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ON PROJECTIONS OF SMOOTH AND NODAL PLANE CURVES
YU. BURMAN AND SERGE LVOVSKI

ABSTRACT. Suppose that C' C P? is a general enough nodal plane curve
of degree > 2, v: C'— (' is its normalization, and : C" — P! is a finite
morphism simply ramified over the same set of points as a projection
pr,ov: C — P!, where p € P? \ C (if degC' = 3, one should assume in
addition that deg m # 4). We prove that the morphism 7 is equivalent to
such a projection if and only if it extends to a finite morphism X — (P?)*
ramified over C*, where X is a smooth surface.

As a by-product, we prove the Chisini conjecture for mappings ram-
ified over duals to general nodal curves of any degree > 3 except for
duals to smooth cubics; this strengthens one of Victor Kulikov’s results.
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1. INTRODUCTION

Let C C P? be a projective curve of degree d > 2 such that all its singularities
are nodes, and let v: C — C be the normalization mapping. For a point p ¢ C
consider the projection pr,: C' — P! = pt from p; here pt C P? is the set of lines
passing through p, and pr), assigns to x the line joining p and z. The composition
pr,ov: C — P! will be called a generalized projection; its branch locus coincides
with p~ N C*, where C* C (P?)* is the curve dual to C. The generalized projection
has simple ramification if and only if p is transversal to C*.

Suppose that m: ¢/ — pt, where C’ is a smooth projective curve, is a holo-
morphic mapping with simple ramification and such that the branch locus of 7
coincides with pt N C*. We are looking for a criterion for 7 to be isomorphic to
the generalized projection pr, o v.
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Problem background. Consider first the case when C' is smooth. An easy dimension
count shows that if d > 3 then the branch locus of a projection is not arbitrary.
Namely, it follows from the Riemann—Hurwitz formula that a degree d map from a
curve of degree d has d(d — 1) critical values, provided the ramification is simple.
So, its branch locus is a point of Sym®@~Y P! = Pd(d=1) The space of projective
curves C' C P? of degree d has dimension (df) —1=d(d+3)/2. For a point p € P?
there is a 3-dimensional group of projective automorphisms P2 — P? preserving p
and all the lines containing p. So, the space of all projections has the dimension
mq :=d(d+3)/2—3=(d>+3d—6)/2 < d(d — 1) for large d.

Consider now small d. For d = 1 and d = 2 the situation is trivial. For d = 3
one has m3 = 6 = 3(3— 1), and indeed, it is easy to see that any 6 pairwise distinct
points a1, ..., ag € P! are branch points of a suitable generic projection of a cubic
curve.

Let now d = 4. Here my = 11, 4(4—1) = 12, so branch loci of generic projections
lie in a hypersurface V' C Sym'?P' = P!2. Take a generic point a € V; then
the number of pairs (C’, m) such that C’" is a smooth curve of genus 3 and a
is the branch locus of a degree 4 mapping m: C' — P!, is equal to 255N where
N =12(31% — 1) (it follows from the general formula for Hurwitz numbers, see e.g.
[KLO7]). R. Vakil showed in [Vak01] that for 120N pairs the curve C’ is a plane
quartic and 7 is isomorphic to a projection, and for the remaining 135N pairs the
curve C'is hyperelliptic, hence not plane.

For d > 4 it is easy to derive from [EGHI6, Proposition 1] that if C'is a smooth
plane projective curve then each degree d mapping 7: C' — P! is isomorphic to
a projection. We do not, though, assume C’ to be a plane curve. For C nodal a
degree d map C — P! does not need to be equivalent to a projection.

Main results. To make our problem more tractable we impose some generality hy-
potheses on the curves and mappings in question. To wit, we will assume that
the mappings 7: C — P! have simple ramification (see Definition 1.5 below) and
that the nodal curve C' C P? is general enough in the sense of Definition 1.6. If
v: C — C'is the normalization, then for the general point p € P2\ C the generalized
projection prj, o v: C — P! has simple ramification.

We will say that the holomorphic mappings ¢1: C1 — P! and ¢o: Cy — P!
are equivalent if there exists a holomorphic isomorphism ¢: C; — C5 such that
P20 = 1.

Theorem 1.1. Suppose that C C P2 is a nodal curve of degree > 2 that is general
enough in the sense of Definition 1.6. Suppose that a point p € P2\ C is such
that the composition pr, o v: C - P!, where v: C — C is the normalization and
pr,: C — pt = P is the projection from p, has simple ramification. Suppose
that C' is a smooth projective curve and 7: C' — pt is a holomorphic mapping
with simple ramification such that the branch locus of © coincides with p~ N C*. If
deg C' = 3, assume in addition that C' has a node or degm # 4. Then the following
two conditions are equivalent:

(a) 7 is equivalent to pr, ov: there exists an isomorphism ¢: ¢’ — C such that

(pr, 0v) 00 = .
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(b) There exist a smooth projective surface X, a finite holomorphic mapping
f: X — (PYH* that is ramified exactly over C*, and an isomorphism p: C' —
f~Y(pt) such that fly-1pryop=m.

Remark 1.2. The implication (a) = (b) holds without the genericity hypotheses,
for arbitrary nodal curves and arbitrary generalized projections. See the proof of
Proposition 2.1 below.

Remark 1.3. If C' is a smooth cubic and deg f = 4 then the theorem is wrong; see
Remark 4.14.

Remark 1.4. The condition of smoothness of X in the theorem cannot be omitted,
at least for deg f equal to 3 or 4: in Section 5 we show that for d = 3 and 4 there
exists a general enough smooth curve C' C P? of degree d, a line p~ C (P?)* (for
some p € P?) transversal to C*, a smooth projective curve C’, and a morphism
7: O — p* simply ramified over p~ N C* such that condition (b) of Theorem 1.1
with the smoothness omitted holds but 7 is not equivalent to the projection pr,
(Proposition 5.1). We do not know similar counterexamples with d > 4.

