BBeﬂeHI/Ie B IUCKPETHYIO MaTEMATUKY

C. K. Jlanno

1 aBrycra 2011 r.



II

OryiaBienne



OrjiaBjieHne

I DaemeHTbl MEpeYUCIUTETHHON KOMOMHATOPUKH 7
DJieMeHTapHBIE TIPOU3BOAAIINE DYHKIIUN 9
0.1 TlepeCTaHOBKH M COUCTAHUST . . « - « o o o o e o e v v v oo u oo 9
0.2 DBumom Heroroma . . . . . .. . .. .. . L oL 12
0.3 DKCIHOHEHTA . « « v v v v v v et i e e et e e e e e 13
0.4 Tlpoussomsiiiine (DYHKIUY U AEHCTBUST HAT HUMHA . . . . . . . . . . 15
0.5 uddepennupopanre u NHTErPUPOBAHNE TPOU3BOAAIIIX DyHKIMH 19
0.6 Anrebpa u Tonojorust GoOpMaTbHLIX CTEMEHHBIX PAIOB . . . . . . 22
0.7 3Bamagm . . . . . .. e e e e e 23
Panmonanbsuble npousBojsime byHKIIUU 27
0.8 T'eoMeTpuUeCKas MPOTPECCHST .« « o v v v v v v e i e e e e e 27
0.9 TIlocnemoBarenpHocTb OUOOHAYYUM . . . . . . o o o v v v v v v v 28
0.10 PekyppeHTHBIE COOTHOIIEHUS W PAITMOHAIBHBIE TPOU3BOIAIIIE (DYHK-
10717 30
0.11 HeomuopomHble peKYPPEHTHBIE COOTHOIMEHUST . . . . . . . . . . . 33
0.12 TIpouseenenue Anamapa panuoHAILHBIX TPOU3BOAAINIMX (DyHKIMH 34
0.13 Acummroruka Ko3(hQUITHEHTOB PAMOHAILHBIX (BDYHKIHH . . . . . 36
0.14 Bamaam . . . . . .. e e e e e e 39
Ilepeuncaenne myTeii Ha rpadax 45
0.15 Ilytu Brpadax . . . . . . . . . ot 45
0.16 Ilyru, mepeuncnseMbie PAIUOHAIBHBIMA TPOU3BOAAIINME (DYHK-
1% 5z 017 46
0.17 Yuesa Karamana . . . . . . . ... oL L oL 48
0.18 Bamaum . . . . . .. e e e e e e 53
IIponsBongamue pyHKIINYU HECKOJIBKUX II€EPEMEHHBIX 57
0.19 Tpeyrombauk IMackams . . . . . . . . . ... .o o ... 57
0.20 DKCrIOHEHIWATBHBIE TPOU3BOAANTHE DYHKITUA . . . . . . . . . . . 59
0.21 Tpeyrompauk Jduka . . . . . . . .« .. oo e 60
0.22 Tpeyronsuuk Bepraynnu—3iinepa u nepeuncienune up-down me-
PECTAHOBOK . « « v v v v v v e e v e e e e e e e e e e 61

0.23 Ywucna Jitnepa B Tpeyrojabuuke uka ¢ KpaTHOCTAMHA . . . . . . 66

111



v OryiaBienne

0.24 Tlpoussomsias (pyHKIHS i TpeyroabHuKka Jluka ¢ kparHoctamu 67

0.25 Bamaam . . . . ... e e e e e

TeneBoe ucuncieHIE

0.26 OUpeesieHnsT W TPUMEDPDBL . « .« .« o o vt e e e e e e e
0.27 Ilpumenenus OUHOMHUAJIBHBIX IIOCJIEJOBATENBHOCTEH . . . . . . . .
0.28 bunoMuAJIbHBIE [IOCJIEA0BATEHOCTA U CABUIH . . . . . . . . . .
0.29 mmHoe mocTpoenre CHHOMUAIBHBIX MOCTIEI0BATEIHHOCTEH

0.30 Mocnenosarensuoctu MMledpdep . . . . . . . . . ... ... ...
0.31 Koanrebpa MHOTOUIIEHOB . . . « v « v v o e v e e e e e et e e e
0.32 Bamaum . . . ... e e e e e e

Pas6uenuns
0.33 Pazbuenns u PA3TOKEHIT . . . « o o o o v o vv e e e
0.34 TOKIECTBO DUIEPA . « « v v v v v e e e i e e e e e e
0.35 Pazbuenmns muozkecTB B TpeyrosbHuke MonknHa ¢ KPaTHOCTSIMHA

0.36 Bamadm . . . ... e e e e e e e

IIpousBoasme Ppyukiun JInpuxiie
0.37 1IpuHIATT BKIIOYEHUS-UCKIIOYEHUSA . . . . o . « « « o v v o o o ..
0.38 Ilpoussomsaiue dhyukuuu Jvpuxse u gelicTBUsS HAL HUMA . . . .
0.39 O6pamenne Mebuyca . . . . . . . . . . .o oo
0.40 MynbTUMIMKATHBHBIE TTOCTEAOBATETBHOCTH . « « . « « o o o . . .
041 Bamaam . . . . ... e e e e

II TI'padbl, nx nepevucjgeHne 1 THBAPUAHTHI

Ilepeunciienne epeBbEB U JIECOB
0.42 IlepeducyeHue TOMEUYEHHBIX JIEPEBBEB . . . . . . « o .« « . . . .
0.43 Jleca m MHOrOWIeHBL AGEIS . . . . . . . . . ...
0.44 IlepeducsyieHUE TMOCAXKEHHBIX JIECOB . . .« . o « « « « o o v v o o . .
0.45 O6pammenve GYHKIUU U CYMMUPOBAHUE TIO TEPEBBIM . . . . . . .
046 3amadm . . . . .. e e e e

Yucia 'ypsuima
0.47 Tpadbl ¥ MEPECTAHOBKH . . « . v o v o ve e e e e e e
0.48 YUmesma T'ypBumia . . . . . . o oL oL
0.48.1 TIpocrtbie u obmme umcaa ['ypeuma, . . . . . . . . . . . ..
0.49 VYpaBHEHUE TPAHCIOBUTIMM . . . . « « « « o o v e et e e e e e e
0.50 Bamaam . . . ... e e e

