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1. Ââåäåíèå

Ðàññìîòðèì ìîäåëü ïðîñòðàíñòâåííîé àâòîðåãðåññèè | ñòàöèîíàðíîå ïîëå Xij íà ïðÿ-
ìîóãîëüíîé öåëî÷èñëåííîé ïëîñêîé ðåøåòêå, îïèñûâàåìîå ðåêóððåíòíûì ñîîòíîøåíèåì

Xij = a10Xi−1,j + a01Xi,j−1 + a11Xi−1,j−1 + εij, i, j = 0, ±1, ±2, . . . (1)

Ìîäåëü ïðîñòðàíñòâåííîé àâòîðåãðåññèè øèðîêî èñïîëüçóåòñÿ â öèôðîâîé îáðàáîòêå èçî-
áðàæåíèé äëÿ óñòðàíåíèÿ äåôåêòîâ ïðè ðåäàêòèðîâàíèè èçîáðàæåíèé. Ñ ìàòåìàòè÷åñêîé
òî÷êè çðåíèÿ ïðîáëåìà çàêëþ÷àåòñÿ â ðàçðàáîòêå òàêèõ ìåòîäîâ îöåíèâàíèÿ âåêòîðà êîýô-
ôèöèåíòîâ a = (a10, a01, a11) ïî íàáëþäåíèÿì Xij , òî÷íîñòü êîòîðûõ, â îòëè÷èå îò ìåòîäà
íàèìåíüøèõ êâàäðàòîâ, ñëàáî çàâèñèò îò ïðåäïîëîæåíèé î âåðîÿòíîñòíîì ðàñïðåäåëåíèè
ïîëÿ εij .
Îäíèì èç òàêèõ ìåòîäîâ ÿâëÿåòñÿ çíàêîâûé ìåòîä [1]. Â ðàáîòå [2] ïðåäëîæåíà îöåíêà

ïàðàìåòðà a, îñíîâàííàÿ íà çíàêàõ îñòàòêîâ

εij(a) = Xij − a10Xi−1,j − a01Xi,j−1 − a11Xi−1,j−1.

Òàì æå ïðè ïîìîùè êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ïîêàçàíî åå ïðåèìóùåñòâî íàä îöåíêîé
íàèìåíüøèõ êâàäðàòîâ ïðè èçìåðåíèè ïîëÿ Xij ñ àíîìàëüíî áîëüøèìè îøèáêàìè, èìèòè-
ðóþùèìè ñáîé èçìåðèòåëüíîé àïïàðàòóðû.
Â äàííîé ðàáîòå ïîëó÷åíî àíàëèòè÷åñêîå âûðàæåíèå äëÿ ôóíêöèîíàëà âëèÿíèÿ çíà-

êîâîé îöåíêè, êîòîðûé ÿâëÿåòñÿ òåîðåòè÷åñêîé õàðàêòåðèñòèêîé óñòîé÷èâîñòè (ðîáàñòíî-
ñòè) îöåíêè ê îøèáêàì íàáëþäåíèé ïîëÿ Xij . Ôóíêöèîíàë âëèÿíèÿ ïîêàçûâàåò, íàñêîëüêî
ñèëüíî èçìåíèòñÿ îöåíêà ïðè äîáàâëåíèè ê âûáîðêå äîñòàòî÷íî áîëüøîãî îáúåìà åùå îä-
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íîãî íàáëþäåíèÿ. Åñëè ýòî èçìåíåíèå â ïðèíöèïå íå ìîæåò áûòü ñêîëü óãîäíî áîëüøèì, òî
îöåíêà íàçûâàåòñÿ ðîáàñòíîé. Àíàëèç ôóíêöèîíàëà âëèÿíèÿ ïîêàçàë ïðåèìóùåñòâî çíàêî-
âîé îöåíêè íàä îöåíêîé íàèìåíüøèõ êâàäðàòîâ ïðè èçìåðåíèè Xij ñ àíîìàëüíî áîëüøèìè
îøèáêàìè.
Ôóíêöèîíàë âëèÿíèÿ âïåðâûå ïîÿâèëñÿ â ðàáîòå [3] äëÿ îïèñàíèÿ ðîáàñòíûõ ñâîéñòâ

îöåíîê ïàðàìåòðîâ àâòîðåãðåññèîííûõ âðåìåííûõ ðÿäîâ. Ôóíêöèîíàë âëèÿíèÿ ÿâëÿåòñÿ
îáîáùåíèåì íà âðåìåííûå ðÿäû òàêèõ ïîíÿòèé, êàê êðèâàÿ ÷óâñòâèòåëüíîñòè è ôóíêöèÿ
âëèÿíèÿ, êîòîðûå îïèñûâàþò ðîáàñòíûå ñâîéñòâà îöåíîê ïàðàìåòðîâ â îäíî- è äâóâûáîðî÷-
íûõ ìîäåëÿõ ñäâèãà è ìàñøòàáà [4, 5].

2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ïîëå (1), ãäå εij | íåçàâèñèìûå îäèíàêîâî ðàñïðåäåëåííûå ñëó÷àéíûå âå-
ëè÷èíû ñ íóëåâûì ìàòåìàòè÷åñêèì îæèäàíèåì Eεij = 0 è íåèçâåñòíîé ôóíêöèåé ðàñïðå-
äåëåíèÿ F , a = (a10, a01, a11) | íåèçâåñòíûé âåêòîð ïàðàìåòðîâ. Äîñòàòî÷íûå óñëîâèÿ
ñòàöèîíàðíîñòè ïîëÿ (1) ïðèâåäåíû â [6, 7].
Ïóñòü Xij , i = 0, . . . , m, j = 0, . . . , n, | íàáëþäàåìàÿ ðåàëèçàöèÿ ïîëÿ (1). Îáîçíà÷èì

sign(x) =

{
−1, x < 0;

1, x ≥ 0.

Ïåðåéäåì îò íàáëþäåíèé Xij ê çíàêàì îñòàòêîâ

Sij(a) = sign(εij(a)), i = 1, . . . , m, j = 1, . . . , n.

