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1. Introduction

Pointwise selection principles (PSP) are assertions which state that under certain specified conditions on a sequence
(or a family) of functions, their domain and range, the sequence contains a pointwise convergent subsequence. The known
PSP can be classified as regular and irregular. Regular PSP usually apply to sequences of regulated functions (i.e., those hav-
ing finite one-sided limits at each point of the domain) and additionally assert that analytical properties of the pointwise
limit of the extracted subsequence are at least as good as those of the members of the sequence (e.g., it belongs to the same
functional class of regulated functions). If this is not the case or no information is available about properties of the pointwise
limit, the PSP under consideration is termed irregular. Let us illustrate this by examples.

The classical Helly theorem is a regular PSP: a pointwise bounded sequence of real functions on a closed interval [a, b] C R of
uniformly bounded variation admits a pointwise convergent subsequence whose pointwise limit is a function of bounded variation.
This theorem, having numerous applications in Analysis [2-4,7,16,17,19,23], has been generalized for functions and maps of
one real variable [2,7,10,12,19] and several real variables [1,4,6,13,17,18,20]; see also references in these papers. The above
Helly theorem and all enlisted generalizations are based on the Helly theorem for monotone functions (or its counterpart
for monotone functions of several variables [4,18]): a uniformly bounded sequence of real monotone functions on [a, b]
contains a pointwise convergent subsequence whose pointwise limit is a bounded monotone function. Thus, the PSP, alluded
to above, are regular.

A different kind of a PSP has been presented in [24]. Given a real function f on [a, b], we denote by T (f) the supremum of
sums of the form Z?:l If (t;)| taken over all n € N and all finite collections of points {t1, t;, ..., t,} C [a, b] such that either
(=Dif(t;}) > 0foralli=1,2,...,n,0r (=1If(t;) < 0foralli=1,2,...,n,0r(=1)if(t;) = 0foralli =1,2,...,n(iff is

* Corresponding author.
E-mail addresses: czeslaw@mail.ru, vchistyakov@hse.ru (V.V. Chistyakov), tretyachenko_y_v@mail.ru (Y.V. Tretyachenko).

0022-247X/$ - see front matter © 2013 Elsevier Inc. All rights reserved.
doi:10.1016/j,jmaa.2013.02.005


http://dx.doi.org/10.1016/j.jmaa.2013.02.005
http://www.elsevier.com/locate/jmaa
http://www.elsevier.com/locate/jmaa
http://crossmark.dyndns.org/dialog/?doi=10.1016/j.jmaa.2013.02.005&domain=pdf
mailto:czeslaw@mail.ru
mailto:vchistyakov@hse.ru
mailto:tretyachenko_y_v@mail.ru
http://dx.doi.org/10.1016/j.jmaa.2013.02.005

V.V. Chistyakov, Y.V. Tretyachenko / J. Math. Anal. Appl. 402 (2013) 648-659 649

nonnegative on [a, b] or nonpositive on [a, b], we set T(f) = sup;c(q  If (£)]). The quantity T(f) is called the oscillation of f
on [a, b]. Schrader’s generalization of the Helly theorem is as follows: if a sequence of real functions {f; f°§1 on [a, b] is such that
SUP; ken T(f; — fi) is finite, then it contains a pointwise convergent subsequence. In contrast to regular PSP, this result applies
to the sequence of non-regulated functions f;(t) = (=1YD(t),j € N, t € [a, b], where D is the Dirichlet function (which
is equal to 1 at rational points and 0 otherwise). Thus, we have an example of an irregular PSP; it is worth noting that it is
based on Ramsey’s theorem from formal logic (see Theorem A in Section 3). At present even for functions and maps of one
real variable only a few irregular PSP are known in the literature [11,12,15], which are, however, more general than PSP
based on the Helly theorem for monotone functions.

The purpose of this paper is to present a PSP in the context of maps of several real variables taking values in metric
semigroups (i.e., metric spaces equipped with the operation of addition), which, in particular, gives an appropriate
framework for treating multifunctions of several variables (cf. [5,7,8,14,22]). In this context a regular PSP has been recently
presented in [ 13] for maps of finite total variation in the sense of Vitali, Hardy and Krause. This paper addresses an irregular
PSP, which is expressed in terms of the finite total joint variation and, due to the chosen context, it is of different nature as
compared to [15,24] and more close to [11-13].

The paper is organized as follows. In Section 2 we present necessary definitions and our main result (Theorem 1). In order
to get to its proof as quickly as possible, in Section 3 we collect all main ingredients and auxiliary facts. Section 4 is devoted
to the proof of Theorem 1 and Section 5 contains proofs of the auxiliary results exposed in Section 3.

2. Definitions and the main result

Let N and Ny be the sets of positive and nonnegative integers, respectively, and n € N. Given x,y € R", we write
X = (X1,...,%;) = (x; : i € {1,...,n}) for the coordinate representation of x, and setx +y = (X; + y1,..., X0 + Yn),
and x — y is defined similarly. The inequality x < y is understood componentwise, i.e.,, x; < y; foralli € {1,...,n},
and similar meanings applytox = y,x < y,y > xandy > x. Ifx < yorx < y, we denote by I; the rectangle
]—H‘:][xi, ¥il = [x1,y1] X - -+ X [xn, ynl. Elements of the set N are as usual said to be multiindices and denoted by Greek
letters and, given 0 = (64, ..., 6,) € Nj and x € R", we set |0| = 61 + - - - + 0, (the order of 6) and 6x = (01x1, ..., OnXp).
The n-dimensional zero 0, = (0, ..., 0) and unit 1, = (1, ..., 1) will be denoted by 0 and 1, respectively (the dimension
of 0 and 1 will be clear from the context). We also put &(n) = {# € Nj : 8 < 1and|0]iseven} (the set of ‘even’
multiindices) and 9(n) = {§ € Nj : & < 1and |0]isodd} (the set of ‘odd’ multiindices). For elements from the set
AM) ={o € N} : 0 # o < 1} we simply write 0 # o < 1.

