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Abstract

We found a series of continued fractions for zeta(3) parametrized
by some family of pairs of sequences F, G. Two members of this series
are present here; they are different from Apéry-Nesterenko continued
fraction.

Introduction
Let is given a difference equation
(1) Tys1 — b1y — a1, = 0,
with v € Ny. We denote by
{P,(bo, ay, by, ..., a,, b,)} 122,

and
{Qu(b07 ay, b17 ceny Gy, bl/) j:o.il

the solutions of this equation with initial values
(2) Pi=1,Q_1=0, Fy(bo) = bo, Qo(bo) = 1.

Then

Py(bo, as, bl, ceey gy by) e
Qy(bo, ay, bl, ceey Ay, b,/)

v=0

1 Short version
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is sequence of convergents of continued fraction

a| a, |
+ oo+ F

by + 1
° T by |b,

According to the famous result of R. Apéry [1],

Uy

(3) ¢(3) = lim —,

V—00 UV
where {u,}7> and {v,}1>9 are solutions of difference equation
(4) (v+ 13z, — (340° + 510% + 27w + 5)z, + V2,1 = 0,

with initial values ug = 1, u; = 5, v; = 0, v; = 6. The equality (4) is equivalent
to the equality
a| a3 a,|

b} =0y +— + 1+t =+
® A R R

with
by =0,b/ =5,a] =6, b, =34°+51° +27Tv+ 5, a), = —1°,

where v € N. Yu.V. Nesterenko in [3] has offered the following expansion the
number 2¢(3) in continuous fraction:
120 1 4
6 203) =24+ —=+—+—=+—...
with
b0:b1:&2:2, CLl:l, b2:4,

b4k+1 = 2k + 2, A4p+1 = k(k + 1), b4k+2 =2k + 4, A4fp+2 = (k’ + 1)(1{3 + 2)
for k € N,

bakss = 2k + 3, agrys = (K +1)%, bagra = 2k + 2, aupra = (k + 2)°

for k& € No. The halved of 4n — 2-th convergent of continued fraction (6)
is equal to n-th convergent of continuous fraction (5). Elementary proof of
Yu.V. Nesterenko expansion can be found in [9]. Making use of the method
developed in our papers [7] — [8], we have found the followng expansions of the
Number ((3) in contiuous fractions :

Theorem A. The following equalities hold

*1 *1
(7) 20(3) = by + o) + o] +
0 |bg*1) Ry |b1(/*1) AR}
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=0T e e

with b =3, o™ = =81, oS = —(v — 1)303(4v? — 4v — 3)3 for v > 2,

b = 4(680° — 450 + 1202 — 1) for v > 1,

al® = — (12 —v)3 (47 —4v—3) (81 +161° —8v—3) (81 —481°+-961> —T720+13) /81

forv>2, b0 =7/3, a8 = —13/3, 05" = 4(13618 — 5041/ + 30504 — 8412 +
9)/9 forv > 1.

I give here a sketch of proof of Theorem A. My research based on the results
about difference systems connected with Mejer’s functions; I have talk about
these results on conference in memory of professor N.M.Korobov (see [§]).

Sketch of proof of Theorem A

Step 1. Auxiliary functions.

Let z satisfies to the following conditions,
(9) |z| > 1, =37/2 < arg(z) < 7/2,1og(z) = In(|z]) + i arg(z),

and 0 is the following differentiation z . Let « is nonnegative integer. My
first auxiliary function is a finite sum

v+ao

10 Eer) = L) = Z@)’f(’”,;“f(”jkf.

k=0
Let us consider the rational function given by the equality
v v+
(11) R(a,t,v) = (H(t - j)) / <H<t +j>> :
j=1 §=0

My second and fourth auxiliary function are sums of the following series

(12) Zz (v +a)/v)*(R(a,t,v))?,

“+00

(13) foalz,v) = — Zz_tw (%(}#)) (o, t,v).

V12
=1
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Finally my third auxiliary function is defined as follows:

(14) f;,3(27 V) = (log(z))f;’Q(z, v) + fa*,o,4(za v).