CooTHollleHre yajieHue-cTarnBanme u Teopema TaTTa
0.51 I'padbi, nzoMOpdU3M U MHBAPUAHTBL . . . . « o « o o o o o o o . .
0.52 XpoMaTU9IeCKUl MHOTOUIEH . . « .« « o o o o o v e v o v oo e e
0.53 Hemuoro o Tomosmorum tpada . . . . . . . oot o i
0.54 Mmuorownen Ilenpoy3a . . . . . . . .. .. .. oL

68

71
71
72
73
76
78
79
81

85
85
89
91
95

111

113
113
120
123
124
126

129
129
131
131
135
138



OryiaBpenne v

0.55 Coormomenus Tarra . . . . . . . . . .. ... 147

0.56 Teopema TarTa . . . . . . . . . .. L 148

0.57 Joka3zarenbCTBO TEOpPEMBI TaTrTa . . . . . . . . . ... 149

0.58 Homble mpumepsl nHBapuanToB TarTta . . . . . . . . . .. . .. .. 151

0.59 Bamaam . . . ... e e e e e 154

Anrebpa Xomda rpados 157

0.60 Anrebpa Xomda rpadoB . . . . ..o 157

0.60.1 CTPYKTYpa alredPbl . . « ¢« v v e v v v e i 157

0.60.2 CTpyKTypa KOAJTEOPBL . . . « o« o v vt e v e oo . 158

0.61 IIpUMUTHBHBIE SJIEMEHTBL . « « © « v v v o e v e e i e e e e e 160

0.62 ®akTopanredbpsr bmanrebpor rpadoB . ... oL Lo 163

0.62.1 4-6Mamredpa . . . . . . . e e e e e e 164

0.62.2 BazpermmeHHBIE TPAMBL . . « « « v v e v v e e 166

0.63 4-WHBADHAHTBL . . .« « « « v v v v et e e e e e e e 168

0.64 Ocnamennbe mogudukanuu rpadoBbix aaredbp . . . . . . . . . . 170

0.65 Bamad;m . . . . . . e e e e e e e e e 172

III 43Bikyu, rpaMMaTUKH, aBTOMAThI 175

S3bIKM U KOHEYHBIE aBTOMATHI 177

0.66 A3bik JIwKa . . . . . . ... e 177

0.67 KOHETHDBIE aBTOMATDBL . « « . « v v« v v v e e e e e e e e e 178

0.68 ABTOMATBL CO CTEKOM . .+ « + « « v v v v e e e e e e e e e et 181

0.69 Bagadm . . . . .. e e e e e e e 183

Asbiku u popmanabHbIe TPAMMaTHKA C OJHO3HAYHBIM BhIBOOZOoM 185

0.70 TIpaBuna BbIBOAA B si3bIKe Juka . . . . . . . . . . ... ... ... 185

0.71 ®opmajbHble TPAMMATHKU C OJITHO3HAYHBIM BBIBOJIOM . . . . . . . 187

0.72 Ilpoussossimme bYHKIUNA PETYAAPHBIX A3BIKOB . . . . . . . . . . 190
0.73 IlpexncraBienus npousBonamux (BYHKIUNA B BHIE HEIIPEPBIBHBIX

JPODEHT . . . . . o 191

0.74 CpapHeHUS B MOCACAOBATEIBHOCTAX . « o« v v o v v o v e e v 195

0.75 Bamad;m . . . . .. e e e e e e e e 199

OTBeTbl, YyKa3aHUd, pellleHnd 201

.1 Pemenwssamaurimaser I . . . . . ... L L 201

.2 Pemenusa 3amaa raasbl 0.7 . . . . . ... Lo 206

.3 Pemenmsa 3amau rmaser 014 . . . ... 0oL oL 211

.4 Pemenws 3amau rmaser 018 . . . . ..o 213

.5 Pemenwmsa 3amau rmaser 025 . . .. L L. Lo 215

.6 Pemenusa 3amau rmasbr 0.32 . . . ... Lo 219

.7 Pemenus 3amaua rmaser 0.36 . . . .. ... oL 223

.8 PemeHus 33084 TIABBL 77 . . . . . . i e e e e 224

.9 PemreHus 33089 TIABBL €7 . . . . . ..o e e e e e 224



.10
A1
12
13

Pemenns 3anaw rmaper 77
Pemenna 3anag rnaser 77
Pemenna 3anaq rnaser 77
Pemenna 3anaq rnasoer 77

OryiaBienne



Yactp 1

DJIeMEeHTbI IlepevyucanTe/IbHOI
KOMOMHATOPUKN






DJjieMeHTapHbIe
IIpon3BoJasIIe PyHKINN

B neproit wacTu Kypca Mbl 3aiiMemMcst 3amadamu nepeducienus. OHU 3aKJTIO-
9al0TCAd B TOJACYETE YUCJIa OOBEKTOB, MPUHAIIEKAIINX HEKOTOPOMY CeMeiCTBY
KOHEYHBIX MHOXKECTB. ¥ KaXXJIOI'O MHOXKECTBA, CEMEHCTBA MMEETCsi CBOI HOMED,
U PEe3yJIbTaTOM IEPEYUNCIIEHUS CJIy?KUT HEKOTOPAasd IOCJIE0BATEIbHOCTD HATY-
panbubX uucen. [lepeuncauTenbHble 330a9U BCTPEYAIOTCS BO BCEX 00JIACTIX
MATEeMATUKHU, W B MOCEIHNE TOIbI OHU BBIILIN HA MIEPBIH [JIAH B ajrebpande-
CKOIl T€OMeTpHuH, TOMOJOrHH, MHOTUX HAIPABJIEHUSIX MATEMATHIECKON (DU3UKHA.

