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1. Introduction

In the contemporary world, democracy is becoming a universal value.
During the last decade it has both significantly advanced through-
out the world, and expanded from the level of single countries to the
level of the world community. Democratic governance facilitates a
political dialogue and collaboration between countries with different
economic and cultural backgrounds. Democracy is viewed as a right
of passage for legitimate international relations. Building demo-
cratic governance seems to be the only way to reduce the negative
aspects and consequences of globalization.

On the other hand, democratic reforms can fail. Good intentions
can turn adverse and result in the election of an authoritarian power.
Additionally, democracy may have quite particular manifestations
and its realization can deviate considerably from accepted norms.

There are also signs of absolutizing democracy. The notion of
democracy tends to become an ideological symbol of superiority of
Western countries over the rest of the world. Moreover, political in-
tolerance often stems from opposite viewpoints of democracy, con-
tradicting its very idea. All of this shows that, in spite of its general
use, the notion of democracy remains ill defined.

Democracy appeared in Ancient Greece and it is usually associ-
ated with Cleisthenes’ constitution of 508/507 BC. Its most known
innovation was the ostracism (= vote-based banishing of unpopular
politicians for 10 years), but it also prescribed a systematic par-
ticipation of all citizens in the political life and an active work in
legislative, executive, and juridical bodies. All important questions
were discussed in the Popular Assembly, and at least 600 of 700
magistrates (= public offices) were distributed by lot (= lottery) or
by rotation. Election by vote was considered an attribute of oli-
garchy and aristocracy. Elections were avoided whenever possible
except for nominating strategs (= military generals).

Democracy in its pure form, or in interaction with other types
of governance, had several advantages or disadvantages, depending



on one’s point of view. After its culmination in Athens and use in
Rome together with oligarchic and hereditary power, it was gradu-
ally abandoned in favor of other forms of power which seemed more
appropriate in the historical context. Christianity played not the
least role in this process. The ideal of an active citizen was replaced
by the ideal of a true believer (Pocock 1975), having left less initia-
tive to both rulers and ruled. Collegial decisions, election and lot
are still practiced sometimes in clergy and politics, but they were
neither democratic with regard to the circle of participants, nor with
regard to the generality of issues.

The Roman Republic and Medieval republics in Italy combined
elements of monarchy, aristocracy, and democracy. For more than
2400 years these three forms of power were distinguished with re-
spect to the way that power was acquired and executed. Democracy
was always identified with selecting representatives and magistrates
by lot. The word combination “democratic election” would sound
contradictory to Montesquieu and Rousseau. The situation changed
radically after the French Revolution of 1789. The “oligarchic” elec-
tion by vote was re-identified as democratic, and the most distinct
property of democracy, selection by lot, was abandoned.

To be true, lot did not disappear from social life completely. It
survived in juries and, indirectly, in rotation of administrative func-
tions within certain institutions, like dean positions in German uni-
versities. However, a recent attempt to reintroduce lot in a broader
social context in France (for selecting three quarters of members of
the Superior Council of Universities) was prohibited as illegal; see
Décision Ne85-—192 DC (1985).

It should be emphasized that neither the French, nor the Amer-
ican revolutions were aimed at reestablishing democracy. They
promoted rather republicanism with its remarkable stability and
longevity (509 years in Rome and 798 years in Venice). Even So-
viet Republics, which emerged after the Russian Revolution of 1917,
bared no “democratic” label. The revival of the word “democracy”
is largely due to the post-war ideological opposition of communist



regimes to bourgeois republics. The former proclaimed their popular
nature by adding “democratic” to country names (German Demo-
cratic Republic, Popular Democratic Republic of China, etc.). The
Western response was the re-identification of “democracy” in its own
favor with the emphasis on “democratic elections”, human rights,
and free press. Now “democracy” serves as a political instrument
of the neo-liberal globalization, in particular, in relations between
developed and developing countries.

The re-identification of democracy produced a number of incon-
sistencies. The “oligarchic” election by vote in a broad “democratic”
context turned out not to be the universal tool for selecting represen-
tatives. Theoretical studies revealed numerous paradoxes, showing
that voting results were unacceptable in certain situations. Elim-
inating such situations from considerations, known in literature as
domain restriction, surprisingly resembles Greek opinions that vot-
ing is acceptable if the electors share the same values, for example,
economic welfare and civil virtue in the case of aristocracy.

These logical problems make clear that in certain circumstances
elections and voting are not sufficient to provide a reliable basis
for civil consent and political stability. The question is not improv-
ing voting procedures for selecting representatives. The problem is
rather the general appropriateness of these procedures for involving
people into political life and making them satisfied as citizens. This
is not a problem of the “rules of the game”. The rules can be better
or worse, but the game itself can be so designed that it is impossible
to win.

In our days, many countries try to adopt democratic governance.
For better fitting to national particularities and historical traditions,
one has to dispose a certain variety of democratic models. Under
these circumstances, updating ideas of the Athenian democracy with
a modern mathematical study can make it topical again, especially
for countries which look for their own forms of democracy. Finally,
it constitutes an alternative to the modern Western model of democ-



racy and thereby can put in question its monopoly as the only norm
for all other countries.

We see that the basic principles of the Athenian democracy strik-
ingly differ from its actual understanding. “Why do not we practice
lot, and nonetheless call ourselves democrats?” (Manin 1997). On
the other hand, why did elections become so popular in our days,
contrary to the days of Athens? These questions merit a careful
examination. If selection by lot is bad then elections can be consid-
ered advantageous. If it is good then there is no evidence in favor
of elections.

Our mathematical study confirms the latter which shows that
the Athenians were not so naive to adopt lot as instrument of democ-
racy. It is not surprising with regard to the common practice of
highly reliable quality control and Gallup polls of public opinions
based on random samples. It is proved that lot is fairly good also
for selecting appropriate representatives. Moreover, this analogy
puts in question finding “best” representatives by elections which is
similar to selecting “best” samples for quality control, contrary to
its very idea. Thus the question on the superiority of elections over
lot remains open.

Section 2, “Outline of Athenian democracy”, recalls main his-
torical facts.

Section 3, “Evaluating Athenian politicians in 462 BC”, pro-
vides a simple example, how to evaluate three political leaders, Per-
icles, Ephialtes, and Cimon, with regard to several questions at issue
which date back to the year 462 BC.

Section 4, “Model”, introduces basic definitions. In particular,
the indicators of popularity, universality, and goodness of single rep-
resentatives and decisive bodies are introduced which are later ap-
plied to study properties of the Assembly, Council of Five Hundred,
juries, and magistrates.

Section 5, “Computing the indicators and their geometrical in-
terpretation”, is devoted to the derivation of computational formu-
las for the indicators of popularity, universality, and goodness for



given decisive bodies and for decisive bodies selected by lot. The
matrix-vector notation implies a geometric interpretation of decisive
bodies.

Section 6, “Quality of decisive bodies selected by lot”, shows that
the indicators of decisive bodies selected by lot converge to their
absolute maxima and their variance vanishes as the size of decisive
bodied increases. It proves that a large decisive body selected by
lot is likely to be highly representative.

Section 7, “Efficiency of democracy: size of bodies and social
stability”, considers the properties of decisive bodies with respect
to their size and majority-to-minority ratios in the society. In par-
ticular, if the society is unstable, having majority-to-minority ratios
close to 50:50 for questions of the agenda then decisions made by a
single individual are as good as the ones made democratically by a
large parliament. In other words, the efficiency of personal power is
higher than that of democratic power.

Section 8, “Application to German parliament elections 2002”,
is additional. It shows that the model of democracy, in particular
the indicators of representativeness of decisive bodies, can be useful
in a broad political context.

Section 9, “Conclusions”, recapitulates the main statements of
the paper.

Proofs of four main theorems are collected in Section 10.

2. Outline of Athenian democracy

According to modern views, democracy emerged in Athens in 507
BC, although Athenians officially adopted the already existing word
“democracy” somewhat later (Hansen 1986). The preceding history
is described in detail by Hansen (1991).

About 100 years before the date mentioned, in the 7th century
BC, Athens was governed by magistrates formed by and from FEu-
patridai (= “well born”), that is, leading clans. The economic de-
velopment resulted in a polarization between rich and poor, and to



maintain the social order, in 621 Athens acquired its first written
code of laws. These laws compiled by legislative Dracon were so
severe that they were said to have been “written not in ink but in
blood”. Having gained in protection measures, the rich lost their
legislative and juridical monopoly, since the laws became obligatory
for all citizens.

The Draconic laws were in use for about 30 years with little suc-
cess. In 594 archon Solon (= one of the nine superior governors) was
entitled to find a better social compromise. He was not much over
30 as he announced a general amnesty, abolished enslavement for
debt, gave freedom to those so enslaved, and proceeded with politi-
cal, economic, and juridical reforms. The latter was embodied into
“the laws of Solon”, which with modifications remained valid until
the abolishment of democracy in 322. The election now depended on
wealth instead of birth, and the offices could be held exclusively by
members of the top property class of four, and in the case of archons,
of the top two. The idea was to shift the society from heredity tra-
ditions to economic priorities. The major constitutional innovation
was the Council of Four Hundred entrusted to prepare the agenda
for the People’s Assembly, which was the oligarchic prototype of the
later democratic Council of Five Hundred.

The Solon’s social compromise failed because neither side was
completely satisfied. Solon defended himself in verse pamphlets
(prose being as yet unknown for literary purposes) which are the
first historical reflections of a European statesman. The discour-
aged Solon voluntarily travelled abroad for 10 years, having visited
kings of Lydia and Egypt. Soon after that the society was again
split into fractions led by Lykourgos, Pesistratos, and the Alknaionid
Megakles. In 561 Pesistratos became tyrant in a coup and ruled in a
constant struggle with the opposition until his death in 527, barring
two periods of exile.

Pesistratos was succeeded in 527 by his sons Hippais (the elder)
and Hipparchus who ruled together. In 514 two young aristocrats,
Harmodios and his lover Aristogeiton, attempted a coup, having



tried to murder Hippais at the Panathenaic festival. However they
only succeeded in killing his brother Hipparchus and were instantly
put to death.

Harmodios and Aristogeiton were later proclaimed democratic
heroes and freedom-fighters. Their statues were put up in 509 and
once again in 477. Their cult was instituted and their descendants
were privileged to dine at public expense in the Prytaneion, an ar-
chaic town hall east of Akropolis with an ever-burning fire. There,
the highest officials regularly met and dined together, and it was the
place of reception for state guests, Athenian victors in the Olympic
games, and other prominent citizens.

After the coup failure in 514, the Hippais’ tyranny lasted for
four more years. During this time, the leader of Athenian aristo-
crats Alkmaionid Cleisthenes (57075087 BC), with the help of
Delphi, induced the Spartans to send a force into Attic under King
Kleomenes. In 510 Athens was taken and the tyranny was over-
thrown. Hippais was forced to go into exile in Sigeion with his
family, where he became a honored prisoner of the King of Persia
and died in 490.

