 7 — t;_1 and find points s;,t; € SN [T — d;,7) = SN [t;—1,7), s; < t;, such
that dp,(f(s4), f(ti)) > 0. Let n € N and I; = [s;,t;], i = 1,...,n. Then by construction {I;}} <
SN(a,7) C S and |f(I;)|p, > ¢€o foralli=1,...,n. Due to the arbitrariness of n and property (7)
this means that Ny (o, f, S) = oo, which contradicts the condition.

Inclusion “C”. Let f € Ug([a,b]; X). In accordance with [18](§ 4, lemma 4) for any p € P there ex-
ists a sequence of stepwise functions { f;} ¢ X1 (dependent on p) such that lim supd,(f;(t), f(t)) =
J—0 tes

0. Fix p € P arbitrarily. Then taking into account inequality (11), the value Np(e, f;, [a, b]) is finite for all
j € Nande > 0. Since S C [a, b, in view of proposition (b) of the lemma Np,(e, f;,5) < coforall j € N
and e > 0. Let us prove that N(e, f,S) < oo foralle > 0.

Fix e > 0 arbitrarily. Assume that for some n € N there exists a set {I;}} < S such that | f(L;)|, > ¢
for all i =1,...,n (otherwise Ny(e, f,S) =0 and the assertion is evident). Similarly to the proof
of proposition (c) of the lemma, we choose & = ¢'(n,p) > 0 so that 1%i£1n\f(fi)\p >¢' >e. Then

due to the uniform convergence of f; to f on S one can find a number jy = jo(¢’,€) € N such that
dp(f;(s), f(s)) < (' —¢)/2 forall j > jo and s € S. Therefore, correlation (10) is valid for all j > 4o

and ¢ =1,...,n. In particular, with j = jo we get |f;,(;)|, > e for alli =1,...,n or, in accordance
with property (8), n < Ny(e, fj,,5) < oo. Thus, due to the arbitrariness of n definition (1) implies that
the value N (e, f, S) is finite for all e > 0. O

Equality (4) describes the set Ug([a,b]; X) in terms of the value {Ny,(e, f,T)}pep. The set
Us([a,b];R) was first considered in [23]; in other terms the set Ug([a, b]; X)) was described in [18] and
[24—27]

4. PROOFS OF THE MAIN THEOREMS

Proof of Theorem 1. Let Mon(7";N) stand for the set of all nondecreasing bounded functions that
map 7" in N. Note that for p € P and given € > 0 in view of proposition (b) of the lemma the function
t — Np(e, fj, (—o0,t] N T) is nondecreasing int € T for each j € N.

Without loss of generality in the proof we assume that P = N.
1. Let us prove that there exist a subsequence in {f;} (we also denote it by {f;}) and a function
ngp € Mon(T;N) forany k& € N and p € P such that

lim Np(1/k, fj, (=00, t]NT) = nyp(t) forall t € T (12)
J]—00

To this end we several times apply the Cantor diagonal process.

Condition (5) with p =1 implies that for any € > 0 there exist numbers J;(¢), M1(e) € N such
that Ny(e, f;,T) < Mi(e) < oo for all j > Ji(e). Then in view of proposition (b) of the lemma the
sequence of nondecreasing functions {t — Ny (1, f;, (—oo,t] N T)}]O.‘;Jl(l) is uniformly bounded on 1" by

the constant M (1). Consequently, by the Helly selection principle there exist a subsequence {fjll ()52
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40 TRET'YACHENKO

in {fj}]o'iJl(l)’ where Ji : N — N is a strictly increasing subsequence in {J;(1) 4+ j — 1}32,, and a
function ny; € Mon(T'; N) such that

Ni(L, [y, (00, ] NT) — my(t) as j— oo forall t € T.
Choose the least number ji € N such that J}(j1) > J1(1/2).

