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Abstract. We compute the Newton—-Okounkov bodies of line bundles on the complete flag variety of
GLy, for a geometric valuation coming from a flag of translated Schubert subvarieties. The Schubert
subvarieties correspond to the terminal subwords in the decomposition (s1)(s251)(s3s251)(...)(Sp—1..-51)
of the longest element in the Weyl group. The resulting Newton—Okounkov bodies coincide with the Feigin—
Fourier-Littelmann—Vinberg polytopes in type A.

1. Introduction

Newton—Okounkov convex bodies generalize Newton polytopes from toric geometry to a more
general algebro-geometric as well as representation-theoretic setting. In particular, Newton—
Okounkov bodies of flag varieties and of Bott—Samelson resolutions for different valuations have
recently attracted much interest due to connections with representation theory and Schubert cal-
culus. The Newton—Okounkov body can be assigned to a line bundle on an algebraic variety X
[KaKh, LM]. In contrast with Newton polytopes, Newton—Okounkov bodies depend heavily on
a choice of a valuation on the field of rational functions C(X). In the case of flag varieties, it is
especially interesting to consider various geometric valuations, namely, valuations coming from a
complete flag of subvarieties pt =Y; C ... C Y7 C Yy = X, where d := dim X, since the resulting
Newton—Okounkov convex bodies can often be identified with polytopes that arise in representation
theory.

The first explicit computation of Newton—Okounkov polytopes of flag varieties is due to Ok-
ounkov [O]. For a geometric valuation, he identified Newton—Okounkov polytopes of symplectic
flag varieties with symplectic Gelfand—Zetlin polytopes. Since then several other computations
were made for different valuations [An, Fu, FFL14, HY, Ka, Kil4], see also [Anl5, FK, SchS] for
related results. In the present paper, we use a natural geometric valuation introduced by Anderson
in [An, Section 6.4] who computed an example for GL3. In this example, the Newton-Okounkov
polytope was identified with the 3-dimensional Gelfand—Zetlin polytope.

Let X be the complete flag variety for GL,,(C). We compute Newton-Okounkov convex bodies
of semiample line bundles on X for the geometric valuation coming from the flag of translated
Schubert subvarieties

—1 -1 -1
woXiqg C Wowy_1 Xw,_; CWowy_oXuw, , C ... Cwow; Xy, CX,
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where wy, wa,. .., wg_1 are terminal subwords of the decomposition

(81)(8281)(538251)(. . -)(Sn—l . 51)

of the longest element in S, (see Section 2.1 for a precise definition). The valuation can be
alternatively described as the lowest term valuation associated with a natural coordinate system
on the open Schubert cell in X (see Section 2.2). The computation is based on simple algebro-
geometric and convex-geometric arguments. The only representation-theoretic input is the well-
known fact that the number of integer points in the Gelfand—Zetlin polytope for a dominant weight
A is equal to the dimension of the irreducible representation of GL,, with the highest weight .

Surprisingly, the resulting polytopes for n > 3 are not, in general, combinatorially equivalent
to the Gelfand—Zetlin polytopes and coincide instead with Feigin-Fourier-Littelmann—Vinberg
polytopes in type A. The complete list of cases when Feigin—Fourier-Littelmann—Vinberg polytopes
in type A are combinatorially equivalent to the Gelfand—Zetlin polytopes can be found in [Fo].
Though Feigin—Fourier-Littelmann—Vinberg polytopes can also be defined in type C an analogous
result for Newton—-Okounkov polytopes does not hold already for Sps(C) (see Section 2.4 for
more details). In both types A and C, Feigin—Fourier-Littelmann—Vinberg polytopes were earlier
obtained as Newton—Okounkov bodies for a completely different valuation that does not come from
any decomposition of the longest element (see [FFL14, Examples 8.1,8.2]). The fact that valuations
considered in [FFL14] and in the present paper yield the same Newton—Okounkov polytopes served
as the starting point for the recent preprint [FaFL15], which gives a conceptual explanation for
this coincidence (see [FaFL15, Example 17]).

The paper is organized as follows. In Section 2, we define the valuation, formulate the main
result and consider several examples. Section 3 contains the proof of the main theorem mod-
ulo the result on comparison between the Gelfand—Zetlin and Feigin—Fourier-Littelmann—Vinberg
polytopes. The latter result is explained in Section 4 using purely convex-geometric arguments.

I am grateful to Alexander Esterov, Evgeny Feigin and Evgeny Smirnov for useful discussions.
I would also like to thank the referee for valuable comments.