In other words, if we are given a simply ramified covering of P! with the same
branch locus as that of a (generalized) projection from a given point p, then this
covering is the generalized projection if and only if it can be extended to a finite
ramified covering of (P?)* branched over C*, with a smooth surface upstairs.

Theorem 1.1 may be restated in topological terms: we will show that if L C (P?)*
is a projective line then the mapping w: C’ — L is equivalent to the generalized
projection pr,, o if and only if the covering 7~ (L\ C*) — L\ C* can be extended
to a covering Xy — (P?)* \ C* such that its fiber monodromy satisfies some extra
conditions (C* must have no bad nodes or bad cusps in the sense of Definitions 3.2
and 3.3); see Theorem 4.15.

Note that we make (almost) no assumption about genus of the curve C” or degree
of the morphism f.

The (a) = (b) implication in Theorem 1.1 is easy (see Section 2). If deg C' > 7,
the (b) = (a) implication follows very easily from Theorem 10 of Victor Kulikov’s
paper [[<ul99] (see Proposition 4.2 below), but for the remaining cases 3 < deg C' <
6, where the Chisini conjecture for coverings ramified over C* is not completely
proved, it requires more work. We give an argument that works uniformly in all
cases, including the case deg C' > 7; our proof is quite different from Kulikov’s one.
As a by-product, we establish the Chisini conjecture for coverings of P? ramified
over curves dual to general enough nodal curves of degrees 4, 5, and 6 (and of
degree 3 provided that either the curve does have a node or degree of the covering
is not 4). This extends Theorem 10 from [[<ul99].

The paper is organized as follows. In Section 2 we prove the easy part of Theo-
rem 1.1. In Section 3 we study coverings of the projective plane that are ramified
over a curve having only nodes and standard cusps as singularities, and in Section 4
we prove the difficult part of Theorem 1.1. Finally, in Section 5 we show that, at
least if deg C' = 3 and deg C' = 4, the smoothness condition in Theorem 1.1 cannot
be omitted.
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NOTATION, CONVENTIONS, AND DEFINITIONS

The base field for all the algebraic varieties will be the field C of complex num-
bers.

Except for the case when we mention explicitly Zariski topology, all topolog-
ical spaces will be assumed Hausdorff and locally simply connected, and all the
topological terms will refer to the classical topology of complex algebraic varieties.

We will say that a singular point of a curve is a node if it is locally analytically
isomorphic to the singularity of the plane curve defined by the equation xy = 0, and
that a singular point is a standard cusp (or simply a cusp) if it is locally analytically
isomorphic to the singularity of the plane curve defined by the equation y2+x3 = 0.

If f: X — Y is a finite holomorphic map of smooth varieties of equal dimension,
then by ramification locus (a.k.a. the set of critical points) of f we mean the closed
subset

R = {x € X : derivative of f is degenerate at x};

by branch locus (a.k.a. the set of critical values) of f we mean the subset f(R) C Y.

Let f: W — V be a covering of topological spaces, and take vy € V. Then the
action of the group m1(V, vo) on the set f~!(vg) via loop lifting will be called the
fiber monodromy of f.

If f: Y — X is a finite morphism of algebraic varieties of equal dimension (i.e., a
proper holomorphic map with finite fibers) and B C X is its branch locus, then the
restriction of f to f~1(X \ B) C Y is a finite-sheeted covering of topological spaces.
Take 29 € X \ B. Then by fiber monodromy of f we will mean fiber monodromy
of the covering f~1(X \ B) — Y \ B with respect to the point (.

Suppose now that X = P!, so the branch locus B C P! is a finite set. If p € B
and -, is the conjugacy class in 71 (P! \ B) corresponding to a small loop around
p, then the image of +, under the fiber monodromy homomorphism is a conjugacy
class in the symmetric group Sy, where d is the number of points in f~!(xg). This
conjugacy class (or the corresponding partition of d) is called the cyclic type of the
point p.

Definition 1.5. Suppose that C' is a smooth projective curve. We will say that a
finite morphism f: C' — P! has simple ramification if each branch point ¢ € P! has
the cyclic type of a transposition.
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If C C P2 is a nodal curve and v: ' — C' is the normalization, then the gener-
alized projection of C' from a general point of P2 has simple ramification.

Definition 1.6. Suppose that C' C P? is an irreducible projective curve such that
each singular point of C' is a node. Let us say that C' is general enough if the
following conditions are satisfied.

— all the inflexion points of C' are simple;

— no line is tangent to C' at more than two points;

— if a line is tangent to C at an inflexion point, it is not tangent to C' elsewhere.

Here, we assume that a line is tangent to C' if it is either tangent to C at a
smooth point or tangent to a branch of C' at a node. By inflexion point we mean
either a smooth point x € C for which the local intersection index of C' with its
tangent at = is greater than 2, or a node # € C for which the local intersection
index of at least one of the two (limiting) tangent lines to branches a x with the
corresponding branch is greater than 2; we say that an inflexion point is simple if
the intersection index in question equals exactly 3.

It follows from the hypotheses on C that the dual curve C* C (P?)* has no
inflexion points, all the singularities of C* are nodes and standard cusps, and no
line is tangent to C* at three points (bitangents of C* correspond to nodes of C).

For a projective subspace a C P we denote by a C (P™)* the set of hyperplanes
in P" containing «, where (P")* is the dual projective space. If dima = k then
at C (P™)* is a projective subspace of dimension n — 1 — k; in particular, if a is a
point then a™ is a hyperplane (denoted by H, in SGA7, see [DI<73]).

If X C P is a projective variety, then by X* C (P™)" we will denote its projective
dual, i.e., the closure of the set of hyperplanes tangent to X at smooth points.

We also will be using the notation a and X* when a, X C (P")*, where the
canonical isomorphism ((P™)*)* = P™ is assumed.

If X C P2 is a projective curve, we say that a line L C P? is transversal to X
if L does not pass through singular points of X and is not tangent to X at any
non-singular point.