We consider also the functions f, (2, v), k =1, 2, 3, 4 connected with previ-
ous functions by means of the equalities

(15) fan(z,v) = W/ (v +a))*f2 (=2, v)

where k = 1, 2, 3, 4, v € Ny. After expanding of the following rational function
(v + )l /v)?(=t)"(R(a,t,v))* into partial fractions relatively ¢, and some
transformations we come to the equality

(16) 0" faotj(2,v) = j(l0g(2))0" fia(2,v) =

(Zu — i+ )8 u)LM(l/z)) B (zw),

=1

where 4 is operator z2, j =0,1,r=0,1,2,3, [2| >1,a €N, s € Z,

(17) L(1/2) = 21/

are polylogarithms and ﬁa 0 Z(z; v), ﬁ;fg’)g +j(z; v) are polynomials of z with ra-

tional coefficients.

Step 2. Pass to the difference system

The considered auxiliary functions fy (z, v) are generalized hypergeometric
functions known as Mejer’s functions. They satisfy the following differential
equation

(18) Dal,0) £ (20) = 0,
where v € [0, +00) NZ, k € Ry = {1, 2, 3},
(19) Do(z,v,8) = 2(0 —v —a)*(6 + v+ 1)% — 6.

is differential operator with differentiation ¢ := z . It follows from the general
properties of the Mejer functions that

(20) (S +v+ 1) for(z,v) =0 —v—1—a)for(z,v+1),
where v € [0, +00) NZ, k € Ky. Since,

4
(1-— 1/,2')_1Da(z7 v,0) = ot — Z b%kék_l,

k=1
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we can in standard way come to the differential system

(21) 0Xak(zv) = Balz;v) Xa k(2 V),
where k =1, 2, 3, |z| > 1, v € Ny,
0 1 0 0
0 0 1
Balziv) =1 0 0 1|
bai(2z;V) baa(zv) bas(zv) baa(zv)
a*,k(z7 V)
0 for(zv)
Xak(z;v) = ki
,k( ) 52 a,k(27 l/)
63 ;,k(27 V)
where k =1, 2, 3, |2| > 1. In view of (19),
(22) D.(z,—v —a —1,0) = Dy(z,v,0).

Therefore we can put

(23) Xok(z;—v—1—a) = Xax(zv),

where v € Ny and consider X, x(z;v) on
veM™=((-o0,—1—a]UJ0,+00)NZ,

Finally, we use the equations (18), (20) and (21) to obtain the following dif-
ference system.
Theorem 1. The column X, x(z;v) satisfies to the equation

(24) VP Xor(z3v — 1) = A% (2 0) Xan(2; V),

where v € M} = (—oo,—1 —a]U[l,+00))NZ, k=1,2,3, |z| > 1; AL(z;v)
is 4 X 4-matriz, all elements of which are polynomials in Q[z, v, a]. Moreover,
all these polynomials have degree 1 relatively z, and the matriz A% (z;v) can be
represented in the form

AL(zv) = AL(Lv) + (2 = DVI(v),

where the matriz V(v) does not depend from z.

Exact expressions of elements of the matrix A*(z;v) can be found in [10].
Here we consider the case o = 1. In this case elements of the matrix Aj(z;v)
are polynomials in Q[z, v]. Exact form of the matrix Aj(1;v) we specify below
(see (32)). The matrix Af(z;v) has the following property:

(25) —VP(v+a)’ By = Al (z;—v — ) Ay, (z;v),

where Fj is the 4 x 4 unit matrix, z € C, v € C. The equality (25) was very
helpful for us, when we check our calculations.
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Step 3. Reducing the obtained system to the difference
system of second order in he case a = 1.

This is key moment in our research, it leads to our results. In the case
a = 1, situation simplifies. The above system in this case is reducible and our
task can be reduced to the consideration of system of second order. Let

(26) T=nW)=v+1, pu=m)=v+1)>~.
then
1 3
(27) _Da(za v, 5) = (1 - 1/Z>64+Zra,k+l(y)5ka
z
k=0
where

r(v) =mw)? =@+ 1" =714 r(v)
r3(v) = =2 (v) = =2(v + 1), r4(v)
and let us consider the row
(28) R(v) = (ri(v), r2(v), rv), ra(v)).