Kak mpaBuio, 331a9a MepeduCIUTENbHON KOMOWHATOPHUKH ‘B IPUHIUIIE’
pasperniuMa; I KaXKJI0r0 MHOXKECTBA, U3 CeMeliCTBa MOXKHO BBIMUCATH BCE €r0
JIEMEHTBI ¥ TAKWM 00pa30M y3HATH WX 9ucao. [[pobrema, OmHAKO, COCTOUT B
TOM, 9TOOBI HAUTH “xOpoiree”’ perrneHne, He TPEOYIOIEe BhIUCHIBAHNS BCEX 1€~
MEHTOB M3y94aeMbIX MHOXKECTB. [Ipu 9TOM MOHATH, YTO TAKOE XOPOIIIEe PEIeHne,
JIOBOJIBHO TPYIHO. 3a9aCTYIO y/IaeTCs JHUIb CPABHUTH [IBA PEIEHUS U CKA3ATh,
KaKOe W3 HUX JIydIIe.

Haubonee moaxomsinmymM si3bIKOM Il PEINeHUsT MEePEeUrCIUTeNbHBIX 33139
OKA3bIBAETCS SI3BIK TTPOU3BOAAIINX panoB. Qnepanun ¢ KOMOMHATOPHBIMEA 00b-
eKTaMHU OYE€Hb €CTECTBEHHO BBIPAXKAIOTCA B TEPMUHAX IPOMU3BOAANINX (DYHK-
nwmii. OIHAKO TIepeuncInTeNhHAS KOMOWHATOPWKA HE CBOAWTCS K TTPOU3BOJIS-
M (QYHKIUSM — MPUBJIEYEHNE METOIOB M3 CMEXKHBIX 00IacTeil MaTeMATHUKHU
(HampUMep, U3 aHAIU3a WM TEOPUH I'PYIIN) JAeT HOBBIH B3MVIsi] HA NEPEUUC/IU-
TeNbHBIE 33291 U TI03BOJISET HAXOIUTh HEOXKUTAHHBIE TTOIXObI K UX PEIEHUIO.

0.1 IlepecTtaHOBKHM M COYETaHUA

Bymem 0603HAMATEL YUCIO 3JEMEHTOB B KOHEYHOM MHOXKeCTBe A uepes |Al; ma-
npumep, |{4,5,7} = 3.

IIycts N,, 0b603HAYAET MHOKECTBO HATYpaJIbHBIX yuces ot 1 1o n, T.e. N, =
{1,2,...,n}. Ilepecmanoera >TOr0 MHOXKECTBA, 3TO €r0 B3AUMHO-OIHO3HAUHOE
orobpazkenne B cedst, 0 : N, — N,. Tooicdecmeentas IepecTaHOBKA OCTABJISIET
Ka}K,ZLbeI JIEMEHT Ha MeECTe. MHO)KQCTBO BCeX IEepeCTaHOBOK 3TOI'0 MHO2KECTBa
obo3Hauaerca depes Sy,. KoMmosuuys nepecTaHOBOK sABJIAETCs IEPECTAHOBKOM,

9



10 IVIABA 0. 9JIEMEHTAPHBIE IIPOU3BOJAINNE OYHKITNN

Uy KaXJIOH IepeCTaHOBKH €CTh OOpaTHasd — TaKad, KOMIIO3WUIUA ¢ KOTOPOH
SABISAETCA TOXKIECTBEHHOM mepecTamHoBKOi. [losromy mmOXKecTBO S, 0O6pasyer
TPYIIILY.

[ToncunraeM KOIMYECTBO PA3IHYHBIX [EPECTAHOBOK, T.€. KOJMIECTBO 3JIe-
MEHTOB B rpymme Sy,. 9TO KOJINIeCTBO PABHO KOJIUYECTBY PA3IMYHBIX B3AUMHO-
OJTHO3HAUHBIX OTOOPaXKeHWil JIIOOBIX IBYX MHOXKECTB M3 7 3JIEMEHTOB (He 00si-
3aTeJIbHO ONUHAKOBBIX). IlojcunTarh UX MOMKHO, HampuMmep, Tak. I'pynma Sp
COCTOUT, OYEBUTHO, U3 OHOTO 3JIEMEHTA — TOKIECTBEHHOTO OTOOPAKEHNA MHO-
xectBa N1 = {1} B cebs. Pazobrpem Teneps Bce B3ANMHO-OJHO3HATHBIE 0TOODA-
sKeHUd u3 IV, B ce0s1 Ha N MOIMHOYKECTB B 3aBUCUMOCTH OT TOT'O, B KAKOIl 3JIeMeHT
nepenres 37eMeHT 1. Bee 3TH n HOIMHOMKECTB COIEPKAT OOUHAKOBOE KOJIUTIECTBO
3JIeMEHTOB, ¥ ITO KOJIHYECTBO PABHO KOJIHYECTBY B3aUMHO-OJHO3HAYHBIX OTOO-
paxenuil n1Byx (n — 1)-2/1eMEHTHBIX MHOXKECTB, T.€. YUCJIY DJEMEHTOB TDYIIIIBI
Sp—1. ITosromy

|Sn] = n|Sp—1|=n(n—-1)|Sp—2|=-=n-(n—-1)-(n—=2)----- L

DTO YKCIO0 — MPOU3BEIEHNE BCEX HATYPAJBHBIX YHCES OT 1 10 n — TPUHSTO
HA3bIBATEH GAKMOPUANOM HUCAQ N U 0003HATATH N,

MmuozxecTBo N, COIEPKHUT N OTHOIIEMEHTHBIX MOAMHOKECTB. HerpymHo Bu-
JeTh, 9TO YUCIO ABYXIJTEMEHTHBIX TOJIMHOKECTE B HEM DABHO @ JleiticTBu-
TEJHHO, MEPBBIN IJTEMEHT U3 JBYX MBI MOXKEM BBIOPATH M CIOCODAMU, & BTOPOI
n — 1 cnocobamu u3 eire HeBLIOPAHHBIX IJIEMEHTOB. SHAUHT, YIOPSIIOUEHHYIO
Hapy 3JEMEHTOB MOXKHO BbIOparh n(n — 1) crnocobamm. ITOCKONBKY aBe Hapbl
a,bu b,a 0O6Pa3yOT OIHO U TO K& MHOXKECTBO, JJIs MOACYETA IBYXIJIEMEHTHBIX
MTOIMHOXKECTB HEOOXOAMMO KOJTUYIECTBO YIIOPSIIOUYEHHBIX MMap MOIEUTh HA 2.

