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1 Introduction

We consider the moving particle process in B¢ which is defined in the following way. There
are two independent sequences (7)) and (gx) of random variables.

The variables T} are non negative and Vk T}, < T}y, while variables ¢, form an i.i.d
sequence with common distribution concentrated on the unit sphere S9!

The values ¢}, are interpreted as the directions, and T}, as the moments of change of directions.

A particle starts from zero and moves in the direction €; up to the moment 77. It then
changes direction to €5 and moves on within the time interval T, — T}, etc. The speed is
constant at all sites. The position of the particle at time ¢ is denoted by X ().

Study of the processes of this type has a long history. The first work dates back probably to
Pearson and continued by Kluyer (1906) and Rayleigh (1919). Mandelbrot (1982) considered
the case where the increments 7, — T},_; form i.i.d. sequence with the common law having a
heavy tail. He also introduced the term ”Levy flights” later changed to ”Random flights”.

To date, a large number of works were accumulated, devoted to the study of such processes,
we mention here only articles by Kolesnik (2009), Orsingher and De Gregorio (2012, 2015) and
Orsingher and Garra (2014) which contain an extensive bibliography and where for different
assumptions on (7}) and (gx) the exact formulas for the distribution of X () were derived.

Our goals are different.

Firstly, we are interested in the global behavior of the process X = {X (t), t € R, }, namely,
we are looking for conditions under which the processes {Yr, T" > 0},

Yr(t) = ! X(T), telo,1
T()_B(T) ( )? G[, ]a
weakly converges in C[0,1]: Yr =Y, By — o0, T — oc.

From now on we suppose that the points (7}), T < Tk41, form a Poisson point process in
R, denoted by T.

It is clear that in the homogeneous case the process X () is a conventional random walk
because the spacings T}, — T} are independent, and then the limit process is Brownian motion.

*For the second author the article was prepared within the framework of a subsidy granted to the HSE by
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In the non homogeneous case the situation is more complicated as these spacings are not
independent. Nevertheless it was possible to distinguish three modes that determine different
types of limiting processes.

For a more precise description of the results it is convenient to assume that T, = f(T';),
where IT = (T'}) is a standard homogeneous Poisson point process on R, with intensity 1. In
this case

(Th) £ (M +v2+ -+ )

where () are i.i.d standard exponential random variables.
If the function f has power growth,

ft) =t a>1,

the behavior of the process is analogous to the uniform case and then in the limit we obtain a
Gaussian process which is a linearly transformed Brownian motion

Y@ziKmWWQ

where W is a process of Brownian motion, for which the covariance matrix of W (1) coincides
with the covariance matrix of €; and K, (s) is a nonrandom kernel, its exact expression is given
below.

In the case of exponential growth,

ft)y=¢’ p>o,

the limiting process is piecewise linear with an infinite number of units, but Ve > 0 the number
of units in the interval [e, 1] will be a.s. finite.

Finally, with the super exponential growth of f, the process degenerates: its trajectories are
linear functions:

Law

Y(t)=¢€t, t€[0,1], ¢ = &;.

In the second part of the paper the process X (t) is considered as a Markov chain. We
construct diffusion approximations for this process and investigate their accuracy. To prove the
weak convergence we use the approach of Stroock and Varadhan (1979). Under our assumptions
the diffusion coefficients a and b have the property that for each x € R? the martingale problem
for a and b has exactly one solution P, starting from z (that is well posed). It remains to check
the conditions from Stroock and Varadhan (1979) which imply the weak convergence of our
sequence of Markov chains to this unique solution P, . We consider also more general model
which may be called as "random walk over ellipsoids in B¢ ”. For this model we establish
the convergence of transition densities and obtain Edgeworth type expansion up to the order
n~3/2, where n is a number of switching. The main tool in this part is the paramertix method
(Konakov (2012), Konakov and Mammen (2009)).

2 Random flights in Poissonian environment

The reader is reminded that we suppose Ty = f(I'x), where (I'y) is a standard homogeneous
Poisson point process on R, . Assume also that EFe; = 0.



