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Abstract The category of character D-modules is realized as Drinfeld cen-
ter of the abelian monoidal category of Harish-Chandra bimodules. Tensor
product of Harish-Chandra bimodules is related to convolution of D-modules
via the long intertwining functor (Radon transform) by a result of Beilinson
and Ginzburg (Represent. Theory 3, 1-31, 1999). Exactness property of the
long intertwining functor on a cell subquotient of the Harish-Chandra bimod-
ules category shows that the truncated convolution category of Lusztig (Adv.
Math. 129, 85-98, 1997) can be realized as a subquotient of the category
of Harish-Chandra bimodules. Together with the description of the truncated
convolution category (Bezrukavnikov et al. in Isr. J. Math. 170, 207-234,
2009) this allows us to derive (under a mild technical assumption) a clas-
sification of irreducible character sheaves over C obtained by Lusztig by a
different method.
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590 R. Bezrukavnikov et al.

We also give a simple description for the top cohomology of convolution
of character sheaves over C in a given cell modulo smaller cells and relate the
so-called Harish-Chandra functor to Verdier specialization in the De Concini—
Procesi compactification.
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1 Introduction

The goal of this paper is to reach a better understanding of some aspects of
Lusztig’s theory of character sheaves.
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Character D-modules via Drinfeld center 591

Let G be a semi-simple split algebraic group with a Borel subgroup B.
Character sheaves were developed in [23-27] as a tool for description of char-
acters of the finite group G (F,). For simplicity, in the introduction we restrict
attention to the case of unipotent character sheaves.

The set Repunip(G(IFq)) of unipotent irreducible representations of G (I,)
contains the set PS(G(IF;)) of representations generated by a Borel in-
variant vector (also known as the principal series). It is well known that
PS(G(IF;)) is in bijection with simple modules over the Hecke algebra
H =C[B(Fy))\G(F,)/B(F,;)] which is a semi-simple algebra isomorphic to
C[W]. Thus the cardinality of PS(G(FF,)) equals the dimension of the center
Z(H).

Though for G of type A, we have Rep,,,;,(G(Fy)) = PS(G(Fy)), in gen-
eral PS(G(Fy)) C RepuniP(G(IE‘q)). The main point of the present paper is
related to the fact that the cardinality of Rep,,;,(G(Fg)) equals the rank of
the Grothendieck group of the categorical (Drinfeld) center of the categorical
Hecke algebra. In fact, this categorical center is identified with the category of
character sheaves. Furthermore, the irreducible character sheaves correspond
to irreducible objects in the categorical center of the categorical asymptotic
Hecke algebra.

Let us now make this more precise. By the categorical Hecke algebra we
mean, following a well established pattern, the B equivariant derived category
of sheaves on the flag space G/ B (or a technical variation, such as the derived
category of T x T unipotently monodromic N equivariant sheaves on G/N;
we will ignore the difference in the rest of the Introduction). In fact, we work
on the De Rham side of the Riemann-Hilbert correspondence over a field
of characteristic zero, thus the original motivating setting of groups over a
finite field will not be mentioned below (we plan to return to it in a future
publication).

Instead we consider the category of B-equivariant D-modules on G/B.
This can also be realized as the category of G-equivariant D-modules on
G/B x G/B. By the Beilinson-Bernstein Localization Theorem this category
is equivalent to the category HC® of Harish-Chandra bimodules with trivial
central character (more general central characters are considered in the main
body of the paper; also, for technical reasons it is better to work with the

category HC® of Harish-Chandra bimodules with a trivial generalized central

character). The tensor product of bimodules provides HC® with a monoidal

structure, taking the left derived functor of the right exact tensor product we
AL

get a monoidal triangulated category (DHC?, ®y).

The natural exact equivalence of HC® with a category of D-modules does
not intertwine this monoidal structure with convolution of complexes of D-
modules. However, the composition of this equivalence with the long in-
tertwining functor I,,, turns out to be monoidal, by a result of [3]. Thus
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AL
(DHC®, ®y) can also be thought of as a categorification! of the Hecke al-
gebra H.
Our first result, explained in Sect. 3, asserts that the Drinfeld center of the

abelian category HC' is canonically equivalent to the category of character
D-modules on the group G. An essential step in the argument is an exactness
property of the functor HC, which is a categorification of the action of the
group algebra of G(IF;) on a principal series module. The functor HC itself
is not exact, however, we show that its composition with an appropriate direct
summand in the functor of global sections is exact. Using a result of Beilinson
and Bernstein [2], the latter statement can be reformulated geometrically, as
exactness of the composition of HC with the (inverse to the) long intertwin-
ing functor.” In the last Sect. 6 we sketch a proof of the fact that this exact
functor can be described as Verdier specialization functor from D-modules
on G to D-modules on the punctured normal bundle to a stratum in the De
Concini—Procesi compactification (Corollary 6.2)—this statement allows one
to reprove the exactness property, but is also of independent interest.

In Sect. 4 we consider a filtration on the category of Harish-Chandra bi-
modules according to the support of a bimodule. It turns out that the sub-
category of semi-simple objects in the subquotient category is closed under
tensor product; the resulting semi-simple monoidal category turns out to coin-
cide with the truncated convolution category introduced in [28]. This follows
from the fact that the functor on the subquotient category induced by I,
is exact up to a shift. The relation between Lusztig’s asymptotic Hecke al-
gebra J (which is well-known to be identified with the Grothendieck group
of the truncated convolution category) and tensor product of Harish-Chandra
bimodules is implicit in the work of A. Joseph, cf. e.g. [17, 2.3(1)].

In Sect. 5 we check that irreducible objects in the center of the category of
Harish-Chandra bimodules are in bijection with irreducible objects in the cen-
ter of the category of semi-simple objects in the associated graded category
with respect to the support filtration—i.e., roughly speaking, taking center of
the monoidal category commutes with passing to the semisimplification of the
associated graded. The argument uses a technical statement that the action of
the center of Harish-Chandra modules on the subquotient category preserves
the subcategory of semi-simple objects. This is deduced from a recent result
of I. Losev [20] recalled in 5.3.

This is used to deduce Lusztig’s classification of irreducible character
sheaves. Namely, to each 2-sided cell ¢ in W Lusztig assigned a finite group

ISee e.g. [30] for a somewhat different (though related) approach to categorifying the Hecke
algebra and its modules.

ZWhat we call an intertwining functor is sometimes called, depending on the context and on
the author, a Radon transform functor, or a shuffling functor, or a twisting functor.
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Character D-modules via Drinfeld center 593

G.. He has shown that the set of irreducible unipotent character sheaves is in
bijection with the set | J.{(y, ¥)}/G. where y € G. and ¥ is an irreducible
representation of the centralizer of y in G, i.e. by the union over ¢ of the sets
of irreducible conjugation equivariant sheaves on G.. The description of the
truncated convolution category from [7] (conjectured by Lusztig and recalled
below before Corollary 5.4) together with 2-Morita invariance of categorical
center implies that irreducible objects in the center of truncated convolution
category are indexed by this set. Since the semi-simple part of the associated
graded for the support filtration on Harish-Chandra bimodules is identified
with the truncated convolution category, we get the classification result.

This also implies that truncated convolution of character sheaves modulo
smaller cells corresponds to convolution of conjugation equivariant sheaves
on the finite group G, (though the definition of the braided category of sheaves
on G, has to be modified in some cases in order to upgrade this to a tensor
equivalence, see Corollary 5.4). We note in passing that a different statement
of a similar nature was conjectured by Lusztig [29]. While in the present
paper we define truncated convolution of character sheaves as the component
of their convolution concentrated in a certain homological degree, Lusztig in
loc. cit. considers a component of a certain weight.

Let us remark that the description of the truncated convolution categories
which plays a crucial role in our proof of the classification was proved in
[7] in a somewhat indirect way, using, in particular, the embedding of finite
Hecke algebra into the affine one, and its categorification. A more direct ap-
proach based on representations of finite W-algebras will be presented in a
forthcoming paper [21], see footnote after Theorem 5.3 below.

Let us mention also that the idea to relate Drinfeld center to character
sheaves has been implemented in a different way by Ben-Zvi and Nadler [6],
who have obtained a result resembling our Theorem 3.6. However, their ap-
proach is different from ours in that they work with the full triangulated cat-
egory of equivariant complexes on G/ B rather than with the abelian heart of
a particular z-structure. The categorical center construction does not produce
reasonable results when applied to triangulated categories, and the recent for-
malism of derived algebraic geometry is employed in [6] to overcome this
difficulty. Our observation on the exactness property of the horocycle trans-
form (Proposition 3.1(b)) allows us to bypass that difficulty by working with
abelian categories; thus the technique of the present paper is more elementary
than that of [6]. Also, the application to classification of irreducible character
sheaves, which was one of our main motivations, does not appear in [6] and
is unlikely to be accessible by its methods alone.