If Dy and D5 are Cartier divisors on a projective surface, then (Dy, D3) stands
for their intersection index.

2. PROOF OF THE (a) = (b) IMPLICATION IN THEOREM 1.1
This part of Theorem 1.1 follows immediately from

Proposition 2.1. Suppose that C C P? is a nodal curve and v: C — C is its
normalization. Then there exist a smooth projective surface X and a finite regular
mapping fo: Xo — (P?)* having the dual curve C* C (P?)* as its branch locus and
such that for any point p € P2\ C there is an isomorphism ¢: C' — ot such
that fc o =pr,ov (as usual, pr,: C' — pt is the projection from p).
Proof. Put

Xo = {(z, t) € C x (P?)*: v(x) € t+}. (1)

The surface X¢, being the projectivization of the vector bundle v*Tp2(—1), is
smooth.
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Define the mapping fc: X — (P?)* by the formula
flz, t) =t (2)
For t € (P?)*,
£5 (1) = {(. 0): vlw) € ¢-);
f is a finite morphism of degree d since for the general t € (P?)* the line t* intersects
C at d smooth points. Its branch locus is the set of ¢ such that ¢ is either tangent
to C' at a smooth point or tangent to a branch of C' at a node, so the branch locus

of f coincides with C*.
If p e P2\ C then

fet ) ={(z, t) € O x (P*)": v(a), p e t'}.

It is clear that the mapping ¢: C' — f~Y(pt) sending x to the pair (z, pT) is the
required isomorphism. O

3. PLASTERING OF GENERIC COVERINGS OVER COMPLEMENTS TO CURVES

In this section we prepare for the proof of the implication (b) = (a) in Theo-
rem 1.1.

We start with a simple general fact. Suppose that D C P? is an arbitrary
projective curve, Xy is a smooth affine surface and fo: Xg — P2\ D is a finite
(topological) covering.

Proposition 3.1. Suppose that, in the above setting, there exists a line Ly C P?
transversal to D such that the induced covering fy *(Lo) — Lo \ D has simple
ramification. Then for any line L C P? transversal to D the induced covering
fo' (L) — L\ D also has simple ramification.

Following [I[<ul99], we will say that coverings satisfying hypotheses of the propo-
sition are generic.

Proof of the proposition. The set
U = {te (P*)*: t is transversal to D}

is arcwise connected; let v: [0, 1] — U be a path such that v(0) = Lo, v(1) = L.
Let also
X={(x,t) € (P*\D)x U: x €t}

the natural projection p: X — U is a locally trivial fiber bundle with the fiber
homeomorphic to P! punctured at deg D points. The pullback covering p* fo: X —
X restricted to p~!(t) C X is isomorphic to the covering fi'(tt) — tt. The
pullback bundle y*p: X — [0, 1] is trivial, so the proposition follows. O

If fo: Xo — P2\ D is a covering, then Xy carries a unique structure of complex
variety for which the mapping f is a finite unramified morphism. Suppose now
that the covering is generic and all the singularities of the curve D are nodes
or standard cusps. It follows from a theorem of Grauert and Remmert [Gro71b,
Exposé XII, Théoreme 5.4] that in this situation fy extends uniquely to a finite
mapping f: X — P? with normal X. A well-known GAGA-style result [Gro71h,
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Exposé 12, Corollaire 4.6] implies that the resulting complex space X will be a
projective surface. We are going now to describe explicitly the singularities of
surface X as well as the structure of the mapping f near ramification locus.

In the sequel, A will denote the unit disk {z: |z| < 1} € C, and A* will stand
for the punctured disk A\ {0}.

Suppose that ¢ is a node of D; choose a neighborhood U > ¢ and an isomorphism
U — A? such that DN U is mapped to the set {(z, y) € D?: zy = 0}. Fix a point
qo € U\ D. The covering f; (U \ D) — U \ D induces a fiber monodromy action
of the group 71 (U \ D, qo) = Z ® Z on the set f~1(qo).

The two generators of m1 (U \ D, qo) are the small loops around two branches of
D at g; since fy is a generic covering, Proposition 3.1 shows that the generators act
on f~Y(qo) by transpositions. These transpositions commute, so they can be either
disjoint or equal.

Definition 3.2. In the above setting, we will say that a node ¢ € D is good (with
respect to the covering fp) if the two generators of 71 (U \ D, qo) act by disjoint
transpositions.

We will say that a node ¢ € D is bad (with respect to fo) if they act by equal
transpositions.

Suppose now that ¢ is a (standard) cusp of the curve D. Choose a neighborhood
U > q and an isomorphism U — A? such that DNU is mapped to the set {(z, y) €
D?%: 23 +y% = 0}. Fix a point g9 € U \ D. The covering X \ f~%(D) — P2\ D
induces a fiber monodromy action of the group 71 (U \ D, qo) on the set f~1(go). It
is well known that w1 (U \ D, qo) is isomorphic to the Artin braid group on 3 strings
Bs = (u, v: uvu = vuv), where the generators u and v correspond to the two loops
around two intersection points £ N D, where / is a line close to gq.

Since fy is a generic covering, the elements u and v of m (U \ D, qp) act on
f~Y(qo) by transpositions. These transpositions (call them U and V) satisfy the
relations UVU = VUV, so they are either non-commuting or equal.

Definition 3.3. In the above setting, we will say that the cusp ¢ € D is good (with
respect to the covering fy) if the transpositions U and V are non-commuting.
We will say that the cusp ¢ € D is bad (with respect to fo) if U = V.

Proposition 3.4 (cf. [[Kul99, Section 1.3]). The local behavior of the mapping f
near points of the preimage f~1(q), ¢ € D, is as follows:

(1) If q is a smooth point of D then f~1(q) consists of d — 1 points, and X
smooth at all of them. At exactly one of them f is ramified, and near this
point f is locally isomorphic to f(x, y) = (z, y?).

