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Abstract We consider triangular arrays of Markov chains that converge weakly to
a diffusion process. Second order Edgeworth type expansions for transition densities
are proved. The paper differs from recent results in two respects. We allow nonhomo-
geneous diffusion limits and we treat transition densities with time lag converging to
zero. Small time asymptotics are motivated by statistical applications and by resulting
approximations for the joint density of diffusion values at an increasing grid of points.
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1 Introduction

Recently, there was some activity on Edgeworth-type expansions for dependent data.
In most approaches higher order expansions have been derived by application of
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138 V. Konakov, E. Mammen

classical Edgeworth expansions for independent data. The approaches differ in their
main idea how the dependence structure can be reduced to the case of independent
data. For sums of independent random variables and for functionals of such sums the
theory of Edgeworth expansions is classical and well understood in a very general
setting (see [5,11]). For models with dependent variables three approaches have been
developed where the expansion is derived from models with sums of independent
random variables. In the first approach mixing properties are used to approximate the
Markov chain by a sum of independent random variables and it is shown that their
Edgeworth expansion carries over to the Markov chain up to a certain accuracy. The
mixing approach was first used by Gotze and Hipp [12] and it was further applied to
continuous time processes in [23,31]. Under appropriate conditions Markov chains
can be split at regeneration times into a sequence of i.i.d. variables. This fact has
been used in [6,7] to get Berry—Esseen bounds for Markov chains. For the statement
of Edgeworth expansions the regenerative method has been used in [3,9,17,25]. The
higher order Edgeworth expansions have been used to show higher order accuracy of
different bootstrap schemes, see [4,10,26].

Both approaches, the mixing method and the regenerative method only have been
used for Markov chains with a Gaussian limit. In this paper we study Markov chains
that converge weakly to a diffusion limit. For the treatment of this case we make use of
the parametrix method. In this approach the transition density is represented as a nested
sum of functionals of densities of sums of independent variables. Plugging Edgeworth
expansions into this representation will result in an expansion for the transition density.
Thus as in the mixing method and in the regenerative method the expansion is reduced
to models with sums of independent random variables.

The parametrix method permits to obtain tractable representations of transition
densities of diffusions and of Markov chains. For diffusions the parametrix expansion
is based on Gaussian densities, see Lemma 2 below, and standard references for the
parametrix method are the books of [8] and Ladyzenskaja, Solonnikov and Ural’ceva
(1968) on parabolic PDE (see also [27]). For a short exposition of the parametrix
method, see Sect. 3 and [19]. Similar representations hold for discrete time Markov
chains Xk 5, see Lemma 4 below. The parametrix method for Markov chains was
developed in [19] and it is exposed in Sect. 3.2. In [20] the approach was used to state
Edgeworth-type expansions for Euler schemes for stochastic differential equations.
Related treatments of Euler schemes can be found in [1,2,13-16,28].

In this paper we study triangular arrays of Markov chains Xy ; (k > 0) that converge
weakly to a diffusion process Y (s > 0) forn —> oco. We consider the Markov chains
for the time interval (0 < k < n). The corresponding time interval of the diffusion
is (0 < s < T). The term h = T /n denotes the discretization step. We allow that T
depends on n. In particular, we consider the case that 7 — 0 forn — oo. Furthermore,
we allow nonhomogeneous diffusion limits.

Weak convergence of the distribution of scaled discrete time Markov processes to
diffusions has been extensively studied in the literature ( see [29,30]). Local limit
theorems for Markov chains were given in [18-20]. In [19] it was shown that the
transition density of a Markov chain converges with rate O (n~!/?) to the transition
density in the diffusion model. For the proof there an analytical approach was chosen
that made essential use of the parametrix method.
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Edgeworth-type expansions for Markov chains 139

The main result of this paper will give Edgeworth type expansions for the transition
densities of the Markov chains X ; (0 < k < n). The first order term of the expansion
is the transition density of the diffusion process Y; (0 < s < T). The order of the
expansion is o(h~'7%) with § > 0. Related results were shown in [21]. The work of this
paper generalizes the results in [21] in two directions. The time horizon T is allowed to
converge to 0 and also cases are treated with nonhomogeneous diffusion limit. Small
time asymptotics is done for two reasons. First of all it allows approximations for the
joint density of values of the Markov chain at an increasing grid of points. Secondly,
it is motivated by statistical applications. In statistics, diffusion models are used as
an approximation to the truth. They can be motivated by a high frequency Markov
chain that is assumed to run in the background on a very fine time grid and is only
observed on a coarser grid. If the number of time steps between two observed values
of the process converges to infinity this allows diffusion approximations (under appro-
priate conditions). This asymptotics reflects a set up occurring in the high frequency
statistical analysis for financial data where diffusion approximations are used only for
coarser time scales. For the finest scale discrete pattern in the price processes become
transparent and do not allow diffusion approximations. The statistical implications of
our result will be discussed elsewhere. The mathematical treatment of nonhomoge-
neous diffusion limits with time horizon 7' going to zero contributes some additional
qualitatively new problems. In this case some additional terms appear that explode for
T — 0 and for this reason these terms need a qualitatively different treatment as in
the case with fixed T'. The nonhomogeneity adds an additional term in the Edgeworth
expansion. See also below for more details.

The paper is organized as follows. In the next section we will present our model for
the Markov chain and state our main result that gives an Edgeworth-type expansion
for Markov chains. Connections with previously known results are also discussed in
Sect. 2. In Sect. 3.1 we will give a short introduction into the parametrix method for
diffusions. In Sect. 3.2 we will recall the parametrix approach developed in [19] for
Markov chains. Technical discussions, auxiliary results and proofs are given in Sects. 4
and 5.

2 The main result: an Edgeworth-type expansion for Markov chains converging
to diffusions

We consider a family of Markov processes in R? that have the following form

Xir1,h=Xpp+m (kh, Xk,h) h+ ‘/ka+l,h, Xon=x € Rd, k=0,...,n—1.
(1)

The innovation sequence (é, ) , 1s assumed to satisfy the Markov assumption:
the conditional distribution of €41 glven the past Xk, = Xk, ..., Xo,n» = xo depends
only on the last value X , = x; and has a conditional density g (kh, Xk, -). The condi-
tional covariance matrix corresponding to this density is denoted by o (kh, xi) and the
conditional vth cumulant by y, (kh, x). The transition densities of (X i’h)i: 1. are
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140 V. Konakov, E. Mammen

denoted by py, (0, kh, x, -). The time horizon T = T (n) < 1 is allowed to depend on
n and h = T /n is the discretization step.
We make the following assumptions.

(Al) It holds that fRd yq(t,x,y)dy=0for0 <t <1, x € RY.
(A2) There exist positive constants o, and o* such that the covariance matrix
o (t,x) = [pa yy"q (1, x,y)dy satisfies
o, <0To (t,x)0 <o*
forall 6] = 1andr € [0, 1] and x € R?.
(A3) There exist a positive integer S and a real nonnegative function v (y), y € R¢

satisfying sup, cpa ¥ (y) < ooand [pa [ly5 ¥ (v) dy < cowith § = 2dS'+4
such that

Dlg x| <w ). rel0l vy R b =0,1.2.3.4
and
|DYq (1, x, | < ¥ (), 1€[0,1], x,y eR! |v|=0,1,2.

Moreover, for all x, y € Rd, h>0,0<tt+jh<1,j> jo, with abound
Jjo that does not depend on x, ¢,

DD x| = €7y (7). Wl =0,1,2,3

for a constant C < oo. Here ¢/ (¢, x, y) denotes the j-fold convolution of ¢
for fixed x as a function of y:

gV, x, y) =/q<f‘”<r,x,u)q<r+ (j — Dh,x,y — u)du,

gVt x,y) = q(t, x, ).

Note that the last condition is motivated by (A2) and the classical local limit theorem.
Note also that for 1 < j < jo

/nynsq(f)(t,x, Wdy < Cljo, S).

(B1) The functions m (¢, x) and o (¢, x) and their first and second derivatives w.r.t.
t and their derivatives up to the order six w.r.t. x are continuous and bounded
uniformly in ¢ and x. All these functions are Lipschitz continuous with respect
to x with a Lipschitz constant that does not depend on ¢. The functions yx, (¢, x),
|v| = 3, 4, are Lipschitz continuous with respect to ¢t with a Lipschitz constant
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Edgeworth-type expansions for Markov chains 141

that does not depend on x. A sufficient condition for this is the following
inequality

/(1 12l |g (thx.2) — g (' x. 2)
d

with a constant that does not depend on x € R4, Furthermore, D}o (1, x) exist
for |[v| < 6 and are Holder continuous w.r.t. x with a positive exponent and a
constant that does not depend on 7.

(B2) There exists » < % such that lim inf,,_ oo T (n)n* > 0.

