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Global attractors of complete conformal foliations

N. 1. Zhukova

Abstract. We prove that every complete conformal foliation (M,.7) of
codimension g > 3 is either Riemannian or a (Conf(S?), S)-foliation. We
further prove that if (M,.%#) is not Riemannian, it has a global attractor
which is either a nontrivial minimal set or a closed leaf or a union of two
closed leaves. In this theorem we do not assume that the manifold M is
compact. In particular, every proper conformal non-Riemannian foliation
(M, .#) has a global attractor which is either a closed leaf or a union of
two closed leaves, and the space of all nonclosed leaves is a connected
g-dimensional orbifold. We show that every countable group of conformal
transformations of the sphere S? can be realized as the global holonomy
group of a complete conformal foliation. Examples of complete conformal
foliations with exceptional and exotic minimal sets as global attractors are
constructed.
Bibliography: 20 titles.

Keywords: conformal foliation, global holonomy group, minimal set,
global attractor.

§ 1. Introduction. Main results

Let (M,.#) be a smooth foliation of codimension ¢ > 1. Recall that a subset
of a manifold M is called saturated if it is a union of some leaves of the foliation
(M, ).

A nonempty closed saturated subset .# of a foliation (M,.%) admitting an open
saturated neighbourhood % such that the closure of any leaf in % contains the set
A is called an attractor of the foliation. The neighbourhood % is said to be a basin
of the attractor .# and is denoted by Attr(.#). Moreover, if Attr(.#) = M, then
the attractor .# is global.

A minimal set of a foliation (M, .%#) is a nonempty closed saturated subset of M
that contains no proper subset with these properties. A nonempty closed saturated
subset .# of M is minimal if and only if every leaf of .# is dense in .Z.

A minimal set .Z is called regular if .# is a submanifold of M. Let {U; | i € N}
be an at most countable, locally finite open covering of the manifold M by foliated
coordinate neighbourhoods, let T; be a submanifold in U; that intersects every leaf
of the foliation (U;, %y,) transversally, and T' = |JT;, ¢ € N be a total transversal.
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A minimal set .# without interior points is called
e cxceptional if the intersection .# N'T is the Cantor set;
e exotic if # NT is not a totally disconnected topological space.

Attractors and minimal sets for groups of homeomorphisms are defined simi-
larly (§6).

A leaf L of a foliation (M, %) is called proper if L is an embedded submanifold
of M. A foliation (M,.%) is proper if all its leaves are proper. A leaf L is closed
if L is a closed subset of M. It is known that every closed leaf is proper, but the
converse does not hold in general.

At present the class of foliations admitting transversal geometric structures which
is studied the most is the class of Riemannian foliations.

Molino developed a theory of Riemannian foliations on compact manifolds;
see [1]. He proved that the closure of any leaf of such a foliation is a compact
submanifold and a minimal set. Molino based this result on the construction of
a foliated bundle over the original Riemannian foliation.

Similar results were obtained by Salem for Riemannian foliations on manifolds
with a complete transversely projectable Riemannian metric; see [2]. Salem used
the method of holonomy pseudogroups formed by local isometries of a (possibly,
disconnected) transversal manifold.

These results of Molino and Salem were generalized by the author in [3] to
complete Cartan foliations of arbitrary codimension (see the definitions in §4.3)
with transversal Cartan geometry of type g/h, where b is a compactly embedded
subalgebra of a Lie algebra g. Here, in essence, we use the construction of a foliated
bundle whose induced foliation is an e-foliation; the latter is called a lifted foliation.

Recall that a Cartan foliation (M, %) is complete (see [3]) if there exists a trans-
versal distribution 9 on M with lifted e-foliation, which is D-complete in the
sense of Conlon [4]; here M is a distribution transversal to the lifted foliation and
projectable to M. As we proved in [3], Proposition 3, the distribution 9 for an
M-complete Cartan foliation is an Ehresmann connection in the sense of Blumen-
thal and Hebda; see the definition in §2.3. Note that the Riemannian foliations
investigated by Molino and Salem are complete.

Conformal foliations (M, .%#) were introduced by Vaisman (see [5]) as foliations
of codimension ¢ > 3 admitting a transversal conformal structure; see §2.2 for
a precise definition. Riemannian foliations form a subclass of conformal foliations.
We consider conformal foliations to be Cartan foliations with a normal conformal
connection. A conformal foliation is called complete if it is a complete Cartan
foliation; see §5.1 for the definition.

The aim of this work is to prove the existence of global attractors for com-
plete non-Riemannian conformal foliations and to describe the structure of such
foliations. Our first step is to prove Theorem 1 using the results of Salem [2]. It
states that Riemannian foliations with Ehresmann connection have the properties
of complete Riemannian foliations.

Theorem 1. Let (M,.%) be a Riemannian foliation with Ehresmann connection.
Then the closure L of any leaf L is a smooth embedded submanifold of M which
is a minimal set of the foliation. Closures of leaves of the foliation (M,F) form
a Riemannian foliation with singularities.
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In particular, if (M,.7) is a proper foliation, then all its leaves are closed, and
the space of leaves is a smooth q-dimensional orbifold.

In § 3 we recall the definitions of (G, N)-foliations, (G, N)-manifolds, and inves-
tigate (G, N)-foliations with Ehresmann connections. We prove the following the-
orem which plays the key role in our study of complete conformal foliations. (In
what follows we always consider covering maps for spaces with base points, even if
we do not say so explicitly.)

Theorem 2. Let (M, %) be a (G, N)-foliation admitting an Ehresmann connec-
tion. Then

1) there exists a regular covering map f: M — M such that the induced foliation
F on M is made up of fibres of the locally trivial bundle r: M — B over a simply
connected (G, N)-manifold B;

2) there is an induced group of automorphisms ¥ on the (G, N)-manifold B and
an epimorphism

x:m(M,x) — ¥

of the fundamental group m (M, z), v € M, to V. Further, the group of covering
transformations of the covering M is isomorphic to the group V;

3) for any points y € M and z € f~'(y) the restriction fls: L — L to the leaf
L:= f(z) of the foliation (Z/W\, % is a regular covering map to the leaf L := L(y)
of the foliation (M,.F), and the group of covering transformations is isomorphic to
the isotropy subgroup Wy, of the group U at the point b := r(z) € B. Moreover, the
subgroup Uy, is isomorphic to the holonomy group I'(L,y) of the leaf L.

A group ¥ = ¥(M, F) satisfying the conditions of Theorem 2 is called a global
holonomy group of a (G, N)-foliation (M,.#) admitting an Ehresmann connection.

It is known (see, for instance, [6]) that the Lie group Conf(S?) of all confor-
mal transformations of the g-sphere S? is isomorphic to the Mébius group Mob(g).
Denote g-dimensional Euclidean space by E?. The Lie group Sim(E?) of all sim-
ilarities coincides with the group of all conformal transformations Conf(E?) of
the space E? and is a semidirect product CO(q) x R? of the conformal group
CO(q) =R*-0O(q) and an Abelian normal subgroup RY. We show that the holon-
omy group of an arbitrary leaf of a conformal foliation is isomorphic to a subgroup
of the Lie group H = CO(q) x R?, and this subgroup is defined up to conjugation
(Proposition 5). This justifies the following definition. We call the holonomy group
of a leaf of a conformal foliation inessential, if the corresponding subgroup of the
Lie group H is relatively compact. Otherwise the holonomy group of a leaf is called
essential.

We prove the following criterion for a conformal foliation to be Riemannian
without assuming that the foliation is complete.

Theorem 3. Let (M,.%) be a conformal foliation of codimension g > 3 that admits
a model on conformal geometry (N,[g]). Then there exists a Riemannian metric
d € [g] such that (M,.Z) is a Riemannian foliation admitting a model on (N,d) if
and only if all the holonomy groups of the foliation are inessential.
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Applying Theorems 2, 3 and some results due to Alexeevskii (see [7]) and Ferrand
(see [8]), we will prove that any complete conformal foliation that is not Rieman-
nian is a (Conf(S7), S7)-foliation. Moreover, the completeness of a non-Riemannian
conformal foliation is equivalent to the existence of an Ehresmann connection (The-
orem 4). Further we describe the structure of such foliations (Theorems 5 and 6).
Note that we do not assume that the foliated manifold is compact.

Theorem 4. For any non-Riemannian conformal foliation (M, %) of codimension
q = 3 the following two conditions are equivalent.

(i) There exists an Ehresmann connection for (M, .F).

(ii) The conformal foliation (M, F) is complete.

A foliation is called transversally similar if it is a (Sim(E?), E?)-foliation. We
have proved (see [3], Theorem 7) that every complete non-Riemannian transversally
similar foliation of codimension ¢ > 1 has a global attractor, and found a sufficient
condition for this attractor to be regular (see [3], Theorem 9).

Theorem 5. Let (M,.7) be a complete conformal foliation of codimension q > 3.
Then one of the following three conditions holds.

1) The foliation (M, %) is Riemannian, complete, and the closure of every leaf
is a minimal set.

2) The foliation (M, F) is complete, transversally similar, and it has a global
attractor A , which is a minimal set containing all leaves with an essential holonomy
group.

3) The foliation (M,.F) is covered by a bundle r: M — S9, where I M— M
is some regular covering, and the global holonomy group ¥ = U(M,F), which is
a subgroup of the Lie group Conf(S9), is well-defined. Moreover, in this case one
of the following conditions holds.

(i) The foliation (M,.F) has a global attractor 4, which is either a closed leaf

or a union of two closed leaves.