2. Main result

In this section, we define the valuation on C(X), recall the inequalities defining Feigin—Fourier—
Littelmann—Vinberg polytopes and formulate the main theorem. We also define a geometrically
natural coordinate system on the open Schubert cell and use it do the simplest examples by hand.
Finally, we discuss the case of symplectic flag varieties.

2.1. Valuation

Fix the decomposition wg = (s1)(5251)(535251) .. (Sp—1...51) of the longest element wg € S,.
Here s; := (i i + 1) is the i-th elementary transposition. Denote by d := (’2’) the length of wy.

Fix a complete flag of subspaces F* := (F! C F? C ... C F"~! C C") (this amounts to fixing
a Borel subgroup B C GL,). In what follows, wy for k& = 1,..., d denotes the subword of wgy
obtained by deleting the first k£ simple reflections in wg, and wy denotes the corresponding element
of S,,. Consider the flag of translated Schubert subvarieties:

-1 -1 -1
woXia C wowy ;1 Xw, ; Cwowy 5Xu, , C... Cwow; Xy, C GL,/B, ()

where Schubert subvarieties are taken with respect to the flag F'*, i.e., X,, = BwB/B (cf. [An,
Section 6.4] and [Ka, Remark 2.3]). Let yi, ..., yq be coordinates on the open Schubert cell C
(with respect to F'*) that are compatible with (x), i.e., wow; ' Xy, NC = {y1 = ... =y, = 0}. A
possible choice of such coordinates is described in Section 2.2.
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Fix the lexicographic ordering on monomials in coordinates yi, ..., yq, i-e., yfl R A
yh - yle iff there exists j < d such that k; = [; for i < j and k; > 1;. Let v denote the lowest
order term valuation on C(X,,) = C(GL,/B) associated with these coordinates and ordering.
Let L) be the line bundle on CTLn/B corresponding to a dominant weight A := (Ay,...,\,) € Z"
of GL,, (dominant means that \y > Ao > ... > A;). Recall that the bundle L, is semiample iff
A is dominant and very ample iff A is strictly dominant, i.e., Ay > Ay > ... > A,. Denote by
A,(GL,/B,Ly) C R? the Newton-Okounkov convex body corresponding to GL,,/B, Ly and v
(see [KaKh, LM] for a definition of Newton—Okounkov convex bodies).

Theorem 2.1. The Newton—Okounkov convex body A,(GL,/B, L)) coincides with the Feigin—
Fourier—Littelmann—Vinberg polytope FFLV (\).

We now recall the definition of F'F LV (\). Label coordinates in R? corresponding to (y1, - .., ya)

by (uh_13u? o ul _o; . ;ul L ul™?, .. ul). Arrange the coordinates into the table
A1 A2 A3 . An
1 1 1
ug ) Usg . ) Uy
uy Up—2
(FFLV)
n—2 n—2
uy U
Uy

The polytope FEFLV () is defined by inequalities u!, > 0 and

Z ’U,lmg)\l—)\j

(I,m)eD
for all Dyck paths going from A; to A; in table (FFLV') where 1 <1 < j < n (see [FFL] for more
details).

Ezample 2.2. (a) For n = 3, there are six inequalities
1 : 1 . 2. 1., .2, 1
0<u; <A1 —Ag; 0<uy3 < Aa—2A3; 0<uy; wuy+ui+tuy <A\ —As.

In this case, there is a unimodular change of coordinates that maps F'F LV (X) to the Gelfand—Zetlin
polytope GZ(\) (see Section 4 for a definition of GZ(\)).
(b) For n = 4, there are 13 inequalities

0<ui <A =Xy 0<ub<Ao—A3; 0<uj<dg—Ai; 0<ui ul, uf;

up uf Fuy <A — Az upFu3Fuz < A — Ay
ui Fud FusFudFul <A - A oul Fud ol uddul <A - M

In this case, FFLV(\) and GZ(X) are combinatorially different whenever A is strictly dominant
because they have different number of facets (cf. [Fo, Proposition 2.1.1]).

2.2. Coordinates

We now introduce coordinates on the open Schubert cell in GL,, /B that are compatible with the
flag (x). These coordinates seem to be natural from a geometric viewpoint and will be used to
compute by hand some examples in the end of this section. However, they are not needed for the
proof of the main result.
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To motivate the definition consider first the Bott—Samelson variety X,,. Its points are collec-
tions of d subspaces {V; C C" | i+ j <mn, i,j > 0} such that dimV} =4, and V}, V}',; C Vf“
where we put Vrzfll := F*+1 Incidence relations between subspaces Vji can be organized into the
following table (similar to the Gelfand-Zetlin table).

