Advances in Mathematics 300 (2016) 451-472

Contents lists available at ScienceDirect

Advances in Mathematics

www.elsevier.com /locate/aim

MATHEMATICS

Gaiotto-Witten superpotential and Whittaker
D-modules on monopoles

Alexander Braverman *"*

Michael Finkelberg %

@ CrossMark

, Galyna Dobrovolska ¢,

® Department of Mathematics, Brown University, 151 Thayer st, Providence, RI

02912, USA

b Department of Mathematics, University of Toronto and Perimeter Institute of
Theoretical Physics, Waterloo, Ontario N2L 2Y5, Canada

¢ Department of Mathematics, Columbia University, New York, NY 10027, USA
4 National Research University Higher School of Economics, Math. Dept.,

20 Myasnitskaya st, Moscow 101000, Russia

¢ Institute for Information Transmission Problems of RAS, 19 Bolshoj

Karetnyj per, Moscow 127051, Russia

ARTICLE INFO

ABSTRACT

Article history:

Received 28 June 2014
Accepted 2 December 2015
Available online 31 March 2016

Dedicated to the memory of Andrei
Zelevinsky

Keywords:
Monopoles

Zastava

Quasimaps

Whittaker D-modules
Superpotential

Let G be an almost simple simply connected group over C. For

a positive element « of the coroot lattice of G let %a denote
the space of maps from P! to the flag variety B of G sending
oo € P! to a fixed point in B of degree .. This space is known
to be isomorphic to the space of framed G-monopoles on R?
with maximal symmetry breaking at infinity of charge a.

o
In [6] a system of (étale, rational) coordinates on Z¢ is
introduced. In this note we compute various known structures

on Z% in terms of the above coordinates. As a byproduct
we give a natural interpretation of the Gaiotto—Witten
superpotential studied in [8] and relate it to the theory of
Whittaker D-modules discussed in [9].

© 2016 Published by Elsevier Inc.

* Corresponding author at: Department of Mathematics, University of Toronto and Perimeter Institute of
Theoretical Physics, Waterloo, Ontario, Canada, N2L 2Y5.
E-mail addresses: braval@math.toronto.edu (A. Braverman), galdobr@gmail.com (G. Dobrovolska),

fnklberg@gmail.com (M. Finkelberg).

http://dx.doi.org/10.1016/j.aim.2016.03.024
0001-8708/© 2016 Published by Elsevier Inc.


http://dx.doi.org/10.1016/j.aim.2016.03.024
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
mailto:braval@math.toronto.edu
mailto:galdobr@gmail.com
mailto:fnklberg@gmail.com
http://dx.doi.org/10.1016/j.aim.2016.03.024
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2016.03.024&domain=pdf

452 A. Braverman et al. / Advances in Mathematics 300 (2016) 451—472

1. Introduction
1.1. Zastava spaces

Let G be an almost simple simply connected algebraic group over C. We denote by
B the flag variety of G. Let us also fix a pair of opposite Borel subgroups B, B_ whose
intersection is a maximal torus T (thus we have B =G/B = G/B_).

Let A denote the cocharacter lattice of T; since G is assumed to be simply connected,
this is also the coroot lattice of G. We denote by A, C A the sub-semigroup spanned by
positive coroots. We say that a > 8 (for o, B € A) if a — f € Ay

It is well-known that Hy(B,Z) = A and that an element o € Ho(B, Z) is representable

by an algebraic curve if and only if « € A;. Let %a denote the space of maps P! — B
of degree a sending oo € P! to B € B. It is known [6] that this is a smooth symplectic
affine algebraic variety, which can be identified with the space of framed G-monopoles
on R? with maximal symmetry breaking at infinity of charge o [10,11].

o
The scheme Z is endowed with a number of remarkable structures (listed below). On
the other hand in [6] the authors introduce a system of (birational, étale) coordinates on

o

Z%. The purpose of the present note is to compute how these structures look like in the
above coordinates. In particular, it turns out that the Gaiotto—Witten superpotential [8]
admits a natural interpretation in terms of Whittaker D-modules of [9].

1.2. Quasi-maps

The scheme Z® has a natural partial compactification Z¢. It can be realized as the
space of based quasi-maps of degree «; set-theoretically it can be described in the fol-
lowing way:

7= | | Z°x AP,
0<pf<a

where for v € A we denote by A the space of all colored divisors > v;z; with x; € AL,
vi € Ay such that > v; = .

1.8. A “symmetric” definition of the zastava space

Fix A, u € A. Let us denote by % A# the scheme classifying the following data:

1) A G-bundle F on P! with a trivialization at co € P*.

2) A B-structure Fp on F such that the induced T-bundle Fr ; is of degree A. We
require that Fp is equal to B at oco.

3) A B_-structure Fp_ on F such that the induced T-bundle Fr _ is of degree p. We
require that Fp_ is equal to B_ at co.
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[e]
It is easy to see that this is indeed a scheme. Moreover, we claim that Z** is naturally

o
isomorphic to Z*# (Section 6).

1.4. Structures on the zastava space

[e]
It is easy to see that the space Z¢ is endowed with the following structures (the precise

constructions are given in the main body of the paper):

(1)
(2)

[e]
The scheme Z< possesses a natural symplectic structure [6].

There is a natural morphism 7, : % * — A®. Moreover, given 8,7 € Ay let
(AP x A7)qis; denote the space of pairs of colored divisors of degrees 8 and y which are
mutually disjoint. If & = B+ then we have a natural étale map (A x A7) gigy — AL
The factorization is a canonical isomorphism

fﬁ,'y : (A’B X A’Y)disj X pe z = (Aﬂ X A'y)disj X AB x AY (Z’B X Z’Y)

We shall refer to the latter as the factorization property of Zastava.
The Cartan involution on G (which interchanges B and B_ and induces the map

o
t+—t~! on T) induces an involution « on Z® (this is clear from the point of view of
o
the definition of Z given in Section 1.3).
o
Let 0Z% = Z*\Z“. Then 0Z% is a Cartier divisor and moreover it is the divisor of

zeros of some function F, on Z% which is invertible on Z% (this function is unique
up to a multiplicative scalar).
Fix A, u € A such that A—p = «. Then for every simple root ¢&; of G we have canonical

maps €5, 1 2% — HY(PL,0((~&;\), €2 _, : Z& — HY(P',0((~di, p)). The
precise definition is given in Section 6, so let us just explain the definition for G =
SL(2) here. In this case ZM* ~ Z¢ just classifies rank 2 vector bundles F on P!
with trivialized determinant together with two short exact sequences 0 — L, —
F— L' >0and0— L - F — LZ' — 0 with deg Ly = —), degL_ = —p,
where we identify the lattice A with Z in a natural way. In addition F is endowed
with a trivialization at oo, which is compatible with £, and £_; in particular £
and £_ also get a trivialization at oo which allows us to identify them canonically
with O(—=)) and O(—pu) (here we use a notation O(n), n € Z, for a line bundle on
P! trivialized at oo € P!). Hence the above short exact sequences define elements in
HY(P', O(=2))) and HY(PL, O(—2u)).