The Markov chain Xy j, see (1), is an approximation to the following stochastic
differential equation in R?

dYs =m (s, Y)ds + A (s, Ys)dWy, Yo=x € ]Rd, s €[0,T],

where (W), is the standard Wiener process and A is a symmetric positive definite
d x d matrix such that A (s, y) A (s, y)T = o0 (s,y). The conditional density of
Y;, given Yy = x is denoted by p (0, ¢, x, -). We will use the following differential
operators L and L:

d
Lf(s,t,x,y) = Z o1 (s, x)a f(s t,x, y) Zmz'(s,x)af(s’at’x’y),

x;
l] 1 i=1 !

if(s,t,x,y) ZUU(S y)a f(S t,x, y) +zml(s 3f(s t,x, y)

111 Xi

2

To formulate our main result we need also the following operators

d0;; (s, x) 2 f (s, 1,x,) n i om;(s,x) df (s,t,x, y)’

d

1
L/ ’t3 9 ==
fotxn =52, = dx;0x; as ox;

i,j=1 i=1

d 2 d
~ 1 doj;(s, 1, x, i (s, St
T fs.t,v Z)ZEZ 0ij(s,¥) 97 f (s, 1, x y)+28m (5,9) 3f (5.1, %, )

as 8x,~8xj as axi

i,j=1 i=1

3

and the convolution type binary operation ® :

t
f®g(s,t,x,y)=/du/f(s,u,x,z)g(u,t,z,y)dz.
d

N
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142 V. Konakov, E. Mammen

Konakov and Mammen [19] obtained a nonuniform rate of convergence for the
difference p, (0,7T,x,-) — p(0,T,x,-) asn — oo in the case T =< 1. Edgeworth
type expansions for the case 7 =< 1 and homogenous diffusions were obtained in
[21]. The goal of the present paper is to obtain an Edgeworth type expansion for
nonhomogeneous case which remains valid for the both cases 7 < 1 or T = o (1). The
following theorem contains our main result. It gives Edgeworth type expansions for
pn. For the statement of the theorem we introduce the following differential operators

XU(Sa -x)

F][f](svt’xv )’) = Z TD;f(S’tvx’ }’),
[v|=3 ’

Falfls 1,6, = D WDif(s,ux,y)-
lv|=4 ’

Furthermore, we introduce two terms corresponding to the classical Edgeworth
expansion (see [5])

~ Xo(s,1,y)
Ti(s,t,x,y)=({ —s) Z “TD;p(s,t,x,y), 4
[v|=3 ’

~ Xo(s: 0, 9) o,
Tols, t,x,y) = (t—5) Y T DipG.tx )
[v]=4
2

1 Xo(s, 1, y) ~
+@ =9 > SO B x ), )
[v]=3 ’

where
t
_ 1
X\)(S7tay)=: Xv(ua)’)d”
N

and x, (¢, x) is the vth cumulant of the density of the innovations ¢ (¢, x, -). The gaus-
sian transition densities p(s, ¢, x, y) are defined in (6). Note, that in the homogenous
case xy(u,y) = xy(y) and x, (s, ¢, y) = x,»(y), where x,(y) is the vth cumulant of
the density g (y, -).

Theorem 1 Assume (A1)—(A3), (B1)—(B2). Then there exists a constant § > 0 such
that the following expansion holds:

d/2 y—x s

Sup T 1+H— X|Ph(07 Taxay)_p(()? T’X,}’)
x,yeRd ~T

— 27,0, T, x, y) — hm2(0, T, x, y)‘ = 0",
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Edgeworth-type expansions for Markov chains 143

where S’ is defined in Assumption (A3) and where

jTl(()’ T’-xv Y) = (P ®-7:1[P])(07 T?xs y),
m200,T,x,y) =(p®F2ApDO, T, x,y) + p® Filp ® Filpll0, T, x, y)

1 1 -
+5p® (L2 = L*p(0,T,x,y) — 5P ® L = L)pO, T, x, ).

Here p(s, t, x, y) is the transition density of the limiting diffusion Y and the operator
L . is defined as L, but with the coefficients “frozen” at the point x. The norm ||-|| is
the usual Euclidean norm.

Remark 1 The terms of the Edgeworth expansion have subgaussian tails and are of

order n=1/% or n=!, respectively:
2:|
2]

Remark 2 If the innovation density ¢ (¢, x, -) and the conditional mean m(¢, x) do
not depend on x then we are in the classical case of independent nonidentically
distributed random vectors. We now show that then the Edgeworth expansion of
Theorem 1 coincides with the first two terms of the classical Edgeworth expansion
hY27,(0, T, x, y) + hi»(0, T, x, y). Note first that in this case L, = L, L' = L’
and p(s,1,x,y) = p(s,t,x,y) where p is defined in (6) with o' (s, ¢, y) = o (s, 1) =
f; o(u)du and m(s,t,y) =m(s,t) = f; m(u)du. This gives

y—X
VT

y—Xx

JT

h1/2n1 O, T,x,y)| < Cln_l/zT_d/2 exp |:—C2

lhm2(0, T, x, y)| < Cin ' T~/ exp |:—C2

with some positive constants C; and C».

T
m1(0, T, x, y) /ds/ﬁ(O, $,X,0) Z XV('S) Dyp(s, T, v, y)dv
0

v!
[v|=3

T
- / X”(’S)dsD‘y)/ﬁ(O,s,x,v)ﬁ(s, T, v, y)dv

v
vI=37

T_ b
= 2 S X(O0.T)DYFO. T, x. y)

v|=3 "~

T ~ ~
= z ;Yv(ovT)D;p(Os TJ‘»)’):T[I(O, T9x1y)v
=3 "
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144 V. Konakov, E. Mammen

Xv(u)

PR Filplis.T,z,y) = /du/p(s w,z,w) Y Dy, p(u, T, w, y)dw

[v|=3
== / XV(M)d Dyp(s,T,z,y)
=37
e
=T-9 %Dzm T.z.y).

lv|=3

A ARG T2 0 =T -9 > 2 pr
[v|=3 :

X T) e

V=3

X0 T (8, T) s~
=T-s) > ”—'VTDZ””p(s,T,z,y),
=3,V =3 ’

P ® F2plO.T,x, y)+17® Filp @ FilpllO, T, x, y)

Z X” D"p(O T,x,y)
lv|=4

T
X / T 4
+/ds/]5(0,s,x,z)(T—s) > XV—(S)MD;” p(s, T, z,y)dz
0

v! V!
[v|=3,|v/|=3
0,
=TZMD” 50, T, x, )
ot v!
T
1 v~
+ _'_ X (8) Xv@)du | dsD,;™" p(s, T, x,y).

Ivl= 3\V| 3 0 s

For v = v’ we have

T T T

T
1 T2
/xu(s) /XU/(u)du ds = 5//xu(s)xu(u)dsdu = 7%(0, T)x,,T).
0 0

0 N
For v # V' we get

T T T

T
/XV(S) /xw(u)du ds+/Xv’(S) /Xu(u)du ds
0

N 0 N
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T
/ [ () X0 () + % ($) xv ()] dsdu

N

O\'ﬂ

l\)l'—‘

T T
//[XV(S)XV/(M)+xu/(S)xu(u)]dsdu
0 0
2

T2
=—Xx,0,T)x,(0,T)+ 771/(0, %,0,7).

t\J|H

From these equations we obtain

PR F2AplO0, T, x,y) + p®Filp & Filpl(0, T, x, y)

2
_TZX”( ) DY50. T, y)+— ZX”( "ot 5.7y
= V=
=m(0,T,x,y).

This shows the claim that we get for this case the first two terms of the classical
Edgeworth expansion.

Remark 3 If x,(t,x) = 0 for |[v| = 3 and for t € [0, T] x R? then it holds that
JF1 = 0. The Theorem 1 holds with

70,7, x,y) =0,
1
10,7, %,y) = (p @ FlpDO, T, x, ) + 5p ® (L2~ L*p(0,T,x, )

1 ~
- §p® (L/ - L/)p(oa T7x’ y)'

If in addition x, (¢, x) = O for |v| = 4 then the first four moments of the innovations
coincide with the first four moments of a normal distribution with zero mean and
covariance matrix o (¢, x). In this case we have 7, = 0 and we have

710, T,x,y) =0,

1 1 ~
772(07 T?xs )’) = §P® (L% - LZ)P(Ov T’xs )’) - §P® (L/ - L/)P(Ov Tsx’ y)

and the first two terms of the Edgeworth expansion do not depend on the innovation
density. In particular, it holds that x, (¢, x) = 0 for |v| = 3, 4 for Markov chains that
are defined by Euler approximations to diffusions. Thus, an Edgeworth expansion for
the Euler scheme holds with the same 71 and 77 as just defined. For the homogenous
case we have that L’ = L’ = 0 and we obtain for the Euler scheme in this case

70, T,x,y) =0,

1
w0, T,x,y) =p® (L2~ L*)p(0, T, x, y).
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146 V. Konakov, E. Mammen

This result for T = [0, 1] under Hormander’s condition on a diffusion matrix was
obtained by Bally and Talay [1,2].

Remark 4 We now shortly discuss an application of our result to statistics. Assume
that one observes a Markov process X1 5, ..., Xk, p attime points k, 2k, . .., nk. That
means we assume that a high frequency Markov chain runs in the background on a very
fine time grid but that it is only observed on a coarser grid. This asymptotics reflects
a set up occurring in the high frequency statistical analysis for financial data where
diffusion approximations are used only for coarser time scales. For the finest scale
discrete pattern in the price processes become transparent that could not be modeled
by diffusions. The joint distribution of the observed values of the Markov process
is denoted by Pj,. We assume that this joint distribution can be approximated by the
distribution of (Yy,...,Y,) where Yy, ..., Y, are the values of a diffusion on the
equidistant grid kh, 2kh, ..., nkh. The joint distribution of (Y1, ..., Y},) is denoted
by Qp. According to our theorem the one-dimensional marginal distributions of Py
can be approximated by the one-dimensional marginal distributions of Q). Under
appropriate conditions the L-norm of this difference is of order k~!/2. This implies
that the L{-norm of the difference between the joint distributions Pj, and Qy, is of order
nk=1/2_ That means the diffusion approximation is only accurate if k > n2, i.e., only
if the grid of observed points is very coarse in comparison to the grid on which the
Markov process lives. Only in this case it can be guaranteed that a statistical inference
that is based on the diffusion model is accurate. Or put it in another way, data that come
from the Markov model could not be asymptotically statistically distinguished from
diffusion observations. Our results help to analyze what may go wrong if k > n? does
not hold. The (signed) transition densities p + h'/?m; + h, given in the statement
of Theorem 1 define a joined (signed) measure Rj. According to Theorem 1, the
marginal distributions of Rj, approximate the one-dimensional marginal distributions
of P, with order o(k~'~?%). One may conjecture that under some regularity assumptions
the exact order is k—3/2. This implies that || P, — Ry||1 is of order nk—3/2. Thus, this
approximation is appropriate as long as k >> n?/3. This is a much more acceptable
assumption. Now, one can check which statistical procedures behave differently under
the models Qj, and Rj,. These procedures may lead to erroneous conclusions for the
Markov data.

