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KJIACCHI IIJTAHAPHBIX TPA®OB C ITOJIMHOMUMAJIBHO
PA3PEIINMON 3AJJAYE O HE3ABUCUMOM MHOYKECTBE

B. E. Antekcees, /1. C. MaJibiies

JlokaspiBaeTCs TMOJIMHOMUAJbHAST PA3PEIINMOCTh 3a[a9d O HE3ABUCH-
MOM MHOYKECTBE JIst OECKOHETHOIO CeMeiCTBa [TOIMHOXKECTB KJIacca ILa-
HapHBIX TPadoOB.

Bseaeunne

Knacc rpados X Oymem mazpiBars HM-npocmuvim, ecin cyiecTByer aji-
TOPUTM, PEIIAIONINH 3a/1a9y O He3aABUCUMOM MHOXKeCTBe Jijist rpados u3 X 3a
[OJIMHOMHUAJIbHOE BpeMst. Ecim 3a1a4a 0 HE3ABUCHMOM MHOXKECTBE OCTAETCs
NP-nostroit jutst rpacdos u3 X, ro X wazosém HM-caoorcnvm. UsBectHo, aTo
KJIacC BceX IutaHapHBIX rpados sBasiercs HM-cooxubiv. [lens mHacTosmeit
craTbu — joKa3arh HM-11pocToTy HEKOTOPBIX €ro MOJIMHOXKECTB.

Hamnpasiierune, B koropom Besétes mouck HM-ipocThix KJ1accoB, Mojcka-
3aHO pesy/bTaTaMu 13 padbot |2, 3|. B Hux uccienoBanach CjI0KHOCTD 3aa91
0 HE3ABUCUMOM MHOXKECTBE Ha HAC/ICICTBEHHBLIX KJiaccax rpados, T. €. KJac-
cax, 3aMKHYTBIX OTHOCUTEJILHO yJlajenus Bepini. Karkplii HacsIe/CTBEH-
HBII (M TOJIBKO HACJIEJICTBEHHBIN) K1acec X ONpesie/isieTcsi HEKOTOPBIM MHO-
2KECTBOM 3aIIPENEHHBIX TTOPOXKIEHHBIX TT0rpadoB Y, B 9TOM ciiydae MUIieM
X = Free(Y). Eciu npu sTrom Y KoneuHo, To X Ha3bIBaeTCs KOMEUHO ONpe-
0eAEHHDIM.

B [3] BBeseno nousitue epanuvnozo kaacca rpadoB — MUHUMATIBHOTO TI0
BKJIIOUEHUIO KJIACCA, SBJISIONIErOCs IepecevdeHrneM yOBIBAIOIIEH TOCIeI0BaA~
resibHOCTH HM-CJI02KHBIX KJIACCOB, U JIOKa3aHa

Teopema 1. Kowneuno omnpenenéunpiii Kaacc spjsercsas HM-ciaoxkubmv
TOIjla W TOJIBKO TOIJIA, KOIJIa B HEM COJEPXKHTCS KaKOH-HOO I'DaHHIHBII
KJ1acc.

Takum 00pasoM, 3HAHHE BCEX I'DAHUYHBIX KJIACCOB IIO3BOJISIET IIOJIHO-
CTBIO OXapakKTepu30oBaTh KOHETHO ompenenénabie HM-cooxuble kiaaccel. B
[3] Takzke mokaszano (B mpesmonoxkennn P#NP), 4ro HekoTOpHBIil KOHKpeT-
HBLIl KJIACC SBJISETCS TPAHUIHBIM. D70 Kjacc T’ Bcex rpadoB, B KaxKOM U3
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KOTOPBIX KaskKJasd KOMIIOHEHTa CBA3HOCTH SBJISCTCA JICPEBOM He OoJsiee deM
¢ Tpems JUCThbaAMHU. JI0 CUX 1I0p HEM3BECTHO, CYIIECTBYIOT JIM JIPYTUE I'Pa-
HUYHBIE KJIACCHL. BOIPOC O CyIIECTBOBAHMM TAKMX KJIACCOB 3KBUBAJCHTEH
Bolpocy o cymecrsoBanuu rpada G € T takoro, uro kiacc Free(G) siBis-
ercss HM-cioxubiv [3]. O TpyasocTr npobiembl TOBOPUT TOT (akT, 4To B
HACTOSAIIEEe BPEMSI HEM3BECTEH CJIOKHOCTHON CTATYC 3a/a4i O He3aBUCUMOM
MHOXKeCTBe Jts Kiaacca Free(Ps). B To ke Bpemsi, ecyin paccMaTpuBaTh He BCE
CeMeliCTBO HAC/IeICTBEHHBIX KJIACCOB, a KaKyI0-a100 €ro 94acTh, MOXKHO HaJe-
SIThCsI Ha MCYepIbIBaoIuii orer Ha 5T0T Boupoc. Tak, B [3] pokazano, 4ro
Kaacc T ABJIAETCS eIMHCTBEHHBIM IPAHUYHBIM KJIACCOM B CEMEHCTBE CHILHO
HACJIEJICTBEHHBIX KJIACCOB, T. €. KJIACCOB rpadoB, 3aMKHYTBIX OTHOCHTEIHLHO
yIaJIeHus BepIIUH 1 pedep.

