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1. INTRODUCTION

The present paper is a continuation of the studies begun in [1]–[3]. Here we study the problem of local
finitely smooth equivalence of real autonomous systems of ordinary differential equations with two pure
imaginary eigenvalues of the matrix of the linear part, whose right-hand sides have Taylor series differing
by high-order terms (the so-called problem of finite-definite germs of vector fields). Most papers
concerned with this subject area deal with systems with a nondegenerate singular point (this range
of problems is extensively covered in the book [4]). With regard to partially degenerate systems, see [5].
The papers [6], [7], study the problem of infinitely smooth equivalence of formally equivalent systems with
one zero root or two pure imaginary eigenvalues. Our approach to the solution of the problem of finitely
smooth equivalence is based on the reduction of such systems to a special pseudonormal form (see [3]).
Although transformations with singularities are used, the proposed method, nevertheless, allows us to
establish a criterion for finitely smooth equivalence of the systems under consideration.

Consider the real autonomous system

ξ̇ =
dξ

dt
= Q(ξ), (1)

where ξ, Q(ξ) ∈ R
n+2, n > 0, Q(ξ) is a C∞ function in a neighborhood of the origin, Q(0) = 0, and

the matrix ˜A = Q′(0) has n eigenvalues lying outside the imaginary axis and a pair of pure imaginary
(conjugate) eigenvalues. Suppose that λ1, . . . , λn are the eigenvalues of the matrix ˜A with nonzero
real part, ±iω constitute the pair of pure imaginary eigenvalues of the given matrix, ω > 0, and i is the
imaginary unit.

Using a standard linear transformation, let us reduce system (1) to the following form, where the
matrix ˜A is a Jordan one:

ẋ1 = iωx1 + f1(x, y),
ẋ2 = −iωx2 + f2(x, y),
ẏj = εjyj+1 + λjyj + gj(x, y), j = 1, . . . , n.

(2)
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Here x, y are complex coordinates, x = (x1, x2), x2 = x1, y = (y1, . . . , yn), complex conjugate variables
satisfy complex conjugate equations (see, for example, [8, pp. 167–168]), and the Taylor series of the
functions f1, f2, gj , j = 1, . . . , n do not contain linear terms. We shall say that the variables x are
degenerate, while the variables y, respectively, are nondegenerate. It is important that all subsequent
transformations of complex systems have the property that complex conjugate variables and the
corresponding equations are taken to complex conjugate ones. To every transformation of this kind
there corresponds a real transformation of the original system. We refer to this principle (condition) as
the reality principle (condition).

By Theorem 1 from [3] we assume that the Taylor series of the right-hand side of system (2) is the
sum of resonant monomials over all variables (both degenerate and nondegenerate).

Let us recall some notions introduced in [3]. An important feature of the systems under consideration
are resonances, which arise in the cases where (λj1 − λj2)/iω is an integer for any 1 ≤ j1 �= j2 ≤ n.
Such eigenvalues, as well as the corresponding variables and equations in the system, will be said to be
equivalent to each other. If the above-mentioned resonances are absent, then system (1) can always
be reduced to polynomial normal form by a transformation of finite smoothness [9, Theorem 3]. Of the
above-mentioned resonances, we single out those for which λj1 = λj2 . This means that 2ω−1 Im λj1
is an integer. The resonances for which this number is odd will be said to be singular. The variables
corresponding to the eigenvalues λ for which 2ω−1 Imλ is odd will be referred to as singular variables
as well, while if this number is not odd (or is noninteger), then we say that the corresponding variables
are nonsingular.

By the arguments given in [3], we assume that, in system (2), there is a two-dimensional invariant
central manifold defined by the equation y = 0; on this manifold, the integral curves in a neighborhood of
the singular point are either closed (the case of a center) or are spirals (the case of a focus). The present
paper studies systems of the form (1) having a focus on a center manifold. Consider such a system
reduced to the form (2). Following [3], [10], we consider the system that, on a given central manifold, is
of the form

ẋ1 = x1(iω + iϕ(r̃ ) +˜b(r̃ )),

ẋ2 = x2(−iω − iϕ(r̃ ) +˜b(r̃ )).
(3)

Here and elsewhere,

r̃ = x1x2, ϕ(r̃ ) =
m

∑

j=1

ϕj r̃
j , ˜b(r̃ ) = br̃ m + cr̃ 2m,

m ≥ 1 is an integer, ϕ1, . . . , ϕm, b, c are real numbers, and b �= 0. Note that the variable r̃ satisfies the
equation ˙̃r = 2r̃˜b(r̃ ).

Systems (1) in which ˜b(r̃ ) is a flat function constitute an exceptional set (by the terminology used
in [7]) of codimension equal to infinity. We consider systems not appearing in this set.

Consider the linear (in nondegenerate coordinates) part of system (2)

ẋ1 = x1(iω + iϕ(r̃ ) +˜b(r̃ )),

ẋ2 = x2(−iω − iϕ(r̃ ) +˜b(r̃ )),

ẏ = A(x)y.