It is more convenient to consider at first the behavior of processes

Zn(t) = Yr,(1),

as for T' = T,, the paths of Z, have an integer number of full segments on the interval [0,1].
The typical path of {Z,(t),t € [0,1]} is a continuous broken line with vertices
{(tage, 2£), k=0,1,...,n}, where t,, = 2, Ty =0, B, = B(T,,), Sy = >y ei(T; — Ti-1).

n

Theorem 1. Under previous assumptions

200—1

1) If the function f has power growth: f(t) =t* a > 1/2, we take B(T) =T 2 .
Then Z, =Y, where Y is a Gaussian process

Y(t) = \/%/ts“z—?dvv(s),

and W is a process of Brownian motion, for which the covariance matriz of W (1) coincides
with the covariance matrix of €;.

2) If the function f has exponential growth: f(t) =e'®, B> 0, we take B(T) =T.

Then Z, =Y, where Y is a continuous piecewise linear process with the vertices at the
points (tg, Y (tx)),
t, = 6_’8ka1, FO = O,

Y(te) =) en(e?—e ) Y(0) =0.
i=k

3) In super exponential case, suppose that f is increasing absolutely continuous and such that

lim ')
R0

= 400
We take B(T) =T.

Then %’;1 — 0 in probability, and Z,, =Y, where the limiting process Y degenerates:

Y(t)=eit, telol].

Remark 1. In the case of power growth the limiting process admits the following representation:

r 2
=
200 — 1

WS,

where, as before, W is a Brownian motion, for which the covariance matriz of W (1) coincides
with the covariance matrix of €.
It 1s clear that we can also express Y in another way :

c 2

1 a—1
K2 t o
«Q 20é_1 Zw( )7

Y (t)

where w is a standard Browniam motion and K is the covariance matrix of 1.



Remark 2. In the case of exponential growth it is possible to describe the limiting process Y
in the following way:
We take a p.p.p. T = (tg), tp, = e PUs=1, defined on (0, 1], and define a step process
{£(t), t € (0,1]},
Z(t) =¢er for t € (th,tr)-

Then

3 Diffusion approximation

In this section firstly we consider a model of random flight which is equivalent to the study
of random broken lines {X,(t), ¢ € [0,1]} with the vertices (£, X, (%)), and such that (h = 1)

n’ n

X, ((k + 1)h) = X, (kh) + hb(X,(kh)) + Vh&e(X (kR)),

Xa(0) = 20, &(Xu(kR)) = pro(X,(kh) e, (1)

where {e;} and {p,} are two independent sequences and

{e}} are ii.d. r. v. uniformly distributed on the unit sphere S¢1,

{px} are i.i.d. r. v. having a density, py > 0, Ep; = d,

b: RY — R? is a bounded measurable function and ¢ : R? — R? x R? is a bounded
measurable matrix function.

Theorem 2. Let X = {X(t), t € [0,1]} be a solution of stochastic equation

t t
X(t) :xo+/ b(X(s))ds—i—/ (X (s))dw(s).
0 0
Suppose that b and o are continuous functions satisfying Lipschitz condition
[b(t) = b(s)| + |o(t) = o(s)| < K[t — 5.

Moreover it is supposed that b(x) and m are bounded.
Then,

X, = X in C0,1].

Our next result is about approximation of transition density. We consider now more general
models given by a triplet (b(x),o(x), f(r;0)), = € R4, r >0, § € Rt, where b(x) is a vector
field, o(x) is a d x d matrix, a(z) := ool (z) > 61, 6 > 0, and f(r;6) is a radial density
depending on a parameter 6 controlling the frequency of changes of directions, namely, the
frequency increases when 6 decreases. Suppose X(0) = zo. The vector b(zg) acts shifting
a particle from zy to zo + A(0)b(xg), where A(0) = c40% ¢4 > 0. Several examples of such
functions A() for different models will be given below. Define

= ’["2}’

S (r) =1y |y —z0 — AO)b(xo)|* = r?}.