Ïóñòü a0 = (a0
10, a0

01, a0
11)| íåêîòîðûé èçâåñòíûé âåêòîð.

Â [2] íà îñíîâå çíàêîâ îñòàòêîâ Sij(a) ïîñòðîåíû ëîêàëüíî íàèáîëåå ìîùíûå êðèòåðèè
ïðîâåðêè ãèïîòåçû

H0 : a = a0

ïðîòèâ îäíîñòîðîííèõ àëüòåðíàòèâ H+
pq è H−

pq, (p, q) ∈ I = {(1, 0), (0, 1), (1, 1)}, âèäà

H+
pq : apq > a0

pq, akl = a0
kl äëÿ ëþáûõ (k, l) 6= (p, q),

H−
pq : apq < a0

pq, akl = a0
kl äëÿ ëþáûõ (k, l) 6= (p, q),

êîòîðûå âûãëÿäÿò ñëåäóþùèì îáðàçîì.
Îïðåäåëèì ìíîæåñòâî {δij(a)} ðåêóððåíòíûì ñîîòíîøåíèåì

δij(a) = a10δi−1,j(a) + a01δi,j−1(a) + a11δi−1,j−1(a), i, j = 1, 2, . . . , (2)

ñ ãðàíè÷íûìè óñëîâèÿìè

δ00(a) = 1, δk0(a) = (a10)
k, k > 0, δ0l(a) = (a01)

l, l > 0,

δij(a) = 0, i < 0 èëè j < 0. (3)
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Îáîçíà÷èì

Zij(a) =
m∑

k=i+1

n∑
l=j+1

Skl(a)Sk−i,l−j(a), i = 0, 1, . . . , m, j = 0, 1, . . . , n;

Wpq(a) =

m−1−p∑
i=0

n−1−q∑
j=0

δij(a)Zi+p,j+q(a), (p, q) ∈ I;

W (a) = (W10(a), W01(a), W11(a)).

Òåîðåìà 1. Ïóñòü

1− a0
10z1 − a0

01z2 − a0
11z1z2 6= 0, |z1| ≤ 1, |z2| ≤ 1, (4)

à ôóíêöèÿ ðàñïðåäåëåíèÿ F (x) è ïëîòíîñòü ðàñïðåäåëåíèÿ âåðîÿòíîñòè f(x) ñëó÷àéíûõ
âåëè÷èí εij óäîâëåòâîðÿþò óñëîâèÿì

F (0) =
1

2
, (5)

f(0) > 0, (6)

E(ε11) = 0, (7)

E[|f(ϑuX11)− f(0)||X11|] → 0 ïðè u → 0 äëÿ ëþáîãî ϑ ∈ (0, 1). (8)

Òîãäà ëîêàëüíî íàèáîëåå ìîùíûé çíàêîâûé êðèòåðèé îòêëîíÿåò H0 â ïîëüçó H+
pq, åñëè

Wpq(a
0) > C+

pq, (p, q) ∈ I, (9)

è ïðèíèìàåò â ïðîòèâíîì ñëó÷àå. Ïîñòîÿííàÿ C+
pq îïðåäåëÿåòñÿ óðîâíåì çíà÷èìîñòè α

êðèòåðèÿ.
Òåîðåìà 2. Â óñëîâèÿõ òåîðåìû 1 ëîêàëüíî íàèáîëåå ìîùíûé çíàêîâûé êðèòåðèé îò-

êëîíÿåò H0 â ïîëüçó H−
pq, åñëè

Wpq(a
0) < C−

pq, (p, q) ∈ I, (10)

è ïðèíèìàåò â ïðîòèâíîì ñëó÷àå. Ïîñòîÿííàÿ C−
pq îïðåäåëÿåòñÿ óðîâíåì çíà÷èìîñòè α

êðèòåðèÿ.
Äîêàçàòåëüñòâî òåîðåì 1 è 2 ïðèâåäåíî â [2].
Òåîðåìû 1 è 2 ïîêàçûâàþò, ÷òî íåáîëüøèå çíà÷åíèÿ |Wpq(a

0)| ñâèäåòåëüñòâóþò â ïîëüçó
H0, à áîëüøèå | â ïîëüçó H+

pq èëè H−
pq. Ýòî ïîçâîëÿåò îïðåäåëèòü çíàêîâóþ îöåíêó ïàðà-

ìåòðà a êàê ðåøåíèå ñèñòåìû óðàâíåíèé

Wpq(a) = 0, (p, q) ∈ I.

Òî÷íîå ðåøåíèå ýòîãî óðàâíåíèÿ ââèäó ðàçðûâíîñòè ôóíêöèéWpq(a), âîîáùå ãîâîðÿ, íå ñó-
ùåñòâóåò, ïîýòîìó çíàêîâîé îöåíêîé a åñòåñòâåííî ñ÷èòàòü òî÷êóìèíèìóìàôóíêöèè |W (a)|.
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Ïðåäïîëîæèì òåïåðü, ÷òî âìåñòî àâòîðåãðåññèîííîãî ïîëÿXij íàáëþäàåòñÿ ïîëå Yij âèäà

Yij = Xij + νijζij, (11)

ãäå ζij|íåçàâèñèìûå îäèíàêîâî ðàñïðåäåëåííûå ñëó÷àéíûå âåëè÷èíû, à νij|íåçàâèñèìûå
áåðíóëëèåâñêèå ñëó÷àéíûå âåëè÷èíû, ïðèíèìàþùèå çíà÷åíèÿ 1 è 0 ñ âåðîÿòíîñòÿìè δ è
1 − δ ñîîòâåòñòâåííî, 0 ≤ δ ≤ 1. Ïðåäïîëîæèì, ÷òî ïîëÿ εij , νij è ζij íå çàâèñÿò äðóã
îò äðóãà. Ìîäåëü (11) îïèñûâàåò çàãðÿçíåíèå ïîëÿ Xij íåáîëüøîé äîëåé δ (îáû÷íî íà
ïðàêòèêå 0 < δ < 0,2) îøèáî÷íûõ íàáëþäåíèé ζij , èìèòèðóþùèõ ñáîé ñ âåðîÿòíîñòüþ δ