Let E, denotes 4 x 4-unit matrix, and let C'(v) is result of replacement of 1-th
row of the matrix Fj; by the row in (28). Let further D(v) denotes the adjoint
matrix to the matrix C(v). Then

Y

0
0

Y

(29) C(w)D(v) = p*E,, C(—v —2) = C(v), D(—v —2) = D(v).

Let me to introduce the matrix A}*(z, v), which is connected with above matrix
A%(z,v). All elements this matrix A}*(z, v) are polynomials in Q[z, v| and they
have degree 1 relatively z also. So, this matrix A}*(z,v) can be represented
also in the form

(30) A (zv) = AT (L) + (2 = DV (),

where the matrix V;**(v) does not depend from z, and

(v+ 1)1 0 0 0
at (Liv) af,(Lv) atys(lv) 0

3 Ar(o) = | Gy dinali) il

(31) v (L) @1,3,1(1§V) a17372(1;1/) @1,33(1a1/) 0 s
avi(Lv) aiyo(Liv) aiys(Lv) (v+ 1)

with
af271(1; v) = —73(1 — 1)(217 — 1)(67* — 47 + 1),

afm(l? v) = 7'5(7' - 1)(73 +2(27 — 1)3)7
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a’{j}’?)(l; v) = =371 — 1)(21 — 1),
a’{j‘?”l(l; v) =731 — 13271 — 1)(47% — 37 + 1),
atyo(Liv) = =27°(1 — 1)%(2r = 1)(7° — (7 — 1)°),
aiy5(Lv) =77 = 1)*((r = 1)* +2(27 = 1)%),
a1 (1; V)= -3t = 1)*Q2r — 1)(27* — 27 + 1),
a’{j‘4’2(1;1/) = 79(r — 1)*(27 — 1)(47% — 57 + 3),
af473(1; V) = —7-4(7 —1)3(2r — 1)(67* — 87 + 3).

I describe now the connection between matrices AJ*(z;v) and Aj(z;v). We
have

(32) (v(v +1))'Aj(2,v) = D(v = 1)A}* (2,v)C(v),
(33) Al (z,v) = C(v — 1)Aj(2,v)D(v).
Let
U1 1,k(2’§ V)
(34) Yie(z;v) = ziizgz: Z% =Cv) X1 k(2 v)
U1 4,k(2’§ V)

where k =1, 2, 3, |2| > 1, v € M = ((—00,—2] U [0,400)) N Z. Then

(35) Yie(z; —v —2) = Yii(z;v),

(36) i (V)2°Y (20 — 1) = A3 (2,v) Y1 k(23 v), where

k=1,2,3,]z| >1,ve M = ((—o0, —2] U [1, +00)) N Z. Replacing in (36)
ve M byv:=—v—-2¢cM™ = ((—o0,-3]U[0,+00)) N Z,

and taking in account (35) we obtain the equality

BT P+ D Vialew + 1) = — A (5 — 2)Vial5:0),

where k=1, 2,3, |z| > 1, v € M = ((—o0, —=3] U [0, +00)) N Z.
We will tend z € (1,400) to 1. Therefore we must study the behavior of
our auxiliary functions, when we tend z € (1,+00) to 1. Then

v v+1
t"R(1,t,v)? = (H(t —j)2> / (H(t +j)2> ="+ 1"P0(1) (t — 00)

j=1 7=0
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e () () = 27200) (¢ = )
for r =0, 1, 2, 3, 4. Therefore
(z = 1)0" fia(z,v) =

—+00

> 2=t (Rl t,v))* = (2 = HO(1) In(1 = 1/2) = 0 (2 — 1 4-0)

t=1
forr =0, 1, 2, 3,
(Z — 1)(54f1’2(2, l/) =

> =) R(et,v)? =14 (2 = )O(1)In(1 — 1/2) — 1 (z — 1 40)
(z—=1)0"fra(z,v) =
- Zz_t(—t) (;S(R2)) (Lt,v)=(2—1)0(1) -0 (2 —1+40)

forr=0, 1, 2, 3, 4 and
(z = 1)8" fis(z,v) = (2 = 1)(log(2))d" f12(z, v)+
(z =) fra(z,v) + (2 = 1)0" fra(z,v) = 0 (2 — 1+0)
for r =0, 1, 2, 3, 4. Clearly,
Yijan(z,v) =0 fir(zv) for j=1,2,3k=1,2,3,|2] > 1, v € Ny.
Further we have

(38) yi1k(l,v) = zgﬁoyl’l’k(z’ v)=— ZE{I}FO(l — 1/z)54f1’k(z, v) =

(k—1)(k—3), where k=1, 2,3, ,v € Ny.