Further, by induction, let £ > 2 and let a subsequence {fJ%_l(j)};?‘;l in the initial sequence {f;}
and a number ji ;| € N such that J! ,(ji_,) > Ji1(1/k) be already chosen. Then by applying the
Helly theorem to the sequence of nondecreasing functions {¢t — Ny (1/k, ENOL (—o0,t] N T)}]o.‘ij1

- “Jk-1

uniformly bounded on T by the constant M7 (1/k), we obtain that there exist a subsequence {fJé ()52
in {le , }] i and a function ny ; € Mon(T; N) such that

k— 1

1(1/k,fJ1 s (00, 8| NT) — ng(t) as j — oo forall t € T
Then the diagonal sequence {le )}521 (we denote it by {f } = {f }52,1) satisfies the condition
lim Nl(l/k,fj ,(—00,t]NT) =ny(t) forall ke N and t € T (13)
J]—00

Using equa ity (13), we again apply the method of induction: If p € P, p > 2, and a subsequence
{5~ = {5~ 1320 of the sequence {f } is already chosen, then in view of condition (5) for each
€ > 0 one can ﬁnd numbers J,(¢), M, () € N such that N, (e ,f]’.’ 1)< M,(e) < ooforall j > Jp(e).
Then in accordance with proposition (b) of the lemma the sequence of nondecreasing functions {¢ —

Ny(1 fp_l (—o0,t]NT)}2 i2,(1) 18 uniformly bounded on 7" by the constant M,,(1). Hence by the Helly
theorem we deduce that there exist a subsequence {f»(;)}72; in {fp ! 520,01 where J7: N — Nis a
strictly increasing subsequence in {J,(1) +j — 1}72,, and a function ny , € Mon(T; N) such that

Np(L, fyp(5), (=00, 8] NT) — n1p(t) as j — oo forall t € T.

Choose the least number j7 € N such that JV(57) > J,(1/2).

Further, by induction, let & > 2 and let a subsequence {pr LG) 3520 in {f7 "} and a number
Jn_y € N such that J} ,(ji_;) > Jp(1/k) be already chosen. Then by the Helly theorem for the
sequence of nondecreasing functions {t — Np(l/k:,ft,zil(j), (—o0,t] N T)}°° P uniformly bounded
on T by the constant M,,(1/k) one can find a subsequence {fJZ( )52y in {ka ) }] i and a function
ngp € Mon(T'; N) such that

Np(l/k,sz(j), (—00,t] NT) — ny,(t) as j — oo forall t € T

Then the diagonal sequence {f;»(;}32; (we denote it by {fp} {fp ) possesses the following
J
property:
lim Np(1/k, f}, (=00, ] N'T) = ny.,(t) forall k € N and t € T.

According to the above reasoning, the diagonal sequence {f] © 1 (we again denote it by { f;}) satisfies
condition (12).

2. Let Q stand for an at most countable everywhere dense subset of T', i.e., Q@ C T C @Q; here @ is the
closure of the set @ in R. Note that any point ¢t € T different from a limit one for 7" belongs to @ ([18],
the proof of theorem 1). With any & € N and p € P the function ny, is monotone on T', therefore the
set Sy, C T of its discontinuity points (all of them are of the first kind) is at most countable. We put

S=QU U U Skp. Then Sis an at most countable everywhere dense subset of T, and if 7'\ .S # 0,
keN peP
then

the function ny, , is continuous at points ¢ € 7'\ S forall k € Nand p € P. (14)
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A GENERALIZATION OF THE HELLY THEOREM 41

Since the sequence {f;} is pointwise relatively sequentially compact and the set S C T' is at most
countable, without loss of generality we assume (if necessary, we proceed to a subsequence in {f;}
with the help of the standard diagonal process) that with each s € S the sequence {f;(s)} converges
in X to some element f(s) € X such that lim d,(f;(s), f(s)) =0forallp € P.

J]—00

If S =T, then the proof is complete. Let S # T. Then we prove that for any point ¢ € 7'\ S the
sequence { f;j(t)} is a Cauchy sequence in X:

'llim dy(f;(t), fi(t)) =0forallp € P.
J,t—00

Let p € P and € > 0 be arbitrary. Choose and fix a number k = k(¢) € N such that 1/k < /3. Since S
is everywhere dense in 7" and (due to property (14)) ¢ is a continuity point of the function ny,, there
exists a point s = s(k,p,t) € S dependent only on € such that ny ,(t) = ny p(s). Let for definiteness
s < t (the case t < s is analogous). Using correlation (12), we choose numbers J; = Ji(k,p,t), Jo =
Jo(k,p,s) € N that also depend only on € such that N,(1/k, f;,(—o0,t]| NT) = ny,(t) for all j > J;
and Np(1/k, f;,(—o00,s]NT) = ny p(s) forall j > Jo. Then proposition (d) of the lemma implies that

Np(l/ka fja [Svt] N T) < Np(l/kv fjv (_Oo7t] N T) - Np(l/ka fjv (_007 S] N T)
= npp(t) — ngp(s) =0 forall j > max{Jy, Jo},

whence we get N, (1/k, f;,[s,t] N T) = 0, and then in view of property (6)
dp(fi(s), f5(t)) < 1/k < e/3.