(2) If q is a good node then f~='(q) consists of d — 2 points, and X is smooth
at all of them. At exactly two of them f is ramified, with the same local
behavior as in Case 1.

(3) If q is a bad node then f~='(q) consists of d — 1 points. All of them except
one are smooth. The remaining point is singular, locally isomorphic to
{(x,y,2) € A%: 22 = ay} (Du Val’s Ay); the mapping f in the same
coordinates is f(x, y, z) = (z, y).
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(4) If q is a good cusp then f~1(q) consists of d— 2 points, and X is smooth at
all of them. At exactly one of them f is ramified, and the pair (X, f) near
this point is locally isomorphic to X = {(z, y, z) € A3: 234+ 3w2+2y =0},
f($, Yy, z) = (‘T’ y)

(5) If q is a bad cusp then f~'(q) consists of d — 1 points. All of them ex-
cept one are smooth, the remaining point is singular, locally isomorphic to
{(x, y, 2) € A3: 22 = 23 +y?} (Du Val’s A3); the mapping f in the same
coordinates is f(x, y, z) = (x, y).

Proof. A direct computation shows that the branch loci B of the local models
described above are as follows: B = {(z, 0): @ € A} for case 1, B = {(x, y) €
A?: zy = 0} for the cases 2 and 3, and B = {(z, y) € A%: 23 + y? = 0} for the
cases 4 and 5. Thus, in all the cases the branch loci are locally biholomorphic to
the curve D in a neighbourhood of g.

By the uniqueness statement of the Grauert—Remmert theorem it is enough
to check that the monodromy action of 7 (P? \ D) on the fiber f;'(q) C X is
isomorphic to the action of 71 (A% \ B) on the fiber over 0 in the local model. If
a € f~%(q) is a smooth point such that f has the normal form f(z) = z* in it, then
the monodromy action is a cycle of length k; this proves the statement in cases 1
and 2. In case 3 the branch locus is a union of two lines; the group m (A% \ B)
is generated by two loops circling around these lines; apparently, they both act by
the same transposition of the two preimages of the origin.

To cover cases 4 and 5 notice that 71 (A% \ B) = Bs in both of them. Any homo-
morphism Bs — S3 maps the standard generators of the group into permutations
U and V satisfying UVU = VUV it is easy to see that such U and V must be
transpositions, either equal or non-commuting. So, there exist only two actions, up
to conjugation, of Bz on a set of three elements; this proves the statement in cases
4 and 5. (]

Suppose that C' C P? is a nodal projective curve that is general enough in the
sense of Definition 1.6 and that L C (P?)* is a line transversal to C*.

Suppose in addition that 7: C’ — L, where C’ is a smooth projective curve, is
a holomorphic mapping with simple ramification and with branch locus L N C*.
Choose a point ty € L\ C*.

Corollary 3.5. If fiber monodromy homomorphism 71 (L\C*, to) — Perm(m~1(t0))
factors through the homomorphism (L \ C*, to) — w1 (P2 \ C*, to) induced by the
embedding L — (P?)*, then there exists a unique pair (X, f), where X is a normal
projective surface and f: X — (P2)* is a finite holomorphic mapping such that
fly—1y =

Over each node of C*, there is at most one singular point of X, and it must be
a Du Val Aq-singularity. Over each cusp of C*, there is at most one singular point
of X, and it must be a Du Val As-singularity. The other points of X are smooth.

Proof. Since the monodromy (L \ C*, tg) — Perm(r~!(¢)) factors through the
homomorphism 71 (L \ C*, to) — m1(P?\ C*, to), there exists a topological covering
Xo — (P?)* \ C* of degree degm extending the covering #=*(L\ C*) — L\ C*.
The restriction of fy to the line transversal to C* has simple ramification, so fy is
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a generic covering by Proposition 3.1. The rest follows from Proposition 3.4 with
D =Cx. (]

4. SMOOTH SURFACES SIMPLY RAMIFIED OVER DUALS
TO GENERAL NODAL CURVES

In this section we prove the (b) = (a) implication in Theorem 1.1.

Throughout this section we will be working in the following setting. C' C P? is a
nodal curve that is general enough in the sense of Definition 1.6, C* C (P?)* is the
dual curve, X is a smooth projective surface, f: X — (P?)* is a finite holomorphic
mapping with simple ramification and branch locus C*. Recall that the smooth
surface X¢ and the mapping fo: X¢ — (P?)* were defined by equations (1) and (2),
respectively.

For the point p € P? denote by pr,: C — pt = P! the projection of C from p.

Also denote by v: C — C the normalization mapping.

Proposition 4.1. Suppose that ®: X — X¢ is an isomorphism such that fco® =
[ Let p be such that the composition pr,: C' — pt has simple ramification. Then
for C" := f~Y(pt) there exists an isomorphism ¢: C — C' such that fop = pryov.

Proof. The required isomorphism ¢ is just the restriction of ®~! to fg 1(pL). O

Proposition 4.2. The (b) = (a) implication in Theorem 1.1 holds in each of the
following cases.

(1) degC > 7;

(2) deg C =6 and C has at least one node;

(3) deg C =5 and C has at least three nodes.

Proof. Tt follows imeediately from [[<ul99, Theorem 10] and Pliicker formulas for
the degree of the dual to a plane curve that if C' satisfies the hypothesis of the
proposition, then a finite mapping f: X — (P?)* with simple ramification over C"*
is unique. Thus, the mapping f: X — (P?)* is equivalent to fo: X¢ — (P?)*, and
Proposition 4.1 applies. O

The rest of this section is devoted to the proof of the (b) = (a) implication
in Theorem 1.1 in the remaining cases. This proof is independent of the results
of [Kul99] and works for all the cases in Theorem 1.1, including those covered by
Proposition 4.2.

Proposition 4.3. Suppose that L C (P2)* is a line such that the point L+ does
not lie on C. Then the curve f~*(L) C X is smooth.

