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a b s t r a c t
Although the long-range temporal correlation (LRTC) of the amplitude ﬂuctuations of neuronal EEG/MEG oscillations is widely acknowledged, the majority of studies to date have been performed in sensor space,
disregarding the mixing effects implied by volume conduction and confounding noise. While the effect of mixing
on the evaluation of evoked responses and connectivity measures has been extensively studied, there are, to date,
no studies reporting on the differences in the values of the estimated Hurst exponents when moving between
sensor and source space representations of the multivariate data or on the effect of noise. Such differences, if
not duly acknowledged, may lead to erroneous data interpretations. We show in simulations and in theory
that measuring Hurst exponents in sensor space may lead to an incomplete picture of the LRTC properties of
the underlying data and that noise may signiﬁcantly bias the estimate of the Hurst exponent of the underlying
signal. Moreover, these predictions are conﬁrmed in real data, where we analyze the amplitude dynamics of
neuronal oscillations in the resting state from EEG data. By moving either to an independent components representation or to a source representation which maximizes the signal to noise ratio in the alpha frequency range,
we observe greater variance, skewness and kurtosis over measured Hurst exponents than in sensor space. We
conﬁrm the suitability of conventional source separation methodology by introducing a novel algorithm
HeMax which obtains a source maximizing the Hurst exponent in the amplitude dynamics of narrow band oscillations. Our ﬁndings imply that the long-range correlative properties of the EEG should be studied in source
space, in such a way that the SNR is maximized, or at least with spatial decomposition techniques approximating
source activities, rather than in sensor space.
© 2014 Published by Elsevier Inc.

Introduction
A widely observed phenomenon in the study of cortical neuronal dynamics is the presence of long-range temporal correlation (LRTC) which
corresponds to slowly attenuating autocorrelations or the 1/f shape of
the power-spectrum. In EEG and MEG analysis, LRTC time-series include
not only the raw electrode data (Miller et al., 2009; Novikov et al., 1997;
Pritchard, 1992; Watters and Martin, 2004) but also the amplitude envelopes of narrow band oscillatory signals (Linkenkaer-Hansen et al.,
2001; Nikulin and Brismar, 2004, 2005; Palva et al., 2013; Smit et al.,
2011). The ubiquity of LRTC has been further demonstrated by the discovery of its presence in subcortical structures (subthalamic nucleus,
(Hohlefeld et al., 2012)). In this paper we consider the effect of volume
conduction on the estimation of the Hurst exponents of both EEG raw
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electrode data and the EEG amplitude time-series of narrow-band oscillations, but with a particular focus on the latter.
The importance of the LRTC property of amplitude time-series has
been elucidated by its relation to hypotheses concerning the optimal
functioning of large distributed neuronal networks; this is because on
the one hand the LRTC of amplitude time-series has been shown in computational work to coexist with neuronal avalanche activity (Poil et al.,
2012), and thus suggests a relationship between oscillatory activity observed in the EEG and the criticality hypothesis (Beggs and Plenz, 2003;
Friedman et al., 2012); thus a potential connection between LRTC in the
amplitude of oscillations and optimal information processing has been
established (Beggs and Plenz, 2003; Shew et al., 2009, 2011). On the
other hand, the relevance of the LRTC property to optimal function has
been conﬁrmed in clinical studies, where it has been observed that a
number of neurological diseases are associated with altered LRTC properties in the amplitude of oscillatory activity including Alzheimer's disease (Montez et al., 2009), schizophrenia (Nikulin et al., 2012), major
depressive disorder (Linkenkaer-Hansen et al., 2005) and epilepsy
(Monto et al., 2007). The importance of these scale free phenomena
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implied by the presence of the LRTC property is further corroborated by
numerous fMRI studies (Cabral et al., 2013; Ciuciu et al., 2014; Fox and
Raichle, 2007).
The degree of LRTC may be characterized by the magnitude of
the Hurst exponent, H, whereby values of 0.6–0.8 have been observed
as typical in the alpha and beta frequency ranges, across EEG electrodes
for healthy subjects (Linkenkaer-Hansen et al., 2001; Nikulin and
Brismar, 2004, 2005). Thus studies have pointed towards exponent
values which suggest the possibility of universality across subjects.
To date, however, no study has considered whether the observation
of LRTC across the scalp is an artifact of either volume conduction or
confounding noise sources, or whether the LRTC properties observed
in EEG sensor data present a distorted picture of the underlying sources,
as has been shown for other quantitative measures, such as measures
for connectivity (Meinecke et al., 2005; Nolte et al., 2004, 2008). Thus
no consideration has yet been given to the possibility that the LRTC
property may be spatially restricted and may only through volume conduction appear in all or many EEG (or MEG) sensors. Conversely no consideration has been given to the possibility that the Hurst exponent
values observed in EEG source space may be in fact higher than those observed in sensor space, implying the presence of stronger dependence
properties than previously reported. The validation of such a conjecture
would then potentially imply that, for instance, the presence of critical
states is heterogeneous across brain regions, or that the diminished
values in Hurst exponent measured from the EEG or MEG of patients
occur in virtue of attenuation of LRTC in selected brain regions.
In this paper we show in simulations, theory and analysis of experimental EEG resting data that an overestimation of the prevalence of
LRTC, an underestimation of the largest Hurst exponent present in the
source representation of the data and an overestimation of the lowest
Hurst exponent may occur as a result of mixing effects. Importantly,
the framework we develop, applied to volume conduction, can be equally
generalized to the effects of superimposed noise on an LRTC signal. Thus
the measured Hurst exponents in sensor space may be shown in theory
and simulations to display less diversity than those in source space and
to be biased towards the exponents of superimposed noise.