Let x}, : M0 x HO(P',0((\, ;) — 2)) — C be the composition of €%, ; and
the natural pairing H°(P', O((\, &;) — 2)) x H(P', O(—()\, &;))) — C. Note that an
element of HY(P!, O({\, &;) — 2) can be regarded as a polynomial K; of one variable
z of degree < (A, &;) —2. Similarly, we let x}'_ : Z0 HO(PL, 0({p, &;) —2)) — C be

the corresponding function (obtained by replacing &5 | ; with €7 _ ;). We set €5 ,
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to be the direct sum of all the €% | ; and similarly for € _ (sometimes we shall drop
the indices A, p and « when it does not lead to a confusion). Obviously the maps
¢, and €_ are interchanged by the involution .

1.5. Coordinates on zastava

A system of étale birational coordinates on Z¢ is introduced in Section 2.2. Let us

recall the definition for G = SL(2). In this case % @ consists of all maps P! — P! of degree
« which send co to 0. We can represent such a map by a rational function % where )
is a monic polynomial of degree a and R is a polynomial of degree < a. Let wq, ..., wq,
be the zeros of Q. Set y, = R(w,). Then the functions (y1,. .., Ya,w1,...,Ws) form a
system of étale birational coordinates on % @,

For general G the definition of the above coordinates is quite similar. In this case
given a point in %O‘ we can define polynomials R;, (); where ¢ runs through the set of
vertices of the Dynkin diagram of G' and

(1) @; is a monic polynomial of degree {(a, ;)

(2) R; is a polynomial of degree < («, @;).

Hence, we can define (étale, birational) coordinates (y; ,,w;,) where i is as above
and r = 1,...,{a, ;). It will be convenient for us to use slightly modified coordinates
Vir = Yir Hj# Q;ahdi)/z (w;,). Then the main result of this note is the following

Theorem 1.6.

(1) The Poisson brackets of the modified coordinates (with respect to the symplectic struc-
ture defined in [6]) are as follows:

{wi,mwj,s} =0, {wi,r7Yj,s} = Czi5z'j5rs}’j,s, {Yi,m}’j,s} =0.

(2) (Recall that the boundary equation F, is defined up to a multiplicative constant.) We
have F,, = Hi,r Yir = Hi,r Yir Hj;,éi Q?J ol (wiﬂ”)'
[e]
(3) Let us introduce yet another modified system of rational étale coordinates on Z*: we
define

Yir
P 1.1
Dir = O (we) (L.1)
where Q) stands for the derivative of the polynomial Q;(z). Then we have

Fooy (Wi s Dir)iay = = ((wi,ram,r)ffrgb’} (wm‘)i,r)?glgrgai) . (12

(4) The involution v sends (w;,r,yir) to (w”,yl_j)
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(5) We have

L j£i Q (wz r) .
;yzrl . Qg(wz,r) Ki(wiﬂ") -

a; — (i) /2
- [[.Q (wir)
§ : —1115#i % )
Yir Q;(wz,r) Ki(wi”")' (13)

r=1

Xpy(w,y,2) =

Similarly,

a; (oj,6) /2
- I1 ZQ ” (wi,r)
Xt (w,y,z Zyw ’Z o) Ki(wiz). (1.4)

Remark 1.7. The set of irreducible components Irt® of the central factorization fiber
7,1 (a-0) C Z% is in a natural bijection with the weight o component of the Kashiwara
crystal By(oc0), [2, Section 14]. The involution induced by ¢ on ||, Irr® is nothing but
the involution * : By(oo) — By(o0) of [12, 8.3].

1.8. Relation with the works of Gaiotto—Witten and Gaitsgory

We keep the notation from Theorem 1.6. Let us observe that a monic polynomial K (z)
of degree d is the same as a point in A9, Thus if all K, are monic, together they form

o
an point in A*~2¢. Thus we may regard Xi = Zie[ Xf‘,i as functions on Z® x A~2¢,
Let A = (A1,...,\,) be an unordered collection of dominant coweights whose sum is

equal to A — 2p. Then A defines a locally closed subvariety A* in A*~2¢ (namely, the
moduli space of configurations of distinct colored points z = (z1,...,2,) so that the

o [e]
color of z; is A;) and we denote by x4 the restriction of x} to Z* x A*. We now define

[e] o
the (multivalued) superpotentials Wi’a (hY x Z% x AN — Al by setting

Wipé = Z </\n7 h*>zn - Z<ai7 h*>wi,7" + IOg FO‘ + Xi

1<n<N (z,7)
+ > A Anlog(zm — zn). (1.5)
1<m<n<N

Note that all the summands except the 3rd and the 4th are pulled back from A® x A®.
Also, it is clear from the above definition that the exponential of Wﬁ is well defined as

[e] o
a regular function on hY x Z% x AN, In addition the involution ¢ transforms Wﬁ’a to
WA,a
Let us now assume that G = SL(2). Then it follows from Theorem 1.6 that the function
whe g exactly the Gaiotto-Witten superpotential studied in [8]. We shall from now on
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use this name for W for any GG. We see that the exponential of the Gaiotto—Witten

super-potential is well-defined on Y x %0‘ X IO&A (this is not immediately clear from the
coordinate description).

On the other hand, let s € C be an irrational number. Then the work of Gaitsgory
[9] easily implies the following result:

Theorem 1.9. Let M*“* denote the D-module on Z% x AN generated by the function

o o o
exp(eWh®). Let 70+ bY x Z% x AN — §Y x A” x A be the corresponding morphism.

Then we have Wf’A(Mf’a’A) = 1M MM and it is isomorphic to the minimal exten-

sion of the D-module on the open stratum generated by the function

H exp({An, 2h™)z,) X H exp(— (o, »h™)w; ) X

1<n<N (i,7)
X H (wz’,r - w]‘,s)%ai'aj/Z X H (Zn - wi,r)i;{m.)\n X
(3,7)#(4,8) (4,7),1<n<N
X H (Zm — 2n) " An,
1<m<n<N
1.10. Remark

The above theorem is essentially due to Gaiotto and Witten when restricted to the
open stratum (in this case it is not difficult to deduce it from the coordinate description of
the superpotential). Interpreting the superpotential in terms of (1.5) allows one to extend

this statement to all of A® x A® using the work of Gaitsgory. It would be interesting to
find an interpretation of this refined statement in terms of the Landau—Ginzburg model
studied by Gaiotto and Witten.