Kak moacunrars aucyio k-37eMeHTHBIX TOAMHOXKECTB B N, IJis TPOU3BOJIb-
HOrO HaTypasbHoro uncia k? Bo-nepBbix, 04eBUIHO, 94TO PH k > N 9TO YHUCIO
paeuo 0. Eciu ke k < n, 10 OymeMm cTpouTh Bce k-37€MEHTHBIE TTOAMHOXKE-
crBa B IV, caeayromum oOpa3oM. Bo3bmeMm MpOnU3BOJIBHYIO TEPECTAHOBKY MHO-
kectBa, Ny, U BO3bMEM NepBble k 3/IEMEHTOB B 9TOM MEPECTAHOBKE (T.€. Te 3J1e-
MEHTbI, B KOTOpbIE niepenuia 1,2, ... k). dcHo, 9ro TakuM 06pa30M MbI IOy 4UM
BCe k-3JIEMEHTHBIE MOJIMHOXKECTBA, TPUYeM KaxKI0e U3 HUX OyIeT BCTPEeYAThCs
OJIHO ¥ TO YK€ KOJIUIECTBO Pa3. ITO KOMMIECTBO pa3 pasHO k!(n—k)!, mockonbky
[IEPECTAHOBKY MEPBBIX K 3JIEMEHTOB M OCTABIIUXCA T — K JIEMEHTOB HE MEHSIOT
BBIOpAHHOE TOAMHOKECTBO. 1103TOMYy 1715 ToACYeTa Ynciaa k-3JEeMEHTHBIX TTOJI-
MHOXKeCTB B N,, HY’KHO pa3fesnThb obiee 4uciao mepectaHoBok Ha kl(n — k).
[Tony4uenHoe YMUCIO HA3BIBAETCH “UCAOM COUETNAGHUY W3 N IJIEMEHTOB 10 Kk U

obo3HavaeTca depe3
n\ n! (1)
k) Kl(n—k)

(B mmTeparype Ha PYCCKOM U (bPAHILY3CKOM SI3BIKAX vallle BCTPEYaeTcst 0603Ha-
venme C¥, ommako ero ncmomp3oBanme Ipe/moNaraet, 9To 1 — HaTypPaTbHOE G¥iC-
JIO; MBI 3Ke Oy/IeM T0JIb30BAThCsT COYETAHUSIMA B CUTYAIlUdX, KOraa n — He 00si-
3aTeNbHO HATYPAIBHOE TUCIO0, YTO M 0ODbACHAET HAII BHIOODP OO03HATEHUA (Z),

IPUHATOTO B aHIJIOA3bITHBIX TeKCTaX.) HOCKOﬂbe JOIIOJIHEHNEe k-3nemMeHTHOrO
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MHOZKECTBA B MHOXKECTBE M3 N 3JIEMEHTOB COCTOUT U3 N — k 3JIEMEHTOB, KOJIUYIe-
CTBO k-3JIEMEHTHBIX TTOJMHOMXKECTB B N-3JIEMEHTHOM MHOXKECTBE PABHO KOJIMYIe-
ctBy (n— k)-37€MEHTHBIX IOAMHOXKECTE B HEM, 9TO MPEKPACHO MOATBEPIK IAETCS
BBIBEJICHHOH HaMU (POPMYJIOH [JI 9UCJIa COICTAHMIN:

(Z) - k!(nni B (n —nllc)!k! B (n . k)

B ciyuae k = n dopMmyna ais 9ucaa COYTAHWM UMEET BUT

Mmoo L
n)  nlol 0

TToCKONMBKY YHCIIO N-3JIEMEHTHBIX TOAMHOXKECTB B N-3JEMEHTHOM MHOYXKECTRE,
OYEBUTHO, PABHO 1, MbI 00st3aHbI TIOOKUTH 0! = 1. Torma dopmyna s ducia
coderanuit mpuobperaer cMbica u ipu k = 0:

|
my_onl_,
0 0'n!

— B [IPOM3BOJIbHOM MHOMKECTBE MMEETCH POBHO OmHO (-371€EMEHTHOE IIOIMHOMKE-
cTBO (LlyCcTOE MHOXKECTBO).

Yucaa coueTanuit 370 B TOYHOCTH KOIDPUIMEHTDI, BCTPEUAIOIINECS B Pa3-
JIOXKEHUU CTereHeil OuHOMA:

n__ (T n n\ 1 N\ ok k n\ ,
(m+y)—(0>x +(1>x Y+ +(k)x Y+ +(n>y. (2)

HeficTBUTETHHO,

(z+y)"=@+y)(z+y)...(z+y),

u ko3 durment npu " *y* B mponsBeeHNN paBeH KOIHIECTBY k-3T€MEHTHBIX

MOAMHOZKECTB B MHOXKECTBE U3 N CKOGOK (X +y). DTO B TOIHOCTH T CKOOKH, U3
KOTOPBIX MBI BEIOMPAEM CJIATAEMOE Y.

ViKe 37O TIPOCTOe HADIIOIEHNE TI03BOJISeT BBIBECTH HETPUBHUAJIbHBIE KOMOU-
HaATOpHBIE TOXKAecTBa. Hampumep,

() () (D) e ()=

KaK pe3yJibraT HOACTaHOBKM T = 1,y = 1 B pasnoxkenue Gunoma (2). (Bor
JPYTO# BBIBOJ TOTO XK€ TOKaecTBa: 2" 3T0 00Imee KOINIeCTBO MOIMHOKECTB B
MHOXKECTBE M3 7 3JIEMEHTOB, 8 B JIEBON YaCTU PABEHCTBA CYyMMUPYIOTCS KOJIMYe-
CTBa TOJMHOMKECTB € JAHHBIM YHUCIOM 3JIeMeHTOB.) TOUHO Tak yKe Toyvdaem

(8) _ <’I) +...+(_1)k(2) +...+(_1)"(2> =0 opun > 0.

IIpu HEYETHOM M 3TO PABEHCTBO OUEBHMIHBIM O0PA30OM CIEAYET W3 CHUMMETPUHN
(%) = (,"4), & BOT IIpH YETHOM N €ro IPOIIE BCETo MOLYYUTh MOACTAHOBKOIL
x =1,y = —1 B pazjoxkenne OUHOMA.