(4)

Note that, by a nondegenerate C∞ transformation and the corresponding numbering of the variables,
we can ensure that the matrix A(x) is of block-diagonal form, where the individual blocks will contain
only groups of equivalent variables (see [3, Introduction]).

Let us transform system (4) using the so-called shearing and weakly degenerate transformations
(see [1]–[3], [11]). Let us present the corresponding definitions.

Definition 1. By shearing transformations we mean transformations of the form

y = S(r̃ )z, y = S1(x1)z, y = S2(x2)z, (5)

where S(η) = diag(ηδ1 , ηδ2 , . . . , ηδn), the δq are rational numbers, Sj(η) = diag(ηh1j , ηh2j , . . . , ηhnj ),
and the hqj are integers.
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Definition 2. A weakly degenerate transformation is a change of variables of the form

r̃ = dul, y = T ∗z = BV Tz. (6)

Here B = S1(x)S2(x), T = T (r̃ ) is the product of finitely many transformations, some of which are
shearing transformations of the form S(r̃ ) and the remaining ones are C∞ transformations close to the
identity. The number l is a positive integer, and d = const > 0. The transformation V has the same
block-diagonal structure V = diag(V1, . . . , VK) as the matrix A(x). Moreover, the Vj are the identity
transformations for the blocks that do not include complex conjugate equations (i.e., the corresponding
numbers 2ω−1 Im λq are noninteger), and the transformations Vj have the form

Vj = diag(eiehαE1, e
−iehαE1, E2), α = arg x1, eiα =

x1√
r̃

,

where ˜h is the least of the positive numbers hq = ω−1 Im λq belonging to the block considered. Here
E1 and E2 are identity matrices of sizes corresponding to the groups of complex and real variables in the
block in question.

Remark 1. For blocks consisting of singular variables, the number 2˜h is odd; therefore, the matrix

eiehαE1 from Definition 2 can be expressed as

eiehαE1 =
√

eiα eih1αE1,

where h1 = ˜h − 1/2 is an integer. In this case, the transformation (6) is discontinuous at the points
where x1 is a real positive number and nondegenerate of class C∞ at all other points where x �= 0.

The main result concerning system (4) is the following theorem (Theorem 2 from [3]).

Theorem 1. There exists a weakly degenerate transformation (6) reducing system (4) to the
following pseudonormal form:

u̇1 = u1(iω + iψ(u) + b1u
p + c1u

2p),

u̇2 = u2(−iω − iψ(u) + b1u
p + c1u

2p),

ż = (A0 + uA1 + · · · + up−1Ap−1 + upAp)z.

(7)

Here u = u1u2, ψ(u) =
∑p

h=1 ψhuh, ψ1, . . . , ψp, b1, and c1 are real numbers, A0, A1, . . . , Ap−1 are
constant diagonal matrices, Ap is a constant Jordan matrix, and p = 2ml. The matrix Ap has the
property that if two diagonal entries λh

j1
and λh

j2
of some matrix Ah, 0 ≤ h ≤ p − 1, are distinct,

then the corresponding diagonal entries of the Jordan matrix Ap belong to distinct Jordan blocks.
The variable u = u1u2 satisfies the equation

u̇ = 2(b1u
p+1 + c1u

2p+1).

By an appropriate choice of d in the transformation (6), one can ensure that |b1| is an arbitrary
given positive number.

Remark 2. Any finite segments of the Taylor series of the C∞ transformations occurring as factors
in T are determined, according to Theorem 1, by finite segments of the Taylor series of the matrix A(x)
of system (4). The total number of factors forming T depends as well only on a finite segment of the
Taylor series of A(x), the length of this segment depending on m and n. The shearing transformations
occurring as factors in T are determined by a finite segment of the Taylor series of A(x), the length of this
segment being some number m1(m,n). The number l depends on n alone. Note also that, for x �= 0,
the transformation T in (6) is a nondegenerate C∞ transformation. The same is true for V , provided
that none of the numbers 2ω−1 Im λq is odd (i.e., there are no singular variables). If some of the integers
2ω−1 Im λq are odd (i.e., there are singular variables), then the transformation V is discontinuous at the
points where x1 is a real positive number and nondegenerate of class C∞ at all other points where x �= 0.
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Let us now pass to the problem of finitely smooth equivalence of the systems of equations. Consider
two systems of the form (1) whose N-jets of the right-hand side coincide.

Remark 3. If two systems of the form (1) differ by terms of order N , where N is greater than the number
m1 = m1(m,n) (see Remark 2), then system (7) from Theorem 1 will coincide with them. In addition,
the shearing transformations occurring as multipliers in the weakly degenerate transformation (6)
reducing the linear parts of the systems to the form (7) will also coincide. Further, the multipliers of
class C∞ occurring in (6) will differ for our systems; however, they differ by terms of order higher than
some number N1 = N1(N), with limN→∞ N1(N) = ∞.

The following theorem solves the problem of the finitely smooth equivalence of systems of the form (1)
having a focus on a center manifold.