B macrosmeit craTbe paccMaTpUBAIOTCA HACIEICTBEHHBIE TIOIKIACCHI KIac-
ca miranapubix rpacdos Planar. Kiace X konedno ompesaeéH 0THOCHTETHHO
Planar, eciu X = Planar N Free(Y'), rue Y — koneunoe MHOKeCTBO rpadOB.
MOKHO OIpENe/nTh TAKXKE MOHATHE OTHOCHTEJIBHOIO I'DAHUIHOIO KJIacca:
HACJIEJICTBEHHBIN Kyace rpadoB Y HA30BEM 2panuumbim 0as (omuocumens-

H0) Kitacca X, eCJIU CYIeCTBYeT TaKasl MOCJIe0BATEIHbHOCTD Y] O Yo D ...
o0

HM-ciioxkubix noamuozkects kinacca X, aro (| Y; =Y u Y — mMunumasinb-
i=1
HBIH KJ1acc ¢ 9TuM cBoiicTBoM. JlokasaTeabcTBa aHaJora TeopeMbl 1 JijIst OT-

HOCUTEILHBIX I'PAHUYHBIX KJIACCOB, a TakxKe Toro (akrta, uro T aBisercs
IPAHUYIHBIM KJIaccoM Tt Planar, modTu JOCTOBHO MOBTOPSIIOT COOTBETCTBY-
fonue JjiokasaresabcrBa u3 [3|. Xors moKa He yIadoCch BBISICHUTH, €CTh JIH
JIpyTHe TpaHUIHbIE KJIACCHI OTHOCUTEThHO Planar, no nmeercst 6osiee 3amer-
HBIH IPOrpece B MPOABUYKEHUN K 9TOH 1eJIH, YeM B CIydae IPOCTO IPAHUIHBIX
KJIACCOB.

Ob6oznaunm gepes T; ;i J1epeBO ¢ TpeMsl JUCTbAME, HAXOJAIIIMUCT Ha
pPacCTOsSHUSAX 1, j, k or (eauHcTBenHoit) Bepmunbl crenenn 3 (ecam ¢ = 0, TO
sro rpad Pji) n pacemorpuM Kiaaccsl Planar (4, j, k) = Planar N Free(T; j 1).
I'panuunbre kmaccel otHOocuTebHO Planar, orimuunbie or 1), CyIecTBYIOT B
TOM U TOJILKO TOM cCJjlydae, Korja cpejau kiaccos Planar(i, j, k) umerorcs
HM-caoxubie. Jokaxkem, uro kiacc Planar(1,2, k) sBisiercss HM-upocrbiv
npu JrboMm k.

B crarbe npussaTH ciepyomume obo3nadenusi: N(a) — MHOXKeCTBO Bep-
IIMH, CMEKHBIX ¢ BepHnHOil a; Na(a) — MHOXKECTBO BEPIINH, HAXOJISIIIXCS
Ha paccrosHun 2 oT BepuuHbl a; N (a,b) — MHOXKECTBO BEDIINH, CMEXKHBIX C
obenmu BeprHaMu a 1 b; d(x,y) — paccTosiHre MeXKJy BEPIIMHAMUI T U Y B

rpade.
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1. Ilnanapubie rpadnl 6e3 1592

HewussectHo, siBistercss sm kiacc Planar(2,2,2) HM-upoctbivm  miu
HM-cnoxupiM. B 3TOM pa3zjene TOJBKO JOKA3aHO, UTO 3a/a4a O He3aBUCH-
MOM MHOYKECTBE JIJIF 9TOTO KJIACCA MOJMHOMHUAJILHO SKBUBAJIEHTHA STON Ke
3aj1a9e Jjisi TpadpOB U3 TOTO KJIACCA, CTEIEHU KOTOPBIX OIPpAaHUIEHbl HEKO-
TOPOIl KOHCTAHTOM. DTOT (PaKT 3aTEM HCIIOIb30BYETCs MPHU JOKA3ATEIbCTBE
OCHOBHOTO P€3yJIbTaTa HACTOSIIEH CTAThU.