The domain of (almost) all maps under consideration is a rectangle Ig with fixeda, b € R",a < b, called the basic rectangle.
The range of maps is a metric semigroup (M, d, +), i.e., (M, d) is a metric space, (M, +) is an Abelian semigroup with the
operation of addition +, and d is translation invariant: d(u, v) = d(u 4+ w, v 4+ w) for all u, v, w € M. A nontrivial example
of a metric semigroup is as follows [14,22]. Let (X, | - ||) be a real normed space and M be the family of all nonempty closed
bounded convex subsets of X equipped with the Hausdorff metric d given by d(U, V) = max{e(U, V), e(V, U)}, where
U,V e Mande(U, V) = sup,ey infyey |lu — v||. Given U, V € M, defining U @ V as the closure in X of the Minkowski sum
{u4+v:ueU,v eV}, wefind that the triple (M, d, @) is a metric semigroup.

Note at once that if (M, d, +) is a metric semigroup, then, by virtue of the triangle inequality for d and the translation
invariance of d, we have:

du+u,v+v) <du,v) +du,v), (2.1)

d(u,v) <du+u',v+v) +du',v), (2.2)
forallu, v, v, v' € M.Inequality (2.1) implies the continuity of the addition operation (u, v) + u+ v asamap from M x M
into M.

Given two maps f, g : Ig — (M,d,+)andx,y € Ig with x <y, we define the Vitali-type n-th joint mixed ‘difference’ of f
andgonly C I”by

md,(f, g, ) = d(z fr+00—0)+ Y glx+ny—x).

0e&(n) neo(n)

D fx+ny—x)+ Zg(x+9(y—x))>. (2.3)

neo(n) 0e€€&(n)

As an example, let us exhibit the form of md, (f, g, ) for the first three dimensions n = 1, 2, 3.Since x = (x1, ..., X;) €
Ifl’, and likewise fory € Ig and 6 € Nj, we note that the i-th coordinate x;+6;(y; —x;) of x+6 (y—x) is equal to x; if 6; = O and it
isequal toy; if; = 1.Thus, forn = 1wehave (1) = {0}and ©(1) = {1},and so,md;(f, g, I) = df X)+g), f ) +g(x)).
Ifn =2, then &(2) = {(0, 0), (1, 1)} and ©®(2) = {(0, 1), (1, 0)}, and so,

mdy (f, g, Q'¥2) = d(f (%1, X2) + f (V1. ¥2) + 81, ¥2) + 801, %2), f (X1, ¥2) +F (1. X2) + g(x1, %2) + 211, ¥2)).
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Now, if n = 3, we find &(3) = {(0,0,0),(1,1,0), (1,0,1), (0,1, )} as well as O(3) = {(1, 1, 1), (1,0, 0), (0, 1,0),

(0, 0, 1)}, which imply that the expression for mds(f, g, v} %2%2) is of the form

d(f(X1,X27X3) + U1, Y2, X3) + f (V1. %2, ¥3) + (X1, Y2, ¥3)

+8W1,Y2,¥3) + 81, X2, X3) + &(X1, Y2, X3) + &(X1, X2, ¥3),
F1,Y2,¥3) + 1, %2, X3) + f (X1, Y2, X3) + f (%1, X2, ¥3)

+8(X1,%2,X3) +8(V1, Y2, X3) + 81, X2, ¥3) +g(X1,Y2,Y3))-

If g is a constant map, quantity (2.3) is, by the translation invariance of d, independent of g and reduces to the Vitali-type
n-th mixed difference of f on I, denoted by md, (f, I}); cf.[1,5,8,17] if n = 2 and [6,9,13,18] if n € N. Note also that ifx # y
in (2.3), then md, (f, g, ) = 0 for all maps f and g (see Remark 2.1 in [13, Part I]).

The Vitali-type n-th joint variation of f, g : Ié’ — M is defined by

Va(f.g.10) =sup Y mda(f. 8. o) ). (2.4)

P 1<o<k
the supremum being taken over all multiindices x € N" and all net partitions of If; of the form & = {x[c ]} _,, where points
x[lo] = (x1(01), ..., xx(0p)) from Ifj areindexed by o = (o7, ..., 0y) € Njwitho < « and satisfy the conditions: x[0] = q,
X[k] = band x[c — 1] < x[o] forall 1 < ¢ < k (in other words, a net partition & is the Cartesian product of ordinary
partitions of closed intervals [a;, b;],i = 1, ..., n). Note that all rectangles l,f[[g],]] of a net partition are non-degenerate,

non-overlapping and their union is Ié’ .

In order to define the notion of the total joint variation of maps f, g : Ié’ — M, we need the notion of a joint variation
of f and g of order less than n. Following [9], we define the truncation of a point x € R" by a multiindex 0 # « < 1 by
xla=( :ie{l,...,n}, a;=1),and setI’|a = Iftf.clearly,xu =xandI?|1 = 1%, andifx € I, then x|« € I?|a. For
example, if x = (xq, X2, X3, X4) and @ = (0, 1, 0, 1), we have x| o = (X2, X4) and Ié’ la = [ay, bo] X [ag, bs]. Givenf : If]’ —- M
and z € I?, we define the truncated map f? : 1?|a — M with the base at z by fZ(x|a) = f(z + « (x — 2)) forall x € 2.1t
follows that f? depends only on |«| variables x; € [a;, b;], for which ¢;; = 1, and the other variables remain fixed and equal
to z; when «; = 0. In the above example we get fZ (X2, x4) = fZ(x|o) = f(z1, X2, z3, X4) for all (x2, X4) € [az, by] x [ag, bs].

Now, iff, g : Ig — Mand 0 # o < 1, the truncated maps f;, g : Ig |l — M with the base at z = a depend only on ||
variables, and so, making use of the definition (2.4) and (2.3) with n replaced by |«|, f—by f!, g—by g5 and Ié’—by Ifj Lo, we
get the notion of the (Hardy-Krause-type [1,9,13,18]) |«|-th joint variation of f and g, denoted by V|| (f, 5. Ifj La).

We define the total joint variation of f : Ig — Mandg : Ig — M by

V(E g 1) = ) Va8l I, (2.5)
0#a<1
the summations here and throughout the paper being taken over n-dimensional multiindices in the ranges specified under
the summation sign.