As Hippais was driven out, a split developed between two aris-
tocratic fractions, one under the newly returned Cleisthenes, and
one under Isagoras who had stayed in Athens and had supported
Hippais until the Spartans came. As elected archon for 508—507 Is-
agoras (whose name signified “freedom of speech”) managed to get
the Spartan King Kleomenes with his army onto his side and sent
Cleisthenes into exile. The people rose in revolt, booted Spartans
out, recalled Cleisthenes and condemned Isagoras to death in his
absence.

Cleisthenes’ most urgent goal was to protect Athens and himself
against the political instability which might end in a new coup and a
tyranny. In 507 the famous democratic constitution was designed on
his initiative (Aristotle 1984, Thucydides 1972); see also (Rodewald
1975, Finley 1973, 1983, Hansen 1987, 1991, Sinclair 1988, Held
1996, Boedeker and Raaflaub 1998). Its greatest innovation was



taking the power from a limited circle of changeable aristocrats and
diffusing it among common people, basing the individual political
responsibility on citizenship rather than on membership of a clan.
It met the interests of most Athenian citizens, and, on the other
hand, marginalized the intrigues of the unreliable aristocracy.

The legislative body of Athens was the Assembly (Ecclesia), the
general meeting of all citizens, who were males of Athenian origin
over 20; see Figure 1. The meetings were held about 40 times a year
in the Agora (large open place in Athens north of the Akropolis)
and later on the Pnyz, a hill close to the Agora. The quorum was
6000, with the total number of citizens of Athens being estimated
from 30 000 to 60 000, see Anderson (1974), Hansen (1991), and
Hyland (1995). The people’s courts were organized similarly to the
Assembly with large juries of 201, 401, and sometimes over 501
jurors selected by lot from the population.

In order to break up the old governing structure, Cleisthenes
instituted a new executive body, the Council of Five Hundred based
on a new division of Attica into 10 tribes, 30 ridings, and 139 demes
to be represented in the Council. The latter had to prepare the
agenda for the Assembly, to select collective “magistrates” from its
members, each position being held by a board of 10, and to select
its own supervisor, the Committee of 50 with a president at its top.
The Council members held office for one year, and these occasions
were restricted to two in a life time with an obligatory interruption.
The Committee members served for one month, and the president
for a single day. All the appointments have been made by lot or by
rotation to equalize everybody’s chance for holding office, so that
everyone could become a president for one day. The only exception
was made for strategists (= military generals) who could be re-
elected as many times as the citizenry at the Assembly decided.

In addition to the creation of the Council of Five Hundred, Cleis-
thenes introduced a new calendar linked to the solar year, and estab-
lished new cult associations based on the 10 tribes. After 100 years
the old lunar calendar was restored, and the new cult organizations

10



Figure 1. The power structure in Athens, according to the constitution
of Cleisthenes of 507 BC (Held 1996)
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6000 citzizens for plenary sessions and other special occasions
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Athenian males over 20 years subdivided into 10 ¢ribes based on residence
The tribes covered a total of 140 local territorial demes or wards: units of local government

Methods of election or selection

(A) The ten tribes each sent 50 councillors to the Council, drawn from the demes. Demes elected
candidates in rough proportion to their size to “represent” them in Council and in other
offices. The initial choice of candidates was determined by lot. Those selected were put
forward into a “pool” of candidates. Finally, the candidates who would actually serve were
selected from the pool, again by lot. This method was said to equalize everybody’s chance
of holding office. The terms of office were short (one year) with typically no provision for
immediate re-election. All elected officials were paid for their services, as was attendance of
the Assembly at certain times.

(B) These were chosen by the citizenry by direct election and eligible for repeated re-election.

(C) The Committee was made up by rotation from the Council and served for one-tenth of the
yearly term of office.



were abandoned, but the redistribution of Attica, the Council of Five
Hundred together with the Assembly, and the People’s Court sur-
vived, with modifications, for more than 700 years. A similar fate
was inherent in analogous innovations introduced by the French Rev-
olution of 1789: Its new calendar and the new religion were given
up, but the National Assembly based on a new division of France
into 88 départements and 500 districts became permanent.

The best-known of all Cleisthenes innovations is probably the
annual procedure of ostracism. It was designed to banish unpopular
politicians for 10 years, however with no loss of status or property.
It was aimed at preventing a new tyranny or a split of the state.
The procedure contained two steps. At first, the citizens in the
Assembly decided whether they wanted the ostracism this year by
a show of hands. If a majority decided to proceed further, then
two months later all citizens of Athens went by tribes in the Agora.
Each scratched the name of the politician he wished to banish on an
ostraka, which was potsherd. Then the potsherds were counted. If
the occurrence of every name was under 6000 (the quorum), nobody
was ostracized. The names which occurrence overstepped 6000 were
sorted, and the politician, whose name appeared most times was
banished. The procedure of ostracism was used for the first time
20 years after it had been established. It was applied about 15
times, mainly in the 480s when military dangers increased the risk
of re-establishing the tyranny.

The Athenian democracy culminated under Pericles (4957429
BC). He was the head of the Democratic Party (if one can apply
such a word, see Hansen 1991), 15 times reelected strategist, and
the chief of the state in 443—429 BC. During this period Athens
achieved the summit of its power and prosperity. Under Pericles
Athenian citizens began to be paid for their political participation,
even for simply coming to the Assembly. It was caused by grow-
ing business activities, so a compensation was needed for losses of
working time. At the same time, Pericles restricted the rules for
becoming Athenian citizens to filter out unreliable ones in the back-
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ground of permanent conflicts with neighboring states. This mea-
sure reduced the number of citizens and accordingly intensified their
political participation.

A deep involvement of citizens into politics met Pericles’ views of
civil duties. The historian Thucydides (471-—400 BC) cited Pericles’
Funeral Oration: “We do not say that a man who takes no interest
in politics is a man who minds his own business; we say that he
has no business here at all.” (Thucydides 1972). The total polit-
icalization of society with a subordination of private life to public
affairs assumed that citizens were free from other duties which were
performed by slaves. Finally it became crucial for democracy itself,
since a low efficiency of slave labor limited the economical growth
and thereby limited the age of the Athenian democracy.

Although Pericles was convinced that “our city is an education
to Greece” (Thucydides 1972), there was a number of objections
against the Athenian democracy. From the modern standpoint, it
was not really democratic. It was favorable only to native Athenian
males who constituted about 10% of the Athenian population, and
for others it was a “tyranny of citizens” (Held 1996).

Contemporary critics, among them Plato (4277347 BC), did
not pay much attention to this particularity. Instead, they empha-
sized the inconsistency that emerged from the fact that democracy
“treated all men as equal, whether they were equal or not” (Plato,
1974). Plato found that giving powers to mediocrity was socially un-
fair and even harmful. He illustrated his viewpoint with a metaphor
of an unskillful naval captain who brings the crew to a shipwreck.
Other contemporaries noted that equality was only declared but not
realized, because of the impossibility to equalize all and to ignore the
natural superiority of the active and talented. Since Pericles dom-
inated the Assembly as speaker and proposer, Thucydides (1972)
characterized Athens as “in name a democracy but in fact under
the rule of the first man”.

The most criticized issue was the selection of officials by lot
practiced in Athens to nominate at least 600 of 700 magistrates.
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Magistrates were often collective, so that one position was held by
a committee of 10 members who in case of internal disagreement
could bring the question to the Assembly. For Aristotle (384—322
BC) it was the most important feature of democracy at all, as he
systematized its development into five stages, see Aristotle (1984),
Headlam (1933) and Hansen (1990):

621, selection by lot of minor magistrates in Draconic laws;

594, selection by lot of all magistrates from an elected short list in
Solon’s laws;

6P century — 487, selection of the archons;

487—403, selection by lot of archons from an elected short list;
403—. .., selection by lot of archons and other magistrates.

Aristotle believed that democracy had been invented by Solon and
only reintroduced by Cleisthenes. In everyday life executives had
more real power than the Assembly, and the way of their nomina-
tion was important. Therefore, the laws of Solon, which prescribed
all magistrates to be selected by lot, were recognized as a sign of
democracy. It should be noted that Aristotle (1981) himself had
quite moderate views and argued for a mixed government, with cer-
tain, but not all, officials selected at random.

In our days, neither participation of people, nor the selection of
executives by lot are considered the main distinctions of democracy.
The focus has shifted from the goal, total participation, towards its
means, “individual freedom’ and “human rights”, which in Athens
served as necessary but auxiliary conditions. Consequently, modern
scholars distinguish between the lot in the archaic Greece from that
in Cleisthenes’ constitution. The difference is in the intention: either
fatally leaving decisions to gods (Solon), or providing the equality
of all and their equal right to rule (Cleisthenes).

Election, as opposed to lot, was regarded in Athens an attribute
of oligarchy and aristocracy rather than of democracy:
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e Evaluating persons according to their merits instead of treat-
ing everybody equally contradicted the very idea of Athenian
democracy. Lot gave at least everybody equal chances.

e Unlike oligarchs and aristocrats who had well-established wealth
or virtue criteria, common citizens could have quite arbitrary
and sometimes socially questionable ones. Lot was at least
free from a “wrong” motivation.

e Elections had the tendency to retain the power of the same
persons, which thereby gradually constituted a political oli-
garchy. Lot broke this trend and provided all citizens with an
equal access to power.

e Elections gave better chances to professional politicians with
an advantage in wealth and popularity. They were however
known to change opinions in order to get and to hold the
power. Those selected by lot were at least not suspected of
insincereness.

Accordingly, the election by vote was whenever possible avoided
with the only exception for the ostracism. In the Assembly, an issue
was put to a vote if only no consensus could be achieved.

Already at the early stages of democracy some mathematical
“models” were used to illustrate its notions. Athenians knew two
types of equality,

Arithmetical equality: z; =a, 1=1,2,...,
implying equal shares z; (e.g. of power), and
Geometrical equality: z;/m; =a, i=1,2,...,

implying shares x; proportional to merits m;. The arithmetical
equality was associated with democracy and with the selection by
lot, as giving equal chances to everybody. The geometrical equality
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was associated with oligarchy and elections, as giving chances pro-
portional to merits. Aristotle (1981) proposed a “unified model”,
where democracy could be regarded a particular case of oligarchy,
because the geometrical equality turned to the arithmetical one as
m; = 1, that is, when merits played no role, or the only merit was
“to be an Athenian citizen”.

The democratic period in Athens ended with the Macedonian
conquest in 322 BC. In the background of a general division of la-
bor and growing sophistication of economic relations it was getting
difficult to cumulate political and business activities. On the other
hand, governing functions could be performed more efficiently by
professional politicians than by amateurs selected by lot. Democ-
racy as total participation was given up.

3. Evaluating Athenian politicians in 462 BC

Example 1. (Athenian politicians in 462 BC)

In 462 BC Athen’s transformation into a radical democracy has
been completed. The power of the traditional aristocratic Council
(Court) of the Areopagus has been restricted, payments for politi-
cal participation have been introduced, and the relationships with
neighboring Sparta have turned into a new quality. The three most
influential politicians of the time (candidates for leader) were

¢1 @ Pericles (495—429 BC), democratic party; for a conditional un-
derstanding of parties in Athens see Hansen (1991),

¢y : Ephialtes (495—461 BC), democratic party, and
c3 : Cimon (510—450 BC), aristocratic party.
In 462 BC the following three questions were on the agenda:

q1 : Remove powers from the the Council (Court) of the Areopagus.

