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Quantization of Drinfeld zastava in type C
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To Vladimir Drinfeld on his 60th birthday

ABSTRACT

A Drinfeld zastava is a certain closure of the moduli space of maps from the projective
line to the Kashiwara flag scheme of an affine Lie algebra §. In case g is the symplectic
Lie algebra spp;, we introduce an affine, reduced, irreducible, normal quiver variety Z
which maps to the zastava space isomorphically in characteristic 0. The natural Poisson
structure on the zastava space Z can be described in terms of the Hamiltonian reduction
of a certain Poisson subvariety of the dual space of a (nonsemisimple) Lie algebra.
The quantum Hamiltonian reduction of the corresponding quotient of its universal
enveloping algebra produces a quantization Y of the coordinate ring of Z. The same
quantization was obtained in the finite (as opposed to the affine) case generically in the
work of Gerasimov-Kharchev-Lebedev-Oblezin (2005). We prove that Y is a quotient
of the affine Borel Yangian. The analogous results for g = sl were obtained in our
previous work.

1. Introduction

1.1. This note is a continuation of [FR14], where we have studied the Drinfeld zastava spaces
ZQ(;[N) from the viewpoint of invariant theory. Given a collection of complex vector spaces
(V)iez/nz with dimension vector dim(V})icz/nz = (di)iez/nz = d along with a collection of
vector spaces (W;)iez/nz with dimension vector dim(W;)cz/nz = (1,...,1), we consider the
space Mg = {(A;, B, 1, Q1)icz/Nz} =

P Endv)e P Hom(V,Vi)o @ Hom(W,._i,V)o @ Hom(V;, W)

leZ/NZ l€eZ/NZ l€Z/NZ l€Z/NZ

of representations of the following chainsaw quiver:
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QUANTIZATION OF DRINFELD ZASTAVA IN TYPE C
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Furthermore, we consider the closed subscheme Mg C My cut out by the equations A; 1 B; —
BjA; + piiiq = 0 for all I, and two open subschemes Mj C My (resp. M§ C Mg) formed by
all {(Ay, B, i, @t)icz/nz} such that for any Z/NZ-graded subspace V, C Ve with A,V C V/,
and BV c V', for all [, if py(W;_1) C V/ for all I, then VJ = Vi (resp. if V' C Kergq for
all [, then VJ = 0). The group G(Va) = [ljez/nz GL(VI) acts naturally on My preserving the
subschemes My, Mj, Mj.

According to [FR14], [BF11], the action of G(V4) on Mg N Mg N Mg is free, and the quotient

(Mg N Mg N Mg)/G(Vs) is naturally isomorphic to the moduli space Z< of based maps of degree
d from the projective line to the Kashiwara flag scheme of the affine Lie algebra E/:\[N. More-
over, the categorical quotient My//G(V4) is naturally isomorphic to the Drinfeld zastava closure

Zi(;[N) D Z4. Furthermore, the scheme My //G(Vy) ~ Z4(sly) is reduced, irreducible and nor-
mal. One of the crucial points in proving this consists in checking that (Mg N A/, aNM g) C My is
dense, while My C Mj is a complete intersection.

1.2. One of the goals of this note is to extend the above results to the case of zastava spaces
for the affine symplectic Lie algebra spy (in case N is even). We prove that any zastava scheme
for spy is reduced, irreducible and normal. Note that these properties of zastava schemes were
established in [BF11] for all finite dimensional simple Lie algebras.

To this end we again invoke invariant theory. Following [BS00], we equip W := @, vz Wi
with a symplectic form such that W; and W} are orthogonal unless [ + k = N — 1. We equip
Vo= @lez /NZVZ with a nondegenerate symmetric bilinear form such that V; and V; are or-
thogonal unless [ + £ = 0. In particular, we must have d_; = d; for all [, so that the col-
lection d is encoded by d := (dg,d, ... ;dns2). We denote by O(Vs) the Levi subgroup of the
orthogonal group O(V') preserving the decomposition V' := @, INZ V;. We consider the space

M, 1 ¢ M, of representations of the quadratic chainsaw quiver formed by all the selfadjoint
collections A7 = A;, B = B_;_1, pj = q—;. We denote by M;l C Md_l the scheme-theoretic
intersection Mg N Md_l.

