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ABSTRACT. Autonomous higher order differential equations with scalar non-
linearities, periodic with respect to the main phase variable under appropriate
generic conditions, have an infinite sequence of isolated cycles with amplitudes
growing to infinity and periods converging to some specific value Tj.

1. Introduction. 1.1. Investigation of cycles in autonomous systems (exis-
tence, stability, number of cycles, bifurcations, numerical computations, simula-
tions, applications, etc.) by various mathematical (analytical, geometrical, topo-
logical, fixed point method) approaches is the classical part of mathematics, with a
lot of theoretical and applied books and papers devoted to them.

The only simple case is linear: cycles exist if and only if at least one pair of
complex conjugate eigenvalues of some matrix (or a pair of roots of some charac-
teristic polynomial) is situated on the imaginary axis. If such a pair is unique and
the eigenvalues (the roots) are simple, then all the cycles (in the linear case) are
circles, the cycles are not isolated and fill a two dimensional plane in the phase
space. Generic nonlinear non-Hamiltonian equations have isolated cycles only.

If a nonlinear differential equation or a dynamical system has a principal (in some
appropriate sense) linear part, then sometimes it is also possible to find round cycles
(i.e., close to circles). The classical example is Hopf bifurcation at the origin', a
similar situation (with a two dimensional manifold filled with round cycles) appears
in Hopf bifurcations at infinity.

In [4] we considered single-loop control systems that contain linear parts and
nonlinear bounded scalar feedbacks (with and without delays). The principal re-
sult concerns the existence of unbounded infinite sequences of isolated cycles (for
feedbacks without delays see Statement 1) below. The main condition in [4] has
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LConsider the system @’ = f(x,)\), € R, f: R? x R — R? with a real parameter \. If
F£(0,\) =0and f(x,\) = A(N)z+o(x) at the origin, and if the matrix A(A) has a pair of complex
conjugate pure imaginary eigenvalues for some A = \g, then under appropriate assumptions on the
spectrum of A()) for some sufficiently close to Ag values of A\ (generically, either only for A < Ao
or only for A > Ao depending on the small term o(x)) there exists one small round cycle. In the
space R4*1 these small cycles and the origin form a two dimensional manifold.
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a formally generic form limsup X > liminf X, however this condition turns out to
be valid only for a special class of nonlinearities, containing slowly oscillating com-
ponents with exponentially increasing intervals between consecutive zeros (such as
sin(log(1 + |z])) ). In this paper we present results in the spirit of [4] for equations
with usual periodic nonlinearities. The results are based on sharp asymptotical rep-
resentations of projections of periodic nonlinearities. The most cumbersome part
of the proofs is related to the Kelvin method of stationary phase (][9], §§11-14).
1.2. Consider a traditional for control theory equation?

L(£) o1 (£) o o

where L and M are fixed real coprime polynomials of degrees £ and m (¢ > m), the
continuous scalar function f : R — R is uniformly bounded.

Let a value wg > 0 be a root of the polynomials (L(wi)M (—wi)) and L(wi) of
the same odd multiplicity K and let L(kwgi) # 0 for £k =0,2,3,4,... Put

on /2
y(e) f / sint f(Esint) dt = 4 / sint foqa(€ sint) dt.
0 0

This function is odd and it is defined by the odd part foqa(x) = (f(z) — f(—z))/2 of
the function f. In control theory such functions are called describing functions, they
are used in stability theory and various other applications. The following statement
on the cycles of (1) was proved in [4].

Statement 1. Let
gt limsup ¥(§) >0 > 1i£minf U(¢
— 00

£—o00

)< @)

Then there exists an infinite sequence x,, of T,-periodic solutions for equation (1),
their amplitudes and periods satisfy the relations ||x,||c — 0o, T, = To = 27/ wyo.

Let us emphasize that the main part ¥+ > WU~ of condition (2) is valid for rather
specific functions f. For a reasonable f the corresponding describing function ¥
tends to a constant at infinity, the most typical situation ¥(§) — 0 as & — oo
occurs either if f is even, or if f has a sublinear primitive (e.g., f is periodic or
almost periodic), or if f — 0 at infinity, or if f(x) = sign(x)sin(|z|*), « > 0.
If f has a saturation, i.e., if f(z) — +F # 0 as © — #oo, then ¥+ = 4F. The
function fo(z) = sign(z) sin(In(1+|z|)) mentioned above generates ¥ that oscillates
at infinity, ¥* = +V¥, (¥, ~ 3.70), and (2) holds. Since the operation f ++ ¥ is
linear, condition (2) also holds for ¥ generated by various sums of the type fo(z) +
‘even function’ + ‘vanishing at infinity function’ + ‘periodic function’ + ‘function,
oscillating sufficiently fast’ etc.

The distances between consecutive zeros of the function fy (i.e., between the
points €™ — 1 for k = 1,2,...) are equal to €™ (e™ — 1) and increase exponentially
fast.