Ha mepBoMm sTarre HammM rjaBHbIM aJIrOPUTMIICCKIM HWHCTPYMEHTOM Oy-
IyT corcamus, onucanubie B [1]. Cowcamuem HasbiBaercss 0TOOpasKeHHE MHO-
’KecTBa BepimnH Tpada B cebsi, He ABJIAIONIEeCs aBTOMOPQMU3IMOM, IPHU KO-
TOPOM JIIOObIE JIBE pa3JIMndHble HECMEXKHbIE BEPIIUHDI IIEPEXOIAT B Pa3JImd-
Hble HECMEXKHbIE BEPIIUHBI. TakuMm obpasoM, cxkartue mnpeobpasyer rpad B
€ro MOPOKIEHHBIN moArpad; MIpu 9TOM, OYEBU/IHO, COXPAHIETCS IUCI0 HE3a-
BHCHMOCTHU. 3JIeCh Oy/eM HUCIO0Jb30BATh TOJBKO CXKATHUsI IEPBOTO U BTOPOI'O
MIOPSIAKOB, T. €. TaKWe CXKATHsI, 9TO BCE BEPIINHBI, KPOME OIHOU WM JBYX,
OCTAIOTCsI HEITO/IBUYKHBIMIU.

CkaTne @ 1epBOro NOpsJIKA 3AIMCHIBAETCH B BUJIE (‘;): 9TO O3HAYTAET,
a0 @(a) = b, a ocTajibHbIEe BEPIIUHbBI HENOBIXKHBI. Takoe mpeobpa3oBaHue
JIECTBUTE/IHLHO SIBJISETCA CXKATHEM TOTJA U TOJIBKO TOIJA, KOT/Ia BEPIITNHBI
a 1 b cMEeXHBI 1 KaxKjiasi BEPIIHA, CMEXKHAasi ¢ b U OTJINYHAs OT @, CMEXKHa,
¢ a. Nnaue rosopsi, N (b) — {a} C N(a) — {b}.

IIpeoGpasosanue (¢ 3) (p(a) = ¢, ¢(b) = d, ocTaybHBIE BEPIIMHBI HELO/I-
BUZKHBI) SIBJISIETCSI CZKATUEM BTOPOI'O TIOPSJIKA, €CJIH:

(i) ¢ # d;

(i) B rpade ectb pédpa (a,c) u (b,d) u Her pédep (a,b) u (c,d);

(iil) BepmMHA, CMeXKHAs ¢ BEPIINHOI ¢, KpOMe @ 1 b, CMeKHA U C @;

(iv) BepmmHa, cMexkHasi ¢ BepIinHoOil d, Kpome a u b, cmexkHa u ¢ b.

['pad Haz0BEM HecorcumaemviM, €CTU IS HETO HET CXKATHl IMepBOTO U
BTOpOro mnopsiaka. Hecxxkmmaembrit moarpad rpada G, mojydaronuics w3
(G 1mocje10BaTeIbHOCTBIO CKATUI TIEPBOTO U BTOPOTO IHOPSIIKA, HA3BIBAETCS
2-ocnosot rpada. I'pad MoxkeT umerb HECKOBKO 2-0CHOB (Hampumep, rpad
C4 uMeeT JiBe OCHOBBI), HO, KakK IoKa3aHo B 1], onu usomopdubl. OueBnsiHo,
2-ocHOBa I'pada MoKeT OBbITH HailjleHa 3a IMOJMHOMHUAJILHOE BPEMs.

Jlemma 1. IIycte G — Hecxkumaemblii rpag u3 Planar(2,2,2), a u b —
ero Bepumubl Takue, 9ro d(a,b) = 2. Torga |N(a,b)| < 12.