The quantities (2.3)-(2.5) are symmetric with respect to f and g and are equal to zero if f = g. For a constant map g
they reduce to the (already mentioned Vitali-type) n-th mixed difference md,(f, I), the n-th variation V, (f, If]’) and the
total variation TV(f, I?) of the map f, respectively [6,9,13,18]. Denoting by BV(I2; M) the set of all maps f : I> — M with
TV(f, I2) < oo, it follows from (2.3)-(2.5) that if f, g € BV(I’; M), then

V(g 1)) < TV(f, 1) +TV(g, I), (2.6)
which is a consequence of similar inequalities for md, and V), in place of TV.

A sequence {f;} = {fj}jen of maps from 13 into M is said to be: (a) pointwise convergent on Ié’ toamapf : Ig — M if
d(fix),f(x)) — 0asj — ooforallx € 15; (b) pointwise precompact on Iﬁ’ provided the closure in M of the set {f;(x)}jen is
compact for allx € Ib.

Let oj . € R forj, k € N be a double sequence such that «;; = 0 for all j € N. It is said to converge to a number | € R, in
symbols, lim; .o @jx = 1, if for each ¢ > 0 there existsan N = N(¢) € Nsuch thato;, € [ — ¢, 4+ ¢] forallj > N and
k > N withj #£ k (cf. [11]). Also, we set

limsupaj = lim sup{ojr:j >N, k>N, j#k}.
jk—o0 N— o0

Our main result, to be proved in Section 4, is the following irregular PSP:

Theorem 1. A pointwise precompact sequence {f;} of maps from the basic rectangle Ifl’ into a metric semigroup (M, d, +) such
that

limsup TV (f;, fi, I2) s finite (2.7)

Jj,k—o00

contains a subsequence which converges pointwise on Ié’.
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In the context of metric semigroups, as ranges of maps, this result implies a regular PSP from [13, Part II, Theorem 1]
(containing as particular cases PSP from [1,17,18]), which asserts that under the assumptions of Theorem 1, if instead
of (2.7) we have C = sup;ey TV(f, 13) is finite, then {f;} contains a subsequence which converges pointwise on Ig to a map
f € BV(I2; M) such that TV(f, 1Y) < C.In fact, it follows from (2.6) that TV(f;, fy, I’) < 2C for all j, k € N, and so, (2.7)
is satisfied. However, the converse implication is not true in general as the following example shows. Let n = 2 and the
sequence f; : I(} =[0,1] x [0, 1] — R,j € N, be given by

— 1 if (x,y) € [0, 1] x [1/], 1],
fiey) = D6o- 2O+ {0 if (x.) € [0.1] x 10, 1/},

where D is the Dirichlet function on [0, 1]. Then we have: TV(f;, I(}) = 4ooforallj € N, TV(f;, fi, I&) = 2forallj, k € Nwith
Jj # k,and {f;} converges pointwise on I(} asj — oo.Thus, Theorem 1 extends the class of sequences of maps having pointwise
convergent subsequences, but we no longer can infer that the pointwise limits of these subsequences are ‘regulated’ maps.

3. Joint mixed differences and the total joint variation

In this section we collect the main ingredients of the proof of Theorem 1: Theorems 2-4, which establish relations
between joint mixed differences of all orders and properties of the total joint variation, and Ramsey’s Theorem.
Throughout this section the triple (M, d, +) is a metric semigroup.

Theorem 2. If f,g : I> — M,x,y € I, x <y, and TV(f, g, ) < oo, then
d(f () +g0). fO) +20) < Y mdi (. g5 Kle) < TV, g, 1Y)

0#£a<1

This theorem, to be proved in Section 5, is a counterpart of Leonov’s (in)equalities [18, Theorem 2 and Corollary 5]
(see also [9, Part], Lemma 6 and (3.5)]) forn € Nand M = R, which have been generalized to the case of a metric semigroup
M in [1, Theorem 1(a)] and [8, Part I, Lemma 2(a) and its proof] (for n = 2) and [13, Part [, Theorem 2] (for n € N).

Theorem 3. Supposef, g : 12 — M,x, y € I’ x <y,0 # y < 1,and TV(f, g, I®) is finite. Then

Y Vi fgh Ble) = TV(f.g. 170™)
O0Fa<y

< TV(f,g, O™ —TV(f, g, I). (3.1)

This theorem is an extension of [9, Part II, Lemma 8 and (2.8)] (for M = R) and [13, Part I], Theorem B] (for a metric space
M). The proof of Theorem 3 is similar to the proof of Lemma 8 from [9, Part II], and so, it is omitted (see, however, comments
following Theorem 4 below).

Recall that a function ¢ : I> — R is said to be totally monotone (cf. [9, Part II, Section 3] and [18]) if, given 0 # o < 1
and x,y € I? withx <y, we have: (—=1)!* 3" _,_,(=1)"lo(x + 6(y — x)) > 0. Denote by Mon(I}; R) the set of all totally
monotone functions. It is known from the references above thatif p € Mon(If ;R), theng € BV(Ié’ ; R)and ¢(x) < ¢(y) and
TV(p, B) = ¢(y) — p(x) forallx, y € I withx < y.

Theorem 4. Suppose that f, g : I — M are such that TV(f, g, I?) < oco. Setting v ¢(x) = TV(f, g, I¥) for all x € I?, we have:
vr.g € Mon(I2; R) and TV (vy ¢, I2) = TV (f, g, I2).

The proof of Theorem 4 is similar to the proofs of Lemma 9 and Corollaries 10 and 11 from [9, Part II] when M = R, and
so, they are omitted. It is to be noted that the proofs of Lemmas 8 and 9 and Corollaries 10 and 11 from [9, Part II] rely on

(i) Equality (3.2) from [9, Part I, Lemma 5],
(ii) Lemma 7 from [9, Part I], and
(iii) The property of additivity of the |«a|-th variation V|| for each 0 # « < 1 for real valued functions of n variables.

In our case (in the metric semigroup context) assertions (i), (ii) and (iii) need proper interpretations and different proofs.
The respective counterparts of (i), (ii) and (iii) are presented in Section 5 as Lemmas 1-3.

The final ingredient in the proof of Theorem 1 is Ramsey’s theorem from formal logic [21, Theorem A], which we recall
below as Theorem A.

Given a nonempty set I, k € N and an injective map y : {1,...,k} — I, the set {y(1),...,y(k)} is called a
k-combination of elements of I (note that a k-combination may be generated by k! different injective functions). Let I"[k]
denote the family of all k-combinations of elements of I".