Problems on forced periodic oscillations for systems with nonlinearities satisfying
Ut > ¥~ were considered in [6,7]. In [6] we found conditions for the existence of

2Equation (1) may be rewritten in the equivalent form 2’ = Az+ f({z, c))b, where 2z, b, c € R,
and A is an £ x ¢ matrix. Solutions x = (z, ¢) of (1) are defined for non-smooth f, see manuals on
control theory, e.g., [1-3]. All results presented here are new even for usual ordinary differential
equations (M = 1) of higher order.
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sequences of such oscillations with arbitrarily large amplitudes. In [7] we considered
equations with a parameter and discovered the existence of infinite sequences of so-
called cyclic continuous bounded branches of solutions.

The rest part of the present paper deals with the case of periodic f, in this case
always U+ = ¥~ = 0 and Statement 1 is inapplicable as its main condition (2)
is not valid. The paper is organized in the following way. The main result and
miscellaneous remarks generalizing and continuing it are given in the next section.
Two last sections contain the proofs. The proof of Theorem 2.1 is given in Sec-
tion 3, in the proof we use auxiliary statements (Lemma 3.4 and Lemma 3.5) from
Subsection 3.5, their proofs are presented in the last part of the paper.

2. The main result. 2.1. Let f be a continuous and T-periodic function, let

def 1 T
0% [ =0 (3)

Put w = %’“ and consider the Fourier series of the function f:

o0
f(z) = Z s sin(sw x + ), ws > 0. (4)
s=1
Theorem 2.1. Let the following conditions be valid:
1. £ >m+ 1, where £ = deg L and m = deg M;
2. The value wy is a root of the polynomials S(L(wi)M (—wi)) and L(wi) of the
same odd multiplicity K;
3. L(kwoi) #0 for k=10,2,3,...;
4. The Fourier coefficients us in (4) satisfy

S /s < oo 5)

5. The function f is not even.
Then there exists an infinite sequence x,, of T,,-periodic solutions for equation (1),
their amplitudes and periods satisfy ||xn||c — 00, T, — Ty = 2w/ wy.

The uniform convergence of the series in (4) follows from (5).

The simplest example is the equation z”/ + 2/ + 2’ + z = sinz. From Theo-
rem 2.1 it follows the existence of the sequence x,, of T,-periodic solutions satisfy-
ing ||zn|lc = oo, T, — 2m. There are two sequences of large-amplitude cycles: the
sequence with stable cycles and the sequence with unstable ones. The stable cycles
can be easily found numerically.

2.2. Remarks.

Remark 1. Instead of periodic f it is possible to consider almost periodic sums of
two or more periodic functions with (maybe) incommensurable periods and, more-
over, Fourier integrals. It is also possible to consider non-periodic f of the form ‘peri-
odic term’ + ‘additional terms’, if the additional terms generate their own describing
functions of the order less than £ /2, (e.g., terms of the form const-z=1/2=7, ¢ > 0;
or rapidly oscillating terms of the type sin(z?)). Finally, the equations

L (i) =M (;t) Fla(t),z(t — A)) (6)

with delays containing periodic with respect to the both variables functions f can
be also considered with similar arguments.
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The method of the proof might work for functions f depending on several vari-
ables if f is periodic with respect to each of them and, hence, allows for the Fourier
expansion in several variables and an analog of Lemma 3.5 is valid.

Remark 2. The periodic solutions x,, from Theorem 1 have the form

T (t) = & sin(2mt/Ty) + han(t) (7)

where h,, are T,-periodic, &, — 00, ||hn|lc = 0, Ty, = To = 2w/ wg. The values &,
are close to sufficiently large zeros of the T-periodic function

SN cos i sin(wsE — 7)
&= s : (8)
g ; p 7

Moreover, if £, is an isolated zero of g and g(&. + 0)g(£« — 0) < 0, then for any
sufficiently large integer n there exists a periodic solution of the form (7) and |&,, —
&—nT| — 0asn — co. The almost opposite statement is also valid: it is possible to
choose the vicinity® Q of the point wq such that all large-amplitude cycles with the
periods 7 = 27 /w, w € Q have the round form. More exactly, for any sufficiently
small € > 0 there exists R(e) such that any periodic solution z(t) of a period
T =2m/w, w € Q, satisfying ||z||c > R(e), has the form z(t) = {sin(wt+ @) +h(t),
h(t +7) = h(t), where [[h]lc, |g(§)| <e.

It would be interesting to supplement Theorem 2.1 with conditions of uniqueness
of periodic solution & sin(wt) + h(wt) where |w — wo| < € and |£ — &, — nT| < e.

The function g is not identically zero (uscoss # 0 at least for one s = 1,2,...)
if and only if Condition 5 is valid. The function g defined by (8) plays essential role
in the proofs below, it defines the principal part of the describing function W:

_ 2v2mg(6)
wy/&

(E) +o(e7?)
at infinity (see Lemma 3.5 below).