Vi %5 e Vi, F!

n

2 F2

where the notation

means U,V C W.

Collections of spaces (V]z CC™|i+j<mn,ij>1) appear naturally when we start from the
fixed flag F'* and apply d one parameter deformations to get the moving flag M*® := (V{! C V2 C
... C Vln_1 C C™). The deformations are encoded by the word wy as follows. The elementary
transposition s; corresponds to P!-family of complete flags that differ only in the i-th subspace.
To go from F* to M*® we first move F! inside F? and get the flag (V,!.;, C F? C ... C F"71),
second we move F? inside F? and get (V! Cc V2, C F? C ... C F" 1), third we move V,!_,;
inside V,2_, to get V,1_, and so on.

FEzample 2.3. Let n = 4. Below is the sequence of intermediate flags between F'® and M*°.
PRV CcPPCFHYB (VI cVEc )3 (Vi cVic )3

(Vi cVi V)3 (V) cVPc V@) 3 me

Remark 2.4. The word wy is the same (after switching s; and s,,_;) as the word used in [V, 2.2] to
encode the path from the fixed flag to the moving flag in order to establish a geometric Littlewood—
Richardson rule for Grassmannians. According to [V, 3.12] not every reduced decomposition of wq
can be used for this purpose which is another manifestation of the special properties of wyg.

Note that if F'* and M*® are in general position (that is, M*® lies in the open Schubert cell C with
respect to F'*), then all subspaces V' are uniquely defined by M*, namely, V; = F*~/Htn M+~
In particular, the natural projection

Twg * Xwy = GLn/B; T, (V]’) — M*®

is one to one over C. Fix a basis ej,..., e, in C" compatible with F*® ie., F' = (e,...,¢;)
(fixing such a basis is equivalent to fixing a maximal torus T C B, and hence, an ac-

tion of the Weyl group on flags). Using the word wy we now introduce natural coordinates
1 .2 1 . Len—1  n—2 1 ~ 1
(Tp_15Tp 0y Ty g5 x) o, wy) on C o~ s

(C). The origin in this coordinate system
is the flag woF* := (woF' C woF? C ... C woF™""). The coordinate z determines the position
of V} inside the P'-family of dimension ¢ subspaces Vji (x;) such that Vj;ll C V}Z(w;) C Vj”l. To
define the coordinate x; on P! uniquely up to a constant factor it is enough to choose Vji(()) and

Vj(oo). The following choice seems to be the most natural.
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P(FY) P(V3(0))
h

P(V{(0))

P(<e3>)

F1cUure 1. Coordinates on flags for n = 3.

Since M*® and F* are in general position, that is, dim(F"~/ N M**J) = i, we have inclusions of
pairwise distinct subspaces:

ijz;ll — =i Miti—l
V‘ji = i+l N Miti—=1 ?é ‘/}i+1 = Fn—J N Mit+i
‘/ji-i-l = frn—itl A pfitd

Put Vj‘(oo) =V} and V}(0) := (F" "7 e, 1) N M7 + Vji;ll.. Note that (F”__i_j,_en.,ﬂl} N
M**7 is the line spanned by a vector e,,_ ;1 +v for some v € F"~*~J since F"~ "I N M"*7 = {0}.
It follows that dimV}(0) = i, and V}'(0) # V}(c0) because e, jy1 ¢ F" /. By construction,
V;_:ll C Vj(0) Vj“. Note also that V} lies in A' = P!\ {V/(co)} when M* and F* are in
general position.

Remark 2.5. Tt is  not hard to check that coordinates  (y1,...,¥d) =
(xl a2 g al o 2P a2 .. x]) are compatible with the flag (%) of Schubert sub-
varieties.

Example 2.6. Let n = 3. Then
Vih = ((z1a —ai)er + iea +e3); Vo = (w3e1 + ea);

V2 = (z3e1 + ea, —xie; +e3).
Figure 1 depicts projectivizations in P? of various subspaces involved in this example.