3 The parametrix method
3.1 The parametrix method for diffusions

We now give a short overview on the parametrix method for diffusions. For any
sel[0,T],x,ye R4 we consider the following family of “frozen” diffusion processes

dY,=m(t,y)dt + A (t,y)dW,, Yy=x, s<t<T.
Let p” (s, 1, x, -) be the conditional density of Y,, given Y, = x. In the sequel for any

z we will denote p (s, t, x,z) = p* (s, t, x, ) , where the variable 7 acts here twice:
as the argument of the density and as defining quantity of the process Y;.
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Edgeworth-type expansions for Markov chains 147

The transition densities p can be computed explicitly

Ps,tx,y) = 2r) 2 (deto (s, 1, y)) V2
1
X exp (—5 —x-—m@ ) o7 ) (y—x —m(s,z,y»),
(6)
where

t t

a(s,t,y):/a(u,y)du, m(s,t,y) =/m(u,y)du.

N N

Note that the following differential operators L and L correspond to the infinitesimal
operators of Y or of the frozen process Y, respectively, i.e.,

Lf(s,t,x,y) = /}LH})h_l{E[f(S,t, Y(s+h),y) | Y(s) =x]— f(s,t,x, y)},

Lf(s,t,x,y) = ,}g%h—l{E[f(s, 6Y(s+h),y) | Y(s) =x]— f(s,1,x, )}

We put
=(L—-L)p.
Then
| a 32p (s, t,x,y)
H(s, t,x,y) = 3 UZ_:I (0ij (s, x) — 0yj (5, ¥)) W

ap (s, 1, x, y)

+ Z (i (5, %) = mi (5, ) ==

i,j=1

In the following lemmas the k-fold convolution of H is denoted by H®). The following
results have been proved in [19].

Lemma2 Let0 <s <t <T.Itholds

o
ps,t,x,3) = > p@H (s,1,x, ),
r=0

Lemma3 Let 0 <s <t < T. There are constants C and Cy such that
|H(s, t,x,9)] < Cip~ ' pep(y —x)
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148 V. Konakov, E. Mammen

and

,
r+1 p

PQH (s, t,x,y)| <t —L— —x),
p ( y) 1 F(1+%)¢C,p(y )

where p* =1 —s, ¢c,p(u) = p~“¢c(u/p) and

exp(—C [lull?)

e = (o do)’

3.2 The parametrix method for Markov chains

We now give a short overview on the parametrix method for Markov chains. This
theory was developed in [19]. For any 0 < jh < T, x,y € R? we consider an
additional family of “frozen” Markov chains defined for jh <ih < T as

Xivin=Xin+mGh, y)h+VhE1,, Xjp=xeRY j<i<n, (7

yhere §j+1, By o e e E,, h is an innovatign sequence such that the conditional density of
&i+1.n giventhe past X; , = x;, ..., Xon = xpequalstoq (ih, y, -) . Let us introduce
the infinitesimal operators corresponding to Markov chains (1) and (7) respectively,

Lyf (jh kh,x,y) = h™"' (/Ph Gh, G+ Dh,x.2) f((j+Dh kh, z,y)dz

—f((j+1)h,kh,x,y))

and

Lif Gh,kh,x,y) =h"" (/ﬁ,f(jh,(j—k1)h,x,z)f((j+l)h,kh,z,y)dz

_f((]‘i‘l)h,kh»x»Y)),

where py (jh, j'h, x, -) denotes the conditional density of X 7/.n given X j.h = x.Simi-
larly as above, for brevity for any z we write pj, (jh, j'h. x,z) = p; (jh. j'h, x,2) .
where the variable z acts here twice: as the argument of the density and as defining
quantity of the process X ;.- Fortechnical convenience theterms f((j + 1) &, kh, z, y)
on the right hand side of Lj, f and th appear instead of f (jh,kh,z,y).

In analogy with the definition of H we put, for k > j,

Hy, (Gh,kh, x,y) = (Ly — Ly) pr (Gh, kh, x, y) .
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Edgeworth-type expansions for Markov chains 149

We also shall use the convolution type binary operation ®;, which is a discrete version
of ®:

k—1
g f (hkhox,y) = 3 h [ g hihox2) £ hkh.z. ) dz.
i=j Rd

where0 < j <k < n.Wewriteg@hH;fo) = gandg@hH;fr) = (g ®n H,Er_l))@)hHh

for r > 1. For the higher order convolutions we use the convention Zf: i = 0 for
I < j. One can show the following analog of the “parametrix” expansion for p; (see

[19D).
Lemmad4 Let0 < jh < kh < T. It holds

k—j
pu(ih k. x.y) =" 5n @ Hy” (jh.kh, x. y),
r=0

where

5]’!(]h’ jh7x’ y) = ph(kh7kh7xv y) = 8()’ _-x)

and § is the Dirac delta symbol.

4 Some technical tools
4.1 Plugged in Edgeworth expansions for independent observations

In this Section we will develop some tools that are helpful for the comparison of
the expansion of p (see Lemma 2) and the expansion of pj, ( see Lemma 4). These
expansions are simple expressions in p or pp, respectively. Recall that p is a
Gaussian density, see (6), and that pj, is the density of a sum of independent variables.
The densities p and pj can be compared by application of the classical Edgeworth
expansions. This is done in Lemma 5 and this is the essential step for the comparison
of the expansions of p and p;,. Lemma 7 contains technical tools that will be used
below. The proof of Lemma 5 can be found in the extended version of this paper, see
[22]. Lemma 7 contains bounds on derivatives of pj, that will be used at several places
in the proof of Theorem 1. Its proof makes use of Lemma 6 that is a generalization
of aresult in [18] (Lemma 4 on page 68). Lemma 5 is a higher order extension of the
results from Sect. 3.3 in [19].

Denote
k—1 k—1
wik(y) =h> m(ih.y). Vig(y) =h> o(ih,y). ®)
i=j i=j

@ Springer



150 V. Konakov, E. Mammen

Lemma 5 The following bound holds with a constant C for v = (vy, ... vp)T with
O0=<v[=6

DYPn(jh.kh,x,y) — DYB(jh, kh, x,y) — NhD!% (jh, kh, x, y)

_hD;ﬁ2(.]hﬂ khy X, }’)

<CPp ¢y My —x)

forall j < k,x and y. Here D! denotes the partial differential operator of order v
with respect to 7 = V;kl/z(y) (y —x — wjk(y)). The quantity p denotes again the
term p = [h(k — j)1V/? and the functions | and 7, are defined in (4) and (5). We
write g“/],‘(~) = p~ k(- /p) where

[1+ [zlF17!
1+ 121Kz

k) =

Lemma 6 Let L(d) be the set of symmetric matrices, and for 0 < A~ < AT < oo
let Dy+ ;- C L(d) be the open subset of L(d) that contains all A € L(d) with
A1 < A < A1 For A € L(d) define A = A(A) as the symmetric solution of the
equation A> = A. Then for any k,1,i, j < d and A € D;+ ;- we have that with a
constant C,, depending on m

< Cp ()~ @m=h/2, ©)

‘ 0™aij(N)
(@Ak)™

Here a;j(A) are the elements of A = A(A).

Proof of Lemma 6. Form = 1 the lemma was proved in [18] (see Lemma 4). Suppose
now that (9) holds for m < [. From the equality AA = A we obtain form =1+ 1

dAA) = @ AYA + (“; 1) @ AYdA + -+ (l Jlr l)dA(d’A)

+AWd*A) =0,

where d denotes elementwise differentiation of a matrix with respect to a fixed element
of A. This implies

@' AA + AT A) = — (l Jlr 1) d' AydA — - — (l Jlr 1)dA(d’A). (10

Denote the symmetric matrix in the right hand side of (10) by A. Then equality (10)
determines a linear operator £ mapping d't!A to A. In the linear space of symmetric
d x d matrices we introduce the scalar product (X, Y) = trace(XY). The operator £
determines a quadratic form
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(6X, X)=trace[(XA + AX)X]=2trace| XAX] > 2+/A—trace[ X X] =2V~ (X, X),

where in the inequality we have used that A — +/A~ [ positive definite implies that
X(A—vA" )X = XAX — /A~ XX is positive definite. Similarly, we get (£X, X) <
24/AT(X, X). Hence,

X
2i- < e = sup YA <o 5%
X;éO X1
and
o 1
< = :
24/ A 2 A~
We obtain
I+1 I~
Al < Wit Al

Using the induction hypothesis we get from (10)
ld"™* A < Craa ) @D,

This completes the proof. O

From Lemmas 5 and 6 we get the following corollary. The statement of the next
lemma is an extension of Lemma 3.7 in Konakov and Mammen (2000) where the
result has been shown for 0 < |b| < 2, a = 0. (In formula (3.15) of this lemma there
is a typo. Differentiation with respect to u should be replaced by differentiation with
respect to x.)