The statements established in this paper for D-modules have obvious ana-
logues in the setting of perverse sheaves in classical topology over C and
[-adic sheaves. Although the proofs in the first setting could be deduced from
the results below via Riemann—Hilbert equivalence, it would be desirable to
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find direct geometric proofs applicable also to /-adic sheaves. We plan to re-
turn to this problem in a future publication.

2 Setup
2.1 Notations related to G

Let G be an almost simple complex algebraic group. We denote by T the
abstract Cartan group of G. We also fix a Cartan and Borel subgroup 7' C
B C G. The Weyl group of G is denoted by W. We denote by N the unipotent
radical of B. The Lie algebras of 7 C G are denoted by t C g. We denote by
A the weight lattice of 7. We denote by 2p € t* the sum of positive roots of
T C B. We fix a dominant regular rational weight A € t*, that is A does not
lie on any coroot hyperplane shifted by —p, and the value of A at any positive
coroot is not a negative integer. We consider ¢ := exp(2wil) as an element
of the dual torus T. We denote by B the flag variety G/B, and we denote
by B the base affine space G/N. The horocycle space ) is the quotient of
G/N x G/N by the diagonal right action of Cartan 7. It is a G-equivariant
T -torsor over B x B.

2.2 Sheaves on horocycle space

We consider the category P¢ (resp. 732) of G-equivariant 7-monodromic per-
verse sheaves on Y with monodromy (resp. generalized monodromy) ¢. We
denote by DP¢ (resp. D772) the G-equivariant constructible ¢-monodromic
(resp. generalized ¢- monodromlc) derived category on ). By the Riemann-
Hilbert correspondence, 735 is equivalent to a certain category MHA of G-
equivariant Dy-modules. Let p stand/g)r the projection B x B— Y. Then
the functor p'[— dim 7'] identifies M**4 with the category of G-equivariant,
T -equivariant (with respect to the diagonal right action) Dj, z-modules such
that C[t*] ® C[t*] (acting as infinitesimal translations along the right action of
T x T) acts locally @itely with generalized eigenvalues in (A + A ;:)\, + A).
We denote by DM**A the G-equivariant derived category of MAA,

For the rational weights 1, v we denote by MH*TAV+A the category of
G-equivariant Dg, g modules (T-equivariance is no longer required) such
that C[t*] ® C[t*] acts locally ﬁ/ni\telllzvith generalized eigenvalues in (u +
A, v+ A). We denote by DMHHAVEA the G- -equivariant derived category
of M’”‘A VA “.The functor p® :=p'[—dim 7] : DMM'A — D/\/lM'A —A+A
identifies MHA with a full subcategory of MHA HA
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Character D-modules via Drinfeld center 595

2.3 Harish-Chandra bimodules

We denote by U = U (g) the universal enveloping algebra of g. We denote by
U, the quotient of U by the ideal generated by the maximal ideal Z, of the
Harish-Chandra center Z(U), that is the ideal corresponding to the maximal
ideal 7, €t under the Harish-Chandra isomorphism. We denote by U; the
completion of U at this ideal. We have UAP P ~U = U/\ where wg €
W is the longest element. Furthermore, we consider an 1nduct1ve system of
ideals of Z(U) of finite codimension supported at A + A. It gives rise to the
projective system of quotients of U by the two-sided ideals generated by the
above ideals of Z(U). The projective limit of this system is denoted by U—

AT
Note that we have an embedding Uj — U;—~ A

We denote by HC* the category of finitely generated (as a left module;
equivalently, as a right module) Harish-Chandra bimodules over U, that is,
U, -bimodules such that the adjoint g-action is locally finite. Note that a U, -
bimodule is the same as a U, ® U, PP — U, @ U_,_ 2p-module, and hence
a Harish-Chandra U, -bimodule is the same as a U; ® U_,_2p-module such

that the diagonal action of g is locally finite. We denote by HC* the category
of (finitely generated as a left U-module) Harish-Chandra bimodules over

UA Note that a U -bimodule is the same as a UA ® UUpp UA QU —= T3

module. We denote by DHC? (resp. DHCA) the bounded derived category of
HC (resp. HC).

For M € MWHAVEA the action of C[t*] ® C[t*] on the global sections
I'(B x B, M) is locally finite, and for i € u' + A, v € V' + A, we denote
by 'Y (M) the maximal summand where C[t*] ® C[t*] acts with the gener-
alized eigenvalue (1, v). It extends to the derived category DM TAV'+A,
and for /L =A, V=—XL— 2,0, gives rise to an equivalence of categorles
RTM==20  ppMA+A=IFA =, pych

2.4 Convolution

We have the convolution functor * : DM TATATA s pAAFHAZAFA
D/\/l”A HA, cf. [3] (5.6), (5.13). If p stands for the projection B X
B X B — B X B along the middle factor, and A stands for the inclusion
BxBxB‘—)BxBxBXB (x,y,2) = (x,y,y,2), then My x My =
Py A'[dim B](M1 X M>). Let us stress that p, # p; since B is not proper.

We also have the convolution functor % : DHC* x DHC* — DHC (resp.
DHC* x DHC* — DHC*), see loc. cit. Note that the convolution of Harish-
Chandra bimodules is the left derived functor of the right exact bifunctor

(A, B) > A®y; B, HCi X HCi — HCX. Finally, for arbitrary D-modules
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Qong,andMongxgwesetC*M = a,(CXM) wherea : GxBxB—
B x B is the action morphism.

Lemma 2.1 Let X be an algebraic variety with an action of an (affine) alge-
braic group G. Then for A € D (D-mod(G)), M € D?(D-mod(X)) we have
a canonical isomorphism

RT (A M) = RT'(A)&y RT(M).

Proof Replacing A, M by appropriate resolutions we reduce to the case when
A is a locally free D-module and M = j,(L) where j: ¥ — X is an embed-
ding of an open affine subvariety. Let a : G x Y — X be the action map and
let Vert denote the space of vertical vector fields for that map. Then the left
hand side lies in homological degree zero and equals the module of coinvari-
ants of Vert actingon '((AX L) Q wgxu ® a);] ), where w denotes the line
bundle of top degree forms. The vector fields coming from the G-action on
GxX,g:(g1,x)— (g1 g‘l, gx) generate the vector bundle Vert. Moreover,
the bi-invariant volume form on G yields a canonical G-invariant section of
the line bundle wgxy ® wy ! This yields the desired isomorphism. O

Qorollary 2.2 (a) For D-modules A on G, and M on B x B we have RF(E X
B,AxM)=RI'(M) ®u I'G,A).
(b) For My, My € DM*TA=241 \pe have a natural isomorphism

RT* =20 (M % My) =~ RT* 4720 (M) % RTH 2720 (). (2.1)

Proof (a) is immediate from the previous Lemma.
(b) is proved in [3], Proposition 5.11. O

2.5 Character sheaves

We consider the following diagram of G-varieties and G-equivariant maps:

c&G6xB-Ly.

In this diagram, the map pr is given by pr(g, x) := g. To define the map
f, we think of B as g/T, and for a representative X € B of x € B we
set f(g,x) := (gx,Xx). Following [13], we consider the functor CH =
pr f*[dimB] : DP* — D¢ (G) to the G-equivariant derived constructible
category on G. The minimal triangulated full subcategory of Dg(G) con-

taining all the objects of the form CH(A), A € DP?, will be denoted by
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Character D-modules via Drinfeld center 597

DCS ¢ (G). The intersection of DCS ¢ (G) with the abelian subcategory of per-
verse sheaves on G will be denoted by CS*. ¢ The full subcategory of semisim-
ple objects of CS ¢ will be denoted CS®—these are direct sums of Lusztig’s
character sheaves with monodromy ¢. The functor CH admits the right ad-
joint functor HC := fupr'[—dimB]: DCS¢(G) — DPE.

Let D(G) stand for the ring of differential operators on G. We have
D(G) = U x O(G). We denote by DH_A(G) the product U A X O(G) (note

that U;—— acts on O(G)). We denote by CS**4 the category of (finitely gen-
erated over D(G)) G-equivariant DA/+\A (G)-modules, that is, D(G)-modules
such that the action of Z(U) C U C D(G) embedded as left invariant dif-
ferential operators is locally finite and has generalized eigenvalues in A + A
(equivalently, such that the action of Z(U) C U C D(G) embedded as right
invariant differential operators has generalized eigenvalues in —A —2p + A).
Such D(G)-modules are automatically holonomic regular (see [13]). We de-

A+A(G) -modules.