èçìåðèòåëüíîé àïïàðàòóðû.
Â ýòîì ñëó÷àå çíàêîâàÿ îöåíêà îïðåäåëÿåòñÿ êàê ðåøåíèå ñèñòåìû

Wpq(δ, a) = 0, (p, q) ∈ I,

ãäå

Wpq(δ, a) =

m−1−p∑
i=0

n−1−q∑
j=0

δij(a)Zi+p,j+q(δ, a),

Zij(δ, a) =
m∑

k=i+1

n∑
l=j+1

Sij(δ, a)Si−p,j−q(δ, a),

Sij(δ, a) = sign(Yij − a10Yi−1,j − a01Yi,j−1 − a11Yi−1,j−1).

Ïðè δ > 0 çíàêîâàÿ îöåíêà âmn ïàðàìåòðà a0 íå îáÿçàíà áûòü ñîñòîÿòåëüíîé, ò.å. ïðåäåë

lim
m,n→∞

âmn = a(δ),

åñëè îí ñóùåñòâóåò, íå îáÿçàí ñîâïàäàòü ñ a0. Ïåðåñòàåò áûòü ñîñòîÿòåëüíîé è îöåíêà
íàèìåíüøèõ êâàäðàòîâ [8]. Òåì íå ìåíåå, åñëè ðàçíîñòü a(δ) − a0 äëÿ çíàêîâîé îöåíêè
ìåíüøå, ÷åì äëÿ îöåíêè íàèìåíüøèõ êâàäðàòîâ, òî ðàçóìíî ïîëüçîâàòüñÿ èìåííî çíàêîâîé
îöåíêîé. Âîçíèêàåò çàäà÷à èññëåäîâàíèÿ ïîâåäåíèÿa(δ)−a0 â çàâèñèìîñòè îò ðàñïðåäåëåíèÿ
ïîëÿ ζij .

3. Ôóíêöèîíàë âëèÿíèÿ

Äëÿ îöåíèâàíèÿ âåëè÷èíû a(δ)− a0 îïðåäåëèì ôóíêöèîíàë âëèÿíèÿ IF(a(δ), Fζ) îöåíêè
âmn ïî ôîðìóëå

IF(a(δ), Fζ) =
d

dδ
a(δ)

∣∣∣∣
δ=0

.

IF (a(δ), Fζ) õàðàêòåðèçóåò âåëè÷èíó ãëàâíîãî ëèíåéíîãî ÷ëåíà â ðàçëîæåíèè àñèìïòîòè÷å-
ñêîãî ñìåùåíèÿ

a(δ)− a0 = IF(a(δ), Fζ)δ + o(δ), δ → 0

è çàâèñèò îò a(δ) è îò ðàñïðåäåëåíèÿ ñëó÷àéíûõ âåëè÷èí ζij .
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Ëó÷øå äðóãèõ ïðîòèâîñòîÿòü çàñîðåíèÿì âèäà (11) íàáëþäåíèéXij áóäóò îöåíêè ñ îãðà-
íè÷åííûì IF (a(δ), Fζ). Îáîçíà÷èì ÷åðåç F ìíîæåñòâî âîçìîæíûõ ôóíêöèé ðàñïðåäåëåíèÿ
ñëó÷àéíûõ âåëè÷èí ζij . Íàçîâåì âåëè÷èíó

GES(F, a(δ)) = sup
Fζ∈F

|IF (a(δ), Fζ)|

êîýôôèöèåíòîì ÷óâñòâèòåëüíîñòè îöåíêè âmn ê áîëüøîé îøèáêå. Îöåíêó âmn áóäåì íàçû-
âàòü ðîáàñòíîé íà ñåìåéñòâå ðàñïðåäåëåíèé F, åñëè GES(F, a(δ)) < ∞.
Òåîðåìà 3 äàåò ÿâíîå âûðàæåíèå äëÿ ôóíêöèîíàëà âëèÿíèÿ çíàêîâîé îöåíêè. Îáîçíà÷èì

÷åðåç l = (l10, l01, l11) âåêòîð ñ êîîðäèíàòàìè

lpq=
(
δ1−p,−q(a

0)E
[(

1−2F (−ζ11)
)(

1−2F (a0
10ζ11)

)
+

(
1−2F (a0

01ζ10)
)(

1−2F (a0
11ζ10)

)]
+

+δ−p,1−q(a
0)E

[(
1−2F (−ζ11)

)(
1−2F (a0

01ζ11)
)
+

(
1−2F (a0

10ζ01)
)(

1−2F (a0
11ζ01)

)]
+

+ δ1−p,1−q(a
0)E

[(
1− 2F (−ζ11)

)(
1− 2F (a0

11ζ11)
)])

. (12)

Îïðåäåëèì ìàòðèöó

K =

K(1, 0, 1, 0) K(1, 0, 0, 1) K(1, 0, 1, 1)

K(1, 0, 0, 1) K(0, 1, 0, 1) K(0, 1, 1, 1)

K(1, 0, 1, 1) K(0, 1, 1, 1) K(1, 1, 1, 1)


ñ ýëåìåíòàìè

K(p, q, α, β) =
∞∑
i=0

∞∑
j=0

δij(a
0)δi+|p−α|,j+|q−β|(a

0).

Òåîðåìà 3. Ïóñòü ôóíêöèÿ ðàñïðåäåëåíèÿ F (x) è ïëîòíîñòü ðàñïðåäåëåíèÿ âåðîÿòíîñòè
f(x) ñëó÷àéíûõ âåëè÷èí εij óäîâëåòâîðÿþò óñëîâèÿì (5){(7) è

E[ε2
11] < ∞. (13)

Òîãäà ôóíêöèîíàë âëèÿíèÿ çíàêîâîé îöåíêè ðàâåí

IF(a(δ), Fζ) =
(
4f(0)E[ε−11]K

)−1
l. (14)

Äîêàçàòåëüñòâî. Îáîçíà÷èì

Lpq(δ, a) =
∞∑
i=0

∞∑
j=0

δij(a)E[Si+p+1,j+q+1(δ, a)S11(δ, a)].