‘ 2

Euo(r) i=A{x: }a_lm(aso)(x —x9 — A(0)b(z0))



The initial direction is defined by a random variable &,, the law of &, is a pushforward of
the spherical measure on S (1) under affine change of variables

z — 9 — AB)b(20) = a?(0)(y — 20 — A(0)b(20)).
Then particle moves along the ray [, corresponding to the directional unit vector

_ o — w0 — A(0)b(x0)
€0 — z0 — A(0)b(x0)|’

and changes the direction in (7,7 4 dr) with probability

Eo -

det (a_1/2(x0)) - f(r ‘a_l/Q(xo)eo})dr. (2)

Let pg be a random variable independent on &, and distributed on [, with the radial density (2).
We consider the point x; = xo+ A(0)b(xg) + poco. Let (ex, pr) be independent copies of (g9, po).
Starting from x; we repeat the previous construction to obtain zy = z1 + A(0)b(z1) + pie1.
After n switching we get a point x,,

Ty = Tp—1 + AO)b(xp_1) + pn_16n_1.

To obtain the one-step characteristic function W, (t) we make use of formula (6) from Yadrenko
(1980):

\Ill(t) — Feiltpoco) _ /0 /g ( )€i<t,a1/2(:co)a1/2(:co)§>'ugzo(T) (dg)dcl)g(r) —
zo\T

=[] ey i o) -
0 Jsd )

a2 (d o0 J%(T }am(aso)t‘)
- <§)/0 (r\am(xo)t\)% f(r; O)dr, (3)

where J,(z) is the Bessel function and d®g(r) is the F' - measure of the layer between &,,(r)
and &,,(r + dr), F is the law of ppey. Now we make our main assumption about the radial
density:

(A1) The funciton f(r;#) is homogenious of degree —1, that is

FOT A = A"Lf(r;0), WA £ 0.

Denote by pe(n, x,y) the transition density after n switching in the RF-model described above.
To obtain the one step transition density ps(1,z,y) (we write (z,y) instead of (zg, ;1)) we use
the inverse Fourier transform, ([B) and (A1). After easy calculations we get

pe(L2.) = A-V2(6)q (y o AA(Q?W)) , )

where

25T (4) [ 0 Jas(p|a'?(z)7]) ]
42(2) = ———~ cos (T, z) 2 =) f(p;ca)dp| dr. (5)
J. b G
Consider two examples.



Example 1. We put A(f) = (d + 1)?6? and

o= i () o (-5

Using ([3]), formula 6.623 (2) on page 726 from Gradshtein and Ryzhik (1963), and the doubling
formula for the Gamma function we obtain

pe(Lz,y) = A42(0)q, (y —ro A””’(”) ,

A(0)
where

q (Z) _ (d+ 1)d/2 o /7d+l|a—1/2(z)z|‘
* 24 (=120 (L) |det a'/?(z))|

It is easy to check that

/zqu(z) =0, /zizjqz(z)dz = a;;(x).

Example 2. We put A(6) = 6?/2 and

£r:0) = Car () exp (—9—2) ,

where C; = (3(_0;1,31/2— if d is odd, and Cy = = 2 a7 if d is even. From (B]) and formula 6.631
(4) on page 731 of Gradshtein and Ryzhik (1963) we obtain

—x — A(0)b(x)

NG ),

pe(1,2,y) = A2(0), (Y

where
1

L,
%) = o it P (_§<“ (x)z’z>)'

It is easy to see that the transition density () corresponds to the one step transition density
in the following Markov chain model

X+1ae) = Xea@) + A (0) b(Xkaw) + VAO) n+1)a0),

where the conditional density (under Xy g) = x) of the innovations &x41)a () is equal to g, (+). If

we put 0 =0, = \/% , then A (6,) = % and we obtain a sequence of Markov chains defined on

an equidistant grid

) + %5’6217 Xo = Zo. (6)

Note that the triplet (b(x),o(z), f(r;0)), * € R, r >0, § € R*, of the Example 2 corresponds
to the classical Euler scheme for the d-dimensional SDE

1
Xi = Xp + —b(X
n n

3=
3=

dX (1) = b(X,)dt + o(X)dW (1), X(0) = zo. (7)



Let p(1,z,y) be transition density from 0 to 1 in the model (7). We make the following
assumptions

(A2) The function a(x) = ool () is uniformly elliptic.