The Riemann-Hilbert correspondence gives rise to an equivalence CSt ~
cSiA (resp. DCSE ~ DCSHA) see loc. cit.
We will keep the names CH : DMMA DCS*A: HC: DCSMA -

DM A for the functors going to the same named functors under the
Riemann-Hilbert correspondence.

note by DCSMFA the G-equivariant derived category of D—

3 Character sheaves as Drinfeld center of Harish-Chandra bimodules
3.1 Exactness of HC

For A € DCS*™ we define FX(G, A) as follows. Note that UHA is the di-
rect product [, c;44) sw, Up over the set of representatives of W -orbits
(with respect to the dot action) in A + A. Here W, C W is the stabilizer of
¢ € T inW. Equivalently, W, is the stabilizer of A + A in t*/A. Hence the

restriction of a DA oy (G)-module A to U has a maximal direct summand

FA(G, A) such that the action of any UA, uweg We- A, on FA(G, A) 18 zero.
Here we think of U as acting by the left invariant differential operators. Equiv-

alently, r (G, A) is the maximal direct summand of A such that the action of
any Uy, u & We - (—A —2p), as right invariant differential operators, is zero.

Proposition 3.1 (a) For A € DCS*** we have

RI*—* P(p HC(A) =T*(G, A). (3.1)

@ Springer
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(b) The functor R == 2=2p op? oHC : DCSH'A — DHC)‘ is exact, i.e.
takes CS)‘JFA to HC)‘

Proof Clearly, the functor ' (G, —) is exact, so it remains to prove (3.1).
The preimage of diagonal Ag C B x B in ) is isomorphic to B x T. Let
8 denote the embedding of B x {1} into ). It is easy to see that HC (A=
A * 8,(0) (notations of Sect. 2.4). On the other hand, it is easy to see that
RT(8:(0) ® pryw) = U where U = U ®gpyw S(t) (here SW is identi-
fied with the center of U by means of Harish-Chandra isomorphism and
pr, denotes the second projection Y — ). Thus (3.1) follows from Corol-
lary 2.2(a). O

For future use we also record an algebraic description of the functor CH.
Recall that the ring D 7 (G) contains U; C U as the left invariant dif-

ferential operators. It also contains U 55, 8 the rlght invariant differential

“A—2p
structure of a right module over U; ® U 5—

operators, and the images of U; and U —— commute. Thus Dm (G) has a

,210'

Corollary 3.2 For a regular weight . and M € DM we have a canonical
isomorphism:

e L IOy
RT(G,CH(M)) = D;73(G) @, RTH222(p° M).  (3.2)

Proof The standard adjunction between induction and restriction 1mphes that

the functor in the right hand side of (3.2) is left adjoint to '+, Since CH is
right adjoint to H HC, we get the desired isomorphism. g

Remark 3.3 The isomorphism (3.2) is a straightforward generalization of a
result of Hotta and Kashiwara [14, Theorem 1]. Thus alternatively we could
have deduced (3.2) from [14] and (3.1) from (3.2).

3.2 The twisted Harish-Chandra functor

In this subsection we present a geometric reformulation of Proposition 3.1(b).
Recall the definition of an intertwining functor I, cf. [2] and [3], 4
pp- 18-19. Let U C B? be the free G x T orbit, and let V C B* be given

3Note that our notations do not agree with that of [2], our I, is denoted by I;O in loc. cit.

4Our definition of an interwining functor is different from that of [3], though one can show
that the two definitions are equivalent. By our definition I, is a (shriek) convolution with a
certain G-equivariant D-module on B2 In [3] the same functor is described as a convolution
with a certain pro-object in the category of G-equivariant D-modules on B?% which are also
monodromic with respect to T2,

@ Springer



Character D-modules via Drinfeld center 599

by V = {(x1,x2, ¥1, y2 | x1 = y1, (x2, y2) € U}. Then the intertwining func-
tor is given by Ly, = prypry, where pry, pry:V — B? send (x1, X2, Y1, y2)
to (x1,x2), (¥1, y2) respectlvely

It is a standard fact that the I, restricts to an equivalence I, :

DM p AR —U0FA | The inverse equivalence is I;g =
Prywprh.

Set X := (G/NT x G/N7)/T. Here Nt = N is the unipotent radical
of B, while N~ is the unipotent radical of the opposite Borel subgroup
B~ . Equivalently, we consider the following embedding 7' < T x T, t
(t, wot). Then X is the quotient of B x B with respect to the action of
T embedded as above into 7 x T acting on the right. It is equipped with
the action of 7 (embedded into 7 x T by ¢ +— (¢, 1)). We consider the G-
equivariant 7-monodromic derived category DM@gA of Dy-modules (here
A+ A is the generalized eigenvalue of the right action of the first first copy of t).
This category can be realized as a subcategory of DM“FA —WoAFA, ; namely
Frq'[— d1m T1F where q : BxB— Xis the natural pI‘O]CCthl‘l Recall
that DM)‘+A is realized as a subcategory of DM“‘A “hHA,

The intertwining functor I, gives rise to the same named equivalence

DMHA 2, DM‘““’*A

Corollary 3.4 The functor 1, o HC is exact.

Proof Since both A and —wgA are dominant regular, the functor )
is exact and faithful by Localization Theorem. Thus it suffices to show that

RTA=wo() o T, , 0 HC is exact. By (a straightforward generalization of) the

result of [2] this functor is isomorphic to R =220 o HC C, thus it is exact by
Proposition 3.1(b). 4

Remark 3.5 In fact, the exact functor described in the Corollary can be ex-
pressed via Verdier specialization. This stronger statement is proved in the
last Sect. 6.

3.3 The Drinfeld center of ?‘—[Ci

For a monoidal category A we denote by Z(.A) the Drinfeld center of A

(see e.g. [19], XII1.4). The functor p’ oHC : DCSMrA — D/\/lA+A —i+A
is equipped with a canonical central structure (with respect to the convo-
lution *) which gives rise to the same named functor HC: DCS* —
Z(DM* A=A A Tn effect, for a D-module A on G, and M on B x B let us

denote by A x| M (resp. A x» M) the action along the first (resp. second) copy
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of B. ‘We have the canonical isomorphisms A x; M =~ HC(A) *M, Axy M =~
M« HC (A). Also, for a conjugation-equivariant A, and M equivariant with
respect to the diagonal action of G, we have A *; M >~ A %, M. The com-
position of the above 1somorphlsms pr0v1des HC with a central structure.

Since RIM—*— 2" D/\/lwrA EAT N D'HCK is a monoidal equlvalence we
obtain the functor RT™—*~ 2=2p op’ oHC : DCSA+A — Z(DHCA). Recall
that the category of Harish-Chandra bimodules HC* is equipped with the
monoidal structure (A, B) = A ®u; B whose left derived bifunctor is the
convolution * on DHC*. Now Proposition 3.1 implies that the exact func-
tor RFX’_T_\ZP op’ oHC from the abelian category CSm to the abelian
monoidal category HC)A‘ hEs\ a canonical central structure which gives rise to

the exact functor ic : CS*A — Z(HC;\).
The rest of the section is devoted to the proof of the following

Theorem 3.6 /ic: CSMA — Z (HCX) is an equivalence of abelian cate-
gories.

Proof Since any irreducible object A of CS**4 is a direct summand of

CH(M) for some irreducible M € M)‘“\, we see that HC(A) # 0, and
hence hc(A) # 0. It follows that he is faithful. To prove that Ac is essentially

surjective and fully faithful we need to compare Z (HC)‘) with the center of a
larger category of Harish-Chandra bimodules.

3.4 Morita invariance of the center

We denote by HC** the category of Harish-Chandra bimodules over U— oy

(finitely generated as a left U-module). It is a monoidal category containing
U; as a direct summand monoidal subcategory. Hence we have the functor of

restriction to the direct summand Res : Z (Hcm) - Z (HCX).

Lemma 3.7 Res : Z(Hcm) — Z(HCi) is an equivalence of braided
monoidal categories.