Since the sequence {f;(s)} converges in the uniform space X, it is a Cauchy sequence ([21], P. 252,
theorem 21). Therefore there exists a number J3 = J3(e,p, s) € N such that

dp(f3(s), fi(s)) < e/3 forall j,1 > Js.
Then the number J = max{Jy, J2, J3} depends only on € and p, and for all 5,1 > J we get

dp(fi (), fi(t)) < dp(f5(1), f3(s)) + dp(fi(5), fi(s)) + dp(fi(s), it)) < e.

Since p € P and € > 0 are arbitrary, this means that {f;(¢)} is a Cauchy sequence in X. By the
assumption of the theorem the sequence {f;(¢)} is relatively sequentially compact, consequently, it has
a limit point; denote it by f(¢) € X. In accordance with [21](P. 252, theorem 21) any Cauchy sequence
in a uniform space converges to its limit point, therefore lim d,(f;(t), f(t)) = Oforall p € P.

J—00

3. Since the space X is Hausdorff, the one-valued function f: 7T = SU (T \ S)—X is correctly
defined on 7" and is a pointwise limit on 7" of the sequence {f;}; by construction the latter is a
subsequence of the initial sequence. By applying proposition (¢) of the lemma, we obtain

Ny(e, f,T) < liminf Ny(e, f;,T) < limsup Ny(e, f;,T) < Np(e)
j—00 j

J—00

forallp e Pande > 0. O

Remark 1. A local variant of Theorem 1 is also valid. Namely, if condition (5) in this theorem is replaced
with that

limsup Ny (e, fj,T Na,b]) < oo foralla,be T, a <b,pe P,ande > 0,

J—00

then some subsequence {f;} converges pointwise on T to a function f € X7 such that Ny(e, f, TN
[a,b]) < oo for all a,b €T, a<b, pe P, and € > 0. One can obtain this assertion immediately by
applying (on the base of Theorem 1) the diagonal process with respect to extending segments.

Remark 2. Without assumption (5) Theorem 1 is not valid. Let us demonstrate this in a simplest
case, when X = R. As is known, no subsequence of the sequence of functions {f;} C RI0:27] where
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[ (t) = |sin(jt)|, converges everywhere on [0, 27]. According to definition (1), N (e, f;, [0, 27]) = 0 with
alle > 1. Let us prove that for any number j € N,

45 < N(e, f;,10,27]) < t? forall 0 < e <1, (15)
whence limsup N (e, f;, [0,2n]) = ooforall0 < e < 1.
j—oo
Itis well-known that V'(f;, [0, 27]) = 45 (5 € N), where V(f, T') stands for the usual Jordan variation
of the function f on T'. Taking into account this fact, as well as the estimate N (e, f,T) < V(f,T)/e that

is valid for a function f € RT of bounded variation, we get the right-hand inequality in (15). If for any
j € Nweputt! =mi/(2j) and [; = [t]_,,t!] foralli = 0,1,...,45, then we find

sin <7;Z> — sin <7T(22_ 1)>‘ =1 forall i =1,...,45.

Hence in view of definition (1) we get the left-hand inequality in (15).

|fi ()] =

Let us return to studying the Hausdorff uniform space (X,U). Recall that an oscillation of
a function f € XT with respect to a pseudometric d, is the value osc,(f,T) = sup|f(I)|, =
I<T

sup dp(f(s), f(t)). The modulus of variation of a function f € XT with respect to a pseudomet-
s,teT

ric dy is a sequence {vp(n, f,T)}>2, C [0, 00] defined for given p € P and n € N by the following rule
([18, 24]):

vyl £.1) = sup { Sl | {7 < r}. (16)
=1

More precisely, equality (16) is used with np =sup{n € N|3{L}} < T} = oo, and if ny < oo,
then vy, (n, f,T) is defined by formula (16) with n < np, and v,(n, f,T) = vp(nr, f,T) with n > np.
Definition (16) implies that v,(1, f,T) = osc,(f,T'). In addition, for § # E C T we put vp(n, f,E) =
vp(n, fle, E).