Lemma 7 The following bound holds:
Danﬁh(]h kh,x,y)| < Cp~lel= |b\§s lal(y — x)

for all j < k, for all x and y and for all a,b with 0 < l|a| + |b| < 6. Here,
p=[k—j Yh1'/2. The constant S has been defined in Assumption (A3).

Proof of Lemma 7. For two matrices A and B with elements a;; or by, respectively

gZ’fl < C for
all 1 <i,j <d,1 < k,l < d. To obtain the assertion of the lemma we have to

estimate the derivatives D“Dbz, where z = V l/z(y)(y — X — uj, k(y)). Note that

z = z(x,y), where VJ 1/2 = V 1/Z(y) and pjx = pjx(y). Forl =1,...,6it
follows from condition (B1) and (8) that

where a;;(B) are smooth functions of by; we write |a | < Cif

NV k()
(@y)!

Mk () _
(@y)!

2

’

< Cp°. (11)
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It follows from Lemma 6 that

1172
2V

@V

< Ccp~ @D/, (12)

From inequalities (3.16) in [19] and from the representation of an inverse matrix in
terms of cofactors divided by the determinant we obtain that

< Cp,(H]). (13)

From (11) to (13) and from the chain rule (or from de Bruno’s formula) we get

-1/2
o'V .
— < cpl (14)
(dy)
This gives for/ > 1
a[
‘ ~l<cp.
(GAY)
This bound, g—ﬂ < Cp~!and (giz), = 0 (for / > 2) can be plugged into the formula
of Lemma 5. This implies the assertion of Lemma 7. O

4.2 Bounds on operator kernels used in the parametrix expansions

In this Section we will present bounds for operator kernels appearing in the expansions
based on the parametrix method. In Lemma 8 we compare the infinitesimal operators
Ly, and L, with the differential operators L and L. We give an approximation for the
error if, in the definition of H, = (L;, — l~,h) Pn, the terms Lj and Zh are replaced
by L or L, respectively. We show that this term can be approximated by K, + M,
where K, = (L — L) pr and where M), is defined in Remark 5 after Lemma 8. The
bounds obtained in Lemma 9 will be used in the proof of our theorem to show that in
the expansion of pj, the terms p;, ®, H,Er) can be replaced by pj, ®; (Kp + My)®.

Lemma 8 The following bound holds with a constant C

|Hh(.]h’khv X, )’) - K]{L(]hvkhv X, )’) - M];(.]hskha X, )’) - R/’l(.]hvkh9 X, )’)|
< Ch¥2p el (y —x)
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with fo as in Lemma 5 for all j <k, x and y. For j<k — 1 we define

K}, (jh,kh,x,y) = (L — L)A(x), Mj,(jh, kh, x, )
= Mp(jh, kh,x, y)+My2(jh, kh, x, y) + M), 3(jh, kh, x, y),

. DIA(x) .
M (i, ks x, y) = B2 3 =2 GGk, x) = (s ),
[v|=3 ’

. DIM(x) .
M2 (b, kb, x, 3) = h D =522 O (s 6) = xu (ks y),
lv|=4 ’

'’ h h
Mh’3(‘]h, kh,x,y) = E(L* — LY)A(x),

DV(x) &
Ry(jh, kh,x,y) = > " = > vrlm (b, Xy, (jh, x)
[v|=4 o=l

_mr(jh’ }’)/vbv—e, (]h’ }’)]

d
+5 $Z(mk(jh,x>
1

=5 k=

—meGhy) v / g (jh, x, O )

1
x /(1 —w)*DVA(x + uh(0))du | do
0
+ /q(jh,x,e)E”(e)

1
x /(1 — w)*uD T\ (x + uh(©))du | do
0

DY\ /
#2230 PR S )Y G G 0)

[v|=4 o=
—m” (jh, y) -y (jh, y)].
Here L, is defined as L but with the coefficients “frozen” at the point x, e, denotes

a d-dimensional vector with the rth element equal to 1 and with all other elements
equal to 0. Furthermore, for |v| = 4, v’| = 2 we define

N(v, v/) _ 2)([v’!=1]+x[(v7v’)!=ljf2’

where x (-) is the indicator function. We put m(x)* = m(x)"! x--- xmg(x)" and we
define i, (t, x) = fz”q(t, x,z)dz. Weputm(x)” =0, uy(t,x) =0, andv! = 0, ifat
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least one of the coordinates of v = (vy, ..., vg) is negative. We use also the following
definitions

A(x) = pp((j + Dh, kh, x, y),
h(©) = m(jh, y)h + 6h'/2.

Here again p denotes the term p = [h(k — j)]l/2 . For j =k — 1 we define

K, (jh,kh,x,y) = Ry(jh,kh,x,y) = My 2(jh, kh, x, y)
= M), 3(jh,kh,x,y) =0

and
Mp1(jh, kh,x,y) = p—d+2)/2 [q {jh,x, h_l/z(y —Xx — m[jh,x]h)}
— g {iny h 72y —x = mijhyim] ]
Proof of Lemma 8. As in the proof of Lemma 3.9 in [19] we have
Hy(jh, kh,x,y) = H} (jh, kh, x, y) — H (jh, kh, x, y),

where
Hh](jh,kh,x,y)=h_1/q(jh,x,0)[k(x+h(9))—A(x)]d@, (15)

H,%(jh,kh,x,y)=h—1/q(jh,y,9)[/\(x+ﬁ(9))—x(x)]de, (16)
h(©) = m(jh, x)h + 6h'% h(0) = m(jh, y)h + 60h'/>.

For [A(x +h(0)) —A(x)] and [A(x +E(9)) —XA(x)]in (15), (16) we use now the Taylor
expansion up to order 5 with remaining term in integral form. To pass from moments
to cumulants we use the well known relations (see, e.g., relation (6.11) on page 46 in
[5]). After long but simple calculations we come to the conclusion of the lemma. 0O

Remark 5 We show now that the function K;’l(jh, kh,x,y) + M,/l’3(jh, kh, x,y) in
Lemma 8 is equal to K (jh, kh, x, y) + %(L% —2LL+LYA(x) +M;l”3(jh, kh,x,y)
where

Mg .
My 3(ih.kh,x,y) = —h* D w@ — L)D"(x)
Iul=2 ’
1

-3> /(1-5)%15

=37

. AL ~

x /q(]h,y,e) " (L — L)D*A(x + 8h(0))d6. (17)
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Thus in Lemma 8 we can replace K} (jh, kh, x, y)+ M, (jh, kh, x, y) by K;(jh, kh,
xX,y) + Mp(jh,kh,x,y) where K(jh,kh,x,y) = (L — Z)ﬁh(jh,kh,x,y),
My(ih, kh, x,y) = 3(L2 = 2LL + LHA(x) + M}/, M} = My 1(jh, kh,x,y) +
Mpo2(jh, kh,x,y) + M;l/ﬁ(jh, kh, x,y) and

max {|M;,(jh, kh,x,y)

My Gl kb, x, )} < Co e (y — x),

p? = kh — jh. To show this we note that
Pu(jh kh,x,y) = /q(jh, Y, OA(x + h(0))do,

where h(0) = m(jh, y)h + h'/26. From the Taylor expansion we get

~ —_ i ’h,
pn(ih, kh,x,y) = A(x) +hLA(x) + h? Z m (J' y)

[ul=2

D" (x)

1 ~
+3 Z /(1 —S)Zdé/q(jh,y,e)h('z')u DM)(x + 8h(9))do
=37 '

and, hence,

K Gihokh,x,y) = Kp(ih kh,x, 9) + (L = D)[A(x) = By(jh, kh, x, )]
= Kn(jh.kh,x,y) + h(L* — LL)A(x) + M} 5(jh, kh, x, y). (18)

From

h(L* — LL)A(x) + M}, 3(jh, kh, x, y) = h(L* = LL)A(x) + g(Lf — LYHA(x)

h 2 T 72
= S(LI = 2LL + L))

and from the definitions of the operators L, L and L, and from the Lipschitz conditions
on the coefficients m (¢, x) and o (¢, x) we obtain that

g@% —2LL + L)A()| < Chp ¢ (v — %) (19)
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with ¢S defined as in Lemma 5 and with the constant S introduced in (A3). Analo-
gously, we have

2y M(L — L)D"Ax)| < Ch*p 3¢5 (y — x), (20)
lnl=2 )

1 ~
3> /(1 —8)2d8/q(jh,y,9)h(0)u (L — L)D"A(x + 8h(6))d6O

|
=3 #

< CRPp~te (v — ). e2))

Now (18)—(21) imply the assertion of this remark.
Lemma 9 The following bound holds:

n n

> B ®n (K + My + Rp)7 (0. T, x, y) = > pn ®n (Kn + M) 0, T, x, y)
r=0 r=0
< Ce)hn™ ¥y — ), (22)

where limg o C(¢) = +o00.
The proof of Lemma 9 can be found in the extended version of this paper, see [22].

Lemma 10 Letr A(s,t,x,y), B(s,t,x,y), C(s, t, x, y) be some functions with abso-
lute value less than C (t —s)_l/zgf/;(y —x) fora constant C and an integerk > S'd.

Then

oo o
D ARy (B+C) ik, jh,x,y) = > A®, Bk, jh, x,y)
r=0 r=0

o0
=>"[A®n B®] @ [C @y B®]" (ih. jh.x. y).
r=1

where B® =32 B,

Proof of Lemma 10. Under the conditions of the lemma all series are absolutely
convergent. The assertion of this lemma is a consequence of the linearity of the opera-
tion ®;, and of the possibility to permutate the terms in absolutely convergent series.