The Court of the Areopagus was an ancient aristocratic insti-
tution. It was composed of “men who were of noble birth”
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who held office for life; see Blackwell (2003a). Ephialtes op-
posed aristocrats led by Cimon. Together with Pericles he
sponsored laws and decrees that removed many powers from
the Areoopagus and gave them to the People’s Court or the
Assembly.

q2 : Pay for political participation.

The payment for public office and attending the Assembly had
been adopted on the initiative of Pericles who promoted the
idea of total participation of Athenian citizens in politics.

q3 : Help Spartans to put down a rebellion.

In 462 BC Sparta asked Athens for help in putting down the
rebellion of helots in the town of Ithome in Messenia; see
Blackwell (2003b). Ephialtes opposed sending help to Sparta,
but Athenians delegated a military force under Cimon’s com-
mand. Ephialtes and Pericles took advantage of his absence
to limit the power of Areopagus. Spartans did not appreci-
ate democratic reforms, refused to accept the help, and sent
Athenians back. The army returned to Athens in rage and
took open measures of hostility against the pro-Spartan peo-
ple, and above all against Cimon who was ostracized for 10
years.

The opinions of the three politicians on the three questions
(Yes/No answers) are shown in the upper section of Table 1 by =+.
++

The 4o at the top-left correspond to Pericles’ and Ephialtes’

democratic views. The — — below show Cimon’s opposition. The
_l’_
opinions — on the last question reflect the known Cimon’s will to

_l’_
help Spartans, Ephialtes’ opposition, and the fact that the troops

have been nevertheless sent, consequently, Pericles might have not
support Ephialtes but agreed with Cimon.
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Table 1. Evaluation of leading Athenian politicians in 462 BC

¢ Politician

Questions ¢

Indicators, %

(candidate 1 2 3 P. U,
for leader) Remove Pay for Help Popula- Univer-
powers political Sparta rity: sality:
from partici-  to put | average frequency
the pation  down a repre- of repre-
Areo- rebel- senta- senting a
pagus lion tiveness  majority
1 Pericles’ + + +
opinion
2 Ephialtes’ + + -
opinion
3  Cimon’s — — +
opinion
Weight of
protagonists 66.7 66.7 66.7
in the society, %
Pericles’
1 representa- 66.7 66.7 66.7 66.7 100.0
tiveness, %
Ephialtes’
2 representa- 66.7 66.7 33.3 55.6 66.7
tiveness, %
Cimon’s
3 representa- 33.3 33.3 66.7 444 33.3
tiveness, %
Average indi- P=556 U=66.7

cator values, %

18




The social opinions on the three questions were positive, oth-
erwise no positive decision could be made. According to Hansen
(1991), no information is available on particular voting results. Usu-
ally voting has been performed by a show of hands and votes were
not counted but just estimated. Neither were voters divided by
opinions into groups to see which group was larger, like it was prac-
ticed in Rome. FEven several thousand ostrakas found in Athens
are insufficient to reconstruct vote ratios for the cases of ostracism.
Therefore, it remains only to imagine a possible situation.

For simplicity assume that the majority-to minority ratio was
always 2 : 1 which is reflected by the protagonist weights 66.7% in
the middle row “Weight of protagonists in the society” of Table 1.
It allows to find the representativeness of each politician ¢ on each
question ¢, which is the weight of majority or minority represented.
For instance, Pericles with his positive opinion on the first question
represents the protagonists who constitute 66.7% of the society. Ci-
mon with his negative opinion represents the antagonists who con-
stitute 33.3%. The average representativeness along the row, that
is the average size of the group represented, characterizes the pop-
ularity P. of the given politician. The frequency of representing a
majority along the row characterizes his universality U.. As one can
see the top-ranked is Pericles, the next best is Ephialtes, and Cimon
is ranked third.

If the political leader is selected by lot then the expected pop-
ularity and the expected universality are the average of the corre-
sponding indicators, as shown in the last row of the table.

4. Model

The main topic to be discussed is: How good are representatives and
representative bodies selected by lot? To answer this question we
introduce three indicators of representativeness of decisive bodies,
popularity, universality, and goodness. The summary of the model
is given in Table 2.
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Table 2. Summary of the model

Questions / Agenda
@) agenda of General Assembly (Council of 500, magistrates, or jury) with
dichotomous questions at issue ¢ (evoking Yes/No answers)
m number of questions
p = {pg} m-vector of weights i, of questions ¢

Individuals / Citizens
I set of individuals (Athenian citizens)
n number of individuals (Athenian citizens)
v = {v;} mn-vector of individual weights; v; = 1/n mean equal rights or
chances
A ={ais} (n xm)-matrix of £1 opinions of individuals 7 on questions ¢
a = A'v = {a,} m-vector of balance of opinions (the only important
information on the individuals)

Candidates for further selection
C' set of candidates ¢ for Popular Assembly, Council of 500, magistrates,
or jury
N number of candidates
& = {&} N-vector of candidate weights; £, = 1/N mean equal chances
of candidates to be selected by lot
B = {b,q} (N xm)-matrix of +1 opinions of candidates ¢ on questions g

Decisive bodies: Assembly, Council of 500, Magistrates, and
Jury
P = (c1,...,c) decisive body of candidates which operates on the ma-
jority rule (“Parliament”: Assembly, Council of 500, or jury) with
k (odd) votes; multiple instances of ¢ mean a multiple vote holder

bp, = 1 =sign Z beg opinion of a majority in P on question g (bp, #

ceEP
0 since k is odd)
M = (cy,...,c) decisive body of candidates who make socially controlled

decisions in specific domains as magistrates (ministers)
opinion of minority of the society on question ¢
if all ¢ € M represent the minority

opinion of majority of the society on question ¢
if any ¢ € M represents the majority

byg =x1=
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D decisive body: Assembly, Council of 500, magistrate, or jury

k size of decisive body (k = 1 implies a single representative, in particular,
the president)

fg probability to select by lot (with replacement) from N candidates a
given decisive body D of size k (ordered k-tuple of candidates);
under equal chances f’f) =1/N*

Indicators of representativeness
TDg = Z v; representativeness of decisive body D on question ¢
itaqi=bpg
(percentage of citizens satisfied by the decisive body D on question
q)
Pp = Z lq "Dy popularity of decisive body D (mean percentage of citi-

q
zens satisfied averaged on the agenda)

Up = Z g = Z,uq round[rp,] universality of decisive body D
¢:rpg>0.5 q
(percentage of decisions which satisfy a majority of citizens)
TDq ..
Gp = : — - oodness of decisive
b zq: Ha weight of majority on question ¢ & v

body D (mean representativeness-to-majority ratio averaged on the
agenda)

P,UG = Zf,’% Pp(or Up, or Gp) expected popularity (universality,
D

goodness) of a decisive body of size k selected by lot

Questions/Agenda. Let Q be the actual agenda with m di-
chotomous questions at issue ¢, that is, which evoke either positive
or negative opinions (Yes/No answers coded by +1, in tables de-
noted by +). This condition is not much restrictive, since a response
with more than two grades is revealed by several dichotomous ques-
tions. For instance, the question “Which public buildings to con-
struct next year? (None/ Only theater/ Only court / Theater and
court)” can be replaced by two dichotomous questions “Construct
theater? (Yes/No)” and “Construct court? (Yes/No)”.
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The importance of questions is reflected by weights p, which
constitute a probability measure p on Q. It assumes

non-negativity

pg >0 for every ¢q€Q,
additivity

hx = Z pq for every subset X C @,
qgeX

and normality

qu =1 (the totality is 100%).
q

The question weights are collected into the column m-vector
B = {nq}-

Individuals/Citizens. A society is a set I of n individuals i
(Athenian citizens) with weights v; which constitute a probability
measure v on 1. The individual weights are collected into the column
n-vector

v ={y;} (v; =1/n  mean equal rights).

A group Y C I is called a (non-strict) majority if its weight is not
less than 50%
vy 2 0.5,

otherwise it is called minority. By default a minority is strict and a
majority is non-strict. The positive or negative opinions a;q = *1

22



of individuals 7 on questions ¢ are collected into the (n x m)-matriz
of individual opinions

A ={aj4}, aj = £1.

The m-vector of balance of opinions in the society is defined as fol-
lows

a={a,} =Av.

For example its coordinate a, = 0.2 means that the protagonists,
who are positive on question ¢, prevail over the antagonists by 20%,
measured in % of the total population, a, = 0 means a tie opin-
ion, and a; = —1 means a unanimously negative opinion. The
model uses the vector a only; the matrix A is not necessary but
just rigourously explains how the vector a is defined.

Candidates. Let C be aset of N candidates c for selection whose
weights ¢, constitute a probability measure ¢ on C. The candidate
weights are collected into the column N-vector

& ={¢&} (£, =1/N mean equal chances).

Their opinions b, = 1 on questions g are collected into the
(N x m)-matriz of candidate opinions

B = {b.}, beg = £1.

From the viewpoint of the Athenian Assembly, all the citizens
are candidates to appear at its next meeting. If one speaks of the
Council of 500 then candidates are the citizens who have registered
for participation. Candidates can also be non-human objects like
political parties, or reform proposals with a number of items at issue.
The only essential condition is specifying candidates and individuals
with the same dichotomous questions.
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It should be emphasized that the strict dichotomy of answers is
required from candidates only (a politician must have an opinion on
every question). It is not required from individuals, who may have
no definite opinion on certain questions. The only requirement is
the existence of balance of opinions in the society (vector a).

Assembly, Council, Committee, and Juries. Parliament
is a general notion for a decisive body which makes decisions by the
majority rule. The Athenian Assembly, the Council of 500, or juries
are all parliaments.
A parliament with k votes (k is odd to avoid tie vote) is a k-tuple
of candidates
P={(c,...,cp) € ct.

Multiple instances of a candidate are allowed (cf. with political par-
ties which have several parliament seats with one vote, or stockhold-
ers whose votes are proportional to shares). The opinion (decision)
bpy = %1 of parliament P on question ¢ is determined by a majority
vote (k is odd!):

bpg = sign Y beg = 1. (1)

ceP

A majority in the parliament is determined by the number of votes,
but not by the weight of their holders. The weight of holders is
implemented in their multiple instances (= multiple votes).

Magistrates. Magistrate is a general notion for a decisive body
(in the case of Athens with typically a board of 10 members) which
is externally controlled by the society (Assembly). In the case of
internal disagreement, the magistrate board brought the question
to the Assembly, so that “wrong” decisions (= against the majority
of the society) could be made only if the cabinet members were
unanimously “wrong”.
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A magistrate with k members is a k-tuple of candidates
M= (c1,... k),

which opinion (decision) byry = £1 on question g is the same as that
of a majority in the society, except for cases when all its kK members
belong to the minority:

—sign (), aiy) if all c € M represent
the minority:
qu = ZCEM bcq =—k sign (Zz aiq) (2)
sign (D, a;q) if there exists ¢ € M from
the majority.

Decisive bodies and single representatives. Both parlia-
ments and magistrates are decisive bodies. Opinions of a decisive
body D on m questions are collected into column m-vector

bp = {bpy}-

A decisive body with one candidate is a single representative, for
instance, a president.