Pazno:kenne GuHOMA HAM €IIe HE Pa3 BCTPETUTCA B 3TOH KHUTE, B TOM IHCIIE

W B HACTOSIIIEHA TJIaBe.
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0.2 Bwunaom Hprorona

Yucauresab u 3HameHaresb apobu B opmyie (1) mig uucaa cogeTanuii MOKHO
cokparuth Ha (n — k)!, mepenmcag ee B Bume

(Z):n(n—l)(n—Qk)!...(n—k—i-l). 3

Takoe cokpailrienre mo3BOJISAeT PACIIUPUTH KPYT 3HAYEHUI, K KOTOPBIM OHA [IPH-
MEHHMa — B KAYeCTBe aPI'yMEHTa N MOKHO 6paTh MPOU3BOIBHOE YHUCIIO, HE 00s-
3aTenbHO HaTypaabHoe. Hampuwmep,

<1/2> 1/2(=1/2)(=3/2)(=5/2) ... (3= 2k)/2) _ (=1)*'1-3-5- (2K —3)

k k! 2k k!

[Ipu TakoM MOAXO[E YUCIO COYeTAHUil TMepecTaeT OBIThH MEJIbIM U TepPAer pd-
MOIl KOMOMHATOPHbIA CMbICI (HEJIb3sl CKa3aThb, YTO ITO YUCIO Kk-3J€MEHTHBIX
MOAMHOYKECTB B “TIOJy3/IeMeHTHOM MHOXKecTBe”). Boobie, 4ucio n Moxker ObITh

UppanuOHaJbHBIM H OarKe KOMIIJIEKCHBIM. O,HHaKO TOo-IpeXKHeMy eCTeCTBCHHO

roJ1araTh
n
=1
0
7151 TPOU3BOJIBHOIO 1.

Ecnu n narypanbuoe wiu 0, To npu k > n B uucaurene Gopmyint (3) BeTpe-
9aeTCsd HYJEBOM MHOXKHUTEJb, W MOITOMY Bce Bhipaxkenue pasuo 0. Hamporus,
€CIIU M HEe SFBIIHAETCH IMEJIbIM HEOTPHUIATEIbHBIM YHUCIOM, TO YHUCIO COYETAHUN
(Z) HE dBJIETCs] HYJIEBBIM HHU TIPU KAKOM k.

Takwe 0OOOIIEHHBIE YKCIA COUETAHUN MOXKHO TMPUMEHUTDH s TOJIyYeHUsT
pas3ioXKeHnd OMHOMAa B IIPOU3BOJILHON CTEIeHH, HE TOJLKO B LeJoH. A uMenHo,

(1+s)a:1+<‘f)s+<§)52+(‘;‘>s3+(2‘)34+... (4)

31eck B 0003HAYEHUSIX 1 3AMEHEHO Ha (v, YTOOBI MOTUYEPKHYTH, YTO MbI OOJIBIIE
HE CUMTAEM TTOKA3ATe/Ib HATYPAJbHBIM, & TepBas epeMeHHas 3aMeHeHa Ha 1,
9T00BI HE OBLIO HEOOXOIUMOCTH PEIIATh, 9TO TAKOe T B HEHATYPAJbHON CTENeHN
(1 = 1 png aoboro nokazarens «). B caydae, eciu 4ucio a spjsercd HaTy-
panbHbIM, paszjioxkenue (4) copuagaer ¢ oOb4HOM crenenbto Gunoma. g Hena-
TYPaIBLHOTO TIOKA3ATEIs CTEIEHN OHO OBITIO BBeIeHO HBIOTOHOM M TIpeIcTaBIsIeT
coDOoiT GECKOHEUHBIH CTEMEHHOM Psifi. JTOT P MOXKHO CUUTATH ONPEIeIeHIeM
JIEBOI YacTy (& MOXKHO — U B KyPCE MaTeMaTUYeCKOTrO AHAIN3a, ITO JIEJIAeTCd —
JIOKA3BIBATE, ITO PSAJ CXOAUTCA TIPH |s| < 1, mpudeM cyieBa OT 3HAKA PABEHCTBA
JIefiCTBUTENEHO HANUCaHa (DYHKIUS, K KOTOPO# OH CXOJHUTCH).

Bor npumep paznoxkenns OmHOMA JJIsT ¢ = %:

(1+s)Y2 = 14 (1{2)5+ <1é2> s% + (1?) s% + (14/12)54 +...

11 1. 5
l+os— 24— 2 Ay
Tt T et Tt
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0.3 DKCIOHEeHTa

DKCIOHEHTA, ABJIAETCA OJIHOM W3 BarKHeH X QyHKIMIA BO Beeil MaTemaruke. Fe
OTIPENIEISTIONTEE CBOMCTBO COCTOWT B TOM, YTO OHA TMPEoOpa3yeT CyMMy B MpPO-
ussenenue. lapaiive naiizem Takyio dysriuuio f = f(s), 4TO TOXKIECTBEHHO
BBITIOJIHAETCS PABEHCTBO

fs+1t)=f(s)f(t). (5)
Toncrasnsag s = 0,t = 0, Mbr cpasy 3akmogaem, ato f(0) = f(0) - £(0), otkyma
f(0) pasusgerca nu6o 0, mub6o 1. Mbr pacemorpuM Toabko caydait f(0) = 1,

ocrapup caydail f(0) = 0 B Ka4ecTBe 331241 B KOHIIE [JIABbI (cm. 3apmauy 0.4).
[ycrs f umeer paznoxkenue

f(s)=1+ays+azs® +azs®+....
Torna ycnosue (5) Ha GyHKIMIO [ 3aMUCHIBAETCH B BUJE PABEHCTBA

L+ai(s+t)+as(s+t)> +az(s+t)>+... = (1+ars+as®+azs®+...)
(1 4+ ayt + agt? +ast® +...),

KOTOPOE [OJI?KHO BBITIOJIHATHCA TOXKIECTBEHHO 110 S u t. Halimem, Kk Kakum orpa-
HUYEHUSIM Ha, KO3(POUIMEHTH G; MPUBOJUT 3TO PaBeHCTBO. st 3TOro Oymem
TTOC/IEIOBATEILHO CPABHUBATEH KOI(DMUIIMEHTHI PU MOHOMAX JTAHHON CTENEHU B
JIEBOI W MpaBoil ero gactax. [Ipum MoHOMAaX TepBOH CTENEHU MOTyYaeM paBeH-
CTBO

a1(s+1t) =ars+ ait,

KOTOPOE BBITIOMHAETCS TOXKIECTBEHHO TIPH JI000M 3HAYEHHH KOIDDHUIINEHT a1 .
Sadukcupyem Kakoe-HUOY/b 3HAYEHHE ITOrO KOIDPUIIHEHTa U 0DO3HAYUM €0
Jepes a, a1 = a.