2.3. Examples

Theorem 2.1 will be proved in the next section. Here we verify it by hand in three simplest
examples.
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Ezample 2.7. cf. [An, Section 6.4] Let n = 3, and A = (2,1,0). The flag variety GL3/B can be
regarded as a hypersurface in P? x P?* under the embedding (V;', V) = Vi' x V2. The line bundle
Ly on GL3/B is the pullback of the dual tautological line bundle O(1) on P® under the embedding:

* S
pr: GL3/B < P? x P2 25 p8,
Using Example 2.6 we get that in coordinates (y1,y2,y3) = (23, 2%, 21) the map p, takes the form

Y1Ys — Y2

P (Y1, Y2, 93) Y3 x (y2 Y1 1).
1

Hence, H'(GL3/B, Ly) has the basis 1, y1, Yo, Y3, Y193, Y213, Y192Y3 — Y3, Y7y3 — Y12. Applying
the valuation v we get 8 integer points (0,0, 0), (1,0,0), (0,1,0), (0,0,1), (1,0,1), (0,1,1), (0,2,0),
(1,1,0), whose convex hull in R? is given exactly by inequalities of Example 2.2(a).

Ezample 2.8. Let n = 4, and A = (1,1,0,0). The line bundle Ly on GL4/B is the pullback
of the dual tautological line bundle O(1) on P® under the natural projection GLs/B — G(2,4)
composed with the Pliicker embedding G(2,4) < P° of the Grassmannian. Using Example 2.3 we
get that in coordinates (y1,...,%s) the plane V2 is spanned by the vectors (y4ys + ¥s, ¥4, 1,0) and
(y2ys + y3,¥2,0,1). Hence, the map p, has the form

Px (Wi, Y6) = (Y2ys — Y3y - —(YoYs + Y3) t Yale + Ys : —Y2 1 ya : 1).

The valuation v takes the sections of H°(GL4/B, L) to 6 integer points in the 4-space {u} = u} =
0}. In coordinates (u?,u$,u},u?), these points are (0,1,1,0), (0,1,0,0), (0,0,0,1), (1,0,0,0),
(0,0,1,0), (0,0,0,0). Their convex hull in R? is given exactly by inequalities of Example 2.2(b).

Ezample 2.9. The previous example can be extended to G(3,6), that is, n = 6 and A\ =
(1,1,1,0,0,0). This is the minimal example when FFLV()A) and GZ(\) are not combinatori-
ally equivalent (cf. [Fo, Proposition 2.1.1]). When computing V;? in coordinates (y1,...,y15) one
can immediately ignore all monomials that contain y15, y14, y13 since they never appear as the
lowest order terms. The same holds for ys, y2, y1. If y15 = y14 = y13 = 0, then p, takes the
following simple form:

yio Y11 Y12 1 0 0
P (Yay-.-,y12) —» 3 x3minorsof | y7 ys yo 0 1 0
ya ¥s Y 0 0 1

Hence, we have to compute the lowest order terms of all minors of the 3 x 3 matrix formed by the
first three columns. After rotating this matrix as follows

Y10
Yy Y11
Ya Ys Y12
Ys Yo
Ys

it is easy to see that the lowest order monomials in the minors are in bijective correspondence with
those collections of u} (where 3 < i+ j <6, j < 3) in table (FF'LV) that can not occur in the

same Dyck path. By definition, FFLV ()\) contains an integer point with u; =1and ul, = 1iff

no Dyck path passes through both uz and u!,. Hence, the valuation v maps bijectively the minors
to the integer points in FFLV (A).



NEWTON-OKOUNKOV POLYTOPES OF FLAG VARIETIES

Remark 2.10. Arguments of Example 2.9 allow one to identify A,(GL, /B, L,) with FFLV (w;)
for any fundamental weight w; of GL,. This might lead to an alternative proof of Theorem 2.1
if one uses that A,(GL,/B,Ly) for A = kjwi + ... + kn_1wp—1 contains the Minkowski sum
k1Ay(GL,/B,Ly,) + ...+ kn-12,(GLy /B, Ly,, ).

2.4. Symplectic case

A statement analogous to Theorem 2.1 does not hold in type C already in the case of Spy. We now
discuss this case in more detail. For the rest of this section, X denotes the complete flag variety
for Sps. The flag of translated Schubert subvarieties analogous to (x) has the form

51895189 Xiq C 818281X52 C 8182X5152 - 81X525152 C X,

where s1, so are simple reflections. The resulting Newton—Okounkov polytopes were computed in
[Kil4, Proposition 4.1]. Regardless of whether s; corresponds to the shorter or the longer root,
these polytopes have 11 vertices (for a strictly dominant weight) while Feigin—Fourier—Littelmann—
Vinberg polytopes (as well as string polytopes) for Sps have 12 vertices. In particular, the former
are not combinatorially equivalent to the latter.