Ñíà÷àëà äîêàæåì, ÷òî

1

mn
Wpq(a) → Lpq(δ, a) ïðèm, n →∞, (p, q) ∈ I,
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ðàâíîìåðíî ïî a ∈ B. Èìååì∣∣∣∣ 1

mn
Wpq(a)− Lpq(δ, a)

∣∣∣∣ ≤ S1 + S2,

ãäå

S1 =

∣∣∣∣ 1

mn
Wpq(a)− E

[
1

mn
Wpq(a)

]∣∣∣∣ , S2 =

∣∣∣∣E [
1

mn
Wpq(a)

]
− Lpq(δ, a)

∣∣∣∣ .

Èçâåñòíî [6], ÷òî ïðè âûïîëíåíèè (4) ðåøåíèå Xij óðàâíåíèÿ (1) ïðåäñòàâèìî â âèäå

Xij =
∞∑

k,l=0

δkl(a)εi−k,j−l, (15)

ïðè÷åì [7] ñóùåñòâóþò ïîñòîÿííûå α ∈ (0, 1) è C, ÷òî

|δkl(a)| ≤ Cαk+l. (16)

Èç ñòàöèîíàðíîñòè ïîëåé Xij , νij , ζij è εij ñëåäóåò, ÷òî

E[Skl(δ, a)Sk−i−p,l−j−q(δ, a)] = E[Si+p+1,j+q+1(δ, a)S11(δ, a)].

Îòñþäà è èç (16) âûòåêàåò,÷òî

E

[
1

mn
Wpq(a)

]
=

1

mn

m−1−p∑
i=0

j−1−q∑
j=0

δij(a)
m∑

k=i+p+1

n∑
l=j+q+1

E[Skl(δ, a)Sk−i−p,l−j−q(δ, a)] =

=

m−1−p∑
i=0

j−1−q∑
j=0

δij(a)

(
1− i

m

) (
1− j

n

)
E[Si+p+1,j+q+1(δ, a)S11(δ, a)] → Lpq(δ, a).

Ïîýòîìó S2 → 0, ïðè÷åì â ñèëó (16) è îãðàíè÷åííîñòè Sij(δ, a) ýòà ñõîäèìîñòü áóäåò ðàâíî-
ìåðíîé âB.
Äîêàæåì, ÷òî S1 → 0. Èç (15){(16) ñëåäóåò, ÷òî ñóùåñòâóåò τ ∈ (0, 1), òàêîå, ÷òî

|cov(Xij, Xkl)| ≤ Cτ |i−k|+|j−l|,

ãäå C > 0 | íåêîòîðàÿ ïîñòîÿííàÿ. Ïîýòîìó ïîëå Xij óäîâëåòâîðÿåò óñëîâèþ ñèëüíîãî
ïåðåìåøèâàíèÿ ñ ýêñïîíåíöèàëüíî óáûâàþùèì êîýôôèöèåíòîì ñèëüíîãî ïåðåìåøèâàíèÿ
[9, § 5.2]. Îòñþäà è èç íåçàâèñèìîñòè νij , ζij [10, lemma 2.1] ïîëå

ζkl = Skl(δ, a)Sk−i−p,l−j−q(δ, a), (k, l) ∈ Z2,

òàêæå áóäåò óäîâëåòâîðÿòü óñëîâèþ ñèëüíîãî ïåðåìåøèâàíèÿ ñ òåì æå ñàìûì (â äàííîì
ñëó÷àå ýêñïîíåíöèàëüíî óáûâàþùèì) êîýôôèöèåíòîì ñèëüíîãî ïåðåìåøèâàíèÿ. Òàê êàê
ζkl óäîâëåòâîðÿþò óñëîâèþ ñèëüíîãî ïåðåìåøèâàíèÿ è îãðàíè÷åíû, òî [11, òåîðåìà 17.2.1]

|cov(ζij, ζkl)| ≤ C1τ
|i−k|+|j−l|,
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ãäå C1 > 0| íåêîòîðàÿ ïîñòîÿííàÿ. Òàêèì îáðàçîì,

ES2
1 ≤

1

m2n2

m−1−p∑
i=0

j−1−q∑
j=0

δ2
ij(a)

m∑
k=i+p+1

n∑
l=j+q+1

D[ζkl] +

+
1

m2n2

m−1−p∑
i,i1=0

j−1−q∑
j,j1=0

|δij(a)δi1j1(a)|
m∑

k,k1=i+p+1

n∑
l,l1=j+q+1

|cov(ζkl, ζk1l1)| ≤

≤ 1

mn

m−1−p∑
i=0

j−1−q∑
j=0

δ2
ij(a)2

(
1− i

m

) (
1− j

n

)
+

+
1

m2n2

m−1−p∑
i,i1=0

j−1−q∑
j,j1=0

|δij(a)δi1j1(a)|
m∑

k,k1=i+p+1

n∑
l,l1=j+q+1

Cτ |i−k|+|j−l| ≤

≤ C2

mn
+

1

m2n2

m−1−p∑
i,i1=0

j−1−q∑
j,j1=0

|δij(a)δi1j1(a)| ≤ C4

mn
→ 0

ðàâíîìåðíî ïî a ∈ B.
Òåïåðü íàéäåì ÿâíûé âèä ôóíêöèîíàëà âëèÿíèÿ çíàêîâîé îöåíêè. Ïî òåîðåìå î íåÿâíîé

ôóíêöèè

IF(a(δ), Fζ) =
da

dδ

∣∣∣∣
δ=0

= −
(

∂L(δ, a)

∂a

∣∣∣∣
δ=0
a=a0

)−1
dL(δ, a)

dδ

∣∣∣∣
δ=0
a=a0

.