If we consider the second and third equations in (36) with & = 1, 3 and
tend z € (1,400) to 1, then, in view of (38) and (31), we obtain equations

(39) (V)08 fron(l,v — 1) Za101+13+1 (L) (& fron) (1, v)

where i =1,2, k=1,3, v e M} = ((—oo, —2] U [1, +00)) N Z. Let are given

F={F@)}! and G = {G(v)}. such that

V=—00 V=—00

F(-v—=2)=F(v),G(-v—-2)=G(v), F(v) € Q, G(v) € Q
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for v € Z. Then, in view of (35),
?J;Tc,k(% —v—2)= y;TG,k(Za v) = F(V)(Sfl,o,k(l; v)+ G(V)52f1,o,k(27 2)
for k=1,3, v e M = ((—o0, —2] U [0, +00)) N Z. Let
@;*Z'J(Z v)=F(v— 1)aTTO,2,j(17V> +G(v - 1)aTTO,3,j(17V)

for j=1, 2,3 and v € M = ((—o0, —2] U [1, +00)) N Z. In view of (39),

2

(40) A (L) frop) (1, v) = m(v)*VPypa(z, v — 1),
j=1

for k=1, 3, ve My = ((—oo0,—2] U[l,400)) N Z. Replacing in (40)
ve M byv:=—-—v—-2¢cM™ = ((—o0,-3]U[0,+00)) NZ,

and taking in account the equality (35) we obtain the equalities

2

(41) ap (L =v = 2)(8 fron)(1,v) = = (V)2 (v + 1)°yrg(z, v + 1),
=1
where k =1, 3 and v € M}* = ( U [0, +00)) NZ. Let
gt 2
Wre, (v 2—j +G( =11,
a}}*gﬁl (Lv—1)
where j = 1,2, v € M = ((—o0 UL, +00))NZ, Wpa(v) =
a}*}‘”(l —v—2) afv*?m(l v —2)
(Wraa(v) drea(v)) = F(v) G(v) :
apéa(l;v) aps(Lv)
—m (V) (v +2)°yi (2, —v = 3)
sk 5f, R 171/ skokokok Kok
Yit(v) = <52;1?0f€k((1,y>)) YFG W(v) = yF,G,k(Z V)

(V) voyia(z,v —1)

for k=1, 3, v € M{™* = ((—o0, =3] U [1,+00)) N Z. In view of (40) — (41),
Year(v) = Wea(W)Y™ (v).

Let further

wF,G,3,1(V)
Wras(v) = | wras2(v) | = [Wrei(v), Urea(v)]
wF,G,3,3(V)
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is vector product of Wrg 1 (v) and Wreo(v), and let Wpas(v) = (Wras(v)):
is the row conjugate to the column wge3(v). Then we have the following
equalities for the scalar products (Wg,q3(v), Wre,;(v)) :

Wr3(V)UFe,; (V) = (WFe3(v), Wre, (V) =0,
where j =1, 2 and v € M = ((—o0, —=3] U [1,4+00)) N Z. Therefore
)

(42) Wpas3(V)Wra(v) = (O O) )

where v € M = ((—o0, —=3] U [1,4+00)) N Z. In view of (39) (41) and (42),

wrasW)Year(V) = wras(V)Wra()Y ™ (v) = 0,
where k =1, 3 and v € M = ((—o0, —=3] U [1,4+00)) N Z.

So, for given F' and G we came to difference equation of second order,
which leads to our results. First we take F((v) =1 and G(v) = 0 for all v € Z.
Then we obtain the first expansion specified in Theorem A. After that we take
F(v) =1/3 and G(v) = 2/3 for all v € Z Then we obtain the second expansion
specified in Theorem A.
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