Proof. By virtue of projective duality one has C' = (C*)*. Hence, for a line L C
(P2)*, one has L+ € C if and only if L either is tangent to C* at a smooth point, or
is tangent to a branch of C* at a node (we call such L a tangent to C' at the node),
or is the (limiting) tangent to C' at a cusp. In the third case L' is an inflexion
point of C, in the second case it lies on a double tangent to C'. Now the result
follows immediately from Proposition 3.4, where one puts D = C*. O
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Proposition 4.4. Suppose that a line L C (P?)* is tangent to C* (at a smooth
point, a node, or a cusp). Then the curve f~1(L) has singular points only over the
points of tangency; moreover, there is exactly one singular point of f=1(L) over
each point of tangency, and this singular point is a node.

Proof. Since the curve (C*)* = C has no cusps, the curve C* has no inflexion
points; now everything follows from Proposition 3.4. (]

Let the line L C (P?)*, where L+ ¢ C, vary. Proposition 4.3 shows that the
curve f~1(L) is smooth for such L, so variation of L induces a monodromy action
of 71 (P2\ C) on HY(f~1(L), Z). More formally, consider the incidence variety

I={(p, o) €P*x X: f(z) €p™} (3)
and denote by pry: I — P2 and pry: I — X the projections. For each p € P2\ C
the fiber pry*(p) is isomorphic to f~'(p*). Tt follows from Proposition 4.3 that
the derivative of pr; has maximal rank everywhere on pr;*(P?\ C), whence pr,
restricts to a locally trivial fibration over the preimage of P2\ C. So, for a point
q € P2\ C the fundamental group m (P?\ C, q) acts on H'(f~1(qt), Z); this is the
monodromy action in question.

Proposition 4.5. The image of the monodromy action of w1 (P2\ C, q) on the first
cohomology H'(f~Y(q*), Z) is cyclic of order dividing d = deg C.

Proof. Since C' is a nodal projective curve, the group 71 (P? \ O) is abelian [Del81],
whence it is isomorphic to Hy (P?\C, Z); the latter is obviously cyclic of order d. [J

Recall the main result of local Picard—Lefschetz theory for Lefschetz pencils with
one-dimensional fiber ([DIK73, Exposé XIV, 3.2.5] or [Lam&1, Sections 5 and 6]).

Proposition 4.6. Suppose that X is a 2-dimensional complex manifold andp: X —
A is a proper surjective holomorphic mapping with the following properties.

(i) Over A*, the mapping p has no critical points.

(i) In p=1(0), the mapping p has only one critical point w and the Hessian of p
at w is non-degenerate.

(iil) All fibers of p are connected.

Fiz a point 29 € A* and put C = p~(z0) (in view of (i), C is a compact
Riemann surface). Then

(a) The curve Cy = p~1(0) is smooth everywhere except for a node at w.

(b) The curve C contains an embedded circle S such that Cy is homeomorphic
to the quotient space C'/S.

(c) The monodromy operator on H'(C, Z) corresponding to the generator of
m1(A*) is defined by the formula

x—=x— (z, c)e, (4)
where ¢ € HY(C, Z) is the Poincaré dual of the fundamental class of S.
(The circle S, as well as its Poincaré dual cohomology class, is called vanishing
cycle.)
Put Cy = f~1(¢), where £ C (P?)* is a general line, and denote the genus of Cp
by g.
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Proposition 4.7. Suppose that L C (P2)* is a line such that L+ € C. Then the
curve f~Y(L) is connected, and L can be tangent to C* only at one or two points.

Proof. The connectedness of f~1(L) (for arbitrary L) follows from [FFH79, Propo-
sition 1]. A line L cannot be tangent to C* at more than two points since all the
singularities of the curve C' = (C*)* are nodes. O

Proposition 4.8. If a line L C (P?)* is tangent to C* at one point, then the curve
f~Y(L) is homeomorphic to the quotient space Co/S, where S C Cy is homeomor-
phic to the circle and S is homologous to zero in Cy.

Proof. Take a point t € L'\ C*, so that L+ € t+ C P2, and t* is transversal to C.
Then consider the incidence variety

X ={(z,a) e X xt*: f(z) e at} (5)

(the surface X is just the blow-up of X at f~1(t)). The existence of S follows now
from Proposition 4.6 applied to the natural projection X — ¢+ restricted on the
preimage of a small disk A C ¢+ centered at L*.

We are left only to check that the vanishing cycle is zero-homologous. Choosing
20 € A\ {L*} and putting Cy = f~1(L), observe that A\ L+ C P2\ C, so the

monodromy representation
T (AN{LY}) — Aut(H (Co, 7)) (6)
factors through the monodromy representation
71 (P?\ C) — Aut(H'(Cy, Z)). (7)

The image of the homomorphism (7) is finite by Proposition 4.5, whence the image
of the generator of 71 (A \ {L+}) under the homomorphism (6) has finite order k.
The kth power of the monodromy operator (4) is

x—=ax—k-(z, c)e,

which is identity if and only if (¢, x) = 0 for all z € H*(Cy, Z). So, ¢ = 0 and the
curve S is homologous to zero. O

Proposition 4.9. Suppose that degC > 2 and L C (P?)* is a line tangent to C*
at exactly one point q. Then only the following two cases are possible:

(a) f71(L) = Y1 UYa, where Y1 and Y are smooth projective curves intersecting
transversally at a point lying over q, where the restriction fly,: Y1 — L is an
isomorphism, the restriction fly,: Yo — L has degree > 1, and (Y1, Y1) = 0;

(b) C is a smooth cubic curve and f is equivalent to a projection of the Veronese
surface v2(P?) C P* (in particular, deg f = 4). In this case both Y1 and Y is a
smooth rational curve, and each of the restrictios fly,:Y; — L has degree 2.