Popularity, universality, and goodness of decisive bo-
dies. Given a question ¢, the society I falls into two complemen-
tary groups, of protagonists with a positive opinion a;, = 1, and
of antagonists with a negative opinion a;; = —1. These groups are
redefined for each question.

The representativeness of decisive body D on question ¢ is the
weight of the social group which opinion is represented

TDg = Z V. (3)

1:a;q=bpg

25



Since the total weight >, v; = 1 (= 100%), the representativeness
rpg is measured in the fraction (percentage) of the society.

The representativeness r = rp, of a decisive body D of size k is
a function on the product space

C* x () with probability measure & @ pu.
<~

Q@€

Regarded deterministically, r characterizes D with respect to ques-
tions g, with ¢¥ and p being measurement /weighting instruments.
Under such an interpretation, the indicators defined below are the
weighted average of representativeness and of rounded representa-
tiveness.

Regarded probabilistically, teams of decisive bodies D are simple
events with probability ¥, meaning that their participants are se-
lected by lot with probability £. The selection is performed with re-
placement, allowing multiple instances of the same candidate
(= multiple-vote holders). Then both r and round[r] are random
variables, and the indicators below are their mathematical ezpecta-
tion with either D being parameter and ¢ being simple event, or
both D and ¢ being simple events:

Pp = Z,Uq TDq (4)
q

(popularity of decisive body D)

Up = Z Hq = Zﬂq round|[rpg] (5)
q:1pg>0.5 q
(universality of decisive body D)

"D (6)

G =
b zq: Ha weight of majority for question g

(goodness of decisive body D)
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P = > &Pp (7)
DeCk
(expected popularity of a decisive body selected by lot)
u= > &Up (8)
DeCk
(expected universality of a decisive body selected by lot)
G = > &Gp (9)
DeCk
(expected goodness of a decisive body selected by lot).

If required, the type and size of decisive bodies are distinguished by
superscript for parliaments, e.g., U(k), and by subscript for magis-
trates, e.g., P(y) for magistrates.

The (degree of) popularity of decisive body D is the average
size of the group represented, the average being taken over all the
questions with their weights. The popularity is measured in fraction
(percentage) of the society.

The (degree of) universality of decisive body D is the frequency
with which it represents a non-strict majority. The universality is
measured in the fraction (percentage) of questions with regard to
their weights f1,.

The popularity 51% seems rather low. However, if the majority-
to-minority ratio is always 51:49 then no popularity higher than 51%
is attainable. Therefore, the effective representativeness of a deci-
sive body should be judged with regard to the majority-to-minority
ratio. This is reflected in the indicator of goodness. In a sense,
the indicator of goodness is a smoothed version of universality. In-
deed, the rounded representativeness and the representativeness-to-
majority ratio are equal to 1 as the group represented is a majority.
However, the latter has no abrupt leap as the group represented
grows and turns from minority to majority.
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The ezpected indices of a decisive body selected by lot are the
corresponding indices averaged on all the decisive bodies of the given
type and size. Under the probability £, candidates ¢ with greater
weights &, have higher chances to be selected. Equal chances occur
if candidate weights are equal, as in the case of Athens.

Thus the indicators of popularity, universality, and goodness re-
flect spatial, temporal, and relative aspects of representativeness:

e The popularity reflects the volume of citizens represented.

e The universality is the frequency when a majority is repre-
sented.

e The goodness is the specific representativeness, that is, re-
duced to its absolute maximum.

5. Computing the indicators and their
geometrical interpretation

Introduce the following notation (all vectors are column vectors!):

" the operation of vector/matrix transpose

% the operation of element-by-element product of vectors and ma-
trices of the same size, for example, (1,2). * (3,4) = (3,8)

£ the operation of element-by-element k-th power of vectors and
matrices, for example, (2,3).2 = (4,9)

+ the addition of scalars to matrices or vectors by applying it to
all matrix elements, for example, 0.5 + (1,2) = (1.5, 2.5).
Division of scalar by vector is analogous: % = (6,4).
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|a| the m-vector imbalance of opinions derived from vector a by
taking absolute values of its coordinates; then the gth coordi-
nate |aq| gives the deviation from the tie opinion on question
g; the vectors of majority and minority weights are 0.5+ 0.5|a|
and 0.5 — 0.5]a|, respectively;

diaga the diagonal (m x m)-matrix with elements of vector a on its

main diagonal;

signa the m-vector of majority opinions derived from the vector a
by applying the sign function to its coordinates

+1 if ay,>0, ie.the majority opinion
on question ¢ is positive
signag = 0 if a4=0, i.e. tie opinion on question g
—1 if a;<0, ie.the majority opinion
on question ¢ is negative,

da =1 — abs(signa) the m-vector of indicators of tie opinion, with
the gth coordinate being 1 if the opinion on question g is tied,
and 0 otherwise; we use this vector to express the total weight

of questions with a tie opinion

Koo = Z Hq-

q:aq=0

b= {bs} = B'¢ the m-vector of balance of opinions of candidates.
This vector is analogous to a.

I,(z,y) the incomplete beta-function defined as follows

o) = gy, ¢ -0

0<p<1, z2>0,y>0. (10)
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Theorem 1. (Computing the indicators and their geometric

interpretation)

P

~~—~
popularity of
decisive body D
or expected
popularity
of a decisive
body selected
by lot

;

S~~~
universality of
decisive body D
or expected
universality
of a decisive
body selected
by lot

/
0.5 + 0.5 QL*a) \i/
v m-vector of
=p

opinions of

u—Weighted decisive body D

social or characteristic
m-vector vector of the
of balance

\1a] society
of opinions

0.5+0.5 Woq
—~—
total weight of
questions with
tie opinions
(constant scalar
independent of D)

+ 0.5 (,u. * signa)’d

G

~~
goodness of
decisive body D
or expected
goodness
of a decisive
body selected
by lot

—_—
=u
p-weighted
social
m-vector
of majority
opinion

, 1

(.

=9

(11)

(12)

1 !
1+ x—— . xa | d 13
M e (“ T lal ) (13)

where d = {d,} is the opinion m-vector of the given decisive body

D or the characteristic vector of the society, depending on the type
of representative body selected by lot:
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(sign . cpbeg for given parliament P

—signay for given magistrate M
with no majority repre-
sentative of the society
on question ¢, that is, if
> cen beg = —k signag

signag for given magistrate M
otherwise(with a ma-
dy = jority representative)
beq for given president ¢
sign b, Ibg (%, %) for parliament

selected by lot

: k
sign ag [1 -2 (%) ] for magistrate
selected by lot

by for president
L selected by lot (14)

Thus, the most popular (universal, best) decisive body D has the
largest projection of its opinion vector bp on the p-weighted social
vector of balance of opinions p (respectively, on the p-weighted vec-
tor of majority opinion w, or on vector g). In case of decisive bodies
selected by lot the average characteristic vectors of all candidates are
projected on the vectors of the society.

Remark 1. (Analogy with force vectors in physics)

Recall that in mechanics a work is produced by displacements. Ac-
cordingly, the only productive constituent of a force vector is its
projection on the direction of motion. In our model, the “work for
the society” of a decisive body is measured by the projection of its
opinion vector on the “main stream”, the social vector of balance of
opinions, or social vector of majority opinion, or social “goodness
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vector”. Thus the variety of representatives and representative bod-
ies with numerous opinions on the agenda is projected onto a single
line axis, exactly like in the case of physical forces.

Example 2. (Athenian politicians in 462 BC, continued)
Return to Example 1 The table above Figure 2 is a modification with
extension of Table 1. The opinions and the representatives of the
politicians are put together, the column for the goodness indicator
and the row for question weights are added, and the bottom section
of the table contains now the coordinates of social vectors p, u, and
g for computing the expected popularity, universality and goodness,
respectively.

The decision space with vectors of the candidate opinions d;—
d3 and characteristic vectors of the society p,u, and g are de-
picted in Figure 2. Note that vectors of politicians composed of
+1-opinions are extended to the cube vertices. The social vectors
are shorter because they represent some balance of opinions within
the range [—1;+1]. Due to the equality of majority-to-minority ra-
tios 2:1 assumed, |a1| = |ag| = |ag| so that the three social vectors
are collinear; see how the formulas (11)—(13) depend on |a|. Since
Pericles always represents a majority, his vector provides the largest
possible projection on the social vectors. In the given case of “diag-
onal” social vectors with equal coordinates it implies the collinearity
of Pericles’ vector to the social vectors.

6. Quality of decisive bodies selected by lot

Theorem 2. (Deficit of popularity, universality, and good-
ness)

Consider selection by lot from the individuals, that is, C =1, B =
A, and & = v. Compared to the absolute mazxima of the indicators,
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Figure 2.

Analysis of political situation in Athens in 462 BC

c|Candidate Questions ¢ Indicators, %
1 2 3 P Uc Ge
Remove Pay for Help |Popula- Univer- Good-
powers political Sparta| rity: sality: ness
from partici- to put | average frequency
the pation down a| repre- of repre-
Areo- rebel- | senta- senting a
pagus lion |tiveness majority
1{Pericles 66.7 66.7 66.7 66.7 100.0 100.0
2|Ephialtes 66.7 66.7 33.3 55.6 66.7 83.3
3|Cimon 33.3 33.3 66.7 44.4 33.3 66.7
Weight of protagonists, | 66.7 66.7 66.7
% (0.5 + 0.5a)
Question weights, % (u)| 33.3 33.3 333
p=p.xa, % 11.1 11.1 11.1 |P =55.6
u = p. *signa, % 33.3 33.3 33.3 U =66.7
g =W-* T7g-* % % 16.7 16.7 16.7 G =83.3
dlzPerikls

qa; Help Spartato put down arebellion

a,: Pay for political participation

d,: Remove powers from the Areopagus
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attainable if a majority could be represented on all the questions

ol

q
=1
=1

3

ol C

3

= Y g (0.5+0.5]ag]) = 0.5+ 0.5/ al

(15)

the expected deficit of the indicators of parliaments and magistrates
selected by lot vanishes as their size k increases at a speed of order

k=L and 27F, respectively:

P - P
~~ ~~~
absolute expected

limit of popularity
popularity of decisive

body of size k
selected by lot

N

J/

expected deficit of popularity

1 — U

S~~~ N~~~
absolute expected
limit of universality
universality of decisive

body of size k
selected by lot

[\

expected deficit of universality

/

<9

( 2

9(k-+2) min |ag|
q:aq#0
for parliament selected by lot
27k72k71
for magistrate selected by lot
2—3

| for president selected by lot

( 2
9(k+2)q:r;1qi§0 ag
for parliament selected by lot
2—k
for magistrate selected by lot
2—1

for president selected by lot

\
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( 4

9(k+2) min |a
(2] iy [a

for parliament selected by lot

1 - G < 27k=2 (20)
absolute expe“cte q for magistrate selected by lot
limit of goodness 23
goodness of decisive :
body of sive & | for president selected by lot

selected by lot

N J/

expected deficit of goodness

Theorem 3. (Variance of indicators of decisive bodies se-
lected by lot)

Consider selection by lot from the individuals, that is, C =1, B =
A, and & = v. The variance of indicators of decisive bodies D
selected by lot vanishes at the same speed as their expected deficit
(for exact formulas see Lemma 2):

VPp <P —P2<2(F—P) (double deficit of popularity) (21)
VUp <1-U?<2(1—U) (double deficit of universality) (22)
VGp <1-G*<2(1—G) (double deficit of goodness) (23)

Remark 2. (Quality of decisive bodies selected by lot)

The main message of Theorems 2 and 3 is that decisive bodies se-
lected by lot are fairly good, being quite representative. Indeed,
their expected popularity, universality, and goodness converge to the
absolute maxima, and their variance vanishes as the size of decisive
body increases. It implies that the probability to select a low rep-
resentative decisive body is getting negligible as its size k increases.
For instance, by (18) for a given e > 0 it holds P — P*) < ¢/2 for all
sufficiently large k. Then
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Chebychev

o inequality
Prob{ P—Pp >e€} <Prob{|Pp— P |>¢€/2} <
deficit of =EPp
popularity VPp by (21) and (18)
of D LYY k— o0
(e/2)?
Similarly, for other two indicators
V Indicat 1
Prob{Indicator deficit > e} < naieator varues 0.