Thus numerous methodologies have been proposed for the estimation of H to circumvent the difﬁculties associated with the empirical autocorrelations. In this paper we use two such estimators, viz. Detrended
Fluctuation Analysis (DFA) (Peng et al., 1994) and a wavelet estimator
using a Daubechies mother wavelet (WD) (Abry and Veitch, 1998;
Simonsen et al., 1998). Most importantly, estimation of the Hurst exponent with DFA or WD assumes that our LRTC signals may be modeled as
x(t) + r(t) where r(t) is a polynomial trend of ﬁxed degree and x(t) is
LRTC with covariance function obeying Eq. (1). DFA and WD are then
invariant to the presence of r(t) and may be shown to be consistent estimators of the Hurst exponent of x(t) (Bardet and Kammoun, 2007;
Moulines et al., 2007). For DFA and WD, log-spaced scales n1,…,nr are
speciﬁed (window lengths) as input, and statistics, resp. F(ni) and
w(ni) are computed at these scales. For DFA, F(ni) is computed by ﬁrst
integrating the time-series to get y(t) = ∑ti = 1x(i), then detrending
y(t) in time-windows of length ni, to get yni ðt Þ; F(ni) is obtained by computing the average standard deviation in these time-windows of yni ðt Þ.
For WD, w(ni) is computed by the pyramidal fast wavelet algorithm;
high and low pass ﬁlters are speciﬁed which together constitute a ﬁlter
bank decomposing x(t) = a(t) + b(t), thus a(t) represents the low-pass
component and b(t) the high pass component. This ﬁltering may be
applied recursively, substituting at each stage x(t) by a(t) from the previous stage subsampled at every second time point. Thus we obtain
time-series bni ðt Þ where the ni is log-2 spaced values. w(ni) is given as
the standard deviation of the time-series bni ðt Þ. Intuitively both w(ni)
and F(ni) may be thought of as the level of ﬂuctuation when the timeseries is viewed at the scale given by ni. (See Section A.1 of the Supplementary material for the formal deﬁnition of F(ni).)
One may then show that w(ni) and F(ni) scale as nH. Thus H is estimated by considering the slope of the line of best ﬁt of log(ni) against
log(F(ni)), resp. log(w(ni)).
We choose two separate methods since DFA is well established in the
neuroscience literature and achieves high resolution in the frequency
domain, while on the other hand, wavelet analysis is computationally efﬁcient and thus proves useful in the optimization procedure we describe
in the Spatial ﬁltered Hurst exponent maximization (HeMax) section.

Methods

Theory

Hurst exponent estimation

Mixing effects
When we speak of mixing effects on Hurst exponent estimation, we
refer to the difference between the estimated Hurst exponent of a
weighted sum as1(t) + bs2(t) and the distinct exponents of s1(t) and
s2(t), or more generally, to the estimated exponent of:

The Hurst exponent H of a time-series X(t) quantiﬁes to what extent
information relating to the past history of X(t) is preserved in future
samples; if H = 0.5 then samples far apart are approximately independent and X(t) is short-range dependent.
However if 0.5 b H b 1 then X(t) is said to be LRTC, with higher values
of H denoting a stronger LRTC property; in these LRTC cases, the autocorrelation function of X(t) takes the form of a power-law for large lags:
EðX ðt ÞX ðt þ δÞÞ ∼

α
:
δ2−2H

ð1Þ

Notice that for narrow band oscillatory signals X(t) corresponds to
the amplitude envelope of the oscillatory signal and not the raw oscillatory signal. In the analysis of alpha range amplitude dynamics, values of
H close to 1 have been found empirically to occur with signiﬁcant autocorrelations persisting in the amplitude dynamics over thousands of cycles (Linkenkaer-Hansen et al., 2001; Nikulin and Brismar, 2004, 2005).
Testing for the presence of LRTC thus implies measuring H accurately. In principle, using Eq. (1), an analysis of empirical time-lagged correlations should yield an estimate of H. However, in practice, use of
the empirical autocorrelations for estimation of H is unreliable, due to
the inﬂuence of confounding non-stationarities in the low-frequencies
of the amplitude dynamics. These non-stationarities, in the raw electrode data, may include, for example, electrode drifts, postural changes
or ocular activity.

xðt Þ ¼

N
X

c j s j ðt Þ;

ð2Þ

j¼1

as opposed to the exponents of each of the sj(t).
In this framework we may consider the effects of signal to noise ratio
and volume conduction on Hurst exponent estimation from the EEG.
This is because, for the EEG, signal and noise are superimposed linearly
(Haufe et al., 2013; Nikulin et al., 2011), yielding data of the form s(t) +
n(t), where s(t) corresponds to the signal and n(t), the noise. For example, s(t) may correspond to a signal displaying a prominent spectral
peak in the alpha range, whereas n(t) a signal displaying a power spectrum of 1/f form. Moreover, and likewise volume, conduction may be
understood as the phenomenon, whereby the data at each electrode is
measured as a linear superposition of distinct sources of activity, both
signal and noise (Nunez et al., 1997; van den Broek et al., 1998). Thus
an electrode recording xi(t) consists of the sum of weighted activities
originating from N distinct sources sj(t):
xi ðt Þ ¼

N
X
j¼1

ai; j s j ðt Þ:

ð3Þ
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Notice, however, that a number of the terms sj(t) may correspond to
noise (previously denoted n(t)). Thus volume conduction and SNR may
be considered simultaneously by modeling the electrode recordings as
superpositions of signal sources and noise sources. Thus from now on
we consider volume conduction and noise in the same framework, viz.
as per Eq. (3).
Assumptions
Thus from this point onwards, we assume that the EEG data in sensor space is generated by a mixture of a ﬁnite number of sources, both
signal and noise. Since these sources are assumed to originate from distinct neural processes, we assume that their dependence is weak. Thus
for our simulations and theory we consider independent sources.
Since the sources sj(t) generating the EEG signal originate from distinct physiological sources, they are each subject to distinct Hurst exponents Hj.
The effect of mixing on estimation of the Hurst exponent of the raw data
The question then arises: what are the Hurst exponents of timeseries at the sensors, x1(t),…,xN(t) and what does estimation of the
Hurst exponents in sensor space (i.e. on the xi(t)) tell us about H1,…,HN?
Let us ﬁrst consider the situation in which the raw signal is longrange dependent. We show in Section A of the Supplementary material
that, if the Hurst exponents of independent time-series s1(t) and s2(t)
are H1 and H2, such that, H2 N H1 and so that:
covðs1 ðt Þ; s1 ðt þ δÞÞ ∼

α
δ2−2H1

ð4Þ

covðs2 ðt Þ; s2 ðt þ δÞÞ ∼

β
δ2−2H2

ð5Þ

then the Hurst exponent of the weighted sum as1(t) + bs2(t) is simply
max(H1,H2). However, in practice, if the difference H1 − H2 is not large
then we show that the expected value of the DFA-estimated Hurst exponent, HDFA, of as1(t) + bs2(t), on ﬁnite data, satisﬁes an approximate reÞ
lation, as follows: let f ðHÞ :¼ ð2þ2HÞðð1−H
Hþ1ÞðHþ2Þ, then,
EðH DFA Þ≈H 1 þ

!
b2 βf ðH 2 Þ
ðH 2 −H 1 Þ:
b2 βf ðH2 Þ þ a2 α f ðH 1 Þ

ð6Þ

Thus since a2α2f(H1) + b2β2f(H2) N b2β2f(H2) we have that, on average, the DFA exponent of the sum lies strictly between H1 and H2. Since
for small H2 − H1, we have that f(H1) ≈ f(H2) then, when the weightings
of the sum and the asymptotic correlations are equal, i.e. a = b and α = β,
the relation given by Eq. (6) implies that EðH DFA Þ≈ðH1 þ H 2 Þ=2.
Mixing and estimation of the Hurst exponent of the amplitude of
narrow-band oscillations
A difﬁculty, however, with the interpretation of the Hurst exponents
of the raw data, is that they may be inﬂuenced by the ﬁltering properties
of the media separating brain and electrode. Thus several papers have
argued that these Hurst exponents are of debatable functional signiﬁcance (Dehghani et al., 2010; Touboul and Destexhe, 2010). Moreover, their measurement is made more difﬁcult by the presence of
artifactual activity in the low-frequencies of the raw time-series (polarization potentials, ocular activity etc.). On the other hand, these arguments (of the papers (Dehghani et al., 2010; Touboul and Destexhe,
2010)) which assert the spurious values of Hurst exponents on the
raw data do not apply to the amplitude time-series of band passed EEG
data. This is because for narrow band data the passive ﬁltering properties of the brain tissue are approximately constant and are not likely
to explain scaling behavior of the amplitude envelopes. For this reason
and also, in addition, since narrowband oscillations such as alpha oscillations and beta oscillations are well studied (Engel and Fries, 2010;
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Palva and Palva, 2007) in particular with regard to their relevance for
brain functionality, we focus in the remainder of the paper on their
amplitude time-series, rather than on broad-band raw EEG data. The
results obtained for these two bands may easily be generalized to
other frequency ranges.
The theoretical analysis, however, when considering narrowband
signals possessing LRTC in their amplitude dynamics is, however, different to the raw signal. In this case we model s(t) = r(t)cos(ωt + ϵt)
where ϵt is a random variable with small variance modeling phase
slips and r(t) is a slow broad-band time series variable modeling amplitude ﬂuctuations. In particular, we cannot prima facie apply the same
transforms to derive Eq. (6) to predict the inﬂuence of mixing on the
values of estimated Hurst exponents. This is because the Hilbert transform and the following rectiﬁcation of the analytic signal represent a
non-linear transform of the narrow-band time-series. Since the sum of
two narrowband signals at a single frequency is also narrowband at
that frequency (consider Fourier representation), then we are interested in the estimated Hurst exponent of q(t) where:






qðt Þ cos ωt þ ϵ3;t ¼ r 1 ðt Þ cos ωt þ ϵ1;t þ r 2 ðt Þ cos ωt þ ϵ2;t :