JL7ist MOHOMOB CTEIEHU 2 JOJYKHO BBIMTOJTHATHCS PABEHCTBO

as(s + t)2 = as5% + a%st + ast?,
nm
2a98t = a2$t,

KOTOPOE BBIIOJIHAETCS TOKISCTBEHHO TONBKO €CIH o = G2 /2. PaccyxJas Tak
Ke majiee moaydaeM

a’ a3 ‘
az(s + 1) = aszs® + 33215 + ?stQ + ast?,

OTKYyIa
az = a®/6.

Herpynuo Bumers, 9TO Ha KaXKIOM IIIare, €CJId COOTBETCTBYIOIIEE YPABHEHUE
Pa3pemnmMo, TO PEIeHne eUHCTBEHHO U JAeT 3HAYEHUE G, PABHBIM a" C HEKO-
TOPBIM KO3 DUIHMEHTOM.
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MozxHO 6BLIO GBI TOKA3ATH, YTO PEIEHNe TeHCTBUTEIBHO BCETIA CYIECTBYET
n xosddurmmenr npu o pasen 1/n!. Mbr moctynum HAOGOPOT W ONpEmETAM
9KCITIOHEHTY Pa3/I0KEHUEM

2 3 4

as _ _ a a o a3 A 4
e* =exp(as) =1+ 1!8+ 515 + a1 + T +....
D710 OECKOHETHBIH CTEeHHON psif, KO3 DUIMEHTH KOTOPOro — obpaTHbIe (hak-

TOPHAJIbL.
Tenepsb HETPYIHO TPOBEPUTDH, UTO

ea(s—&-t) — ®8eat

HeficTBuTeibHO, HAM HAJO JOKA3aTh, YTO

a(s+t)  a*(s+t)? a(s+1)3 B as a’s®  a®s?
1+ 1 20 3] +... = (1+f+72! + 3l + ..
1 at  a’t? a3t
( U +—3, +...)

B nesoit wactu paBeHCTBa MOHOM Sktl TTOABJIACTCA TOJIBKO B PA3JIO?KEHUN OMHOMA,

(s+t)", vae n = k + [, npudem Ko3hGUIUEHT Mpu 3TOM MOHOME PaBEH

an n a’!L

n! (k) RN
10T KO3 UIUEHT B TOTHOCTH COBIAIAET ¢ Koadduiuentom npu s°t° B mpa-
BOil wacTu paBeHcTBa. I109TOMY BCAKMIT MOHOM BXOJIMT B JIEBYIO M [IPABYIO YACTH
PaBEHCTBA C OMHUM U TeM Ke KOI(DDUITHEHTOM.

Buas, uro pemenue ypashenus (5) ¢ f(0) = 1 — ecnu oHO cymecrByer —
OJTHO3HAYHO OIPEIE/AeTCsd KOIMDMUIIMEHTOM TPU S, MbI 3aKJIOYAEM, 9TO IKC-
MMOHEHTA W ABJIEeTCd ITUM eJIUHCTBEHHBIM pemnenueM. IIpu a = 0 srcnonenTa
ToxKIecTBeHHO papHa 1. Eciau ke a # 0, To 3KkcnoHenTa e*® noJsydaercs us e’
obparumoit 3amenHoit s Ha as. Ilosromy waie Bcero mMbl Oy/eM IOJTb30BATHCI
IKCIOHEHTOH €®, oTBevaloIeil 3HaueHnio a = 1.

Tpuronomerpuveckue MYHKIANA TTPOCTO BHIPAXKAIOTCS UePe3 IKCIIOHEHTY:

ktl

) e\/—ls — e —1s 1 3 5
smms = 2— j=$—§s +§S - 5
COoss = —6 _1S+e_ - _1—l82—|—l84_
2 2! 4!

3aecs v/—1 — KOMIJIEKCHOe HHCJIO, KBAIDAT KOTOPOrO paseH —1; ero 14acro
0003HAYAIOT YePes3 ¢, OJHAKO TaKOoe 0DO3HAYEHUE MOXKET LIPUBECTH K Iy TAHULE.

CMBICT TIEpeMeHHO S, 0T KOTOPOil HepeTcs SKCIOHEHTA, MOYKET OBITH CAMBIM
pasubiM. Hampumep, s Mmoxker obozHadarh AuddpepeHInpoBaHue:

f_q, Ld 1(d 2+1 d 3+1 d 4+
S T R TR 31\ dt 41\ dt
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¥ MBI BIIPaBE CIPOCUTD CeOsI, UTO ABJISIETCS SKCIOHEHTON oT audpdepeHImpoBa-

uud. 3mech k-g crenenb quddepenimpoBaHna (%)k 3TO olepanus B3arus k-oii
mpon3BOaHON. /It TOTO, ITOOBI MOHATH, Y€MY PaBHA IKCIIOHEHTA OT audde-
PEHIMPOBAHUS, TOCMOTPUM, KaK OHA JIEUCTByeT Ha MHOTOWIeHax. [lJist 3TOro
JOCTATOYHO IIOCMOTPETH, KAK OHA JEUCTBYEeT Ha BCEX CTEIeHAX tk TepEMEHHOI .
K cuacreio, pesysnbrar (k + 1)-ro u Beex (:Tapumx muddepeHnpoBanmii MOHO-
Ma t* pasen 0, OSTOMY HpH IpPUMEHEHHH edt k th B MpaBoil YaCTH PABEHCTBA
OCTAEeTCS JIUITb KOHEYHOE YUCJIO CAAraeMBbIX:

ditk = 1+li+l a 2+ L i(e ) o
€ - 1dt dt K\ dt
k k(k—1) ,_ k!
_ k k—1 k—2
= gttt T e

= () (E e () (5):

HpaBaﬂ 9aCTh [OCJIEIHETO PABEHCTBA €CTh HE YTO HHOE KaK PA3/I0KeHne GHHOMA
(14 t)*, u me1 3axTIO9AEM, TTO

earth = (t + 1)F.