Proof The category HC* splits as a direct sum of subcategories HCY
over ,v € (A + A)/W,. Here HC'*" stands for the category of U, —
U; Harish-Chandra bimodules. An object of Z(HC™) is a collection
(M, bx)y M X B
Under the decomposition M = @M’UE(AJFA)/W{ MRV MHY e HCHY, we

must clearly have M"? =0 for p # v (thatis, Wy - u # W - v).

ey of compatible isomorphisms by : M Qu X = X ®u M.
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To construct a functor Z ('HCX) — Z(HCMM quasiinverse to Res we need

the notion of translation functor 9/{‘ . HC* — HCH (cf. [3], §81, 6). Namely,
we fix a finite dimensional G-module E with an extremal weight ;© — A, con-
sider a free Harish-Chandra bimodule Fr(E) := E ® Uy, and its maximal

direct summand Fr’A‘(E ) where the left action of U extends to the action of
Up. Then for L € 'HCX we set Qf(L) = Fr'(E) Qu, L Qu; Fr’l(E). It is
known that Gf is an exact monoidal functor (see loc. cit.). Moreover, since A
is regular, it is known that Of realizes HC" as a quotient category of HC*.
Hence it induces the same named functor 95  Z (HC’A\) — Z (HC‘A‘ ).

Now the desired functor F: Z (HCi) - Z (HCm) quasiinverse to Res
is given by (L, bx) = @D ey w, 0y (L, bx). O

3.5 Comparison to the center of HC

We denote by HC the category of (finitely generated as a left U-module)
Harish-Chandra bimodules (no restrictions on the action of Z(U)). Let

(M, bx) N eHOTR be an object of Z (HC*2). We will construct a family of

compatible isomorphisms by : M @y ¥ —> Y Qu M for Y € HC, thus pro-

viding a fully faithful functor Z(HC***) — Z(HC).
To this end note that we have a canonical isomorphism Uz ®uY x>

Y ®u Uy =: X(¥) € HCY*™. Now since M ®u ¥ = M ®u_ X(Y),
and Y @y M = X(Y) ®Um M, we can define by := by (y). It is immedi-

ate to extend the assignment (M, bX)XEH el (M, by)yenc to a functor

F: Z (Hcm) — Z(HC), and to prove that it is fully faithful (but certainly
not essentially surjective).

3.6 The center of HC and D-modules on G

Recall that we have 2 commuting embeddings U <— D(G) (as left invariant
differential operators), U°PP ~ U — D(G) (as right invariant differential op-
erators). Thus the global sections of any G-equivariant D(G)-module A have
a structure of a Harish-Chandra bimodule, to be denoted by I'(G, A). More-
over, I'(G, A) is equipped with a canonical central structure. Thus we obtain
a functor I'(G, —) : D(G) — mod® — Z(HC).

Lemma 3.8 The functor T'(G, —) : D(G) — mod® — Z(HC) is an equiva-
lence of abelian categories.

Proof Let (M, by)ycnc be an object of Z(HC). Let Y = Fr(E) be a free
Harish-Chandra bimodule associated to a finite dimensional G-module E.
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We have M Qp Y M Q® E, and Y Quy M ~ E ® M. We will denote by

bg the composition morphism M ® E ~ M Qu Y by, YQUM=EQM
or, equivalently, br : E ® E* — End(M). Note that for E = E1 ® E; the
compatibility condition in the definition of Drinfeld center implies that the
composition

IdE1®bE2 bE1®IdE2
E1QE2@M — EIQMQRE, —— MQE|IQE>

equals bg. In other words, for any vy 3 € Eq 2, vi‘ ) € Ei“ , we have an equal-
ity in the ring End(M):

be(v1 ® v2 ® v} ® V3) =bE, (v1 ® V])bE,(v2 @ v3).

Note that the same equality holds in the ring O(G) for the matrix coeffi-
cients of the representations E, E1, E3; moreover, O(G) is generated by the
matrix coefficients, and is given by the above relations. Hence we obtain a
homomorphism ¢ : O(G) — End(M). For x € g acting as a left invariant
vector field on O(G) we have ¢(xv ® v*)(m) = x(¢ (v ® v*)(m)) for any
me M, veE, v* e E*. Inother words, the left U-action on M together with
the action of O(G) combine into an action of U X O(G) = D(G). Now the
action of G on M provides the resulting D(G)-module with a G-equivariant
structure.

It is easy to see that this construction gives rise to a functor F from Z(HC)
to D(G) — mod® quasiinverse to ['(G, —). Il

3.7 Completion of proof of Theorem 3.6
We consider the composition of functors

znchy —E zave ™y —E zene)y —E DG — modS

constructed respectively in the proof of Lemma 3.7, in Sect. 3.5, and in the

proof of Lemma 3.8. It is easy to see that the composition lands into CS**4,

and is quasiinverse to ic. This completes the proof of Theorem 3.6. O
4 Truncated convolution and Harish-Chandra bimodules
4.1 Two-sided cells

For w € W let O, stand for the preimage in B x B of the G-orbit Oy, ) C B x B.
Clearly, the restriction (both shriek and star) of any M € DMPHR A
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to @w is zero if w & W, (the stabilizer of ¢ in W). Similarly, the restric-
tion of any M € DM A —wort+A ¢ @w is zero if w & woW;. For w € W,

-1
we denote by ICyS the isomorphism class of an irreducible D-module in
M A =AFA qupported on the closure of @w.
Let c C W; be a two-sided cell, and let a(c) denote its a-function. Let

MAJFA R stand for the Serre subcategory of Mm’m generated
by the sheaves IC; < for w lying in ¢ and all the smaller cells. We de-

note by MHA R the quotient of MHA A by the Serre subcategory

-1
MA:EA’_MFA generated by the sheaves ICy¢ for w lying in all the cells
smaller than ¢. We denote by D/\/lHA R (resp. D/\/lHA HA) the full

)t-t-A Z3FA

triangulated subcategory of D/\/l)‘JFA —h+A generated by M2 (resp

MHA HA) We denote by DJ\/IHA A the quotlent of D/\/l’wA s

by D/\/lwrA —itA . It contains the heart MHA HA
We introduce the similar categories and notations for DMA A, ~woA+A iy
place of DM & =*+A The only difference is in the numeration of irre-

-1
ducible objects: now 1C5"¢

ducible D-module in MATA ~woA+A supported on the closure of @ww{ wo-
Here w; stands for the longest (in W) element of W, so that wywo is
the shortest element in the left coset W, wo C W. With these notations the
intertwining functor I, respects the filtrations by the cell subcategories:

A, —wortA . .
wO(DMHA HA) DMZ, + “woAtA Cand gives rise to the same named

LA, —wortA
DMH—A TAtA s DM TwOEA

stands for the isomorphism class of an irre-

functor I, : ¢
For w € W, we denote by V7 the isomorphism class of an irre—

ducible Harish-Chandra bimodule such that V} ~ RT—wol acs™t )
Now for a two-sided cell ¢ € W, we define the categories ’HC e C HC

HCi, HCé , DHCé, etc. in an evident fashion. The global sections functors
RTA—wok . pAAHA—wATA _, ppych. RPA—A=20 . pAf+AAFA
DHCi preserve the filtrations by the cell subcategories, and give rise to the

same named functors RFA —wok . D/\/lkJFA —woiFA DHC?; R[HA—2=2p .

DM;T IR AEA DHCQ.

Proposition 4.1 The functor Iwo[ac] . DMATATAEA D/\/léJrA’_wOHA

ATA,—wohtA
is exact, that is Iwo[ac](/\/l}”“A )‘+A) - £+ \—woA+A
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Remark 4.2 The Proposition can be viewed as a categorification of Lusztig’s
result [22, 5.12.2]. The latter shows that the action of the element Tu%o on the
two-sided cell subquotient module H, of the Hecke algebra H is the scalar
multiplication by ¢¢/2 for some integer d = d(c). More precisely, the Propo-
sition implies that the functor I;g[—ZaQ] induces an exact functor on the cell
subquotient. Since the functor lifts to the graded version of the category and
the induced map on the (non-graded) Grothendieck group is trivial, it follows
that the map induced by Tu%() on H. sends an element C, of the Kazhdan—
Lusztig basis to ¢?)/2C,,. In fact, in loc. cit. Lusztig computes the value of
d(w) =d(c). It would be interesting to understand the answer from the point
of view of the present paper. Notice that d(w) does not coincide with —a,
which agrees with the fact that the functor I;(} is not pure.

Remark 4.3 By the result of [5], the functor I%UO is the Serre functor for the
derived category Dy (G/B). It can be deduced from the Proposition that the
functor on the cell subquotient induced by Izw0 is isomorphic to the functor of
shift by —2a,, i.e. the cell subquotient is a Calabi—Yau category of dimension
2a.. It is interesting to compare it with the results of Mazorchuk and Stroppel
[30, 31] which imply that for groups of type A, the (right) cell subquotients
in the abelian category of perverse sheaves are equivalent to the category of
modules over a symmetric (in an alternative terminology, Frobenius) algebra,
thus are Calabi—Yau of dimension zero.