The cycles x,, in the phase space are close to the circles generated by the functions
&nsin(wy,t) with the same ¢, and w,,. From the proof below it follows that |w,, —
wo| < 0(§;(2+U)/K), therefore if K = 1, then the circles &, sin(w,t) are close to the
circles &, sin(wot). These circles for all various n are concentric and belong to the
common plane.

Remark 3. Condition 2 means that
lim |w — wo| X |R(L(wi) M (—wi))| < oo, 9)
W—Wo
i.e., either wyq is a root of the polynomial R(L(wi)M (—wt)) of a finite multiplicity
K* > K, or R(L(wi)M(—wi)) = 0. The assumption K* > K may be slightly
weakened; e.g., the inequality 3K < 4K™ is also sufficient.
Remark 4. Theorem 2.1 can be extended to periodic nonlinearities f with nonzero

mean values. Let (instead of (3)) pg # 0. The change of variables z = MO% +vy
transforms (1) into the equation of the same form, with the same polynomials L

and M and with the new nonlinearity fi(y) = f(/io% + y) — po, that is also

T-periodic (in y) and has zero mean value:
1 T
= dy = 0.
T /0 fily) dy

3The choice of Q is given in the end of Section 3.1 explicitly.
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Function (8) for this nonlinearity has the Fourier series

*  cos(hs + wsuo%g))) sin(wsy — §)
MOEDIT
s=1

\/g Y

this function must be not identically zero, i.e., the function f; must be not even.

3. Proof of Theorem 2.1.

3.1. Time rescaling. Let us linearly rescale the time in (1) and consider the equa-
tion
LwLye = mwl 10)
(w &y = M D) ) (
Every 2m-periodic solution z(t) of (10) defines the (27/w)-periodic solution x(wt)
of (1). We look for 2m-periodic solutions of equation (10) in the form

x(t) = Esint + h(t), (11)

the Fourier expansion of h does not contain the harmonics sint and cost. We
are going to find sequences &, — oo, w,, — wg of real numbers and a sequence
hy(t) of 2m-periodic functions such that formula (11) defines the solutions z,,(t) =
Ensint + hy(t) of equation (10) with w = w,,. This would imply the conclusion of
Theorem 2.1.

Every non-stationary 2r-periodic solution z(t) of any autonomous equation is
included in the continuum z(t 4+ ¢) of shifted solutions; any of them (¢ € R or
¢ € [0,27)) defines the same cycle (as a geometric object) in the phase space R’.
If = contains the first harmonics, then exactly one solution z(t + ¢) has the form
Esint + h(t) with £ > 0.

The polynomials L and M are coprime, therefore from L(wgi) = 0 it follows that
M (woi) # 0. From Conditions 2 and 3 of Theorem 2.1 it follows that there exists a
vicinity = (wq, wa), w1 < wg < wa of the point wq such that the following two
assumptions are valid:

e wy is an unique root of both the polynomials I(L(wi)M (—wi)) and L(w1)
on €; -
o L(kwi)#0for k=0,2,3,... and w € Q.
By assumption $(L(wqi)M(—woi)) = 0, the root wo has an odd multiplicity K,
therefore
S(L(w1i) M (—w1i)) S(L(wai) M (—wai)) <0, (12)
moreover (L(wi)M(—wi)) = (w — wo)X N(w), where N(w) # 0 for w € Q.

3.2. Linear operators. We use the spaces C, C*, L? and W, of functions z =
x(t) : [0,27r] — R with the usual norms and scalar products and their subspaces
Co, C§ of periodic functions, |||y = [|#[lc + [|#/[| 2. Denote by E C L? the linear
span of the functions sin ¢ and cost, denote by E+ C L? the orthogonal complement
of the plane FE. Then

Px(t) = 1 /0 ! cos(t — s) z(s)ds

s

and Q = I — P are orthogonal projectors onto the subspaces E and E+ of L2.
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For each w € € denote by A = A,, the linear operator that maps any function
u € E+ C L? to an unique solution = Au € E*+ of the linear equation

L(W%)l‘ :M(W%)u. (13)

The existence of the solution z = x(t) follows from the relations v € E+ and
L(kwi) # 0 for all k # 41, w € Q; the uniqueness follows from x € E+. The
projectors P and Q commute with differentiation and with the operators A, in any
appropriate spaces.

The operators Ay, : E+ — E1 are completely continuous in L? and in C. The
norms of the operators 4,,Q : C — C! are uniformly bounded, moreover, A,,Q acts
continuously from C' to Cgfm. The number

a = sup [[A,Ql[cocr < o0 (14)
we

is well-defined. The operator A, Qu : Q x C' — C*~™ is completely continuous with
respect to the set of its variables (w,u). The operator A}, Q : u(t) — %A, Qu(t) is
continuous in C.

Consider a function u € C. If its Fourier coefficients vy satisfy the estimate
|vk| < (g, then the Fourier coefficients 7y, and o}, of the functions A,,Qu and A/, Qu
satisfy

|| < const K™, 7| < const K™ H1¢,. (15)

3.3. Scalar linear equations.

Lemma 3.1. The functions z(t) =Esint+h(t) (h€ E+) and u(t) € C satisfy (13)
if and only if

L(wi) . [*. o L(wiy
ﬂéRM(Wz) 13 7/0 sint u(t) dt, WJM(W,) 13 7/0 costu(t) dt, (16)
h = A,Qu.