In [18] (theorem 1) one obtains the following pointwise selection principle: If in assumptions of
Theorem 1 condition (5) is replaced with the following requirement:
tp(n) = limsup v, (n, f;,T) = o(n) forallp € P, (17)
Jj—oo
then the assertion of Theorem 1 remains valid, and the limit function of the extracted subsequence

f € X7 satisfies the condition vy(n, f,T) < py(n) for all n € N and p € P. In (17) the denotation
vp(n, f,T) = o(n) means that lim v,(n, f,T)/n = 0.

This result follows from Theorem 1, taking into account that (17) is equivalent to two conditions,
namely, (5) and lim sup osc,(f;, T') < oo forall p € P. This fact is established in the next theorem.

J—00

Theorem 4. Let {f;} C XT. Then the Jollowing propositions are valid:

(a) for some p € P the condition limsupuvy(n, f;,T) =o(n) is f[ulfilled if and only if
Jj—00
lim sup oscy(f;,T") < oo and limsup Ny(e, f;,T) < oo for all € > 0;
Jj—oo Jj—o00
(b) the condition limsup vy(n, f;,T) = o(n) with any p € P is equivalent to the following ones:
Jj—00
lim sup oscy(f;,T) < oo forallp € P and lim sup Ny(e, f;,T) < oo forallp € Pande > 0.

Jj—00 J—00
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Proof. Propositions (a) and (b) can be proved analogously, so for definiteness let us prove (b).

(b) Necessity. Fix arbitrarily ¢ > 0. In accordance with the restriction imposed on the modulus

of variation, for any p € P there exists a number ng(e,p) € N such that lim supvy(no(e,p), f;,T) <
T2k

eng(e,p). Consequently, one can find a number jy = jo(e,p) € N such that v,(no(e,p), f;,T) <
eng(e,p) forall j > jo(e, p). Since

OSCp(fjvT) = V;D(lvfjvT) < Vp(nO(Evp)7fj7T) < 5”0(671)) for all] > j0(€7p)7 (18)
we get limsup osc,(f;,T) < sup oscy(fj,T) < enp(e,p) < o0.
J—oo Jzjo(e,p)

In view of property (18) for any j > jo(e,p) the function f; is bounded, therefore the sequence
{vp(n, f;,T)/n}se, is nonincreasing for all j > jo(e, p) ([18], the remark to lemma 2). Hence we find

UP(”) f],T)/TL < Vp(nO(Evp)7fj7T)/n0(€7p) < eforalln > nO(Evp) andj > jo(E,p),

which means that  sup vp(n, f;,T) < enforalln > ng(e,p). Let us prove that then
ijO(Evp)

sup  Np(e, f;,T) < no(e,p).
j2j0(57p)

Really, let a number k € N, k& > jo(e,p), be such that Np(s,fk,T) > 0. Then for any natural n
and a set {I;}{ < T such that |fi(L;)|, > e for all i = 1,...,n the inequality n < ng(e, p) is fulfilled;

otherwise, if n > ng(e,p), then sup vp(n, f;,T) > yp(n, I, T) > > | fu(Li)|p > ne, which leads
j2jo(e,p) i=1

to a contradiction. Thus, in accordance with definition (1) the value Ny(e, f;,T) < no(e,p) for all

j > jo(e,p), whence we finally obtain

thllep(E, f]vT) < sup Np(gvfjvT) < nO(Evp) < o0
Jj—0o0 j=jo(e,p)

Sufficiency. Let limsuposcp(fj,T) < M, < oo for all peP. Then for pe P there exists
a number ji(p) € N su]c_l)loothat sup oscy(f;j,T) < Mp. Let € >0 be arbitrary. By condition
lim sup Ny(e, fj,T) < oo for all pjéjgj)therefore for p € P one can find a number ja(e,p) € N such
tfz;?f(e,p) = sup Ny(e, f;,T) < oo. We put jz = max{ji(p), j2(¢,p)}. In view of property (9) for
arbitrary numbérzsj;(;p)jg, n > Ny(e, f;,T) + 1and aset {I;}} < T one can find at least n — N, (¢, f;,T)
;eegrr:;znts I, (allig € {1,... ,n}aredifferent) such that | f;(1;, )|, < eforallk =1,...,n— Ny(e, f;,T).