Remark 4.4 The Calabi—Yau property of the cell subquotient categories was
conjectured by Ivan Mirkovi¢ (and communicated to one of us around 2005).

Corollary 4.5 (a) The functor RT*»=2P[a.] : DMEHA8 s prch s

exact, that is RTA—4=2p lac] (MEJFA’_MFA) C HC%.

(b) This functor is monoidal with respect to the truncated convolution on
./\/léJrA’_H'A : (My, M) — My e My := H% (M * M3), and the nonderived
convolution on HC? (V. V)= Vi Qu Vs

Proof (a) is immediate, while (b) follows from (a) and the monoidal property

of RTA==20 . p MA+A—I+A . pych, 0
The proof of the proposition occupies the rest of the section.

Remark 4.6 Notice that the last claim shows that Lusztig’s asymptotic Hecke

algebra J can be interpreted as the Grothendieck group of the monoidal cate-

gory of semi-simple Harish-Chandra bimodules where the monoidal structure
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comes from tensor product of bimodules taken modulo the subcategory gen-
erated by the submodules with a smaller support. A related statement was
obtained by A. Joseph [17].

4.2 Category O

We denote by M~*+4=*+A the category of N-equivariant, weakly B-
equivariant Dz-modules such that the locally finite action of C[t*] (differ-
ential operators arising from the infinitesimal action of T C B C G on B)
has generalized eigenvalues in —A + A; while the action of C[t*] (differen-
tial operators arising from the infinitesimal right action of T on B) is locally
finite with generalized eigenvalues in —A + A. For w € W,, we denote by

—1 —_—
IC;,  the isomorphism class of an irreducible Dg-module in M~*+A—4+4
supported on the closure of B (preimage in B of the corresponding B-orbit

in B). We denote by DM~ “AHAAHA the derived category of M~ ATA—A+A
The categories M~ “IHA—wAFA « pMAFAWFA are defined similarly:
we require that the generalized eigenvalues of the rlght action of C[t*] lie

in —woA + A. For w € W, we denote by ICwO( the isomorphism class

of an irreducible Dg-module in M~ AR —worFA

supported on the closure of
wa; wo

We denote by O~*72 the category of N-integrable U-modules where
Z(U) acts locally finitely with the generalized eigenvalue —A — 2p (same as
—woi), and t acts locally finitely with the generalized eigenvalues in —A+ A.
We denote by D(’)_A 3=2p the derived category of O™~ 2'0

For M € M—A"FA e denote by '~ A=2p (B, M) the maximal di-
rect summand of the global sections on which C[t*] acts with the gener-
alized eigenvalue —XA — 2p. It gives rise to an equivalence of categories

RF*)‘*ZP(BV, —): DM*/X+\A’*/)‘+\A — DO*ﬁp. Similarly, we have an
equivalence of categories RFm(E -): DMm —wohtA — D(’)‘T_\Zp.
The latter equivalence is exact, that is, takes M~ A WA A o A2

We have a closed embedding ¢ : B— BxB, x+ (e, x) where e € Bis
the i 1mage of the neutral element ¢ € G under G — G/N = B. The functor
° =1 [d@\B] glves/rl\se tg&e same nam/ed\ equl/vﬂences ./\/IHA A
MAHA A A —wodbA T \AHA —woktA  We keep the same
name (° for the derived versions of the above functors. All the notations re-
lated to two-sided cells are transfered to the categories M via the functors (°.

For w € W,, we denote by L, o' "% the isomorphism class of an irre-

ducible module in O~ 32 with the highest weight w - (—A — 2p). Note that
- ~ —1

RT~wor(J3, IC$°C ) =~ L;’\_z’o. Now for a two-sided cell ¢ C W, we define
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. Yy Yy Sy Sy y 2 )
the categories O, P c O, PrcO 2, O, P DO, P etc. in
an evident fashion.

We have a natural isomorphism of functors I;é ot ~1%o I;é :

DM)H—A wo)\+A — DM~— A+A )»+A. Here 1I— 1 . DM_)‘+A’_w0)‘+A -

wo
DM *+A A4 g g in Sect. 3.2.
Finally, we have a natural isomorphism of functors

RT™727(B, =) oI, R0 "4 (B, —) : DM A4 —wodth _ po=+=20

(cf. [2]). It follows that the functor RT~*~ 2=2p (B -) respects the filtrations by
the cell subcategories: RT"~*~ 2=2p (B )(DM_HA HA) D(’)<? 2p, and
glves rise to the same named functor RI"™ 2=2p (B —): DM, it A AR —

—A— 2p
DO, .
Clearly, Proposition 4.1 is equivalent to the following

Proposition 4.7 The functor Iy [a.] : DMQ_“A’—HA N DMEHA,waHA
is exact, that is I, [ac](MC—A+A,—A+A) c ME—/\+A,—woA+A
functor RT=20(B, =)[a.]: DM "0 DOQ_A_Zp is exact, that is

RT20(B, —)[a )M+ 7y c o747

. Equivalently, the

o

The rest of the section is devoted to the proof.
4.3 Dualities

For a U-module M, there is a natural right U-module structure on

Homy (M, U). If M € O 2” the center Z(U) acts on (the cohomology
modules of) RHomy (M, U) locally finitely with generalized eigenvalues
—A — 2p. Composing with the oppos1t10n 1somorph1sm U ~U°PP, we geta

duality functor RHomOp P(—,U): DO~ 2=2p (DOA)"PP The same con-
struction gives rise to the quasiinverse duality functor RHomUp (-, U):

DO* — (DO~ =2 )°PP. For w € W, we denote by L% the isomorphism
class of an irreducible module in O* with the highest weight ww; - A. For a
two-sided cell ¢ € W, we define the categories Oic C (9’; C (’)i, (’)g, D(Qg‘,
etc. in an evident fashion. The duality functors preserve the filtrations by the
cell subcategories and give rise to the same named functor RHomOp P(—,U):

DO} — (DO Py,
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For a Dg-module M, there is a natural right D-module structure on
Hompg(M, Dp). It M € Mm*ﬂ; the action of C[t*] (coming from
the infinitesimal right action of 7 on B) on (the cohomology sheaves of)
RHompz(M, Dp) is locally finite with generalized eigenvalues in —2 + A.
We have a canonical opposition iiomorphism Dy D(gp where wg stands
for the canonical line bundle on 5, and Dy denotes the corresponding tdo.
We have an isomorphism wg >~ Op which gives rise to the isomorphism
Dwg >~ Dpg; however the natural action of C[t*] gets shifted by 2p under
this isomorphism. Thus we obtain a duality functor D := RHompg(—, Dp) :
DM—)H—A,—)H—A N (DMA-FA,)H—A)Opp‘

By construction, we have /alatural isomorphism of functors RFi(g, —)o
D ~ RHom{"(—, U) 0 RT =20 ;: DM~*+A=4+A _, (DOAyorp,

—

Since any M € M—*+A-=*+A g holonomic, D[dim B] is exact, that is,

takes M2 A =20 1o (MAFAATAYPP I particular, for w € W, we have

-1 ~
]D)Ing [dim B] ~ ICCu, where Ing is the isomorphism class of an irre-

ducible Dg-module in M +A244 supported on the closure of Ew, Moreover,

RFX(E, —): DMAAJFA’X+A — DO*is exact, that is, takes MA 4424 o O,
In particular, RT*(B, ICS,) ~ L% . Hence the next lemma implies that the

functor RT2(B, —)[a,]: DM "™ . DO is exact, thus it
yields Proposition 4.7.

Lemma 4.8 The functor
RHom{” (=, D)[dim B + a.] : DO} — (DO, *~20)P”
is exact.

Proof Recall the notion of the associated variety (see e.g. [16]). For M € O*
the associated variety V (M) is a closed subvariety of n C g = g* (here n is
the Lie algebra of N, and we have identified g with g* via the Killing form).
If we W, and M = L7, then according to 3.10, 3.11 of loc. cit., there is a
nilpotent orbit \V;, » C NV C g with the closure Ay, ; such that any irreducible
component of V(Lﬁ}) is an irreducible component of n N N w.»- Moreover, if
w, w' € ¢, then Ny 5, = Ny n =1 N, and dim N — dim N, = 2m,, where m,
is the degree of the Goldie rank polynomial associated to Ann(Lﬁ)) for any
w € ¢ (see [15], Theorem 5.1). Finally, it is well known, due to the works
of A. Joseph and G. Lusztig, that m: = a. in case of integral A € A. The
equality m, = a. in case of general A is reduced to the case of integral A
in [1] (Chaps. 16, 17).
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Since n NN, is Lagrangian in V. we see that for w € ¢, the associated vari-
ety V(Lﬁ)) is equidimensional of codimension a. in n, that is of codimension
ac +dim B in g. It follows (see e.g. Theorem V.2.2.2 of [8]) that for i # 0 the

module RHom’iJ (leu, U)erp [dimg + ac¢] has associated variety of a smaller
dimension. The lemma follows. Il

5 Classification and convolution of character D-modules
5.1 Cells in character sheaves

Recall that A is a regular weight.