Theorem A. Given an infinite set I' and k, m € N, let I'[k] = U:l] G; be a disjoint union of its m nonempty subsets C;. Then,
under the Axiom of Choice, there exists an infinite subset A C I" and an iy € {1, ..., m} such that A[k] C G,
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4. Proof of Theorem 1

Proof of Theorem 1. We apply the induction argument on the dimension n of the basic rectangle 13 C R"Forn = 1
Theorem 1 has been proved in [11, Corollary 2]. Now, let n > 2 and assume that Theorem 1 is already established for the
domain rectangles of dimension < n — 1.

If there are only finitely many distinct functions in {f;}, we may choose a constant subsequence of {f;}, and we are done.
Otherwise, picking a subsequence of {f;}, we may assume that all functions in {f;} are distinct.

Also, note that condition (2.7) implies the existence of an Ny € Nand a constant C > 0 such that sup; gy, TV(f, fi, I D =<
C, and so, denoting the subsequence {fi;n,—1}72; of {fj};2, again by {f;}, we find

V(. fi. 1) < C forallj k € N. (4.1)
The rest of the proof is divided into six steps for clarity. In the first step Theorem A will be applied several times with I”
a subsequence of the sequence {f;} and k = m = 2.
Step 1. Let us show that given x € If]’, there exists a subsequence {[}(x)}oo] of {f;}, depending on x, such that the double
limit
lim TV, £, %) existsin [0, C]. (4.2)

Jj,k—o0 Ta

Let ¢ be the middle point of the interval [0, C] and let C} be the set of those pairs {f;, fy} withj, k € N, j # k, for which

TV, fi, I7) € 10, co), (4.3)

and C2l —the set of those {f}, f¢} with j, k € N, j # k, for which the quantity on the left in the inclusion (4.3) belongs to the
interval [cg, C]. IfCl1 and C21 are nonempty, they are disjoint, and so, by Theorem A, there exists a subsequence {/31 }j‘-’z‘j1 of {f}
such that either

(i1) {fjl,fkl} € C| forallj, k € N,j #k,
or

(i) (. 1) € G, forallj, k € N,j # k.
If ¢/ # @ and (iy) holds, or if C; = @, we set [ay, b1] = [0, ¢o], while if C; # @ and (ii;) holds, or if C] = &, we set
la1, b1] = [co, C].

Inductively, if p € N, p > 2, and a subsequence {[}pfl j°=°1 of {f;j} and an interval [a,_1, b,—1] C [0, C] are already chosen,
we let ¢, be the middle point of the interval [a,—1, by_1], C? be the set of those pairs {[}pfl, kp*]} withj, k € N,j # k, for
which

VG LR € [ap-1, ¢p-1). (44)

and Cf—the set of those U;p_], kp_l} with j, k € N, j # k, for which the quantity on the left in the inclusion (4.4) belongs
to [cp—1, bp—1]. If the sets Cp and Cp are nonempty, they are disjoint, and so, applying Theorem A, we obtain a subsequence
{F712y of {(F7~ "} such that either

(1p) 7. f0y e ¢} forallj, k e N,j # k,
or

(iip) {f’. ) € G5 forallj, k € N, j # k.
If C? # @ and (i) holds, or if C} = @, we set [a,, by] = [a,_1, ¢,—1], while if C) # @ and (ii,) holds, or if C! = &, we set
[ap» bp] = [Cpfla bpfl]-

In this way for each p € N we have nested intervals [ay41, bp+1] C [ap, byl in [0, C] with b, — a, = C/2P and a subse-

quence {f}>, of {f~ '}, (where {232, = (f)) such that TV, 7, I¥) € [ap, byl forallj, k € N,j # k.Letl € [0, C] be the
common 11m1t ofa, and bp asp — oo. Denoting the diagonal sequence {fj}°° by {f(")} we infer that the limit in (4.2) is equal
to I: in fact, given ¢ > 0, there exists p(¢) € N such that ap), by € [ — €, [+ €] and, since {f(") Zpe) is a subsequence of
{);-p(g)}i"l, we find, for all j, k > p(e),j # k,

TV(f(X) f(x) ) € [apee), bpey] C [1— &, 1+ ¢].

Step 2.Giveni € {1, ..., n}, denote by Q; the union of the set of all rational points of the interval [q;, b;] and the two-point
set {a;, b;}. ThenthesetQ = Q; x- - - xQ, is an at most countable dense subset ofIf,’, and so, we may assume that Q = {y” }Eil

We assert that there exists a subsequence of {f;}, denoted as the whole sequence {f;}, and a totally monotone function
¢ : Q — [0, C] such that

_Ilim TV, fi, ) = o(y) forally € Q. (4.5)
jok—o00
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. By Step 1, there exists a subsequence {_fj(yl)};’:"1 of {f;}, denoted by {fj(l) }, and a number from [0, C], denoted by ¢(y'), such
that

im TV, £ B = o).

Jj,k—o0

Inductively, ifp € N, p > 2, and a subsequence {fj(p”)}j’i] of {f;} is already chosen, we apply Step 1 to pick a subsequence
{FP1e, of {£°} such that

Jim VE PR = 007)

for some number ¢ (yP) € [0, C]. Then (4.5) is satisfied for the diagonal sequence {f(’) 21, again denoted by {f;).

Given j, k € N, we set vj x(x) = TV(f;, fi, ) forall x € Ib Let us prove that the functlon ¢, defined by the left-hand side
of (4.5), is totally monotone on Q, i.e., (— 1)‘ 'Y 0co<a(— 1)'9|A9 > 0forall0 # o < 1andx,y € Q withx < y, where
Ag = ¢ (x+6(y—x)). By the definition of Q,x+60 (y—x) € Q forall0 < 6 < 1,andso,by (4.5),A¢ = lim; y— vj,k(x—ke(y—x)).
It follows that for each ¢ > 0 there exists ny(¢) € N, depending on ¢ and 6, such that for all j > ny(e) and k > ny(e) with
Jj#k wehave Ay — e < vj(x+6(y —x)) <Ay +¢,andso, forany 0 < 6 < o, we get

(—D)"4 — & < (=) y(x + 00 — ) < (=1)"A; + .
Summing over 0 < # < « and noting that n(¢) = max{ny(¢) : 0 < 6 < a} depends only on ¢, for all j > n(e) and k > n(¢e)
with j # k, we have:
Y DVl =2 < 3 (=) yu(x+ 00 —0) < Y (=DVAg + 2.
0<f=<a 0<f=<a 0<f=<a
Applying Theorem 4 to vj x, the last two inequalities imply
0< (=D Y (=114, +2le forall0#a <1ande >0,
0<f<a
from which the total monoton1c1ty of ¢ on Q follows.
We extend the function ¢, given by (4.5), from the set Q to the whole rectangle I b as follows (Saks’ idea [23] for n = 1):
v(x) =sup{e(y) :yeQ,y <x} forallx e Ig. (4.6)

Thenv : Ié’ — [0, C] is totally monotone (see the beginning of Section 5).