ð7Þ

Eq. (6) is derived by considering the Hurst exponent of broadband
raw signals. We are now interested in the relationship between the
Hurst exponents of the amplitudes q(t) and r1(t),r2(t). (Note that r1
and r2 can also be considered as signal and noise, respectively. Therefore
the same logic should be applied to the effects of volume conduction
and SNR.) Thus a straightforward application of Eq. (6) is not possible
since Eq. (6) gives the expected Hurst exponent estimate of y(t) =
as1(t) + bs2(t), for scalars a,b, but this relationship does not hold between q(t) and r1(t) and r2(t) when we sum the underlying oscillatory
signals as per Eq. (7). Thus, r1(t) is the Hilbert transform of s1(t),
which we denote, H(s1(t)) = r1(t), and similarly for r2(t); however, a direct application, in this scenario, of Eq. (6) would require that H(s1(t) +
s2(t)) = H(s1(t)) + H(s2(t)), which does not hold in general.
However, under the assumption that the amplitude time-series
are approximately Gaussian, we are able to apply theoretical arguments
(Section B.2 of the Supplementary material) relating the behavior of
scaling to mixing of oscillatory sources which imply that the estimated
Hurst exponent of the sum of two oscillatory sources lies between the
Hurst exponent of each source. Moreover, we check in the simulations
of the following section that Eq. (6) provides a useful prediction for
the measured exponent on the amplitude of the mixture of two signals
provided H1 and H2 are not signiﬁcantly different. Notice, however, that
our simulations do not assume Gaussianity. However, we show that the
theoretical results which assume Gaussianity yield a useful prediction
for non-Gaussian amplitudes.
The theoretical argument, in summary, shows that the scaling exponent of the amplitude of narrowband oscillations is related to the variance of the sample variance estimate of the oscillatory signal. Under
the assumption that the amplitude of the oscillations is LRTC Gaussian
processes, we may moreover show that the variance of the sample variance scales log-linearly in data points and proportionally to H. Since,
under the assumption of independence of sources, the variance of the
sample variance also distributes under addition of narrow-band sources,
we arrive in a situation analogous to Eq. (6), which leads to the fact that
the exponent of a sum of sources lies between the exponent of the individual sources (technical details are provided in the Supplementary material, Sections B1 and B2).
Simulations
In this section we describe simulations involving narrowband signals
possessing LRTC amplitude dynamics. For the analysis of the simulated
data, we extract the amplitude of the signal via the Hilbert transform
and use DFA to estimate the Hurst exponents in each case. For all
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simulations the following parameters apply: T = 200, 000 (no. of timepoints), d = 1 (DFA detrending degree), and 20 evenly log-space values
for n in the range 1000,…,50, 000.
Method of simulation of LRTC oscillatory sources
In order to generate LRTC oscillatory sources, we use the Kuramoto
model (Kuramoto, 2003); in this way we are able to generate oscillations whose amplitude time-series are LRTC in a principled fashion,
avoiding ad hoc constructions, whereby the phase and amplitude of
the signal are sampled separately1. Thus we generate samples according
to the following model, for i = 1,…,N and where the ξi(t) is uncorrelated
Gaussian processes:


∂ϕi
κX
cos ϕi ðt Þ−ϕ j ðt Þ :
¼ Dξi ðt Þ þ ω0 þ
N j≠i
∂t
The parameter D controls the noise strength, κ controls the strength
of synchrony between the oscillators ϕi and ω0 denotes the basic oscillatory frequency of the ensemble. In order to measure the joint behavior
of all N oscillators one considers the mean ﬁeld of the ensemble, viz.:
M¼

N


1X
exp iϕ j ðt Þ :
N j¼1

Thus full synchrony in the ensemble is achieved when |M| = 1
whereas in the asynchronous regime |M| → 0 as N → ∞. For a ﬁxed connectivity strength κ, which regime the ensemble occupies is determined
by the noise strength D (see the Method of simulation of LRTC oscillatory sources section for a description of the model and the parameters).
Most importantly for our purposes, when D is chosen so that the ensemble approaches the phase transition between synchrony and asynchrony, then the measured Hurst exponents of |M| imply LRTC, and,
moreover, the real part of M is approximately narrow band due to the
fact that each individual oscillator shares the same carrier frequency,
and the fact that the noise strength is insufﬁcient in proportion to the
connectivity to force signiﬁcant contributions at frequencies differing
from ω0 to remain negligible. Note that this approach to generating oscillatory sources with ﬂuctuations in their amplitude dynamics was recently applied by Deco et al. (Cabral et al., 2013).
Addition of pairs of amplitude-LRTC sources
In the current section, we simulate pairs of amplitude-LRTC oscillatory sources subject to varying Hurst exponents, which we control via
the noise parameter D; the remaining parameters are taken as follows:
κ = 0.1, N = 80, ω = 40, and dt = 0.01. In particular we take pairs of
oscillatory sources s1(t) and s2(t) (modeling equally two oscillatory
sources volume-conducted to the sensors or a signal and noise superposition) over a grid of values D1 and D2 implying that we measure H1 and
H2 in the range 0.5,…,1. We measure the Hurst exponent using DFA for
s1(t), s2(t) and s1(t) + s2(t).
The effect of SNR
In the current section we simulate an amplitude-LRTC oscillatory
signal as before, superimposed by a noise signal at SNRs ranging between 27 and 2−7. For the LRTC source, we set D = 7.8. The noise source
is generated by ﬁltering Gaussian white noise in the alpha range, yielding a Hurst exponent for the amplitude dynamics of H = 0.5. The Hurst
exponents are measured as in the previous simulation (the Addition of
pairs of amplitude-LRTC sources section).

1
Such an ad hoc procedure leads to spurious high frequency artifacts due to the fact that
the phase and amplitude do not arise from a single generative process.