For w € W¢, the irreducible objects 1C355 Of M)‘+A —A+A have a natural
equivariant structure with respect to the diagonal rlght action of T on B x B,

so by abuse of notation we will consider IC‘;){ as an isomorphism class
of irreducible objects of Mm. For a two-sided cell ¢ € W, we define the
categories MEE?‘ C Mg\ C Mm, Mgﬁ\, DMEFT\’ etc. in an evident
fashion. _ —

We let CSm‘ (respectively, CS*;EA) be the Serre subcategory in CS* A
givenby M € CSHA (respectively, M e CSA;A) if T*(M) € HC* % (respec-

tively, HCASC); see Sect. 3.1 for the definition of I'*. It is easy to show that
the subcategories do not depend on the choice of a regular A in a given coset
of A.

We define DCS’\JrA C DCS™A as the full triangulated subcategory gen-
erated by CSAJQ'A, and similarly for < c; these are full triangulated subcate-

gories in DCS**T2 . In view of the tensor property of the functor r (which
follows from Lemma 2.1 applled to the action of G on itself by left transla-

tions) DCS“FA DCS}‘JFA are tensor ideals in DCS}‘JFA
We denote by CSéJFA (respectively, DCSMFA) the quotient category
SMFA /CSA‘EA (respectively, DCSA;;\A /DCSA‘FA) The functors HC and
CH give rise to the same named functors HC : DCS?+A — D/\/lé‘“\; CH:
DM s peSiHA, _ _

Re_call the for_mula (3.2). For V ¢ HCi we define LInd(V) :
}L+A(G) ®U 38U, V. This gives rise to a functor LInd : DHCA
DCSE’\A with a nzglgal isomorphism of functors LInd o RIH-—H= 32 CH :

DMHA 5 DCSMHA,
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We have a natural isomorphism of functors RTA—2-20 4 p°oHC ~

I‘A(G —): DCSAJrA — DHCA The functors LInd and F’\(G —) preserve
the filtrations by the cell subcategorles and give rise to the same named func-

tors LInd : DHC)‘ — DCSH'A FA(G —): DCJS'“’A — DHCA The func-
tor LInd is clearly right exact; we denote by Ind : HC; — CSéJrA its Oth

cohomology sheaf.
We summarize the results of previous sections in the following

Proposition 5.1 (a) The functor F)A‘(G, —): DCSQ/JF\A — DHCé is exact,
that is TH(G, —) (CSFM) € HCE.

(b) The functor ﬁl[ag] : D/\/lgr\A — DCSQ?\A sends DSOMg“\A to
D<OC5'A/+\A and for M € /\/l)g\A the truncation H<CH (M) is canonically
isomorphic to Ind(R"‘FA A= 2’D(M)) mod HCA+A.

Proof (a) is contained in Proposition 3.1.
Isomorphlsm (3.2) shows that CH (M ) = LInd(R —1=2p (M )) for all

M e M**A Assuming that M € MQJCFA, the image of RIA == 2"(M) in
the quotient category by smaller cells is concentrated in homological degree
ac by Corollary 4.5(a). Thus statement (b) follows by right exactness of the
induction functor. O

As follows from the discussion in 3.3 compared with Proposition 3.1(a),

the functor I'*(G, —) : CSé‘JFA — ’HCé‘ has a canonical central structure and

gives rise to the functor he C82+A — Z(H(Zé).

5.2 Semisimplified categories

We denote by CSMA the full subcategory of CS}*" formed by all the

C,SS

semisimple objects. We denote by HCC ¢ (Tesp. Mﬁ”;SA) the full subcat-

egory of HC? (resp. Mﬁ“‘) formed by all the semisimple objects. The
functor CH is defined as a pull-back under a smooth map followed by
push-forward under a proper map (see Sect. 2.5), thus Decomposition Theo-
rem [4] shows that it sends semi-simple objects to semisimple complexes

In particular, for M € MA’LA the truncation H awCH (M) lies in CSA‘“\.

c,S8 C,SS

Hence Proposition 5.1 implies that for V € HCC s the truncation Ind(V)

lies in CS* A, We obtain the functor Ind, . HCR > CSMA | Recall that

C,SS Cc,SS C,SS
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Mm is identified with a full subcategory of Mm’m. It follows that

MQ\J;A ~ MétsA TAA Clearly, all the irreducibles in M**2A ~ P¢ lie in

P¢. Since the convolution map for the flag variety is proper, the convolu-
tion of two simple objects in P¢ is a direct sum of shifts of simple objects
by Decomposition Theorem. Hence the fop cohomology sheaf of the convo-

lution of two simple objects of MA4:=A+A i semisimple. It follows that

the category MﬁJ;A i~ MﬁtsA A s monoidal with respect to the oper-

ation (M1, M) — M) e M, (see Corollary 4.5(b)); equivalently, HCK

C,SS
monoidal with respect to the operation (V1, V») — V| ®u V2. Both categorles

Mf*s‘SA and HCi‘ s
of [7] §5.

Recall that a commutator structure on a functor F' from a monoidal cate-
gory A to a category B is an isomorphism F(MN) = F(NM) fixed for all

M, N € A and satisfying the natural compatibilities, see [7] §6 for details.

are equivalent to the semisimple monoidal category C

Lemma 5.2 The functors Ind : Db(HCi) — Db(CSM'A) Ind, HC

c,SSs c,Ss

CS?"S'SA carry a natural commutator structure.

Proof By Theorem 3.6 the functor he is a central functor. Hence the adjoint
functor Ind carries a commutator structure. In [7, Proposition 5] this impli-
cation is stated under stronger assumptions on the monoidal categories; how-
ever, it is also easy to show provided the target category of the central functor
has a weak rigidity. The category of Harish-Chandra bimodules has a weak
rigidity which sends a Harish-Chandra bimodule M to the sum of dual spaces
to the isotypic components of the action of G on M (notice that if M is finitely
generated and has a (generalized) central character then the isotypic compo-
nents are finite dimensional).

The commutator structure on Ind induces one on Ind,. O

Recall the following general statement. Let A be a rigid semisimple
monoidal category with a finite number of isomorphism classes of irre-
ducible objects over an algebraically closed field of characteristic zero. Let
F : Z(A) - A be the forgetful functor and let 7 : A — Z(A) be its right
adjoint (it exists since by [11, Theorem 2.15] the category Z(.A) is semisim-
ple with a finite number of isomorphism classes of irreducible objects). Then
the functor / has a natural structure of a commutator functor and is universal
among commutator functors, see [7, §6] and also Lemma 5.6 below.

Thus the commutator functor Ind. gives rise to a functor 2l : Z (HC*
C SA—I—A .

C,SS

css)_>
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Theorem 5.3 (a) The functor . : Z ('HC;‘,SS) — CSétgA is an equivalence
of categories.

(b) The functor . has a natural tensor structure, where CS@ISA is
equipped with the monoidal structure via the truncated convolution A o B :=

H°(A % B). Thus 2. is a tensor equivalence.

The Theorem will be proved in Sect. 5.4.

The Theorem together with the results of [7] allows one to reprove the
classification of irreducible character sheaves (in the particular case of char-
acteristic zero ground field) obtained by Lusztig [23—-27] in a totally different
way, and also to get new information about convolution of character sheaves.
To spell this out recall that the structure of truncated convolution categories
was described in [7]° following conjectures of Lusztig under the following
technical assumption (see Conjecture 1 and Theorems 3, 4 of loc. cit.).

(1) Either G is of type A, or the centralizer of monodromy ¢ in the Langlands
dual group G is connected (which is automatically true for the adjoint G).

For each two-sided cell ¢ Lusztig [22] defined a certain finite group G,
(this group is a quotient of the group of components of the centralizer of the
corresponding special element).

Let us say that an equivalence F of braided categories Ci, C; is a qua-
sitensor equivalence if for every M, N € Ob(C;) there exists an isomorphism
F(MN)Z= F(M)F (N) (the existence of a choice of the isomorphisms satis-
fying the natural compatibilities is not required).