(ii) A global attractor M of the foliation (M,.F) exists that coincides with the
closure of any leaf with essential holonomy group. It is a nontrivial minimal
set and M = f(r~1(A(D))), where A(¥) is a minimal set of the global
holonomy group V.

In cases 2) and 3) the induced foliation (Mo, Fp,) on the complement My =
M\ A is a Riemannian foliation with Ehresmann connection. The closures of its
leaves in My form a Riemannian foliation with singularities, and the closure L in M
of any leaf L € F from My equals £ U A, where £ is an embedded submanifold
of M. The subset £ coincides with the closure of the leaf L in M.

Corollary 1. For any complete conformal foliation of codimension q > 3 there
exists a minimal set.

Corollary 2. Ewvery complete conformal foliation of codimension q > 3 is either
Riemannian or a (Conf(S?),S?)-foliation.

By Theorem 5, the transversal structure of global attractors of complete confor-
mal foliations is defined by the structure of global attractors of global holonomy
groups of these foliations. In particular, we obtain the following corollary.
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Corollary 3. A complete conformal foliation (M,.#) has a global attractor. It is
an exceptional (exotic) minimal set if and only if its global holonomy group ¥ has
a global attractor which is an exceptional (exotic) minimal set.

As an application of Theorem 1 and Theorem 5 we obtain the following
statement.

Theorem 6. The structure of every complete proper conformal foliation (M, F)
of codimension q = 3 is of one of the following types.

1) A complete Riemannian foliation, where every leaf is closed and the space of
leaves is a smooth q-dimensional orbifold.

2) A complete transversally similar non-Riemannian foliation with a unique
closed leaf which is a global attractor. .

3) A complete (U, S?)-foliation covered by a bundle r: M — S9, where ¥ is an
elementary discrete subgroup of the conformal group Conf(S?). There exists a global
attractor which is either a closed leaf or a union of two closed leaves.

Moreover, in cases 2) and 3) the union My of nonclosed leaves is an open con-
nected everywhere dense submanifold, and (Mo, Fpr,) is a Riemannian foliation
with an Ehresmann connection. The space of leaves is a smooth q-dimensional
orbifold, and the closure Lo in M of any leaf Ly from My equals Lo, U # , where
M is a global attractor.

Corollary 4. Every complete proper non-Riemannian conformal foliation of codi-
mension q > 3 has either one or two closed leaves.

We obtain a constructive proof of the following realization theorem.

Theorem 7. Every countable subgroup ¥ of the group Conf(S?), where q > 3, can
be realized as a global holonomy group of some two-dimensional conformal foliation
(M, %) of codimension q. If the group ¥ is finitely generated, then such a foliation
(M, ) can be found on a closed manifold M of dimension q + 2.

In §7 we construct examples of complete conformal foliations whose global
attractors are exceptional or exotic minimal sets.

We will denote the module of vector fields on a manifold M by X(M). If 9 is
a smooth distribution on M, then Xon (M) denotes the set of vector fields in X(M)
tangent to 9. Let f: MNH M be a subrg/ersion. Then the induced distribution 9
consisting of subspaces M, :={Y € T,(M) | foy (V) € My} is denoted by f*IN.
Similar notation is used for foliations.

Following [9], we denote the principal H-bundle with base M and total space P
by P(M, H).

In this paper all neighbourhoods are assumed to be open.

§ 2. Minimal sets of Riemannian
foliations with Ehresmann connections

2.1. Representing a foliation by an N-cocycle. Suppose that we have:

1) an n-dimensional manifold M and, possibly, a disconnected g-dimensional
manifold N with ¢ < n;

2) an open covering {U; | i € J} of the manifold M;
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3) submersions with connected fibres f;: U; — V; to V; C N;
4) if U; N U; # @, then there exists a diffeomorphism

Yij: f;Us NU;) — fi(Us NU;)
of open subsets of the manifold N such that f; = ;o f; on U; N U;.

Condition 4) implies that if U; N U; N Uy, # @, then the equality vir = 755 © Yjk
holds. Moreover, v;; = id

U, -

A maximal N-cocycle {Uj, fi, {7ij}}i,jes having the properties listed above def-
ines a new topology 7 on M. It is called a leaf topology. Its base is the set of
fibres of all submersions f;. Arcwise connected components of the topological space
(M, 74) form a decomposition of M which is denoted by # = {L, |« € A}. Tt is
called a foliation represented by an N-cocycle {U;, fi,{vij}}ijes, and Lq, a € A,
are its leaves.

Since any N-cocycle is contained in a unique maximal N-cocycle, to represent
a foliation (M, .%) it suffices to fix some N-cocycle with properties 1)—4).

2.2. Conformal and Riemannian foliations. Recall that a diffeomorphism
f: N1 — Nj of Riemannian manifolds (Ny, g1) and (N, g2) is conformal if there
exists a smooth function A on N such that f*g, = e*g;.

A smooth foliation (M,.%#) of codimension ¢ is called conformal if it is repre-
sented by an N-cocycle {U;, fi, {7ij}}i,jes and the manifold N is equipped with
a Riemannian metric gy such that the {v,;} are local conformal diffeomorphisms of
the corresponding open subsets. If all the v;; are isometries, (M,.#) is a Rieman-
nian foliation.

2.3. An Ehresmann connection for a foliation. The notion of an Ehresmann
connection for a foliation was introduced by Blumenthal and Hebda [10].

Let (M, %) be a foliation of arbitrary codimension ¢g. A distribution 9t on
a manifold M is called transversal to a foliation .% if for any © € M the equality
T.M =T, &M, holds, where @ stands for a direct sum of vector spaces. Vectors
from IM,, x € M, are called horizontal. A piecewise smooth curve o is horizontal
if all its tangent vectors are horizontal. Equivalently, a piecewise smooth curve
is horizontal (or 9-horizontal) if each of its smooth segments is an integral curve
of the distribution 9. A distribution T.% tangent to leaves of the foliation .# is
called vertical. One says that a curve h is vertical if h is contained in a leaf of the
foliation .%.

A wertical-horizontal homotopy (v.h.h. for short) is a piecewise smooth map
H: I x Iy - M, where Iy = I = [0,1], such that for any (s,t) € I; x I3 the
curve H|y, » g4y is horizontal and the curve H|;q .y, is vertical. A pair of curves
(H|1, x {0y, H|{oyx1,) is called a base of the v.h.h. H. Two paths o, h with common
origin ¢(0) = h(0), where o is a horizontal path and h is a vertical one, are called
an admissible pair of paths.

A distribution 90t transversal to a foliation .% is called an Fhresmann connection
for Z if for any admissible pair of paths o, h there exists a v.h.h. with base (o, h).

Let 91 be an Ehresmann connection for a foliation (M,.#). Then for any admis-
sible pair of paths o, h there exists a unique v.h.h. H with base (o, h). We say that
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0 := H|j, xq1y is the result of the parallel shift of the path o along h with respect

h
to the Ehresmann connection 1. It is denoted by o —> .

2.4. M-adapted transversally projectable Riemannian metric. We recall
that a submersion f: U — V of Riemannian manifolds (U,g) and (V,h) is said
to be Riemannian if, for any point z € U, the restriction of the differential
Jsax: My — Tpy)V to the normal vector subspace M, to the fibre of the sub-
mersion is an isomorphism of FEuclidean vector spaces.

Proposition 1. Let (M,.#) be a Riemannian foliation with Ehresmann connection
M represented by an N -cocycle {U;, fi, {7Vij}}ijes, and let M be a distribution on M
transversal to the foliation (M, % ). Then there exist Riemannian metrics g on M
and gy on N such that

(1) the distribution I is orthogonal to the foliation (M, F), and every submer-
sion fi: Uy — Vi = fi(U;), @ € J, is Riemannian;

(ii) any geodesic v on the Riemannian manifold (M, g), which is tangent to I
at one point, is tangent to M at every point;

(iii) for every admissible pair of paths of the form (o, h), where o is an M-

h
horizontal geodesic, the result o of the parallel shift c —> o is also an IM-horizontal
geodesic of the same length as o, i.e., [(0) = l(0).

Proof. By the definition of a Riemannian foliation, there exists a Riemannian metric
gn on N such that any element «;; is a local isometry of the Riemannian manifold
(N, gn). By assumption, 9 is an Ehresmann connection for the foliation (M, .7).
Consequently,

T.M=T,7 @M, Ve M.

This shows that every vector field X € X(M) can be represented in the form
X = Xz + Xon, where Xg € X2(M) and Xgn € Xon(M). Let go be a Riemannian
metric on M. Set

9(X.Y) :=g0(X7,Yz) + gn (fix X, fisY)

for any X, Y € X(M) on U;, i € J. If U; NU; # @, then f; = v;; o f;, where vj;
is a local isometry of (N, gn). Hence g is a well-defined Riemannian metric on M,
which is transversally projectable with respect to the foliation (M, .%#).

Assertion (i) follows from the definition of g.

Well-known properties of Riemannian submersions (see [11]) and transversally
projectable Riemannian metrics (see [1]) yield assertions (ii) and (iii).

Definition 1. The Riemannian metric introduced in the proof of Proposition 1 is
called an M-adapted transversally projectable metric with respect to the Rieman-
nian foliation (M, .#) with Ehresmann connection 9t.

We shall call 9i-horizontal geodesics 9Mi-geodesics. We assume that the geodesics
under consideration are parametrized by arc length.
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2.5. The holonomy pseudogroup of a foliation. We start with the basic
definitions, see [2] and [12].