We prove that M;l NM; = M;l NMg C M;l is dense, while M;l C Mgl is a complete

intersection. We deduce that the categorical quotient M} '//O(V4) is reduced, irreducible and
normal. Furthermore, we prove that the action of O(V,) on M;l NnM; = Mgl N Mg is free

and that the quotient (Md_l N Mj)/O(Vs) is naturally isomorphic to the moduli space Zg(f:]\J N)

of based maps of degree d from the projective line to the Kashiwara flag scheme of the affine
Lie algebra spy. Moreover, the categorical quotient M} !//G(V4) is naturally isomorphic to the

Drinfeld zastava closure Z¢(sp N) D Z(p N)-
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1.3. Quite naturally, we would like to extend the above results to the case of the affine orthogonal
Lie algebra $o0. To this end we change the parities of the bilinear forms in 1.2. That is, we equip
W with a nondegenerate symmetric bilinear form, and we equip V with a symplectic form. The
corresponding space of representations of the quadratic chainsaw quiver is denoted by M é, and
the corresponding Levi subgroup of Sp(V') is denoted by Sp(Va). It is still true that the action of
Sp(Va) on MINM3 = MIN M s free, and the quotient (M1N1M5)/Sp(V4) is naturally isomorphic

o _—
to Z d(sAo N)‘
However, we encounter the following mysterious obstacle: M}l is not irreducible in general, and

MINME = MINMS is only dense in one of its irreducible components. For this reason the categor-

ical quotient M //Sp(V4) is not isomorphic to the zastava space Zg(ﬁAo ~) in general. The simplest

example occurs when d is the affine simple coroot of soy, that is, d = (...,0,1,2,1,0,...).

1.4. Following [FR14], we describe the natural Poisson structure on Zg(ﬁa ~) in quiver terms.
It is obtained by the Hamiltonian reduction of a Poisson subvariety of the dual vector space
of a (non-semisimple) Lie algebra a;l with its Lie-Kirillov-Kostant bracket. Now the ring of

functions (C[ZE(EIJ )] admits a natural quantization Y= ' as the quantum Hamiltonian reduction
of a quotient algebra of the universal enveloping algebra U (u;l). The algebra 95 U admits a

homomorphism from the Borel subalgebra Y~! of the Yangian of type C in the case of a finite
zastava space. We prove that this homomorphism is surjective. In the affine situation, there is
an affine analog Y~! of Y~ (it is no longer a subalgebra in the Yangian of sp, ), and we define
it explicitly by generators and relations. We prove that there is a surjective homomorphism
y-1 ‘35 1. Moreover, we write down certain elements in the kernel of this homomorphism and
conjecture that they generate the kernel (as a two-sided ideal). These elements are similar to
the generators of the kernel of the Kamnitzer-Webster-Weekes-Yacobi homomorphism from the
shifted Yangian to the quantization of the transversal slices in the affine Grassmannian. In fact,
as explained in [KWWY12], Hg L as a filtered algebra is the limit of a sequence of quantum
coordinate rings of transversal slices.

2. A quiver approach to Drinfeld zastava for symplectic groups

2.1 Quadratic spaces

We will recall the convenient terminology introduced in [KP82]. Let U be an N-dimensional
complex vector space equipped with a nondegenerate bilinear form (, ) such that (u,v) = e(v, u).
It will be called a quadratic space of type € (shortened to orthogonal space if e = 1 and symplectic
space if e = —1). We denote by G.(U) the subgroup of GL(U) leaving the form invariant. So we
have G.(U) = O(N) or Sp(N) according to whether e =1 or e = —1.

Let A+— A*, End(U) — End(U) be the canonical involution associated with the form, that
is, (Au,v) = (u, A*v) for any u,v € U. More generally, for a linear operator B € Hom(U, 'U) we
denote by B* the adjoint (or transposed) operator B* € Hom( 'U*, U*).

We choose a basis wp,...,wny_1 in a quadratic space W of type ¢ = —1 such that for
0 <1 < N/2 we have (w;,wp,) = 6y n—1-1 (note that N is necessarily even). The linear span
of w; will be denoted by W; = C. We will often parametrize the base vectors by the elements
of Z/NZ. We define I :={0,1,...,N/2} ¢ {0,...,N —1} = Z/NZ. We set I = Iy L I, where
Iy={1,....,5N -1}, = {0,AN}.
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We choose another quadratic space V of type —e = 1 decomposed into a direct sum
V= @leZ/NZVl such that V; is orthogonal to V,, unless [ +m = 0 € Z/NZ. We denote the
dimension of V; by d;. We set d := (d;)ie;-

We denote by G_.(V,) the Levi subgroup of G_.(V) preserving the decomposition
V' = @ez/nz Vi- It is isomorphic to O(Vo) x O(Vivya) x [locic vy GL(VI).

2.2 Quadratic chainsaw quivers
Following [FR14, 2.3], we consider the affine space M of collections (A, By, pi, @1)iez /Nz Where

Ay € End(V)), B; € Hom(V;, Viq1), pr € Hom(W;_1,V}), q € Hom(V;, W;) satisfy the following
selfadjointness conditions: A} = A_;, B = B_;_1, p; = q—;. Here we view p; (resp. ¢;) as a
vector (resp. covector) of V; using the identification of all W,,, with C.