2. Recollections about zastava
2.1. Notations

G is an almost simple simplyconnected complex algebraic Lie group. We fix its Cartan
and Borel subalgebras T" C B C G with the Lie algebras h C b C g. The set of simple
roots is denoted I; the simple roots (resp. coroots) are denoted ¢; (resp. «;), i € I. We
fix a Weyl group invariant symmetric bilinear form ?-? on the Cartan Lie algebra b such
that the square length of a short coroot is a; - c; = 2. This bilinear form gives rise to
an isomorphism hY — b so that the root lattice X generated by {c;}ie; embeds into
h. We then have &; - &; € {2,1, %}, and o; - a; € {2,4,6}. We set d; = *5*. Let d be
the ratio of the square lengths of the long and short coroots, so that d € {1,2,3}. We

set CZZ = d/dl Then <Oéi,54j> = a;,d-;xj = dl(il . dj = ddid;jyj .
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For o = Y . ;a;04, a; € N, we consider the corresponding zastava space Z% (see

iel
e.g. [1]) with an open smooth subvariety Z® O Z“: the moduli space of degree o based
maps from C' = P! to the flag variety B = G//B (also known as the moduli space of

framed G-monopoles on R? of topological charge o with the maximal symmetry breaking

o
at infinity). The complementary boundary divisor is denoted 0Z% := Z* \ Z°.
2.2. Coordinates on zastava

Let z be a coordinate on C' = P'. We think of the zastava space Z¢ in its Pliicker
embedding as of collections of degree (o, A) Vs-valued polynomials (here A is a dominant
weight, and Vj is the corresponding irreducible representation) such that the highest
weight component is of the form X 4 (the smaller powers of z), and all the other
weight components are of degree strictly smaller than (a,J\}. In particular, if \ = &;,
a fundamental weight, then the highest weight component is denoted @; (a monic poly-
nomial of degree a; = (a,w;)), and the prehighest weight (= &; — &;) component is
denoted R; (a polynomial of degree < a;). The polynomial @); is determined uniquely by
the (unordered) set of its roots w;,, 1 < r < a;. The ramified cover w : 7% = 7% is
formed by all the orderings of the roots of all the polynomials @;, ¢ € I. We have regular
functions y; » := R;(w; ) on ze. According to [6, Remark 2], on the open subset where
all the roots w; ., ¢ € I are distinct (and w is unramified), {w; ., y; »} form a coordinate
system (an open embedding into A(*2A)),

2.8. A symplectic form and modified coordinates

The main result of [6] is a construction of a symplectic form on Z which extends
as a Poisson structure to Z¢. According to [6, Proposition 2|, the Poisson brackets of
the coordinates of Section 2.2 are as follows: {w; ,,w;j s} =0, {w; r,Yj s} = di0ij6rsyj s,
{yi,rayj,s} =dd; - d]% for i 7é jv and ﬁnauy {yi,rvyi,s} =0.

Following the private communications of S. Oblezin and L. Rybnikov, we consider the
modified rational étale coordinates y;, = y;r Hj 4i Q;O‘f ai)/ Z(Uh‘,r) (they are regular
only on the open subset where all the roots w; ., i € I are distinct).

Lemma 2.4. The Poisson brackets of the modified coordinates are as follows: {w; ,,
w]ﬁS} =0, {wi,r»Yj,s} = di(sij(STSYj,sa {Yi,r7§’j,s} =0.

Proof. Straightforward. O
Note that this is exactly the statement of Theorem 1.6(1).

Definition 2.5. We define the logarithmic coordinates y;, := logy; , on an appropriate
Z!*l-cover of the open subset of Z* where all the roots w;r, © € I are distinct, and

Yi,r 7é 0.
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2.6. A version of zastava

Given A\, € X.(T), we consider the moduli stack Z 1 of the following data:
(a) a G-bundle Fg on C trivialized at co € C; (b) a reduction of Fg to a B-bundle
(a B-structure on F¢) such that the induced T-bundle has degree A, and the fiber of the
B-structure at co € C'is B C Gj (c¢) a reduction of Fi to a B_-bundle (a B_-structure
on F¢) such that the induced T-bundle has degree p, and the fiber of the B_-structure
atcoe Cis B_ CG.

According to [3, Section 2|, Z** is representable by a scheme. More precisely,
«:= X\ — p is automatically a nonnegative combination of positive coroots, and Z*#

[e]
is isomorphic to the zastava scheme Z¢.
The Cartan involution of G interchanging B and B_ and acting on T as t ~— ¢! in-

duces an isomorphism ¢ : %)"” = %_”’_A. The composition %0‘ o~ %’\’” - %_”7_)‘ ~
%a is a well defined involution ¢ : %O‘ = %0‘ (independent of the choice of a presen-
tation @« = A — p: the independence is clear from the description of the identification
M0 70 of [3, Section 2]).

3. Factorization (proof of Theorem 1.6(3))
3.1. Factorization in coordinates

Recall the fundamental factorization property of zastava spaces. For a = 5 + v we
have a natural morphism a : A® x AY — A®. An open subset (A® x A7)qij C (AP x A7)
is formed by the pairs (Dg, D) of disjoint divisors Dg, D., € A'. The factorization is a
canonical isomorphism

fﬁ,,y : (Aﬂ X A’Y)disj XA z% L> (AB X Aw)disj X AB x AY (ZB X Z’Y).
We introduce yet another modified system of rational étale coordinates on Z<: we define

Yi,r
Yir = Q/'(wi-r_) . (31)

Let B =3 ,crbici, v =) ;cs Ciui, so that a; = b; + ;.

ape 1<r<a; __ 1<r<b; bi+1<r<a;
Proposition 3.2. fﬁﬁ/(wiﬁa in)iel t= ((wi,h ULT)ieI 5 (wiﬁa in)ilel 1) .

Proof. We recall the construction of the factorization isomorphism. Let U stand for the
unipotent radical of the Borel B, and let U_ be the unipotent radical of the opposite

Borel (with the same Cartan torus T') B_. Let G/U stand for the affinization of the
base affine space. The quotient stack U_\G/U/T has an open dense point; and the
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complement is a Cartier (Schubert) divisor D. Now Z¢ is the moduli space of degree «
maps C' — U_\G/U/T (i.e. such that the induced T-bundle on C has degree «) such
that oo € C' goes to the complement of the Schubert divisor, see e.g. [3].

For ¢ € Z*, the pullback of the Schubert divisor ¢* D is nothing but 7, (¢) € (C\oc0)*.
Given ¢ € ZP, ¢o € Z7 with disjoint 75(¢1), 7 (¢2), we construct the corresponding
¢ € Z* as follows. Note that the disjointness condition guarantees that U; := C'\ ¢7D
and U := C'\ ¢5D cover C, and ¢1 |1, nu, = P2|uynu, (the constant map to the point).
So we define ¢ by gluing ¢; and ¢o over Uy N Us.

Now let us replace G,U,U_,T by SL%,Ui,Ui,Ti corresponding to the i-th root.