Simulation of mixing of cortical LRTC sources using an EEG forward model
In this simulation we use an EEG forward model calculated on the
basis of the MRI scans of 152 human participants (Fonov et al., 2011)
and implementing a forward mapping from simulated dipoles to voltages at the electrodes computed using the semi-analytic methods of
Nolte and Dassios (2005). The electrode placement is chosen as analogous to the placement in the EEG data we study later in the paper. We
simulated 10 alpha sources with LRTC amplitude dynamics over a
range of Hurst exponents between 0.5 and 1. These were placed randomly in the cortex with 76 noise sources whose amplitude dynamics
displayed no LRTC (H = 0.5), placed randomly throughout the modelbrain. Thus as many sources as electrodes (80) were generated. We
set the signal to noise ratio to 0.4, where the SNR was measured as
the ratio of average variance per source in the alpha range of the LRTC
sources to the average cumulative variance in same range over all
non-LRTC sources, measured on average in sensor space. The Hurst exponents were measured with DFA in sensor and source space. This simulation was repeated 100 times and the mean, kurtosis and skewness of
the empirical distribution obtained by pooling all exponents were measured in source/component and sensor space.
Notice that we include a further iteration of this simulation, checking
for the effects of electrode density in Section C of the Supplementary
material.
Source representations
In this section we discuss techniques for computation of a plausible
source representation in which the Hurst exponents of the amplitude of
neuronal oscillations may be calculated. The most appropriate method
should allow us to more reliably calculate the value of the largest and
smallest Hurst exponents present in the multivariate data.
Spatial ﬁltering
The most straightforward source representations we apply are obtained via Laplacian and bipolar spatial ﬁltering (Srinivasan et al.,
1996); in this representation spatial smearing or volume conduction effects between recordings at sensors are reduced by moving to sources
which are obtained by subtracting from each electrode a weighted
sum of neighboring electrodes, which computes a high-pass spatial
ﬁltering (Graimann and Pfurtscheller, 2006). We apply this spatial ﬁltering in 3 variants; in the ﬁrst variant a sum of surrounding channels
are subtracted (Laplacian), in the remaining variants, we calculate
resp. transverse and longitudinal bipolar derivations. The advantages
of this approach are its simplicity and low computational complexity.
Disadvantages include the fact that the number of sources obtained is
less than the number of channels recorded and that no consideration
is taken of the subject speciﬁc information present in the data.
TDSEP
The most broadly used source separation technique in EEG data
analysis is independent components analysis (ICA), of which numerous
variants exist (Hyvärinen and Oja, 2000). We apply TDSEP (Ziehe and
Müller, 1998; Ziehe et al., 2004), a variant of ICA which uses timelagged autocorrelations, since the neural sources often exhibit limited
non-Gaussianity, upon which alternative ICA methodologies, based on
higher order-statistics, are based. The advantage of this method is that
only the time-lags need be speciﬁed as parameters and that the method
is robust to Gaussianity of the underlying sources. The disadvantages of
the method include sensitivity to, in particular, motion artifacts, as is the
case for most ICA algorithms; in fact, TDSEP is often used exactly to identify these artifacts. In the present study only weak movement artifacts
are present due to the fact that we study EEG in the resting state. Thus
the power of TDSEP to identify oscillatory sources may be limited for
datasets contaminated by stronger artifactual components. Another important limiting factor is the spectral similarity of many oscillatory
sources. Given that TDSEP favors components with different spectra,

D.A.J. Blythe et al. / NeuroImage 99 (2014) 377–387

381

Algorithm 1. HeMax (Supplementary material B.3)

similar frequency content of neuronal signals may lead to components
combining the activities of different sources.
Spatial–spectral decomposition (SSD)
We consider a source separation procedure, spatio-spectral decomposition (SSD) (Nikulin et al., 2011), which explicitly calculates a source
representation which optimizes for oscillatory sources. In particular SSD
computes a basis of sources which are ordered in such a way that the
signal to noise ratio in a frequency band of interest is maximized; the
SNR is measured by considering the ratio of power in the frequency
band of interest to the power in the ﬂanking frequencies. The advantages of this method include its low computational efﬁciency (solvable
as a generalized eigenvalue problem) and the fact that the method
can be conﬁgured to optimize for signal to noise ratio in the frequency
band in which LRTC is measured. On the other hand, there is no guarantee that SSD results in sources maximizing independence between the
respective sources.
Spatial ﬁltered Hurst exponent maximization (HeMax)
Finally, in order to gain insight into the correct source representation
we present a novel algorithm which we term spatial ﬁltered Hurst exponent maximization or HeMax. The algorithm explicitly optimizes a
spatial ﬁlter w so that the estimated Hurst exponent of the amplitude
dynamics in the alpha range of the spatially ﬁltered data w⊤x(t) is
maximized.
In summary, we deﬁne a loss function L(w,x(t)) whose output is the
estimated Hurst exponent under the spatial ﬁlter w, using a wavelet estimator with a Dauchechies mother wavelet of order 6. We then compute the derivative of this objective function and optimize by gradient
descent.
Our motivation in deriving and presenting this method is that there
is no a priori reason for believing that the source separation algorithms
TDSEP and SSD are suitable for obtaining optimal source approximations with respect to obtaining Hurst exponent values corresponding
to the values of the underlying neural processes. We may use HeMax
to test whether these methods are suitable for this purpose, since we
know from our theory that a time series obtained by spatial ﬁltering
with maximal Hurst exponent cannot be a mixture of multiple sources.
The details of the method are given in Section B.4 of the Supplementary material, and the algorithmic ﬂow is summarized in Algorithm 1.

Analysis of real EEG data
In this section we compare Hurst exponents calculated in source and
sensor space from real EEG data. Seven subjects participated in the
study (1 female). The experimental protocol was approved by the Institutional Review Board of the Charité, Berlin. EEG recordings were obtained at rest with subjects seated comfortably in a chair with their
eyes open. Recordings were made during three sessions of 5 min each,
with each data set thus comprising altogether roughly 15 min of data.
EEG data were recorded with 96 Ag/AgCl electrodes, using BrainAmp
ampliﬁers and BrainVision Recorder software (Brain Products GmbH,
Munich, Germany). The signals were recorded in the 0.016–250 Hz frequency range at a 1000 Hz sampling frequency.
The data analytic steps taken were as follows:
Outlier channels were rejected after visual inspection for frequent
shifts in voltage and poor signal quality. The data was then rereferenced according to the common average and ﬁltered forwards
and backwards using a fourth order Butterworth ﬁlter in the alpha
range (8 to 12 Hz).
Following these preprocessing steps, the amplitude envelopes of
the oscillatory signal were computed in sensor space using the
Hilbert transform and the Hurst exponents were computed as per the
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Fig. 1. Simulation of DFA estimated Hurst exponents of mixtures s1(t) + s2(t) versus the individual sources; 1000 pairs of oscillatory sources were generated at varying noise levels from
the Kuramoto model, yielding pairs with Hurst exponents H1 and H2 between 0.6 and 1. The estimated Hurst exponents of the sum lies between the exponents of the individual sources
(left). Moreover for sources whose Hurst exponents are close to one another, the estimated Hurst exponent of the sum is well predicted by the theoretical result of Eq. (6) (right hand
panel).
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Effect of signal to noise ratio for non−LRTC noise

