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Abstract. For slow–fast Hamiltonian systems with one fast degree of freedom, we describe
the construction of the complete adiabatic invariant and the complete adiabatic term at
once in all asymptotic orders by using the small parameter “dynamics” and parallel transla-
tions in the phase space.
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1. INTRODUCTION

In the well-developed and widely known asymptotic analysis of slow–fast Hamiltonian systems
(see, e.g., [1–9]), there are still interesting open questions. In this paper, we deal with some of
these questions in the simplest case of 2-dimensional fast fibers with nondegenerate elliptic-type
dynamics along them.

The first question: Is it possible to separate slow and fast dynamics in all asymptotical orders at
once (not by successive recomputations in each order anew)?

The second question: Is it possible to make such a separation geometrically, i.e., by a transfor-
mation of the phase space (without using any type of operation other than a change of variables)?

Following the procedure from [10], we obtain positive answer to the first question by considering
the small slow–fast asymptotic parameter as a “time” variable and by computing the dynamics in
this “time” starting from the “initial data,” where the slow evolution is just absent.

Such a parameter “dynamics” automatically generates the all-order expansions for the asymp-
totic integrals of motion (for the complete adiabatic invariant and for the complete adiabatic term).
These objects are computed by a geometric transformation from the values at the freezed slow space
point.

In addition to this first transformation, it is possible to introduce a second one, close to the iden-
tity, pulling the obtained complete adiabatic term back to the zero-order term by changing the ac-
tion variable. The composition of these two transformations provides the positive answer to the
second question above.

After applying the composed phase space transformation, we obtain the new fast and slow vari-
ables in all asymptotic orders at once. In the new slow variables, the Hamiltonian time-dynamics
does not depend on the fast dynamics. The corresponding slow trajectories present the guiding
center lines around which the “slow” part of the original Hamiltonian trajectories is gyrating.
At the first asymptotic order, the gyration is determined by a connection with a Berry-type cur-
vature. The knowledge of the guiding dynamics also allows one to compute the dynamics along
the fast fibers, in particular, to determine the Hannay-type angle, in all asymptotic orders at once.
This part of our program will be realized in the next paper.

2. INTEGRABILITY VIA FREEZING SLOW VARIABLES AT A FIXED POINT

Let us consider the Hamiltonian H = H(y; x) depending on two independent groups of variables:
y ∈ F ⊂ R2N , x ∈ D ⊂ R2n, (2.1)

with Poisson brackets of two types
{yα, yβ}0 = J αβ , {xj , xk} = εJjk, (2.2)
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Here J and J are skew symmetric matrices of the form
(

0 −I
I 0

)
but of different dimension

2N or 2n.
The parameter ε in (2.2) is assumed to be small ε → 0; thus the coordinates xj can be referred

to as “slow” ones, and the coordinates yα are “fast.”
The problem is to analyze the Hamiltonian system generated by H on the phase space F × D

with the direct sum of Poisson structures
{· , ·}ε

def= {· , ·}+ ε{· , ·}. (2.3)
Below we deal only with case N = 1 for simplicity. A more general situation can be considered

as well, following [7, 10].
Assume that the Hamiltonian H ∈ C∞(F ×D) is real and, for any fixed x, the energy levels of

H(·;x) are connected closed nondegenerate curves in F . Then the integrals
1
4π

∮
yJ dy

def= S0

along these energy levels determine the family of action functions S0(·;x) smoothly depending on
x ∈ D. The Hamiltonian is represented via the actions as follows:

H(y, x) = f0(S0(y, x); x), y ∈ F , x ∈ D. (2.4)
Here f0 = f0(s; x) is a smooth function on A × D, where A is an interval in R. We refer to this
function as to the zero adiabatic term.

The Hamiltonian (2.4) is not integrable with respect to brackets (2.3) (except the case ε = 0).
The obstruction to integrability is, of course, the dependence of the action S0(y;x) on x-variables.

Let us try to “freeze” this x-dependence in the action. We choose any fixed point x ∈ F , and
construct a freezing transformation g0 on F ×D in such a way that

g0 is canonical along fast fiber with brackets {· , ·}0, (2.5)

S0 = g∗0S0, where S0(y) def= S0(y;x) is x-independent, (2.6)

g∗0xj = xj ∀j. (2.7)

Then we extend g0 by an ε-jet1of transformations gε in such a way that
gε is canonical with respect to {· , ·}ε, (2.8)

H = fε(Sε,Xε), (2.9)
where

Sε
def= g∗εS0, X j

ε
def= g∗εxj (j = 1, . . . , 2n) (2.10)

and fε is an ε-jet extending f0.
It follows from (2.7) that

X j
0 (y;x) = xj (j = 1, . . . , 2n). (2.11)

Since S0 and xj are in involution with respect to brackets (2.3) (because of freezing x-dependence
in S0), we have the same property for Sε and X j

ε , i.e., {Sε,X j
ε }ε = 0. Thus,

{H,Sε}ε = 0, {X j
ε ,X k

ε }ε = εJjk. (2.12)
This means that Sε is the integral of motion for the Hamiltonian system up to O(ε∞). We call

Sε the complete adiabatic invariant. It follows from (2.10) that Sε is the action in the fast variables
Yα

ε
def= g∗εyα, since

Sε = S0(Yε, x). (2.13)
Moreover, equations (2.9) and (2.12) mean that fε is the complete adiabatic term in the canonical

slow variables X j
ε .