Step 3. It is known [4], [17, 111.5.4], [ 18] that the set of discontinuity points of any totally monotone function on Ig C R"
lies on an at most countable set of hyperplanes of dimension n — 1 parallel to the coordinate axes. Giveni € {1,...,n},
denote by Z; the union of the set of all rational points of the interval [a;, b;], the two-point set {a;, b;} and the set of those
points z; € [a;, b;], for which the hyperplane

Hi(zi) = a1, b1] x -+ x [ai_1, bi—1] X {z;} X [@ig1, bit1] X - -+ X [an, by] (4.7)

contains points of discontinuity of v from (4.6). Clearly, Z; is a countable and dense subset of [a;, b;], and so, we may assume
that Z; = {z;(k)}2;.
Setting H(Z) = UL, Ui Hi(zi(k)), let us show that

'll<im TV, fi, ) = v(x) forallx e Ig \H(Z), (4.8)
J.k—o0

where {f;} is the sequence from Step 2, for which condition (4.5) holds.
Given ¢ > 0, since v is continuous at x € 15 \ H(Z), there exists a § = §(e, x) > 0 such that

v(y) € [vx) —e,v(x) +¢] forally e Ifl’ N Us(x), (4.9)
where Us(x) = {y € R" : ||x —y|| < &} and || - || designates the Euclidean norm in R". Since the set Q, defined in Step 2, is a
dense subset of I, we find points y = y(¢,x) € Q N Us(x) and § = J(e, x) € Q N Us(x) such thaty < x < J. By (4.5), there
exists a number N = N(¢) € Nsuch that for allj > N and k > N with j # k, we have

TV fi. ) € [9G) — e, 0F) + €] and TV fi, 1)) € [0§) — £, 0(§) + £].

By Theorem 3, TV(f, fi, 1Y) < TV(f, fi, I¥) < TV, fi 1), and so, (4.9) together with equalities v(j) = ¢(¥) and v(H) = (@)
yield

TV(E, fio 1) € [o(@) — &, (@) + el C [v(X) — 2&, v(x) + 2¢]
forallj, k > N,j ## k, which establishes (4.8).
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Step 4. In order to apply the induction hypothesis, we need an estimate on the (n — 1)-dimensional total joint variation
of functions f = fj and g = fi with j # k from the sequence {f;} ‘over the hyperplane’ (4.7) in the sense to be made precise
below (cf. also Step 2 in the proof of [ 13, Part II, Theorem 1])

Letusfixi € {1, ..., n}andset 1=(1,...,1,0,1,..., 1), where 0 is the i-th coordinate of 1’ and the other coordinates
of 1' are equal to 1. Note that [1'| =n— 1. Given zi € ZI-, we put

a= a(zi) = (alv ey Ai15 24, Qiggy ee ey an)~ (410)
The map f}; : 2|1 — M with the base at @, truncated by 1/, is defined on the (n — 1)-dimensional rectangle I?| 1" ¢ R""!
and given by: if x € I, then x| 1" € I2 1" and

S =f@+ 1 =) = f1, .00 Xim1, Zis X1, - -5 Xn). (4.11)

Note that the same arguments hold for the map g, : I;| 1" — M. The (n — 1)-dimensional total joint variation of f{ and g;
on I’ 1'is equal to

Vot (5. g% 211D = Y Vi (FDE @2, 1211 L), (4.12)

0#a<1
the summation being taken over @ € A(n — 1), the set of all (n — 1)-dimensional multiindices « = (o, ..., op—1) such
that 0,1 # a < 1,_1.Givena € A(n — 1), weseta = (a1, ...,®i-1,0, ¢, ..., n_1), Where 0 occupies the i-th place,

and note that @ = & | 1'. We have (cf. [13, Part II, p. 89])
DA =T and (gD =gl on (P|1)|a = I’|@ = I|@.

It follows that the |«|-th joint variation at the right-hand side of (4.12) is equal to Vg (fg, gg, Iab |@). Noting that the set
(n — 1) is bijective to the set of those @ € A(n), for which 0 # o < 1, and applying Theorem 3 withx = @,y = b and
y = 1', we get:

_ . = _ ai1ih—a
Tvn—] ]ai5 g?iv I(? Lll) - Z V\E\ (faav gc%’ Iaé I.a) = Tv(fa g, %H—] ¢ ﬂ))
0#a<1l
< V(g 1300 —TV(f, g, [0 < TV(f. g, ID). (4.13)

Thus, given j, k € Nwithj # kandi € {1, ..., n}, setting back f = f; and g = fi, by virtue of (4.10), (4.13) and (4.1), we
find, for all z; € Z; and a@ = a(z;):

Vot (5, (f05 . 111) < C < o0. (4.14)

Step 5. Now, we make use of the diagonal processes. Fori = 1and z; = z;(1) = z;(1) € Z; the sequence {(jj)a(z‘“))}oo

= {(fj)a(zl(l))}c"’1 satisfies the uniform estimate (4.14) on the rectangle Ig [1' of dimension n — 1 and, since each map from
this sequence is of the form (4.11) with zz = z; = z;(1), then it follows from the assumptions of Theorem 1 that the
sequence under consideration is pointwise precompact on 1}1’ [ 1'. By the induction hypothesis, the sequence {f;} contains a

subsequence, denoted by {f }, such that (f )a(zl(l)) converges pointwise on 15 [1' to amap from Ié’ | 1! into M. Since, by (4.11),