Definition 2. Let N be a smooth g-dimensional manifold, which may be discon-
nected. A smooth pseudogroup of local transformations 5 on N is a set of diffeo-
morphisms h: D(h) — R(h) between open subsets on the manifold N that satisfies
the following axioms.
If g,h € A and R(h) C D(g) then go h € 7.
If h € 7 then h=! € 2.
idy € 2.
. If h € 7 and W C D(h) is an open subset, then h|y € 2.

5. Let h: D(h) — R(h) be a diffeomorphism between open subsets in .4, and
assume that for any w € D(h) there is a neighbourhood W in D(h) such that
hlw € . Then h € .

B o

Definition 3. Let A be a family of local diffeomorphisms of N containing idy.
The pseudogroup obtained by adding h~! for every h from A together with the
restrictions of local diffeomorphisms to open subsets, compositions and unions of
elements from A, is called the pseudogroup generated by A.

Definition 4. Assume than an N-cocycle {U;, f;,{7i; } }i,jes represents a foliation
(M,%). The pseudogroup generated by local diffeomorphisms 7;; of the mani-
fold N is called the holonomy pseudogroup of this foliation and is denoted by
H =H(M,F).

We recall that a pseudogroup 7 of local diffeomorphisms of a manifold N is
called quasi-analytic if the existence of an open connected subset V in N such
that g|y = idy for an element g € J# implies that g = idp/(g), where D’'(g) is
the connected component of the domain of definition D(g) of the element g that
contains V.

For example, every pseudogroup of local isometries as well as every pseudogroup
of local conformal transformations is quasi-analytic.

Definition 5. A quasi-analytic pseudogroup # of local diffeomorphisms of
a manifold N is called complete if for every pair of points  and z’ on N there
exist open neighbourhoods U and U’ such that:

ify e U and y' = ¢(y) € U’ for some ¢ € S, then there is an extension ¢ € 5
of the local diffeomorphism ¢ to the whole of the neighbourhood U.

2.6. A sufficient condition for the holonomy pseudogroup to be
complete.

Proposition 2. If a Riemannian foliation admits an Ehresmann connection, then
its holonomy pseudogroup is complete.

Proof. Let g be some Mi-adapted transversally projectable Riemannian metric on
a manifold M with respect to a Riemannian foliation (M,.%#) with Ehresmann
connection 9.

Let z and 2’ be two points on N. Consider submersions f;: U; — V and
fj: U; — V' from an N-cocycle representing the foliation (M, .#), such that x € V,
' € V. Take a € f'(z) and o € fj_l(x’). There exist a number ¢ > 0
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and geodesically convex balls B. and B’ of radius e, with centres at a and o/,
respectively, such that B, C U; and B’. C U;. For § = ¢/3 let ¥ and ¥’ be
the geodesically convex balls of radius 4, with centres at x and 2/, respectively.
Let S5 and S§ be subsets of M consisting of points of 9M-geodesics of length < &
with origin at a and a’, respectively. We will show that for any points y € ¥
and ¥y = ¢(y) € ¥, where ¢ € S, there exists an extension 1) € J# of a local
isometry ¢ to the whole of 7.

For any point z € ¥ there is a unique geodesic v in ¥ connecting y = ~(0)
and z = 7(sg) of length sy < 2. Take b € f;'(y) N S5 and ¥’ € fj_l(y’) n Ss.
First we prove the existence of an 9-lift of the geodesic v to the point b on U;.
By statement (i) of Proposition 1, f; is a Riemannian submersion. Since an 91-lift
exists locally, there is a number s; > 0 such that there is an 9-lift o of the curve
V]j0,51) to the point b. Take ¢ € f;'(v(s1)) € U;. For a point ¢ there exist e,
0 < gy < s1, and a local lift 7 of the geodesic (’y|[sl,so’51])_1 to the point c.
Since the points 7(gg) and o(s; — g¢) are in the same fibre f; *(y(s1 — &g)) of the
submersion f; and the submersion has connected fibres, there is a smooth path h
in this fibre connecting h(0) = 7(gg) with h(1) = o(s1 — €0).

For an admissible pair of paths (77!, h) there exists a shift 71 —}>l> & with
respect to the Ehresmann connection 9. By a property of Riemannian submer-
sions, 7 is M-geodesic. By Proposition 1, ¢ = 7(s), s € [0,eq], is M-geodesic as
well. Uniqueness implies that the 9-lifts o (s) = o(s1 —eo + s) Vs € [0,£0) of the
curve |5, —eo,s,) to the point o(s1 —€¢) coincide. Hence the point o(s1) := 7 (go) is
well-defined. This shows that the set A of points ¢ in the segment [0, sg], such that
the M-lift o(s) is defined for all s € [0,t], is an open-and-closed subset of [0, sg].
Since the segment [0, sg] is connected, we have A = [0, sg]. The properties of the
Riemannian submersion f; yield i(c) = I(y) = so < 20.

Let f be a path in the leaf L(b) connecting b = f(0) with &’ = f(1), such that
the germ of a holonomic diffeomorphism along f corresponds to the germ ¢ at

the point y by means of f; and f;. Then the shift o J> o’ with respect to the
Ehresmann connection 9t is defined. By Proposition 1, ¢’ is an 9i-geodesic of
length sy with origin at the point ¥ = ¢/(0). Denote the distance function on the
Riemannian manifold (M, g) by d. Then d(a’,0'(s)) < d(a’,b') +1(c'(s)) <30 =¢
Vs € [0,s0]. So we have o'(s) € B, C U; ¥s € [0,s0]. Consequently, there is
a curve 7' := fjo0’, and 7' is a geodesic of length sy with origin at y'. It is easy to
check that the equality ¢(z) := 7/(so) defines a map ¢: ¥ — % in % := f;(B.),
and @ is an extension of ¢ to ¥. Since p(y,2) =I(y) = 1(v") = p(&(y), §(2)), ¢ is
an isometry. At each point of ¥ the germ of the isometry @ coincides with the
germ of an element of ¢, and ¢ € J7.

2.7. Proof of Theorem 1. Let (M,.#) be a Riemannian foliation with Ehres-
mann connection M. By Proposition 2, the holonomy pseudogroup 52 =5 (M, F)
is a complete pseudogroup of local isometries. Consequently, we can apply the
results of Salem [2].

By [2], Proposition 2.3, for a complete pseudogroup of local isometries J# of
a Riemannian manifold (N, gx) there exists a complete pseudogroup .7 of local
isometries of (NN, gn) such that the orbits of s are the closures of orbits of the
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pseudogroup . Moreover, by [2], Corollary 3.2, the orbits of the pseudogroup #
are closed embedded submanifolds of the manifold N, and an JZ-orbit of a point
from JZ -z, x € N, is everywhere dense in - z. In other words, for any x € N we
have 7 - &= -z and for any y € . - x the conditions J# -y= ¢ - y= - x hold.
Let L be a leaf of the foliation (M, .#) and let a € U;NL for some neighbourhood U;
from the N-cocycle representing this foliation. Recall that the closure L of the leaf L
corresponds to the closure of the orbit JZ - « of point = f;(a) with respect to
the holonomy pseudogroup .. Hence the closure L of L is a closed embedded
submanifold in M, and every leaf L’ C L is everywhere dense in L. This means
that L is a minimal set of the foliation (M,.%). The foliation formed by closures
of leaves of the foliation (M,.#) is a Riemannian foliation with singularities.

If (M,%) is a proper foliation, then all orbits of the holonomy pseudogroup
are discrete subsets in N. It is known (see [2]) that the orbit space of a complete
pseudogroup of local isometries, all of whose orbits are discrete, is a g-dimensional
orbifold. Since the space of leaves M/.# of the foliation (M,.#) is homeomorphic
to the orbit space of the complete pseudogroup of local isometries S (M,.%), the
space M /.Z is also a g-dimensional orbifold.

Ezample 1. Let (T?,.%,) be a Kronecker foliation on the two-dimensional locally
Euclidean torus 7% corresponding to an irrational number a > 0. Take two distinct
points a and b on one leaf L € Z,. Let M := T?\ {a,b} and .F := Z,|n. Then
(M, F) is a Riemannian foliation. The leaf L contains leaves L', L” and L of the
induced foliation (M, .#). One of these three leaves is closed in M. Assume that this
is the leaf L’. The Riemannian foliation (M, .%#) has a unique minimal set, namely
the leaf L. By Theorem 1, the foliation (M, %) does not admit an Ehresmann
connection. The holonomy pseudogroup of this foliation is not complete.

Proposition 3. Let (M,.%#) be a proper Riemannian foliation of codimension g
admitting an Ehresmann connection, and suppose that the holonomy group of every
leaf of this foliation is trivial. Then the space of leaves B:= M/ is a q-dimensional
manifold, and the foliation (M, F) is formed by fibres of the locally trivial bundle
r: M — B. If M is simply connected, so is the base B.

Proof. By Theorem 1, the space of leaves of the foliation (M, #) is a g-dimensional
orbifold. By assumption, all holonomy groups of the foliation (M, %) are trivial,
so all isotropy holonomy pseudogroups are trivial too. Consequently, this orbifold
is a smooth ¢-dimensional manifold, and the foliation (M,.#) is formed by fibres
of the submersion f: M — B = M/.%#. Here an Ehresmann connection for the
foliation (M, .%#) is an Ehresmann connection for the submersion f. It is known that
a submersion with an Ehresmann connection is a locally trivial bundle. Therefore
the foliation (M, %) is formed by fibres of the locally trivial bundle f: M — B.
In the case when M is simply connected, the exact homotopy sequence of this bundle
and the fact that the fibres of the bundle are connected yield that the base B is
simply connected too.