(A3) The functions b(x) and o(x) and their derivatives up to the order six are continuous

and bounded uniformly in x. The 6-th derivative is globally Lipschitz.

Theorem 3. Under assumptions (A2), (A3) we have the following expansion: for any positive
integer S as n — 0o

1
sup (1 + |y — x\s) Ape(n @, y) = p(l,,y) = 5-p @ (L2 = L) p(1,z,y)| = O(n*?), (8)

x,yERI

where
L= 3 oI, + Y lal, 9

The operator L, in (§]) is the same operator as in (@) but with coefficients ”frozen” ay x.
Clearly, L = L, but, in general, L? # L2. The convolution type binary operation ® is defined
for functions f and g in the following way

(f®g)(tzy) = /0 ds » f(s,x,2)g(t — s, 2,y)dz.

Proof. It follows immediately from Theorem 1 of Konakov and Mammen (2009).

4 Proof of Th. 1

4.1 Asymptotic behaviour in case 3)

We have, taking B,, = B(T,,) =T, :

n—1

1 T Tn_
sup || Xn(8) ]| < Z B = . > 0 a.s.

T n—00
te [0, In1 k=1 n

n

At the same time,

Sn—l + 5n(Tn - Tn—l)
T

X, (1) = =en+o(1) = P,

Therefore the process X,, converges weakly to the process {Y' ()}, Y(t) = eit, t € [0, 1].
This process is in some sense degenerate. Hence this case is not very interesting.

4.2 Asymptotic behaviour in case 2)

Take B, = T,, and show that the limit process Y is not trivial. For simplicity fix § = 1. We

have now t,, j, := ;’v e~ (Tn=Tk) — o=(ks1++m) and

k
X (tng) = Zei(e_(%“Jr"'ﬂ") —e ity =1 .

=1



The process X, is completely defined by 2 independent vectors (g1, ...,&,) and (71, .., 7).

Hence its distribution will be the same if we replace these vectors by (e, ..., 1) and (Y, ..., 71)-
In another words, the process (X, ()) L (Y,(+)), where Y,(-) is a broken line with vertices
(Tn,ka Yn(Tn,k))a (Tn,k) \1/7 Tn1 = 1, Tnk = 6_(’Yl+m+%*1), k= 2, Lo, n, and
n—1
Yn(Tn k:) — Zgi (6_(71"'"""%’*1) _ 6—(’71+"'+%‘)) + gne—(’71+"'+7n—1);
i=k

Y,(0) =0, and 7o := 0.
Using the notation I'y = v + - -+ + vy, we get the more compact formula:

alrae) = 3060 6T — e ) e T

Consider now the process {Y(t),t € [0,1]} defined as follows:

Y (0) =0, =2 (e =) (10)

where t), = e 1s1 k=23 ... t, = 1; for t € [tyy1,1;] Y (t) is defined by linear interpolation.
The paths of Y are continuous broken lines, starting at 0 and having an infinite number of
segments in the neighborhood of zero.

The evident estimation

sup |Y(t) = Yo ()| < Zgi (it — e )| 4 et <
te[0,1] —
<Y (T e per =2 0 as.

shows that a.s. Y,,(-) co, Y(-).

Conclusion: In case 2), the process X,, converges weakly to Y'(-).

r
Remark 3. In the case where 3 # 1 it is simply necessary replace e™'* by e P

Remark 4. It seems that the last result could be expanded by considering more general sequences
(5k)-

Interpretation: % defines direction, |ei| defines the velocity of deplacement in this direction
on the step Sy.

4.3 Asymptotic behaviour in case of power growth

In this case T, =T'¢, a > 1/2, b = % = <£—i) , and

1 k
Xo(tr }:a —T¢,): To=0,k=0,1,...,n. (11)
=1

TL



Let # € R? be such that |z| = 1. We will show below that
Var (Z(az,@(Ff - F?_Q) E(ei, x ZE (T* —T% )* ~ C(x)n**, n — oo,
i=1
where C(z) = 225 E(ey, )%, Therefore it is natural to take B2 = n2*L,
We proceed in 5 steps:

Step 1: Lemmas

Step 2: We compare X,,(-) with Z,(-) where Z,(t, ) = 5 S el ! and show that
1 X0 — Zyloo — O.