JIOKA3ATEJILCTBO. Bepmuny = € N(a,b) nazoBéMm o0cobotl, eciam KarxK-
Jlast CMeKHasl ¢ & BepimHa, KpoMme a u b, npunagexur N(a,b); a-wucmot
(b-wucmoti), ecu CylecTBYeT BepIInHA, CMEXKHAasl C & ¥ HeCMEeXKHasl C Bep-
HMIUHOM @ (¢ BepIInHoii b).
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OrmeruM, uTo Kaxkjaast BepmuHa u3 N(a,b) npuHa/UIeKUT K OJHON U3
9TuX TPEX Kareropuit. OmeHnM YHCI0 BEPIIUH KayKJI0r0 THUIIA.

Ecimu x u y — aBe necMexkubie 0coOble BEPINUHBI, TO OTOOPAXKEHUE (g Z)
SABJISAETCH C2KATHEM. SHAYUT, 0COObIE BEPIIUHBI 00PA3yIOT MOJIHBIH 1oArpad.
OH He MOXKET cojiepzKaThb 0ojiee TPEX BEPINWH, TaK KaK WHade oOpasyercs
noarpad K. Ecan ke ecTb pOBHO Tpu 0COOBIX BEPIIUHBI, TO JPYTHX BEPITNHH
B N(a,b) Her, Tak Kak mHavYe obpasyercs nojarpad, romeoMopdHbiii rpady
Ks5. Cnenoarenbao, mub0 nMeeTcs He OOJIBINE JIBYX OCOOBIX BEPINHH, JITOO
|N(a,b)| = 3.

Homnycrum, uro B G MMEIOTCS IECTh a-IHUCTHIX BEPIIMH. PaccMoTpuM
KaKyIO-HHOYIb IJI0CKYIO YKIaAKy I'pacda G. OHa onpenesser MUKINIECKOE
yIopsiiodeHrne pédep, MHIMJIEHTHBIX KaxKJIOl BEPIIUHE, a CJAeJ0BATEIbHO, U
CMEXKHBIX BepmuH. IlycTh x1,...,T — G-9UCTbIe BEPIIMHBI, PaCIOJJIOXKEH-
HbIE B IUKJAIECKOM TOPSIIKE, ONPEeIeIsieMOM JAaHHON YKJIaJIKOM, OTHOCH-
TeJIbHO BEPIIWHBI . 1lycTh y; — BepinmHa, CMeXKHas C &; U HECMEXKHasl C
a,i=1,...,6. Cperqu y; MOTyT OBITH OJMHAKOBBIE, HAIIPUMED, MOYKET OBITh
Y1 = Y2, HO Y1, Y3, Y5 [OMAPHO PA3JIUIHBI U HE CMEXKHBI MexKIy coboit. Ho
TOrZa MHOXKECTBO {a, 1,3, Ts5,Y1,Y3,Ys} Hopoxgaer moarpad Tho2. Ta-
kM obpasoM, B N (a,b) nmerorcs He 6oJiee MATH G-IUCTHIX U He HoJiee MsITH
b-aucTBIX BepIWH, a Bcero He Gosiee 12 Bepmiun. Jlemma 1 gokazana.

JIemma 2. B Hecxxumaemom rpacpe mz Planar(2,2,2) cremens kaxkioii
BepmmHBI He npeBocxoauT 120.

JIOKABATE/ICTBO. IlycTh a — Bepmmaa crerenn d B HEC:KIMAEMOM I'pa-
de G € Planar(2,2,2). Paccmorpum aByosbHblil noarpad H, obpasoBa-
Hblii MHOKecTBamu BeputnH A = N(a), B = Na(a) u Bcemu pébpamu rpada
G, coeInHAIOMUMI Bepmuubl 13 A ¢ Bepmmaamu u3 B. [lycrs m — MomuocTs
HaubOJIBIIEro napocoyeranus, a [ — MOIIHOCTH HAUMEHBIIEr0 BEPIIUHHOIO
nokpeitust rpada H. ITo Teopeme Kennra m = .

Ecim Bepmnna x € A He cMeXKHa HHM C OJHOM BepmMHON u3 B, T0 0T06-
paxkeHue (;) sapysiercss cxkarueM. CrenoBare/bHO, KaxKlas BepliuHa n3 A
CMerKHa XOTsT ObI ¢ OJIHOI BepriuHOi u3 B u B rpade H mmeercst d pédep,
[IOTIAPHO He MMeoIux obmmx BepmuH B MHOKecTBe A. ITo stemme 1 Kaxkaast
BepIlinHa n3 MHOXKecTBa B nmeer B rpade H crernenb He Gosee 12. 3Haunr,
JIJIsE TOTO 9TOOBI TIOKPHITH 91U d pébep, TpebyioTcst He MeHee d/12 BepruH.
Canenmosarenbao, m > d/12.