§3. (G, N)-foliations with Ehresmann connections

3.1. (G, N)-foliations and (G, N)-manifolds. Let N be a connected
manifold and G a group of diffeomorphisms of N. The group G is said to act
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quasi-analytically on N if, for any open subset U in N and an element g € G, the
condition g|y = idy implies g = e, where e is the identity transformation of N.

In this section we assume that the group G of diffeomorphisms of a manifold IV
acts on N quasi-analytically.

Definition 6. A foliation (M, .%) represented by an N-cocycle {U;, fi, {7i;j}}ijes
is called a (G, N)-foliation if for any U; NU; # @, 4, j € J, there exists an element
g € G such that vi; = gly,(v,nv,)-

Definition 7. A manifold M is called a (G, N)-manifold if it has an atlas
{(Ui, i) }i jes with the following properties:

1) ¢i(Ui) C N;

2) if U; NU; # @, then the diffeomorphism v;; : ¢;(U; NU;) — ¢;(U; NU;) is the
restriction of some transformation g € G.

Equivalently, M is called a (G, N)-manifold if its zero-dimensional foliation is
a (G, N)-foliation.

3.2. Proof of Theorem 2. Fix a point 9y € M. Let z be a point on M
and h(t), t € I = [0,1], be a piecewise smooth path connecting zo = h(0) to
x = h(1). Cover h(I) by a finite chain of neighbourhoods Uy,...,Us from an
N-cocycle {U;, fi,{7ij}}ijes representing the foliation (M,.#). Fix neighbour-
hoods Uy > ¢ and U > z; from the N-cocycle and consider chains of the form
Uo,Ui,...,Us,Usy1 :=U. Since Uy NUgy1 # &, k= 0,...,s, there is a local diffeo-
morphism Y41kt fr(Ux NUkt1) = frr1(UpNUg11) such that fri1 = Yeq1)n o frs
where fs11 = f: U — V. By the definitions of (G, N)-foliations and quasi-analytic
actions of a Lie group, there exists a unique element gpi1), € G such that
I(k+1)k| £ (U UL 11) = V(k+1)k- Consider the element

9= 9(s+1)s ©Gs(s—1) O+ 2 g21 © g10 (%)

of the group G. It follows in the standard way that g is independent of both the
choice of the chain of neighbourhoods Uy, ...,Us covering h(I) and the choice of
the path from the homotopy class [h] in M with fixed end-points xzg and z. It
is known that the set of homotopy classes of paths starting at zy € M forms
a universal covering space M of M, and the projection p: M — M : [h] — h(1) is
the universal covering map.

We define a map D: M — N by setting D([h]) = g7 (fsx1(h(1))), where the
element g € G is given by equality (%). Note that D = D(Uj) depends only on
the choice of the neighbourhood Uy. Since fi and g are submersions, D': M — N
is too. But any submersion is an open map. So D(M) is an open subset of N. The
submers1on D: M — N is called a decomposmg map.

Let & := =p*I * 7 be the induced foliation on M. We remark that every leaf L of the
foliation (M J) is contained in some fibre D=1(b), b € D(M), of the submersion
D: M — N. Since the fibres of D have dimension n — p= dlm(%, we conclude
that L is an open subset of D~1(b). The set D~1(b) \ L is a union of some leaves
of the foliation (M,%, so D71(b) \ L is also an open subset of D~1(b), and L
is open and closed in D~!(b). Consequently, the foliation (M F ) is formed by
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connected components of fibres of the submersion D. The leaf L is closed in the
closed subspace D! (b) of the space M so L is closed in M. This shows that all

leaves of the foliation (M F ) are closed subsets of M. By assumption, the foliation
(M, .#) admits an Ehresmann connection 9. One can easily check that N = P
is an Ehresmann connection for the foliation (M , % Let k be a Riemannian metric
on the open submanifold B = D(M ) of N. Then

Il (X, Y) == k(D.(X),D.(Y)) VXY € X5(M)

is a Riemannian metric on the transversal bundle TM /TJ that is identified
with Dﬁ and it is projectable with respect to the foliation (M, ﬂ)

So (M J) is a Riemannian foliation with Ehresmann connection such that all
leaves are closed subsets of M ; and all the holonomy groups are trivial. It is known
that every closed leaf of a foliation is proper, thus the foliation (JT/.? ,-F) is proper. By
Prggosition 3, leaves of this foliation are formed by fibres of a locally trivial bundle
7: M — Bovera slmply connected manifold B. Since (M, %) is a (G, N)-foliation,
we obtain that (M J) is a (G, N)-foliation and B is a (G, N)-manifold.

Let ® be the group of covering transformations of the universal covering
p: M — M. Then there is a group isomorphism [: 71 (M, ;v) — &. Since any
transformation ¢ € ® is an automorphism of the bundle 7: M — B, ¢ induces
a transformation ¥ = ¥ (¢) of the manifold B, which is an automorphism of the
(G, N)-manifold B and satisfies 7o ¢ = 1)(¢)o7. The set of all such transformations
is a group ¥ = {¢(¢) | ¢ € ®}, and the map p: & — V: ¢ — P(¢) is a group
epimorphism. Since ® := Ker p is a normal subgroup of the group ® whose action
on M is free and properly disconnected, we have a quotlent manifold M = M / ®
and a free properly disconnected action of the factor “group & d:=d / & on M. More-
over, M = M/<I> and the quotlent map p: M — M = M/(I> satisfies p = po p,
where p: M— M= M/<I> is the projection on the orbit space of the group 3.
Note that p: M — Misa regular covering map with d as the e group of covering
transformations. The definition of M implies that the foliation F= p*F is formed
by fibres of a locally trivial bundle r: M — B, and r o p = 7. The natural group
epimorphism fi: & — ¥ is an isomorphism. So assertions 1) and 2) of Theorem 2
are proved.

Assertion 3) follows from the fact that the action of the group ¥ is quasi-analytic.

§4. A criterion for a conformal foliation to be Riemannian

4.1. Foliated bundles and foliated reductions. Let (M,.#) be any smooth
foliation of codimension g. A locally trivial bundle 7: #Z — M with foliation (%, F)
is called a foliated bundle if the following conditions hold.

1) If M is a distribution, tangent to fibres of the submersion 7: Z — M, then
N, NT,F={0} VueZ.

2) The projection 7: (%, F) — (M, .#) is a morphism of foliations.

We denote a foliated bundle by (Z,n, M, F). If n: # — M is a principal
H-bundle, and the foliation (%, F') is H-invariant, then we say that this is a foliated
H-bundle over (M,.#). We denote a foliated H-bundle as (Z(M, H), F).
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Let (#'(M',H'),F') and (Z(M, H), F) be two principal foliated bundles with
projections 7': #' — M' and 7: # — M, respectively. Let f: Z' — % be
a morphism from the foliation (%', F’) to the foliation (#,F) and f: H — H
be a Lie group homomorphism. Then the pair (f, f) is called a morphism in the
category of principal foliated bundles if f(u'a’) = f(u’)f(a’) for all u' € #Z' and
a’ € H'. The morphism (f, f): (#'(M',H"),F') — (#(M, H), F) defines a proj-
ection f': M" — M satisfying the condition 7o f = f on’.

Let (f, f): (Z'(M,H"),F") — (%(M, H), F) be a morphism of principal foliated
bundles, where f: #' — Z# is an embedding with projection f’ = idys, the image
f(#£') is an F-saturated submanifold in %, and f: H' — H is an immersion of Lie
groups. We identify #’ with f(%’), the group H’ with the Lie subgroup f(H ") of
the group H, and the foliation F’ with the foliation F'| (4. In this case the foliated
bundle (#'(M,H'), F|s4) is called a reduced foliated bundle and is denoted by
(Z'(M,H'),F"). The map #' — Z is called a reduction of the principal foliated
bundle (Z(M,H),F) to a subgroup H'.

4.2. Foliated sections. Let (M,.Z) be a foliation and U an open subset of the
manifold M. Let Fy; denote the induced foliation on U whose leaves are connected
components of the intersections L, NU of the leaves L, of the foliation .# with U.
Let (E, 7, M, F) be some foliated bundle with standard fibre Y over (M, %).

Definition 8. Let U be an open subset of M and let A be any subset of U. A sec-
tion o: A — FE of the bundle 7: E — M is called an %y -section, if for any two
points x,y in AN L, where L € Fy, there exists a leaf £L € F; -1y such that

o(x),o(y) €ec(A)NL.

Definition 9. An %y-section 0: B — FE is called an %y -extension of the Fy-
section 0: A — E,if ACBCU and d|a =0. If U = M, an .Zy-section is called
an .7 -section, and an .#y-extension is called an .% -extension.

Lemma 1. Let (E,m, M, F) be a foliated bundle with standard fibre R™ over a foli-
ation (M, F). Let a be a point of M and let (U, ) be a foliated chart with centre
at the point a. Then for any compact subset A of U every Fy-section o: A — E
admits an Fy-extension to U.