Proof. Propositions 4.8 and 4.7 show that f~!(L) =Y is a connected curve homeo-
morphic to the quotient space Y’/S, where Y’ is a sphere with handles, and S C Y’
is a zero-homologous circle. Then Y’/S is homeomorphic to the wedge sum of two
spheres with handles, so the curve Y has exactly two components.
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Since the divisor Y = Yj + Y5 is the inverse image of the line L C (P?)* and
f(Y1) = f(Y2) = L (which follows from the finiteness of the morphism f), one has,
for j =1 or 2,

(), Y1 +Y3) = deg(fly,) > 0. (8)

The curves Y7 and Ys intersect transversally at one point, whence (Y7, Y2) = 1 and
therefore

(Y1, Y1) 20, (Y2, Y2)>0. 9)

Denote by V' C H?(X, R) the subspace generated by fundamental classes of Y;
and Ys. Consider two cases.

Case 1: dimV = 1. In this case the classes of Y7 and Ys are proportional:
5/2 = TYl.

Observe that the number 7 must be positive because (Y1, f~1L) >0, (Y2, f~1L) >
0 for a general line L C (P?)*. Since

1= (Y1, Y2) = (Y1, Y1) = (Ya, Ya),

and both (Y7, Y1) and (Y2, Y2) are integers, one has r = 1, so that Y1 = Y5 in
cohomology, and (Y7, Y1) = (Y2, Y2) = 1. Since homology classes of C' and C” are
equal and C + C’ = f~1(L) is an ample divisor, the divisors C' and C’ are also
ample. Now deg f = (Y1 +Ya, Y1 +Y32) = 4. Since fundamental classes of the curves
Y) and Y5 coincide, their genera are the same; denote this number by g.

Lemma 4.10. The curves Y1 and f~1(L) have the same genus.

Proof. Observe that the surface X defined by the equation (5) with the natural
projection ¢: X — t+ is a Lefschetz pencil. Now a standard argument (see, for
example, [DIK73, Exposé XVIII, Theorems 5.6.8 and 5.6.2]) shows that image of
the natural injection H'(X, C) — H!(f~1(L), C), where the line L C (P?)* is
transversal to C* and passes through ¢, coincides with the invariant subspace

HY(f 7 (L) e,

Put f~1(L) = H; since the monodromy group is generated by the operators (6) and
all the vanishing cycles ¢ are zero in view of Proposition 4.8, we conclude that the
restriction H(X, C) — H'(H, C) is an isomorphism, whence the homomorphism
HY(X, Ox) — H'(H, Og) from the exact sequence

O%Ox(*H)*)Ox—)OH—)O

is also an isomorphism; the Kodaira vanishing theorem and Serre’s duality show
then that this is equivalent to the equation dim |Kx| = dim |Kx + H|; since
dim |H| > 0, this is equivalent to the relation |Ky + H| = @ (cf. [Lvo94, Proposi-
tion 6.1]).

Since H = Y7 + Y5 and Y5 is an effective divisor, it follows now that the linear
system |Kx + Y7| is also empty; since the divisor Y7 is ample, the above argument
in the reverse order shows that H!'(X, Ox) & H'(Y1, Oy,). Thus, genera of the
curves f~1(L) = H and Y are both equal to dim H!(X, Ox). O



ON PROJECTIONS OF SMOOTH AND NODAL PLANE CURVES 43

If a line L’ C (P?)* is transversal to C*, then, according to Proposition 4.6b,
Y1 UY> is homeomorphic to Y’ = f~1(L’) with a circle contracted to a point. Hence,
the genus of Y’ equals 2¢g. Since 2g = g by Lemma 4.10, we infer that g = 0. Thus,
Y7 and Y, are smooth rational ample curves with self-intersection indices 1 on the
smooth projective surface X. It is well known (see, for example, [.vol4, Proposition
2.3]) that if a smooth rational curve Y on a smooth projective surface X is ample
and (Y, Y) = 1, then there exists an isomorphism from X to P2 mapping Y to a
line. Thus, X = P? and Ox(f~'(L)) = Op=(2), so the mapping f: X — P? is
isomorphic to a projection pry : v2(P?) — P2, where vy(P?) C P? is the quadratic
Veronese surface and A C P° is a 2-plane disjoint from wvy(PP?). Since the curve
C* is the branch locus of the projection pr,, its dual curve C' C P? coincides with
the intersection (v3(IP2))* N AL (cf. the proof of Proposition 5.1 below), which is
clearly a smooth plane cubic since (v2(P?))* is the variety of degenerate symmetric
3 X 3-matrices.

Case 2: dimV = 2. By the Hodge index theorem,

Y1, Y1) (1, V)

<0
(Y1, Yz) (Y, Ya) ’

whence (Y7, Y1)(Y2, Y2) < 1. So at least one of the factors must be zero; assume
without loss of generality that (Y7, Y1) = 0, then

deg(flv;) = (Y1, Y1 +Y2) =1

Thus, the restriction of f to Y7 is an isomorphism from Y7 to the line L. Let us
prove that degree of the restriction fl|y,: Yo — f(Y2) is greater than one. Indeed,
L is tangent to C* at only one point, so Y has only two components. Thus, if Y5
maps with degree 1 onto L, then

(Y2, Y2) = (Y, Y1 4+Y2) — (Y2, Y1) =1-1=0

and deg f = (Y1 + Y1, Yo + Y2) = 2(Y1, Y2) = 2, so all nodes and/or cusps of C*
must be bad in the sense of Definition 3.3, which contradicts the smoothness of X in
view of Proposition 3.4. Thus, C* must be smooth. Since its dual curve (C*)* = C
has no cusps, the smooth curve C* has no inflexion points. It is well known (and
follows, for example, from the Pliicker formulas [BI<86, Section 9.1, Theorem 1))
that the only smooth plane curve without inflexions is the conic, whence C is a
conic, which contradicts the hypothesis. O

Remark 4.11. The trick with Hodge index theorem is essentially contained in Van
de Ven’s paper [VdV79] (see the proof of Theorem I). A similar argument allows
one to give a proof of the main result of the paper [Zak73] that is valid in arbitrary
characteristic (see [Lvol4]).