Then SL% /U is isomorphic to a 2-dimensional vector space V;; the right action of T

is isomorphic to the scalar action of C*; the left action of U? is isomorphic to the one
coming from the natural left action of SLj. We have the canonical homomorphisms
xi: U_ = U, and &; : T — T'. We also have a natural projection pr; : G/U —»

SLy/U?. In effect, G/U in Pliicker realization consists of collections of vectors in the
irreducible G-modules. In particular, each collection contains a vector vy, € V,. So we
set pri(”X)I\eX*(T)+ = pr,;(vy,) € Vg:ad B = V;; It is straightforward to check that pr;
is x; : U- — U’-equivariant, and ¢&; : T — T"-equivariant. In other words, we have a
morphism of stacks pr; : U_\G/U/T — U*\SL,/U?/T"?, and the inverse image of the
Schubert divisor D; € U*\SL5/U%/T* lies inside the Schubert divisor D ¢ U_\G/U/T
(in fact, this inverse image coincides with the corresponding irreducible component of D).

Hence we obtain the same named projection pr; : Zg — Z % and the following diagram

sld)
commutes:

pr; )
Zy ——— ZZ

5l

ﬁal wl (3.2)

A L} A(az‘)

Moreover, the following diagram commutes as well:

(AP X AV )i xae 29 =0 (AP X AT )i Xasan (Z8 % 23)

pl pi (3.3)

(ACD) x Al g X p oy 2% BN (ACD % Al gig X o) enien (20 x Z83)

sld sld sld

Hence the proposition is reduced to the case of g = 5[% that will be dealt with in the
next section.

3.8. Factorization for SLy

In this section G = SL%, and to unburden the notations we will write G,U,U_,T
for SL4, Ut Ut T%. We will use another point of view on the factorization. Namely, we
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will think of Z¢ > ¢ : C — U_\G/U/T as of a G-bundle F on C with a general-
ized B-structure, and a U_-structure transversal to the B-structure at co € C'. These
generically transversal structures define a generic trivialization of &, i.e. a point of the
Beilinson—Drinfeld Grassmannian Grpgp. Moreover, since any U_-bundle over C'is trivial,
F is trivial too, and its trivialization at co € C extends to a canonical global trivial-
ization. Thus the above trivialization (coming from two transversal structures) may be
viewed as a rational function C' — G; more precisely, as a rational function f: C — U_
(because of the reduction to U_) sending oo € C to the neutral element of U_. Now recall
that G = SLY, and U_ = G, = A'. Then in the elementary terms f is nothing but %

Back to factorization, it arises from the factorization of the Beilinson—Drinfeld Grass-
mannian. Given G-bundles 7, Fy with trivializations oy, o2 defined on the open subsets
Uy, Us C C such that U; UUs = C we construct a new bundle F with trivialization o on
U =U; NUs by gluing Fi |y, and Fa|y, over U where they are both trivialized.

Given Z° 3 ¢ (resp. Z¢ 3 ¢) corresponding to (F1,Uy,01) (resp. (T2, Us, 02)) and
fi= % (resp. fo = %) we want to compute the result of gluing Z¢ 5 ¢ corresponding
to (F,U,0) and f = g. Note that by the construction, the principal part of f at C'\ Uy
(resp. C'\ Uz) coincides with the principal part of fi at C'\ U; (resp. with that of fy at
C'\ Uy). On the other hand, the rational function f of degree a vanishing at co € C' is
uniquely determined by its principal parts at (C\U;)U(C'\Usz). We conclude f = f1+ fo.
This is equivalent to the desired formula of (3.1) and Proposition 3.2 (since the principal
part of f at w;,, i.e. the residue of fdz at w; ., is given by the formula (3.1)).

This completes the proof of the proposition. O

3.4. Another factorization

Recall from Section 3.3 that the factorization isomorphism
Ty o (A7 X AM)aigg Xae Z% 3 (A7 X A )aisy X psxar (27 % Z27)

(Section 3.1) is induced by the embedding Zo < Grpp(U-) < Grpp(G). Given z =
> @m - Ty € A% the fiber 7,1 (z) goes under this embedding to [, (%o N S,,,) C
Grpp(G). Here Ty C Grg 4, (resp. G, C Gra,s,,) is the semiinfinite orbit U_ (X, )0
(resp. U(Ky,,) - am), and K, D O,  is the local field (resp. ring) around the point
Ty € C, and o, € Grg is a T-fixed point. Note that Ty C Grg is canonically isomorphic
to Gry_ C Grg.

We also have a natural embedding Z%~® < Grpp(G) sending the fiber over z
to [[,,(¥—a,, N Sg) C Grpp(G). Note that &y C Grg is canonically isomorphic to

Gry C Grg. Under the identification Z* ~ Z%~% the factorization of Gry induces the
factorization

fgﬁ (AP X AY)gig Xae Z% 5 (AP x AV )aigy Xasxar (27 x Z7).
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[e] [e] [e] o]
Recall the Cartan involution Z¢ ~ Z*0 5 70— ~ 7 of Section 2.6. The following
lemma is used in the next Section 4.

Lemma 3.5. The following diagram commutes:

(A X AY)aigg Xao 2% —275 (AP X A7) aig X asxar (28 x 27)

Id ml Id xml (3.4)

(e} + (e} (e}
(AP % AM)aig Xae 2% —27 5 (AP x A7) gigs X a5 xan (28 x 27)

Proof. Obvious. 0O
4. Cartan involution (proof of Theorem 1.6(4))
4.1. Involution in coordinates

Recall the modified coordinates y;, of Section 2.3, and the Cartan involution ¢ :

Z% — Z% of Section 2.6.

Proposition 4.2. The involution v :  Z% — Z% in coordinates acts as follows: ¢ :
(wi,T7Y’i,T) — (wi,T7yz’_,f}) (equivalently) (wi,ra yi,'f') = (wi,’!‘a y;rl Hj;éq, Qj_<aj7ai>(wi,7')))'

Proof. Recall that a B-structure on F¢ is encoded in a collection x5 : L5 < V:;\TG of line
subbundles satisfying the Pliicker relations. Equivalently, we can consider a collection

ek Vétc — 'Ly of the quotient line bundles satisfying the Pliicker relations (we

—Wo

have L5 = L* w ;\). Similarly, a B_-structure on F¢g is encoded in a collection of line
—wo

subbundles Ky L/{ — Vﬁ}c or equivalently, a collection of the quotient line bundles
:Zo 5 VérG —» ’L; Let P; (resp. P;") be the i-type subminimal parabolic subgroup
containing B (resp. B_). Then a B-structure on F¢ induces a P;-structure on Fg that
gives rise to a 2-dimensional subbundle V; — V;G (associated to the 2-dimensional
subspace of invariants Vaﬁad Pic V). Similarly, a B_-structure on JF¢ induces a
P -structure on J¢g that gives rise to a 2-dimensional quotient bundle V“:Tic —- V.
We have the natural embedding £y, < V; and the natural projection 'V, — Lg,.
We define the line bundle M; := V; /L, so that we have a short exact sequence 0 —
Ly, = Vi = M; — 0. We define the line bundle ‘M, as the kernel of 'V, — L, so
that we have a short exact sequence 0 — 'M; — 'V, — 'Ly, — 0. We also consider

the composition Ly, — V“;:G — 'V, . We define N; as the cokernel of this composed

o
map. Note that generically over Z*# this composed map is an embedding of the line
bundle £,, so that N; is a line bundle as well, and we have a short exact sequence