Proof. Let r: U — U/%y = R? be the projection to the space of leaves of the
foliation (U, %y ) identified with R?, where ¢ = codim.%#. Since the neighbour-
hood U is contractible, the total space of the R™-bundle 7~!(U) can be identified
with U x R™. Here the foliation Fr-1(y) is identified with the trivial foliation
Fs :={L xr(L)xv | L € %y, v € R™}, and the .Fy-section o can be written
in the form o(z) = (z,5 o r(z)) € U x R™, 2 € A, where 5: A := r(A) — R™ is
the induced smooth map satisfying ¢ o r = pry o o, and pry: U x R — R™ is the
projection to the second factor.

The map o: A — R™ can be identified with a tuple of m smooth functions
hi,...,hym: A — R. By assumption, the set A is compact, so A is compact too.
Consequently, A is a closed subset of R?. It is known that any smooth function on
a closed subset of R? admits a smooth extension to the whole of RY. This implies
that there exists a smooth extension 6: R? — R™ of the map o: A — R™. Hence
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the equality 6(z) := (z,6 o r(z)) Va € U defines a smooth .Zy-section 8, which is
an extension of the section o.

Remark 1. Lemma 1 plays an important role in this section. In general, it does not
hold for arbitrary closed subsets A, because the projection to the space of leaves of
a foliation is not a closed map.

Proposition 4. Let (E, 7, M, F) be a foliated bundle with standard fibre R™ over
a foliation (M, %), and let 7|z L — LY L € F be a diffeomorphism. Then for any
closed subset A of M every % -section o: A — E defined on A admits an extension
to an F-section on M. In particular, for any points x € M, v € 7~ 1(z) C E,
there exists an % -section o: M — E such that o(z) = u.

Proof. Since M is paracompact, there is a covering {U; | ¢« € N} of the space M
by foliated neighbourhoods and a locally finite open covering {V; | j € J} of the
manifold M with the following property:

for any V; there exists U; such that the closure Vj is compact and Vj cU;

(see [12], for instance). If Y C J is an arbitrary subset of indices, we set By :=
Uj €Yy Vi

We will show that By is closed in M. If 2 € By, then there exists a sequence
{z,} C By that converges to x. As the covering {V; | j € J} is locally finite, there
is a neighbourhood of = that intersects only finitely many elements of this covering.
Therefore there is a subsequence {x, } that is contained in one subset Vj,, jo € Y.
Consequently, z € V;, C By and By is closed in M.

We let P denote the set of triples (d,Y,U), where Y C J, U is an open neighbour-
hood of By, and §: By — FE is an .%y-section, which coincides with the restriction
olanpy of 0 to AN By-.

Assume that A # @. Then we have V; N A # & for some j € J. The set
Aj =V;N A is compact as a closed subset of the compact set V;. Let V; C U;.
We will show that o; := o]a,: Aj — E is an Fy,-section. Take any two points
x, y on a leaf Ly € Fy, contained in A;. Then z, y are in the same leaf L of
the foliation .# that contains Lg. Since by assumption o: A — FE is an .%#-section,
the points o(z) and o(y) are in the same leaf £ of the lifted foliation (E, F'), and
m(L) = L. Moreover, by hypothesis the restriction 7|: £ — L is a diffeomor-
phism, so the intersection of m7=1(Lg) with £ is arcwise connected, and the points
o(x), o(y) are in the same leaf of the foliation F-1(y,). This means that o; is
an Jy,-section. By Lemma 1, there exists an .%y,-extension ¢ of the section o
to Ui. Thus §; = dl,: V; — E is an Fy,-section, and §;l, 4 = 0ly,n4, SO
(Sj,j,Ui) € P and P # O.

We introduce a partial order on P by (d1,Y1,U1) =< (02,Y2,Us) if Y7 C Yo,
U, € Uy and 62‘BY1 = ¢;. The same arguments as in the proof of Theorem 3.4.1
in [13] show that every linearly ordered subset of P is bounded above. By the Zorn
Lemma, the set (P, <) has a maximal element (d¢, Yy, Up).

Assume that Yy # J and s € J\ Yy. Set C = (AU By,) NV, C V. There
exists Uy, k € N, that contains V,. Then we can find a section ¢: C — E which
coincides with o on ANV, and with §y on By, N V. As above, we can check
that € is an %y, -section. Moreover, C' is compact as the trace of the compact set
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AU By, on the compact set V5. Thus the conditions of Lemma 1 are fulfilled. This
implies there exists an Fy, -extension €: Vs — E of the section ¢ that coincides
with ¢ on AN V. Therefore (g,s,U;) € P. Let U’ := Uy U Uy, and Y; := Yy U {s}.
Then By, = By, UV,. We define a section 7: By, — E, setting 7|y, = do,
7|y, = €. The equalities §|BYO 7. = 0o and E| 47, = dol g7, = 0l aq7, vield that
the section 7 is well-defined and 7 is an Fy-section with 7|p,, = do. Consequently,
(1,Y1,U") € P and (4o, Yo, Up) = (7,Y1,U’). This contradicts the maximality of the
element (dp, Yp,Up) in P. Thus Yy = J and §p is an F-extensions of the section o
to the whole manifold M.

Now we fix points x € M, u € 7~ (z) C E. Let A = {z} be a one-point set
and 0g: A — E: x — u. Then oq is an #-section. By the above there exists an
extension of oy to an % -section 0: M — E.

Remark 2. 1If % is a zero-dimensional foliation of a manifold M, then Theorem 5.7
from [9], Ch. I follows from Proposition 4.

4.3. Cartan foliations and their holonomy groups. A Cartan foliation
(M, F) of type (G, H) (or g/h) is represented by the following objects:

1) a Lie group G and its closed Lie subgroup H with Lie algebras g and b,
respectively;

2) a principal H-bundle 7: Z — M;

3) an H-invariant foliation (Z, F') such that 7 is a morphism of the foliation
(Z2,F) to (M, %),

4) a g-valued H-equivariant 1-form w on &% with the following properties:

(i) w(A*) = A for any A € b, where A* is the fundamental vector field corres-
ponding to A;

(ii) for any point u € # the map wy: T, Z — ¢ is surjective, and Kerw = TF is
a distribution tangent to the foliation (%, F);

(iii) the Lie derivative Lxw vanishes for any vector field X from Xp(Z%).

The H-bundle 7: # — M under consideration is called a foliated bundle for
(M, F), and (%, F) is called a lifted foliation. Tt is known that (%, F') is a transver-
sally parallelizable foliation, or an e-foliation.

In what follows we assume that the action of the group G on the space G/H
by left translations is effective. Then definitions of the Cartan foliation given by
Blumenthal (see [14]) and by the author (see [3]) are equivalent.

The following proposition can be proved in the same way as Theorem 4 from our
paper [15]. It does not use the completeness of the foliation.

Proposition 5. Let (M, %) be a Cartan foliation represented by an N -cocycle
{Ui, fi, {vij} Yijes and let (Z(M,H),F) be a foliated bundle over (M, F) with
projection w: & — M. Let L = L(x), x € M, be a leaf of the foliation (M,.%), and
let L= L(u), u € 7 (z), be a leaf of the lifted foliation (#Z,F). Then the germ
holonomy group T'(L,x) of the leaf L is isomorphic to each of the following groups:

1) the subgroup H(L) :={a € H | R,(L) = L} of the group H;

2) the group of covering transformations of a regular covering map w|c: L — L;

3) the group ,, where v = f;(x), x € U;, consisting of germs of local diffeo-
morphisms from the holonomy pseudogroup 7 = (M, F) fixing the point v.
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Now we turn to another point u’ € m~!(z). Let £’ = L(u’). Then the subgroup
H(L) is replaced by a conjugate subgroup H(L') in the Lie group H. Therefore
the following definition is well-posed.

Definition 10. The holonomy group of a leaf L is called inessential if the
subgroup H (L) of the Lie group H isomorphic to it (by Proposition 5) has a com-
pact closure in H. Otherwise the holonomy group of the leaf L is called essential.

4.4. Conformal foliations as Cartan foliations. Let G = Conf(S?) be the
Lie group of all conformal transformations of a g-dimensional sphere S9, where
q = 3. Let H denote the isotropy subgroup of some point zy € S? in the group G.
Then H can be considered as the Lie group of all conformal transformations of the
g-dimensional Euclidean space E?. Consequently, H = Sim(E?) = CO(q) x R? is
the Lie group of all similarities of the space E4.

Now we will consider an arbitrary conformal foliation (M,.#) of codimension
q = 3 as a Cartan foliation modelled on an effective transversal Cartan geometry
n=(P(H,N),«a)of type (G, H), where G and H are the Lie groups indicated above,
N is a conformal manifold (possibly disconnected), and P(H,N) is a principal
H-bundle over N with normal conformal connection « in the sense of [16]. Let
(2%, F) be the lifted foliation for the conformal foliation (M,.%), and let 7: Z — M
be the projection of the foliated bundle to M.

4.5. Conformal transformations of Euclidean space. We denote an element
of the group H = Sim(E?) = R - O(q) x R? by the pair (\- A, a), where A € R,
A € O(q), a € RY. The composition of maps has the form

M-A,a){(u- B,b)y = (M- AB, A+ Ab + a),

where (\- A, a), (u-B,b) € H. We set H? :== RT - E x RY.
Lemma 2. The group H° is a normal subgroup of H.

Proof. For any elements (C,c¢) € H and () - E,a) € H° there exists an element
(N-E,d) = (\-E,Ca+(1-\)c) € H° which satisfies (C, ¢)(\-E,a) = (\-E, d)(C, c).

Lemma 3. For every mazimal compact subgroup K of H the intersection K N H°
is the unit subgroup.