Proof. By construction equation (13) is equivalent to the system

(o ) €sint) = M (w D)Pute), Lo ) = M o ) u(),

The second equation is equivalent to h = A, Qu, and the first is equivalent to
7R(L(wi))Esint + 7S (L(wi))E cost

2
= (R(M(wi)) cost — I(M(wi)) sin t)/o cos su(s)ds

+ (R(M (wi)) sint + (M (wi)) cos t)/o ﬂsin su(s)ds,
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that is
aR(L(wi))E :_%(M(Wi))/o cos s u(s)ds (17)
2m
+ R(M (wi)) /0 sin s u(s) ds, (18)
7S(L(wi))€ = %(M(Wz))/o 7Tcoss u(s) ds (19)
2m
+ (M (wi)) /0 sin s u(s) ds. (20)

Multiply (17) by R(M (w)) and (19) by (M (wi)), then sum the products and ob-
tain the first of equations (16). Multiply (17) by —(M (wi)) and (19) by R(M (wi)),
then sum the products and obtain the second of equations (16). Since M(wi) # 0
for w € Q all used transformations are equivalent. O

3.4. Topological lemma. For the sequel, we need the following lemma on the solv-

ability of a system of two scalar equations and an equation in a Banach space H.

This lemma contains the sufficient part of more general statements from [5].
Consider the system

Bi(w,§,h) =0, Ba(w,§,h)=0, h=Bs(w,§h), (21)
where the unknowns w and ¢ are scalar, w E_Q = (w1, wo], £ € E = [£1,&)], and
h € H. Suppose the operators By, By : 2 x =X H — R are continuous and the

operator Bz : Q X = x H — H is completely continuous (with respect to the set of
their arguments). If Bs is uniformly bounded

| Bs(w, & h)||r < p, we, E€E, he H,

then from the Schauder fixed point theorem it follows that the set H(w,&) = {h :
h = Bs(w,&, h)} is non-empty for any w € 2, § € E. Put H = U, cq ¢cz H(w,§).

Lemma 3.2. Suppose
Bi(wi, &, h) - Bi(wa, £,h) <0, €2, he (22)
Bso(w, &1, h) - Ba(w,&,h) <0, weQ, heX. (23)
Then system (21) has at least one solution we Q, £ €=, h € H.

Lemma 3.2 follows from Theorem 2 from [5] that is a generalization of the Ro-
tation Product Formula [8], §7, §23. Under the assumptions of Lemma 3.2 the
rotation 71 of the infinite dimensional vector field h — Bs(w, £, h) € H with fixed w,
¢ on the sphere {||h||z = p+ 1} equals 1. The rotation 2 of the two-dimensional
vector field {By(w, &, h), Ba(w,&, h)} with fixed h on the boundary of the rectan-
gular R = {w € (w1, w2),£ € (£,&)} is either 1 or —1. The rotation vy of the
field

{Bl(Wv 'f, h)a BQ(Wa 57 h)a h — B3(W7 g, h)}
on the boundary of the domain R X {||h|lg < p + 1} in the space R x R x H
equals v17v2 ([5]), i-e., |70] = 1. Hence there exists a solution of system (21) in this
domain. g

Let us emphasize that (22) and (23) must be checked for h € H only, this is
the main difference between Lemma 3.2 and more classical variants of the Rotation
Product Formula.
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3.5. Estimates of the component h and the main lemma. In Section 3.6
we rewrite 27m-periodic problem for differential equation (13) in the form of equiv-
alent system (21) of operator equations to apply Lemma 3.2. Lemma 3.5 below
allows to obtain the necessary inequality (23), it follows from sharp asymptotic
representations for the component Pf(x) as £ — co. Lemmas 3.3 and 3.4 presents
the necessary a priori estimates for the component h = Qx. Proofs of Lemma 3.4
and 3.5 are given in the next Section 4.

Consider the functions z(t) = z¢ 5 (t) = Esint + h(t), € > 1, h € B+, For £ > 1
and w € Q put

HE,w)=1{h: heC, h=A,Qf(Esint + h(t))} c C*
and =[] H(Ew).
E>1, we
Lemma 3.3. The inclusion
HCB,={yeC": |ylc: <7}, v=a sup|f|
is valid, where « is the number from (14).

This is a simple lemma: the operator x — f(x(t)) acts in C' and maps C into
the ball {y € C: ||y|lc < max|f|}, the operators A,,Q act continuously from C' to
ClL. O

The operator h(t) — A,Qf(Esint + h(t)) is completely continuous in C' and
maps C' in a ball, from the Leray-Schauder principle it follows that H(§, w) # () for
any £ > 1 and w € Q.

Lemma 3.4. For any ¢ € (0,1/2) there exists K = K(e) such that the inclusion
HEw) ClyeWas llylwy <K@}, 621
is valid for all w € €.