Íàéäåì

∂L(δ, a)

∂a

∣∣∣∣
δ=0
a=a0

è
dL(δ, a)

dδ

∣∣∣∣
δ=0
a=a0

.

Îáîçíà÷èì Ỹij = (Yi−1,j, Yi,j−1, Yi−1,j−1). Çàìåòèì, ÷òî åñëè âìåñòî Xij íàáëþäàþòñÿ
Yij , òî

εij(a) = Yij − Ỹ T
ij a =

= εij(a)− Ỹ T
ij (a− a0) + νijζij − a0

10νi−1,jζi−1,j − a0
01νi,j−1ζi,j−1 − a0

11νi−1,j−1ζi−1,j−1,

è ÷òî
Skl(a) = sign(εkl(a)) = 1− 2I(εkl(a) < 0),

ãäå

I(εkl(a) < 0) =

{
1, εkl(a) < 0;

0, εkl(a) ≥ 0.

Îáîçíà÷èì ÷åðåç Akl σ-àëãåáðó, ïîðîæäåííóþ ñëó÷àéíûìè âåëè÷èíàìè

{εij, (i, j) < (k, l)} è {νij, ζij, (i, j) ≤ (k, l)}.
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Òîãäà, èñïîëüçóÿ ñâîéñòâî óñëîâíîãî ìàòåìàòè÷åñêîãî îæèäàíèÿ, ïîëó÷àåì

E[I(εkl(a) < 0)] = E(E[I(εkl(a) < 0)|Akl]) =

= E
[
F

(
Ỹ T

kl (a− a0)− νklζkl + a0
10νk−1,lζk−1,l + a0

01νk,l−1ζk,l−1 + a0
11νk−1,l−1ζk−1,l−1

)]
.

Îïðåäåëèì ïîëíóþ ãðóïïó ñîáûòèé

Hijpq = {νkl = i, νk−1,l = j, νk,l−1 = p, νk−1,l−1 = q}, i, j, p, q = 0, 1.

Òàê êàê
P(Hijpq) = δi+j+p+q(1− δ)4−i−j−p−q,

òî ïî ôîðìóëå ïîëíîãî ìàòåìàòè÷åñêîãî îæèäàíèÿ

E[I(εkl(a) < 0)] =
1∑

i,j,p,q=0

E[I(εkl(a) < 0)|Hijpq]δ
i+j+p+q(1− δ)4−i−j−p−q.

Ñëåäîâàòåëüíî, ñ ó÷åòîì F (0) = 1/2,

d

dδ
E[I(εkl(a) < 0)]

∣∣∣∣
δ=0
a=a0

=

= −2 + E[F (−ζkl)] + E[F (a0
10ζk−1,l)] + E[F (a0

01ζk,l−1)] + E[F (a0
11ζk−1,l−1)],

∂

∂a
E[I(εkl(a) < 0)]

∣∣∣∣
δ=0
a=a0

= f(0)E[X̃kl] = 0.

Äàëåå, â ñèëó èçìåðèìîñòè I(ε11(a) < 0) îòíîñèòåëüíî Akl

E[I(εkl(a) < 0) I(ε11(a) < 0)] = E
(
I(ε11(a) < 0) E[I(εkl(a) < 0)|Akl]

)
=

= E
[
I
(
ε11 < Ỹ T

11(a− a0)− ν11ζ11 + a0
10ν01ζ01 + a0

01ν10ζ10 + a0
11ν00ζ00

)
×

× F
(
Ỹ T

kl (a− a0)− νklζkl + a0
10νk−1,lζk−1,l + a0

01νk,l−1ζk,l−1 + a0
11νk−1,l−1ζk−1,l−1

)]
.

Ïóñòü (k, l) òàêîâû, ÷òî (k, l) íå ñîâïàäàåò íè ñ îäíèì èç èíäåêñîâ (1, 1), (2, 1), (1, 2).
Îïðåäåëèì ïîëíóþ ãðóïïó ñîáûòèé

Hi1i2...i8 = {νkl = i1, νk−1,l = i2, νk,l−1 = i3, νk−1,l−1 = i4,

νkl = i5, νk−1,l = i6, νk,l−1 = i7, νk−1,l−1 = i8, }, i1, i2, . . . , i8 = 0, 1.

Ïî ôîðìóëå ïîëíîãî ìàòåìàòè÷åñêîãî îæèäàíèÿ

E[I(εkl(a) < 0)I(ε11(a) < 0)] =

=
1∑

i1,i2,...,i8=0

E[I(εkl(a) < 0)I(ε11(a) < 0)|Hi1i2...i8 ]δ

8∑
j=1

ij
(1− δ)

8−
8∑

j=1
ij
.
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Ñëåäîâàòåëüíî,

d

dδ
E[I(εkl(a) < 0)I(ε11(a) < 0)]

∣∣∣∣
δ=0
a=a0

=

=
1∑

i1,i2,...,i8=0
i1+i2+...+i8=1

E[I(εkl(a) < 0)I(ε11(a) < 0)|Hi1i2...i8=0]
∣∣∣
a=a0

−

− 8E[I(εkl(a) < 0)I(ε11(a) < 0)|H00000000]
∣∣∣
a=a0

=

= E[I(ε11 < 0)F (−ζkl)] + E[I(ε11 < 0)F (a0
10ζk−1,l)] +

+ E[I(ε11 < 0)F (a0
01ζk,l−1)] + E[I(ε11 < 0)F (a0

11ζk−1,l−1)] +

+ E[I(ε11 < −ζ11)F (0)] + E[I(ε11(a) < a0
10ζ01)F (0)] +

+ E[I(ε11 < a0
01ζ10)F (0)] + E[I(ε11(a) < a0

11ζ00)F (0)]− 8E[I(ε11 < 0)F (0)] =

= E
[
F (−ζ11) + F (a0

10ζ01) + F (a0
01ζ10) + F (a0

11ζ00)
]
− 2.