(€/2) e

Remark 3. (Decisive body’s performance depends on its
size rather than on the size of the society)

The estimates in Theorems 2 and 3 depend on the size k of decisive
body but not on the size of the society n. In other words, Monaco
needs as large a parliament as China. It is remarkable that the quo-
rum at the Athenian Assembly and for the ostrakism required as
many as 6000 participants, which were 10—20% of the total num-
ber of citizens. Juries were also very numerous, ranging from 201 to
1501 participants.

7. Efficiency of democracy: size of bodies
and social stability

Theorem 4. (Ordering of the indicators)
Consider selection by lot from the individuals, that s, C =1, B =
A, and & = v. Then the following inequalities hold

Gr <6 < Gy <Gy <G

VI VI VI VI [l

— (%) _

PED <P <Py <Py <P < U D <u® <y < Uy <U

®VI Vv I
0.5 0.5

—

(24

~—
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where (x) turns to equality if and only if ag = 0 for all questions
q (= only tie opinions), and (xx) turns to equality if and only if
aq # 0 for all questions q (= no tie opinions). If there is a question
q with neither unanimity, nor tie opinion, that is, |ag| # 0,1, then
all the equalities, may be except (xx), are strict.

Remark 4. (The larger the decisive body, the higher its
representativeness)

According to Theorem 4, all decisive bodies and single individuals
selected by lot are expected to be rather representative than non-
representative. Indeed, all the indicators are superior to 50%; the
equality P = 0.5 is attained under tie opinions on every question,
when every decision is equally good. Thus the society exhibits the
general statistical property that limited samples and even one ob-
servation allow to make conclusions about the totality. Certainly,
the larger the sample the more reliable conclusion, which is reflected
by the indicator growth as the size of decisive body increases.

Remark 5. (Superior performance of magistrates)

The performance of magistrates is higher than that of parliaments of
the same size. It is explained by the following reasons. By definition
every magistrate decision is made by the member who represents a
majority. (Recall that in case of disagreement the magistrate brings
the question to the Assembly which solves the question in favor of
the majority of the society. Therefore, if the magistrate is not unani-
mous then the decision finally made is the one as if it would be made
by a majority representative.) It assumes fitting certain domains of
responsibility to magistrate participants, meaning that two degrees
of freedom, members and domains, are reduced to one (members).
In other words, magistrates are already “half-optimized” and fitted
to specific tasks.

The Assembly (parliament) is not so much determined, since its
function is just to reveal the yet unspecific social opinions. Under
the lack of information it is neither possible to “optimize” the As-
sembly, nor to reasonably select its members. It remains but to let
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decisions be made jointly and the members be selected by lot. Cor-
respondingly, the Assembly indicator values are smaller than that
of magistrates of the same size.

Remark 6. (Dependence of indicators on the majority-to-
minority ratios)

Another factor which determines the expected performance of deci-
sive bodies selected by lot is the majority-to-minority ratios in the
society. As one can see from formulas (43)—(45) for parliaments
and (48)—(50) for magistrates, the indicator values depend on the
imbalance of opinions |b,| (the candidates are selected from indi-
viduals so that |a,| = |by|). Figures 3—05 show the dependence of
indicators on the size of minority assumed equal for all questions.

As one can see, the popularity decreases, meaning that the closer
to tie opinion, the lower the expected popularity. Indeed, the prob-
ability that members of the decisive body belong to the majority
decreases, as the size of the majority decreases. Besides, the major-
ity represented is getting smaller.

The universality decreases as well, but the shape of universality
curves is different. Note that the universality has an abrupt leap as
the tie opinion occurs, because the strict minority turns to non-strict
majority, and the rounded representativeness immediately increases
from 0 to 1.

The graph of goodness is more remarkable. As already men-
tioned, the goodness is a kind of smoothed universality, which is
also seen while comparing Figures 5 and 4. Unlike popularity and
universality, the goodness curve has a minimum at a certain point
which is least favorable for decisive bodies selected by lot. For single
representatives selected by lot (k = 1) this critical point corresponds

to the majority-to-minority ratio 1:/\_2/;/2 ~ 71 : 29. At this ratio
the goodness attains its minimum =~ 82.84%.

The minimal goodness depends on the type and size of decisive
body. Table 3 shows these minima for Athenian decisive bodies

selected by lot and the critical minority size when the minimum
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Figure 3.

by lot

Expected popularity of assembly (solid line) and magistrates (dashed line) selected by lot
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Figure 4. Universality of assembly and magistrates of size k selected
by lot
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Figure 5. Goodness of assembly and magistrates of size k selected by lot
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Table 3. Minimal expected goodness of Athenian decisive bodies

Minimal  Critical
Decisive body and its size k | indicator minority

value, %  size, %
President of Committee (1) 82.84 29.29
Committee of 50 (50) 95.67 45.08
Small jury (201) 97.73 47.45
Council of 500 (500) 98.53 48.36
Medium jury (501) 98.53 48.36
Big jury (1501) 99.14 49.04
Assemby quorum (6000) 99.57 49.52
Magistrates (10) 99.99 45.78

is attained. A remarkable intuition of Athenians manifests itself
in the matching of representativeness quality of the Assembly with
the quorum of 6000 citizens and magistrates with the board of 10
members and the military board with 10 generals. Their goodness
is almost equal differing by only 0.4%.

Remark 7. (Inefficiency of democracy in an unstable
society)

Political power can be said to be efficient if good results in decision
making are achieved by moderate means. If a president is as good
as a large Assembly (makes decisions satisfying the same percentage
of the population), the efficiency of the president is higher than that
of the Assembly.

Figures 3—5 show that personal power can be absolutely ef-
ficient when the society is divided by opinions into (almost) equal
groups with the majority-to-minority ratio close to 50 : 50%, which
is socially unstable, because a small change of individual opinions
results in a radical change of the social (majority) decision. In such
an unstable society democratic institutions, like parliaments and
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magistrates, provide the same or just a little better power quality
than single representatives selected by lot. This minor advantage is
attained at the price of being much larger, meaning the inefficiency
of democratic institutions compared to personal power. When the
society is stable, i.e. there are dominant groups, large democratic
bodies provide a significantly better power quality than single indi-
viduals.

To a certain extent this observation explains why tyrants like
Pesistratos took the power at the moment of split of the state.

8. Application to German parliament
elections 2002

Let us illustrate a certain flexibility of the model. Follow the scenario
of Example 1 in application to the German parliament elections held
on September 22, 2002.

Parties and their programs. Electors had a choice between
five major and several less significant parties. Their comparative
programs in a tabular form are given by Friedrich-Naumann Stiftung
(2002) and Bauer, et al. (2002). In case of contradicting data, we use
the data from the first source which is much more comprehensive.
Election results are taken from Der Spiegel 24.09.2002).

According to the party programs, a number of topical questions
have been discussed before the elections. For certain important
points, like the participation of Germany in the Iraq crisis, all polit-
ical parties had similar opinions. On some topics, no specific sugges-
tion has been formulated, so it is difficult to judge about differences
between the party programs. Important issues with more or less
different specific suggestions fall into the following four categories:

q1 Radical employment policy, e.g. the conceptual program by Peter
Hartz (trade union activist, director of personnel at Volkswa-

gen),
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qo Social cuts, e.g. an increase in the retirement age.
q3 An increase in tazation, e.g. new ecological taxes.

q4 Supporting immigration, e.g. not conditioning it by economic
expediency.

All four questions are assumed equally important, having weights
g = 25%.

Figure 6 displays the pre-election programs coded by +’s and
—’s, reflecting a conditional evaluation. For instance, all parties
suggest some measures against unemployment, but some are more
consistent and specific (they get “4”) than others (they get “—7).
This code is a (subjective) interpretation of the comparative pro-
grams cited. Since the available information concerns five major
parties, the minor ones collected under the label “Other” get a
“—"-evaluation.

The votes received by a party are interpreted as the percentage
of the electorate with the opinions represented by the party. There-
fore, the summary table has the weights of candidates attributed to
individuals (v; but not &.). The row “Weight of protagonists” re-
flects the balance of social opinions on every question derived from
the weights v;.

Most popular party. The values of representativeness of par-
ties ¢ on questions ¢ are put next to the party +-opinions in the
summary table in Figure 6.

The most popular parties are SPD and CDU/CSU, having the
popularity 66% and 66.9%, meaning that on the average they rep-
resent that percentage of the population. The universality of both
parties is equal to 75%, meaning that they represent a majority of
the population on three of four questions.

The top-ranked party is not necessarily the one with most votes.
Although SPD was slightly ahead (which is not seen because of
rounding to the first decimal after the point), CDU/CSU has the
best both indicators. The two parties have equal universality, but
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Figure 6. Analysis of candidate parties in German parliament elections

45

2002
¢ Candidate Weight v; Questions ¢ Indicators, %
1 2 3 1 Pc Uc Ge
Employ- Social New Immi-|Popula- Univer- Good-
ment cuts taxes gration| rity sality ness
1SPD (d1) 38.5%| +/51.1 +/85.6 +/47.1 —/80.0| 66.0 75.0 97.3
2CDU/CSU (d2) 38.5%| —/48.9 +/85.6 —/52.9 —/80.0| 66.9 75.0 98.9
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the popularity of CDU/CSU is by 0.9% higher. Taking into ac-
count the large number of voters all over Germany, this difference
is statistically significant.

Representative parliament with fewest members. The
parties have a deficit of universality (no party has the universality
100%), consequently they do not always represent a majority, con-
sequently, they also have a deficit of popularity which decreases in
a multi-party parliament. Evaluation of multi-party parliament(s)
and finding the best parliaments with fewest voters was performed
by formulas of Theorem 1. The results are shown in Table 4, where
the best parliaments with £ = 1,3,5 voters are selected (a par-
liament with £ = 1 member should be regarded as president who
makes decisions alone). The optimality in the caption to the table
is understood in the sense of Pareto: the optimal parliament is the
one, which has no superior with respect to both indices in the class
of parliaments with the given number of voters.