0— Ly, — 'V, = N; — 0. Given a general (Fg, k5, m;*) € ZM# guch that N; is a line

bundle, we consider the following diagram:



462 A. Braverman et al. / Advances in Mathematics 300 (2016) 451—472

Ly, — Vy — M,

|1 )

Lo — "V —— N;

Here the rows are the above short exact sequences, the middle vertical map is defined as
the composition V; — \7‘;#(; — 'V, and the right vertical map 9 is defined as follows.
Note that the trivialization of Fg at co € C compatible with the B, B_-structures
gives rise to the trivializations of Lg,,M;,N; at co € C. For degree reasons, M;
is canonically isomorphic to O¢({\, —& + &;)), and N; is canonically isomorphic to
Oc({ar, i) + {p, —@; + &;)). Finally Q € Hom(M;, N;) = I'(C, O({a, 20; — &;))) is defined
as Hj;éi Q;(a.fﬁi)_

Lemma 4.3. The diagram (4.1) commutes.

Proof. Straightforward. O

Now given a general (Sjg,lij\,lig*) € %)‘*“ ~ %"‘, the coordinates w;, are nothing
but the points of C' where the line subbundles £y, — 'V; and 'M; — 'V, are not
transversal. The trivialization of £y, "M; at co € C gives rise to a canonical trivialization
of these line bundles restricted to Al = C'\ {co}. Hence at a nontransversality point

w;,» € Al we have two collinear vectors in the fiber 'V wi.»» and the coordinate y; , is

i
nothing but their ratio.

Since the Cartan involution Z% ~ Z Mt —“s Z=I=X ~ 7 takes (Fa, k5, k5 7) to
(Fa, ﬁ;*, ry), and interchanges the line bundles £y, , M; with and without primes, the
proposition follows. O

5. An equation of the boundary (proof of Theorem 1.6(2))
5.1. An equation in modified coordinates

A regular function F, on Z% was constructed in [1, Section 4] such that the divisor
of F, is the boundary divisor 0Z¢ (the multiplicities of various irreducible components
of the boundary are 1 or d), see [1, Lemma 4.2]. Recall the modified coordinates y;
of Section 2.3.

Theorem 5.2. There is ¢, € C* such that co Fo =1]; , y?,'T =1L, yldlr [z Q?’"aiﬂ (Wi ).

The rest of the section is devoted to the proof of the theorem.
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5.8. Invertible functions on zastava

Let us denote the RHS of Theorem 5.2 by §,. If we can prove that Y, is a regular
(o)
function on Z% invertible on Z% with a correct order of vanishing at 0Z%, then §./F, is

a rational function on Z“ regular and nonvanishing at %a and at the generic points of the
irreducible components of the divisor Z¢. Due to normality of Z¢ [1, Corollary 2.10],
the ratio §o/Fy is a regular invertible function on Z%. Then according to the following
lemma, the ratio §o/F, is a nonzero constant cq,.

Lemma 5.4. I'(Z“,0%,.,) = C*.

Proof. Recall the factorization morphism 7, : Z% — A% Let A C A“ be the diagonal
divisor. For an off-diagonal configuration D € A® the fiber 7, 1(D) is isomorphic to the
(o, p)-dimensional affine space. Hence for f € I'(Z%,0%.) the restriction of f to any
off-diagonal fiber of 7, is constant. Hence f = f o m, for a certain (invertible) function
f on A®. Such f is necessarily constant. O

5.5. Codimension one: A1 and A1 x Ay

The order of vanishing of §, at the generic points of the irreducible components
of 0Z% clearly coincides with that of F,: see [1, Lemma 4.2]. We prove the regularity
of §,. Due to normality of Z< it suffices to check the regularity at the generic points
of divisors w;, = w; . By the factorization property, it suffices to consider the case
a = oy + oj. The case when «; - a; = 0 being evident, we start with ¢ = j. Then we can
assume g = sly, so that Z52[2 ~ At = {(Qi = 22 +aiz+ag, Ry = boz + b1)}. We have
Qi = (z —w1)(z —w2), Ri = (y1(z — w2) — y2(z — w1))/(w1 — w2), so that y1y, is the
resultant R(Q;, R;): a regular function on Z2_, an equation of the boundary.

sl

5.6. Codimension one: As

Next assume ¢ # j, and «; - aj # 0, and d; = d;. Then we can assume g = sl3.
Both fundamental representations V;,,, Vi, of sl3 are 3-dimensional. The zastava space
ZaiJrDLj

sl3

(z — wj,y;, —u) such that y;y; + (w; — w;)u = 0. We have ﬁ\/wy—ﬁj = v—1u:

a regular function on Z:[?aj , an equation of the boundary.

is formed by the polynomials with values in V;,,, Vi, of the form (z — w;, ys, u),

5.7. Codimension one: By

Next assume % # j, and o - o; # 0, and d; = 2, d;j = 1. Then we can assume g = sp,.
The fundamental representation Vg, (resp. Vj;,) is 4-dimensional (resp. 5-dimensional).
The Pliicker coordinates for ng‘jaj are as follows:
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co3  |bo1| z+A
‘503‘ o2 ‘Z+A2‘ .

c bo2 b1z

Here the boxed coordinates are the weight components of V,;,, and the remaining ones are
the weight components of V. They are placed in the weight lattice of Sp(4). The origin of
the weird notation is in [7, Example 2.3.2]. The Pliicker equations are as follows. First, we
have the natural pairing V;,, ® V;; — C coming from V,, C A2V, and A*V,, = C. The
Viy,-valued polynomial must be selforthogonal. The vanishing of the leading coefficient
of the selfpairing is ¢ = 0. The vanishing of the degree zero coefficient of the selfpairing
is 2cozb1a — 2¢3, = 0. Second, we have the projection Vj, ® Vi, — A3V, which must
vanish on our polynomials. The vanishing of the leading coefficient of the projection is
co2 = bp2, co3 = bo3. The vanishing of the degree zero coefficient of the projection is
—co2bo2 + cAg + biaboz = 0, Aibos — Aacoa — boibiz = 0, boacos — boic — bozcoz = 0,
Ascoz — A1bgs + bgicoa = 0. Note that the former quadratic equation is equivalent to
the first quadratic Pliicker equation. All in all, we can take Aj, As, bia, bo1, bo2, bos as
independent coordinates, and we will have three quadratic equations: bp2(A1 — Ag) =
bo1biz, bo3(A1 — As) = bo1boz, b2y = b12bo3 (noncomplete intersection of three quadrics).