Step 3: We compare Z,(-) with W,(-) where W, (¢, x) = o le g7i(i — 1)1 and state
that || Z, — Wil — 0.

Step 4: We show that process U,(+),

U, ((S)a) - B% ggm(z' — 1)

converges weakly to the limiting process
t
= \/2@/ s dW (s);
0

here W(-) is a process of Brownian motion, for which the covariance matrix of W (1) coincides
with the covariance matrix of &;.

Step 5: We show that the convergence W,, = Y follows from the convergence U,, = Y.
Finally: We get the convergence X,, = Y.

4.3.1 Step 1

Lemma 1. Leta >0 and m > 1. ThenVx >0, h >0

(x +h)*—a% = Z agh* 2 F + R(z, h), (12)
k=1
where
ala—1)...(a—k+1)
ap = %l )
and
|R(z, h)| < |apmyr| W™ max{xa_(mJrl (x 4+ h)*™ m+1)} (13)

Proof. By the formula of Taylor-Lagrange we have (I2) with

1
R(z,y)| < ————h™! su (m+1) ()],
Rl < o™ s [£70(0)

where f(t) =t*. As fO")(t) = a(a —1)...(a —m)t*~ ™D we get the result.



Lemma 2. Fora >0 and k — o

(1+%)k:e“+0(%).

Proof. It follows from the inequalities:

aa2

k

oso-(1+3)' <

Lemma 3. Let I' be the Gamma function. Then as k — oo

I'(k+ «)

g = ko,

Proof. It follows from Lemma 2 and well known asymptotic

I(t) =t"2e'V/2r (1 + L0 (1)) | t — o0,

12t t?

Lemma 4. For any real § we have as k — oo
ET) =k + O(k* ).
Proof. The result follows from the well known fact that
L(k+ )

B(T}) = T

and Lemma 3.

Lemma 5. Let a > 0. The following relations take place as k — oo:

I T = akaFg_l + Pk

where |p| = O(k®~2) in probability;
B¢, — T2 =2a%k* 2 + O(k*?);
BT}, — T3 — o T3 = Ok,

We deduce immediately from (I6) the following relation.

10



Corollary 1. We have

— a P 20 20—1 202
ZE|Fk+1_Fk| = on 1" +O0(n™77).
1

Proof of Lemma 5. We find, applying Lemma 1,

LY =T = a0 + R(Thy Yes1), (18)
where
R F < 1 2 o 1 a—2 < ‘O{(Oé - 1)‘ 2 Foc—Q FO[—2 1
(Tiy Y1) < Vi1, aX la(a )|s S V+1 max{ k+1s+ k& } (19)
2 [p<s<T'ky1 2

As Ty ~ k a.s. when k — oo, we get (5.
The proofs of (I6) and (7)) follow directly from (I8]), (I9) and Lemma 4. O

4.3.2 Step 2

We show that | X, — Z, || 5 0, where

k
Q _
Zn(tn) = B Z a7 N
" i=1

It is clear that
Op 1= HXn — Zpl|loo = sup ‘Xn(t) - Zn(t)‘ = I?gz( |X(tn,k) - Zn(tn,k” = r]?gz(‘rkL

te[0,1]
where
1 k k
Tk = B Z &i [an -, - OK%F?__H = Z €i&i,
moi=1 i=1
and

1
&= (17 =T —anlfs) -

Let M = 0(&1,&,...,&) = (1,72, - -+, Va)- Under condition 9 the sequence (ry) is the
sequence of sums of independent random variables with mean zero. By Kolmogorov’s inequality

J 1=y
P{max |ri| 2 t} = E{P{max |r| 2 t|M}} < B <t—2 Zggj) =% Z;Efj. (20)
Jj= j=
By Lemma 5 E¢F = O(j~%). Therefore,
Y EE =0(n?)
7j=1

Finally we get from (20): V¢ > 0

n—00

which gives the convergence || X,, — Z,||~ 5o.