Lemma 3.5. For any p > 0 and € € (0,1/2) there exists K1 = K1(p,€) such that
the estimates

2 . . 2\/%
Il Sré - \/5/0 st f(€sint-+ h(1)) dt = =7=0(6)|

<Ki(1+p)§° (24)
and

sup
1Al yy <pé =2

hold for £ > 1.

2m
g“‘s/o cost f(Esint + h(t)) dt‘ < V27 pmax | f| (25)

From these lemmas it follows that for any h € H(&, w)

‘\/E/O " sint f(€sint + h(t)) di — Qgg(f)

)

2m
‘f/ cost f(€sint + h(t)) dt| < c(e) £°.
0
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3.6. Equivalent equations and finalizing of the proof. From Lemma 3.1 it

follows that the function x(t) = £sint + h(t), h € E+1 is a 2m-periodic solution
of (10) if and only if it satisfies the system
5 / cost f(x(t)) dt,

Express the value 7(w — wo)X¢|M(wi)| =2 from the second equation:

WZ

§/smtf ) dt, ﬁ%
h = AQf((

o 1 27 ]
(= wo) €M (i) = s / cost f(x(t)) dt,

where N = S(L(wi)M (wi))(w — wq)~ ¥ is a polynomial, N(wi) # 0. Put this in
the first equation, it takes the form

/ 7Tsintf(ac(t)) dt = Y(W)/ Wcostf(ac(t)) dt,
0 0

where
R(L(wi)M (—wi))
S(L(wi)M (—wi))
According to Condition 2 of the theorem (see also Remark 2 and (9)) the rational
function Y is continuous (if R*(L(wi)M (—wi)) = 0, then it may be identically zero)
and bounded on €.

The final version of the equivalent system has the form

M (wi)* [
T/o cost f(x(t)) dt,

/ 7rsintf(ac(t)) dt= Y(W)/ Trcostf(ac(t)) dt,
0 0
h=AyQf (x(t)).

Consider the T-periodic function g, defined in Remark 2, formula (8). Since g is
not identically zero and has zero mean value there exist values £; and &5 such that
&1 < & and g(&1)g(&) < 0. Fix an € € (0,1/2), choose sufficiently large integer n
(depending on €), and put £ =& + Tn, &8 = & + Tn. Of course, g(&7)g(£%) <0
for any integer n. Put E = [¢], £}], Lemmas 3.3—3.5 imply

2m
/0 sint f(z(t))dt = @9(5)5_1/2 + 0(5—1/2—5)7

Y(w) =

S(L(wi)M (—wi))=

(26)

and
/0 cost f(x(t))dt = O(6~179),

therefore for any w € Q and h € H for sufficiently large n we have the inequality

(/O%Sintfdt —Y(w) /027rcostfdt> ’Ezgf

. 2ﬂsjntfdt —Y(w) 27rcostfd?f < 0;
; 0 e=¢3
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and from (12) it follows that (again for sufficiently large integer n)

(S(L(wiM(=wi)) - MS:Z)' /Ozﬂcostf ),

wi)|2
(S(L(wi)M (= wi)) RIwil”

27
cost f dt ‘ < 0.
7Tf /0 f ) W=Wo

These two inequalities play the role of conditions (22) and (23) for system (26).
From Lemma 3.4 it follows the relation A, Qf(x(t)) = o(1) as & — oo in W3. The
operator (w, &, h) — f(x) is completely continuous as an operator from 2 x = x C
to C. For sufficiently large n (i.e., for sufficiently large &) Lemma 3.2 is applicable
to system (26) on the set Q x = x {||h||c < 7}, therefore (26) has a solution. O

4. Proofs of Lemmas 3.4 and 3.5.

4.1. Proof of Lemma 3.4. In the proof of Lemma 3.4 we use auxiliary statements
(Lemma 4.1 and Lemma 4.2), their proofs are given in the end of this section.

Lemma 4.1. For any v > 0 for all k =0,1,2,... and ¢ € R the estimate

k+~)In
’/ Hesint h(t))sm(k:tJr@ dt’ < — 4+ 7( )Ing (27)
\h||c1<v

| x/E 3

holds for any & > 1.

From (27) and the trivial relationship
2m
’ / HEIMEHRD) sin (Bt 4 o) dt’ < on (28)
0

(it is valid for all h, k, ¢) it follows that

‘/ i(& sint+h(t) )Sln(kt+g0 dt‘
Hthl <y

2 4 |
< mm{zm 20 . M} (29)
Ve 3
for £ > 1. Relation (29) is valid for all &, k, 7, ¢, put there ws,wsh,ws~y instead of
& h,7y, where w = 28 > 0 is a real number defined in the beginning of Section 2,
s=1,2,...1s posmve integer. We see that the relation