Theorem 2. For any integer k > 0, there exists an integer N possessing the following property: if
the Taylor series of the right-hand side of two systems of the form (1), having a focus on a center
manifold and not belonging to an exceptional set, differ by terms of order higher than N (their
N-jets coincide), then these systems are locally Ck-equivalent, i.e., there exists a nondegenerate
(close to identical) Ck transformation reducing one system to the other in a small neighborhood
of the origin. The number N depends on the numbers k, m, n, as well as on the coefficients of the
segment of the Taylor series of the matrix A(x) whose length is equal to some number m1(m,n).

For nondegenerate systems, the assertion of Theorem 2 is due to Sternberg and Chen (see Theo-
rem 12.2 from [4, Chap. IX]). A certain general result for partially degenerate systems was obtained in [5],
where the corresponding statement was proved under the condition that the segments of Taylor series
in the expansions of the right-hand sides of systems in terms of nondegenerate coordinates coincide.
Theorem 2 generalizes the Sternberg–Chen theorem to the case of systems with two pure imaginary
eigenvalues. A similar theorem for a system with one zero eigenvalue was proved in [2].

2. EXAMPLES

Here we illustrate the proof of Theorem 2 on finitely smooth equivalence using two examples.

Example 1. Consider the system of equations

ẋ1 = x1(iω + x1x2) + f1(x, y),
ẋ2 = x2(−iω + x1x2) + f2(x, y),
ẏ1 = λ1y1 + g11(x)y1 + g12(x)y2 + g1(x, y),
ẏ2 = λ2y2 + g21(x)y1 + g22(x)y2 + g2(x, y).

(8)

Here the variables x1 and x2, as well as y1 and y2, are complex conjugate, the same is true for the pair
(λ1, λ2), and complex conjugate variables satisfy complex conjugate equations. Moreover,

fl(x, 0) = glj(0) = 0, |gl(x, y)| = o(‖y‖), 1 ≤ l, j ≤ 2.

Let

λ1 = a + βi, λ2 = a − βi, a �= 0, β > 0, and ω > 0.

In contrast to the general case (see system (3)), we assume that ϕ(r̃ ) = 0 and ˜b(r̃ ) = r̃. Note,
however, that all the results remain valid in the general case.

We can assume, without loss of generality, that the Taylor series of the functions on the right-hand
sides in this system are sums of resonant monomials. However, the resonant monomials in the last two
equations of the system can only be linear in the nondegenerate variables, while the first two equations
contain no such resonant monomials related to the functions fj(x, y), j = 1, 2, at all. Consequently, all
functions fj(x, y) and gj(x, y) are flat. Since, according to [7], the formal equivalence of systems of the
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LOCAL EQUIVALENCE OF REAL AUTONOMOUS SYSTEMS 811

form (8) implies their C∞ equivalence, we can assume that these functions are zero. Thus, without loss
of generality, we assume that the system in question has the form

ẋ1 = x1(iω + x1x2),
ẋ2 = x2(−iω + x1x2),
ẏ1 = λ1y1 + g11(x)y1 + g12(x)y2,

ẏ2 = λ2y2 + g21(x)y1 + g22(x)y2.

(9)

Also consider the following system similar to (9):

ẋ1 = x1(iω + x1x2),
ẋ2 = x2(−iω + x1x2),
˙̃y1 = λ1ỹ1 + g̃11(x)ỹ1 + g̃12(x)ỹ2,

˙̃y2 = λ2ỹ2 + g̃21(x)ỹ1 + g̃22(x)ỹ2.

(10)

Assume that the corresponding functions from the right-hand side of systems (9) and (10) have
coinciding N-jets.

The monomials xp
1x

q
2 occurring in the Taylor series of the function g12(x) satisfy the resonance

equation (p − q)iω + λ2 = λ1. A similar equation holds for g21(x). Consequently, if h = (λ1 − λ2)/(iω)
is not an integer, then the functions g12(x) and g21(x) are flat and can be assumed to be zero (see the
above reasoning). In this case, the reduction of system (9) to normal form as a polynomial of third degree
can be achieved by a C∞ transformation (e.g., see Lemma 2 in [9]). All this is also valid for system (10).
This implies that if, in the case under consideration, the 3-jets of systems (9) and (10) coincide, then
these systems are C∞-equivalent.

Now consider the case in which

h =
λ1 − λ2

iω
=

2b
ω

is an integer. The functions glj(x), 1 ≤ l, j ≤ 2, can be expressed as

gll(x) = dll(r̃ ), glj(x) = xh
l dlj(r̃ ), l �= j, r̃ = x1x2,

where dll(r̃) and dlj(r̃ ) are C∞ functions. In addition, note that

d22(r̃ ) = d11(r̃ ), d21(r̃ ) = d12(r̃ ).

Let us make the change of variables

y = V (x)z, V (x) =

⎛

⎝

eiehα 0

0 e−iehα

⎞

⎠ ,

˜h =
h

2
, eiα =

x1

r
, α = arg x1, r =

√
r̃ .