Bossmém B rpade H kaxoe-mubo mapocodeTaHme ¢ m pébpaMm m pac-
cmotpuM rpad H', nosydennsrit u3 rpadga H crarusanueM Bcex pébep 3Toro
napocoueranust. Eciu d > 120, To B rpacde H' umeercs ne menee 11 seprinn.
Tak Kak oH IIaHapeH, TO B HEM ecTb BepiuHa b crernenn He 60see 5. Cpe-
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JIM BEPIIUH, He CMEXKHBIX C b, MMeeTcsT Tapa BEpIIUH, He CMEXKHBIX MEeXKJLy
coboii (nnaue obpazyercs noarpad Ks). Cienosarensho, B rpade H' umveer-
Cs HE3aBHCHUMO€E MHOYKECTBO, COCTOsIIee N3 TPEX BEpIINH. BepimHaM 3T0ro
MHOXKeCTBa B Ipacde H coOTBETCTBYIOT Tpu pebpa, 0Opas3ylomine BMeCTe C
MHITAIEHTHBIME UM BePITUHAME MMOPOXKIEHHBIH oarpad 3K5. Ho Torma stu
IIeCTh BEPIINH BMeCTe ¢ BePIINHOIl a TopozkaaioT B rpade G nojrpad 152 2.
Jlemma 2 mokasaHa.

B pabore [5] mokazano, uro npu yobbix A u k kjiacc Bcex rpados, B
KOTOPBIX CTEIIeHN BEPIINH He IPEBOCX0oIaT A n KoTopele He cojepkaT 17 j
B KauecTBe mopoxkagaHoro nogarpada, HM-mpocroit. Orciona u u3 jgemmbr 2
BBITEKAET CIIPABEJINBOCTD CJIEIYIONIETO YTBEPIKICHIS.

Jlemma 3. Kiace Planar(1,2,2) sasasercss HM-npoctbim.

B crnemyromem pasmete oOymaer 1okazaHo OoJiee o0Iee yTBEPIKICHUE.

2. Ilnanapublie rpadbl 6e3 11 o

Teopema 2. Kiacc Planar(1, 2, k) siBisiercst HM-npocrsiv ipu sio6om k.

JIOKA3ATEJ/ILCTBO. Kinka B rpade G HazbiBaeTcsi pasdessrouseti, ecjin
mocJie yiaaJjieHusi Bcex e€ BepimuH u3 (G yBEJMYMBAETCS] YUCJIO KOMIIOHEHT
ceasaoctu G. B [3] mokazano ciejyiornee: eciau CymecTByeT MOJNHOMUAIb-
HBIIl AJITOPUTM, PEIIAOIINI 338129y O HE3aBUCUMOM MHOYKECTBE JIJIsT CBSI3HBIX
U He UMEIOIUX PA3JIeJIAIoNnX KUK I'padOoB U3 HACJIEICTBEHHOIO Kiacca X,
TO u Bech Kyacc X apisgercsa HM-npoctbiv. [TosTomy paccMoTpuM CBA3HBIM
wranapusiii rpad G € Planar(1, 2, k) 6e3 pasaensiomux kimuk. Ecim B rpade
G mer nopoxkaénnoro nojarpada 11292, To K G MOYKHO HIPUMEHUTH HOJIMHO-
MUAJIBHBIH ajgroput™ s kiacca Planar(1,2,2), cymectByromuii coriacHo
aemme 3. Jlamee nokazkem, uro ecam B rpacde G numeerca noarpad 1122, TO
pajuyc rpacda G He peBocxomuT k + 2.

Urax, mycts B rpade G mmeerca noarpad 71722, TOPOXKIEHHBINA MHO-
kecrBoM Bepiun S = {a, by, by, b3, ¢1, co} u numeromuit pédpa (a, by), (a,be),
(a,b3), (b1,c1), (b2, c2). Hokaxewm, uro B rpade G paccrosiHue OT BEpIIUHBI
a 10 11000 APYTroil BEPIINHBI HE TMPEBOCXOIUT k + 2.