EHT P ) = GO R =@ (D%, x)

withx = (X1,...,X,) € Ig and x; € [a;, bj] fori € {2, ..., n}, then the pointwise convergence above means, actually, that
the sequence {fjl} converges pointwise on the hyperplane H;(z1(1)) = {z;(1)} x [az, ba] x - - - X [ay, by].
Inductively, if p > 2 and a subsequence {fp_l °°1 of {f;}, which is pointwise convergent on Up_] H1(z1()), is already cho-

p—1 ﬂ(Z1 (P))}oo

sen, then the sequence {(f ; satisfies the uniform estimate (4.14) on the rectangle I 5117, where fj is replaced by

fjp and a(z;)—by a(z,(p)). Moreover, since, as above, the sequence is pointwise precompact on If,’ | 1%, then, by the induction

hypothesis, there exists a subsequence {fp }]°°] of {fp }] , such that (fp 4 @) converges pointwise on Ib [1'asj— ootoa
map from Ib [ 1! into M. Again, as above, this pointwise convergence means that the sequence {fp >, converges pointwise
on the hyperplane H;(z;(p)) and, as a consequence, on the set U 1=1 H1(z1(D)) as well. We infer that the diagonal sequence
{f’ jaey which is a subsequence of the original sequence {f;}, converges pointwise on the set H;(Z;) = UZ1 ez, Hi(z) = Ufil
Hq(z1(D)); in fact, given (z1, X2, ..., X,) € H1(Z1), we have z; = z,(p) € Z; forsome p € Nand (x,, ..., x,) € If]’L]l, and so,

noting that {f]} isa subsequence of {7}, we find that

(fj G(Zl(P))

@ x. .. %) = -5 Xn)

converges in M asj — oo.
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Let us denote the diagonal sequence {);j f:"l extracted in the last paragraph again by {f;}. Then we leti = 2,2, = z(1) =

zzgl) €7 gnd, beginnipg with the sequence {(fj)ffz"“)) 2= {(fj)?gﬁ“” fﬁl apply the above arguments of this step. Doi.ng
this, we will end up with a diagonal sequence, a subsequence of the original sequence {f;}, again denoted by {f;}, which
converges pointwise on H{(Z;) U H,(Z,). Now suppose that for some i € {2,...,n — 1} we have already extracted a
(diagonal) subsequence of {f;}, again denoted by {f;}, which converges pointwise on the set H;(Z;) U ... U H;_1(Z;_1). Then

we let z; = z;(1) € Z; and apply the above arguments of this step to the sequence {()j')?ng(])) f’iﬁ a subsequence of the
original sequence {f;} converges pointwise on the set Hi(Z;) U - - - U H;(Z). In this way after finitely many steps we obtain a
subsequence of the original sequence {f;}, again denoted by {f;}, which converges pointwise on the set H(Z) = U?:l Hi(Z;).

Step 6. Note that, by virtue of Step 3,

the function v is continuous on I” \ H(Z). (4.15)

Finally, let us show that the sequence {f;j} converges at each point y from I2 \ H(Z). For this we show that, given
y € 15 \ H(Z), the sequence {f;(y)} is Cauchy. If this is already done, the precompactness of {f;(y)} would imply that it
is convergent in M as j — oo to a point of M denoted by f (y). This observation, the argument at the end of the previous
paragraph and equality Ifj =HZ)U (Ié’ \ H(Z)) will complete the proof of the theorem.

Let us fix ¢ > O arbitrarily. By virtue of (4.15), y is a point of continuity of v such that its coordinates a; < y; < b; are
irrational for alli € {1, ..., n}, and so, the density of H(Z) in 13 yields the existence of a rational point x = x(¢) € H(Z)
such that x < y and (by properties of totally monotone functions) 0 < v(y) — v(x) < ¢. Applying (4.8), we find a number
N; = N1(¢) € N, depending on ¢, x and y, such that ifj > Ny(¢), k > Ny(¢) andj # k, then

ITV(fj, fi, ) —v®)| <& and [TV(fj, fi, ) —v(y)| < e.

Being convergent, the sequence {f;(x)} is Cauchy, and so, there exists a number N, = N, (¢) € N, depending on ¢ and x, such
that d(fj(x), fu(x)) < e forallj > Ny(¢) and k > N(¢). Applying (2.2), Theorems 2 and 3 with y = 1 and noting that the
number N = max{N;, N,} depends only on &, we get, for allj > N and k > N withj # k,
difim, fi @) < diiy) + ), i) + [0) + d(fi (%), fi(x))
<TVE, fi, B) + e <TV(E, fi. B) — TV fio L) + €
< [TV fio ) = v@)] + 00) = v(X) + [TV( fis I = vl + & < e,

and so, the Cauchy property of {f;(y)} follows. O

5. Proofs of the auxiliary results

In this section we prove Theorem 2 and formulate and prove auxiliary Lemmas 1-3 alluded to on p. 8.

It what follows, given 0 # « < 1, the abbreviation ‘evd < «’ means ‘d € &(n) and 8 < «’,and ‘od 0 < «’ stands for
‘0 € O(n)and b < «'.

We begin by proving that the function v from (4.6) is totally monotone.
Proof. Given 0 % o < landx,y € I? withx < y, we have to show that (—1)l*' Y~ _,_ (—1)"!B; > 0, where B, =

v(x+6(y —x)).1fx; = y; for some i € {1, ..., n}, for which &; = 1, then }_,_,_,(—1)”'By = 0, and so, we may assume
thatx; < y;foralli e {1,...,n} witho; = 1,i.e, x| < y|la. o
Suppose « is even. Let us show that

> Bi— > By= Y (-1"B >0 (5.1)
evl<a od <« 0<0<«x
On the contrary, assume that (5.1) does not hold. Then the quantity
1 . -
&= m( Z By — Z Bg) 1S positive.
od f<a evl<a

Given an odd multiindex 6 with 0 < 6 < «, by virtue of (4.6), we have

v(x+ 0@y —x) =sup{p@):2€Q,z<x+6(y— X))}, (5.2)
and so, there exists a point 2’ = (z¢, ..., z{) € Q, depending also on &, such that z# < x + 6(y — x) and

@) > v(x+0(@y —x) —e=By—e. (5.3)
Note that, giveni € {1, ..., n}, we have q; < zf <%x;if6; =0,and q; < zf) < y; if 6; = 1. However, for those i, for which

0; = 1, we may always assume that x; < zf’ < yi. Infact, for each i such that §; = 1 and a; < z}g < x; we choose a rational
point r; such that x; < r; < y; and replace the coordinate Zf’ by r;, the remaining coordinates of z being unchanged. If we
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denote the resulting point by z%, then we get z% e Qandz’ <z’ and so, by the total monotonicity of ¢ on Q, we obtain
(5.3) with z? replaced by z%. Thus, we assume in (5.3) that the coordinates of z¥ satisfy the conditions: a; < zf’ <x;if6; =0,
andx; < z! <y;if6; = 1.