Following loc. cit., we consider the subscheme M5 C Mj parametrizing the d-dimensional
representations of the chainsaw quiver with bilinear form (or the quadratic chainsaw quiver for
short), cut out by the equations A;11B; — BjA; + pi+1q; = 0 for all [.

Clearly, M7 is acted upon by the Levi subgroup G_¢(Vs). We denote by 32 the categorical
quotient M5 //G_.(V4).

Assumption. From now on we set ¢ = —1.

2.3 Examples
We consider three basic examples in types C1, Co, Ci.

2.3.1 Type C1. We take N > 2, dy = ... = dyj3_1 = 0, dyjp = d. We have Vyp =V =
Ce, Ayjp = A=A € End(V), B1 =0, pp =p eV, ¢ =q € V" qv) = (p,v). Thus
Mg = End® (V) @ V and 35 = (End™ (V) & V)//O(V), where End™ (V) C End(V) stands for
the linear subspace of selfadjoint operators (symmetric matrices). By classical invariant the-
ory, the ring of O(V)-invariant functions on End™ (V) @ V is freely generated by the func-
tions ay,...,aq,bo,...,bqg—1, where ap, := Tr(A™), and b,, = (p, A™p). Hence 35 ~ A2,

2.3.2 Type C3. We take N =4, dy =0, dy =do = d3 = 1. We have V; = Vo = V3 = C,
and hence all our linear operators act between 1-dimensional vector spaces and can be written
just as numbers. Hence Mj has coordinates A; = A3, A2, By = Ba,q2 = —p2,q1 = P3,q3 = P1,
and M¢ is cut out by a single equation Bi(A; — A2) = paps. The group G_.(V4) is the product

GL(V1) ® O(Va) =~ C* x {1} with coordinates ¢ € C*, s = £1. It acts on M as follows:

(c,s) (A1, Ao, B1,p1,p2,p3) = (A1, As,csBi, ¢ 'p1, spa, cps) .
The ring of C* x {£1}-invariant functions on M is generated by the functions Ay, Ag, b1 := 3,
bo1 := p1p3, boz := p2Bipi1, bos := Bip? with three quadratic relations: boa(A; — As) = bo1b12,
bo3 (A1 — Az) = bo1bo2, 632 = biabp3. Thus 37 is a 4-dimensional (noncomplete) intersection of
three quadrics in AS. According to S. Kovéacs (private communication) and computations by

G. Leuschke and A. Verbitsky with the package Macaulay2, 3% is reduced, not Q-Gorenstein,
but is Cohen-Macaulay and normal, and has rational singularities.

2.3.3 Type 61. We take N =2, dy = di; = 1. We have V; = C = V5, and hence all our linear

operators act between 1-dimensional vector spaces and can be written just as numbers. Hence
M has coordinates Ay, Az, By = B1,q0 = po,q1 = —p1 and M is cut out by a single equation
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By(A1 — Ap) + p1go = 0. The group G_.(Vs) is the product O(Vp) x O(Vy) ~ {£1} x {£1}
with coordinates (s1, s2). The ring of {£1} x {£1}-invariant functions on Mg is generated by the
functions Ag, Aj, by := p?, by := p%, 5= Bg with a single relation byby — s(Ag — A1)? = 0. Note
the coincidence with the output of [FR14, Example 2.8.3].

2.4 The dimension of I\/Iz

We define the factorization morphism Y : M5 — Al = HleI(A(l))(dl) so that the component T,
is just Spec A4;. -

PROPOSITION 2.1. Every fiber of T has dimension dim G- (Vs) + > di.

Proof. We use the same argument as in the proof of [FR14, Prop. 2.11]. Let us list the minor
changes necessary in the quadratic case. The dimension estimate for a general fiber is reduced to
the dimension estimate for the zero fiber where all A; are nilpotent. By the adjointness condition,
(Ae, Be, e, Ge) is determined by its components A; for 0 < [ < N/2, By for 0 <1 < N/2, p; for
0 <1< NJ/2 qfor 0 <1l < NJ/2, and 4y € End"(Vp), Anjp € End+(VN/2). Note that
dimEnd™(V}) = di(d; + 1)/2 for | = 0, N/2, while dimO(V}) = d;(d; — 1)/2 for I = 0,N/2.
The dimension of the space of nilpotent selfadjoint operators in End™*(V}) equals d;(d; —1)/2 for
[ =0, N/2. More generally, the space (O);r C End™(V}) of nilpotent selfadjoint operators of Jordan
type A (a partition of d;) is a finite union of O(V})-orbits, all of the same dimension dim Q) =
dim @) /2 (where Q) is the nilpotent GL(V})-orbit consisting of the nilpotent matrices of Jordan
type A), see [KR71, Prop. 5|. The argument of the proof of [FR14, Prop. 2.11] implies that, for
example, the dimension of the space of (A, A1, Bo, p1,q0) subject to A1 By — BoAo + p1go = 0 is
at most do(dg —1)/2+d? —dy +min(dy, d1) +max(do, d; ). Summing up the similar estimates over
0 <1 < N/2, we obtain the desired inequality dim T~1(0,...,0) < dimG_.(V4) + > ,c; di. The
opposite inequality follows from the computation of the generic fiber of T, and the proposition
follows. O

The following corollary is proved the same way as [FR14, Cor. 2.12].
COROLLARY 2.2. The subscheme Mg is an irreducible reduced complete intersection in Mj.