11



4.3.3 Step 3

We show now that ||Z, — W, ||« LN 0; where W, (t,x) = = Zle gii(i — 1)L
n—o0

By
We have

Ay = sup |Z,(t) = Wy (t)| = max | Z,(tnk) — Waltny)| = I,glggﬂﬁkl},

te[0,1] k<n

where 3, = - Zle EiYi (Ff__ll — (i — 1)"‘_1).
Similar to the previous case (fj) under condition 91 is the sequence of sums of independent
random variables with mean zero. Therefore

1 n
P{max{|f[} 2 t} = E (P{%lgg{\ﬁk\} > ¢ zm}) <5 ;Enf-,

where 7, = B%VJ‘ (F?__ll —(j— 1)0‘_1).
Estimation of Erj.
By independence of v; and I';_4

Let us change j — 1 to k

E (Fg—l . ka—1)2 —E (Fia_2> 4 k202 _gpa-lR (Fﬁ‘l) _
CT(k+20-2) a0y o T(kta—1)
= (k) +k 2k 0

— [k2a—2 =+ O(k’2a_3) =+ k,2o¢—2 - 2]{:204—2} — O(k’2a_3).

= (by Lemma3) =

Hence
j2a—3

En]2-<C'

- n2a—1

and
_ 1
> Eif <C—
- n
J=1

We have finally P{maxy<, |8x| >t} — 0, n — oo, which gives the convergence
IWo = Zal| = 0.

4.3.4 Step 4

Let U, be the process defined at the points

E\“ a <
— :—§ (=D kE=1,2,...
U”((n)) Bni:lem(z ) k=1,2,...,n,

and by linear interpolation on the intervals [£, £t1

convergence of the processes U,, to the process Y,

Y(t) = \/%/ts“z—?ﬁ AW (s),

by

|, Kk =0,...,n— 1. We now state weak

12



W is a Brownian motion, for which the covariance matrix of W (1) coincides with the covariance
matrix of ;.

The proof is standard because U,,(-) represents a (more or less) usual broken line constructed
by the consecutive sums of independent (non-identically distributed) random variables. One
could apply Prokhorov’s theorem (see Gikhman and Skorohod (1996), ch.IX, sec. 3, Th.1).

Only one thing must be checked: that for any 0 < s <t <1, and for any r € R |z| = 1,
we have the convergence (U, (t) — U,(s),x) = (Y (t) — Y (s), x).

It is clear that

oo () - ()] = o

i (5 o, (1) s,

n

Let I < k. As

(1 ((2)) - () o) =5 By

by the theorem of Lindeberg-Feller it is sufficient to state the convergence of variances.

We have e o
Var<Un ((-) ) v, ((_) )x> _
n n
20{2 ) k ‘ . 20&2 5r 201 .
- nza—1E<€1>x> Z (i—1) o Doy 1E<€1,x> [tTo —s o |,
i=l+1
and
2 ¢ a—1 2042 9r,2a-1 2a—1
Var(Y (t) — Y(s),x) = 2aE({eq, ) uw o du= 5 1E<5173;> (e — 5T,
s o —

which are the same.

4.3.5 Step 5: Convergence X, = Y.

Due to the steps 2 and 3 it is sufficient to show that W,, = Y.

Let f, : [0,1] — [0, 1], be a piecewise linear continuous function such that f,(t,x) = (%)a;
bk = 11:—:) i k=0,1,...,n.

By definition of W,, and U,, we have

Wa(t) = Un(fu(?)), t €10,1].

By the corollary to Lemma [0 (see below) the function f, converges in probability uniformly
to f, f(t) =t, and by previous step U, = Y.
It means that we can apply Lemma [7l which gives the necessary convergence.

b

Lemma 6. Let . "
M, = max{ L

k<n ||T,, n

Then Mnﬂo, n — 00.