Now we describe how to realize this approach by using parallel translations in the phase space
and ε-dynamics.
1Formal power series in ε with smooth coefficients over the phase space F × D will be referred to as ε-jets. All
equations below are generally considered in the sense of ε-jets. If these ε-jets happen to be smooth functions in ε
near zero, then this means that we are in the integrable situation, see (2.12) below. Of course, this can happen but
it is not in a generic case.
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3. CONSTRUCTION OF THE FREEZING TRANSFORMATION

The freezing transform (2.5)–(2.7) is constructed as
g0 : (y; x) → (Y0(y;x); x), (3.1)

where Y0(·; x) is a canonical map with respect to {· , ·}0 for each given x. One can construct Y0 as
the solution of the “evolution” equations

DjYα
0 + {A0j ,Yα

0 }0 = 0, j = 1, . . . , 2n. (3.2)

Here we denote Dj = ∂/∂xj , the slow coordinates xj play the role of “time,” and A0j play the role
of “Hamiltonians.”

The Hamiltonian form of (3.2) guarantees that Y0(·; x) is the canonical map along fast fibers.
The property (2.6) follows from (3.2) and from the “initial data”

Y0

∣∣
x=x

= id (3.3)

if the “Hamiltonians” A0j obey the equations
DjS0 = {S0,A0j}0, j = 1, . . . , 2n. (3.4)

Note that the solvability condition for system (3.2) or for system (3.4) is the zero-curvature
condition for the connection 1-form A0 =

∑A0j dxj , namely,
DjA0k −DkA0j + {A0j ,A0k} = 0, j, k = 1, . . . , 2n. (3.5)

Thus, to construct the freezing map g0, one needs the solution of (3.4), (3.5). This solution can
be obtained as the sum

A0 = Ã0 + a0(S0;x). (3.6)

The first summand Ã0 obeys (3.4) and has zero average with respect to the S0-flow. The second
summand a0 in (3.6) is chosen to cancel the curvature generated by Ã0.

The precise formula for Ã0 is the following one:

Ã0(y;x) =
1
2π

∫ 2π

0

DS0(Y τ (y; x); x)(τ − π) dτ, (3.7)

where Y τ (·; x) is the flow of the action S0(·;x) on the fast fiber.
The connection Ã0 has the curvature

C̃0jk
def= DjÃ0k −DkÃ0j + {Ã0j , Ã0k}0. (3.8)

It follows from DS0 = {S0, Ã0} that this curvature is in involution with the action S0, and thus, it
can be represented as a function in the action

C̃0jk = c̃0jk(S0;x). (3.9)

The Bianchi identities for the curvature implies that the 2-form 1
2

∑
c̃0jkdxj ∧ dxk is closed.

Therefore, to satisfy (3.5), one can choose the 1-form
∑

a0jdxj to be the primitive, i.e.,
Dja0k −Dka0j = −c̃0jk (3.10)

(of course, assuming that the domain D is 2-connected).
Thus the final algorithm is the following one:
– to construct the connection (3.7),
– to calculate the curvature (3.8) and find c̃0 by (3.9),
– to choose the primitive a0 from (3.10),
– to determine the zero-curvature connection (3.6),
– to solve the parallel translation equation (3.2) with the condition (3.3),
– to define the freezing transform g0 by (3.1).
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4. ε-DYNAMICAL SYSTEM FOR THE CANONICAL
TRANSFORMATION Gε

Now we describe the algorithm for the derivation of the jet gε extending the freezing map g0.
First of all, we analyze the condition on gε to be canonical with respect to the brackets (2.3).

We shall use the notation z = (y, x) for points from the total phase space F × D. The Poisson
structure (2.3) on this space is given (in Darboux coordinates) by the matrix

Ψε =
(
J 0
0 εJ

)
, (4.1)

i.e., {L,M}ε = dL ·Ψε · dM , where d
def= (∂, D), ∂ = ∂/∂y, D = ∂/∂x.

The transformation
gε : z → Zε(z), Zε = (Yε,Xε), (4.2)

of the phase space can be described by a differential equation in the parameter ε.

Theorem 4.1. Let the map (4.2) be determined by the following ε-dynamical system:
∂

∂ε
Zε = ΨεdBε(Zε) + vε(Zε). (4.3)

Here Bε is a scalar ε-jet over the phase space F ×D, and vε is determined by

vε
def=

(
0

JAε

)
− 1

2

∑

j,k

AεjJ
jkΨε dAεk, (4.4)

where Aε is a 1-form ε-jet obeying the ε-dynamical equation
∂

∂ε
Aε = DBε − {Aε,Bε}ε +

1
2

∑

j,k

AεjJ
jkDkAε, (4.5)

and the zero-curvature condition
DjAεk −DkAεj − {Aεj ,Aεk}ε = 0, j, k = 1, . . . , 2n. (4.6)

Then (4.2) is canonical, i.e., it preserves the brackets (2.3).
Moreover, the map (4.2) satisfies the relation

D ◦ g∗ε = g∗ε ◦
(
D − adε(Aε)

)
, (4.7)

where adε is defined by the brackets operation:

{L,M}ε
def= adε(L)M.