Note that the string polytopes for the decomposition

wo = (51)(525152) (.. ) (SnSpn—1...528182 ... 5p_15n), (Sp)

where s1 corresponds to the longer root, coincides (after a unimodular change of coordinates) with
the symplectic Gelfand—Zetlin polytopes by [L, Corollary 6.3]. The latter were exhibited in [O] as
the Newton—Okounkov bodies of the symplectic flag variety Sps, /B for the lowest term valuation
associated with the B-invariant flag of (not translated) Schubert subvarieties corresponding to the
initial subwords of wo:

w

Xia C Xwowfl C...CX,, -1 C Span/B,

where d = n? = dim Spa,,/B.

Finally, note that string polytopes for any connected reductive group G and any reduced de-
composition wy were obtained in [Ka] as the Newton-Okounkov bodies of the complete flag variety
G/ B for the highest term valuation associated with the B-invariant flag of Schubert subvarieties:

Xia C Xy, , C...C X,, CG/B.

Here d denotes the dimension of G/B (and the length of wy). Note that for G = GL,, and wy
as in Section 2.1, the string polytope coincides with the Gelfand—Zetlin polytope in type A by [L,
Corollary 5.2]. While the highest term valuation comes naturally when dealing with crystal bases
and string polytopes the lowest term valuation is more natural from a geometric viewpoint since
it can be interpreted using the order of the pole of a rational function along a hypersurface.

3. Proof of Theorem 2.1

We first formulate and prove simple general results about Newton-Okounkov bodies and recall
classical facts about divisors on Schubert varieties. Then we prove Theorem 2.1.
3.1. Preliminaries
We will need the following two simple lemmas on Newton-Okounkov convex bodies.
Lemma 3.1. Let X be a variety, L a line bundle on X, and v a valuation on C(X). If D is an

effective divisor on X, then
Ay(X,L) C Ay(X,L®O(D)).
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Proof. Since D is effective, 1 € H°(X,O(D)). The lemma follows directly from the definition of
Newton—Okounkov bodies since for any [ € N we have the inclusion i : H°(X, L®!) ¢ H*(X, (L ®
O(D))®") given by i(s) = s ® 1.

The lemma below is a partial case of [LM, Theorem 4.24]. We provide a short proof for the reader’s
convenience.

Lemma 3.2. Let X C PV be a projective variety of dimension d, and Yy = ({zo} = Y4 C ... C
Y1 C Yy = X) a complete flag of subvarieties at a smooth point v € X. Consider a valuation v
on C(X) associated with the flag Ys, and the corresponding coordinates a1, ...,aq on R, Let vy
be the restriction of the valuation v to C(Yy). Denote by L the restriction of the dual tautological
bundle Opn (1) to X. Then we have

AU1 (YVI’L|Y1) = Av(Xa L) N {al = 0}

Proof. Tt is well-known that the natural restriction map H°(PN, Opn (1)) — H°(X, L%) is sur-
jective for sufficiently large . Similarly, the map H°(PY, Opn (1)) — HO(Yy, L%y, ) is surjective.
Hence, the map HY(X, L®!) — HO(Yy, L®!]y,) is surjective, and A,, (Y1, L]y,) C A, (X, L). For a
section s € HO(X, L®"), denote by 3 its restriction to Y;. Then 5 # 0 iff v(s) € {a; = 0}. Hence,
Ay, (Y1, Lly,) = Ay(X, L) N {a; = 0} as desired.

We will also use the classical Chevalley formula [B, Proposition 1.4.3] and the description of Cartier
divisors on Schubert varieties [B, Proposition 2.2.8]. When applied to X, from (x) and L, these
propositions immediately yield the following

Lemma 3.3. Let w = (s;...51)(Sp—j41..-51)-..(8Sp—1...51) where i +j < n. Then the Picard
group of X, is spanned by the classes of X.,s where s runs through transpositions si, Sa..., Sj—1;
GJi+1),G3+2),..., i+ ) and (G—1i+5+1), (j—1i+j+2),..., (j—1n). In particular,

Lilx, = ®O we) ™™ A'“‘g’@w w(i 1))V T

®®O jll)71_>\l'

l=i+j+1

Remark 3.4. Lemma 3.3 implies the following important property of the decomposition wy. For
every k < d, the Schubert subvariety X,,, is a Cartier divisor on X,, ,. This property is used
in the proof below. It would be interesting to find decompositions with this property for other
reductive groups (decomposition (Sp) for Sp,, does not have this property).