[Iycts d — Bepmuna, He npunajgexarias MHO)KecTBY S. Cpejin Kpar-
YAIuX MyTeil, COeUHSIIONNX BEPIIUHBI ¢ U d, BBIOEPEM Iy Th, TTPOXOJIATINN
Tepe3 HAanbOJIbINee UNCI0 BEPIMH MHOXKeCTBa S. OUeBUIHO, TMCIO0 TAKUX
BEpIIIUH HE MOXKeT ObITh OoJibiiie Tpéx. llycts P = xg,x1,...,24 — 5TOT
nyTh, g = a, £y = d. Pebpo, e npuHaiexKaiee nyta P 1 coeanHdgronee
BEPIIMHY 9TOTO IIyTHU € BepIIuHOii u3 S, OyjaeM HasbiBaTh xopdot. Eciu (z;,y)
— xopza (y € S) , 1o i < 3, uHaue nosyunics Obl 6ojiee KOPOTKUA Iy Th U3
B d. Ilpeanosoxkum, aro t > k+ 3. PaceMoTpum paziiniHbie BADUAHTHI B3aU-
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MOOTHOIIeHU 1yt P ¢ BepimuHaMu U3 S W MOKaXKeM, ITO B JIFOOOM Ciiydae
B rpade umeercs b0 MOpoxkAEHHLIN noarpad 17k, mmbo pasiendionias
KJIMKA.

1. Ilyre P mpoxomauT wYepe3 TpH BepIIuHbI MHOXKecTBa, S. Vmeercs mBa
SKBHUBAJIEHTHBLIX BapuaHTa. PaccMOTpuUM OJMH U3 HUX: T1 = b1, To = C1.

1.1. Xopu mer. Torma MHOXKeCTBO S BMECTE ¢ BEPIIMHAMU I3, . .., T 1O-
poxgaer 17 o k.

1.2. Nmerorest xopapl. EQMHCTBEHHOM XOPI0ii B 9TOM CJIy4ae MOYKET ObITh
pebpo (3, ca), M0bast Apyrast Xop/ia npuBeaa Obl K 00pa3oBaHuio 6ojee Ko-
poTkoro nyTu u3 a B d. Eciu ara Xop/ia ecTb, TO BEPIIUHBL C2, L1, £2, - - - , Tk43
HOPOXKJIAIOT 17 2 k.

B nmanbmeitmmem 1t KpaTKOCTH OyIeM IIPOCTO MTEPEYMC/ISATH BEPIIUHBI,
KOTOPBIE HY>KHO YJIaIUTh JJIsl TOr0, YTOOLI OCTABIINECS BEPIINHBI MHOYKECTBA,
S BMecre ¢ BepimHamu 1yt P (He 06s13aTebHO BeeMu) Hopozkaasn 17 o k.
Hamnpumep, B paccMaTpuBaeMoM Cilydae HY>KHO YIAJIUTh BEPIIUHBL a, b, b3.

2. [lyre P mpoxoauT vepes JiBe BEPIIUHBI MHOXKECTBa S, IPUIEM T1 =
b1. Ecau xopapl orcyrerByior, yaausgem bs. Eciau ectb Xop/a, coeIMHATONIA
BEpIINHY T3 C OJIHOM U3 BEPINUH C1, Cy, TO MOJIYIAETCs IyTh U3 a B d TOW XKe
JJTUHBI, TTPOXOISIINN Yepe3 TP BepIIMHBI MHOXKecTBa S. Hammane xopsr,
COeJIMHSIIONIEN 3 ¢ OXHON m3 BepiuH bo, b, mpuBeso ObI K 0OPA3OBAHUIO
6os1ee KopoTKoro myTu u3 a B d. Ciie/loBaTesibHO, MOI'YT OBITH TOJIBKO XOP/IbI,
MHIMJAEHTHBIE BEPIIUHE T2.

2.1. Ecau ectb xopgia (x2, ¢2), TO yiaJseMm BepIiuHbl by, bs, ¢1.

2.2. Her xopast (22, c2), ecTb xopaa (2, bg). Yiansem BepuHb a, b, 1.

2.3. Her xopx (w2,c2) u (x2,bs), ectb xopaa (x2,bs). Ecau ects xopma
(x2,¢1), TO ynassiem BepiuHbl by, by, co, & ecsin eé Her, yuasseM a, ba, cs.