TTockombky 3kcrnonenTa auddepeHInPOBaHNs AEACTBYET HA, MHOTOWICHAX JIH-
HEHHO, MBI 3aKJII09aeM, YTO I Jo6oro MuEorodaeHa p = p(t)

e%p(t) =p(t+1).

Jpyrumu ciaoBamu, axcnorenma dudepervyuposarus aeasemes co6uzom Ha 1.
D10 TybOKOe YTBEPIKICHUE JIEKUT B OCHOBE Teopuu Tpymn Jlu. Mbr 6ymem um
HEOJHOKPATHO IOJIb30BATHCS.

0.4 IIpom3Boagamiue (pyHKIUN U JIeiicTBUS HAJI HU-
MU

TlepeiineM K CTPOTUM OTpEIETEHUSIM.

Ounpegnenenune 0.4.1. Iycrs ag, a1, ag, ... — Ipou3BoOJbHAs (OECKOHEUHAS) 1O~
caenoBaTeabHoCTh dnces. Ilpoussodawei dynkyued (npoussodausum pador)
JIUTS 3TOH MOCIeI0BATENBHOCTH OyIeM HA3BhIBATH BBIPAYKEHUE BHUIA

2
ap t+ais+ass” + ...,
WIN, B COKPAIICHHON 3a1ucu,

o0
g ans"
n=0

Ecnu Bce wiensl mocsie10BaTeIbHOCTY, HAMAHASA C HEKOTOPOTO, PABHBI HYJIIO, TO
Mpou3BOIIas QYHKIUS ABIACTCA NPOUIGOOAULUM MHOZOUAEHOM.
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Yucsa, BXOAAIME B MTOCAEN0BATEILHOCTb, MOTYT WMETh DA3IUIHYIO ITPHU-
pomay. Mbr GymemM paccMaTpUBATH TOCIEIOBATETLHOCTA HATYPATbHDBIX, METBIX,
PAIMOHATIBHBIX, BEIECTBEHHBIX ¥ KOMILIEKCHBIX dnces. [Ipom3Bomarnyo GyHK-
U0, KaK B OOBIYHYIO0 (PYHKIHIO, MBI OymeM dacTo 0003HAYATh OIHOI OyKBOI,
VKa3bIBast B CKODKAX €e apryMeHT:

A(s) = ag +ars +azs® +....

JlBe mpomsBongme (HYHKIWY PABHBI B TOM W TOJBKO B TOM CJIy4Yae, eCju
y HEX COBIIAJAIOT KOIPPUITHEHTHI TIPH KAXKI0H cTemeHn mepeMennoii. [Tosromy
MBI 9acTO OyJIeM MPOBEPSATH PABEHCTBO MPOW3BOAAIINX (DYHKIUI UM PENiaTh
yPaBHEHHs Ha HUX, HOC/IEI0BATEILHO cpasHuBas Ko3dbduuuents npu s°, s, s?

u T.1.

3amevwarnue 0.4.2. Ynorpebusisi cyioBo “yHKius’, MBI BOBCE HE HMMEEM B BH-
Iy, 9TO HAIMCAHHOE BBIPAYKEHWE NEeUCTBUTENBHO siBisiercs ¢yukiueil. Tak, He
CJIEIyeT JAyMaTh, OYATO MBI MOXKEM CKa3aTh, 4eMy pasHO “3nauenue A(1l) mpo-
u3Boaseit dpyukiun A B Touke 17. Jljist TOr0 HaAM MPHUIILIOCH OBl COCUUTATH
CyMMy OECKOHEYHOTO paaa ag + a1 + as + . . .. I3ydenne npon3Bomgamux QpyHK-
nmit He TpebyeTr CyMMUPOBAHNA OECKOHEYHBIX UHMCJIOBBIX PAI0B. IlepemeHnHast §
SIBASIETCST (HOPMaAALHOT, U CYMMa, pAma ag + a1 + a252 + ... CMBICJIAa HE UMEET.
Ommako Bepubl yrBepxKaeana A(0) = ag, A’(0) = a1, A”(0) = 2a2 u T.1..

[IpousBomsitas GOYHKIES TPEACTABIAET HOCIEI0BATEIbHOCTh YUCET B BHU-
Jie psifia 1Mo cTeneHsiMm (hOPMAaJIbHON nepemenHoil. [losromy Hapsamy ¢ TepMUHOM
“mpousBoasias (yHKIHsT MbI OyIeM TaKXKe MOJIb30BATHLCA TEPMUHOM “(op-
MAaJbHBIA CTEITeHHONR P .

Onpeaenenne 0.4.3. Cymmotli AByX TPOU3BOIAINX (DYHKIUH

A(s) = ag + a1s +azs® + ...

B(S) :b0+b18—|—b252+...
HA3LIBACTCS TTPOU3BOAAIIAS (DYHKITHST
A(s) + B(s) = (ag + bo) + (a1 +by)s + (ag +ba)s® + ...

Ilpoussedenuem nponspogamnx GyHKIUA A u B Ha3bIBaeTCa NPOU3BOIMIINAL
byHKITST

A(S)B(S) = apby + (a0b1 + ale)S + (a0b2 +ai1by + a2b0)32 + ...

Onepanmuu CIOXKEHWST W YMHOXKEHUS TPOM3BOAAIHX (DYHKIINI, OUEBUITHO,
koMmyTaTuBHbl (A + B = B+ A, AB = BA) u accounarususl ((A+ B) +C =
A+ (B+C),(AB)C = A(B(C)); kpoMe TOTO, BHITOIHAETCA TACTPUGY THBHBIH
sakon (A(B + C) = AB + AC).
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Onpenenenune 0.4.4. [lycrs

A(s) = ap +ays +ags® + ...