To compare with the coordinates of Section 2.2: w; = —A;, w; = —As, y; = bo1, y; = bia.
; ; b2.b .
We have (\/wyfw)zwij = _(w.olf.)a = _59151)2_ = —bg3: a regular function on
j i i j i j i J
Z;}Jraj, an equation of the boundary.
4

5.8. Codimension one: Go

Next assume i # j, and «; - o # 0, and d; = 3, d; = 1. Then g is of type
G2. We have the regular functions w;, wj, v;, y; on ZgiJraj. We have to show that
(7= )? \/(w?imj)?) = \/—1% is a regular function on Zg' "7, According to the
YilYj

formulas of Section 2.3, the Poisson bracket {y;,y;} = —3-"%.- is a regular function.
i j

2 2
Y5 i Y5 1 i Y3 i Y3
Furthermore, {ym%} = yz% + vivilvi o= = *3(11,3’/_%].)2 + (wf’_ijjjy =
2 2, 3
—2% is a regular function. Finally, {y;, (wzliijj)z} = — (w?jfljj)g is a regular func-
tion on Zg' .

5.9. Invertibility

The last thing to check is the invertibility of §, on Z<. To this end recall the Cartan

involution ¢ : Z% — Z“ of Section 2.6 and note that according to Proposition 4.2 we
have 0t =F, 1.
The theorem is proved. O
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Remark 5.10. Here is an alternative way to prove the invertibility of §, on %az much
shorter but less elementary. According to [1, Proposition 4.4], the weight of F, with
respect to the loop rotations in all the examples of Section 5.6, Section 5.7, Section 5.8 is
equal to one. If §, were not regular on Z?, for certain m > 0 the function (w; —w;)™Fa

would be regular on Z* and invertible on %a. Thus, the ratio (w; —w;)™Fo/Fa would be
invertible on Z% (since the numerator and denominator have the same order of vanishing
at the boundary 0Z%) and hence constant by Lemma 5.4. Since the weight of both
(w; — w;) and F, with respect to the loop rotations is also equal to one, we conclude
m = 0: a contradiction with our assumption m > 0. Hence we have proved the regularity

of §o on Z* and simultaneously the invertibility of §, on Z%. The general case is reduced
to the above examples by factorization.

This completes the proof of Theorem 5.2. 0O
6. An Ext calculation (proof of Theorem 1.6(5))
6.1. PGLay-bundles

A PGLy-bundle with a flag on C' = P' can be viewed as a short exact sequence
0—-L—V—>M-—0 (L and M are the line bundles, and V is a rank two vector bundle)
modulo the twistings by the line bundles. In particular, the line bundle M™!' ® £ =
Fom(M, L) is well defined: this is nothing but the induction of the Borel bundle to
the Cartan bundle. We consider the moduli stack F5 of PGLs-bundles with a flag on
C equipped with a trivialization at oo € C of the corresponding line bundle M~! ® L.
The connected components of F5 are numbered by the integers degM — deg L. On a
connected component F%5, we have a canonical isomorphism Hom(M, L) = O¢(—n),
and so Ext'(M, L) = H'(C,0(—n)) = H°(C,O(n — 2))V. Thus we have a morphism
E: 3 — H°(C,0(n —2))".

6.2. A map to Bzt

By Pliicker, we may view a B-structure on F¢ as a collection of line subbundles
L5 C V)SLG satisfying the Pliicker relations (here A runs through the cone of dominant

weights of G, and Vég is the vector bundle associated to the irreducible G-module Vy

with the highest weight 5\) For a B-structure coming from a point of %/\’“ we have
deg L5 = —(\, 5\> The trivialization at oo € C extends to a canonical isomorphism
L5 =0c(—(\, A)). Since the assignment X — L5 is multiplicative in A Liro =LiRL5,
we can extend the notion of £y for arbitrary weights ¥ € X*(T"). We have a canonical
isomorphism L5 = Oc(— (A, ¥)).

For ¢ € I we have a morphism 3; : %)‘7“ — ?éA’di> defined as follows. Let G D P; D B
be the i-type subminimal parabolic subgroup. We have the projection P; — L; to the
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corresponding Levi, also we have the projection L; — PGLy, and so the composed
projection B — P; — L; —» PGLs. Given a B-reduction of a G-bundle on F¢ trivialized
at oo € C, we consider the induced PGLs-bundle. It comes equipped with a flag and
trivialization at oo € C. This is our desired J3; applied to Fe with the B-structure (note
that we have not used the B_-structure).

If we specialize to the case (A, u) = (a,0), the assumption p = 0 guarantees that the
B_-structure further reduces to the U_-structure (where U_ is the radical of B_). Since
any U_-bundle on C = P! is automatically trivial, the ambient G-bundle Fg is trivial
too, and its trivialization at co € C extends to a canonical trivialization over C. Thus we

[e] o]
arrive at an identification Z*? ~ Z¢ with the usual zastava space, i.e. the moduli space

of degree a based maps from (C, 00) to (B, B). For ¢ € Zo let us describe explicitly two
particular representatives (2-dimensional bundles with a flag) of JB;(¢).

We have a projection p; : B = G/B — G/P; =: B;. We define B’ := B x5, B, and
p': BP — B (the first projection). By construction, p’ is a P!-bundle over B equipped
with a canonical (diagonal) section A?: B — Bi. We define V, := piOz:(A?) D L) :=
pLOg: = Op. Thus we get a short exact sequence 0 — £ — Vi — M, — 0 trivialized at
B € B; here M, = Og(&;). Finally, B;(¢) = {0 = ¢*L; — ¢*V, — ¢* M, — 0}.

Alternatively, let Vy, be the trivial vector bundle over B associated with the fun-
damental G-module V. It has a line subbundle £;: the fiber £;|p: is the B’-highest
line Vaf}ad B qf P! is the i-type subminimal parabolic containing B’, then the invari-

ants V;: ad F/ are 2-dimensional (the highest and next highest lines), and as B’ varies
in B, we obtain a 2-dimensional subbundle V; C V.. Thus we have a short exact se-
quence 0 — £; — V; = M; — 0 trivialized at B € B; here £; = Og(—w;), and

Finally, we define €; : Z** — Ext'(O¢,Ls,) = Ext'(Oc, Oc({n — A\, &))) as the

composition ZM# ~ ZA =0 Eiy gh=indd B g9, 00 ((n— X, &)
6.3. Recollections of [9]

We recall some of the constructions of [9] in the particular case of a curve of genus 0
(projective line C). In this case the canonical bundle w¢ is isomorphic to O¢(—2), and

we choose a square root wlc/Q ~ Oc¢(—1). Let A = (A1,...,An) be an ordered collection

o
of dominant coweights. Let A* be the moduli space of ordered configurations of distinct
[e] [e]
points (z1,...,2y € Al). Let A®* C A® x A® be the open subspace formed by the

configurations of pairwise distinct points. For i € I and z € A® we define a monic
polynomial K;(2) :=[[;<,,<y(z — 2 ) Pmodi)

[e]
Given a point z € A®, we consider a moduli stack 20, 5 classifying the following data:

a) A G-bundle F5 on C; (b) For each dominant weight X a nonzero map £ : w<p’5‘> —
(a) g p &

Vé“c having the poles of order exactly A; at z;, and regular nonvanishing at C'\ {z}. Here
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Vérc is the vector bundle associated to Fg and the irreducible G-module V’\ and w<p A

stands for (w 10/2) (20.3) A
(cf. [9, 2.1, 2.6]).