Îáîçíà÷èì δ̃kl = (δk−1,l, δk,l−1, δk−1,l−1)
T . Òîãäà

∂

∂a
E
[
I(εkl(a)<0)I(ε11(a)<0)

]∣∣∣
δ=0
a=a0

=
∂

∂a
E
[
I(ε11 <X̃T

11(a−a0)F (X̃T
kl(a−a0)))

]∣∣∣
a=a0

=

=
∂

∂a
E

[∫ X̃T
11(a−a0)

−∞
F

(
(a− a0)T

(∑
p,q

δ̃pq(a
0)εk−p,l−q + δ̃k−1,l−1(a

0)t
))

f(t) dt

]∣∣∣∣∣
a=a0

=

= E

[
X̃T

11F

(
(a− a0)T

(∑
p,q

δ̃pq(a
0)εk−p,l−q + δ̃k−1,l−1(a

0)X̃11(a− a0)
))

f(X̃11(a− a0)) +

+

∫ X̃T
11(a−a0)

−∞
f

(
(a− a0)T

(∑
p,q

δ̃pq(a
0)εk−p,l−q + δ̃k−1,l−1(a

0)t
))

×

×
(∑

p,q

δ̃pq(a
0)εk−p,l−q + δ̃k−1,l−1(a

0)t

)
f(t) dt

]∣∣∣∣∣
a=a0

=

= E

[
X̃11F (0)f(0) +

∫ 0

−∞
f(0)

(∑
p,q

δ̃pq(a
0)εk−p,l−q + δ̃k−1,l−1(a

0)t

)
f(t) dt

]
=

= f(0)

∫ 0

−∞
δ̃k−1,l−1(a

0)tf(t) dt = f(0)E[ε−11]δ̃k−1,l−1(a
0),

ãäå ñóììèðîâàíèå
∑
p,q

âåäåòñÿ ïî âñåì p, q îò 0 äî∞, òàê ÷òî k − p 6= 1, l − q 6= 1.

Òàê êàê

Skl(a)S11(a) = (1− 2I(εkl(a) < 0))(1− 2I(ε11(a) < 0)) =

= 1− 2I(εkl(a) < 0)− 2I(ε11(a) < 0) + 4I(εkl(a) < 0)I(ε11(a) < 0),
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òî ñ ó÷åòîì îäèíàêîâîé ðàñïðåäåëåííîñòè ζkl

d

dδ
E[(Skl(a)S11(a))]

∣∣∣
δ=0
a=a0

= 0−2
[
E[F (−ζ11)]+E[F (a0

10ζ01)]+E[F (a0
01ζ10)]+E[F (a0

11ζ00)]
]
−

− 2
[
E[F (−ζ11)] + E[F (a0

10ζ01)] + E[F (a0
01ζ10)] + E[F (a0

11ζ00)]
]

+

+ 4
[
E[F (−ζ11)] + E[F (a0

10ζ01)] + E[F (a0
01ζ10)] + E[F (a0

11ζ00)]
]

= 0,

∂

∂a
E[(Skl(a)S11(a))]

∣∣∣
δ=0
a=a0

= f(0)E[ε−11]δ̃k−1,l−1(a
0). (17)

Îòäåëüíî ðàññìîòðèì ñëó÷àè (k, l) ∈ {(2, 1), (1, 2), (2, 2)}.
Åñëè (k, l) = (2, 1), òî

E[I(ε21(a) < 0)I(ε11(a) < 0)] = E
(
I(ε11(a) < 0)E[I(ε21(a) < 0)|A21]

)
=

= E

[
I
(
ε11 < Ỹ T

11(a− a0)− ν11ζ11 + a0
10ν01ζ01 + a0

01ν10ζ10 + a0
11ν00ζ00

)
×

× F
(
Ỹ T

21(a− a0)− ν21ζ21 + a0
10ν11ζ11 + a0

01ν20ζ20 + a0
11ν10ζ10

)]
.

Îïðåäåëèì ïîëíóþ ãðóïïó ñîáûòèé

Hi1i2...i6 = {ν11 = i1, ν01 = i2, ν10 = i3, ν00 = i4, ν21 = i5, ν20 = i6}, i1, i2, . . . , i6 = 0, 1.

Ïî ôîðìóëå ïîëíîãî ìàòåìàòè÷åñêîãî îæèäàíèÿ

E[I(ε21(a) < 0) I(ε11(a) < 0)] =

=
1∑

i1,i2,...,i6=0

E[I(ε21(a) < 0)I(ε11(a) < 0)|Hi1i2...i6 ]δ

6∑
j=1

ij
(1− δ)

6−
6∑

j=1
ij
.

Ñëåäîâàòåëüíî,

d

dδ
E[I(εkl(a) < 0)I(ε11(a) < 0)]

∣∣∣∣
δ=0
a=a0

=

=
1∑

i1,i2,...,i8=0
i1+i2+...+i8=1

E[I(εkl(a) < 0)I(ε11(a) < 0)|Hi1i2...i8=0]
∣∣∣
a=a0

−

− 8E[I(εkl(a) < 0)I(ε11(a) < 0)|H00000000]
∣∣∣
a=a0

=

= E[I(ε11(a) < 0)F (−ζkl)] + E[I(ε11(a) < 0)F (a0
10ζk−1,l)] +

+ E[I(ε11(a) < 0)F (a0
01ζk,l−1)] + E[I(ε11(a) < 0)F (a0

11ζk−1,l−1)] +

+ E[I(ε11(a) < −ζ11)F (0)] + E[I(ε11(a) < a0
10ζ01)F (0)] +

+ E[I(ε11(a) < a0
01ζ10)F (0)] + E[I(ε11(a) < a0

11ζ00)F (0)]− 8E[I(ε11(a) < 0)F (0)] =

= E
[
F (−ζ11) + F (a0

10ζ01) + F (a0
01ζ10) + F (a0

11ζ00)
]
− 2.
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Ïîýòîìó

d

dδ
E[I(ε21(a) < 0)I(ε11(a) < 0)]

∣∣∣∣
δ=0
a=a0

= E[I(ε11 < −ζ11)F (a0
10ζ11)] +

+ E[I(ε11 < a0
10ζ01)F (0)] + E[I(ε11 < a0

01ζ10)F (a0
11ζ10)] +

+ E[I(ε11 < a0
11ζ00)F (0)] + E[I(ε11 < 0)F (−ζ21)] + E[I(ε11 < 0)F (a0

01ζ20)]−
6

4
=

= E
[
F (−ζ11) F (a0

10ζ11) + F (a0
01ζ10) F (a0

11ζ10) +

+
1

2

(
F (a0

10ζ01) + F (a0
11ζ00) + F (a0

01ζ20) + F (−ζ21)
)]
− 6

4
.