Several instances of the same party means that the given party
has several votes (= seats in the parliament). For example, the
parliament P = (1,1, 2,2,5) consists of two members of the 1st party
(SPD), two members of the 2nd party (CDU/CSU), and one member
of the 5th party (PDS). The universality of such a parliament is
maximal, 100%. Consequently, its popularity 67.4% is maximal as
well.

The smallest parliament which provides the absolute maxima
of both indicators (which follows from the universality 1) contains
three members 1,2,5 (= one from SPD, one from CDU/CSU, and
one from PDS).

Representative cabinet with fewest members. Consider
cabinets of ministers as magistrates with a board of members. The
best cabinets with a few members are shown in Table 5. The small-
est cabinet with no deficit of universality and, consequently, with no
deficit of popularity contains at least two members. There is a cer-
tain choice between two-member cabinets. A cabinet can be formed
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Table 4. Optimal parliaments with fewest members

Parliament | Parliament | Parliament Parliament

size votes popularity  universality
k P Pp, % Up, %

(00) Maximal P=674 U=100.0

1 Average | P =60.9 UM =674
(2) 66.8 75.0

3 Average | P® =639 U® =725
(1,2,5) 67.4 100.0

5 Average PO) =652 U®) =748
(1,1,2,2,5) 67.4 100.0
(1,1,2,4,5) 67.4 100.0
(1,1,2,5,5) 67.4 100.0
(1,1,2,5,6) 67.4 100.0
(1,2,2,3,5) 67.4 100.0
(1,2,2,5,5) 67.4 100.0
(1,2,3,5,6) 67.4 100.0

even from representatives of the third party (Green) and of some
minor party (from the 6th column “Other” in the summary table in
Figure 6). Unlike parliaments, where winning parties must play the
leading roles, cabinets can be formed from almost all parties.

At the same time, not every two parties can delegate their mem-
bers to an optimal cabinet. From 15 cabinets with two members
(the number of combinations of two of six elements), only seven are
optimal, while others are not. For instance, cabinet M = (1,3) is
not in the list. This means that no optimal cabinet can be formed
only from the winner coalition, SPD and Green, so that the par-
ticipation of the opposition is absolutely necessary. Indeed, as seen
from the summary table in Figure 6, neither SPD, nor Green repre-
sents a majority for question New tazes, so that these parties cannot
form a popular cabinet.

In our context, a cabinet with two members does not mean a
cabinet with two physical individuals. Since the actual agents in
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Table 5. Optimal cabinets with fewest members

Cabinet | Cabinet Cabinet Cabinet
size members | popularity universality
k M Pu, % Un, %
(00) | Maximal | P=674  U=100.0
1 Average P(l) =60.9 U(l) =674

(2) 66.8 75.0

2 Average P(Q) = 66.0 U(2) = 87.0

(1,2) 67.4 100.0
(1,4) 67.4 100.0
(1,5) 67.4 100.0
(1,6) 67.4 100.0
(2,3) 67.4 100.0
(2,5) 67.4 100.0
(3,6) 67.4 100.0

our model are parties, we have to represent parties, which can be
done by several physical individuals for each question. For instance,
the question Employment includes several aspects, requiring a coor-
dination of several ministries, of labor, of technology, of education,
etc. All these positions can be given to the members of the corre-
sponding party.

There are also optimal cabinets with more than two members,
providing a larger flexibility for appointments. On the other hand,
in actuality the number of questions can be large, which restricts
the selection of optimal cabinets with few members.

Deficit of popularity and of universality. Table 6 shows
the deficit of popularity and universality for parliaments and cabi-
nets selected by lot of size £ = 1,...,20,...,601 computed by the
formulas of Theorem 1 for data from Figure 6. (The constitutional
number of seats in the Bundestag is 598; after elections the pro-
portion of seats is fitted to voting results with the accuracy 1% by
adding a few seats; thereby at present there are 603 seats.)
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Table 6. Deficit of popularity P — P and of universality 1 — U, %

Size Parliament Cabinet
k[P® P —PHTUR 1 —UBI[P ) P—Py|Up 1-Ugy
1/60.9 6.5 |67.4 326 [60.9 6.5 674 326
2 70.5 29.5 |66.0 1.4 87.0 13.0
31639 3.5 |725 275 |67.0 04 94.2 5.8
4 73.9 26.1 |67.3 0.1 97.3 2.7
5/65.2 2.2 |74.8 252 |67.3 0.1 98.7 1.3
6 75.5 24.5 |67.4 0.0 99.4 0.6
7165.8 1.6 |76.1 239 |67.4 0.0 99.7 0.3
8 76.5 23.5 |67.4 0.0 99.9 0.1
9/66.1 1.3 |76.8 23.2 (674 0.0 99.9 0.1
10 771229 |67.4 0.0 |100.0 0.0
11{66.3 1.1 |774 22.6 (674 0.0 |100.0 0.0
12 775 225 |67.4 0.0 |100.0 0.0
13(66.4 1.0 |77.7 223 |674 0.0 |100.0 0.0
14 779 221 |67.4 0.0 |100.0 0.0
15(66.5 0.9 |780 22.0 (674 0.0 |100.0 0.0
16 781 219 |67.4 0.0 |100.0 0.0
17(66.5 0.9 |782 21.8 (674 0.0 |100.0 0.0
18 784 21.6 |67.4 0.0 |100.0 0.0
19166.5 0.9 |785 21.5 |674 0.0 |[100.0 0.0
20 786 214 |67.4 0.0 |100.0 0.0

101{66.8 0.6 |82.7 173 |674 0.0 |100.0 0.0
201(66.9 0.5 (8.4 14.6 (674 0.0 |100.0 0.0
401j67.0 0.4 (8.7 113 |674 0.0 |100.0 0.0
601/67.1 0.3 |90.7 93 (674 0.0 |100.0 0.0

As one can see, the deficit of popularity of a parliament selected
by lot with 601 voters is 0.3%. This means that on the average only
0.3% of the population are under-represented, which can be consid-
ered quite well. The deficit of universality of such a parliament is
about 9.3%. In other words, it makes “wrong” decisions on every
11th question (depreciated by a majority of the society). Since only
four questions are considered, “every 11th question” means that ap-
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proximately every third parliament selected by lot makes a “wrong”
decision on one of four questions.

The situation with average cabinets is even more favorable. An
average cabinet with already 10 members has no deficit of popularity
and of universality. This does not mean that the ministers selected
by lot are so perfect, but rather that the domains of their respon-
sibility can be perfectly fitted to already 10 candidates selected by
lot.

9. Conclusions

1. Indicators of representativeness, popularity, universality, and
goodness are used to evaluate representatives and decisive
bodies in a rather broad political context, ranging from An-
cient Athens to our days.

2. The model proves the consistent validity of the Athenian democ-
racy with officials selected by lot. The deficit of the indicator
values vanishes as the size of decisive bodies increases but it
is not dependent on the size of the society.

3. The representative quality of the Assembly with the quorum of
6000 is remarkably well matched to the representative quality
of magistrates with 10 board members and to the military
board with 10 generals.

4. The model shows that the democratic institutions are ineffi-
cient in an unstable society. In such a society personal power
is more efficient.

5. The distinction of the model is the emphasis on calculus rather
than on logic. Indicators can be higher or lower, always allow-
ing to find best compromises, whereas the “yes”—“no” logic
restricts solutions exclusively to unobjectionable ones.
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10. Proofs

1. Proof of Theorem 1

Lemma 1. (Properties of the incomplete beta-function)
The incomplete beta function (10) increases inp and y and decreases
i x. It has the following properties

IN

0 (25)
1 (26)
1—T_p(y,x) (27)
0.5T_(1_app (,0.5), 0<p<0.528)
E\ . B
> (“)pa-nr (20)
v<j<k M
for integer 0 < z < k
1,:(0.5,z), 0<a<05 (30)
E\ B
> (S)pa-p (31)
kj2<j<k N
for odd k
1
(32)

18(k +2)(0.5 — p)?’
0 <p<0.5, for odd k

PROOF OF LEMMA 1. For (25)—(29) see (Abramowitz and Stegun
1972, 26.5.1, 25.5.2, 25.5.14, and 26.5.24).

Formula (30) results from applying (27) and (28).

Formula (31) results from substituting z = ££! into (29).

To prove (32) consider the incomplete beta-function as a dis-
tribution function of a random variable £&. Then it has the math-
ematical expectation and variance (Abramowitz and Stegun 1972,

26.1.33)
A

E¢ =

_:v—i-y

zy
(x+y)2(z+y+1)
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For x =y = % we obtain

1

Since in this case the distribution is unimodal and symmetrical with
respect to 0.5, we obtain from the strengthened Chebyshev inequal-
ity (Abramowitz and Stegun 1972, 26.1.40)

E+1 k+1
I, (% %) — Prob{¢ <p}  (E€=0.5, p<0.5)
1
- §Prob{|§ —E¢|> 0.5 —p}
S 11w
~ 29 (0.5—p)?
B 1
" 18(k+2)(0.5 — p)2’
as required. [ |

PrOOF OF THEOREM 1. By L, denote the non-strict minority in the
society for question ¢; if a; = 0 than take protagonists. Its weight
is obviously

Weight of minority = vy, = 0.5, —0.5 lag|. (33)
—~ ~—
half predominance
tI}e of protagonists
soclety

over antagonists
in the society

Express representativeness, rounded representativeness, and rep-
resentativeness-to-majority ratio. For given decisive body D and
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question ¢, derive from (3)

TDq = 0.5 +40.5 Qq qu (34)
half predominance opinion of
t}.le of protagonists decisive
society over antagonists body D

in the society

round[rpg] = 0.5+ 0.5 signa, signbpy + 0.5 4, (35)
~—
1 it ag=0
o { 0 if aqg#0
TDg by (33):and (34) 0.5 + 0.5aquq _ 1 i Qg b (36)
11—, 05+ 05ay] 1+ |ag] 1+ |ag "%

To obtain (11)—(13) for a given decisive body D, multiply p, by
each equality (34)—(36) and summarize on q.