Then sources were computed with TDSEP (stdsep(t) = Wtdsepspca(t))
and SSD (sssd(t) = Wssdspca(t)); sources with artifactual topographies
or power spectra were rejected and the Hurst exponents of the amplitude of the computed components were estimated using DFA.
Finally, the 10 SSD sources displaying the largest signal to noise
ratio in the alpha range were selected and a further linear spatial ﬁlter
was computed using HeMax maximizing the wavelet-estimated Hurst
exponent in the alpha range (Daubechy wavelet order = 6) as described in the Simulations section (smax(t) = wmaxsssd(t). The Hurst exponent was estimated on the calculated source using DFA as before.
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Fig. 2. Simulation (described in The effect of SNR section) demonstrating the effect of signal to noise ratio on estimation of the Hurst exponent of the underlying signal.

Addition of pairs of amplitude-LRTC sources section but applying
detrending of polynomial degree, d = 5 (we used a more conservative
detrending for the experimental data, to ensure that results do not depend on artifactual inﬂuence).
Subsequently 3 varieties of spatial ﬁlter (Laplacian and 2 bipolar) were
computed (see the Spatial ﬁltering section) and applied these to the
preprocessed sensor space data, and on the amplitude of this Laplacian ﬁltered data Hurst exponents were computed as before using DFA.
After these steps the dimensionality of the (originally preprocessed)
data was reduced by 1 using PCA spca(t) = Wpcax(t) in order to compensate for the rank reducing effects of common average referencing.

Addition of pairs of amplitude-LRTC sources
The results of the simulation described in the Addition of pairs of
amplitude-LRTC sources section are displayed in Fig. 1. The left panel
displays all Hurst exponents measured, and the right hand panel
demonstrates that for H1, H2 not signiﬁcantly different, we observe
agreement between the prediction made by Eq. (6) and the empirical
results. For the range of D (noise strength) considered, we ﬁnd H1 and
H2 to lie between approx. 0.6 and 1. Further simulations (not presented
here) suggest that similar behavior extends to the range 0.5 to 1.
We may conclude that for H1 and H2 between 0.5 and 1, the DFAmeasured Hurst exponent of s1(t) + s2(t) lies strictly between H1 and
H2. By transitivity this will imply that for an arbitrary sum of sources,
the measured Hurst exponent of the sources will lie between the largest
and smallest exponent of the sources participating in the sum. This conclusion holds for the summation of two signals and for a summation of
signal and noise.
The effects of SNR
The results of the simulation described in the Effect of SNR section
are displayed in Fig. 2. The ﬁgure shows that with decreasing SNR, the
estimated Hurst exponent of the signal is biased towards the exponent
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Fig. 3. The ﬁgure displays results of computing Hurst exponents on narrowband oscillations when the mapping between sources and sensors is computed using an EEG forward model. On
the left, the individual exponents on resp. sensors, sources are displayed (each blue line denotes one exponent) for one realization of the data setup. The mean in each representation is
displayed in red. On the right the exponents are displayed over 100 realizations of the data setup as a histogram for resp. sensor and source space. The estimates of Hurst exponents in
sensor space (upper panel) are biased towards the mean of exponents (lower panel), in the sense that the largest exponents and smallest exponents in sensor are closer to their mean
than in source space; moreover, the mean in sensor space overestimates the mean in source space and the range over exponents in sensor space is drastically lower than in source
space. The kurtosis and skewness in source space are signiﬁcantly larger (on average resp. 187% and 317% larger) than in sensor space. To conﬁrm the behavior in the tails of the top
right panels we present blown up visualization of the tails in the bottom row. See the Simulation of mixing of cortical LRTC sources using an EEG forward model section for details.
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of the noise (in this case ≈0.5). Notice however, that noise sources need
not be uncorrelated, such that H = 0.5. We show in Section D.2 of the
Supplementary material that non-oscillatory frequency bands of resting
state EEG data (i.e. noise sources) may also exhibit LRTC dynamics. In
such cases, further simulations show that the qualitative effect of SNR
is identical, i.e. the exponents of the signal are nevertheless biased towards the exponents of the noise sources.
Simulation of mixing of cortical LRTC sources using an EEG forward model
The results of the forward model simulation described in the
Simulation of mixing of cortical LRTC sources using an EEG forward
model section are displayed in Fig. 3 and show that the largest exponent
in sensor space is smaller than the largest in source space, and likewise
the smallest in source space is smaller than the smallest in sensor space;
we observe a diminished range in exponents in source space, with apparent LRTC visible in all sensors. Moreover, the kurtosis and skewness
over all exponents are resp. 187% and 317% greater in source space than
sensor space and the mean in sensor space is 6% larger than the mean in
source space.
Notice that in Section C of the Supplementary material, we ﬁnd that
increasing the number of electrodes beyond approximately 50 electrodes has little effect on the results. Thus increasing electrode density
in sensor space does not serve to diminish the problems posed by SNR
and volume conduction.
Implications/predictions of the simulations and theory
The simulations and theory show that:
1. The addition of 2 independent sources with identical Hurst exponents yields a source whose measured exponent lies between the
larger and the smaller of the exponents of the individual components
(the Addition of pairs of amplitude-LRTC sources section).
2. If LRTC narrowband sources are mixed with random noise by means
of an EEG forward model, then the exponents measured in sensor
space are biased towards values which do not reﬂect the distribution
of exponents in the true sources; the largest exponent measured in
sensor space is smaller than the largest in source space; the smallest
exponent measured in sensor space is larger than the smallest measured on the true sources.
Thus, as a result of our theoretical considerations and simulations,
we ﬁnd the following to be true:
If the maximum and minimum Hurst exponents in source space are
Hsmax N Hsmin and in sensor space: Hxmax N Hxmin, then:
s

x

x

s

Hmin ≤H min bH max ≤H max :