Proof. Since O(q) is a maximal compact subgroup of H, any other maximal sub-
group K in H is conjugate to O(q). Note that H® = {(\- E,a) | A € RT, a € R%}.
If K = (u-B,b)O(q)(u - B,b)~1, where (u-B,b) € H, p € RT, B € O(q) and
b € RY, then

K ={(A,(E—A)b) | A€ O(q), b RI}.

Consequently, K N H® = (E,0), where (E,0) is the unit of H.

4.6. Proof of Theorem 3. Let (M,.#) be a conformal foliation of codimension
q > 3 considered as a Cartan foliation modelled on a Cartan geometry (P(N, H), w),
where G = Conf(S5?), H = CO(q) x R?, and w is a normal conformal connection.
We let (Z(M, H), F) denote a foliated H-bundle over (M, .%).

Assume that all the holonomy groups H(u), u € £, are relatively compact.
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Since we have a free proper action of the Lie group H on £, the action of the
normal subgroup H® := Rt - E X R? of the group H on & is free and proper as
well. Therefore the orblt space Z = X /HY is a smooth manifold, and the natural
projection r: % — 2 onto the orbit space is a principal H°-bundle. In this case the
action of the factor group H/H® = O(q), defined on the orbit space R = #|H°
by the formula (uH®)a = uaH® for any uH® € % and a € O(q), is free. Moreover,
the orbit space % /O(q) coincides with M, and the projection 7: Z — M satisfies
mor = w. The foliation (%, F ) is H-invariant, so it is H%-invariant. This shows that
there is an induced foliation F' on % whose leaves are the images of the leaves of the
foliation F under the map r. So (Z(%,H"),F) is a foliated principal H-bundle
with standard fibre Rt diffeomorphic to H°, with the projection r: Z — % over
the foliation (%, F).

For any point v € Z and a leaf £ = £(u) the restriction r|¢: ¥ — Zis
a regular covering with the group of covering transformations isomorphic to the
group HO(u) := {b € H° | Ry(¥) = £}, to the leaf Z of the foliation (%.F).
Note that H°(u) = H(u) N HY, where H(u) = {a € H | R,(¥) = £}. By
assumption, the group H(u) is relatively compact. In this case the closure of the
group H(u), and hence also H(u) itself, is contained in some maximal compact
subgroup K of H, which is conjugate to O(q). Therefore H’(u) C K N H°. By
Lemma 3, KNH? = {e}, where ¢ is the unit of H. This shows that H°(u) = {e} and
rle: L — Zisa diffeomorphism. Consequently, the conditions of Proposition 4
are satisfied, and there exists a foliated section o: # — R of the foliated principle
H°bundle (Z(%, H°), F). The section o defines a trivialization of this bundle by
the formula

f:R—AxH: o(u) -h— (u,h) VYueR, YheH.

Here f(o(u)) = (u,e) and o(ua) = o(u) - a for each a € O(q). The equalities
mor=mandrooc =idg yield T =7woo.

Identifying # with U(@), we obtain a foliated reduction of the bundle
(#Z(M,H), F) to the orthogonal subgroup O(q). Similarly to [17], §2.2.2 we can
check that (M,.7) is a Cartan foliation of type (G,O(q)), where @ O(q) x R?
is the Lie group of all isometries of the Euclidean space E?, and (R(M,O(q)), F)
is its foliated bundle. This means that the foliation (M,.#) is Riemannian. More-
over, if the Cartan geometry £ = (P(N, H),w), on which the foliation (M, %) is
modelled, corresponds to the conformal geometry (N, [g]), then the reduction of the
foliated bundle (Z(M, H), F) to the compact subgroup O(q) yields a reduction of
the H-bundle P(N, H) to the subgroup O(g). This implies a Riemannian metric
d € [g] exists on N such that (M,.%#) is a Riemannian foliation modelled on the
Riemannian manifold (N, d).

Conversely, assume that there exists a Riemannian metric d € [g] on N such that
a conformal foliation (M, .%#) is a Riemannian foliation modelled on a Riemannian
manifold (N, d). Then there exists a reduction of the H-bundle P(N, H) to a closed
subgroup of O(g). This reduction induces the corresponding foliated reduction of
the foliated bundle (Z(M, H), F) to the subgroup O(g). Since O(q) is compact,
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using Proposition 5 all the holonomy groups of the original foliation (M,.%) are
relatively compact.

§5. A complete non-Riemannian
conformal foliation is transversally flat

5.1. Completeness of conformal foliations. Let (%, F') be the lifted foliation
for a conformal foliation (M, %), and let m: 2 — M be the projection of the foliated
bundle to M. It is known that (Z, F) is a transversally parallelizable foliation, or
an e-foliation.

We recall (see [4]) that an e-foliation (%, F') is called complete (or M-complete) if
there exists a distribution 91 on Z transversal to (%, F') such that any vector field
on X € Xn(#) with w(X) = const is complete. A conformal foliation (M,.#) is
complete (or M-complete) if there exists a distribution I, transversal to (M, .F),
such that the lifted e-foliation (%, F) is 9-complete, where 9 = 7*9. In other
words, a conformal foliation is called complete if it is a complete Cartan foliation
in the sense of [3].

Lemma 4. Let (M,.7) be a conformal foliation of codimension qz3 with Ehres-
mann connection M. Assume that it is covered by a bundle r: M — S9, where
f+ M — M is some covering map for M. Then (M, %) is an M-complete confor-
mal foliation.

Proof. We note that (M, %) is a (Conf(S?),59)-foliation modelled on a Cartan
geometry ng = (G(S9, H),wg), where G = Conf(S9), H = CO(q) x R?, and wg
is the Cartan-Maurer form on the group G. We denote the foliated H-bundle for
(M, #) by m: # — M. Consider

R=fR= {(u, ) € & x M | 7(u) = f(x)},

the preimage of the H-bundle 7: # — M under the map f: M — M. Then
T X — M: (u, )Hxlsaprmmpaleundleandf%%%’( x) = U
Is a covering map with f o T =mo f Since r: M — S7 is a submersion with
Ehresmann connection im J*M, there is a surjective submersion 7: Z — G with
Ehresmann connection M = 7M. We have an induced g-valued 1-form @ on %
such that & = wo f,. This form has properties (i)-(iii) (see 4.3) with respect to
the foliation (M, F), where F' = f*F. Since any vector field Y € X (%A’)7 such
that @(Y) = const € g, projects to a left-invariant vector field Z := 7,Y on the
Lie group G, and wg(Z) = @(Y) = const € g, the vector field Y is complete. This
means that (M ,% is an ﬁ—complete conformal foliation. Finally, we conclude
that (M,.7) is an 9M-complete conformal foliation.

5.2. A neighbourhood of a leaf with essential holonomy group. The fol-
lowing lemma is proved without assuming that the conformal foliation is complete.

Lemma 5. For every leaf L with essential holonomy group of a conformal folia-
tion (M, F) there exists an open saturated neighbourhood % such that (% , F) is
a (Conf(S?), S?)-foliation, and the closure L, of any leaf L, from % contains L.
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Proof. Let {U;, fi,{7ij}}i,jes be an N-cocycle representing the conformal foliation
(M, F) of codimension ¢ > 3. Since this foliation is non-Riemannian, Theorem 3
implies that there exists a leaf L with essential holonomy group. By Proposition 5,
the group H(.Z) contains an element of the form (A-A,a) € H, where A\-A € CO(q)
and a € RY, satisfying at least one of the conditions: 1) A # 1; 2) a # 0. As in
the proof of Theorem 7 from [7] we show that a local conformal diffeomorphism ~
of a Riemannian manifold (N, gy) from the holonomy pseudogroup 4, that cor-
responds to the element (A - A, a), satisfies the following conditions at the point
v=fi(z), x € L: v(v) =0, s = A - A and a = db|,,, where v*gy = e’gn. There-
fore v is an essential conformal transformation at the point v in the terminology
of [8]. If A # 1 then we can assume that A € (0,1). Thus there exists a neighbour-
hood ¥ of the point v such that v*(z) - vasn — +oo for any z € ¥. If A =1
then it is shown in [8] that there exists an open neighbourhood ¥ C V; = f;(U;) of
v in N such that at any point y of ¥ at least one of subsequences v*(y), v %(y),
where k is any positive integer, is defined, and this sequence tends to v as k — +oo.

Denote by U the preimage of # under the map f;, that is, U = f;'(#). Then
U :=\J,, La, where LoNU # @ and L, € .Z is a connected open saturated subset
of M. Using the properties of the neighbourhood ¥, for every leaf L, in % the
inclusion L C L, holds.

The Weyl tensor W of the conformal curvature of the Riemannian manifold
(¥, gn) is invariant with respect to conformal transformations. This shows that
W does not depend on a choice of the point y € ¥, and |[W|| = const. We can
check directly that if ||W] # 0 then any local conformal transformation of the
Riemannian manifold (¥, gn) is a local isometry of (¥, h), where h = ||W||gn.
Hence (%, %4,) is a Riemannian foliation. This contradiction to Theorem 3 shows
that W =0on 7. If ¢ =dim ¥ = 3, then W = 0, and instead of the Weyl tensor
we should take other conformal invariant, the Schouten tensor V. In the same
way we check that V' = 0 on #. By the Schouten-Weyl Theorem (see [18]), the
identities W = 0 with ¢ > 4 and V = 0 with ¢ = 3 mean that the ¢-dimensional
Riemannian manifold (¥, gn) is locally conformally flat for any g > 3. This yields
that (%, %a) is a (Conf(S5?), S7)-foliation.