Now estimate the expected indicators of a decisive body selected
by lot. By L, C C* denote the set of decisive bodies D of size k
which make “wrong” decisions on question ¢, that is, represent a
strict minority of the society; if a, = 0 then £, is empty. By fﬁq
denote the total weight of these decisive bodies. Hence,

rpe = { VL, if De £q

1—vr, if D¢L, (37)

Then the expected indices are as follows:

P = > &) urpg
D q
= Zﬂq Zfllf‘)TDq+Z§%TDq by:(3>7)
q

DeL, D¢L,

identit
= Youg [, v, (168 (1 w,)|
q
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Z,uq [1 —vp, — (1 — QVLq) fﬁq]
q

- Z Mq 2VLq 521 (38)
w_/

0.5+0.53, 1qlaql q

(v

lag|

by (37
Z &h Z fiq round(rpg] }%)
D q

Zﬂq'1+ZNq ZS;’S-OJerB-l

q:aq=0 q:aq 70 DeL, D¢L,
Do gt Y g (1 5£q>
q aq=0 q:aq7#0
_1

11— Z Hq éﬁq (39)
q:aq7#0
k TDq identity

Z §D Z Hq 1— VI =

D q K

identity
dona| D i, —+ D bl =
q DeL, La per,
identit,

Zm(écql +1—££q) =

2vy, identity
Y (T ),

q

|ag] k
1 S — 40
?“q <0.5—|—0.5|aq| &, (40)

Case of parliament. Find & Eq which is the probability to select
a parliament with at least half the voters being representatives of
the strict-minority on question q.
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1. At first suppose that the strict minority of the society for
question ¢ is represented by a strict minority of candidates with the

total weight
£, = 0.5 — 0.5]by]. (41)

The probability of selecting at least % of k voters which represent
the minority is given by the binomial sum:

&, = Z < ;C ) (L) (1= &,)* Py
EEL <<k
kE+1 k+1
= I§Lq< 5 ' 9 ) (42)

Substitute (42) into (38)-(40), and obtain for parliaments selected
by lot

PE) = 0.5+0.5 " p1glagl—
q

E+1 kE+1
Zﬂq|aq|10.5—0.5\bq\ <T’ T) = 0.5+
q

k+1 kE+1 by (30)
0-5ZMq|aq| [1 — 21o.5-0.50b,)| <T’ T)] =
q

1 k+1
=05+ 0.5Zuq |agl Iz <§, T) (43)

q

Uk = 1—

q 0.5—0.5|bg| ’
2,05+ 0.5l d\ "2 02

=0540.5 > pg+05 > jig—

q:aq=0 q:aq7#0
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E+1 E+1
> g Tos-050e,) <—,—) =05+0.5 Y gt

q:aq#0 q:aq=0

E+1 k+1 by (30)
0.5 > 11 [1 — 2lo.5-0.50n, <T T)] =
¢:a970

1 k+1
= 0.5+ 0.5u'6, +052uq1,,2 <— k%) (44)

:Zﬂq

Z 1+ |ag| [1 = 2Ig 505, (52, 551)] by (30)
B a 1+ |aq|

1+ |ag|

2|aq|fo 5—0.5|bg | (k—, %)]

L+ |ag] Ib° (l i)

:Z,Uq 1+ |ag]
|aq| 1 k+1
+Z ql bq 2 9 (45)

2. If the strict minority of the society is represented by a major-
ity of candidates then take the complementary probability

PW =0.5+0.53 pglagl—
q

k+1 k+1
Z,qu|(1q| |:]. - 10,570.5\bq| <T, T):| =0.5—
q

k+1 kE+1 by (30)
0.5 Zﬂq|aq| [1 —2lo.5-0.5/b,| <T’ T)] =
q
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The formulas (43) and (46) are united by inserting the factor
signag signb, = 0, %1 for controlling the distinctive sign +:

. . 1 k+1
PE) — 0.5 + 0.5 Eq ,uq|aq| signa, signb, Ib‘a’ <§’ T)
1 k+1
= 05+ 0.5(”. * a)' [Signb, * Ib2 <§’ %)] .

Similarly, one obtains the general formulas for universality and good-
ness of parliaments selected by lot:

UK = 0.5+ 0.5u'0q+
1 1
0.5(p. * signa)’ [signb. * Ipp <§’ k%)]
S
1+ |al

*; *alsinb*I‘ lﬂ
b T el SO\ 79 )|

which are (11)—(13) for parliaments selected by lot.

Case of magistrate. By definition a magistrate represents a
strict minority of the society if and only if all its £k members represent
the minority.

1. Suppose that the strict minority of the society for question
q is represented by a strict minority of candidates with the total
weight (41). The probability that all magistrate members belong to
the strict minority of candidates is

G = g

e, = (c1,) = 05~ 03lny))* = (%’bq')k (47)
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Substitute (47) into (38)—(40):

1— b \"
Py = 0.5+0.5Zuq|aq|—2uq|aq|< 2| q|>
q q
= 05405 pglagl |1-2 AN 48
= U : HqlGq 9 (48)
q
1— b \* identit
Ury = 1- Z Hq <72| Q|> =

q:aq70

. k
= 05+05| > pg+ >, Mq—QZMq<1 2|b‘1|)

q:aq=0 q:aq7#0 q
/ 1 - |bII| ’
= 0540546, +05 > pg|1—2 — (49)
q:aq7#0
. 2|aq| 1-— |bq| k identity
G = 1_Z”ququ( 2 —
q
ag| [1—|bg\* identity
— 1— q q
2.t [ T+ Jag) < 2 -
1 2|aq| 1 — [bg| g
Z,uq 1+|a|+1+|a|< 2 (50)
P q q

2. Suppose that the strict minority of the society for question ¢
is represented by a majority of candidates with the total weight
0.5 + 0.5]b4|. The probability that all magistrate members belong
to the majority of candidates is

b, = ()" = 054 03B " =250 )t @

Substitute (51) into (38) and obtain similarly to the Case 1:
1+ [bg|\*
Py =05+0.5 1-2(—% 2
(k) + quﬂqlaql [ < 5 ) (52)
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The formulas (48) and (52) are united by inserting the factor
signa, signb, for controlling the distinctive sign + (and annihila-
tion of the terms with a, = 0):

1 . . b b k
0'5+0'521U‘q|aq| [1 _2< + signa, sign by| q|> ]
q

Pk 9

= 0.5+05(u.xa) {signa. * [1 —2'7F(1 —signa. * b)k} } .

Similarly, one obtains the general formulas for universality and good-
ness of parliaments selected by lot:

!
Uy = 0.5 + 0.54'50 + 0.5(,u. x signa) :

{signa.[1-2 (FEE220) i ]
1 1 !
Gy = 1 . . .
(k) “1+|a|+<“*1+|a| *“)

1 i .
{signa. ) [1 P (%”) ] }

which are (11)—(13) for magistrates selected by lot.
Case of president. This is a particular case of magistrate of
size k = 1. |

2. Proof of Theorem 2

PROOF OF THEOREM 2. Since by assumption the selection by lot
of candidates is performed from the individuals, £ = v, b; = a, for
all questions ¢, and the minority in the society vz, = 0.5 — 0.5|ag]
is at the same time the minority in the set of candidates.

Case of parliament. To estimate the expected deficit of the
indicators of a parliament selected by lot, substitute (42) into (38)—
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(40), taking into account that if a, = 0 then there is no strict mi-

nority and, consequently, fﬁq = I/Eq =0:

— k+1 E+1Y\ by (32
P_—pk) = Z pg (1 —2vr,) Iy, <TT) ==
q:aq7#0
< Z 1-— QI/Lq since v, = 0.5 — 0.5]ag]
> Hq — 2 -
18R+ 2)(05 ~ v,)
= D My
AT k+2)|aq|
<
- 9(k+2)m1nqaq¢0|aq|
E+1 k+1Y\ by (32
R L
q:aq7#0
1 since vr,, = 0.5 — 0.5]aq|
< Z Hq 5 =
= BE2)05 - )
2
<

9(k + 2) ming.q, 2o a2

1—2uy, k+1 kE+1Y\ by (32
1— (k): - L, vrenrr-
60 = T (T ) b, ()

1—2up 1 since vy, = 0.5 — 0.5]aq|
< q q _—
= .Z Ha < 11—y, ) 18(k +2)(0.5 — v, )2

4
= 9(k + 2) ming.q, 0 |ag]

Case of magistrate. Estimate the expected deficit of indica-
tors for a magistrate selected by lot. First of all find the maximum
of f(a) = a (1 —a)*, 0 < a < 1. For this purpose solve f'(a) = 0,

: : * 1
which gives a* = =7. Hence,
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fla*) = m

. 1 k+1
= k= 1—— . 53
( - ) (53)

~/

—_

~"
-1

—e 14+ <

W[

Substitute (47) into (38)—(40), taking into account that if a, = 0
then Vﬁq =0

since v, = 0.5 — 0.5]ag]
>

P— Pr = Z Hq (1 - 2VL‘1) (VLq>k

q:aq70
—k k
= 2 Z Iq |aq|(1 — |ag|)
q:aq7#0
b;
< 27% max a(1 - a)* y:(>53)§ 9k=2p~1
0<a<1
B k since vy, = 0.5 — 0.5]ag]
1=Ugy = 2% 3 o) =
q:aq#0

k
= 253 gy (1-Jagl) <27

G:ag A0 N———

<1
1 — G(k) = 11—
1-— 21/Lq k by (32) and since v, = 0.5 — 0.5|aq]|
Z Ha 1—v (VLQ> —
q:aq#0 La

|aq| 1
<D M . —
Gag 0 0.5+ 0.5]aq| 18(k + 2)0.52|ay|
4

< - .
9(k + 2) ming.q, 20 |a,]
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Case of president This is a particular case of magistrate of
size k = 1. [ |

3. Proof of Theorem 3

Lemma 2. (Variance of indicators of decisive bodies selected
by lot)

The variance of popularity and of universality of a decisive body D
of size k selected by lot from the individuals is as follows:

=2
VPp = P —P?— Zﬂpﬂq [qu|ap| + Ypglap| (1 + |aq|)] (54)

Pq
VUp = 1-U2—-2(1-U)u'és — Z Hphiq (Tpg + 2Ypq) (55)
prap#0
qg:aq #0
VGp = 1-G2—4 9| < Tpa__ 4 ) 56
D %Npﬂql_i_mﬂ 1_|_|ap| Ypq ( )
where
( Z k! a;;q ;Jq gp(l — Qpg — IBP‘I B /qu)kisitiu
sttlul (B — s —t —u)!
0< s,t,u
s+t+u<k
" _ k/2< s+t <k
Pq k/2< s+v <k
for parliaments
k
pq
{ for magistrates
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Figure 7. Subdivision of the society and allocation of members of a
representative body

Ypq

{og}

{Bpa}

sign x

Ly
Ap
Bpq Qpq Bap 1 — apg — Bpg — Bop I
s u k—s—t—u D
% A |
Aq
L,
( Z klag, ;f)q gp(l_%q_ﬂpq_ﬁqz))k*s*t*u
stttul (B —s —t —u)!
0< s,t,u
s+t+u<k

 k2< s+t <k
0< s+u <k/2
for parliaments

275(1 — |ap|)* — o

Pa
L for magistrates
0.25[1 — A diag(Signa)] diagv [1 — A diag(Signa)]’
(apg = agp) (57)
0.25[1 — A diag(Signa)] diagv [1 + A diag(Signa)]’ (58)
1 if z>0
{ -1 if <0 (59)

PRrROOF OF LEMMA 2. By L, and L, denote the non-strict minorities
with respect to questions p and g with weights A\, = 0.5—0.5|a,| and
Ag = 0.5 — 0.5]ay|, respectively; if the society is divided into equally
large groups, take the antagonists. Consider a decisive body D of
size k and introduce the following notation (see Figure 7):
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Qpg = agp = v (Ly N Ly), the total weight of individuals who belong
both to L, and L,

Bpg = v(Lyp \ Ly), the total weight of individuals who belong to L,
but not L,

Tpq = VF(Xyy), Xpg = {D € I" : D represents L, on question p and
Ly on question ¢}, that is, z,, is the probability to select a
decisive body D which represents L, on question p, and L, on
question ¢ (then rp, = A, and rpy = Ay),

Ypg = uk(ypq) . Ypg = {D € I" : D represents L, on question p and
I¥\ L, on question ¢}, that is, y,, is the probability to select a
decisive body D which represents L, on question p, and I k \ L,
on question ¢ (then rp, =\, and rp, =1 — Ag).