Corollary 5.4 (a) Under the assumption (1), the set of isomorphism classes of
irreducible objects in CS** is in a canonical bijection with the union over
the two sided cells of W, of the sets of pairs {(y,¥)}/G. where y € G: and
Y is an irreducible representation of the centralizer of y in Ge.

(b) The category (CS’C\ISA, o) is canonically equivalent to the category
Shgﬁ(gg) of conjugation equivariant sheaves of finite dimensional vector
spaces on G. This equivalence has the structure of a quasitensor equivalence.

If the cell ¢ is not exceptional,® it is moreover a tensor equivalence.

5 A more conceptual approach to this description will be presented in a forthcoming paper
[21]. There the finite set involved in Lusztig’s conjectural description is interpreted as the set
of finite dimensional modules over the finite W-algebra with a fixed central character, and the
description of the truncated convolution category is derived from the action of the category of
Harish-Chandra bimodules on the category of representations of the W-algebra.

6Recall that there are no exceptional cells unless G has a factor of type E7 or Eg. If W¢ is of
type Eg there are two exceptional cells, and if it is of type E7 there is one such cell. See [33]
for a detailed analysis of those exceptional cases.
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Proof We start with part (b).

In [7] we have shown, under the assumption (!), that for each 2-sided
cell ¢ there exists a finite set X, equipped with a G, action and an equiv-
alence between the truncated convolution category C? [7, §6] and the cate-
gory Shgﬁ(X£ x X.) of G, equivariant sheaves of finite dimensional vector
spaces on XZ. Furthermore, the category Shgi(X£ x X.) carries a natural
monoidal structure given by convolution (which is a categorical counterpart
of the matrix multiplication). We let x denote the natural tensor structure on
Shgﬁ(XQ x X.) with associativity isomorphism twisted by the {31} valued
3-cocycle appearing in [7, Proposition 4]; the twisting is only nontrivial for
exceptional cells. The equivalence C? = Shgé(XQ x X¢) of [7] is monoidal
with respect to the truncated convolution monoidal structure on the first cate-
gory and * product on the second one.

By Corollary 4.5(b) the truncated convolution category C? is monoidally

% . Thus Theorem 5.3 implies that (CS%

v ss- %« 0) 1s tensor

equivalent to HC

equivalent to the center of (Sth(X e X X¢),%).

By a result of [32], for a finite group I' and a finite set X equipped with
a I' action, the center of the category Sh' (X x X) (equipped with its nat-
ural monoidal structure) is canonically equivalent to the category of conju-
gation equivariant sheaves Sh' (I") (in particular, it does not depend on X,
this is a “categorification” of the fact that centers of Morita equivalent as-
sociative algebras are isomorphic; another application of this principle is in
Sect. 3.4 above). Thus statement (b) is proven for non-exceptional cells. For
the monoidal category Sh' (X x X) with associativity constraint twisted by
a 3-cocycle with values in {%1}, the center is quasitensor equivalent to the
category ShU (D), see e.g. [10] (see also [33, Remark 2.20] for a precise de-
scription of the center in the exceptional cases). This proves statement (b) in
the remaining cases.

Since irreducible objects in ShFQ(FQ) are in bijection with pairs (y €
Gc, ¥) as above, to prove (a) it remains to check that for each irreducible char-

acter sheaf F there exists a unique cell ¢ such that F € CSASJEA, Féd CSA;EA.

Let M be an irreducible submodule in FX(G, JF) and let ¢ be the cell of

M. Then we have a nonzero map Indggz (M) — F which is surjective since

—

F is irreducible. Thus F € CS’;A. On the other hand F ¢ CSA:JEK since
HC:, % M C TH(G, F). 0

5.3 Semi-simplicity of the reduced cell category

Recall the irreducible U-modules L% introduced in 4.3. Let J. =
MNwee Ann(Lﬁ)) be the intersection of primitive ideals attached to the cell c.
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Let HC’; cred C HC;Q be the full subcategory of bimodules whose left and
right annihilators contain J.
The following claim follows from [20, Corollary 1.3.3].

Proposition 5.5 The image of the projection functor 'I'[CAS cred ™ HCQ con-
sists of semi-simple objects.

5.4 Proof of Theorem 5.3

We construct the functor in the opposite direction B, : CSQ*S‘SA - Z (HCé’SS).

Let I, be the unit object in HCQSS; recall that it can be described as the sum
of quotients of U(g) by the primitive ideals belonging to the cell, or as the
sum of irreducible objects corresponding to Duflo (distinguished) involutions
in the cell [28]. ) R

We set B,.(F) =TH(G, F) * I, mod HC~,.

By centrality of HC(F) we have I'*(G, F) * I, = I.  T'*(G, F), thus
this module is annihilated by J. both on the left and on the right. Thus by
Proposition 5.5 the object B (F) is semi-simple.

The central structure of I'*(G, F) induces a central structure on B (F)
via the isomorphisms

L %B.(F) = L% T*(G, F) mod HC-, = T*(G, F) » L mod HC,
=B (F)* L.

Here * stands for tensor product in 'HCE? and HC*.
We proceed to check that -

B, oA, =1d (5.1)

Z(HCL )
Recall the following general statement.

Lemma 5.6 (see [11, Proposition 5.4]) Let A be a semisimple rigid monoidal
category with a finite number of isomorphism classes of irreducible objects.
Let L; be a set of representatives for isomorphism classes of irreducible ob-
jects. Let F : Z(A) — A be the forgetful functor, and I : Z(A) — A be its
right adjoint.

Then the functor F oI : A — A is naturally isomorphic to the functor
Av: M @, LiML?. In particular

(a) For M € A the object @; LiML} has a natural structure of a central
object.
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(b) The functor Av: M +— &, LM LY is a commutator functor A — Z(A).

(c) Moreover, Av is a universal commutator functor from A, i.e. for an ad-
ditive category B the category of functors Z(A) — B is equivalent to the
category of commutator functors A — B, where the equivalence sends ¢
to ¢ o Av.

It will be convenient to restate Lemma 5.6 in more functorial terms.

For a C-linear abelian category A we can form a new abelian cate-
gory A ®c A. The bilinear functor from A4 x A% — End(A), (M, N)
Fy.n : X — Hom(N, X) ® M induces a functor ® : A @c A% — End(A);
here End(A) denotes the category of C-linear functors from A to A. If
A is semisimple with a finite number of irreducible objects, the functor
® is easily seen to be an equivalence. Let R4 € A ®c A% be defined by
Ry=d 1 (Idy).

Furthermore, a monoidal structure on A induces a monoidal structure on
A®c A%, and, if A is rigid, we have a “regular bimodule” action p of A ®c
A% on A, p(MXN)(X) =M ® X ® N* (where we used rigidity to identify
A and A%).

Also, there are two actions &, a4 of the monoidal category A on A Q¢ A%
characterized by ® (a1 (M)(B)) = L(M) o ®(B), ®(as4(M)(B)) = ®(B) o
R(M) where L(M), R(M) denote left and right multiplication by M in the
monoidal category A. Likewise, there are two actions of A on A ®c A
characterized by ® (a2 (M)(B)) = ®(B)o L(M*), ®(a3(M)(B)) = R(M*) o
®(B).

The tautological isomorphisms L(M) o Id = Id o L(M) induce an iso-
morphism o (M)(R4) = as(M)(R4) for any M € A, which yields a cen-
tral structure on the functor p(R,4) : A — A. Likewise, the isomorphism
R(M)old=1d o R(M) yields a commutator structure on p(R 4).

Lemma 5.6 can now be reformulated as follows

Lemma 5.7 In notations and assumptions of Lemma 5.6, we have an isomor-
phism of functors F o I = p(R4) compatible with the commutator and the
central structures.

Also, p(R4) is the universal commutator functor from A.

We now return to the case A = HC?ISA. In view of Lemma 5.7 verifica-

tion of (5.1) reduces to construction of an isomorphism of endo-functors of
HCAA

.88

‘BQ o ng = 'O(RHCEQSR) (5.2)
compatible with the central and the commutator structures. (Recall that we
abuse notation by denoting a functor to the center of a category and its com-
position with the forgetful functor in the same way.)
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A2
Itis easy to see that A® A’ is identified with HC E,Axi‘);;A , the semi-simple

cell subquotient category in Harish-Chandra bimodules for the group G x G.
The functor @ is given by ®(B)(M) = B Qu,gu, M mod HCAA | while

<c
the action p is given by p(B)(M) = B ®u,gu; M in the self-explanatory
notation.