5.3. Non-Riemannian conformal foliations. We recall that a neighbourhood
Uy from an N-cocycle i representing a foliation (M, %) is called distinguished if
there exists another connected neighbourhood U, from 7 such that the closure Uy
is contained in Uy, and fx = fi|v,. In this case we say that Uy is subordinated to
the neighbourhood U,,. Note that for any point of M there exists a distinguished
neighbourhood.

Lemma 6. Let (M, %) be a non-Riemannian conformal foliation of codimension
q >3 admitting an Ehresmann connection M. Then (M, .F) is an M-complete trans-
versally flat conformal foliation covered by a bundle r: M— B, where f: M—M is
a regqular covering map satisfying the conditions of Theorem 2, and B is either equal
to B9 or S4. Moreover, B = E? if and only if (M, F) is a transversally similar
foliation.

Proof. By assumption, (M,.%#) is a non-Riemannian conformal foliation of codi-
mension g > 3. We apply Theorem 3 and conclude that there exists a leaf L with
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essential holonomy group. By Lemma 5, there exists an open saturated neighbour-
hood % of the leaf L, such that (%, %« ) is a (Conf(S7), S9)-foliation, which is
not Riemannian. Since M4, is an Ehresmann connection for (% ,.%4, ), Theorem 2
shows that there exists a regular covering map f: U — U. For this map the
foliation (?//\, ;‘\), where 7 := f*Z4, is formed by fibres of a locally trivial bundle
r: % — B, where B is a (Conf(59), S?)-manifold. Therefore B admits a Rieman-
nian metric gp such that the global holonomy group ¥ of the foliation (% ,.%%)
is a group of conformal transformations of the Riemannian manifold (B, gg). The
holonomy group of the leaf L is isomorphic to the isotropy subgroup V., where
z € r(f~Y(L)). Thus ¥, is an essential group of conformal transformations of
(B, gB). Therefore there is an essential transformation ¢ € ¥,. Lemma 5 from [7]
implies that there exists an open neighbourhood U of z such that the subset
P = U,cz %™ (U) of the Riemannian manifold (B, gp) is conformally equivalent
to either the standard sphere S? or the Euclidean space E4.
Case 1. Let B = S9. By Lemma 4, (%, %4/) is an 9M-complete conformal folia-
tion. This implies that % is a closed subset of M. Therefore as M is connected,
% = M. This shows that (M,.#) is an M-complete foliation covered by the bundle
ri M — S
Case 2. Let B = E? and % = M. Again by analogy with Lemma 4 we obtain
that (M,.%) is an M-complete (Sim E?, E?)-foliation, that is, (M,.%) is a complete
transversally similar foliation.
Case 3. Suppose that B =E? and % # M. Let x € U; N L, where U; is a neigh-
bourhood from the N-cocycle {Uj, fi,{7i;j}}i jes representing the foliation, and
v = fi(z). We can assume that U; C %. Since (%, F%) is a (Conf(5?),57)-
foliation, its holonomy pseudogroup 7 is complete. Therefore for an essential
local conformal transformation v € 2 at the point v there is an open neighbour-
hood V' C f;(U;) such that 4" is defined on V for any integer n. By the same
arguments as in the proof of Lemma 5 from [7], the subset P = (J,, 7" (V) of
a Riemannian manifold N is conformally equivalent to either the standard sphere
S? or the Euclidean space E?. In the first case we have B = S9, a contradiction.
So P 2 K1 = S7\{a}. Since the conformal foliation (M, .%) is M-complete, every
two leaves of this foliation can be connected by an 9M-curve. We have M \ % # @,
so there is an M-curve o: [0,1] — M such that

o([0,e)) CU; C %, x = o(0), y=o(e) e M\ %.

We can assume that U; is a distinguished neighbourhood and ¢(0,¢) C U; N Uj,
where y € Uj.
Since U; N U; # o, there is a local conformal diffeomorphism

Yij: V=V V= fUinUy), V"= fi(UinUy),

such that f; = v;; 0 f; on U; NU;. Let S¢), and Sf, be two copies of the stan-
dard sphere. Since (%, %% ) is a (Conf(S?),S?)-foliation, there exist conformal
embeddings d(1y: V' — Sgl), d): V"' — Sé) and a conformal diffeomorphism
I: SEII) — Sé) such that

6(2) ¢] ’YZ] = F [¢] 5(1).
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We let N, denote the connected component of a manifold N that contains v.
Since U; is a distinguished neighbourhood, there exists a connected neighbourhood
Uy, such that U; is subordinated to U,,, that is, U; C U,,. Hence f,,(y) € N,.
The definition of % and the inclusion U; C % imply that f,,(y) =a and ~,,;(a) =7,
where v = f;(y). This shows that P Ua = S? is a compact g-dimensional sub-
manifold of N, thus PUa 2 59 is a closed submanifold of N. As the dimensions
are equal, the union P U a is open in N. So we obtain N, = 59.

Here %' = % U L(y) is an open saturated subset of M, and (%', F#) is
a conformal foliation with Ehresmann connection covered by a locally trivial bundle
r: %' — S9. This shows that the foliation (%', Fa ) corresponds to Case 1.
Consequently, M = %' and the foliation (M, .%#) is covered by the bundle M — 5.

By the above, the foliation (M, .%) is covered by the bundle M — E¢ if and only
if we are in Case 2, i.e., (M, .%) is a transversally similar foliation.

8§ 6. Proofs of Theorems 4—6

6.1. Proof of Theorem 4. Assume that assertion (i) is fulfilled and 90 is an
Ehresmann connection for (M,.#). By Lemma 6, (M,.%) is a complete conformal
foliation, that is, (i) = (ii).

Conversely, let (M, .Z) be a complete conformal foliation of codimension ¢ > 3.
This means that there exists a g-dimensional transversal distribution 9t on M,
such that (M,.%) is an M-complete Cartan foliation. By Proposition 3, which we
proved in [3], 9 is an Ehresmann connection for the foliation (M, .%#). This proves
that (ii)) = (i).

6.2. A global attractor of the global holonomy group. Let ¥ be a group
of homeomorphisms of a topological space B. A nonempty closed invariant subset
M C B is called an attractor of the group W if there exists an open invariant subset
W C B, such that the closure of orbit CI(V¥ - z) of any point z € W contains ..
An attractor W of the group ¥ is global if W = B.

We recall that a minimal set of a group of homeomorphisms ¥ of a topological
space B is a nonempty closed invariant subset .# of B containing no proper subset
with this property. A finite minimal set is called trivial.

Note that the limit set A(¥) of an arbitrary subgroup ¥ of the group Conf(S5)
coincides with intersection of closures of all non-one-point orbits of this group, that
is, A() = N CUY - z), where z € S? and U - z # z. If the limit set A(V) is finite,
then either it is empty or it consists of one or two points. In this case the group ¥
is called elementary.

Proposition 6. Let ¥ be a countable essential subgroup of the group Conf(S7).
Then the group ¥ has a global attractor that is either one or two fixed points, or
a nontrivial minimal set, which coincides with the limit set A(V) of the group V.

Proof. Using Zorn’s Lemma, it is not hard to show that any group of homeomor-
phisms of a compact manifold has a minimal set.

Assume that the group ¥ has a fixed point a. Then # = {a} is a minimal set
of W. Since ¥, = ¥ is an essential group, the proof of Lemma 6 implies that either
a is a unique fixed point of the group W, or there exists one more fixed point b, and
A(T) = {a} or A(¥) = {a, b}, respectively.
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Suppose now that the group ¥ has no fixed point. By assumption, there exists
a transformation v € ¥ which is essential at some point v € S9. We have shown in
the proof of Lemma 6 that there exists a neighbourhood V' of v such that the set
P =, cz7" (V) coincides with either the standard sphere S¢ or S?\ {a}, where
a € S1. Moreover, the neighbourhood V has the following property: the closure
CL(¥-2) of the orbit ¥-z of any point z € V contains v. Consequently, this property
holds for all z € P. Since the group ¥ has no fixed point, if P = 59\ a, then the
orbit W - @ contains a point of P. This yields the inclusion

Uy CCUT-2) Vze S9.

The orbit ¥-v may consist of two points v and a. Then ¥-v is a trivial minimal set,
which is a global attractor. Otherwise, .# = Cl(¥ - v) is a nontrivial minimal set,
which is a global attractor, and .# = A(¥). Since v is an arbitrary point with an
essential isotropy group, the statement is proved.

Remark 3. The case A(¥) = S? is not excluded from Proposition 6.

6.3. Proof of Theorem 5. If (M,.%) is a complete Riemannian foliation, then
(see, for example, [3], Corollary 8) the closure of every leaf is a minimal set, so that
1) holds.

If (M,.%) is a complete transversally similar foliation, then 2) follows from the
results in our article [3].

Now assume that (M, ) is a complete conformal foliation that is not transver-
sally similar. Theorem 4, Lemma 6 and Theorem 2 imply thg‘g there exists a regular
covering map f: M — M such that _the induced foliation # = f*.7 is formed by
fibres of a locally trivial bundle r: M — S9. Moreover, there is an isomorphism
p: ®(f) — ¥ from the group of covering transformations ®(f) to the global holo-
nomy group ¥ C Conf(S?) of the foliation (M,.%#). Here ¥ is an essential group of
conformal transformations.