O
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5 Proof of Theorem 1

We now come to the proof of Theorem 1. Main tools for the proof have been given in
Sects. 3.1, 3.2, 4.1 and 4.2. From Lemmas 2 and 3 we get that

n
pO.T,x,y)=> p@HDO, T, x,y) + 0> T 7(y — x).
r=0

With Lemma 4 this gives

PO, T, x,y) = pi0, T, x,y) =Ti + -+ Tr + oW’ T s(y —x), (23)

where

n n
Ti=> p@HDO,T,x, )= > p& H0,T,x, ),
r=0 r=0

n n
To=2 5@ H”O,T,x,y) = D p® (H+ M +VhN)" O, T, x,y),
r=0 r=0

n
Ts = p @y (H+Mj+vVhN) "0, T,x.y)
r=0

n
— > p®n (H+ My +VhND (0, T, x, y),
r=0

n
To=> p @ (H+My+~hNDT O, T, x, y)
r=0
n

= > p®n (K + Mp)" (0. T, x, ),
r=0
n

n
Ts = p®n (Kn+Mp) "0, T, x. ) = > pn ®n (K + Mp) (0, T, x, ),
r=0 r=0
n

To= > pn®n (Kn + M) 0. T, x.y)
r=0

n
— > Pn®n (K + My + Ry)V (0. T, x. y),
r=0

n n
I = Zﬁh ®n (Kn+ My + Rp)" 0. T, x, y) — Zﬁh ®n H(0, T, x, ).
r=0 r=0

Here we put Ni(s,t,x,y) = (L — Z)J?l (s,t,x,y).
We now discuss the asymptotic behavior of the terms 71, .. ., T7.
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Asymptotic treatment of the term T.
We start from the recurrence relations forr =1,2,3, ...

(ﬁ@ H(’)) 0, jh,x,y) — (5 ®n H(”) 0, jh,x,y)
= [(ﬁ@ H“—l)) ®H — (ﬁ@ H“‘”) ®h H] 0, jh, x,y)
+[(Feu) —(FenH" )| @sHO. jhx .

By summing up the identities in (24) from r = 1 to co and by using the linearity of
the operations ® and ®;, we get

(p—pH (O, jh,x,y)=(p®H—p&; H) (O, jh,x,y)

+(p—pH @ H(O, jh,x,y), (25)
where we put
o0
plGh,i'h, x,y) =D (F @y H)(ih,i'h, x, y). (26)
r=0

By iterative application of (25) we obtain

(p— PO, jh,x,y)=(p®H— p @y H) (0, jh,x,y)
+ (p®H—p&y H)®) E O, jh,x,y), 27)

where E(ih,i'h,z,2') = H(ih,i'h,z,7) + H ®, H(ih,i'h,z,7) + -+ =
Sl HO Gh,ith 2, 2).
By application of a Taylor expansion we get

j—1 G+Dh
(pot-po )0 jhx =3 [ du[w-ramid
i=0 Rl
j—1 G+Dh
=> / (u —ih)du/k’(ih)dv
i=0 Rd
j—1 DA

+>] / (u —ih)?
i=0

ih

1
x /(1—5)/)/@) ly=s; dvd8du,  (28)
0 R4

where A (1) = p(0, u, x, v)H(u, jh,v,z), s;i =si(Wu,i,8, h) =ih+6(u —1ih).
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Note that

a
/A/(ih)dv = / gp(o,s,x, V) |s=in H(@h, jh,v, z)dv

Rd Rd
9
+ /p(O, ih, x, v)gH(s, Jjh, v, 2) ls=in dv
Rd
= /L’p(o, ih,x,v) (L —L)p(ih, jh,v,z)dv
Rd
- /p(o, ih,x,V)[(L — L)LP(ih, jh, v, z)
Rd

— Hi(ih, jh, v, 2)]ldv
= /p(O, ih,x,v)H\(ih, jh,v, z)dv

R4

+ /p((), ih,x,v)(L> —2LL + L»)p(ih, jh, v, 2)dv,  (29)

R4
where Hi (s, t, v, z) is defined below in (35). We get from (29)

j—1 (i+1)h L
Z / (u — ih)du/k’(ih)dv = E(p ®n H)(O, jh,x,z2)
i=0 ih R4

h
+§(P ®n Ap)(0, jh, x, 2), (30)

where Ag(s, jh,v,z7) = (L* — 2LL + Zz)ﬁ(s, jh, v, z). Direct calculations show
that

d
. 1
Ao(s, jh v, D)= 7 D (@pg(s,v) = 0pg (s, ) (05, v)
p.q.rl=1
3*p(s, jh,v,z)

o ) v, v, 9

: 3~ .
a ’ hs E)
ST G5 v) — g (5 D) am (5, v) — (5, 29y LI D)

p.q.r=1 0v,0v,0v,
d ~ .
1 304(s,v) 0°p(s, jh, v, 2)
- ’ < 2 ’ 31
Ty 2. o) b, ovgduou =2 Gh
p.q.r,l=1
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where we denote by (< 2) the sum of terms that contain derivatives of p(s, jh, v, )
of order less or equal 2. Note that for a constant C < oo and forany 0 < ¢ < %

h
'E(P ®n H)(0, jh,x,2)| = Chéc si7 (2 —x),

<Cen'?j P mz—x). (32

h
'E(p ®n Ao)(O0, jh,x,z)

The first inequality (32) follows from (B1) and well known estimates for the diffusion
density p and for the kernel H;. The second inequality (32) follows from (B1), (31)
and the following estimate

~.
|
—

3p(ih, jh,v,2)
T M
Vg0V, 0y

h
5 h /p(O,ih,x,v)

R4

Il
o

3350, jh, x, 21N
0V v, vy

0| =

IA

Zh /8p(0 ih,x,v) 3%p(ih, jh, v, Z)

Vg ov, vy

3*p(0, jh,x,z)
vy dv, vy

IA

0|

1

Now we estimate the second summand in the right hand side of (28). Clearly,

2

0 0
A (s) = 0,s,x,vV)H(s, jh,v,2) + 2£p(0, s, X, v)gH(s, jh,v,2)

as2?
82
+p(0sxv) sH(s, jh,v,2).

Using forward and backward Kolmogorov equations we get from this equation after
long but simple calculations

j—1 @i+Dh
> / u—zh)z/(l—(S)/k”(s) lo—s, dvdddu
i=0 iy

i G+
j—

=Z / (M—l/’l)z/(l —B)Z/p(O s, %, V)Ar(s, jh, v, 2) ls=s dvddédu,
i=0 iy

(34)
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where

Ai(s, jh,v,z) = (L> =3L?L +3LL* — L*)p(s, jh, v, 2),
Ax(s, jh,v,2) = (L1H +2LH)(s, jh,v,2),
A3(s. jh,v,2) = [(L — L)Ly + 2(Ly — LY)L1p(s. jh. v, 2).
Auq(s, jh,v,z) = Ha(s, jh, v, 2),
Hy(s,t,v,2) = (L; — L) p(s, 1, v, 2)
1 i (alaij(s, v) 8lc7,~j(s,z)) 82p(s,1,v,2)
2 ds! ds! ;i dv;

i,j=1

+ , =12

mi(s,v)  'mi(s,2)\ 9p(s, 1, v, 2)
as! ds! v,

iMe

(35)

Using integration by parts and the definition of A,, A3 and Ay it is easy to get that for
any0 <e < 1/2andfork =2,3,4

j-1 @i+1h 1

> [ w=in? [ -5 [ 0.5 r A, 0.2 ey dudsi

=0 jp 0 Rl

< C@RP e sz —x). (36)

For k = 1 we shall prove the following estimate for any 0 < ¢ < %

j—1 G+Dh 1

Z / (u — ih)z/(l — 8)/p(0,s,x, V)A1(s, jh, v, 2) |s=; dvdddu

=0 ip 0 Rl

< Cehj P ¢ sz —x). (37)

Note that the function A (s, jh, v, z) can be written as the following sum

d
. 1
ArGs, jhv =¢85, 0) = 03 (5, D) (@pg (5, V) =g (5, ) (0r (5, V)
i,j,p.q,l,r=1
3°p(s, jh, v, 2)
0v;0v;0v,0vg 00V,

—oyr(s,2))

d
3
+7 > (05, v) = 0ij(s, 2)(0pq (5, V)
i,j,p.q,l=1
O3 p(s, jh, v, 2)
0v;0v;0v,0v,0v;

—0pq(s,2))(my(s, v) —my(s, 2))
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00pq (s, v)
31),'
P p(s, jh,v,2)

_ , < 4), 38
ol (8 Z))avjav,,avqaulau, t=9 (38)

3
+70ii(s:v) (017 (s, v)

where we denote by (< 4) the sum of terms that contain derivatives of p(s, jh, v, z)
of order less or equal 4. By (B1) and (38) it is clear that (up to a constant) the estimate
for the left hand side of (36) for k = 1 will be the same as for the following sum (with
fixed p,q, 1, 1)

Z u—ih) /(1—5)/ ©, 5, x, v 3P, jh v 2) ls—s, dvdddul.

vaﬁvqavlavr

After integration by parts w.r.t. v, and after the substitution hw = (« — ih) in each
integral we obtain

_1 (+Dh

ih,
z / u—ih) /(1—5)/;;(0 5.2,0)% (; ]a ’QZ) lses, dvdSdu
pr i) V0V, AV 0V,
o1 G+Dh ; (O L350, i v.2)
S, X,V S, v, 2
Z / (u—ih) /(1 5)/ P Zv 810180 ls—s, dvdSdu
: q r
l
<Ch ¢Cf(z—x)/ /(1—5)
1
dsdw

Z «/lh—i—(Shw [((j —i)h — 8hw)]3/?