27
/ piws(Esint+h(t)) sin(kt + ) dt‘ <Y(k,s,&7)

sup
lhllci<y ' JoO
def min{27r, 20 n 4(k + yws) ln(wsg)}
VwsE wsé

holds for any non-negative integer s and real £ > 1.
Put o (t) = sin(ws(Esint + h(t)) 4+ 1,). According to (4) the function f(£sint+
h(t)) can be represented as

f(€sint + At Zusas
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Let ag, ¢k, ¢, be the Fourier coefficients of the functions a,, Hy = A, Qas, and
4 ],. Then|ay| <Y (k,s,&,7), k=0,1,2,..., therefore |co| < const-In s-(ws&)~1/2
and for any k=1,2,...

lex| < const - Y (k,s,&,7) k™ ¢, |ci| < const - Y (k,s, &) L
(see (15)). In particular, from m — £+ 1 < —1 it follows that
)| < const - Y (k,s,& )kt (30)

Lemma 4.2. Let { > m+2. For anye € (0,1) the estimate | Hs|lwy < const(e)§F
Ins holds.

Lemma 4.2 is proved in Subsection 4.4. Now h € 3, the relation h = Y oo | pusHy
implies

o0 oo
[Allwy < constZusHHusé < const - £¢ Zus\ Ins| < const- £,

s=1 s=1
and Lemma 3.4 follows from Condition 4 of Theorem 1. g
4.2. Proof of Lemma 3.5.
Lemma 4.3. For any ¢ there exists some 8 = () > 0 such that for any p > 0 the

relation

sup
Il <p&=*
holds, where A(§) = %(6(5’“/4)i\/27r - e’(g’“/‘l)i\/Zﬂ') = 2sin(§ — w/4)V21 =
2y/m(sin& — cos&).

Lemma 4.3 is proved in the end of the paper.
Put in (31) the expressions ws, wsh instead of £ and h and rewrite the obtained
relation

27
\/E/O eHEsint+h(D) gin ¢ dt — A(g)z'( <BA+p)EE  (31)

2m
\/wsf/ erws(Esint+h(®) gin ¢t — A(wsﬁ)i‘
0

< B+ p)(wsé)~*,

sup
lwshllyyy <p(wse) =

in the form

27
4 ' _ A(wsg) .
sup \/E/ elws(€sintHh(t) gin ¢ gt — 72‘
IBllyy <pé = 0 -

< Bvws(w™ T+ p)EE,

replacing p(ws)~17¢ by p. The last inequality can be rewritten as two real relation-
ships

\/g/zﬂcos(ws(gsint—&—h(t)))sintdt < Byws(w 4 p)eE,
0

sup
Al <pE=*
2
. . . A(wsE)
sup \/5/ sin(ws(&sint+h(t)))sint dt —
IRl y <p&=* 0 Vws

< BVws(w™ T )77,
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therefore,
2
A
sup sin(ws(€sint + () +1b,) sint di — S VBEE)
IRl y <p&== Vws
< By@s(w 1% + p)Ee.
If we sum the obtained inequalities for various s = 1,2, ... with the coeflicients s,
we obtain
2m 00
: . cos Ps A(wsé)
sup VE f(€&sint + h(t))sintdt — usil
Il g <p€< 0 s:z; v ws

< Bvww™ T+ p)ET Zﬂe

The definition of the function g:

Z s Cos\lﬁﬁ(wsg) 9 2::9(5)

proves the first part of Lemma 3.5. The second part (25) follows from the identities

2w

f(&sint + h(t)) costdt
0
2m

g/ F(Esint-+h(8) d(€sint+h() — = [ B(¢)F(€sint+h(t)) dt

€ Jo
and
27

| fx())2'(t) dt =0,

and the estimates

‘/ ffsmtJrh())costdt‘_’/ B (4)f(Esint + h(t)) dt

< \/27rsup|f\Hh,”L2 < v2mpsup | f|
£ §1+e
Lemma 3.5 is completely proved. ]

4.3. Proof of Lemma 4.1. Put
q(t) = sin(kt + ©)e™® | ¢/ (t) = kcos(kt + ¢)e™® + isin(kt + ©)e D n/(t);
obviously, |lglc <1, |l¢;l|lc <k + . Let us estimate the value

/2 /2
I(f) — 1(5077\—/2) — /0 / ei(fsintJrh(t)) sin(kt + 90) dt = /O / elfsintq(t)dt7
analogous integrals I(i /2,7 I (‘5#73” /2) and [ ém /2,27) along the corresponding inter-
vals (the function sint is monotone on each such interval) can be considered with
the use of the same scheme. After the change of variables v = sint in the integral
1(€) we have
g(arcsinv)

1) = /O Wde, W)= LD
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The function W is continuous on [0, 1), |W(v)| < 1/4/1 — v and

Wo)| < ‘q/(aI‘CSilzl’U)‘ v q(arcsinv) < k+ n 1 .
1-wv (V1 —0?2)3 I-v (1—-wv)3

Furthermore, 1(¢) = I1(€) + I2(€);

1—¢~1 1
ne) = /O W (o) dv, (€)= /1 . VT () do.