(11)

In this example, we restrict ourselves to the case in which the number h is even and, therefore, there are
no singular variables. The equations for the nondegenerate variables in system (9), together with the
equation for r̃, take the form

ż1 = az1 + d11(r̃ )z1 + r̃
ehd12(r̃ )z2,

ż2 = az2 + r̃
ehd21(r̃ )z1 + d22(r̃ )z2,

˙̃r = 2r̃ 2,

a = Re λ1. (12)

The resulting system of equations can be written as

ż = aEz + r̃B1z + o(r̃ )z,

˙̃r = 2r̃ 2,
(13)
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where E is the identity matrix.
If the matrix B1 has no eigenvalues differing by a nonzero integer then (see [1]) system (13) can be

reduced by a nondegenerate C∞ transformation satisfying the reality condition to the form

ẇ = aEw + r̃A1w,

˙̃r = 2r̃ 2,
(14)

where A1 is a constant Jordan matrix. Note that the entries of the matrix A1 in this system are
determined by the numbers dll(0), dlj(0) from system (12). But if the eigenvalues of the matrix B1 differ
by a nonzero integer, then, using certain shearing transformations (see [1]), we can make the eigenvalues
of the matrix B1 equal to one another and, further, using a nondegenerate C∞ transformation reduce the
system to the form (14).

Note that, for an even h, all these changes of variables depend on the jet of the original system of some
length P , where P depends on the eigenvalues of the matrix B1. These replacements are nondegenerate
for x �= 0.

Thus, by making the change of variables

y = V (x)T (r̃ )w, (15)

the original system (9) reduces to the pseudonormal form (14), where V (x) is the transformation (11)
and T (r̃ ) is the product of finitely many multipliers, some of which are shearing transformations and the
remaining ones are C∞ nondegenerate transformations.

Note that the similar transformation ỹ = V (x) ˜T (r̃ )w for system (10) differs from (15) only by the C∞

multipliers referred to above. Moreover, these multipliers will have coinciding N-jets.
Now consider the transformation

y = R(x)ỹ = V T ˜T−1V −1ỹ. (16)

Obviously, this transformation reduces system (9) to the form (10). Let us now show that, for a
sufficiently large N , this transformation belongs to the class Ck with given k > 0. The corresponding
multipliers of class C∞ in the transformations T and ˜T have coinciding N-jets and all the derivatives
of the shearing multipliers up to order k in the transformations T and ˜T−1 do not exceed in the norm

the quantity Dr−
eL, where D = const, and ˜L > 0 is a number depending on k. The number of these

multipliers is at most some number L1 depending on the eigenvalues of the matrices B1 in system (13),
which, in turn, are determined by the numbers d′11(0), d12(0) from system (12). It is readily seen that the
derivatives up to order k of the entries of the matrix P (x) = T ˜T−1 − E do not exceed (in absolute value)
the quantities

DrN1, N1 = N1(N, k, ˜L,L1) = N − L2(k, ˜L,L1), lim
N→∞

N1 = ∞.

In addition, note that, for an even h, the matrix V (x) is nondegenerate for x �= 0. The derivatives up to
order k of the entries of the matrices V , V −1 (for an even h) do not exceed (in absolute value) the value
of Dr−(h+k).

It follows from these estimates that, for a sufficiently large N , the transformation (16) belongs to the
class Ck and, therefore, the assertion concerning the finitely smooth equivalence of systems (9) and (10)
is proved.

Example 2. Consider the system of equations

ẋ1 = x1(iω + r̃ ),
ẋ2 = x2(−iω + r̃ ),

ẏ1 = λ1y1 + x1y2 + r̃ Ny2
3,

ẏ2 = λ2y2 + x2y1 + r̃ Ny2
4,

ẏ3 = λ3y3,

ẏ4 = λ4y4.

(17)
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Here the variables x1 and x2, y1 and y2, and y3 and y4 are pairwise complex conjugate; the same is also
true for the numbers λ1 and λ2 and λ3 and λ4; further, λ1 = 2λ3, λ1 = a + bi, a �= 0, b > 0, ω = 2b,
r̃ = x1x2, and N > 0 is an integer. Here the singular variables are y1 and y2.

At the same time, consider the corresponding linear (in the nondegenerate variables) system of
equations

ẋ1 = x1(iω + r̃ ),
ẋ2 = x2(−iω + r̃ ),
˙̃y1 = λ1ỹ1 + x1ỹ2,

˙̃y2 = λ2ỹ2 + x2ỹ1,

˙̃y3 = λ3ỹ3,

˙̃y4 = λ4ỹ4.

(18)

Our goal is to prove Theorem 2 for system (17), i.e., to construct, for a given integer k > 0, an
invertible Ck transformation reducing system (17) to the form (18); note that the number N will depend
on k. Let us divide the construction of such a transformation into three stages. At the first stage,
we construct the linear transformation T reducing both systems to pseudonormal form. Because of
the singular variables, this transformation is discontinuous at the points where x1 is a real positive
number; in addition, it is noninvertible for x = 0. At all the other points, it is nondegenerate of
class C∞. Note that, at points of discontinuity, this transformation remains to invertible. At the
second stage, we construct the transformation H reducing the pseudonormal form of system (17)
resulting from the first stage to the pseudonormal form of system (18). At the third stage, we apply
the transformation T−1 to the systems thus obtained (at the points where x �= 0). Further, we show that
the resulting transformation R = T−1HT , extended by the identical one at x = 0, is close to the identical
finitely smooth Ck transformation (for 2N > k + 3) reducing system (17) to the form (18). Note that this
scheme is realized in the proof of Theorem 2 in the general case.