NP(£:fj7T) ?’L—Np(é:,f]',T)

ST = > 1)+ > i)l < Nyle, £, T) M, + ne forall j > js,
i=1 m=1 k=1
where {ip, }2r ST = giyn A\ (i 322 M5 T) proceeding in the latter expression to supremum for all

{I;}} =< T, we get vp(n, f], T) <N, (s [j,T)M, + ne for all j > js. Consequently, sup vp(n, fj,T) <
7>7s
N(e,p)M, + ne, therefore

limsup v, (n, f;,T) < sup vp(n, f;,T) < N(e,p)M, +ne < 2ne
Jj—o0 J273

with n > max{N(e,p) + 1, N(e,p)M, /e}, which means that limsup v, (n, f;,T) = o(n). O

J—00

Let us adduce an example of a pointwise convergent on [0, 1] sequence of functions {f;} that
satisfies assumptions of Theorem 1, but the existence conditions for the pointwise convergence of
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a subsequence stated in the selection principle proposed in [17, 18] are violated. To this end we
consider the Banach space of summable sequences [; = {x ={x,}2°, CR; |z = D |zn| < oo}.
n=1

Denote by e; € 1 a unit basis vector e¢; = {x,,}°2 ,, for which x,, = 0 with n # ¢ and z; = 1. Let us
define functions f; : [0,1] — ; as follows: f;(t) = je; witht =1/(j + 1) and f;(t) =0 € l; with ¢t #
1/(j +1). Then {f;} everywhere converges to f(t) = 0 € l;. Moreover, by definition { f;(¢)} = {0} € Iy
witht ¢ {1/(n+1)}nen and {f;(t)} = {0,ne,} € [ witht =1/(n+1),n € N, and, as a consequence,
{f;} is pointwise compact. Further, osc(f},[0,1]) = j (tends to infinity as j — o0); N (e, f;,[0,1]) = 2
with 0 < e < j and N(e, f;,[0,1]) = 0 with € > j. Therefore, limsup N (e, f;,[0,1]) = 2 for all € > 0,
J]—00
while lim sup v(n, f;, [0, 1]) = oco.
J]—00

Proof of Theorem 2. Let p € P and € > 0 be arbitrary. Without loss of generality we assume that for
all j € Nthevalue Ny (e, f;,T) > 0. Owing to the uniform convergence of { f;} to f forany §,0 < § < ¢,
there exists a number jo(e,d) € N such that for all j > jo(e, ) the following inequality is valid:

dy(fi(t), f(t)) < (e —9)/2 forall t e T. (19)
Definition (1) withn; = Ny(e, f;,T) > 0and j > jo(e, §) implies that there exists a set {I;};” < T such
that | f;(L;)|, > e foralli =1,...,n;. Then in view of the triangle inequality and correlation (19) for all

segments I; from {I;}}? we get
e < 1Hly < dp(F5(s0), F50)) + dp(F(s:), F(8)) + dplF(8), £5(8)) < £ =6+ | F (L)l
Thus, |f(I;)|, > 6 foralli =1,...,n;, which in accordance with property (8) means that
Np(e, f;,T) = n; < Ny(0, f,T) forall j > jo(e,0).
Hence we get

limsup Ny(e, f;,T) < sup  Np(e, f;,T) < Np(6, f,T) forall 0 <0 <e,
Jj—oo J>jo(e,0)

and, taking into account the fact (proposition (a) of the lemma) that the function § — N, (6, f,T') is
nondecreasing, it remains to proceed to the limit for § — ¢ — 0. O

Proof of Theorem 3. Let us use the idea of the proof of theorem 6 in [26]. Let Ty C T be a zero measure
set (possibly an empty one) such that the sequence {f;(t)} is relatively sequentially compact for all
t € T\ Tp. Let us apply Theorem 1 and the diagonal process. By assumption there exists a measurable
set By C T of measure £(E7) < 1such thatlimsup N,(e, f;, T\ Eq) < oo forallp € P and e > 0. The

Jj—00
sequence {f;} is relatively sequentially compact on T\ (7p U E) and in view of proposition (b) of the
lemma we have

limsup Np(e, f;, T\ (To U E1)) < limsup Np(e, f;, T\ E1) < oo.
Jj—00 J—00
Then in accordance with Theorem 1 one can find a subsequence {f;l) 321 in {f;} and a function fi:

T\ (To U Ey) — X such that f;l) — flonT\ (Ty U Ey) as j — oo and Ny(e, f1, T\ (To U Ey)) < o0
forallp € Pande > 0.