Now let us estimate the integrals I; and Iy separately. First of all

mel=| [ eewoal

then

L) = ‘/01_5 leiévw(v)dv‘ - 2‘/01_511/1/(v)d(ei£v)

) <£V5V()’0_E> ‘ +¢l /05 e W (v) do|
:2+1£+(k+g)1n5+£\/12ﬁ‘:£_1

Combining the obtained estimate for I(EO /2) with the same estimates for the inte-

grals I(ir/m), I(£7r,37r/2)7 and I(€37r/2,27r) we have (27). O

4.4. Proof of Lemma 4.2. From Parseval’s Formula

oo

1H: 7 = > [kl
k=1
and (30) it follows the estimate

s < const 321 (k5. €A~ .
k=1
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Split for any £ the last series into two parts: a finite part for* k < [¢] and an infinite
rest part for k > [¢]. Then

o0

Y(k,s, & v)\2 . 4x?
Z((zfv)>§2%§

k=[¢]+1 k=[¢]+1 k=[¢]+1

oo
472

o0

1 472
S 526 k2 2e

(e ? 0,3) = 2—2 > 1) and, since (3 —2¢)/4+e+4(1/2—¢€)/2 =1 and ¢ €
(0,3) = (3—2¢)/4> 3
€] €] 2
Y(k, ,5 7) 4 Ak +rws) In(wsé)
€] 2
4(k + yws) In(wsg) 1
= z:: (k\/ﬁ kws  £(1/2=¢)/2 ]<;1—6—(1/2—6)/2§6>
> 4(k + yws) In(wsg) 1 2
= kz (k\/ws kws £/2—¢)/2 k(326)/4§6)
In2
<

n? s e /20 const 27 cln?s
£ > % Treon) T e

k=1

We proved the estimate ||H.|L2 < ¢(e)§ ¢1Ins, it implies ||H.||1 < é1(e)€ € lns.
Any continuous periodic function Hy always takes its mean value ¢ that is its zero
harmonics, it satisfies |co| < é(e)€ ¢ lns, let Hs(to) = co. The estimates for the
values ||Hs||¢ follow from

¢
HL0) < Jeol + [ (0] at,
to
therefore, ||Hsllc < (é(g) + é1(g)) € ¢ Inss. O

4.5. Proof of Lemma 4.3. Let us slightly change (compare with the proof of
Lemma 4.1) some denominations:

q(t) =sinte™®  ¢/(t) = coste™® 4 isint e Dp/ ().

Obviously, ||¢llc <1, ||¢'||c <1+ ~. Consider in detail the integral

w/2 o /2 A
I(6) = / ! EsintHh(0) gin ¢ dt = / e’ 3 g (t) dt,
0 0

T 37/2 27
/m...,/ﬂ /W...

4We denote the integer part as [-].

the integrals
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can be considered in a similar way. The statement of Lemma 4.3 follows from the

relations
i T T\ 1
I(¢ :/ =)= &L 027,
©=] =5 (674°)

37/2 27 p 2 y
— === &L 0 ,

we prove the first one (concerning I(£)) only. Put v = sint in the integral I(&):

I(S) /1 iu.EW( )d W( ) 6ih(arcsin(v))v
= e v)dv, V) = —————
0 V1—v2

The function W is continuous on [0, 1),

W) < L

— 1 — )
iq(-) p! iq(-+) )2
W |<’ mE h(Q)U‘ ’ e v ‘< 247 .
V1—v? I-w 2(v1 —v?)3 (1-wv)3
Obviously,

where

W(v) !

o dv
= et — v) = _——
/0 V21 =)’ v) 2(1 —v)

The value J(§) contains the principal term that can be computed explicitly:

J(€) = e’ /1 e"Edu e [T eiuédy
0o Vu V2Jo Vu

o piudy e [ eiubdy
Vu o V200

Now Lemma 12.1 from [9] (page 100, formula (12.01)) implies
/°° edu 1 [*e™du e%l"(%) T T
0

Ve o Vel Va o VT W&

Obviously
’/‘” wfdu ‘/ deié /°° du _1,1_2
VI B - f 2 IR
Therefore,
s T \/5
JE) — = e < X2
76— /5 :
Now eliminate the principal term from the function U (v):
th(arcsin(v)) 1 1— th(arcsin(v))
U(U):e v :E(v)—( e v
V1—0v? V2(1—v) V1—0v?
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The function

S VI 20— 20—
_ V24 VI+o)(uV2 - VI+v)
(0V2 + VT +0)1/2(1 — v?)
(v—1)2v+1) B V1—0v(20+1)
(V2 +VI+0)v/2(0—02) (W2 +VIT+0)y/2(1 +0)

def v 1 vV/2 — V14w
E(v) =

is continuous on [0, 1], the derivative E’ is continuous on [0,1), |E’(v)| &~ const/
V1 —wv at v =1, therefore fol |E'(v)|dv = Ey < co. Now we have

iy 1! .
[ e = |5 [ EwaEe)
0 i€ Jo
21 Y A |E(0)| + Eo
< ¢ +E’/OE(v)e dv gT,

Consider the integral

7 B 1 - (1 _ eih(arcsin(v)))v dv B 1—¢! 1
ol&) = 0 N =/ R R

It is simple to estimate the second term here: since® |1 — €| < |r|, we have

’ /1 eivf (1 _ eih(arcsin(v))),u dU‘ - ”h” /1 dv
e VI—1? ) PR

=2||hflcV/ET < 2067775

5An arc is always longer than its chord.
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To estimate the first term, let us firstly estimate the values