THEOREM 2.3. The categorical quotient 33 is a reduced irreducible normal scheme.

Proof. We use the same argument as in the proof of [FR14, Thm. 2.7.a)]. We just list the minor
changes necessary in the quadratic case. As in loc. cit., we have to check the normality of the
open subscheme U C 37 defined as the preimage under the factorization morphism ® : 35 — Al

of an open subset U C A% formed by all the colored configurations where at most two points
collide. As in loc. cit., this reduces to a few basic checks we already performed in the examples:
2.3.1 when two points of the same color 0 or N/2 (outmost color for short) collide; [FR14, 2.8.1]
when two points of the same color I, 0 < [ < N/2 (innermost color for short) collide; 2.3.2
when a point of an outmost color collides with a point of an inmost color; 2.3.3 when two points
of different outmost colors collide; [FR14, 2.8.2] when two points of different innermost colors
collide. This completes the proof of the theorem. O

2.5 Symplectic zastava
For d = (do, ... ,dN/g) € N we consider the affine zastava space for the symplectic Lie group
G = Spy introduced in [BFGO6], where it is denoted by ildG; p- In the present paper we will
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denote it by Zg. It is a reduced irreducible affine scheme containing as an open subscheme the

(smooth) moduli space Zg of degree d based maps from P! to the affine flag scheme of G = Spy.

Recall that Spy is the fixed point subgroup of the involutive pinning-preserving outer auto-
morphism o : SLy — SLy. This automorphism acts on the affine flag scheme of SLy, and on
the zastava spaces Z¢ for SLy. More precisely, we define d = (do,...,dn_1) € N as follows:
for 0 <1 < N/2 we have d; = d;, and for 0 < I < N/2 we set dy_; = d;. Then o acts on Z%, and

the fixed point subscheme (with the reduced closed subscheme structure) is isomorphic to Zg.
— o — (e}
In other words, Z¢ is the closure in Z¢ of Z¢ = (Z4)7.

Recall the chainsaw quiver variety 34 introduced in [FR14]. Thm. [FR14, 2.7.b)] constructs
a morphism 7 : 34 — Z%, and [BF11, Thm. 3.5] proves that 7 is an isomorphism. We will

[e]
identify 34 and Z4% via n. Under this identification the open subscheme Z¢ corresponds to the

open subscheme 34 formed by the closed orbits of stable and costable quadruples (A, Be, Pe, Ge),
that is, such that V, is generated by the action of A,, B from the image of pe, and V, contains

e]
no nonzero subspaces in Ker g, closed with respect to A,, Be. The fixed point subscheme (34)”

coincides with 32, the open subscheme of 32 formed by the closed orbits of stable (equivalently,
costable) quadruples (As, Be, Do, Gs) € Mg, cf. [BS00, Table 1 and Prop. 3.3].

LEMMA 2.4. The closed embedding 32 = (34)7 = 3q extends to the closed embedding 32 — 34.

Proof. It suffices to check that any G_.(V,)-invariant function on Mg extends to a Hf\i 61 GL(V;)-
invariant function on My. This is immediately seen on the generators provided by classical in-
variant theory. O

Now, since 33 is dense in 35 = (34)7, we conclude that 35 C 34 = 74 coincides with the

o —
closure of (34)7 in 34 = Z% . Since the symplectic zastava scheme Z¢ also coincides with this
closure, we arrive at the following result.

THEOREM 2.5. There is a canonical isomorphism 7 : 32%2? making the following diagram
commutative: -
35 —— 34

di k2
74— 7,

where the horizontal morphisms are the closed embeddings of the o-fixed points subschemes.

COROLLARY 2.6. The symplectic zastava scheme ZE is normal.

3. Hamiltonian reduction

3.1 Poisson structures

According to [FKMM99] (cf. [FR14, 3.1,3.3]), the smooth scheme Z¢ carries a canonical sym-
plectic structure which extends as a Poisson structure to 34 = Z2. This Poisson structure was

[¢]
constructed in [FR14] via Hamiltonian reduction. The restriction of the symplectic form on Z¢

to Z2 2 (Z%)7 coincides with the canonical symplectic form [FKMM99] on Z¢. We conclude that
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o — —
the canonical symplectic structure on Z% extends as a Poisson structure to Z¢ = 3% and that
the o-fixed point embedding 35 < 34 is Poisson. In the next subsection we will construct this
Poisson structure on 52 via Hamiltonian reduction.