13



Proof of Lemma 6. We have

P{Mn>5}:E{P{max L >€|Fn}}:
k<n n n
o 'y &k

k
gn,k -
n

:/ P{max £n,k—é‘>5},
0 k<n n

» are the order statistics from [0, 1]-uniform distribution.

> 5} P(dt) =P {max
k<n

where (fn,k)k:l

.....

Let 6, = maxy<, |$ux — &|. Evidently, 6, < supyo 1) |[Fy () — x|, where F); is a uniform
empirical distribution function. By Glivenko-Cantelli theorem, supy ) |F;(z) — 2| — 0 as,
which gives the convergence M,, — 0 in probability. a

Corollary 2. MY(LI) = maxXy<p

(;—:)a — (%)a‘ LN 0, n — oo.

The proof follows directly from Lemma [@] due to the uniform continuity of the function
h(z) = z*, x € [0,1].

Lemma 7. Let {U,} be a sequence of continuous processes on [0, 1] weakly convergent to some
limit process U. Let {f.} be a sequence of random continuous bijections [0, 1] on [0, 1] which in
probability uniformly converges to the identity function f(t) =t. Then the process W,,, W, (t) =
Un(fu(t)), t €10,1], will converge weakly to U.

Proof of Lemma 7. By theorem 4.4 from Billingsley (1968) we have the weak convergence
in M := C|0, 1] x CJ0, 1]
(Un, fn) = (U, f).
By Skorohod representation theorem we can find a random elements (U,, f,) and (f] f) of M
(defined probably on a new probability space) such that

L, L7 7
(Umfn>:(Un>fn)a (U,f):(U,f),
and (U, f,) — (U, f) a.s. in M. o
_ As the last convergence implies evidently the a.s. uniform convergence of U,(f.(t)) to
U(f(t)), we get the convergence in distribution of U(f,(-)) to U(f(:)) = U(+). O

5 Proof of Th. 2

Proof of Th. 2. We need some facts from Stroock and Varadhan (1979). Consider (2, M),
where Q0 = C(]0,0); R?) be the space of continuous trajectories from [0,00) into R?. Given
t>0and w € Q let 2(¢t,w) denote the position of w in R¢ at time ¢. If we put

D(w wl) _ io: i SupOStSn |$(t, w) - x(ta w,>|
’ 2" 1 4 supg< i, |2(t,w) — 2(t, w')|

n=1
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then it is well known that D is a metric on 2 and (€2, D) is a Polish space. The convergence
induced by D is uniform convergence on bounded ¢ - intervals. For simplicity, we will omit w in
the future and we will be assuming that all our processes are homogeneous in time. Analogous
results for time-inhomogeneous processes may be obtained by simply considering the time-space
processes.

We will use M to denote the Borel o - field of subsets of (2, D), M =ox(t) : t > 0].
We also will consider an increasing family of o-algebras M; = o[z(s) : 0 < s < t]. Classical
approach to the construction of diffusion processes corresponding to given coefficients a and b
involves a transition probability function P(s,z;t,-) which allows to construct for each z € RY,
a probability measure P, on Q = C([0, 00); R?) with the properties that

P.(x(0)=z)=1
and
P.(x(ty) € T |My,) = P(t1,2(t1);t9,T) a.s. P,

for all 0 < ¢; < ty and T’ € Bga (the Borel o - algebra in R?). It appears that this measure is a
martingale measure for a special martingale related with the second order differential operator

d d

ISy SR
N 2 8@8% - (%i’

i,7=1 =1

namely, for all f € C3°(R?)
Py(x(0) =) =1,
t
(Ha(®) ~ [ LfGalu)du, M., P, (22
0
is a martingale. We will say that the martingale problem for a and b is well-posed if, for each

x there is exactly one solution to that martingale problem starting from z. We will be working
with the following set up. For each h > 0 let II;(z,-) be a transition function on R?. Given
x € R4, let P! be the probability measure on € characterized by the properties that

(i) Pr(e(0)=2)=1, (23)

(k+ 1)h — t— kh

t
x(kh) +
for all k> 0,

(#) P;{x(t) - 2((k+1)h), kh<t< (k:+1)h} —1 (24

(iii) PMx((k+1)h) € T | Myy) = Iy (z(kh),T), Pr— as.

forall k > 0 and I' € Bga. (25)
Define .