Thus (5.2) would follow if we show that B. o . : M — R Qu,gus;
M mod HCA:EA for some quadro-module R, such that R, ®u,qu, M = M

for any M € HC?“‘; moreover, the central and the commutator structure on
B o2, should be compatible with the one coming from the last isomorphism.

Recall that B o2 : M — D(G) Qugu M, where we use that D(G) carries
two commuting structures of a Harish-Chandra bimodule coming respectively
from the right and left invariant vector fields (both copies of g in D(G) yield
a Harish-Chandra bimodule structure given by x ® y : d — xdy, x,y € g,
d € D(G)).

Notice that the formula D(G) =@, V @ U(g) ® V*, where V runs over
irreducible representations of G yields a functorial isomorphism

D(G) Quey M = M. (5.3)

Thus the quotient D(G)<. = D(G) Qpes4 (U/3£)®4 satisfies
D(G)<c ®ugu M = M for any M annihilated by J.. It follows that the ob-

ject R. :=D(G) <, mod HC(A’AHA2 satisfies the characterizing property of

<cXc

R e It is not hard to check that the centrality and the commutator struc-
c

ture on B, o 2. are compatible with those coming from the isomorphism of

functors R, Quyeu, — = IdH oA This proves (5.2), and hence (5.1).

We also claim that the functor 2, is semi-simple, while B, is conserva-
tive (i.e. it kills no objects). Semisimplicity of 2. follows from Decompo-

sition Theorem, since HC is a composition of smooth pull-back and proper
push-forward (see 2.5). Conservativity of 28, comes from the following ob-
servation: the definition of cells in character sheaves (see 5.1) easily implies

that for M € CSA;EA, M CS’EEA there exists a surjection in HCH /HC&E:
I'’(M) — L for some irreducible Harish-Chandra bimodule L belonging to
c. Since L is annihilated (say, on the right) by J., we see that L ®uygu I = L,
so I'"(M) ®uegu I, surjects to L = L Qugu I in HCA/HCiQ, in particular
I'*(M) ®ueu I #0 mod HC%.

These properties of 2., ‘B, together with (5.1) imply that 2(, sends irre-

ducible objects to irreducible ones and induces an injective map between the
sets of isomorphism classes of semi-simple objects. To show that this map is

surjective assume, on the contrary, that an irreducible object L € CS §+A does
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not lie in the image of .. Then Hom(%(.(Z), L) =0 for any Z € Z(HCi ).

c,ss

It is easy to see that 2. is left adjoint to B, thus we have B.(L) = 0. This
contradicts conservativity of B..
Thus we have proven Theorem 5.3(a). It remains to equip the equivalence

2l (equivalently, ®8.) with a tensor structure. The functor HC: DCS*A —
Z(DHC") is monoidal. The object I, satisfies

L ~
1.Qul, =1, ® R mod DHC*

<c’

where R € D<O(HC**), this is so since the convolution of semi-simple ob-
jects is a semi-simple complex and /. is a unit object with respect to truncated
convolution on the cell subquotient category.

So for F, G € CS) A we have:

— L ~
B(FoG) ZHC(H (F%G)@ul. mod HC,

~ HOY(F %G * I.) mod 7'[Ci<£

L ~
= H'(H(F * 1)®uH(G % I.)) mod HC:,
= %Q(f) Ru %Q(g)

This endows ‘B, with a monoidal structure thereby completing the proof
of Theorem 5.3.

6 Specialization of character sheaves

In this section we sketch a proof that the exact functor of Corollary 3.4 can
be described as Verdier specialization in the De Concini—Procesi compacti-
fication (in particular, it commutes with Verdier duality).

Let G denote the quotient of G by its center and 7% its maximal torus.
Set X% := (G /Nt x G/N7)/T,letw :G — G 7% : X - X% de-
note the projections.

Let Ead denote De Concini—Procesi compactification of G4 [9], see also
exposition in [12]; let j : G — G be the embedding. The complement
Z= Ead \ G% is a divisor with normal crossing. The closed stratum (inter-
section of the components) in Z is identified with B2 and the complement in

the total space of the normal bundle Ng» (Ead) to the normal cone N2 (Z) is
identified with X%,
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We have the Verdier specialization functor Sp : D-mod,s (Ead) —
D-mod(N g2 (Ead). It induces a functor Sp° : D-mod,s(G*Y) — D-mod(X ).
Here the subscript “rs” refers to the category of holonomic D-modules with
regular singularities.

Theorem 6.1 Let M be a holonomic D-module with regular singularities on
G such that the action of the center Z(U(g)) coming from the action of G
on itself by left translations is locally finite. Then the D-module Sp(j.M) is
T4 _monodromic and for a dominant weight . we have a canonical isomor-
phism:

T4 (Sp°(M)) = T (M).

Corollary 6.2 For a character sheaf A on G we have a canonical isomor-
phism

Sp° (e A) Z X 1y 0 HC(A).

Proof of Corollary The isomorphism is immediate from Theorem 6.1 and
Proposition 3.1. O

Proof of the Theorem Let T be the ideal sheaf of B2 C Ead. Let Dz C D be
the subsheaf of differential operators preserving each power Z", n € Z-.o. The
associated graded sheaf D7 acts faithfully on @Z"/Z"+!.

The set of components of Z is in a canonical bijection with the set I of ver-
tices of the Dynkin diagram of G. Fori € I let Z; be the corresponding com-
ponent and «; the corresponding simple root, ¢&; be the simple coroot. Since
Z; are smooth divisors and B2 is their transversal intersection, the conormal
bundle Z/Z? is decomposed as a direct sum of line subbundles indexed by
I. We have a canonical embedding e : t — (D7) such that x € t acts on the
i-th line subbundle by «; (x); we will use the same notation for the induced
map Sym(t) — I'(D7).Let E = e(p) be the Euler vector field.

It is known that a nonzero function f € V; ® V;* C O(G) has a pole of
order A(¢;) along the divisor Z;. Hence we have

elsym@w = he, (6.1)

where hc : Sym(t)W =ZU(g)) — (D7) comes from the (left) action of G
on G,

Recall that the specialization of a D-module is defined as the associated
graded of the Malgrange-Kashiwara V -filtration [18]. By the definition, each
term of the V -filtration is invariant with respect to D7 and the action of the
Euler vector field E on grd(V°) is finite with all eigenvalues in S + d where
S C C s a fixed set of representatives for the cosets C/Z.
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Thus (6.1) shows that for M as in the Theorem the action of t on
gr(V*(j«(M)) is locally finite. Hence Sp(M) is a 7% _monodromic (weakly
equivariant) D-module.

Furthermore, it follows that the filtration on I'(M) = I'(j,(M)) induced
by the V -filtration is given by

Vi(T(M)) = D T (M).

MA(P)eS+d,d<—i
Thus we see that
M (Sp(ju(M)) = T*(gr(V*(M))) C gr(V°T (juM))* = T*(M),

i.e. we get a canonical injective map i, from the right hand side to the left
hand side of the desired isomorphism.

To check that this map induces an isomorphism for dominant A consider a
surjective map of quasicoherent sheaves on G: sy, : (jxM)=* — grV(j.M)*.
Here grV(j,M)" is the sheaf supported on B? which is the maximal direct
summand in gr!V(j,M) where t acts by generalized character A; here i is
such that A(p) € i + S. The sheaf (j*M)f}‘ is the preimage of ng(j*M)k
under the map V! (juM) — gr' V(j.M).

For an element v = ) n;e; in the root lattice let Z" denote the divisor
> niZ;on G. Itis known that O(Z") |g2 = O(v, v). The line bundle O(Z") is
ample provided that the weight v is dominant. It follows from the definitions
that for 4 = A + v with v in the root lattice, the map s, is obtained from s;,
by twisting with O(Z").

Take o € F)‘(Sp(j*M)) = F(gr}’(j*M)’\). For v positive enough the sec-
tions of Op2(v,v) C grV(j.M YAtV (where the embedding comes from o)
lie in the image of I'(s;+,). However, the image of I'(s;) coincides with the
image of i;. One can show that for dominant weights A, © with A — u in

the root lattice, the g & g module I'A(M) is obtained I'* (M) by translation
functor. It follows that the maps i, , for various A, come from a fixed map of
T%-monodromic D-modules on X. Thus Localization Theorem implies that
o is in the image of i;.

We have checked that I'* (M) = I'’*(Sp(j.M)). However, it is not hard to
deduce from Kashiwara Lemma that for a 7%¢-monodromic D-module N on
Npg2 (G) and a dominant weight A we have I'*(N) = F’\(lead). O
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