1 1
< C* ¢y (2 —x)/wz/(l —§)l/2e
0 0

1

X Z‘ih ! dédw
S it shw [ — Sw)h — i)™

(=Dh

1
dt
< Ch3/2_8¢c’\/jfh(z—x)/wzdw/(1—8)l/2_‘9d8 /
0

Vil(j = Dh —1]'=¢

<ChJ—(1/2 s)B( )d)cf(z—x)
(39
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where B(p, g) is the Beta function and ¢c , (z — x) is defined as in Lemma 3. As we
mentioned above, (37) follows now from (39). By (B2), (28), (30), (31), (33), (36) and
(37) we obtain for 0 < ¢ < % j=>1

l(p® H—p® H)O, T, x,2)| < Ce)h' >0~ m(z—x).  (40)

We use now the following estimate for E(ik, i’h, z, 7')

|E(ih.i'h,z.7)| < C (41)

1
W¢C,«/7i/h—ih (& —2),

see (5.7) in [20]. From (B2), (28), (30), (39), (40) and (41) we obtain

h h
(p - pd) (O» Ts X, y) = E(p ®h Hl)(ov T, X, y) + E(p ®h AO)(O» T, X, y)

h h
+§(P ®h Hl ®h E) (Ov Ts X, y)‘f‘z(P ®h AO ®h E)(Ov T,)C, y)+R(Ov T,)C, y)9
(42)

where forany 0 < ¢ < 1/2itholds that |R(0, T, x, y)| < C(g)(h3/>7% + hn=(1/2-9))
byt O —X)=¢c 7 (y—x) o(h'*%). This representation implies that

T = g[p ®n (L =2LL + L*)p @4 E0)1(0, T, x. y)
Fap e~ IHF @) B0 T.x, ) + RrO. Tox, ), (43)
where forany 0 < e < 1/2
IR0, T, x, )| < C@hn™ " * T z(y —x) < Ce)' P sm(y —x)  (44)

for 6 > 0 small enough and where Eg(s,t,x,y) = Zfio H(’)(s,t,x, y). Here
the summand H© (s, t, x, y) is introduced to shorten the notation. By definition we
suppose that g ®p HO (s, t,x,y) = g(s,t,x,y) for a function g. Note, that in the
homogenous case 0y (s, x) = 07 (x), m; (s, x) = m; (x) and thus the second summand
in (43) is equal to 0.

Asymptotic treatment of the term T,. We will show that

o0 o
Ty—3> @y H0.T,x,y)+ D> p&u (H+ M1+ VAND" (0, T, x, y)
r=0 r=0

o0 o
+ > p O (H+ M), T, x,3) + D> p® (H+ M 3)70,T,x,)
r=0 r=0

< Chn™"¢ /7 (y — x) (45)
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with some positive § > 0. The proof of this estimate can be found in the extended
version of this paper, see [22].
Asymptotic treatment of the term T3. We will show that

o0 o0
T; — [Zﬁ ®n (H+ )70, T,x, ) - > p@n H0, T, x, y)”
r=0 r=0

< Chn™0¢ s (y — x), (46)
where A = M}/ — My, = —%(L? — 2LL + L*A(x). Write

Cr=pQn(H+M +vrN)DO, T, x,y)
—p & (H+ My +~vVhNDT(0, T, x, y)
—[p®n (H+ A" — pe, H10, T, x, y).

We use the following recurrence relation
Cr = Cro @1 H + [ @1 (H + My + VN
— 5 @ (H + My +ViND ] @5 () + ViNY)

+ [13 ®n (H + My + VEND" ™V — p @), (H + A)“‘”] ®n A
=1+11+1I1. (47)

With the notation
Dri = p &y (H+ My, +vVaN) "™ — p e, (H+ A
we get
Dy—1=Dr_2 @ (H + My+~hN1) + pp @ (H + A2 @4 (My—A+vhNy).
Iterative application gives
11l =D,_1 ®, A
r—

=" pas @ (My—A+VhNy) ®p (H+My+vhN) 72 @, A, T, x, y),
[

(i8]

Il
=)

where pa; = p ® (H + A)D_ This sum can be estimated in exactly the same way
as the sum in (86) in [22]. This gives forr = 2,3, ...

r—

111) < cw:”*%T L 0 — ), (48)
2
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To estimate /1 we write
Er1=p®n(H+M +vVhN)"™D — 5@y (H+ My + VRNV,

Forr =2 we have E; = p ®; A and we get

|E1l < Ch'™*(kh)*~'*B (— e) £y = ).

For r > 3 we use the recurrence relation

Er—1 = Er—2 ®y (H + M} +~hNy) + [p @i (H + My + VEN) ™1 ®), A
=1 +1r.

The terms I’ and 1 I’ have a similar structure as the corresponding terms in (81) in [22]
and they can be estimated similarly. This gives the following estimates forr = 2, 3, ...

rpl—e 1 ! e+552
|E,—1| < C'h B(E,e>x-~-x3(28+—)(kh) é“f(y x),

11| = |Er—1 ®p (M) + VAN, T, x, y)‘

3/2—2¢ c’ 3e
< C(e)h’/ = l)T +7 {f(v—x)

The claim (46) follows from (47), (48) and the last two inequalities.

Asymptotic treatment of the term Tj. It suffices to show that

o o
Ty=> p@ HOO.T.x.y) = > p @ [H+hN]" (0, T, x, y) + R (x. y)
r=1 r=1

with Na(s, 1, x, y) = r, )| < Chn_sgj?(y—x)for(s >0
small enough, and a constant C depending on §. The proof of this claim is elementary
but rather long. For this reason we omit it. Details can be found in [22].

Asymptotic treatment of the term Ts. We will show that,

o
= —vh > 7 @ (H + M1 +vVhND (0. T, x, )

r=0

(e.¢]
—h > 7@ HY(0,T,x,y) + Rulx, y), (49)
r=0

where | R, (x, y)| < Chn—ygj;(y—x)forsomey > 0. Note that with S (s, 7, x, y) =
Zle (K, + Mp) (s, 1, x, y) the term T5 can be rewritten as

T5 = (ﬁ_ ﬁh)(ov T7-xv }’) + (ﬁ_ ﬁh) ®h Sh(ov T,.X, J’)
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We start by showing that for ¥ < § < lfT" uniformly for x, y € R

S [ B PO 0SGh T )

I<j<nd

< O(hn™ P52y — ) (50)

for 8 small enough. For the proof of (50) we will show that uniformly for 1 < j < n®

and forx, y € R4

/ﬁh(O, Jh, x, w)Sp(jh, T, u, y)du = Sp(jh,T,x,y)

+ O PT V21248 L pl2p =1 4 n5/2h1/2]§j%2(y —x), (51

/17(0, Jh,x, w)Sp(jh, T, u, y)du = Sp(jh, T, x, y)

4 O[T 1211248 12 +na/2h1/2]§\sf;2(y —x). (52)

Claim (50) immediately follows from (51) to (52 ). For the proof we will make use of
the fact that forall 1 < j < n® and forall x, y € R? and |v| = 1

|DYSH(jh. T, x, y)| < C(T = jh)~' g5 2 (y = ). (53)

Claim (53) can be shown with the same arguments as in the proof of (5.7) in [20].
Note that the function Z in that paper has a similar structure as S;. For 1 < j < n?
the bound (53) immediately implies for a constant C’

DYSW(h Tox. )| < C'T71e 5220 — ). (54)

We have 5, (0, jh, x,u) = h=42¢D[0, u, h= 2 (u—x—h Z{;O‘ m(ih, u))]. Denote

the determinant of the Jacobian matrix of u — h Zl];(: m(ih, u) by Ay. From the
condition (A3) and (54) we get that for 1 < j < n®

/ﬁh(O, jh,x,u)Sy(jh, T,u, y)du

j—1
:/h—d/2q</> 0.u, b2 fu—x—h > mGh,u)| | Sy(jh, T u, y)du
i=0

j—1
=/q(j) 0, x 2w b > mih, ), w | | A7 i 0 T+ B
i=0

j—1
+h D mih uw)), y | dw
i=0
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N / 490, x,w) + 0GR (wl + Dy (72w

X [1 + O(Jh)][Sh(Jh’ Tvxv y)
+OMPTHE 22 (= 0+ RS2 w52 (] + Dldw

= Sy(jh, T, x, y) + O[R2T— 12y~ 1/2+5 L 12— +h1/2n8/2]{j%2(y —x)

with u = u(w) in Z{:_OI m(ih, u) defined by the Inverse Function Theorem from
the substitution w = h~"/2(u — x — b 3.7 m(ih, u)). This proves (51). Claim (52)
follows by similar arguments. From (50) we get that for § < I_T” (with » defined as
in (B2))

T5 = (ﬁ_ ﬁh)(oa T,x, )’)
+h Y /(ﬁ—ﬁhxo, jho xS G T u, y)du + Ry(x. y)

nd<j<n

with |Ry, (x, y)| < 0(hn_l/z(l_”_‘w)){sz(y—x) . We now make use of the expansion
JT
of pj, — p given in Lemma 5. We have with p = (jh)'/? > h!/2p%/2

n
ny h3/2p’3/§,f(u — xX)Sp(jh, T, u, y)du

j=nd

n
<CRT 0™ 3" 7 / 65w = )84 b, T )| du, (55)

j=n

where §' < %8(1 — 871,28 =5+ 288 —28'. Now we get that

n
D e L A I R LA
Jj=n

(56)

for a constant C. This shows that for § > 0 small enough

7 = — [V + ] 0.T.x, »)

—h z / [\/Zﬁ + hﬁz] (0, jh,x,u)Sy(jh, T, u,y)du + Rj(x, y)

nd<j<n
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with | R}, (x, y)| < O(hn—(‘s""‘/z))Cj%z(y — x) with a constant in O(-) depending
on §'. It follows from (50), (55) and (56) that

o0
Ts = = > [ VA + | @4 (Ki+ M) O.T,x, )+ R/(x, ), (57)
r=0

where |R}/(x,y)| < O(hn’(a//’”/z))gj%z(y — x). Now we apply Lemma 10 with
A=Vhit, B=H+ My +hN,C = (K — H—~IN)) + (M — M) to

oo
— > ~VhE @n (Kn + M)V 0, T, x, y)
r=0

oo
+ D Vit @n (H + My, +vhNDT (0. T, x, ) (58)
r=0

and with A = h7,, B = H,C = (Kj — H) + M), to

o0 (e.¢]
— > Wit @ (K + M) 0, T, x, y) + D hfa @, HO(0, T, x, ). (59)
r=0 r=0

The estimate (49) follows from (56), (58), ( 59), Lemmas 10 and 5.
Asymptotic treatment of the term Te. By application of Lemma 9 we get that

| Ts| < C@)hn™ "¢ 5 (v — ).
Asymptotic treatment of the term T;7. From the recurrence relation forr = 2,3, ...