In the following transformations, the variables x1, x2, y3, y4, ỹ3, ỹ4 and the corresponding equations
will not vary; therefore, for simplicity, these equations will be omitted. Let us begin to carry out the first
stage of our scheme.

Let us make the following transformations:

Y = V (α)Z, ˜Y = V (α) ˜Z, Y T = (y1, y2), ˜Y T = (ỹ1, ỹ2),

ZT = (z1, z2), ˜ZT = (z̃1, z̃2),

V (α) = diag(eiβ , e−iβ), β =
α

2
, α = arg x1.

In this example, T denotes transposition.
The corresponding equations of systems (17) and (18) take the form

Ż = A1Z + Q, A1 =

⎛

⎝

a
√

r̃
√

r̃ a

⎞

⎠ , Q = r̃NF, (19)

˙̃
Z = A1

˜Z, (20)

a = Reλ1, F T = (F1, F2), F1 = e−iβy2
3, F2 = eiβy2

4.

The transformations

Z = BW, ˜Z = B˜W, B =

⎛

⎝

1 i

1 −i

⎞

⎠ , r̃ = r2

reduce these systems to the pseudonormal form

Ẇ = A2W + G, (21)
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˙̃
W = A2

˜W. (22)

where

A2 =

⎛

⎝

a + r 0

0 a − r

⎞

⎠ , G = r2NB−1F,

The first stage is accomplished. We now pass to the second stage.
First, note that since the variable β satisfies the equation

β̇ =
ω

2
= b, b = Imλ1,

in view of the system

β̇ =
ω

2
, ˙̃yj = λj ỹj , j = 3, 4,

we see that the derivative U̇ of the function

U = (U1, U2)T = B−1F (β, ỹ3, ỹ4)

satisfies the equation U̇ = aU .
The purpose of this stage is to construct a transformation reducing system (21) to the form (22).
A direct verification shows that there exist functions of class C∞

cj(r) = o(r2N−2), j = 1, 2,

such that, as the result of the transformation

W = W 1 + C(r)U , C(r) = diag(c1(r), c2(r))

system (21) will take the form

Ẇ 1 = A2W
1 + h(r)U,

where h(r) = diag(h1(r), h2(r)) is a flat matrix. To make this matrix equal to zero, we must perform the
additional transformation

W 1 = W 2 + g(r)U , g(r) = diag(g1(r), g2(r)),

where the diagonal entries of the matrix g(r) are the flat solutions of the equations

g′j(r)r
3 = (−1)j+1rgj(r) + hj(r), j = 1, 2.

These equations have the required flat solutions (see, for example, [6, pp. 49–50]).
Thus, we have obtained the transformation

W = ˜W + H∗, H∗ = C1(r)U, C1(r) = C(r) + g(r) = o(r2N−2)

reducing system (21) to the form (22).
As the result of the two stages, we have constructed the following transformations:

Y = V (α)BW, ˜Y = V (α)B˜W, W = ˜W + H∗.

Let us proceed to the third stage. It follows from the foregoing that the transformation

Y = ˜Y + V (α)BH∗ (23)

reduces system (17) to the form (18). Let us show that this transformation is invertible and, for
2N > k + 3, belongs to the class Ck. The following equalities are valid:

V (α) = ξV1(α), ξ = eiβ, V1 = diag(1, e−iα), H∗ = C1(r)U,

U = B−1F, F T = (e−iβ ỹ 2
3 , eiβ ỹ 2

4 ) = e−iβ(ỹ 2
3 , eiαỹ 2

4 ),
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U = ξ−1B−1F ∗, F ∗ = (ỹ 2
3 , eiαỹ 2

4 )T .

This implies that

H∗ = ξ−1C1(r)B−1F ∗ and V (α)BH∗ = V1(α)BC1(r)B−1F ∗,

which shows that the transformation (23) is invertible and belongs to the class Ck for 2N > k + 3. The
proof is complete.

3. FINITELY SMOOTH EQUIVALENCE

The following definition is similar to Definition 3 from [2].

Definition 3. Let L ≥ 0 be an integer. A function Q = Q(x, y) is said to be L-small if

Q = Q(x, y) = ‖x‖Lh(x, y), h ∈ CL,

A matrix is said to be L-small if all of its entries are L-small functions. If the number L depends on an
integer parameter N , where limN→∞ L(N) = ∞, then the set of L(N)-small functions (matrices) will
be denoted by the symbol Ω. A set of mappings Ψ for which the difference Ψ − E belongs to Ω (where E
is the identity mapping) will be denoted the symbol Ω1.

Following the terminology used in [7], we introduce another notion.

Definition 4. The mapping T (w) = T (x, y) belonging to C∞ for x �= 0 is said to be admissible if there
exist constants dI > 0 and αI such that, for x �= 0,

∥

∥

∥

∥

∂|I|T (w)
∂wI

∥

∥

∥

∥

≤ dI‖x‖αI ,

∥

∥

∥

∥

∂|I|T−1(w)
∂wI

∥

∥

∥

∥

≤ dI‖x‖αI .