Now we pick two points x' = (x;,...,x;) andy’ = (¥}, ...,¥,), whose coordinates x;, y; € Q; satisfy the following
conditions fori € {1, ..., n}:

zf’ lef <x; forallodd# suchthat0 <6 <woandf; =0

and
zf’ < y§ <y; foralloddf suchthat0 <0 <o and6; = 1.

Thus, %',y € Q and x¥'|@ < x| < y'|a < y|w. By the total monotonicity of ¢, the inequality (5.3) holds if we replace the
point z € Q by the pointz? = x' +0(y — ') € Q (note that z? <7),i.e,

9@) = (X +0(/ —x)) > By —¢.
Summing over all odd multiindices & with 0 < 6 < «, we get:
D e +00 —x)) > > B —2""e
od <« od <«
and so, the definition of ¢ implies
Y oW +00 =x)) > > By
od <« evO<a
Again, by virtue of the total monotonicity of ¢ on Q and the assumption that « is even, we have (similar to (5.1)):
Y oW +00 —x)) = Y e +00/ —x)).
od <« evO<a
The last two inequalities yield:
Z v(x+0@y —x) = Z By < Z (X +60/ —x)),
evh<a evh<a evh<a

which contradicts the equality for v from (5.2).
Now suppose « is odd. In order to show that — ZO<9<0((_1)‘6‘39 > 0, we repeat the arguments above replacing even
(odd) multiindices 6 by odd (even, respectively) multiindices 6. O

Lemmal Iff,g : I> > M,x,y € I’ x <y,z € I’ and 0 # & < 1, then the joint mixed difference md,y(f?, g2, I3 | ) is
equal to

d(Z fle+ax—2+00—x)+ > glz+ax—2)+0p—x),

evO<a od <«
Y fetax-2+00-x)+ Y g(z+a(x—z)+9(y—x))). (5.4)
od O<a evO<a

The proof of Lemma 1 is the same as that of [9, Part I, Lemma 5] (details are omitted): note only that 8’ € Ngx' and |6'|
is even (odd) if and only if there exists a unique 6 € N{j such that 6 < «, |0] is even (odd, respectively) and 6’ = 6 |«, and
apply definition (2.3) where n is replaced by |«/|.

Now we are in a position to prove Theorem 2.

Proof of Theorem 2. Making suitable modifications, we follow the lines of the proof of Theorem 2 from [13, Part I] and
apply auxiliary facts established in that proof. It suffices to prove only the left-hand side inequality, which, by virtue of (2.4)
and (2.5), implies the right-hand side inequality. Set u = f(x) + g(y) and v = f(y) 4+ g(x). Taking into account (5.4) with
z = x, the desired inequality in Theorem 2 can be rewritten equivalently as

d(u,v) < Z d(us (@) + v (@), vp (@) + ug(er)) (5.5)
0#a<1

where, given 0 < «,0 < 1,wesethf(6) = f(x + 0 — X)), U (@) = Y oyp<o r(0) and ve(@) = Y 44, Nr(0), and
likewise for hg (6), ug () and vg (cr) (the sum over the empty set is omitted in any context). In order to establish (5.5), given
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jef{l,...,n},wealsosetus; = ZIaI:j ug (o), v j = ZIaI:j v (@) (ugj and vg ; are defined similarly), u; = uf j + vgj and
Vj = vfj + Ug ;. By virtue of (2.1), we find

d(uj, v;) = d<Z(uf(a) +vg(@). Y (vp@) + ug(oz)))

la|=j la|=j
< ) d(up(@) + vg(@), vy (@) + ug (). (5.6)
la|=j
After summing overj = 1, ..., n,(5.5)is a consequence of the inequality
m
du, v) < ) d(w;, vy, (5.7)
j=1

which is known to hold [13, Part I, Lemma 7] for odd m = n when sequences {uj}jmzl, {vj}j";1 C M satisfy the equality

(m—1)/2 (m+1)/2 (m—1)/2 (m+1)/2

u+ Z Up; + Z Vo1 =V + Z Vi + Z Ui—1, (5.8)
P P i=1 i=1

and for even m = n when the sequences satisfy the equality

m/2 m/2 m/2 m/2

U+Z UzH‘Z Vi = U+Z UzH—Z Ui_1. (5.9)
pt i=1 P P

First, let us verify (5.8). It was shown in [13, p. 684] for odd m = n that

(m=1)/2 (m+1)/2 (m=1)/2 (m+1)/2

FO+ > wa= Y woq and gy + Y Veai= Y. Vgait, (5.10)
i=1 i=1

i=1 i=1
and similar equalities hold if we interchange f and g. Summing the two equalities in (5.10) and then summing the two
equalities corresponding to the interchanged f and g, we get, respectively,
(m—1)/2 (m+1)/2 (m—1)/2 (m+1)/2
u-+ Z Uy = Z U1 and v+ Z Uy = Vi1, (5.11)
i=1 i=1 i=1 i=1
from which equality (5.8) follows.
Now, let us verify (5.9). It was proved in [13, p. 684] for even m = n that

m/2 m/2 m/2 m/2

Fx) + Z us 2 =f(y) + Z ug -1 and Z Vg 2i = Z Vg,2i-1, (5.12)
im1 =1 =1 i=1

and similar equalities hold with interchanged f and g. Summing the two equalities in (5.12) and adding g(y) to the result
and then summing the two equalities corresponding to the interchanged f and g and adding f(y) to the result, we find,
respectively,

m/2 m/2 m/2 m/2

U+Z“21=f0/)+g(.1’)+2u214 and U+ZU2i=g(V)+f(.V)+ZU2i71,
i=1 i=1 i=1 i=1

which imply equality (5.9). O

Since the total joint variation (2.5) is defined via truncated maps with the base at the point a, in our next lemma we
present a counterpart of Chistyakov’s equality [9, Part I, Lemma 7] exhibiting the relation between the mixed difference
%d‘a‘(fj, gxy])Loz) and certain mixed differences of maps fg with the base at a for some 0 % B < 1 (see also [13, Part II,

eorem 3]).