1. Assume that the group ¥ is elementary. Then part (i) in 3) follows from
Proposition 6.

2. If the group V¥ is nonelementary, then Proposition 6 implies that the foliation
(M, Z) has a global attractor .# := f(r=!(A(¥))), which is a nontrivial minimal set
of this foliation. Moreover, .# is the closure of any leaf L with essential holonomy
group, as in case 2). So part (ii) in 3) is proved.

In cases 2) and 3), My := M \ f(r~1(A(¥))) is an open submanifold of M
that contains no leaf with essential holonomy group. By Theorem 3, (My, %) is
a Riemannian foliation with Ehresmann connection 9s,. Theorem 1 implies that
the closures of leaves of the Riemannian foliation (My, %)) form a Riemannian
foliation with singularities (Mo, %o). Thus the closure £ in My of any leaf L from
M, is an embedded submanifold of My and M. We conclude that the closure L
in M of any leaf L from M, satisfies L = £U .Z.

6.4. Proof of Theorem 6. It is known (see [12]) that a minimal set of any
foliation is either a closed leaf or the closure of a non-proper leaf. Hence if a proper
foliation has a minimal set .#, then .# is a closed leaf. Thus 1) and 2) follow
from parts 1) and 2) of Theorem 5. Now assume that (M, .%) is not a transversally
similar foliation. The foliation (M, %) is proper, so its global holonomy group WV is
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a discrete subgroup of the group Conf(5%). Thus ¥ is an elementary Kleinian group
and we have case 3), (i) of Theorem 5. Consequently, the union My of nonclosed
leaves is a connected, open, everywhere dense subset of M. Moreover, (Mg, #pr,)
is a Riemannian foliation, where all leaves are closed. Since 9y, is an Ehresmann
connection for this foliation, Theorem 1 implies that the space of leaves My/ %y, is
a smooth connected g-dimensional orbifold. So L, the closure in M of an arbitrary
leaf L, in My, equals L, U.Z. A similar statement holds for a transversally similar
foliation.

§ 7. Suspension foliations and their applications

7.1. Suspension foliations. Haefliger introduced the construction of suspension
foliations. Let B and T be smooth connected manifolds, and p: 71 (B,b) — Diff(T)
be a group homomorphism. Let G := 71 (B,b) and ¥ := p(G). Consider a universal

covering map p: B — B. Define a right action of the group G on the product of
manifolds B x T as

©:BxTxG—BxT: (x,t,9)— (z-g, pg” ")),

where B — B:x — - g is a covering transformation of the covering p induced by
an element g € G, which acts on B on the right.

The map p: M: = (BxT)/G — B = B/G is a locally trivial bundle over B

with standard fibre T. It is associated with the principal bundle p: B — B with
structure group G. Let O, := ®|§X{t}x{g}. Since

QB x {t}) =B xplg™")(t) VteT,
the action of the discrete group G preserves the trivial foliation
F:={Bx{t}|teT}
on the product B x T. Therefore the quotient map
fo: BXT — (BxT)/G=M

induces a smooth foliation % on M whose leaves are transversal to fibres of the
bundle p: M — B. The pair (M, %) is called a suspension foliation and is denoted
by Sus(T, B, p). The group of diffeomorphisms ¥ := p(G) of the manifold T is said
to be the global holonomy group of the suspension foliation (M,.7).

7.2. Proof of Theorem 7. Let ¥ be an arbitrary essential subgroup of the
conformal group Conf(S?), ¢ > 3, with a finite family of generators {¢1,...,¥m}.
We let S, denote a two-dimensional sphere with m handles. The fundamental

group of S, equals (a;, b, i = 1,...,m | aibiay byt - ambma; b l). We set
B = S2%, T := S% and define a group homomorphism p: 71 (B,b) — Conf(59),
which is given on generators by p(a;) := ¢;, i = 1,...,m, where p(b;) := Idgz is

the unit of the group W. Then the suspension foliation (M,.%) := Sus(S9,S2,, p)
is a two-dimensional non-Riemannian conformal foliation of codimension ¢ > 3.
It is covered by the trivial bundle R? x S — S9 and has the global holonomy



Global attractors of complete conformal foliations 403

group ¥. By a property of a suspension foliation, the (¢ 4+ 2)-manifold M is the
total space of a locally trivial bundle with standard fibre S over the base S2,. Since
S% and S?, are compact, M is compact as well.

Now suppose that ¥ C Conf(S7) has a countable family of generators {1); | i € N}.
Let B := R?\ A be the plane with the discrete subset A = {(i,0) € R? | i € N}
removed, and let b = (1,1) € B. Then G = m1(B,b) = (g;,i € N) is a free group
with a countable family of generators. The conditions ps(g;) := %;, where i € N,
define a group homomorphism po.: 71(B,b) — Conf(S?). The suspension foliation
(M, %) :=Sus(59, B, po) is a conformal foliation of codimension ¢ > 3 with global
holonomy group W.

Note that (M,.%) is a Riemannian foliation if and only if ¥ is an inessential
group of conformal transformations of the sphere S9. It is known that there exists
a Riemannian metric on S9, which is conformally equivalent to the canonical metric
and such that ¥ is a group of isometries. Since S7 is compact, this Riemannian
metric is complete. Consequently, the suspension foliation (M, .%) is also complete.

If ¥ is an essential group of conformal transformations of the sphere S9, then
(M, F) is a non-Riemannian conformal foliation, which admits an Ehresmann con-
nection formed by tangent spaces to a transversal bundle p: M — B. By Theo-
rem 4, the conformal foliation (M, .%) is complete.

7.3. Exceptional and exotic minimal sets of diffeomorphism groups. Let
% be a minimal set of a diffeomorphism group ¥ of a manifold B. The minimal
set £ with empty interior is called exceptional if J£ is the Cantor set, and exotic
if 2 is not a totally disconnected topological subspace of B.

Corollary 3 follows from the equality .# = f(r~1(A(¥))) in Theorem 5.

Let By be a smooth closed 3-manifold homeomorphic to the connected sum
#k_S' x 82 of k copies of the product S* x S2. Then 71 (B, b) = (g1, ..., k) is
a free group of rank k.

Ezample 2. Assume that we have a finite collection of disjoint closed balls %, ...,
B, B, .., B, on the sphere S? and a conformal transformation ¢; € Conf(S57),
such that 9;(int(%;")) = ext(%; ). We suppose that for any %; and %; there
exists a diffeomorphism of the sphere S? sending these balls to round balls. The
group ¥ with generators 1, ...,v is called a Schottky group. It is known (see
[19], for example) that the Schottky group V¥ is a free group of rank k, that is,
U = (31,...,1), and it has a minimal set A(¥) homeomorphic to the Cantor
subset of the segment [0, 1]. Consequently, the topological dimension of A(¥) equals
Z€ero.

Now we consider a group isomorphism py, : 7 (By, b) — ¥ defined by pi(g;) = s,
i =1,...,k. The suspension foliation (M}, %) := Sus(S?, By, px) is a complete
conformal foliation with global holonomy group W. By Corollary 3, the foliation
(My, F) has a global attractor, which is an exceptional minimal set.

Example 3. First we recall the definition of a Menger curve. Let S = I x I be
the unit square. We divide it into nine squares of size 1/3 x 1/3 and remove the
open square (1/3,2/3) x (1/3,2/3) from S. We repeat this procedure with each
of the remaining eight squares and then proceed by induction. As a result, we
remove a countable family of open squares from S and obtain a compact subset .%
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called the Sierpinski carpet. Let @ = I x I x I be the unit cube, where each of its
faces Pj, j = 1,...,6, contains a copy .; of the Sierpinski carpet. Let p;: Q@ — P;
be the orthogonal projection. Then the set .#Z := ﬂp;l(%) is called the Menger
curve. The topological dimension of the Menger curve .# equals 1.

Bourdon proved (see [20]) that for any even positive integer k > 6 there exists
an isomorphism yj of the group

Ty = (54,5 € ZJKZ | 53, [54,8i41])

to some Kleinian subgroup ¥ C Conf(S*), whose limit set A(¥) is homeomorphic
to the Menger curve. Consequently, A(V¥) is an exotic minimal set of the group ¥
in S4.

Suppose that a group homomorphism py: m1 (B, b) — ¥ is given on generators
as pr(gi) := xk(si), i =1,..., k. Then we have a suspension foliation

(Mg, Fi) := Sus(S*, By, pr)

with global holonomy group W. Let fj: ]\//.Tk — M}, be a regular covering map that
satisfies the conditions of Theorem 2. Then the foliation (M}, #}) is covered by the
bundle ry: My, — S* By Corollary 3, .4 = fe(r ' (A(1))) is a global attractor
of the foliation (M}, %)), which is an exotic minimal set.

Remark 4. Let (My,.Z%) be the foliation of codimension ¢ constructed in Exam-
ples 2 or 3. Here ¢ > 2 for the foliation (Mjy,.%;) in Example 2 and ¢ = 4 for
(Mg, Z1) in Example 3. If f: ]\/Zk — M}, is a regular covering map satisfying the
conditions of Theorem 2, then the induced foliation % = f; %, is formed by fibres
of a locally trivial bundle ry: M, r — S9. Moreover, as we indicated above, My, is the
quotient space My /G, where G = 71(By,b) is a free group of rank k. The group ¥
acts properly discontinuously on the open everywhere dense subset S?\ A(¥) in S9,
so MY = fr(r;,'(S7\ A(¥))) is an open saturated everywhere dense subset in the
compact manifold My, and the induced foliation (MY, .7 mo) is Riemannian. The
space of its leaves is a smooth g-dimensional orbifold (S \ A(¥))/®.
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