Ñëåäîâàòåëüíî, ñ ó÷åòîì îäèíàêîâîé ðàñïðåäåëåííîñòè ζkl

d

dδ
E[(S21(a)S11(a))]

∣∣∣
δ=0
a=a0

=

= E
[(

1− 2F (−ζ11)
)(

1− 2F (a0
10ζ11)

)
+

(
1− 2F (a0

01ζ10)
)(

1− 2F (a0
11ζ10)

)]
.

Àíàëîãè÷íî
d

dδ
E[(S12(a)S11(a))]

∣∣∣
δ=0
a=a0

=

= E
[(

1− 2F (−ζ11)
)(

1− 2F (a0
01ζ11)

)
+

(
1− 2F (a0

10ζ01)
)(

1− 2F (a0
11ζ01)

)]
,

d

dδ
E[(S22(a)S11(a))]

∣∣∣
δ=0
a=a0

= E
[(

1− 2F (−ζ11)
)(

1− 2F (a0
11ζ11)

)]
,

Âî âñåõ òðåõ ÷àñòíûõ ñëó÷àÿõ (k, l) ∈ {(2, 1), (1, 2), (2, 2)} ôîðìóëà (17) íå ìåíÿåòñÿ.
Òàêèì îáðàçîì,

dLpq(δ, a)

dδ

∣∣∣∣
δ=0
a=a0

=
∞∑
i=0

∞∑
j=0

δij(a)
d

dδ
E[Si+p+1,j+q+1(δ, a)S11(δ, a)]

∣∣∣∣
δ=0
a=a0

=

= δ1−p,−q(a
0)

d

dδ
E[(S21(a)S11(a))]

∣∣∣
δ=0
a=a0

+ δ−p,1−q(a
0)

d

dδ
E[(S12(a)S11(a))]

∣∣∣
δ=0
a=a0

+

+ δ1−p,1−q(a
0)

d

dδ
E[(S22(a)S11(a))]

∣∣∣
δ=0
a=a0

=

=δ1−p,−q(a
0)E

[(
1−2F (−ζ11)

)(
1−2F (a0

10ζ11)
)
+

(
1−2F (a0

01ζ10)
)(

1−2F (a0
11ζ10)

)]
+

+δ−p,1−q(a
0)E

[(
1−2F (−ζ11)

)(
1−2F (a0

01ζ11)
)
+

(
1−2F (a0

10ζ01)
)(

1−2F (a0
11ζ01)

)]
+

+ δ1−p,1−q(a
0)E

[(
1− 2F (−ζ11)

)(
1− 2F (a0

11ζ11)
)]

,

∂Lpq(δ, a)

∂a

∣∣∣∣
δ=0
a=a0

=
∞∑
i=0

∞∑
j=0

δij(a
0)

∂

∂a
E[Si+p+1,j+q+1(δ, a)S11(δ, a)]

∣∣∣∣
δ=0
a=a0

=

=
∞∑
i=0

∞∑
j=0

4f(0)E[ε−11]δ̃i+p,j+q(a
0) = 4f(0)E[ε−11]K,

îòêóäà ñëåäóåò óòâåðæäåíèå òåîðåìû 3.
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Âèä ôîðìóë (12), (14) ïîêàçûâàåò, ÷òî ôóíêöèîíàë âëèÿíèÿ çíàêîâîé îöåíêè áóäåò îãðà-
íè÷åí, ïîñêîëüêó êîîðäèíàòû |lpq| âåêòîðà l â (12) îãðàíè÷åíû âåëè÷èíîé max

(p,q)∈I
|apq|. Ïî-

ýòîìó êîýôôèöèåíò ÷óâñòâèòåëüíîñòè ê áîëüøîé îøèáêå áóäåò êîíå÷íûì, à çíàêîâàÿ îöåíêà
ðîáàñòíîé.

Äëÿ ñðàâíåíèÿ, ôóíêöèîíàë âëèÿíèÿ îöåíêè íàèìåíüøèõ êâàäðàòîâ èìååò âèä (ñì. [8])

IFLS(a(δ), Fζ) = E[ζ2
00]B

−1
(
a

(0)
01 , a

(0)
10 , a

(0)
00

)T

, (18)

ãäå B | êîâàðèàöèîííàÿ ìàòðèöà âåêòîðà (X01, X10, X00). Èç ôîðìóëû (18) ñëåäóåò, ÷òî
ñ ðîñòîì E[ζ2

00] áóäåò ðàñòè è IFLS(a(δ), Fζ). Ïîýòîìó ìàêñèìóì IFLS(a(δ), Fζ) áóäåò áåñ-
êîíå÷íûì íà (äîñòàòî÷íî óçêîì) ìíîæåñòâå âñåõ âåðîÿòíîñòíûõ ðàñïðåäåëåíèé ñëó÷àéíîé
âåëè÷èíû ζ00 ñ êîíå÷íîé äèñïåðñèåé. Ñëåäîâàòåëüíî, êîýôôèöèåíò ÷óâñòâèòåëüíîñòè ê
áîëüøîé îøèáêå îöåíêè íàèìåíüøèõ êâàäðàòîâ â ýòîì ñëó÷àå áóäåò áåñêîíå÷íûì, à îöåíêà
íàèìåíüøèõ êâàäðàòîâ, â îòëè÷èå îò çíàêîâîé îöåíêè, íå áóäåò ðîáàñòíîé.