. A
Alternatively, note that |w,<;’*>(7 SN ko)

age is a line subbundle £5 C Vé‘rc. So 20, 5 is the moduli stack of the collections

The collection of maps k* must satisfy the Pliicker relations

is a regular embedding, and the im-

of line subbundles L5 C VS‘G satisfying the Pliicker relations plus the identifications
L5 = wlf (= SN A X) - z).

Slnce the assignment N Ly 5 is multiplicative in \: L i+ = L ® Ly, we can extend
the notion of £ for arbitrary weights ¥ € X*(T). The construction of Section 6.2 defines
a morphism €; : 20, A — Ex‘cl(Oc7 %;)- The canonical embedding L4, < w<p’a‘> = we
gives rise to the projection Ext'(O¢, Ls,) = Ext'(0¢,we) = Al Composmg it with &,
we obtain a function y; : 2, A — Al

Following [9, 4.3] we consider the moduli stack 20‘ — 2, A classifying the same data
as 20, A plus (a) a trivialization of Fg at co € C' such that the B-structure (given by
the collection {55‘}) at oo coincides with B C G; (b) an additional B_-structure on Fg
of degree —2p — o equal at co € C to B_ C G. By an abuse of notation we preserve

[e]
the notation x; : 2% — A! for the composition of x; : 20, o — A! and the projection
2% — 2, p. According to [9, 4.5, 4.6], the stack Z% is actually a scheme; moreover,
o o] [e]
we have a canonical isomorphism 2% = Z~27=2,~% = 7 Thus we obtain a function

[e] [e]
Yi : Z% — Al. If we allow z to vary in A*, we obtain the same named function y; on
[e] [e]
Z* x AM,

[e] o
Theorem 6.4. The function x; on Z% x A® in the coordinates (w, Y, z) is given by

a; —Oéx,éti)
1 Hj;éi Q; (wi,r)
i(w,y,z) = i K (w; r
Xi(w,y.2) =Y y; ) (wi,r)

;) /2
—Z _1H#ZQQ<w”) ) k).

r=1

Proof. Recall the involution ¢ : Z® —s Z% of Section 2.6. We have to prove that
Xiovw,y,z) = Yoo Yir Ki(wi )/ Q4 (w; ). Recall also the modified coordinates v, , :=
Q[l(l;’f 5 of (3.1). Thus we have to prove

XiOL w,n,z ZU'LT wzr (61)

o
Recall the map &; : ZM* — Ext'(O¢, Lg,) of Section 6.2. We have to prove its factor-
ization property, i.e. the commutativity of the following diagram:
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o + o o
(AP X A7) aig Xae 2% —20 5 (AP x AV)aigg X asan (25 x Z7)

&l @ix&l (6'2)

Ext'(0c,La,)  +—— Ext'(0¢,Ls,) x Ext'(0c, L£4,)

Unraveling the definition of &; and using the compatibility of factorizations (3.3) we
reduce the problem to G = SL%. This problem is formulated as follows. For a point € C
and a line bundle € on C we have a natural map ¢, : (ERe.K:)/(ERo.O0x) — HY(C,E)
arising from the identification (E®o, K1)/ (E®o, Oz) = 7€/ and the boundary map in
the long exact cohomology sequence coming from 0 — & — j.& — j.E/E — 0 (here j is
the open embedding C' \ {2} — C). Given a short exact sequence 0 = £L =V — M — 0
as in Section 6.1, its local splittings form a torsor T over & = Hom (M, £) with the class
e(T) € HY(C,¢&). Given a generic splitting of this exact sequence we obtain a generic
section s of J. Choosing a local splitting around x we obtain s, € € ®¢, K, whose
principal part in (€ ®o, Kz)/(€ ®o. O) is well defined, i.e. independent of the choice
of a local splitting. Then clearly e(T) = o vz (s2).

This completes the proof of Theorem 6.4. O

6.5. More recollections (proof of Theorem 1.9)

Recall the sequence of morphisms 70 ~ 722 %a — W, A — Bung(0)
of Section 6.3. The line bundle P on % @ is defined as the inverse image of the determinant
line bundle on Bung(C), cf. [9, 2.2]. In fact, P is the restriction of the same named line
bundle on Z¢ with the canonical section Fy,, see |1, 4.9]. Hence F,, gives rise to a canonical
trivialization of P on % . Given a level s € C, Gaitsgory constructs a certain P*-twisted
D-module 57, on 70 x AN (as a lift from 20, A x &A) [9, 2.7]. It is smooth of rank 1 on

o [e] [e]
Z x AM but has irregular singularities at 9Z% x A*. In case s is irrational, F° 7 is clean.

[e]
The trivialization of P on Z gives rise to the identification of P*-twisted D-modules

with the usual D-modules, and then the corresponding D-module "J'“Z’/triv on 2% x AM is
generated by the function F7 - exp(xi) - [[1<imen<n (Zm — 2 )Am A

According to [9, Lemma 4.9] there is a canonical isomorphism P = 7% Pae for a certain
line bundle Ppo on A [9, 3.2]. For irrational s [9, Theorem 6.2] identifies 7o F7 =

WQ*IFZ A as the minimal extension LZ A of a smooth rank 1 P¥,-twisted D-module from

the open diagonal stratum of A* x &A. The trivialization [9, 3.12] of Pge on A% x 10%/\
gives rise to the identification of P¥.-twisted D-modules with the usual D-modules, and
then the corresponding D-module LZ’XHV is the minimal extension of the D-module on
the open stratum generated by the function

H (wi,r_wj,s)%aiﬂjﬂ « H (Zn—wiﬁ)i%ai.)\" > H (Zm_zn)%)\mi)\"-

(2,7)#(5,8) (¢,r),1<n<N 1<m<n<N
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[e] o
More generally, we consider the D-module M**A on hY x Z% x A® generated

by the function [[,., <y exp({An, 5h*)2y) - H(i,r) exp(— (o, h™)w; ) - FZ - exp(x;) -

)u)\m-)\n

[li<men<n(Zm — 2n Then for irrational s the direct image moM**A =5

Tax MM is isomorphic to the minimal extension JV[

s, triv

', of the D-module on the open

diagonal stratum of hY x A® x AA generated by the function

H exp({An, 2#h™)zp) X Hexp (evi, 2h™Yw; ) ¥

1<n<N
oo /2 — 0 An
X H (wir — wj,s) 12 x H (2n — wi,) X
(3,r)#(4,9) (i,r),1<n<N
2 AmAn
X H (Zm — 2n) .
1<m<n<N