Let k > 2 and let a subsequence {f;k_l) 321 in {f;} be already chosen. Then by assumption there
exists a measurable set Ej, C T of measure L(E}) < 1/k such that

limsup Np(e, f;, T\ Ej) < oo forall p € Pande > 0.

Jj—00

The sequence {f;k_l) 521 with is relatively sequentially compact on the set T \ (To U E}), therefore in
view of proposition (b) of the lemma we obtain
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limsup Ny(e, /I, T\ (Ty U By)) < limsup Ny(e, £V, T\ Ey)

Jj—oo Jj—o00
<limsup Ny(e, f;,T \ E) < oc.
Jj—oo
In accordance with Theorem 1 one can find a subsequence {f;k)}j-‘;l in {f;k_l)};?‘;l and a function

5 T\ (TyU By) — X suchthat f{— ¥ on T\ (Ty U Ey) as j—oco and Ny(e, f*, T\ (Ty U E},)) < oo
forallp € Pande > 0.

We put E =Ty U [ Ek, then the set E is measurable, its measure L(E) equals 0, and T'\ E =

k=1
o)

U (T'\ (To U Ey)). Let us define a function f : T\ E — X as follows: Foreach ¢ € T'\ E there exists a

number k € Nsuch thatt € T\ (Tp U Ey), therefore we put f(t) = f¥(t). The definition of the function f
is correct, i.e., it is independent of the number &: Let a number k1 € N be such that¢t € T\ (Tp U Ey,)

and k < ky (without loss of generality), then the sequence {f;kl)}‘;‘;l is a subsequence in {f](k)};?‘;l such
that

) = lim (@) = im £ = 4 in X
J—00

J—0

Let us prove that the diagonal sequence f](j) (that is a subsequence in {f;}) converges pointwise to f
onT\ E. Really,ift € T\ E, thent € T'\ (T U E) for some k € Nand f(t) = f*(¢). Since {f;j) 2k

is a subsequence in {f;k) 52, we have
Jim £7(0) = lim £ (0) = £5() = () in X

Let us arbitrarily continue f from 7"\ E onto all T"and again denote the continuation by f. For given §>0
we choose k € N such that 1/k < § and put E' = E'(§) =Ty U Ey. Then L(E') = L(Ey) < 1/k <4,
f=ffonT\(ThUEL) =T\ E" and Ny(e, f*, T\ E') = Ny(e, f*, T\ (To U Et)) < oo forallp € P
and e > 0. O

ACKNOWLEDGMENTS

The author is grateful to V. V. Chistyakov for the problem definition, useful discussions, and attention
to this work.

Note added in prool: Since the submission of this paper, works [28] and [29] have been published, where a pointwise
principle of choice have been obtained for real-valued functions in [28] and for functions with values in a metric space in [29)].

REFERENCES

1. E. Helly, “Uber Lineare Functionaloperationen,” Wien. Ber. 121, 265—297 (1912).

2. 1. P. Natanson, Theory of Functions of Real Variable (Nauka, Moscow, 1974)[in Russian].

3. V. V. Chistyakov, “Selections of Bounded Variation,” J. Appl. Anal. 10 (1), =82 (2004).

4. J. Musielak and W. Orlicz, “On Generalized Variations. I,” Stud. Math. 18 (1), 11—41 (1959).

5. D. Waterman, “On A-Bounded Variation,” Stud. Math. 57 (1), 33—45 (1976).

6. S. Gnitka, “On the Generalized Helly’s Theorem,” Funct. Approx. Comment. Math. 4, 109—112 (1976).

7. M. Schramm, “Functions of ®-Bounded Variation and Riemann—Stieltjes Integration,” Trans. Amer. Math.
Soc. 287 (1), 49—63 (1985).

8. S. A. Belovand V. V. Chistyakov, “A Selection Principle for Mappings of Bounded Variation,” J. Math. Anal.
Appl. 249 (2), 351—-366 (2000).