P ®n (Kn + My + R0, T, x, ) — pn @ H (0, T, x, y)
= [ﬁh ®n (K + My + Rp)"™ D — 5 ®p, Hh(r_l)] ®n Hy(0, T, x,y)

+ [ Pn @i (K + My + R) "™ @y (Ko + My + Ry = H) | 0.7, %, 5)

and from Lemma 8 with » = 1 we get by similar arguments as in the proof of Lemma 9
that

Tyl < ChPT™12¢ 5 (v —x) = Chn 125y — ).
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Plugging in the asymptotic expansions of Ti, ..., T;. We now plug the asymptotic
expansions of 71, ..., T7 into (23). Using Lemma 10, Theorem 2.1 in [20] we get

pr0, T, x,y) —p0,T,x,y)
= Vi |7+ p? @ | @1 B0, Tox, )
+h[[ﬁz+ﬁl ®n & @1 N1 + pd @ My + p? @ ma] @1 (0, T, x, )
+p?®n (R @, )P (0, T, x,y)
1 2 g2\ d 1 ;T d
+ §p®h (L*_L )p (03T7x7y)_§p®h (L _L)p (O’TJC,)’)

+ O 7 (y — X)), (60)

where

o
plh,i'h.x.y) =D p@y HO(h.i'h, x. y),
r=0

Ni(s,t,x,y) = Ni(s,t,x,y) + M(s, t,x,y) — ]VI] (s, t,x,y),
MRals, 1, x,¥) = Nals, £, x,y) + TIi (s, 2, x, ) — T11 (s, 2, x, y),

N3(s, 1, x,y) = Z O (s, x) = xu (s, y)

D} p(s.t,x,y),

|
o v!
Ho(s,x)
Mi(s,1,x,y) = D Z=—=—=D}p(s,1,x,y),
v|=3
X 7 X (Sv y) ~
Mi(s,t,x,y) = > S=2 DU, 1,6, ),
v|=3 ’
Xv (s, x) Vv~
(s, 1,6, = > T Dami(s.tx,y),
v|=3 ’

= (s, y) o~
(s, 2, x,) = > TD;JTI(SJ,X,)’)-
[v]=3

Note that for the homogenous case and 7" = [0, 1] (60) coincides with formula (53)
on page 623 in [21].
Asymptotic replacement of p“ by p. It follows from (26), (39) and (40) that

(p* = p)(ih, jh,x,2)| < C@h' 7 (jh — i) ¢ sj=pz—x)  (61)

forany 0 < ¢ < 1/2. Using (61) and making an integration by parts we can replace
p¢ by pin (60 ). For example the operator L2 — L is an operator of order three.
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Applying integration by parts we get for |[v| =3

n—1
Zh/Dz”p(O,ih,x,z)(pd —p)(ih, T, z, y)dz
i=1

n—1 1
1—e
= C(eh Zh (ih)32 (T —ih)1/2—= ¢C,ﬁ(y - X)
i=1

1
1/2—2e 2e—1/2
< Cen' 27T 12Be, e+ D) y7(y — 1),

By (B2) we have 0 < » < 1 — 4e. This implies

h —(1/2—2e—
2P ®n (L3 = L) (" = p)(O. T,x, y)| = C@ITPn= 227D (y — )

< C@h' e sy —x)

for some 0 < & < 1/2. The other terms in (60) containing p? can be estimated
analogously. Thus we get the following representation

pn0, T, x,y) —p0,T,x,y)
= Vh[7 +p®; %1, BO, T, x,y)

+hli [+ T QR EQLR +p RN+ p R NR3]1Q, EO, T, x, y)
+p®n (R @, B)P(0,T,x,)

1 1 ~
+ 5P ® (L2 = L*)p(0,T,x,y) — 5P ®n (L' =LHp©, T, x, y)}

+ O 7 (y — ).

In the further analysis we make use of the following binary operation ®), . This operator
generalizes the binary operation ® introduced in [21]. For s € [0,# — h] and ¢ €
{h,2h, ..., T} the operation ®;l is defined as follows

[ gl t,x, )= > h/f(s,jh,x,z)g(jh,r,z,y)dz.

s<jh<t—h

Note that for s € {0, i, 2h, ..., T} the two operations ®}l and ®;, coincide.
Asymptotic replacement of (p@pR) @, E(0, T, x,y) by p@(R; ®), E)(0, T, x,y) =
(p@Ni)®p EO,T,x,y),i =1,2,3, [p®n N1 @ E)]®n (N1 @, E) (0, T, x,y)
by p® (% @), B) ®), i @), D)0, T, x,y), p®h (L7 = L)p(0, T, x, y) by p®
(L}—L*)p(0, T, x, y) and p&; (L'—L)p(0, T, x, y) by p&(L'=L")p(0, T, x, y).
These replacements follow from the definitions of %;,i = 1,2, 3, and can be
proved by the same method as in the treatment of 77. For more details see [22]. With
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these replacements we come to the following representation

ph(ov T,.X, )’) - p(07 T,.x, )’)
=Vh[71 ®), B0, T, x,y) +p® (O ®, E)O, T, x,)]
+h[72®), B0, T,x,y)+ p® (M2 ®), E)(O, T, x,y)
+ p & M3 ®), E)(O, T, x,y)]
+h[7 ®, E+p® (N ®), E)] ®), " &, E)O,T,x,y)
h 2 2 h 1 T
+Ep®(L*_L )p(ov T»an)_§P®(L _L)p(ov Tv-xay)

+ Ot sr(y = x)). (62)

We now further simplify our expansion of p, — p. We start by showing the following
expansion

ph(07 T,.X, y) - p(Ov Tv-xa y)
=Vh(p ® FilpaD(0, T, x,y) + h (p ® F2lpal) (O, T, x, y)
+h(P®f1[P®fl[PA]]) (Oa Tv-x$ )’)

h h ~
+5r® (L2 = L*)p(0, T, x, y) — FP® L —L)pO.T.x,y)

+ 0L s (y —x)), (63)
where fors € [0, — h],t € {h,2h,..., T}

pals t,z,y) = (P ®), E)(s,1,2,y)
=p(s.t,z,y) + Z h/'p“(s,jh,z, V)E'(jh, t, v, y)dv.

s<jh<t—h

Here 2 = H+ HQ®, H+ H ®), H®, H+ ---. We now treat the term p ®
Li(s,t,x,y).

t

e Xv(T, 1, >~ -
pP®Lm(s,1,x,y) =/dr/p(s,r,x,v)(t—r) > wDﬁ(va(r,t, v, ¥))dv

s v=3

p '
- — Z %/dv |:/p(s,r,x,v) (/Xv(”’y)d“)

[v|=3 s T

ad ~
X EDL’p(r, t,v, y)dr:|
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S+t
2

Sofa[mE g e

[v|=3 |=

"’E\N

=1+1I. (64)
By integrating by parts w.r.t. the time variable we obtain for /

t

-2 /dv pls.7.x.v) /xv(u,y)du DB, t,v.y) =

Ivl= 3V T

st

t
_ ap(s, T, x,v)
- /Dﬁp(f,t, v, ) T/Xu(”s)’)d”
N T

- pGs, T, x,v)x(r,y) |dt

t

s+t v~ S+t
——Z /dv p( ) /xv(u,y)du Dyp(——.1.v.3)

s+t

2

t
1 _
+ > = /xu(u,y)du Dyp(s,1,x,y)

N

5t
+ > = /dr /Xv(u,y)du /L’p(s, T, x, v)D'B(r. 1,0, y)dv

Iv|= 3V s

— Z /Xv(f y)dr/p(s 7,x,v)Dy p(t, t, v, y)dv. (65)

[v|= 3V s
For the second term we get

t

s+t
= Z vv/ ( ’U) /Xv(’h)’)du DSP(T,t, v, ¥y)dv

Ivl=3 st
2

+ Z /dr /xv(u,y)du /Ltp(s, r,x,v)D,‘jZi(t,t, v, ¥y)dv

=3’ sqt
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t
1
_ Z ;/Xu(f, )’)dr/P(s, T,x,0)D} p(z,t, v, y)dv. (66)

=3 "%
2
From (64) to (66) we have

pPRLTI(s, 1,x,y) = F1(s, 1, %, ) + p ® LT (5,1, %, y) — p® Mi(s,1, x, y).