Lemma 2. Iff,g:Ié’ - M0#a < 1andx,yelfwithx§y,then

mdg (fy, 8- Iy o) < Z mdw(f;,g,‘;,lg‘izgij)) LB).

a<p=<1

Proof. The inequality (actually, equality) is clear if « = 1, and so, we assume that « # 1. The joint mixed difference at the
left-hand side is given by (5.4) with z = x, while given « < 8 < 1, noting that « 8 = « and applying equality (5.4), we get
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the following expression for the joint mixed difference at the right-hand side (cf. [9, Part I, expression (3.7)]):

mdg (f5. g5. Iyt 1) =d( D@+ > hg0). > hO)+ Y hg<«9>),

evo<p odO<B od9<B evOo<p

where hf (0) = f(a +(@VvO)(x—a)+ab(y— x)), and likewise for hy (0),and a vV § = o 46 — af. Changing the summation
multiindex § — B — « in the sum at the right of the inequality in Lemma 2, we find that it is equivalent to

d(us +vg, vp +Ug) = Z d(ur(B) + vg(B), v (B) + g (), (5.13)
0=<p=l-«a
whereur =3 g fXHOG—X),vr = 3490 f (X+60(—%)), ug and v, are defined similarly, u; (8) = Zev6§a+ﬁ hs (0),
vr(B) = Zod9§a+ﬂ h¢(6), and likewise for ug(8) and vy (). In order to establish (5.13), we apply inequality (5.7) with
m=|[l—al+1=n—la|+1u=u +vgv =105+ Uy, uj = Upj +vg;and v; = v5j + ug forj € {1,..., m}, where
Urj = > 1p=io1 U (B vpy = Zjﬁ|=j71 vr(B), and ug j and v, ; are defined similarly. Suppose that we have already verified
equalities (5.8) and (5.9). Following (5.6), by virtue of (2.1), we find (note that the 8’s below satisfy also0 < 8 < 1 — «)

dw,v) < Y d(w(B) + ve(B), v (B) + ug(B)),

1Bl=j—1
which, after summing overj = 1, ..., m, gives
m [1—a
D o dw,v) < YD d(ur(B) + vg(B), vr(B) + ug(B)),
j=1 =0 |B=i

and so, the desired inequality (5.13) is now a consequence of (5.7).
It remains to verify (5.8) and (5.9). Let 1 — « be even. Then m = |1 — «| + 1 is odd. Let us verify (5.8). It was shown in
[13, PartII, p. 87] that
(m—1)/2 (m+1)/2 (m—1)/2 (m+1)/2

ug + Z Us 2j = Z U1 and vg + Z Vg 2i = Z Vg 2i—1, (5.14)
i=1 i=1 i=1 i=1
and similar equalities hold if we interchange f and g. Summing the two equalities in (5.14) and then summing the two

equalities corresponding to the interchanged f and g, we get the equalities in (5.11), respectively, from which (5.8) follows.
Now, let 1 — « be odd. Then m = |1 — «| + 1 is even. Let us verify (5.9). It was proved in [13, Part II, p. 88] that

m/2 m/2 m/2 m/2

Zuf,Zi = + Zuf,zpl and Z Vg2i = Ug + Z Vg 2i—1, (5.15)
P P p P

and similar equalities hold with interchanged f and g. Summing the two equalities in (5.15) and then summing the two
equalities corresponding to the interchanged f and g, we find, respectively,

m/2 m/2 m/2 m/2

Dwmi=v+ Y uyq and Y vi=u+ Y v,
im1 im1 im1 i=1

which imply equality (5.9). O
The additivity property of |«|-th joint variation V|| for each 0 # o« < 1, mentioned on p. 651, is expressed by the
following
Lemma 3. Givenf,g : 1) — M,x,y € I’ withx <y,z € > and 0 # « < 1, if {x[o]}5_, is a net partition of I, then
Vi (.82 Dy = > Vi (2. g2 IjeL Lo,
1la<o|a<k|a
where the summation is taken only over those o; in the range 1 < o; < «; withi € {1, ..., n}, for which o; = 1.

This lemma is a counterpart of Theorem 1 from [13, Part I] (which is well known for M = R [18]), and its proof is similar
to the proof of the cited theorem. We only need a variant of [ 13, Part [, Lemma 5], which is as follows.

Lemmad4. If f,g: 1) — M,x,y € I’ withx < yandx’ € I, then
)+ (y—x'
mdn(fa gvl},(/) E Z mdn(fvgvl,t._aoég_:)))'
0<a<1

Proof. It was shownin[13, Part], p.67] thatly = Uo<a<1 L o—
rectangles.

X +¢0—) i< the union of non-overlapping (possibly, degenerated)
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By virtue of (2.3), we have md,(f, g. I) = d(us + vg, vy 4 ug), where uy = >, f(x + 0y —x)) and vy = " 454

f(x+60(y —x)), and likewise for u, and v,. Again, (2.3) implies that md, (f g, ;JLOE)E,V_;)) is equal to
D(e) Ed< Do B+ Y hgle ) Y b, B+ Y hg(a,ﬂ)),
ev <1 od B<1 od <1 ev <1

where hs (o, ) = f(x + (@ vV B)(X — x) + af(y — X)), likewise for hy(t, B), and @ vV B = a + B — . It was shown in
[13, Part I, Lemma 5] that

DY @ pr= Y Y M. ) +u =Up +uyp,

0<a<1 evp<1 ev <1 0<;<1
YooY M@= Y h@ )+ =Vt
0<a<1 od <1 od f<1 0<L;§jl

and, moreover, Uy = V;, and similar equalities hold with f replaced by g. By the translation invariance of d and (2.1), these
equalities yield:

d(us + vg, vy + ttg) = d(Us + 1y + Vg +vg. Vi + 1y + Ug +ug) < Y D),

0<a<1

which was to be proved. O
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