The numbers αI can also be negative. Here I are nonnegative integer collections.

The functions ‖x‖N , ‖x‖
√

N , etc., are examples of functions belonging to Ω. At the same time, the
functions ‖x‖2, ‖x‖100, etc., do not belong to Ω. Shearing transformations are examples of admissible
mappings.

Obviously, if the mapping Φ belongs to Ω, and T is an admissible mapping, then ΦT and TΦ belong
to Ω. The superposition of mappings belonging to Ω (or to Ω1) also belongs to Ω (Ω1).

Proof of Theorem 2. Consider two systems of the form (1) with coinciding N-jets of the right-hand
side where the number N will be specified later, but now we assume N > m1(m,n). By [5], there exists
a number ˜N = ˜N(k,Λ) such that if the expansion series of the right-hand sides of two systems of the
form (1) in the nondegenerate variables differ by terms of order higher than ˜N , then such systems are
Ck-equivalent. Here Λ is the nondegenerate part of the spectrum of the matrix ˜A of the linear part of
system (1). By [5], we can assume that the right-hand sides of the systems are finite sums of monomials
in nondegenerate variables (the degree of these monomials not exceeding ˜N ), with coefficients that
are functions of a degenerate variable of class C∞ whose N-jets coincide. If N > m1(m,n), then, by
Remark 2, weakly degenerate transformations T ∗

1 and T ∗
2 of the form (6) reducing the linear parts of both

systems to one system of the form (7) differ only by multipliers of class C∞ and these multipliers have
coinciding N1-jets where N1 = N1(N), limN→∞ N1(N) = ∞.

Consider the systems obtained by applying transformations T ∗
1 and T ∗

2 to the original systems. Since
the resulting systems will have a similar form, their subsequent transformations can be constructed in a
similar way; we restrict ourselves to the study of one of them.

Let us isolate two groups of variables. The first group will comprise singular variables, while the
second, nonsingular variables. The vector composed of singular variables will be denoted by Z1, while
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that of nonsingular variables, by Z2. Applying the transformations (6) to system (2), we obtain the
nonlinear system

ṙ = b1r
2p+1 + c1r

4p+1 + f1,

α̇ = ω + ψ(r2) + f2,

Żl = Al(r)Zl + Hl, l = 1, 2.

(24)

Here and elsewhere, we use the polar coordinates

r =
√

u1u2 , α =
1
2i

ln
(

u1

u2

)

.

The functions H1 are sums of monomials of the form

ξ|S1|−1ZS1
1 ZS2

2 μKcS1S2K(r), (25)

and the functions f1, f2, while H2 are sums of monomials of the form

ξ|S1|ZS1
1 ZS2

2 μKcS1S2K(r), (26)

where cS1S2K(r) is a C∞ functions. This follows from the form of the transformation (6) and Remark 1.
Here S1, S2 are collections of nonnegative integers, the ZSl

l are the corresponding monomials, K is

an integer, ξ =
√

eiα, μ = eiα, and |S1| is the weight of the collection. We use the standard notation
from [1]–[3]: ZS = zs1

1 · · · zsp
p , S = (s1, . . . , sp), s1, . . . , sp are nonnegative integers, and |S| is the

weight of the collection S, |S| = s1 + · · · + sp.

Consider the Taylor series

ĉS1S2K(r) =
∑

L

cLS1S2KrL

of the functions cS1S2K(r). Since the N-jets of the original systems coincide, we can assume that the
corresponding coefficients of both systems coincide for

L ≤ N2, N2 = N2(N), lim
N→∞

N2(N) = ∞.

In what follows, it will be convenient to replace the variable α in system (24) by the variable μ = eiα;
as a result, this system will take the form

ṙ = b1r
2p+1 + c1r

4p+1 + f1,

μ̇ = iμ(ω + ψ(r2) + f2),

Żl = Al(r)Zl + Hl, l = 1, 2.

(27)

Let us try to transform the Taylor series of the functions cS1S2K(r) into polynomials of degree N2.
To do this, we arrange the collections (S1, S2) in increasing order (see [2, p. 286]). Let us describe our
principle of ordering the collections (and the corresponding monomials) as follows. If the weights of two
different collections ˜S = (˜S1, ˜S2) and S = (S1, S2) are identical, then we assume that ˜S > S if ˜S1 > S1

in the sense of a definition from [2].