Moreover, it is easy to check that all X, are smooth by [M, Theorem 3.7.5] but this is not used
in the proof.

k

3.2. Proof of Theorem 2.1

We will prove by induction the following more general statement. Put Y := wowllewk,
and let vy be the restriction of the valuation v to C(Yy) =~ C(Ygt1,.-.,va) (see Remark
2.5). We will also use an alternative labeling of coordinates in R, namely, (ay,as,...,aq) =
(ul 2 g ul o ul w2 ul). Let Fy(\) be the face of FFLV (M) given by equations
ul, =0 for all pairs (l m) such that either m > j, or m = j and [ > i. Here k and (i, j) are related

via the above identification of coordinates aj and uf, i.e., ap = uj.
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Theorem 3.5. The Newton—Okounkov convex body A, (Yi, Laly;) coincides with the face Fy(\).

In particular, this theorem reduces to Theorem 2.1 when k& = 0 (we put Fo(A\) = FFLV(A)). The
main idea of the proof is to identify the slices of A, _, (Ys—1, Lxly,_,) by hyperplanes {a; = const}
with Fy,(u) for suitable . We will need a convex-geometric lemma for slices of Fj,_1 () and a similar
algebro-geometric lemma for A,, |, (Yi—1, Laly,_,)-

Lemma 3.6. There exists a path of dominant weights pu(t) such that
(t = Xivj)er + Fi(u(t) = Fr—1(N) N {ar =t — Aigj}-
for all t € [Ni+j, \j]. Here e), denotes the k-th basis vector in R%. In particular,
Fr—1(A) = conv{(t — Aigj)er + Fi(u(t)) | Aigy <t < Aj}
Proof. Define u(t) = (u1(t), ..., un(t)) as follows

() = max{\;,t} fj<i<i+j
falt) = by, otherwise

In particular, A = pu(Ai4;), and every p;(t) is a piecewise linear concave function of ¢. The lemma
now follows immediately from the definitions of Fj(\) and FFLV ()).

In particular, Fj_1(X) fibers over the segment [0, A\; — X;4;], and the fiber polytope is analogous
to Fi () for strictly dominant .

Lemma 3.7. Take p(t) as in the proof of Lemma 3.6. Then
(t = Aitj)er + Do (Yes Luoylvi) € Aoy, (Y1, Lalyvi o) N {ar =t — Aiyj}
for all integer t € [Ait;, \;]. In particular,
conv{(t = At j)ex + Do (Vs Lo lyi) | Aigy <t < Mgy t €2} C Ay (Vi1 Lalve_,).

Proof. By definition, Y3 and Yj_1 are translates of the Schubert varieties X,,, and X, _,, respec-
tively, where wy = (Si—1...51)(Sn—j+1---51) -+ (Sn—1...51) and wy_1 = s;w. Put 7 =1t — A\j4;.
It is easy to check using Lemma 3.3 that

Laly,_, ® O(=7Yk) = Ly lvi_, @ O(7(8:iYk — Vi) @ E(7)

for an effective Cartier divisor E(7) on Yy_1. Indeed, E(7) = Lix—p@)lvi, @ O(—7s5:Y%) is a
translate of the following divisor on X, ,:

i—1
® O(Xw(j l+j))max{0,t7>q+j}'
=1

Note that Avk_l (Yk:717 L,u(t) |Yk—1 ®O(T(SiYk —Yk))) = Tek-i-Avk_l (kal, L#(t) ‘yk_l) since SiYk —Yk
is the divisor of the rational function y. Applying Lemma 3.1 to Y31, L,)|v,_, ® O(7(5:Yr —Yz))
and E(7) we get

Ter + A, (Y1, Ly lvi 1) € Buyy (Yi—1, Ly, @ O(=7Y5)).
Intersecting both sides with the hyperplane {ax = 7} yields
Ter + Aoy (Ye-1, Ly vy ) N {ar = 0} C Ay, (Yio1, Laly,, ® O(=7Yg)) N {ax = 7}
Since L) is semiample we can apply Lemma 3.2 and get that
Ay (Y Loy lvi) = Ausy (Ye—1, Ly lvic—,) 0 {ar = 0}
It follows that
Ter + Avk (Yk, Lu(t)|Yk-) C Avk—l (Yk—h L)\|Yk,1 ® O(—TYk)) n {ak = T}.
It remains to note that Ay, _, (Y1, Lalv,_, ® O(—7Y%)) C Ay, _, (Yi—1, Lily,_,) by Lemma 3.1.