For the second moment of popularity we have

by (5
Py =Y whpy LY
D

2
B k expand
= DV (Z “qTD'I) e
D q
B k change summation order
= Z Vp Z HplqT DpT Dg =

p.q

D
N k make four sums
= § HpHq § VpTDpTDg =

p.q D

k k k
= E Kplq E :VDTDPTDq+ E :VDTDPTDq+ E :VDTDPTDQ
P.q

DeXpq DeYpq DeYyp
k see Lemma’s notation
+ E VpTDpT Dg —
DET*\Xpg\Vpq \Vap
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= Zﬂpl‘q [qu)‘pAq + YpgAp(1 — Ag) + Ygp(1 — Ap)Aq

p.q

regroup w.r.t. Zpq, Ypq, Y
+(1 = Zpg — Ypg — Ygp) (1 — Ap) (1 — Aq)] =

= Zﬂpﬂq(l =) (1= Ag) — Z HphtqTpg + Z HpHqTpgAp +
Pq Dyq Dyq

-~

[, 1 (1-29)]
Z HpHqTpgAg — Z Iptq¥pg(l — 22p) (1 = Ag) —
Pq Pq
:Zp,q HplqTpgAp

Zﬂpl‘qup(l =) (1 =2Xg)
P

identity
—

/

-~

:Zp,q BphqYpq(1=2Xp)(1=2q)

- [Zmg) -

majority

N

'

P’ by (15)

> bphtq [qu(l —2X) + 2ype (1 — 2X,)(1 — ,\q)] : (60)

p.q

Since EPp = P by (7), we obtain (54):

VPp, = E P2D _(E PD)2 use (60) and substi‘gg Ap = 0.5 —0.5|ay|
=2
= P _Z/‘p/‘q [wpq|ap|+ypq|ap|(1+|aq|)] — P2

p.q
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For the second moment of universality we have:

by (5
EUL =S uhug, Y
D
2
- Z Vi (Z Hq round[rpq]> make twg sus
D q
2
= Zu%( Z g round[rp,] + Z g round[qu]) e’@?‘i
D —

q:aq=0 -1 q:aq 70

~ /

=u'da

= (o) + 2104 Z vp Z g round[rp,]

q: aq;éO
U - [L 60,
see Lemma’s notation
+ Z vy Z phtq round[r p,] round[r pg] —
D prap#0
qg:aq #0

= (Wda)? +2(U— o)+ D g | Y. vh-0

p:ap # 0 DGqu
qg:aq #0
+ ZV%'O—F ZV%-O-F Z vh 1 e
DeYpq DeYap D¢ Xpq,.Vpq:Vap
identity
= 2Up'ba — (1'0a)” + Z tptg(L =Tpg = Ypg — Yop) —
piap #0
qg:aq #0
(1_#/50)2
=1—-2pu'0q +2Up'6q — Z tiphig(Tpg + 2ypg).  (61)
prap#0
q:aq#0
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Since EUp = U by (8), we obtain (55):

VUp = EU% - (EUp)?

by (61
— Rz oy L@
= 1—2u'dq +2Up 64
identity
- Z tpbig(Tpg + 2Ypg) — U? =
p:a#0
qg:aq #0
= 1-U%—-2u'd,(1-U) — Z Pphtq(Zpg + 2Ypq)-
pirap #0
qg:aq #0

For the second moment of goodness we have

2
D expand
E62=zv'z)c?=zv'z)(2uql_i) =
q

Derk Derk
. ’r‘Dp T Dgq change summation order
- ZVDZ:“P/LQ )(1_>\) -
Delk Py a
make four sums and then
er TDg use Lemma’s notation
—ZMPMqZVD D)1= y) -
i er ’r’Dq 'er 'qu
=S| 3 b - e
P.q DeXpq DeYyq

T'Dp 'Dq k "DpTDg
D v ETy 0 ) . hETh )
DeYqp ¢ DeI*\Xpg\Vpg \Vap P I
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_ >‘P>\q AP(]‘ - )‘l])
=2 bk [“”””(1 A T - Ay
(L= )
T TR A

(1 - )(1 - ) regroup w.r.t. Zpq, Ypq, Y
_|_(1 — Tpg — Ypg — yqp) (1 — )\P)(l — )\l]) BN pas Ipas Jap
P q

_ (1= 2)(1 =) 1
- %“”“qu A=A %“ﬁ“q%m =)=y

=1

>‘p q
2 T T STy T e T (TR

~/

-~

_ Ap
=2 p.q MPHaTra (1-3,)(1-2g)

(1= 22)(1 = A)
Ty
(1 = Xp)(1 —2X;) identit
2t (T

/

\p,q

=Y #p#q%q%
(1-2Xp) (1-2Xp)
=1 2UYpg ————= | . 2
2 tt i e g | 6

Since EGp = G by (9), we obtain (56):

se (62) and substitute A\, = 0.5 — 0.5
VGp = EGS — (EGp)? " (07 and substitute A, i

4ap) 4]ay| ,
=12 <m e + ypg— 2 ) — G2
% o pq(1+|al’|)(1+|aq|) pq1+|aq|

Case of parliament. Find the probabilities x4, yp, of events
Xpq, Vpq for parliaments. Denote (Figure 7)
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s, the number of participants of D from a,, (= from L, and L),

t, the number of participants of D from f,, (= from L, but not
Lq)7

u, the number of participants of D from S,, (= from L, but not
Ly).

A parliament belongs to A, if it shares the opinion of minorities
L, and L, on questions p and ¢. For this purpose, at least its k/2
voters must belong to L,, that is, £/2 < s+t < k, and at least its
k/2 voters must belong to L, that is, £/2 < s+ u < k. By the
known formulas for the multinomial (= polynomial) distribution,
the probability of this event is

Try = Z kg BhaBiy (1 — apg = Bpg — Bgp) 717"
b stttul (k —s—t —u)! '

0< s,t,u
s+t4+u<k
k/2< s+t <k
k/2< s+u <k

A parliament belongs to ), if it shares the opinion of the minority
L, on question p, and the opinion of majority I k \ L, on question g¢.
For this purpose, at least its k£/2 voters must belong to L,, that is,
k/2 < s+t <k, but fewer than k/2 voters must belong to L,, that
is, 0 < s+ u < k/2. We have

. Z k!af)qﬁf;qﬁgp(l—apq—ﬁpq_ﬁqp)k i
Ypa stttul (k—s—t—u)! '
0< s,t,u
s+t+u<k
k/2< s+t <k
0< s+u <k/2

Case of magistrate. Find the probabilities x4, ypq of events
Xpg» Vpg for magistrates. A magistrate belongs to A, if it has the
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opinion of the minorities on both questions p and ¢. For this pur-
pose, all its k¥ members must belong to L, and at the same time to
L, which gives the condition s = £, implying ¢ = 0 and u = 0. By
the known formulas for the multinomial distribution, the probability
of this event is

Z k! af)qﬁf;qﬁgp(l — Qpg — PBpg — ﬁqp)k_s_t_u k

e = = ,,.
b stthul (b — s —t —u)! ba

s=k
t=u=20

A magistrate belongs to ), if it has the opinion of the minority on
question p, and of the majority on question ¢. For this purpose, all
its £ members must belong to L, that is, s +¢ =k, u = 0, but at
least one member must not belong to L,, that is, 1 <t < k. We
obtain

¢ k—s—t—
Ypo = Z k! oy BgBap(L — 0pg — Bpg — Bep)™ "
b stttul (B — s —t —u)!
s+t=k
1<t<k
u =0

_ klag, "By
N Z t(k—1)!
1<t<k

= (apg+ 5pq)k - a’;q

Ap = 0.5 — 0.5]a,]
_ k k v D
- Ap_o‘pq g
—k k k
= 2751 = ap))* — oy,

It remains to compute a,q and £p,. By definition (59) the func-
tion “Sign” is not O-sensitive. Hence, A diag(Signa) is the logical
matrix obtained from A by replacing opinions a;, of majorities (in
case of tie opinion, of protagonists) by 1’s and opinions of strict
minorities by —1’s. Consequently,

L = 0.5[1 — Adiag(Signa)]
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is the matrix of logical indicators (0 or 1) of non-strict minority
opinions. Then the pgth element of the product L diagr L' is
the total weight of the individuals who simultaneously belong to
minorities L, and L,. It implies (57).

The logical complement to matrix L is the matrix

L = 0.5[1 + A diag(Signal

which consists of indicators of majority opinions. Then the pqth
element of the product L diagy L' s the total weight of the in-
dividuals who simultaneously belong to minority L, and to majority
I\ L,. Tt implies (58). [

PROOF OF THEOREM 3. The right-hand sums in (54)—(56) are non-
negative, because the probabilities x4, ypq > 0. Omitting the sums,
we obtain the first column of inequalities (21)—(23). The second
column of inequalities (21)-(23) follows immediately, for example,
P°—P2=(P-P)(P+P)<2(P-P),

——
<2

as required. [ |

4. Proof of Theorem 4

PROOF OF THEOREM 4. As follows from (11) for president selected
by lot from individuals, P = 0.5 4 0.54/(a.2). The latter term is
always positive, except for the case when all a, = 0. It gives the
inequality (*) of the theorem.

As follows from (15) and (13) for president selected by lot from
individuals,

P = 0.5+0.5u|a
UD = 0.5+ 0.5u'8, + 0.51|al.
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Consequently, P < U(l), and the inequality turns in equality if and
only if all a, # 0. It is the inequality (x) of the theorem.

By (63) UM > 0.5, since by definition p'd, = 0 implies p'|a| >
0, and p'|a| = 0 implies p'dq > 0.

The superiority of larger parliaments over smaller ones pl—1 <
PR yk=1) <y and G*=D < G follows from (11)—(14) for
parliaments selected by lot and the fact that d, = Iag (%, %) strictly
increases in k by Lemma 1 if only there exists a question ¢ with
neither unanimity, nor tie opinion, that is, |a4| # 0, 1 increase in the
second argument.

The superiority of larger magistrates over smaller ones Py <
P(k+1), U(k) < U(k+1), and G(k) < G(k+1) follows from (11)*(14) for
magistrates selected by lot and the fact that [1 — 2% (1 — signa, by)*]
strictly increases in k if only there exists a question ¢ with neither
unanimity, nor tie opinion, that is, |a,| # 0, 1.

The superiority of magistrates over parliaments of the same size
PE) < Py, UK < Uy, and GW) < Gy, is due to the following
observation. To represent a majority in the society, a parliament
needs half the voters who represent the majority, and a magistrate
suffices only one such a representative . Therefore, for every question
the representativeness of a magistrate is greater or equal than that
of the same team organized as a parliament.

The superiority of goodness over the universality, Uk < Gk
and Uy < Gy follows from the inequality

TDq

< —— —  for every question q.
= 0.5 + 0.5]ag| Ve d a

round[r p]

_ "Dg =1
= 0510.5ag]

can be positive. Il

In fact, if a majority is represented then round[r pg]

D

o _ .
In case of minority, round[rp,] = 0, but 9550.5Tag]
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