3.2 Classical reduction

Recall the Hamiltonian reduction definition of the Poisson bracket on zastava spaces in type A
(see [FR14]). We “triangulate” the chainsaw quiver in the following way:

A1 Alys
O O
Vi = Wi—q Wi Wi s Vita
Bi-1  m Qi+1 By
qr Pi+1
B

V 1% Vit Vis1

[on ( »

W) ), ) W,

A A Al A

For a pair of vector spaces U,V define the following 2-step nilpotent Lie algebra:
WU, V)=UaV e UV,

where the space U ® V* is central, [U,U] = [V*,V*] = 0, and for v € U, v¥ € V* one has
[u, V] =u®@vV.

To define the Poisson structure, we attach to each triangle of our graph the following Lie
algebra:

a:= (gl(Vi) ® gl(Vig1)) x n(V, Viga)
(the semidirect sum is with respect to the tautological action of gl(V;) on V; and gl(V;41) on V}% ).
Consider the Lie algebra

o= P a= P (V)& gl(Visr)) x n(Vi, Vi)

I€Z/NZ. I€Z/NZ
The coadjoint representation of ay is the space aj = {(A;, A}, Bi, pi, @1)icz/nz ), Where
Ay € End(V)), A €End(V)), B;€Hom(V,Vi41), meV, qc¢eVr.
Consider the subvariety Sq C aj defined by the following equations:
BiA + Ay Bi+ prgq =0, 1€ Z/NZ. (1)

Let gl(V})diag be the diagonal gl(V;) inside gl(V;) © gl(V}) C ag and let 7 : aj — gl(V])3;,, be

the projection. Then the Drinfeld zastava space 34 is identified with the Hamiltonian reduction

Sd/// @ g[a/l)diag = 7_(—1(0) N Sd// H GL(W)diag .

I€Z/NTZ. I€Z/NT.
This provides a natural Poisson bracket on 34.
The involution o acts on the space a}; as follows:

Ix / * * * *
Al — _AN—Z’ Al — _AN—l7 Bl — BN—l’ D1 — qN—l’ q1 HpN—l .
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Remark 3.1. Strictly speaking, o is not an involution on a} since p™* = —p and ¢** = —¢, but
becomes an involution after the Hamiltonian reduction.

To describe the fixed point set, we consider the half of the chainsaw quiver formed by the
vertices [ € I. Define the Lie algebra

ag:= P w = O (0l(V)  gl(Vig1)) 3 n(V;, Viga)
=0 =1

~

The coadjoint representation of af is the space
a;* = {(Ala A;7 Bl7pla QZ>l€I()7 A07 q0, BO7 A/%,p%} ;

where
Al S EHd(W), A; € End(‘/l)v Bl € HOI’I](V, ‘/l-‘rl)v YRS V, q < VZ*
The invariant subvariety Sg C ag" is again defined by the equations (1):

N
BiA; + A B+ priaq = 0, l=07-~,5—1~

Let o(V;) C gl(V}) C a for [ € I} be the orthogonal Lie subalgebra and let

71 a5 = D 9V fiag ® ED 0(V)*
lely lel

be the projection. Then the symplectic Drinfeld zastava space 37 is identified (as a Poisson
variety) with the Hamiltonian reduction

Sill D 8V diag & P o (V) = (n71(0) N S/ ] GLM)aiag x [[ OW).
lely lely lely lel

We denote the group [];c; GL(Vi)aiag X [[;er, O(Vi) simply by Gg, and the corresponding Lie
algebra Py 1, 81(Vi)diag ® Bier, 0(V1) by 94-

3.3 Quantum reduction

The natural quantization of the coordinate ring C[a5*] is the enveloping algebra U (a5). It will be
convenient to gather the generators of U(ag) (that is, the basis elements of the Lie algebra ag)
into the following U (ag)-valued matrices:

N N
Ak, B, qe, Ajp, 0< k< bX 0<I< 5

According to [FR14], the coefficients of the following matrices form a subspace R C U(aj)
invariant with respect to the adjoint action: -

N
)
Equivalently, U(a3)R is a two-sided ideal in U(aj)).

The natural qaantization of the coordinate rﬂlg of the space 33 is the quantum Hamiltonian

BZAZ+A2+1Bl+pl+1ql7 lZO, _17/L':]-a"'vdl-i-lv.j:lv"')dl' (2)

G
reduction Yg 1= (U(az)/U(aé)(R + g¢)> ¢, The ring Y3 has a natural filtration coming from the
PBW filtration on U (ag).