Gl _ ‘/1—51 eivg ((_eih(arcsin(v)))Uh/(arcsin(UD dv) ‘
0

1 -2

<[ M),
0

1— 02

</1 ¢ < ax 1 ) ‘h’(arcsm( ))‘dv
~Jo ve[0,671] \/1—1}2 V1—12
/

1— 5 /
<\[/ h (arcsin(v ‘d < \[/ |W/ (arcsin(v )‘dv

e[ WwWSJﬂ@Mm§%¢2i

1-¢~ 1 _ ih(arcsin(v))
Gy = ‘ ‘ i d”‘
V(A —v?)3
1-¢~ ! dv f
<l —— *||h||c €< Spere,
0 \/

1—¢7t ) 1 — eih(arcsin(v))
G3 — ‘/ ewg( € ) d’U'
0

V1—122
= g _
< |rlle N 2|[hllc <2p€7.

Now

1-¢~ 1 — gth(aresin( v)) d 1-&- 1 _ ih(arcsin(v)) ]
ISR
0

V12 V1—02
1—571‘ __ pth(arcsin(v))
< ||hHC _’_1‘/ ezvgi <(]‘ € )U> d'U‘
Ve §lo dv V1—2?
h 1 1
< [Plo —(G1+ Gy +G3) <5p& 277,

< +
Ve &
We proved that Jy(§) < 7p§*%*5, by construction
1
1= IO+ [ "Ew)dv = ).
0
Lemma 4.3 is proved. |

Acknowledgments. The author is supported by the Russian Foundation for Basic
Researches, Grant 10-01-93112.

REFERENCES

[1] C. A. Desoer and M. Vidyasagar, “Feedback Systems: Input-Output Properties,” Academic
Press, New York, 1975.

[2] A. Isidori, “Nonlinear Control Systems,” Springer Verlag, London, 1995.

[3] H. K. Khalil, “Nonlinear Systems,” Prentice Hall, Upper Saddle River, New Jersey, 2002.


http://www.ams.org/mathscinet-getitem?mr=MR0490289&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1410988&return=pdf

1016 ALEXANDER M. KRASNOSEL’SKII

[4] A. M. Krasnosel’skii, Unbounded sequences of cycles in autonomous control systems, Au-
tomation and Remote Control, 60 (1999), 1117-1125.

[5] A. M. Krasnosel’skii and M. A. Krasnosel’skii, Vector fields in the direct product of spaces,
and applications to differential equations, Differential Equations, 33 (1997), 59-66.

[6] A. M. Krasnosel’skii and J. Mawhin, Periodic solutions of equations with oscillating nonlin-
earities, Mathematical and Computer Modelling, 32 (2000), 1445-1455

[7] A. M. Krasnosel’skii and D. I. Rachinskii, On nonconnected unbounded sets of forced oscilla-
tions, Doklady Mathematics, 78 (2008), 660—664.

[8] M. A. Krasnosel’skii and P. P. Zabreiko, “Geometrical Methods of Nonlinear Analysis,”
Springer-Verlag, Berlin, Heidelberg, 1984.

[9] F. W. S. Olver, “Asymptotics and Special Functions,” New York, Academic Press, 1974.

Received April 2011; revised February 2012.

E-mail address: amk@iitp.ru


http://www.ams.org/mathscinet-getitem?mr=MR1811653&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1607269&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1800667&return=pdf
http://dx.doi.org/10.1016/S0895-7177(00)00216-8
http://dx.doi.org/10.1016/S0895-7177(00)00216-8
http://www.ams.org/mathscinet-getitem?mr=MR2475079&return=pdf
http://dx.doi.org/10.1134/S1064562408050049
http://dx.doi.org/10.1134/S1064562408050049
http://www.ams.org/mathscinet-getitem?mr=MR736839&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0435697&return=pdf
mailto:amk@iitp.ru

	1. Introduction
	2. The main result
	3. Proof of Theorem 2.1
	3.1. Time rescaling
	3.2. Linear operators
	3.3. Scalar linear equations
	3.4. Topological lemma
	3.5. Estimates of the component bold0mu mumu hhhhhh and the main lemma
	3.6. Equivalent equations and finalizing of the proof

	4. Proofs of Lemmas 3.4 and 3.5
	4.1. Proof of Lemma 3.4
	4.2. Proof of Lemma 3.5
	4.3. Proof of Lemma 4.1
	4.4. Proof of Lemma 4.2
	4.5. Proof of Lemma 4.3

	Acknowledgments
	REFERENCES