EEG data
In Fig. 4 we display the results of calculating the exponents for
all subjects in sensor space and each of the source representations
discussed in the Source representations section and in Fig. 5 we present
the exponents by subject. The results of Fig. 4 show that all source representations generate a wider diversity than the sensor space representation in their distribution over measured exponents when all subjects
are considered — the variance over exponents is in each case signiﬁcantly greater than in source space (two-sided f-test) and the mean and median over exponents in sensor space signiﬁcantly overestimate the
corresponding statistics in source space (two sided t-test; Wilcoxon
sign-rank). Moreover, the mean over subjects of the difference between
the largest exponent in the TDSEP representation and the largest in
sensor space is signiﬁcantly greater than zero (two-sided t-test). The results of Fig. 5 show that the minimum exponent in source space for all
representations is smaller than the minimum in sensor space for all
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Fig. 4. The ﬁgure displays in each panel the empirical distribution as a histogram of
all DFA-estimated Hurst exponents in resp. sensor space and SSD, TDSEP and Laplacian
(3 variants) source spaces. The results show that the distribution in SSD and TDSEP source
spaces have greater variance, range, lower mean, higher kurtosis and higher positive
skewness than in sensor space.

subjects and the mean of the minimum is signiﬁcantly smaller (twosided t-test). Finally one observes that the higher order statistics
(when considering the distribution of exponents) of the source representations imply more pronounced non-Gaussianity than those of the
sensor space representations: in all cases, with the exception of the
skewness of the small Laplacian derivation and the kurtosis of the vertical Laplacian derivation, we ﬁnd that the skewness and kurtosis of the
exponents in each of the source representation are signiﬁcantly greater
than the corresponding statistics in sensor space (1000 bootstrap iterations). This is in complete agreement with the ﬁndings of the EEG
forward model simulation (the Simulation of mixing of cortical LRTC
sources using an EEG forward model section). All p-values are displayed
in Table 1.
In Fig. 6 we present scalp maps resulting from the optimization procedure outlined in the Spatial ﬁltered Hurst exponent maximization
(HeMax) section above. In each case we display the pattern obtained
by optimization and the most similar SSD and TDSEP patterns. The results show a high degree of similarity between the SSD and TDSEP patterns and the maximized exponent pattern. Note that in general the
topographies correspond to the typical maps of alpha oscillations
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Fig. 5. The ﬁgure displays the individual Hurst exponents obtained in resp. sensor space and SSD, TDSEP and Laplacian (3 derivations). For each subject the magnitude of the Hurst exponent on each sensor or source, resp. is displayed by a blue line. Each subplot for each subject corresponds, resp. to either a sensor space, or an approximation to source space (SSD, TDSEP
etc.). The mean over measurements is displayed in red and, for comparison, the DFA measured exponent of the source obtained by optimization of the wavelet-estimated Hurst exponent is
displayed in green. The results show that both SSD and TDSEP are competitive with the maximization procedure, and in most cases ﬁnd a representation whose measured largest Hurst
exponent exceeds the corresponding value in sensor space. Moreover, in each case SSD and TDSEP ﬁnds a source whose Hurst exponent is smaller than any measured in sensor space and
in all cases, the range of the SSD and TDSEP Hurst spectrum exceeds the range in sensor space.

generated in occipito-parietal and central areas (mu rhythm). This conﬁrms that SSD and TDSEP are suitable in the context of resting state EEG
for elucidating the range of Hurst exponents characterizing source
space.

Discussion and conclusion
In this paper we presented theory and simulations which show that
mixing effects may lead to signiﬁcant differences in estimated Hurst exponent values in source and sensor space. The obtained predictions
were conﬁrmed in simulations and analyses of real resting state EEG
data.

Previous results on the existence of LRTC are not spurious
The ﬁrst encouraging result of our simulations, theory and data analysis is that the LRTC observed in sensor space is not an artifact of volume
conduction or confounding noise; if we observe LRTC in sensor space,
then sources must be present which display LRTC. This is because the
Hurst exponents of a mixture lie between the exponents of the sources
forming the mixture. More precisely: it is not possible by mixing sources
with white-noise exponents (H = 0.5) to obtain a signal with exponent exceeding 0.5 regardless of the weighting factors. Moreover the fact that increasing the SNR in the alpha range via the application of SSD conﬁrms
that the LRTC property resides primarily in the signal and not the linearly superimposed noise.
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Table 1
p-Values for differences in distribution in the respective source representations vs. sensor space.

SSD
TDSEP
Laplacian small
Laplacian horizontal
Laplacian vertical
H optimization

Variance

Median

Mean

Max. mean

Min. mean

Skew.

Kurt.

0.0464
≪0.0001
0.0042
0.0062
≪0.0001
–

≪0.0001
≪0.0001
≪0.0001
≪0.0001
≪0.0001
–

≪0.0001
≪0.0001
≪0.0001
≪0.0001
≪0.0001
–

0.0592
0.0164
0.78
0.570
0.402
0.0428

0.000544
0.000926
0.0376
0.0136
0.0128
–

≪0.0001
≪0.0001
0.065
0.0004
0.016
–

≪0.0001
0.0002
0.0032
0.007
0.232
–

In each case we perform a two-sided, two-sample test for equality of distribution using the statistics displayed in the ﬁrst row. See the EEG data section for details.