Remark 4.1. Of course, the zero-curvature condition (4.6) is equivalent to the commutativity
of components of the vector-operator D − adε(Aε) in (4.7).

It easily follows from (4.5) that (4.6) holds at ε if it holds at ε = 0.
Relation (4.7) at ε = 0 reads

D ◦ g∗0 = g∗0 ◦
(
D − ad0(A0)

)
. (4.8)

If g0 has the form (3.1), then (4.8) is equivalent to
DY0 = J ∂A0(Y0). (4.9)

Thus we need to define A0 by the condition
A0 = g∗0A0 or A0(y; x) = A0(Y0(y;x); x). (4.10)

In this case, relation (4.9) coincides with (3.2) and g0 coincides with the freezing map from Section 3.
The zero-curvature condition (4.6) for A0 at ε = 0 then follows from the zero-curvature condi-

tion (3.5).
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5. DERIVING AND SOLVING HOMOLOGICAL EQUATION

Note that we still do not know Bε in order to determine g∗ε from (4.3), and we also do not know
how to compute the complete adiabatic term fε in (2.9). All this is extracted from condition (2.9),
as we shall explain now.

Equation (4.3) for g∗ε can be rewritten as the operator permutation relation
∂

∂ε
◦ g∗ε = g∗ε ◦

(
∂

∂ε
− adε(Bε) + vε · d

)
. (5.1)

Condition (2.9) reads

H = g∗εHε, Hε(y; x) def= fε(S0(y); x). (5.2)
Then by applying (5.1) to Hε and by using the obvious identity ∂H/∂ε = 0, one obtains

0 = ∂Hε/∂ε− {Bε,Hε}ε + vε · dHε.

Taking into account the structure of the Poisson brackets (2.3), we rewrite this equation as follows:
{Hε,Bε}0 = Kε − ∂Hε/∂ε, (5.3)

where
Kε

def= −vε · dHε + ε{Bε,Hε}. (5.4)

Note that ad0(Hε) = ωε · ad0(Sε), where

ωε(y; x) def=
∂fε

∂s
(S0(y); x). (5.5)

The vector field ad0(S0) on the fast fiber over the fixed point x has 2π-periodic trajectories Y τ .
Thus the solvability condition for the homological equation (5.3) is

∂Hε/∂ε = 〈Kε〉, (5.6)
where 〈. . . 〉 is the averaging operation along the fast fiber over x:

〈M〉(y, x) def=
1
2π

∫ 2π

0

M(Y τ (y); x) dτ. (5.7)

If (5.6) holds, then (5.3) can be resolved as

Bε =
1
ωε
K#

ε , (5.8)

where the # operation is defined as in (3.7)

M#(y;x) def=
1
2π

∫ 2π

0

M(Y τ (y); x)(τ − π) dτ. (5.9)

Note that the function (5.8) has the zero average value: 〈Bε〉 = 0, and therefore, equation (5.6)
reads

∂

∂ε
Hε + 〈vε · dHε〉 = 0. (5.10)

This ε-dynamical equation is supplemented with the “initial data”
H0(y; x) = f0(S0(y); x). (5.11)

Equation (5.8) can be rewritten using (5.4) as follows:

Bε =
ε

ωε
{B#

ε ,Hε} −
1
ωε

(vε · dHε)
#. (5.12)

Condition (5.11) generated the “initial” data for Bε from (5.12),

B0 =
1
ω0

∑

j,k

(A0jJ
jk(Dk − 1

2
ad0(A0k))H0

)#
. (5.13)

Equation (5.12) together with (5.13) can be regarded as an evolution system in the ε-variable,
since it allows us to compute Bε at each next order in ε from knowing it at previous orders.

Thus by solving (5.10)–(5.11) and (5.12)–(5.13), we reconstruct Bε in (4.3) (and so, gε) together
with Hε (and so, fε) in (5.2), (2.9), (2.10). This finishes the construction of the complete adiabatic
invariant and the complete adiabatic term described in Section 2.
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6. CONCLUSION

Let us summarize our final algorithm. In order to compute in all ε-orders the complete adiabatic
term fε, we consider the ε-dynamical system consisting of three evolution equations and their
“initial” data:

— (4.5) for Aε, (4.10) for A0,

— (5.12) for Bε, (5.13) for B0,

— (5.10) for Hε or fε, (5.11) for H0.

In order to compute the formal integral of motion (the complete adiabatic invariant) Sε in all
ε-orders, we consider the evolution equation and the “initial data”

— (4.3) for Zε = (Yε;Xε), (2.11) for X0, (3.2), (3.3) for Y0

and then use formula (2.13) for Sε.
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