PROPOSITION 3.2 (PBW property). We have gr Y5 = C[3g].
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Proof. The proof is a word for word repetition of that of Proposition 3.28 from [FR14]. O

We consider the following elements of J5:

a, =TrA, r=1,2,...,lel;

bis:=qAjp, s=0,1,...,lel.
We also introduce the following elements:
bk tisprss = QAT Bl 1A' Bi_o ... By Al py, k<IEZ, s; € L. (3)
Chlisprs = BIA'Bl_1A)'" ' Bi_o ... BLAJ*, l=k+mN, s; € Zsg. (4)

From the definitions we get the following relations.

LEMMA 3.3. Let k <1+ 1. Then

bk.1+1:0,..,0,0 l+k#0,2 mod N,2l+2#0 mod N,
2bk 141:0,...0,0 20+2=0 mod N,
[bk,1:0,...,0: bi1,0) = 9 Ok i41:0,...,0,0 — br—1,1:0,...,0,0 I+k=0 mod N,
2(bk,i+1,0,....00 = bk—1,:0,...00) {+k=0 mod N,2/+2=0 mod N,
bk 14+1,0,...,0,0 — bk—1,1:0,...0,0 l—k=2 modN.
LEMMA 3.4. For k < m < I, we have [amr, bk iisp,..5,] = ADkiisy,....smtr—1...s, + L, where X\ €

C\{0}, L € Y is expressed in by s, .
with respect to the PBW filtration.

sy With ' =k <1 —k and deg L < deg by i;s,,.... s +7—1....5,

Proof. Straightforward. O

LeMMA 3.5. (Cy case) Let po,p1, Ao, A1, B be the (matrices of) generators of the algebra ag for
N = 2. Then the algebra H; is generated by a;, := Tr A}, by o :=p;p withl =0,1, r=1,...,4d,.

Proof. According to Lemma 3.4, it suffices to check that the invariants of the form p§j(B*B)"py,
piB(B*B)"po, p5(B*B)™B*p1, pi(BB*)"py and Tr(BB*)™ can be expressed in a;,, b . This
is easily checked by induction on m. O

PROPOSITION 3.6. The algebra Y3 is generated by a;,,b;s with | € I, » = 1,...,d; and
SZO,...,dl—l. -

Proof. Arguing in the same way as in Proposition 3.35 of [FR14] we reduce the problem to
expressing by 1.00,....0 and comn;0,....0 0 agp, by s

By Lemma 3.3 for [ —k < N — 1 we have by, 1.00,...0 = Al[- - - [bk,0bk+1,0] - - - s bi—1,0], bi,0], where
A is a nonzero number. Thus the by ;.00,.. 0 With [ —k < n can be expressed in a;,, b; s. Suppose
that by g+mnN—1,0,0,.,0 for some m € Z; can be expressed in a;,,b;s, then for [ — k < N we
have by, 14+mn:0,0,...0 = Al - - [Pk k+mN=1:0,0,....00k+N+1,0] - - - > by N—1,0], big-n,0]- Thus by 14mn;0,0,....0
with [ — k& < N can be expressed in a;,,b; s as well. So, the problem reduces to expressing
bk k+mN—-1:0,...,0,0 and ¢y mN;0,....0 0 ayr, by s

Let D = (dp, d%) Define the homomorphism @ : U(a}) — U(ag) by

®(Ao) = Ao, ®(41) = Ay, ®(B)=By_,-By_,-...- By,

(I)(po) = Po, ‘I>(p1) = B%il L— Blpl .
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Note that ®(Y},) C Y5. By Lemma 3.5, Y7, is generated by the elements a;, = TrAj,
bl,O = p}kpl with [ = 0,1, »r = 1,...,d;. We have @(ao,r) = ag,r, (I)(al,r) = a%ﬂ”’ (13(607()) = 6070,
®(b1,0) = b1,N—1.0,..,0- Thus everything from ®(Y%,) can be expressed in a;,,b;s. On the other
hand, ®(bo2m—10,...0) = bomN—1:0,...0 and ®(c0.2m:0.....0) = C0mN0.....0- ]

4. Yangians

4.1 The Yangian of spy
Let (cki)r,i=12,.,n/2 stand for the symmetrized Cartan matrix of spy. That is, cxr, = 4 for
k=N/2 cpp =2for 0 < k < N/2, ¢y =0 for |k —1] > 1, ¢y = —1 for 0 < k,l < N/2 and
l=Fk=+1, and ¢ = —2 otherwise.