To achieve our goal, we use the changes of variables

zj = wj +
∑

djSKξ
|S1|−1
1 W S1

1 W S2
2 μK

1 r
L−2(q+1)
1 , 1 ≤ j ≤ n1,

zj = wj +
∑

djSKξ
|S1|
1 W S1

1 W S2
2 μK

1 r
L−2(q+1)
1 , n1 + 1 ≤ j ≤ n,

μ = μ1 +
∑

a1SKξ
|S1|
1 W S1

1 W S2
2 μK

1 r
L−2(q+1)
1 ,

r = r1 +
∑

a2SKξ
|S1|
1 W S1

1 W S2
2 μK

1 r
L−2(q+1)
1 ,

(28)
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where L > N2, n1, n2 = n − n1 is the number of singular and nonsingular variables, respectively, q is
the level of the corresponding monomial, and ξ1 =

√
μ1 . The monomials ξSZS1

1 ZS2
2 μKrL for L > N2,

s = |S1| − 1, and s = |S1|, are, obviously, removable (see the definition in [3]); therefore, the coeffi-
cients djSK , a1SK , a2SK are given by the corresponding formulas (see Sec. 3 from [3]), S = (S1, S2).
The sums contain collections for which |S1| and |S2| are fixed.

Carrying out induction on L, we establish the existence of transformations of the form (28),
where djSK , a1SK , a2SK are functions of r of class C∞; as the result of these transformations, the
coefficients of the monomials

ξ|S1|−1W S1
1 W S2

2 μK
1 , ξ|S1|W S1

1 W S2
2 μK

1

in all the equations of the system become sums of polynomials of degree N2 and of flat functions. To make
these flat coefficients equal to zero, we perform an additional transformation of the form (28), where the
coefficients djSK , a1SK , a2SK are the required functions of r. To achieve this goal, these functions must
satisfy equations of the form

g′(r)(brl + crl+h) = g(r)(a0 + a1r + · · · + al−1r
l−1) + a(r).

Here g(r) is the required function, l ≥ 1, h > 0 are integers, b, c, aj are constants of the quantity, b �= 0,
and a(r) is a flat function. This equation has a flat solution (see, for example, [6, pp. 49–50]). Thus, we
have constructed the required transformation. It can be written as follows:

Z1 = W1 +
∑

g1SK(r1)ξ|S1|−1W S1
1 W S2

2 μK
1 ,

Z2 = W2 +
∑

g2SK(r1)ξ|S1|W S1
1 W S2

2 μK
1 ,

μ = μ1 +
∑

f1SK(r1)ξ
|S1|
1 W S1

1 W S2
2 μK

1 ,

r = r1 +
∑

f2SK(r1)ξ
|S1|
1 W S1

1 W S2
2 μK

1 .

(29)

Here all the sums are finite and S = (S1, S2). The coefficients glSK(r), flSK(r), l = 1, 2 are C∞ func-
tions depending on r of the order of o(rN3), N3 = N3(N), limN→∞ N3(N) = ∞.

Denote the transformations constructed for our systems by

H11 = H11(ξ, Z, μ, r) and H21 = H21(ξ, Z, μ, r).

Let us apply the same procedure again to the systems obtained by these transformations. As a result,
we obtain a finite sequence of transformations

Hq1,Hq2, . . . ,HqJ , g = 1, 2,

whose application takes the right-hand sides of both systems to sums of two terms. The first
summand is the same for both systems and is a sum of monomials of the form (25) and (26) in which
|S| ≤ ˜N , ˜N = ˜N(k,Λ) is the number introduced at the beginning of the proofs of our theorem, and
the functions cS1S2K(r) are identical for both systems and are polynomials of degree N2. The second
summand is composed of convergent series of monomials of the same form, but with |S| > ˜N (here the
functions cS1S2K(r) are different for the different systems and, in general, are not polynomials, but belong
to C∞). Denote the final transformations of our systems by

Hq =
∏

0≤l≤J−1

HqJ−l, q = 1, 2.

Let us now apply the transformation (T ∗
1 )−1 to the systems obtained by these transformations and

consider the following final transformations of the two original systems:

R1 = (T ∗
1 )−1H1T

∗
1 , R2 = (T ∗

1 )−1H2T
∗
2 .

These transformations can be expressed as the following products:

R1 = ˜H1J · · · ˜H11, ˜H1l = (T ∗
1 )−1H1lT

∗
1 , 1 ≤ l ≤ J,

MATHEMATICAL NOTES Vol. 92 No. 6 2012



818 SAMOVOL

R2 = ˜H2J · · · ˜H21, ˜H2l = (T ∗
2 )−1H2lT

∗
2 , 1 ≤ l ≤ J − 1, ˜H2J = (T ∗

1 )−1H2JT ∗
2 .

The next statement is that the mappings R1,2 belong to Ω1. To prove it, it suffices to show that
˜H1l, ˜H2l ∈ Ω1, 1 ≤ l ≤ J . We restrict ourselves to proving that ˜H11 ∈ Ω1. For the other mappings, the
proof is similar. This justification will be given after the conclusion of the proof of the theorem.

Since the transformation (T ∗
1 )−1 is linear in the nondegenerate variables, it follows that the right-

hand sides of the systems obtained are sums of two summands, the first of which, identical for both
systems, is a polynomial in the nondegenerate variables of degree ˜N , while the second summands are
C∞ functions of the nondegenerate variables whose Taylor series begin with terms of degree higher
than ˜N . Since the final transformations belong to the class CN4 , where N4 = N4(N), limN→∞ N4(N) =
∞, it follows that, for a sufficiently large N , we can assume that the first and second summands belong
to the class CM , where M ≥ ˜N . Furthermore, the right-hand sides of the systems differ only by terms
of order higher than ˜N in the nondegenerate variables. But, by [5], in that case, the systems in question
will be Ck-equivalent. Thus, the proof of the theorem will be complete.