We are now ready to prove Theorem 3.5.
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Proof of Theorem 8.5. Let us first prove that Fi,(\) C Ay, (Yi, L]y, ) for all dominant A by back-
ward induction on k. For k = d, we have that both convex bodies coincide with the origin in R%.
Suppose the inclusion holds for k. We now prove it for £ — 1. By Lemma 3.6

Fr—1(A) = conv{(t — Aiyj)er + Fio(u(t)) | Adigy <t < A}

Moreover, when taking the convex hull it is enough to consider only integer values of ¢, since u(t)
is linear at all non-integer points. Using the induction hypothesis Fy(u(t)) C Ay, (Yi, Lu@)ly,) we
get that

Fk,l()\) C COIlV{(t — )\iJrj)ek + Avk(Yk})Lﬂ(t)|Yk) ‘ )\iJrj <t< /\j7 te Z}.

Hence, Fi,_1(\) C Ay, (Yi—1,LAly,_,) by Lemma 3.7.

Finally, for k = 0 we get Fo(A\) C A,(GLy /B, Ly). Since both convex bodies have the same
volume they must coincide. Here we use that by Theorem 4.3 the volume of Fy(\) = FFLV())
coincides with the volume of the Gelfand—Zetlin polytope GZ(X). Hence, inclusions Fj(A\) C
Ay, (Y, La|y,) are equalities for all k.

Remark 3.8. Results of Section 4 (see Theorem 4.3 and Remark 4.1) imply that the number of
integer points in Fj () (and hence, in the Newton—Okounkov polytope A,, (Yk, Lily,)) is equal to
the dimension of the Demazure module H(Yy, L]y, ) for all k = 0,...,d and dominant \.

To illustrate the proof of Theorem 3.5 consider the simplest meaningful example.

FEzxample 8.9. Let k=d — 1, i.e., wy = s1 and wi_1 = s981. Then Y;_1 = P2 is the blow up of P?
at one point, and Y, = P! is embedded into Yj_1 as one of the fibers of the P!-bundle P? — P!,
The Picard group of P? is spanned by O(Yy) and O(E) where E C P2 is the exceptional divisor.
Note that O(E)?® ® O(Y;)? is semiample iff 0 < a < b. We have

Lily,_, = O(E)M %2 @ O(Yj) M 7.

Hence, the line bundle Lyly,_, ® O(—(t — A3)Y%)) is no longer semiample if Ao < ¢ < A\;. How-
ever, it has the same global sections (modulo multiplication by y,i_%) as the semiample bundle
L, = O(E) ™" @ O(Y;)*~". Hence, L, can be used instead of Ly, , ® O(—(t — A3)Yy))
when computing A,, _, (Laly,_,, Yk—1). Figure 2 shows the Newton-Okounkov polygons of Ly |y, _,
(trapezoid) and L, )ly;_, (triangle), which are just Newton polygons since Yj_; is toric.

4. Comparison of Gelfand—Zetlin polytopes and Feigin—Fourier—Littelmann—Vinberg
polytopes

We start with an elementary construction of polytopes fibered over a segment. Then we apply
this construction to get the Gelfand—Zetlin and Feigin—Fourier-Littelmann—Vinberg polytopes in
a uniform way.

4.1. Construction with fiber polytope

Let P C R! be a convex polytope. The set of linear functionals, whose restrictions to P attain
their maximal values at a face F' C P, form a cone Cp; the normal fan of P is defined as the set
of cones Cr corresponding to all faces F C Q. We say that a polytope Q C R! is subordinate to P
if the normal fan of P is a subdivision of the normal fan of . Note that the set of all polytopes
subordinate to P forms a semigroup under the Minkowski sum. Denote this semigroup by Sp.
Let p(t) be a piecewise-linear continuous function from a segment I C R to Sp. We say that

w(t) is convex if
plt) + p(t t t
(t1) (t2) - ( 1+ 2)

2 2
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Ay

FIGURE 2. Newton polygons of Ly|y,_, and Ly ly,_, for d =3, A =(3,1,0) and t = 2.

for all t1,t; € I. In other words, the set

Py = Ju(t) x {t} CR' xR =R"!
tel

is a convex polytope. In this case, P, fibers over I and the fiber polytope is subordinate to P.

Suppose now that 1'(t) is a convex function from I to S for a convex polytope @ C R'. If the
polytopes p(t) and p'(t) have the same Ehrhart polynomials for all ¢ € I then obviously so do P,
and P,. The simplest example is when P = @ and p/(t) is a parallel translate of p(t). In this
case, P, and P, also have the same fiber polytope but might be combinatorially different even for
quite simple u(t) and p/'(t) (see Example 4.4).