4. Ïðèìåð

Ñðàâíèì ïðè ïîìîùè êîìïüþòåðíîãî ìîäåëèðîâàíèÿ çíàêîâóþ îöåíêó è îöåíêó íàè-
ìåíüøèõ êâàäðàòîâ ïðè çàãðÿçíåíèè íàáëþäåíèé Xij àíîìàëüíî áîëüøèìè îøèáêàìè âèäà
(11).

Â ýêñïåðèìåíòå ìîäåëèðîâàëèñü 1000 ðåàëèçàöèé ïîëÿ Yij , i, j = 1, . . . , 10, âèäà (11),
ãäå εij èìåëè ñòàíäàðòíîå íîðìàëüíîå ðàñïðåäåëåíèå, à ζij | ðàñïðåäåëåíèå Êîøè ñ ïëîò-
íîñòüþ ðàñïðåäåëåíèÿ âåðîÿòíîñòè

1

πτ
(
1 +

x2

τ2

) .

Èñòèííûå çíà÷åíèÿ ïàðàìåòðîâ a10, a01, a11 áûëè −0,6, 0,4 è 0,8 ñîîòâåòñòâåííî. Òî÷íîñòü
êàæäîãî ìåòîäà îöåíèâàëàñü âûáîðî÷íûì ñðåäíèì è âûáîðî÷íîé äèñïåðñèåé ñîîòâåòñòâó-
þùèõ îöåíîê ïî 1000 ðåàëèçàöèÿì. Ðåçóëüòàòû ýêñïåðèìåíòîâ äëÿ ðàçëè÷íûõ çíà÷åíèé γ è
δ ïðèâåäåíû â òàáë. 1. Â êàæäîé ÿ÷åéêå òàáëèöû âåðõíåå ÷èñëî îçíà÷àåò âûáîðî÷íîå ñðåä-òáë.1

íåå (ïî 1000 ðåàëèçàöèÿì) ñîîòâåòñòâóþùåé îöåíêè ñîîòâåòñòâóþùåãî ïàðàìåòðà, à íèæíåå
÷èñëî (â ñêîáêàõ) | ñîîòâåòñòâóþùåå âûáîðî÷íîå ñðåäíåêâàäðàòè÷åñêîå îòêëîíåíèå.

Èç òàáëèöû âèäíî, ÷òî åñëè äîñòàòî÷íî óìåðåííûì èñêàæåíèÿì ïîäâåðãàåòñÿ òîëüêî êà-
æäîå ñîòîå íàáëþäåíèå, òî çíàêîâàÿ îöåíêà óæå òî÷íåå îöåíêè íàèìåíüøèõ êâàäðàòîâ. Ñëå-
äîâàòåëüíî, äëÿ îöåíèâàíèÿ àâòîðåãðåññèîííûõ êîýôôèöèåíòîâ a ïðè îòñóòñòâèè âûáðîñîâ
ïðåäïî÷òèòåëüíåå èñïîëüçîâàòü ìåòîä íàèìåíüøèõ êâàäðàòîâ, à ïðè îáðàáîòêå çàãðÿçíåííûõ
íàáëþäåíèé ïðåèìóùåñòâî èìååò çíàêîâûé ìåòîä.
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Òàáëèöà 1
Ðåçóëüòàòû ýêñïåðèìåíòîâ

Çíà÷åíèÿ
γ è τ

Çíàêîâàÿ îöåíêà Îöåíêà íàèìåíüøèõ
êâàäðàòîâ

a10 a01 a11 a10 a01 a11

γ = 0 −0,5748 0,3879 0,7552 −0,5857 0,3957 0,7744
(0,0922) (0,0999) (0,1126) (0,0738) (0,0841) (0,0862)

γ = 0,01, τ = 9 −0,5874 0,4021 0,7823 −0,58671 0,3911 0,7682
(0,0712) (0,0589) (0,0839) (0,0809) (0,0856) (0,0754)

γ = 0,1, τ = 9 −0,5803 0,3893 0,7623 −0,4292 0,2536 0,5375
(0,0706) (0,0543) (0,0845) (0,2376) (0,1961) (0,3205)

5. Çàêëþ÷åíèå

Â ðàáîòå ïîëó÷åíî ÿâíîå âûðàæåíèå äëÿ ôóíêöèîíàëà âëèÿíèÿ çíàêîâîé îöåíêè êîýô-
ôèöèåíòîâ óðàâíåíèÿ àâòîðåãðåññèîííîãî ïîëÿ. Ïîêàçàíî, ÷òî çíàêîâàÿ îöåíêà ÿâëÿåòñÿ
ðîáàñòíîé, â òî âðåìÿ êàê îöåíêà íàèìåíüøèõ êâàäðàòîâ íå ÿâëÿåòñÿ ðîáàñòíîé â äîñòà-
òî÷íî òèïè÷íîé ñèòóàöèè, êîãäà îøèáî÷íûå íàáëþäåíèÿ àâòîðåãðåññèîííîãî ïîëÿ ìîãóò
èìåòü ñêîëü óãîäíî áîëüøóþ äèñïåðñèþ. Çíàêîâàÿ îöåíêà ìîæåò áûòü ðåêîìåíäîâàíà â
êà÷åñòâå àëüòåðíàòèâû îöåíêå íàèìåíüøèõ êâàäðàòîâ ïðè íàáëþäåíèè àâòîðåãðåññèîííîãî
ïîëÿ ñ àíîìàëüíî áîëüøèìè îøèáêàìè.
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In this article the process of two-dimensional autoregression of order (1,1) is considered.
Distribution of the innovation field of the autoregressive model was assumed to be unknown.
Definitions of the influence functional and the gross error sensitivity coefficient for autoregressive
field parameter estimation were given. An explicit expression for the influence functional of sign
estimation of the equation coefficients of the autoregressive field was obtained. It was shown that
the sign estimation was robust. Sign estimation could be recommended as an alternative to least
squares estimation with anomalously large errors when observing an autoregressive field.
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