Let us now consider the transformation ˜H11. Recall that T ∗
1 = BV T1, where B, V , and T1 = T1(

√
r̃ )

are the transformations described in Definition 2. Note that the transformations B, V , and T1 are block-
diagonal:

B = diag(B1, B2), V = diag(D1,D2), T1 = diag(T11, T12),

the square matrices B1, D1, and T11 have dimension n1, and the matrices B2, D2, and T12 have
dimension n2. The matrices Bq, Dq, q = 1, 2, can be written as

Bq = Bq(r, μ) = Bq1(r)Bq2(μ), q = 1, 2, D2 = D2(μ), D1 = ξC(μ),

where Bql, C, and D2 are diagonal matrices whose diagonals contain their arguments in integer powers.
Denote

Gq(r1, μ1) = Bq(r1, μ1)Dq(μ1)T1q(r1), ˜Yq = Gq(r1, μ1)Wq, q = 1, 2,
˜G1(r, μ) = B1(r, μ)C(μ)T11(r).

Taking into account the fact that Yq = Gq(r, μ)Zq , q = 1, 2, and using (29), we obtain

Y1 = G1(r, μ)G−1
1 (r1, μ1)˜Y1 + G1(r, μ)

∑

g1SK(r1)ξ
|S1|−1
1 (G−1

1 (r1, μ1)˜Y1)S1(G−1
2 (r1, μ1)˜Y2)S2μK

1 ,

Y2 = G2(r, μ)G−1
2 (r1, μ1)˜Y2 + G2(r, μ)

∑

g2SK(r1)ξ
|S1|
1 (G−1

1 (r1, μ1)˜Y1)S1(G−1
2 (r1, μ1)˜Y2)S2μK

1 ,

μ = μ1 +
∑

f1SK(r1)ξ
|S1|
1 (G−1

1 (r1, μ1)˜Y1)S1(G−1
2 (r1, μ1)˜Y2)S2μK

1 ,

r = r1 +
∑

f2SK(r1)ξ
|S1|
1 (G−1

1 (r1, μ1)˜Y1)S1(G−1
2 (r1, μ1)˜Y2)S2μK

1 .

Taking into account the fact that G1(r, μ) = ξ ˜G1(r, μ), we find that

Y1 = ξξ−1
1

˜G1(r, μ) ˜G−1
1 (r1, μ1)˜Y1

+ ξξ−1
1

˜G1(r, μ)
∑

g1SK(r1)( ˜G−1
1 (r1, μ1)˜Y1)S1(G−1

2 (r1, μ1)˜Y2)S2μK
1 ,

Y2 = G2(r, μ)G−1
2 (r1, μ1)˜Y2 + G2(r, μ)

∑

g2SK(r1)( ˜G−1
1 (r1, μ1)˜Y1)S1(G−1

2 (r1, μ1)˜Y2)S2μK
1 ,

μ = μ1 +
∑

f1SK(r1)( ˜G−1
1 (r1, μ1)˜Y1)S1(G−1

2 (r1, μ1)˜Y2)S2μK
1 ,

r = r1 +
∑

f2SK(r1)( ˜G−1
1 (r1, μ1)˜Y1)S1(G−1

2 (r1, μ1)˜Y2)S2μK
1 .

Now note that these formulas imply that μμ−1
1 ∈ Ω1 and ξξ−1

1 ∈ Ω1.
In addition, if the admissible transformation Q is of the form (x, y) → (x, P (x)y) and the transfor-

mation H belongs to Ω1, then QHQ−1 ∈ Ω1. This implies the following assertions:

1) if S(η) = diag(ηδ1 , ηδ2 , . . . , ηδn), δj are rational numbers, and H ∈ Ω1, then S(r)HS−1(r1) ∈ Ω1;
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2) if S(r) = r + B(r), B(r) ∈ C∞, ‖B(r)‖ = o(r), and H ∈ Ω1, then S(r)HS−1(r1) ∈ Ω1;

3) if H ∈ Ω1, then C(μ)HC−1(μ1) ∈ Ω1.

In addition, if the admissible transformation Q is of the form (in polar coordinates) (α, r, y) → (α, l
√

r , y),
where l > 0 is an integer and the transformation H belongs to Ω1, then QHQ−1 ∈ Ω1.

Using these assertions and taking into account the fact that the product of an admissible transforma-
tion and a transformation from the set Ω also belongs to Ω, we find that the transformation constructed
by us is of the form

x = x̃ + H1(x̃, ˜Y ), Y = ˜Y + H2(x̃, ˜Y ), H1,2 ∈ Ω.

Here

Y = (Y1, Y2), ˜Y = (˜Y1, ˜Y2), x = (rμ, rμ−1), x̃ = (r1μ1, r1μ
−1
1 ).

Thus, we have proved that the mapping ˜H11 belongs to Ω1. Theorem 2 is proved.
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