4.2. GZ(X\) vs FFLV()\)

We now show that both GZ(X) and FFLV(\) can be obtained inductively from a point using
the above construction. Recall that the Gelfand—Zetlin polytope GZ()\) C R? is defined by the
following inequalities

A1 Ao A3 o An
1 1 1
21 ) &) Zn—1
2
21 Zn—2
-2 -2
4 X Zg
n—
21
where the notation
a b
c

means a > ¢ > b. Let Gi(\) be the face of the Gelfand—Zetlin polytope GZ(\) given by the

equations 2!, zﬁnjl for all pairs (I,m) such that either m > j, or m = j and [ > i (we put

20 = \n).
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Remark 4.1. In [Ki, Theorem 3.4], there is an inductive construction of the Gelfand—Zetlin polytope
via convex geometric Demazure operators. The flag of faces

Gd()\) C Gd,1()\) C Gd,Q()\> c...C Gl()\) C GZ()\) = G()()\)

is exactly the flag used in this construction. In particular, by [Ki, Corollary 4.5] the number
of integer points in Gy is equal to the dimension of the Demazure module H?(Yy, Lyly,) for all
k=0,...,d and dominant .

Lemma 4.2. Take p(t) as in the proof of Lemma 3.7. There exists a path z(t) € R? such that
Gr-1(\) N {zj =t} = 2(t) + G (u(t)
for all integer t € [Niyj, Aj]. In particular,
Gr-1(A) = conv{z(t) + Gi(u(t)) | Ni+j <t < A}
Proof. Define the coordinates 2!, (t) of z(t) € R? as follows:

(t—)\i+j) ifm>jl+m=i+7, AiJert
(t=Aigj—1) Hm>gl+m=itj—1, Nigj1 <t
() =19 :
(t = Aj42) fm>jl+m=j+2, Njio<t
0 otherwise

In particular, z(t) = 0 if 4 = 1. The statement of the lemma now follows by direct calculation from
the definition of GZ(\) and G ().

Lemmas 3.6 and 4.2 together with the backward induction on k£ immediately yield an elementary
proof of the following theorem.

Theorem 4.3. Polytopes Fi.(\) and Gi(\) have the same FEhrhart polynomial for all k = 0,. ..,
d. In particular, Gelfand—Zetlin polytope GZ(X) and Feigin—Fourier—Littelmann—Vinberg polytope
FFLV(A) have the same Ehrhart polynomial.

The last statement of the theorem also follows from [FFL]. The first elementary proof of this
statement was given in [ABS] using a different approach.

Lemmas 3.6 and 4.2 imply that both FFLV(\) and GZ(X) can be obtained inductively from
a point by iterating the construction of Section 4.1. Note that both Fj_;()\) and Gi_1(X) fiber
over a segment of length A; — A;y;, and fibers are equal (up to a parallel translation) to Fj(u(t))
and Gp(u(t)), respectively, for the same piecewise linear function p(t) on the segment. The only
difference between these two cases is the presence of the shift vector z(¢) in the second case.

Ezample 4.4. cf. [Fo] Forn=3,k=0,...,3,andn=4, k=2, ..., 6, there exists a unimodular
change of coordinates that maps Fy to Gi. Let n =4, and k£ = 1. Then F} provides the minimal
example when F}, is not combinatorially equivalent to Gj.

We now illustrate how to obtain the inequalities defining F; from those of F, using Lemma 3.6
or equivalently the construction of Section 4.1 (and not the definition of Fy). For k = 2, we have
i1 =7 =2, and

() { (A1, A2, A3, t)  if Ay <t < A3
" (A, de, 61) i A3 <t < Ao
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By Example 2.2 the inequalities defining F5 are
0<ui <A —Xo; 0<ud <A —A3; 0<u?, ul;

U}+U%+U%§A1—>\3, U%+U%+U?§)\1—)\4

Put u3 := ¢t — \4. Using the last statement of Lemma 3.6 as a definition of F}, we get that F} is
defined by inequalities:

0<up <A —Xy 0<ug<Ao—ps(us+ )i 0<uf, uf;

u%+u%+u%§)\17u3(u§+)\4); u%+u%+u?<)\17(u§+/\4);

OSU§§A2_)\4.

Using that pz(t) = max{\s,t} and eliminating redundant inequalities we get
0<up <A —Xo; 0<Su;<ho—Ag; wp+ud <Xho—Ay 0=, uf, uj;

u%—&—uf—l—u%ﬁ)\l—)\g; U%+U%+U%+U§S)\1—)\4;
ui +ud 4 ud Fud <A - Mg

Similarly, one can restore GG from G35 and check that there are only 10 inequalities for Gj.
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