Proposition 4.12. Suppose that C C P? is a smooth or nodal curve of degree > 2
that is general enough in the sense of Definition 1.6. Let also X be a smooth
projective surface and f: X — (P2)* be a finite morphism with branch locus C*
and such that the ramification is simple. If deg C' = 3, assume in addition that C
has a node or deg f # 4. Then there exists an isomorphism ®: X — X such that
foo® = f, where X¢ and fo are defined by equations (1) and (2), respectively.
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We know two proofs of this proposition, one “topological” and one algebraic
geometric. For the exposition in this paper, we have chosen the latter since its
rigorous version appears to be shorter.

Proof. As before, denote the normalization of C by v: C — C. Let v: C — C* be
the Gauss mapping, which attaches to a point = € C the tangent to C* at v(z),
where by tangent we mean the limiting tangent if v(z) is a cusp of C* and the
limiting tangent at the branch corresponding to x if v(z) is a node of C*.

If follows from projective duality that the definition of the surface X¢ (see (1))
may be rewritten as

Xo = {(z,t) € C x (P?)*: t € y(x)*}.
Now put

Z={(x,y) €Cx X: fly) €7(2)"}.
(i.e. Z is the fiber product of C' and X over (P?)*).

Lemma 4.13. There exists a component Zy C Z consisting of components of
fibers that have intersection index 1 with D = f~Y(L) (or, equivalently, project
isomorphically onto tangents to C*; in the proof of Proposition 4.9 these components
were called Y1).

Proof of the lemma. We will be using the language of schemes.

Denote the natural projection Z — C by 7 and the morphism (z, y) — f(y) by
ma: Z — (P?)*. Pick a line L C (P?)* transversal to C* and denote by D C Z the
closed subscheme 7, ' L. Proposition 4.9 shows that for almost all (in the sense of
Zariski topology) closed points x € C, the fiber 77 H(x) consists of two components
Yy and Y5 and D Nyt (z) is a reduced scheme of length deg C*; moreover, one of
the points of D N 71'1_1(30) lies in Y7 and the remaining deg C* — 1 lie in Ys. Let K
stand for the function field of C' and K for its algebraic closure; put n = Spec K,
i1 = Spec K, and let Z, and Z; be the generic and generic geometric fibers of
respectively. Then it is apparently evident that Zj consists of two components and
the pullback of D is also a reduced scheme of length deg C* such that one of its
points lies on one of the components of Zj, while the remaining deg C* — 1 points
lie on the other component. To prove this assertion rigorously, we invoke EGA4.

To wit, consider the coherent sheaf F = Oz @& Op on Z. The primary type
(“type primaire”) [Gro66a, Remarque 9.8.9] (roughly speaking, it is the collection
of lengths of fibers of F at the generic points of components of its support and at the
generic points of various intersections of the closures of these points) of pullbacks
of F to fibers over almost all (in the sense of Zariski topology) closed points is the
same; since the set of points with the property “the pullback of F to the geometric
fiber over the point in question has a given type primaire” is constructible due
to [Gro66a, 9.8.9.1], it follows that type primaire of the pullback of F to Zj is the
same as that of its pullbacks to almost all fibers over closed points, whence the
assertion.

Now observe that the Galois group G = Gal(K/K) acts on the set of the two
components of Z5. Since the pullback of D to Zj is K-rational, it is G-invariant.
On the other hand, one of these component contains only one point of D, while
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the other contains deg C* — 1 > 1 such points (if degC* — 1 = 1, then C* and C
are conics, which contradicts the hypothesis). Thus, both these components are
G-invariant, whence Z,, contains a component containing only one point from the
pullback of D. This proves the lemma. O

Returning to the proof of the proposition, observe that self-intersection index
of almost all of the fibers of the projection Z; — C* as curves on X is zero due
to Proposition 4.9, so they are disjoint. Thus, the natural mapping ®,: 2 — X
(induced by projection to the second factor) is generically one to one; since X is
smooth, Zariski’s main theorem implies that ®; is an isomorphism. On the other
hand, if we define the morphism ®5: Z; — X¢ by the formula (z, y) — (2, f(y)),
then it is easy to see that @5 is also generically bijective, whence isomorphic. Now
we may put@z@go@fl. O

Now the (b) = (a) implication in Theorem 1.1 follows immediately from Propo-
sitions 4.12 and 4.1.

Remark 4.14. If degC' = 3 and deg f = 4, Theorem 1.1 does not hold. Indeed,
if f:vy(P?) — P? is a general projection of the quadratic Veronese surface, then
the branch locus of f is the curve C* C P? that is dual to a smooth cubic C.
If L C P? is a general line, then the restriction @ = f|p-1(r): f7'(L) — L is a
generic covering of degree 4 ramified over L N C*, that is, over the branch locus
of the projection pry.: C' — L. By the very construction, the mapping 7 can be
extended to the mapping f: v2(P?) — P? ramified over C*, but deg f = 4 # 3, so
f is not equivalent to a projection of the plane cubic.

The following corollary of Theorem 1.1 is essentially its “topological” reformu-
lation:

Corollary 4.15. Suppose that C C P? is a nodal curve of degree > 2 that is general
enough in the sense of Definition 1.6. Suppose that a point p € P2\ C is such that
the composition pr, o v: C - P!, where v: C — C is the normalization and pr,
is the projection from p, has simple ramification. Denote by L C (P?)* the line in
the dual plane corresponding to the point p € P2, and suppose that C' is a smooth
projective curve and w: C' — L is a holomorphic mapping with simple ramification
and such that the branch locus of w coincides with L N C*. If degC = 3, assume
in addition that C' has a node or deg f # 4. Then the following two conditions are
equivalent.

(a) There exists an isomorphism ¢: C' — C such that (pryov)op=m.

(b) The covering m= (L \ C*) — L\ C* can be extended to a covering Xo —
(P2)*\ C* with respect to which all nodes and cusps of the curve C* are good in the
sense of Definitions 3.2 and 3.3.