9. V. V. Chistyakov, “On Mappings of Bounded Variation,” J. Dynam. Control Syst. 3 (2), 261—289 (1997).

10. V. V. Chistyakov, “On the Theory of Multivalued Mappings of Bounded Variation of One Real Variable,”

Matem. Sborn. 189 (5), 153—176 (1998).

RUSSIAN MATHEMATICS (IZ.VUZ) Vol.54 No.5 2010



46
L1.
12.
13.
14.
15.

16.
17.

18.
19.

20.

21.
22.

23.
24.
25.
26.
27.
28.
29.

TRET'YACHENKO

V. V. Chistyakov, “Mappings of Bounded Variation with Values in a Metric Space: Generalizations,” J. Math.
Sci. 100 (6), 2700—2715 (2000).

V. V. Chistyakov, “Generalized Variation of Mappings with Applications to Composition Operators and
Multifunctions,” Positivity 5 (4), 323—358 (2001).

V. V. Chistyakov, “Metric Space-Valued Mappings of Bounded Variation,” J. Math. Sci. 111 (2), 3387—3429
(2002).

V. V. Chistyakov, “Mappings of Generalized Variation and Composition Operators,” J. Math. Sci. 110 (2),
2455—2466 (2002).

V. V. Chistyakov, “Multi-Valued Mappings of Bounded Generalized Variation,” Matem. Zametki 71 (4),
611-632(2002).

V. Barbu and Th. Precupanu, Convexity and Optimization in Banach Spaces (Reidel, Dordrecht, 1986).
V. V. Chistyakov, “A Selection Principle for Uniform Space-Valued Functions,” Dokl. Phys. 409 (5), 591—
593 (2006).

V. V. Chistyakov, “A Pointwise Selection Principle for Functions of a Single Variable with Values in a Uniform
Space,” Matem. Tr. 9 (1), 176—204 (2006).

Yu.V. Tret’yachenko, “Existence Conditions for a Pointwise Convergent Subsequence,” Tr. Matem. Tsentra
im. N. [. Lobachevskogo. Teoriya Funktsii, Ee Prilozheniya i Smezhnye Voprosy (Theory of Functions, Its
Applications, and Related Issues), Kazan, 35, 246—247 (2007).

Yu. V. Tret’yachenko, “A Selection Principle for Pointwise Bounded Sequences of Functions,” Tr. Matem.
Tsentraim. N. I. Lobachevskogo. Lobachevskie Chteniya, Kazan, 36, 219—221 (2007).

J. Kelley, General Topology (Springer-Verlag, New York, 1975; Nauka, Moscow, 1981).

R. M. Dudley and R. Norvaisa, Differentiability of Six Operators on Nonsmooth Functions and p-
Variation (Springer-Verlag, Berlin, 1999).

R. L. Jeffery, “Generalized Integrals with Respect to Functions of Bounded Variation,” Canad. J. Math. 10
(4),617—628 (1958).

Z. A. Chanturiya, “The Modulus of Variation of a Function and Its Application in the Theory of Fourier
Series,” Sov. Phjys. Dokl. 214 (1), 63—66 (1974).

V. V. Chistyakov, “A Selection Principle for Functions of a Real Variable,” Atti Semin. Mat. Fis. Univ. Modena
Reggio Emilia 53 (1), 256—43 (2005).

V. V. Chistyakov, “The Optimal Form of Selection Principles for Functions of a Real Variable,” J. Math. Anal.
Appl. 310 (2), 609—625 (2005).

A. A. Tolstonogov, “Some Properties of the Space of Regular Functions,” Matem. Zametki 35 (6), 803—812
(1984).

Yu. V. Tret'yachenko and V. V. Chistyakov, “Selection Principle for Pointwise Bounded Sequences of
Functions,” Matem. Zametki 84 (3), 428—439 (2008).

V. V. Chistyakov, C. Maniscalco, and Yu. V. Tret’yachenko, “Variants of a Selection Principle for Sequences
of Regulated and Non-Regulated Functions,” in: Topics in Classical Analysis and Applications in Honor
of Professor Daniel Waterman (World Scientific, Singapore, 2008), pp. 45—72.

Translated by O. A. Kashina

RUSSIAN MATHEMATICS (I1Z. VUZ) Vol.54 No.5 2010




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