@) =5 [ w0 - ) e dy), 20

ly—=z|<1

. 1
@ =7 [ -l dy) 27)
ly—=z|<1

and )

AZ('I) = ﬁHh(xa Rd\B(l’, 6))7 (28>

15



where B(x,¢) is the open ball with center x and radius e. What we are going to assume is that
for all R > 0

I - =0, 29

Hm sup lan(z) — a(@)|| (29)

I bu(z) — b(z)| =0, 30

Hm sup |br () — b(2)] (30)

sup sup ([lax (@)l + [br(2)]) < oo, (31)
h>0 zecRd

}Li{‘% :;51 Aj () = 0. (32)

Theorem A. (Strook and Varadhan (1979), page 272, Theorem 11.2.3). Assume that in
addition to (29)-(32) the coefficients a and b are continuous and have the property that for each
x € R4 the martingale problem for a and b has exactly one solution P, starting from x (that is
well posed). Then P" converges weakly to P, uniformly in x on compact subsets of RY.

Sufficient conditions for the well-posedness is given by the following theorem.

Let Sy be the set of symmetric non-negative definite d x d real matrices.

Theorem B. (Strook and Varadhan (1979), page 152, Theorem 6.3.4). Let a : R? — S,
and b: R® — R? be bounded measurable functions and suppose that o : R* — R x R is a
bounded measurable function such that a = oo*. Assume that there is an A such that

lo(x) — o)l + |b(z) — b(y)| < Afz —y| (33)
for all z,y € R%. Then the martingale problem for a and b is well-posed and the corresponding
family of solutions {P, : x € R} is Feller continuous (that is P,, — P, weakly if x, — x).

Note that ([B3]) and uniform ellipticity of a(z) imply the existence of the transition density
p(s,x;t,y) (Strook and Varadhan (1979), Theorem 3.2.1, page 71).
Consider the model

X ((k+1)h) = X (kh) + hb(X (kh)) + VhE(X (kh)),
E(X(kh)) = pro (X (kh))ex, (34)

where {g;} are i.i.d. random vectors uniformly distributed on the unit sphere S, and {p}
are i.i.d. random variables having a density, p, > 0, Ep? = d. Let us check the conditions

[29)-([B2)). It is easy to see that

(35)

T, (z, dy) = pt(y)dy, where pt(y) = h"Y2f, (th(x)) '

Vh

Here f¢ denotes the density of the random vector £. Let us check ([B2)). Note that E{ = 0 and
the covariance matrix of the vector £ is equal to

Cov(&,€7) = E(pto(@)aclo” (@) = alx). (36)
We have
hAia) = T R\ B(a,2)) = | o PR =

_ dv = P B o,i) —Vhb
/u+\/ﬁb(z)eRd\B(o,jE)f£(U) ! {56 ( Vh } f(x)) :

16



2

< Pief = 5 b =om, (37)

The last equality is a consequence of the Markov inequality. The equality (B6), uniform ellip-
ticity of a(x) and (B7) implies (B2). To prove (29) note that by (B3]

@)= [ )iy =

_ /| e (v + VRB () (v; + VI (2)) fe(v)dv =

L
= / viv; fe(v)dv 4+ o(VR) = a(x) + o(1). (38)
|v+\/_b ‘ L\/_
To check (B0) note that
)= [ - wpil)dy =
ly—z[<1
1 ,
= — i + Vb dv =
\/E |v+\/ﬁb(:c ‘<1(U + (x))fi(v> v
() / Fe(w)dv — —= vife(v)du (39)
‘v-i-\/ﬁb(ac)|§\/iE |v+\fb ‘>

To estimate the second integral in (B9) we apply the Cauchy - Schwarz inequality

v LU AR w) (puetz 1) =o,

and (39), (@0) imply @B0). Finally, (1)) follows from our calculations and assumptions of
Theorem B. Weak convergence P! to P, follows now from Theorems A and B cited above.
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