This shows that

i, t,x,y) + p@Ni(s, 1, x,y) =71(s, 1, %, y)
+p®LAI(s,1,x,y) — pQLAI(s, 1, X, y)
+p®Mi(s,1,x,y) — p® Mi(s,1,x,)
=pQM(s,t,x,y). (67)

It follows from (67) and the definitions of the operations ® and ®), that
Vi [7 ®), B(s, 1, %, ) + (p @ K1) ®), E(s,1,x, )]

= Vh(@ + p ®R) @), E(s,1,x,y)
=Vh(p ® M) ®), E(s,1,x, )

=vh > h/(p®Ml)(s,jh,x,z)a(jh,t,z,y)dz

0<jh<t—h
jh
=i > n [ | [ au [ oot .o | Bz
0<jh<i—h ,

t

=vh Z h/ /dux[s,jh]/p(s,u,x,U)Ml(u,jh,v,z)dv

O0<jh=t—h
x B(jh,t,z,y)dz

t
= \/Z/du/p(s,u,x,v) Z Xv(u" v)

V!
[v|=3

N

xDy| > hx[s,jh]/ﬁ(u,jh,v,z)s(jh,r,z,y)dz dv
0<jh<t—h

t
= x/ﬁ/du/p(s,u,x, V) X Z XV(M" v) D) pa(u,t,v,y)dv
s

vV
[v|=3

= Vh(p @ F)lpal(s,t, x,y). (68)
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Here, x[s, jh] denotes the indicator of the interval [s, jh]. Using similar arguments
as in the proof of (68) one can show that

h([7m2 ®), B(s.t,x,y) + (p @ R2) ®), E(s,1,x,y) +p Qp (N3 ®), E)(s,1,x,y)]
=h(p ® F)pal(s,t,x,y) +hp I} ®), E(s, 1, X, ). (69)

For the first two terms in the right hand side of (62) we obtain from (68) and (69)

Vi[7 ®), B0, T, x, y) + (p ® %) ®), B(O, T, x, y)]
+h[7®), EO,T.x,y)+p® (M ®), E)O, T, x,y)
+ p®n (M3 ®), E)O,T,x,y)]
= Vh(p ® F)[pal0. T, x,y) + h(p ® F2)[pal(s. t.x.y)
+hp ® 11| ®), E(s,1, x, y). (70)

Using (68) we get

h|7 ®), E+ p® (R ®), B)] ®), O ®), E)O,T,x,y)
=h(p ® Filpa) ®), (M ®), E)(0, T, x, y)
=hp ® F1 [pa ®), %1 ®), )]0, T, x, y).

Note that

'
hp @ T} ®), E(s, 1, x,y) :h/du/p(s,u,x,v)
N

xo(u,v) -
X Z Y " D)7 ®), El(u, t,v,y)
[v|=3

= hp ® Film1 Q), El(s, 1, x, y).
For the proof of (63) it remains to show that

hp @ Fi[71 ®), E + pa ®), h1 ®), )10, T, x, y)
=h(p®Filp @ Filpal) (0, T, x,y) + O ¢ sm(y —x)). (71

We will show that

hp ® Fil(p — pa) ®), 1 ®, ©)IO, T, x,y) = Oh' ¢ oy —x)),  (72)
hp ® Filp ®), (1 &}, ©)IO, T, x, y) —hp @ Filp ® (%1 ®}, B)IO, T, x, y)
= 0(h'™°¢ 7 (y = x)). (73)

Claim (71) follows from (72), (73) and (68). The estimate (73) can be shown similarly
as in the proof of (112) in [22]. An additional singularity arising from the derivatives
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in the operator F1[-] can be treated by using the additional factor 4 in (73). For the
estimate (72) see [22].

The proof of Theorem 1 is now completed by showing that

hp ® Falpal(0, T, x,y) —hp & Falpl(0, T, x,y) = O ¢ s (y — x)).
hp ® Filp ® Filp — pall = O(h' P sz (y — x).

For a proof of these claims see [22].

References

1. Bally, V., Talay, D.: The law of the Euler scheme for stochastic differential equations: I. Convergence
rate of the distribution function. Probab. Theory Relat. Fields 104, 43—60 (1996)

2. Bally, V., Talay, D.: The law of the Euler scheme for stochastic differential equations: II. Convergence
rate of the density. Monte Carlo Methods Appl. 2, 93-128 (1996)

3. Bertail, P.,, Clémengon, S.: Edgeworth expansions of suitably normalized sample mean statistics for
atomic Markov chains. Probab. Theory Relat. Fields 130, 388-414 (2004)

4. Bertail, P., Clémencon, S.: Regenerative block bootstrap for Markov chains. Bernoulli 12, 689—
712 (2006)

5. Bhattacharya, R., Rao, R.: Normal Approximations and Asymptotic Expansions. Wiley, New
York (1976)

6. Bolthausen, E.: The Berry—Esseen theorem for functionals of discrete Markov chains. Z. Wahrsch.
Verw. Geb. 54, 59-73 (1980)

7. Bolthausen, E.: The Berry—Esseen theorem for strongly mixing Harris recurrent Markov chains.

10.
11.
12.

13.
14.

20.

21.

22.

Z. Wahrsch. Verw. Geb. 60, 283-289 (1982)

. Friedman, A.: Partial differential equations of parabolic type. Prentice-Hall, Englewood Cliffs (1964)
. Fukasawa, M.: Edgeworth expansion for ergodic diffusions. Probab. Theory Relat. Fields (in print)

(2007a)

Fukasawa, M.: Regenerative block bootstrap for ergodic diffusions (preprint) (2007b)

Gotze, F.: Edgeworth expansions in functional limit theorems. Ann. Probab. 17(4), 1602—1634 (1989)
Gotze, F., Hipp, C.: Asymptotic expansions for sums of weakly dependent random vectors. Z. Wahrsch.
Verw. Geb. 64, 211-239 (1983)

Guyon, J.: Euler scheme and tempered distributions. Stoch. Proc. Appl. 116, 877-904 (2006)

Jacod, J.: The Euler scheme for Levy driven stochastic differential equations: limit theorems. Ann.
Probab. 32, 1830-1872 (2004)

. Jacod, J., Protter, P.: Asymptotic error distributions for the Euler method for stochastic differential

equations. Ann. Probab. 26, 267-307 (1998)

. Jacod, J., Kurtz, T., Meleard, S., Protter, P.: The approximate Euler method for Levy driven stochastic

differential equations. Ann. de I'LLH.P. 41, 523-558 (2005)

. Jensen, J.L.: Asymptotic expansions for strongly mixing Harris recurrent Markov chains. Scand.

J. Statist. 16, 47-63 (1989)

. Konakov, V., Molchanov, S.: On the convergence of Markov chains to diffusion processes. Teoria

veroyatnostei i matematiceskaya statistika, 31, 51-64 (1984) (inrussian) [English translatiion in Theory
Probab. Math. Stat. 31, 59-73 (1985)]

. Konakov, V., Mammen, E.: Local limit theorems for transition densities of Markov chains converging

to diffusions. Probab. Theory Relat. Fields. 117, 551-587 (2000)

Konakov, V., Mammen, E.: Edgeworth type expansions for Euler schemes for stochastic differential
equations. Monte Carlo Methods Appl. 8, 271-286 (2002)

Konakov, V., Mammen, E.: Edgeworth-type expansions for transition densities of Markov chains
converging to diffusions. Bernoulli 11(4), 591-641 (2005)

Konakov, V., Mammen, E.: Small time Edgeworth-type expansions for weakly convergent nonho-
mogeneous Markov chains. Extended version (preprint). ArXiv: 0705.3139 (available under http://fr.
arxiv.org/abs/0705.3139) (2007)

@ Springer


http://fr.arxiv.org/abs/0705.3139
http://fr.arxiv.org/abs/0705.3139

176

V. Konakov, E. Mammen

23.

24.

25.

26.

27.

28.

29.

30.
31.

Kusuoka, S., Yoshida, N.: Malliavin calculus, geometric mixing, and expansion of diffusion functio-
nals. Probab. Theory Relat. Fields 116, 457-484 (2000)

Ladyzenskaya, O.A., Solonnikov, V.A., Ural’ceva, N.: Linear and quasi-linear equations of parabolic
type. Amer. Math. Soc., Providence, Rhode Island (1968)

Malinovskii, V.K.: Limit theorems for Harris Markov chains, 1. Theory Probab. Appl. 31, 269—
285 (1987)

Mykland, P.A.: Aymptotic expansions and bootstrapping distributions for dependent variables: A mar-
tingale approach. Ann. Statist. 20, 623-654 (1992)

McKean, H.P,, Singer, I.M.: Curvature and the eigenvalues of the Laplacian. J. Diff. Geom. 1, 43—
69 (1967)

Protter, P., Talay, D.: The Euler scheme for Levy driven stochastic differential equations. Ann. Pro-
bab. 25, 393-323 (1997)

Skorohod, A.V.: Studies in the Theory of Random Processes. Addison-Wesley, Reading [English
translation of Skorohod A. V. (1961). Issledovaniya po teorii sluchainykh processov. Kiev University
Press] (1965)

Stroock, D.W., Varadhan, S.R.: Multidimensional Diffusion Processes. Springer, Berlin (1979)
Yoshida, N.: Partial mixing and Edgeworth expansion. Probab. Theory Relat. Fields 129, 559—
624 (2004)

@ Springer



	Small time Edgeworth-type expansions for weakly convergent nonhomogeneous Markov chains
	Abstract
	1 Introduction
	2 The main result: an Edgeworth-type expansion for Markov chains converging to diffusions
	3  The parametrix method
	3.1  The parametrix method for diffusions
	3.2 The parametrix method for Markov chains

	4  Some technical tools
	4.1  Plugged in Edgeworth expansions for independent observations
	4.2 Bounds on operator kernels used in the parametrix expansions

	5  Proof of Theorem 1


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