Proof. Immediate from Theorem 1.1 and Proposition 3.4. (]
Our proof of Theorem 1.1 implies the following corollary:

Corollary 4.16. Suppose that C C P? is a nodal curve that is general enough
in the sense of Definition 1.6. If C' is not a smooth cubic, then any two generic
coverings X — (P2)*, ramified over C* and with smooth X, are equivalent.
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IfdegC' > 7, or deg C = 6 and C' has at least one node, or degC' = 5 and C has
at least three nodes, then this corollary is implied by [Kul99, Theorem 10].

It is well known (see, for example, [Kul99]) that this assertion is wrong if C' is
a smooth cubic. A relevant counterexample is essentially contained in our proof of
Proposition 4.9 (Case 1).

5. THE SMOOTHNESS CONDITION IS (SOMETIMES) ESSENTIAL

In this section we show that the smoothness condition in Theorem 1.1 is not
trivial, at least for the case of smooth curves of degree d = 3 or 4 and mappings of
degree d.

To wit, we prove the following.

Proposition 5.1. Suppose that d = 3 or 4. Then there exist a smooth curve
C CP?, degC =d, a line p- C (P?)* (where p € P? is a point) transversal to C,
a smooth projective curve C', and a holomorphic mapping 7: C' — p* with simple
ramification such that degm = d and 7 is ramified exactly over C* N p with the
following properties.

(1) For a point ty € p\C*, the fiber monodromy 71 (p=\C*, to) — Perm (7 ~1(to))
can be factored through the homomorphism 1 (pt \ C*, to) — w1 ((P?)* \ C*, to)
induced by the embedding p \ C* — (P?)*\ C*.

(2) The mapping 7: C' — p* is not equivalent to the projection pr,: C — pt.

We will need the following lemma.

Lemma 5.2. If d = 3 or 4, then there exists a surface with isolated singularities
X C P3, deg X = d, such that its dual X* C (P3)* is isomorphic to X and the
general hyperplane section of X is general enough in the sense of Definition 1.6.

Proof of the proposition modulo Lemma 5.2. Let X C IP3 be a surface from Lemma
5.2. For a general point r € P3, the projection pr,.: X — P2 where P? is a projective
plane (incidentally, P = (r*)*), is simply ramified. If B C P2 is the branch locus of
pr,., then a line £ C P? is tangent to B if and only if the plane II, spanned by r and
¢ is tangent to X. Thus, the dual curve B* C (P?)* is projectively isomorphic to
X*Nrt = C;if pis general, Lemma 5.2 asserts that C' is a general enough smooth
plane curve.

Take p € P? general and let C' = X N1I,; denote the restriction of pr, to C’
by m: C' — L. We see (taking into account that B = C*) that 7 extends to a
finite morphism pr,,: X — (P2)* ramified over C*, where the surface X is singular.
Thus, 7 satisfies Condition (b) of Theorem 1.1 with the smoothness omitted. On
the other hand, m cannot be equivalent to the projection pr,. Indeed, if such an
equivalence existed, then by Proposition 2.1 the restriction of 7 to the preimage
of the complement of the branch locus could be extended to a finite morphism
Xco — P2 ramified over C* with smooth Xc. However, if such an extension to a
finite mapping X — (P?)* ramified over C* and with normal (in particular, smooth)
X exists, this extension is unique by the theorem of Grauert and Remmert [Gro71b,
Exposé XII, Théoreme 5.4] we cited before. Since we already have such an extension
with singular X, we arrive at the desired contradiction. O
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It remains to prove Lemma 5.2. If d = 3, we let X be the projective closure
of surface in A% defined by the equation zjz2x3 = 1 (this surface was considered
in [ACT02]). A direct computation shows that X contains only three singular
points (of the type As) and that X is projectively isomorphic to X*. Since any
smooth plane cubic is automatically general enough in the sense of Definition 1.6,
the surface X is as required.

To treat the case d = 4 we need to recall the definition and some properties of
Kummer surfaces.

Suppose that J is a principally polarized Abelian variety of dimension 2 that is
not the product of two elliptic curves and © C J is a theta divisor of polarization.
Then the complete linear system |20| is base point free and defines a finite mor-
phism J — P3; the image of this morphism is a surface of degree 4 with exactly 16
singular points of the type Aj; the surfaces obtained by this construction are called
Kummer surfaces (see, for example, [Dol12; Section 10.3]). Any Kummer surface
X C P? is projectively isomorphic to its dual X* C (P?)* (see [Doll2, Theorem
10.3.19]). Thus, to finish the proof of Lemma 5.2, it remains to show that there
exists a Kummer surface such that its general plane section is general enough in the
sense of Definition 1.6; since such sections are plane quartics, it suffices to establish
that a general plane section has only simple inflexion points.

The following lemma and its proof were pointed out to us by Rita Pardini.

Lemma 5.3 (R.Pardini). Fach non-hyperelliptic curve of genus 3 (smooth and
projective) is isomorphic to a plane section of an appropriate Kummer surface
in P3.

Proof of the lemma. Suppose that C' is such a curve, and let o: C; — C be an
unramified covering of degree 2. Denote by (J, ©) the Prym variety corresponding
to this covering [BLO04, Section 12.2]. According to [BL0O4, Proposition 12.5a], the
Abel-Prym map embeds C} in J as an element of the linear system 20. Multiplica-
tion by —1 on J restricts on C; to the involution induced by o, hence the image of
(4 via the map given by |20 is a plane section of the Kummer surface associated
to (J, ©), and this section is isomorphic to C'. O

Now if we pick a smooth plane curve Cy C P2 of degree 4 such that all its
Weierstrass points have index one, or, equivalently, all its inflexion points are simple,
Lemma, 5.3 shows that Cj is a plane section of a Kummer surface X C P3; since the
property “all the Weierstrass points have index one” is open, a generic plane section
of X has only simple inflexion points, which completes the proof of Lemma 5.2.
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