The Yangian Y (spy) is generated by Xir, hy,, k=1,2,...,N/2, r € N, with the following
relations:

(hy ., hy ] =0, [hk,valﬂ’:s] = ickleiy (5)

20y i1, %) — 2lhy e, X)) = Few (X, + x5, (6)

(X5 X o) = Okl s (7)

2[X§T+l, Xl:;] - 2[xir, Xli,s+1] = *cyy (Xirxfs + le’tsxir) , (8)

Xpe o Xie o X1l + Kpe e Xiepo X1l = 0, k=1£1, ke Il € Iy, ¥p,r,s €N, (9)

D Khogsys Khorsys Kby X1l =0, k=11, k€ [, € I, Vry,ra,r3,s N (10)
oES3

We will consider the “Borel subalgebra” Y° of the Yangian, generated by the XZ:T and hy, .
For a formal variable u we introduce the generating series hy(u) := 1+ Y o2 hg,u™""! and
xi(u) =Y, X;;ru”"’l.

We also consider a bigger algebra DY, the “Borel subalgebra of the Yangian double”, gen-
erated by all Fourier components of the series hy(u) = 1+ >0 hy,u™""! and x (u) :=
S o Xp,u" 7! (that is, the generating series x| (u) are infinite in both positive and negative
directions)’with the defining relations (5,6,8,9,10). The algebra Y is then the subalgebra gener-
ated by the negative Fourier components of the x; (u) and hy(u) due to the PBW property of
the Yangians. We can then rewrite Eqgs. (6,8) in the following form:

2u — 2v — Ckl

hk(U)XlJr(U) 2u — 2v 4+ ¢y

=x;" (v)hy(u). (11)

X ()% (0)(2u — 20 — ) = (2u — 2v + cp)x; (V)% (). (12)
The function (2u — 2v — cx1)/(2u — 2v + ¢g;) here is understood as a formal power series in
u™t, v™1, ulv, hence Eq. (11) is well defined.
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Following [FR14], we will use a little bit different generators of the Cartan subalgebra of the
Yangian,

Ap(u) = u® + Apgu® = 44 AT (13)

obtained as the (unique) solution of the system of functional equations:

1. 1. 1 1 _ _
hy(u) = Ag(u + 5) lAk.(u — 5) 1Ak,1(u)Ak+1(u)(u -+ i)dk (u— §)d’€u D—1qy=dht1 (14)

fork:zl,Q,...,%—l, and

1
hy (u) =Ax(u+ 1) Ax(u—1)"" Ay (W)Ax  (u+3)
2 2 2 2 2 2 (15)
dy dy —dy_, 1 —dy_,
(u+1) 2(u—1) 2u = (u+§) 2
Here we take Agp(u) =1
LEMMA 4.1. The generators Ay(u) of DY satisfy the relations
2u — 2v + lckk(;kl
Apw)x{ (v) 2R _ o (0) A () (16)

v T =
2u — 2v — §Ckk5kl
LEMMA 4.2. Let Aj(u) and x;" (u) be the generating series of DY. Then the series

~ Ap(u— forr)

ap(u) =
A (u+ §crk)

o

=1—dpu ' — Zakmu#*l and x;r(u)
r=1

satisfy the following commutator relations:

1.2
7 CiciOkl
[ (w), %" (v)](u — v) = —%Xf(v)ak(@, [a(u), ay(v)] = 0. (17)
The series ay(u), x; (u) generate DY* with the defining relations (17), (8) and (9), and their
negative Fourier components generate Y.

Proof. For k # [ the relation is obvious, for k = [ we have

1 1 1 1
u—zckk—v—l—zckk‘u—i-zckk—v—zckk

ay(u)x; (v =x; (v)ag(u).

1 1 1 1
U — 7Ckk — U — 7Ckk u+zckkfv+zckk

therefore

u — v)?
o T
One can inductively express Ay, in a; s with s < 7+ 1, hence DYF is generated by ay(u) and
x;" (u). On the other hand, the quotient of Clay 22, - DYT by relation (17) is Clay, |22, @ DY"
as a filtered vector space. The same argumentation holds for Y¢. The assertion follows. O

ak(u)ﬁ(v)

4.2 The Yangian of spy

Let (ck1)ker stand for the symmetrized Cartan matrix of spy. That is, cgp = 4 for & = 0 or
k=N/2 cpp =2for 0 < k < N/2, ¢cpy =0 for |k —1] > 1, ¢y = —1 for 0 < k,l < N/2 and
l =k =1 and ¢;; = —2 otherwise.
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As for the finite case, we will consider the “affine Borel Yangian”. This is an associative
algebra Y¢ generated by the series

o0
x;(u) ===1+ Z xpru " (18)
r=0
oo
Ap(u) ==+ Ag a1 (19)
r=0

with k € Z, subject to the relations
Ap(u)Ay(v) = Ay(v)Ag(u), (20)

xiE (u)x;E (V) (2u — 20 F o) = x5 (v)xiE (w) (2u — 20 £ epy) (21)

where (ck;) stands for the symmetrized Cartan matrix of 6’;, and

2u—2v+ lcklékl
2 — i (0)Agl(u), (22)

A + =
k(U)Xl (U) 2u — 2v — %Cklakl

in the sense that the negative Fourier components of the LHS and RHS are equal, and the Serre
relations (9) and (10).