Thus the existence of LRTC in the amplitude dynamics of neuronal
oscillations, asserted by numerous previous contributions (LinkenkaerHansen et al., 2001; Nikulin and Brismar, 2004; Nikulin and Brismar,
2005; Palva et al., 2013; Smit et al., 2011), does not require revision.
Previous quantitative assessments of the Hurst exponent on EEG data
require revision
The quantitative differences observed in sensor and source space are
pronounced; thus results derived in EEG (MEG) sensor space deserve

further attention in the light of this observation, given that an interpretation in sensor space of Hurst exponent values may lead to erroneous conclusions. Thus although we may safely conclude that LRTC is present on
the basis of existing results, the exact conﬁguration of this LRTC in source
space requires further investigation.
The dangers of ignoring the effects of volume conduction have already been acknowledged in the connectivity literature. We hope to
avert similar misinterpretations in the emerging domain of long-range
dependence analysis by bringing the effects of volume conduction on
Hurst exponent estimation to the EEG/MEG community's attention.
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Fig. 6. The ﬁgure displays the spatial patterns obtained by maximization of the wavelet-estimated Hurst exponent under a spatial ﬁlter and the most similar TDSEP and SSD patterns. The
results show a high degree of similarity between the optimized pattern and each of the TDSEP and SSD patterns. Thus each panel denotes the results obtained on one subject and the right
hand panels display resp. the most similar TDSEP and SSD patterns. The results conﬁrm that both TDSEP and SSD yield close to optimal representations for the study of the source activities
exhibiting the largest Hurst exponents, since the pattern obtained by optimizing the magnitude of the estimated Hurst exponent under the corresponding ﬁlter is similar to patterns belonging to the TDSEP or SSD representations.
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No evidence for universality of Hurst exponent values across the scalp
Our analysis shows that an unwarranted conclusion, which is tempting when only looking at sensor space, is to interpret the narrow range
of exponent values in sensor space as evidence for universal dynamical system properties, as has been argued on the basis of neuronal
avalanche exponents (Poil et al., 2012). However, consideration of
source space exponent values lends less support to this thesis: in source
space we observe a wide range of exponent values, with exponent
values close to the exception rather than the norm. Thus the wide
range of Hurst exponents observed in source space allows for the possibility that only a subset of distributed neuronal networks exist in a regime which generates LRTC amplitudes in oscillations. However, notice
that this remains only a possibility; an alternative explanation for the
wide range of exponents in source space is that we observe amplitude
time-series in source space at varying SNRs. Thus oscillations may be in
fact subject to Hurst exponents close to H ≈ 1, but we measure these oscillations confounded by noisy non-LRTC components in source space.
Support for this scenario in the alpha range is provided by the observation that the highest values of H observed correspond to oscillations
with the highest SNRs (visual alpha and mu). Moreover, in our simulations we showed that decreasing SNR shifts the scaling exponents towards the exponents of the noise (H = 0.5).
The use of Hurst exponents as experimental observables requires revision
A further context which must be reconsidered with respect to source
representations vs. sensor space is in the use of Hurst exponent values
as experimental observables. For instance, numerous studies of pathological EEG have used Hurst exponents as a basis for distinguishing between neurological or psychiatric patients (P) and healthy controls (C)
(Linkenkaer-Hansen et al., 2005; Montez et al., 2009; Monto et al., 2007;
Nikulin et al., 2012). In such a scenario, focusing on source space should
yield greater statistical power, since if a certain small subset of sources
present in the EEG of subjects in P possess lower Hurst exponents
than in C, then this difference may only be clearly visible in source
space. In sensor space due to the measurement of superpositions of
sources, caused by volume conduction, small exponents may not be observable at all. Moreover, even if the difference in P and C is visible in
sensor space, if this discrepancy is due to certain speciﬁc sources, then
the use of decomposition techniques should yield more detailed physiological hypotheses, differentiating for instance between contributions
from sensory and higher order brain areas in psychiatric disorders,
such as schizophrenia. In another scenario, it might be the case that all
sources of subjects in C possess slightly larger exponent values than
most sources of subjects in P, but a few selected sources of subjects in
P possess very high exponent values, with the result that no difference
between P and C is visible in sensor space, although highly signiﬁcant
differences exist at source level (due volume conduction effects). Such
potential misinterpretations must be respected and avoided. Over and
above comparing groups of subjects (such as patients and healthy controls), similar logic may also be applied for comparing scaling exponents
between experimental conditions, for instance comparing neuronal dynamics at rest and during a task. All the abovementioned peculiarities in
the expression of exponents in sensor space, as opposed to sources
space, are readily applicable to this comparison. (To check the relevance
of our study in these contexts we present analysis of the data from one
stroke patient in Section C of the Supplementary material, where we see
that the same predictions from our theory and simulations apply.)
SSD, TDSEP and HeMax may be used to study Hurst exponent values from
resting state EEG
We presented above, a new method for optimizing spatial ﬁlters
from empirical EEG data, viz. HeMax. The algorithm proved useful, for
the resting state EEG analysis, by demonstrating that SSD and TDSEP

succeed in obtaining source activities which correspond to activities
with maximal Hurst exponent. Further work is required to show that
SSD and TDSEP are suitable for a range of paradigms. In such cases, a
comparison using HeMax is necessary.
Conclusion
In conclusion, as well as providing a mathematical and critical assessment of volume conduction and SNR effects on the expression of
scaling exponents in EEG/MEG sensor space, we also advocate the use
of spatial decomposition techniques for a more reliable quantiﬁcation
of LRTC in the amplitude dynamics of neuronal oscillations. Future studies will focus on analyzing task based paradigms as well as clinical data
sets using a source based Hurst exponent analysis.
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