~

In effect, the isomorphism maM* A =5 1 M*A M:f’;‘v]\ follows from the
Sr% Jtrive o~ Sr% Jtrive ~ L% Striv R

— Tax and the projection formula. The latter
isomorphism is proved in [9] for any fized value of z. To prove it for variable 2z it remains
to identify the monodromy of the one-dimensional local system 1 M*®* on the open
diagonal stratum. This follows from the computation of the Proposition 6.7 below.

isomorphism 7,

6.6. The master function and the Gaiotto—Witten superpotential

The (multivalued) Master function [5, Section 3] on hY x A%4 is defined as follows:

O(h*,w,z) = Z (An, K )z — Z(ai,h*)wi,r + Z % log(w;,r — wjs) —

1<n<N (i,7m) (z2,7)#(5,8)
- Z a; - Aplog(zn —wi ) + Z Am - Ap log(zm — 2n).
(i,7),1<n<N 1<m<n<N

(6.3)

[e] o [e] o
We define an open subvariety Z%* C Z% x A as the preimage of A" under the
o [e] o]
factorization morphism 7, : Z x AM — A® x A*. Recall the logarithmic coordinates

yir of Definition 2.5. The multivalued superpotential WA on hY x Z4A is defined as
follows (cf. [8]):

WA’a(h*vwaX7§) = Z <)\n7h*>zn - Z<aza wz r+ Z szz r

1<n<N (z,7) (i,7)

[ Q- @&/

i@ (wi,r)

+ 3 exp(—yi,) 27 T Ki(wi,) +
(ir) s

+ Z Am A log(zm — zn). (6.4)

1<m<n<N
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Proposition 6.7. a) The restriction of WM to each fiber of the factorization projection
hY x ZO‘ A 5 pY x Aa A has a unique singular point (with all the derwatwes vanishing).

b) For any h* € bV, z € AA the resulting section sp-  : Aa — Z“ is Lagrangian.
c) The restriction of WA to the section in a) equals the Master function .

Proof. Straightforward. 0O
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Appendix A

In this appendix we give another (elementary) derivation of a particular case of The-
orem 6.4 for G = SL(2).

A.1. Zastava for SL(2)

For G = SL(2) the coroot lattice is just Z, and given a € N the moduli space of based
maps Z° is identified with the moduli space of extensions 0 — O¢(—a) = Oc ® O¢ —

Oc(a) — 0 trivialized at co € C. So we have a map € : Zo Ext'(0¢(a),0c(—a)) =
I['(C,0¢(2a —2))V.

Proposition A.2. For a polynomial K € H°(C,0c(2a — 2)) we have (K,&) =

- _1 K(wy)
Zy’r‘ Q/(w/r)-

r=1

Proof. We denote H°(C,0¢(1))Y by V (a 2-dimensional vector space with a base
formed by the highest vector « and the lowest vector t). We have Ext*(O(a), O(—a)) =
[(C,0(2a—2)) = Sym?* V. We will write down an element of Sym**~ 2V in the basis
of products of divided powers of z,t : cox" =2 4. . 4z 2=Rt0) 4 4y, ot(2072),

For a point ¢ € %“, the first map in the corresponding exact sequence 0 — O¢(—a) —
Ocz ® Oct — Oc(a) — 0 is given by a pair of polynomials (@, R), and the second one
is given by (—R,Q). In the corresponding long exact sequence 0 = H°(O¢(—a)) —
H°(Oc ® O¢) — H°(O¢(a)) = H*(Oc(—a)) — ... the boundary map is given by the
cup product with our desired Ext'-class &(¢) in Sym?*~? V. Note that H°(O¢(a)) =
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Sym®VV, and H'(Oc(—a)) = Sym® ?V. So the boundary map is the contraction
Sym® VY — Sym“® 2V with the desired class (¢) € Sym®*~? V. Since the composition
H°(Oc®0¢c) — H°(Oc(a)) — HY(O(—a)) is 0, and the first map is given by (— R, Q), we
conclude that the contraction of €(¢) and @ equals 0, as well as the contraction of &(¢)
and R. This is a system of linear equations on &(¢) which defines it up to proportionality.
To write down the formula for contraction, we think of @), R as of differential operators
Q=00 +...+a, 007 0F + .. 42,08, R=bod2 '+ ...+ bpd? 1 7F0F + ... +b,0f 1,
and then the contraction is nothing but the application of differential operators @, R to
the polynomial € := coz2*=2) 4 | 4 ¢pu(2e—2-R(k) £ 4y, ot(20-2)

Note that the matrix of this system of equations is (up to proportionality) exactly

1 a7 ...a, 0 ... 0
the Sylvester matrix S = bOO b1 O bal,l E:)l a(;l with the middle
0o ... 0 bg by ... bg_1

row (the first one with b’s) removed. Solving it via the Cramer rule we obtain ¢, =
(—1)*det S~ times the (2a — 2) x (2a — 2)-minor of the Sylvester matrix obtained by
removing the middle row and the k-th column. Note also that the resultant R(Q, R)
is nothing but detS, and R(Q, R) # 0 under our assumptions: (Oc @ O¢)/Oc(—a)
torsionless.

Equivalently, if we think of @, R as of two (relatively prime) polynomials in z = 9,,/0;
(as in Section 2.2), then the equation RD — QF = 1 has a unique solution such that D
is a polynomial in z of degree a — 1, and F' is a polynomial in z of degree a — 2. The

principal part at co € C of the ratio ggz; is nothing but € + < +.. .+ 32=2 4. .. (¢ from

the previous paragraph). By the Lagrange interpolation we find ¢, = Y v_; wé,lzgf;) =
Sy % =2 o ( . The desired formula for (K, &) follows. O

Remark A.3. We keep the notations introduced in the proof of Proposition A.2. Let us

define ¢y, ..., Goq_2 by gg; = C" +3 4.t -2 | Then by the Lagrange interpo-

z

lation ¢, = > 0, Q ( Accordmg to L. Kronecker [13], the resultant R(Q, R) = det L
CO 51 52 e Ca_1
¢t C C3 ... Ca

where L is a Hankel matrix L := Ca € C4 ... Cat1 |.Weobtain R(Q,R) =

Ca—1 Ca Ea+1 (R E2a72
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Co C1 C2 N Cq—1

C1 C2 C3 N Cq
R(D,R)~! = det L~! where L is a Hankel matrix L := [ €2 ¢ €14 ... Cap1
Ca—1 Ca Cat1 --- C20-2

This identity R(Q,R) = det L~ was independently obtained by A. Uteshev (pri-
vate communication). Note that the equation det L = 0 is the equation of the locus
in Ext'(O¢(a), 0Oc(—a)) formed by the extensions with the middle term a nontrivial
2-dimensional vector bundle on C' [4].
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