4.3 Symplectic Yangians and symplectic zastava spaces

THEOREM 4.3. The algebra Y5 is a quotient of the Borel Yangian Ye of spy by some ideal
containing Ay, = 0 for r > dy.

Proof. For k € I, | € Iy, we introduce the following generating series in Y3

o oo
ap(u) =1 —dyu ' — Zak,ru*’ul, by(u) := Z bou 57t (23)
r=1 s=0
For I € I,i = 1,2,...,d;, we introduce the following generating series in U(a3) (warning:

these are not in 132):
bl(i) (u) := Zbl(,is)uisfla bz(ls) = (Ap) 7, (24)
s=0

the i-th coordinate of the vector Ajp; in the orthonormal basis of V;. We then have the following
result (see [FR14]).

LEMMA 4.4. The following relations hold:
(u —v)[bg(u), bg(v)] = (bg(uw)bk(v) + br(v)b(u)) for k € Iy, (25)

2(u —v)[br(u), bi(v+ dp)] = — (b (w)bi (v + d;) + by (v + di)b(w)) for k,l eIy, l=k+1, (26)

(u—v)[ag(u),b(v)] = — Okt bi(v)ag(u) forke I, l € Iy. (27)

u—v
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2(u = )by (u), b (0)] = e (b)) (Wb (v) + b (B (W) fork € I, i, j =1,....di,

21— v) [0\ (w), by (v + d1)] = cra (b (w)by (v + di)+bi(v + di)b (u))

forkeli, l=k+1,i=1,...,d;,

2(u — v)[be(w), b (v + d)] = (b ()b (v + dy)+b" (v + dy)bre(w))

forleh,l=k+1,1=1,...,d,

Okl
u R

(u—v)lag(u), bl(i) (v)] = —

Proof. This follows from Propositions 3.24 and 3.32 of [FR14].

LEMMA 4.5. We have

[bk,r27 [bk,rlabl,s]] + [bk,rla [bk,T27 bl,s]] =0 fO?" k7l € IOa |k - l’ = 17

Brras Brers s B 0) + i [y B =0 fork e I 1€ L, (k=1 =1, i=1,...

S

[b(’i) [b(j) by ]]+[b(j) [b(i)

k,ro? Wk 7S ko1 Wkre?

bs]|=0 forkel,lel, [k—Il=14j=1,...
Proof. This follows from Proposition 3.32 of [FR14].

For [ € I, let D;(u) be the (unique) solution of the functional equation

ale) i= Difu = ) Difu+ 5)™.
We have
Difu)bu(v) 51—t = b)) for k€ Iy
and
Dz(u)b,(:) (v)m = b,(:)(v)Dk(u) for keI .

Set bg)(u) = Dy(u — %)flb,(f) (u). From Lemma 4.4, we have
b (i () = b ()5 ().

Note that the rest of the relations for b,(:) from Lemma 4.4 also hold for bg).
Forlel, i,j=1,...,d;, set

@) NG
b7 (w) := Du = )b (b (u+1).
Note that

b (u)p? (v)

u—v+2 ig i
=T 9 ()b ()

u—v—2
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and

bl(ii) (u)bk(v)w _

= ()b () (38)

for |k — 1] = 1.

For | € Iy, set by(u) = 2?1:1 bl(“)(u) By Proposition 3.6, we see that the algebra Y3 is

generated by (the Fourier coefficients of) Dj(u), by(u) for k € Iy and bg(u) for k € I,. Now the
theorem reduces to the following result.

LEMMA 4.6. There is a homomorphism g : Ye Yg sending Ay (u) to Dy(u+ an:l dp) and
x;" (u) to by(u+ S dp) forl € Iy and to by(u+ Y\ | dy,) fori e I,.

Proof. We need to prove the quadratic relations and the Serre relations for the elements D;(u),
br(u). The quadratic relations follow from the relations (37) and (38). The proof of the Serre
relations is entirely similar to that of Proposition 3.32 from [FR14]. O

According to the Newton identity (see Theorem 7.1.3 of [Mol07]), we have

Cl(—u + dl)
aj(u) = , 39

l( ) C’l(—u—i—dl—l) ( )
where Cj(u) is the Capelli determinant. This means that D(u) = C(—u +d; — 3). In particular,
lhﬂ~=:0 for r > d;. L]
CONJECTURE 4.7. Y5 = g‘f/{Ak,T | 7> di}.
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