2.4. Her xopz (x2,¢c2), (x2,b2), (x2,b3). Yaanasem BepuHy cq.

3. Ilyrs P mpoxoanuT 4yepe3 BepIInHY b3 U He CyIIecTBYyeT IIyTeil TOil ¥Ke
JUTUHBI U3 a B d, Tpoxoadmmux depes by win be. Ecu HeT Xop, To yaasasaem ¢ .
Xop/, MHIMAEHTHBIX BEPIIUHE T3, ObITH HE MOYKET 110 TeM 2Ke IIPUIUHAM, 9TO
1 B 1. 2. 3HAYNUT, MOTYT OBITH TOJIBKO XOP/IbI, HHIIUJIEHTHBIE BEpIINHE To. Fc-
JIM TaKasl XOp/Ia COeIMHSIET To C OAHON n3 Bepinut by, by, To 0Opasyercs myTh
TOI »Ke JIJINHBI, MPOXOSINuii depe3 31y BepiuHy. OcTaéresi pacCcMOTPeTh
xopapbl (x2,c1) u (z2,c2). Ecim ectb 006e 9TH XOP/bI, TO yJaJsieM BEPIITHbBI
a,ba, b3, a ecyim ecTb TOJBKO XOpJa (T2, 1), yAAJIsIeM Ca.

4. Ilyts P He nMpOoXOauT Uepe3 BepIINHBI MHOYKECTBA S, KpDOME BEPINUHBI
a. Ecim mer xopa, ynaasem by u c¢1. [lo Tem ke mpuannaM, 9TO U BBIIIE, HE
MOKET OBLITh XOP/I, MHIIUJIEHTHLIX BEPIIUHE X3, 8 U3 BEPIIUHbLI L9 — TOJILKO B
€1 1 B ¢o. Eciin ecTh TOJBKO OfHA U3 9TUX XOPJl, TO YAAJIAEM BEPIIUHY X1, a
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ecim ecTb 00e XOPJbl, VIAaJsieM I1,a,ba, bs. Ocraérest paccMOTpeTh CIyvaii,
KOI'JIa €CTh TOJIBKO XOPJbl U3 BEPIIAHbI T1.

4.1. Ecrb xopua (z1,b1), mer xopa (z1,b2), (x1,b3). Ecim ects xopaa
(1, c2), TO yaajsieM BepIIUHBL a, b3, €1, & €CJIi €€ HeT, yaaJisieM BEePIIUHbI by
uc.

4.2. Ectp xopna (x1,bs), wer xopa (z1,b1), (x1,b2). Ecin ects xopma
(z1,c1), TO yaajsieM BEpIIUHBL a, by, Co, & €CJIU €€ HeT, y/IaJisieM BEePIIUHbI b3
n co.

4.3. Ectb xopapt (z1,b1) u (21,b2), Her xopuawt (x1,bs). Ecin ectb xop-
na (z1,c1), TO yaajsieM BepHIUHBI by, by, C2, & ecm eé HeT, yJaJsieM BepII-
HBI @, b, Co.

4.4. Ecrb xopapt (x1,b1) u (x1,b3), Her xopupl (x1,bs). Ecin ectb x0p-
na (x1,c1), TO yaasjsieM BepIIUHbI b, b, C2, & ecim eé HeT, yJaJisieM BepIIi-
HBIL @, ba, Co.

4.5. Ecrb xopapt (21,b1), (z1,b2), (x1,b3). B aT10M ciyuae B rpade nme-
I0TCsI TPU TPEYTroJIbHUKA, cojepxkaiiye pebpo (a,z1). B miockoit ykiazke
Kaxk10e pebpo MHIMIEHTHO He Oosiee deM nByM rpamsm. CremoBare/bHO, B
JIFOO0M TIOCKOM YKJIaJIKe XOTsI Obl OJIUH U3 9TUX TPEYTIOJILHUKOB HE SBJISCTCH
rpauuntieit rpann. Ho Torma on sBasteTcst pa3messionieil KInKoii.

Urak, paguyc rpada G He npesocxoaut k + 2. B [6] nokazano, uro mia-
HapHBIN rpad ¢ paguycoM I UMeeT JPEBeCHyIO mupuHy He Oojee 3r + 1.
UseectHO Takxke [4], uro 3ajaua 0 HE3ABUCHMMOM MHOYKECTBE Pa3pelnMa 3a
[IOJIMHOMUAIbHOE BpeMs B Kjtacce rpadoB, Y KOTOPBIX JpPeBecHas MIUPUHA
orpaHmYeHa KOHCTaHTOI. Teopema goKa3aHa.
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