B(t) = by + byt + bot?® + bst> . ..

— aBe npousBogamue dyuknuu, npuaem B(0) = by = 0.
Hodemanosxoti npoussosme pyukimu B B npoussoidiyio ¢gpyuknmuio A
HA3bIBAETCS MPOUBOJISAINAA (DYHKITHS

A(B(t)) a0+ a1 B(t) + asBX(t) + azB3(t) + . ..

= ag+a1bit+ (albg + agb%)tQ + (a1b3 + 2a9b1bg + agb:f)t?) +....

Ecnu, manpumep, B(t) = —t, o
A(B(t)) = A(—t) = ap — art + aot® —azt® + .. ..

Ipoussonsmas dyukus A = A(s) nasbaercs wemuotl, ecim A(—s) = A(s)
newemnot, ecmu A(—s) = —A(s). OyHKIMA ABISAETCS IETHOW B TOM U TOJIBKO
B TOM CJIy4age, eCJld ee CTeNeHHON Pl COAEPXKUT JIHUIIb YWIEHbI Y€THOMH CTEIIeHH.
DyHKIMS ABIACTCH HEYETHON B TOM W TOJBKO B TOM CIIy4Yae, €CJIU €€ CTEreH-
HOI psijl CONEPKUT JIUIb YIEHbI HedeTHOH crenenu. Tax, Hampumep, DyHKIMs
cos(s) — uerHas, dyHKIms sin(s) — HederHast, a byHKIUSA exp(s) He ABIsETCS
HU YETHOMN, HU HEYETHON — ee Pa3jIoKeHWe B PsiJl CONEPIKUT HEHYJIeBble KO-
bunmenTh KaK Py Y€THBIX, TAK U [IPU HEYETHBIX CTENEHSX [EPEeMEeHHOH S.

Obfparure BHUMAHUE HA TO, YTO OLIEPALMs HOACTAHOBKY DYHKIMKU, OTJIUIHON
OT HyJid B HyJe, He onpejaeseHa. [Ipy MOMbITKE MOACTABUTL TAKYIO (hyHKIHMIO
MbI CTOJIKHY/IUCH Obl ¢ HEOOXOAMMOCTHIO CYMMUPOBATHL GECKOHEUHBIE YHC/I0BbIE
PAIBL.

Koneuno xke, eciin 00e nponssopdinye GyHriuu A u B aBISIOTCA MHOIO-
YJIEHAMM, TO OIIPEJIEJIEHHUs CYMMBbL, IIPOU3BEAECHU U NOACTAHOBKYU JJisd HUX COB-
MAJAI0T ¢ OOBIYHBIMY OTIPEIEICHUIMU STUX Omepanuii aug MaorouwieHos. Onpe-
JIeJIeHMsT ITUX ONEePalii Ha CTENEHHBIX PIIaX ABJSIOTC PE3YJbTATOM UX IPO-
JIOJIZKEHUS C MHOIOWIEHOB.

Y066 TTO3HAKOMUTHCSA C TPOM3BOMSIINME (PYHKIIUAMN MOOIMIKe, JaBaiiTe
JIOKaXKeM BasKHyI0 Teopemy. Jluneiinyio dyuknuio B(t) = bt, b # 0, nerko obpa-
TUTH — O0paTHON K Hell dyukiueit apasiercsa dyukmus s/b. Tobasnenne crap-
IMX CTereHeil ePeMeHHON He Buser Ha oO6paTuMocTh (yHKIMH.

Teopema 0.4.5 (06 obparHoii byukuuu). ITycme dynryus
B(t) = byt + bat® + bst® + ...
maxoea, wmo B(0) = by =0, a by #0. Toeda cywecmeyrom maxue GyrKuUL

A(s) = ays +azs® +azs®> +..., A(0)=0

Cu) = cru+ cou® + czu® + ..., C(0) =0,
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umo

AB(t))=t u B(C(u)) =u.
Oynxyuu A u C eduncmeenot.

Oyukiusa A HaseiBaercs aeeotli obpamnot, a pyukius C — npasoti obpammot
K ¢yukmun B.

HdokazaTeabcTBo. JlokazkeM CyIecTBOBAHUE U €IMHCTBEHHOCTH JIEBOI 00-
partuoi#t dyukmuu. JloKazaTeabCcTBO [T TPaBoil 00paTHOi aHaaornvdHo. Bymem
onpenearh kKoaddurmentnr Gy A nociemosarennuo. Koaddurment aq
omnpenensercd u3 ycaosus a1b; = 1, orkyna

1
a; = —.
by
[Ipeanonoxum Teneps, 9T0 KOIMDUIUEHTHI a1, dg, . . . , Ay, Y3Ke oOnpeneneHs. Ko-

3¢ purmenT a, 41 ONpemeasieTcs u3 yCAOBUs
n+1
an+1b1 +~~~+a1bn+1 == 0,

rje ToYKaMu 0D03HAaYeH HEKOTOPbLA MHOIOYIEH OT Q1,...,0, 4 b1,...,b,. Tem
CaAMBIM, YCJIOBHE TMPEICTABJISET CODON JTUHEHHOe YpaBHEHUE HA (piy1, TPUIEM
KO3 PHUImenT b?“ TIpH Ap41 OTAWYEH OT HyAd. Takoe ypaBHEHVE UMeeT €/IHH-
CTBEHHOE DEIIEHUE, U TEOPEMa, TOKA3AHA. O

Urax, Mbl HAYYHUJIUCH CKJIQJBIBATH M YMHOMKATL CTEEHHBIE DSl U MOJI-
CTABJISITH UX JPYT B APyra. XOTEJI0Ch Obl TAKKE HAYIUTHCS JEJUTH UX APYT HA
npyra. Ilocneansa onepalys He BCerda KOPPEKTHO OmpeneeHa. B 3ToM oTHO-
LIEHUY CTEIEHHbIE PSAAbl IOXOXKHU Ha LEJIble YMC/IA: HE BCEra LeJI0e YUCJIO IPU
JeJIEHUW Ha JAPYTroe I[EeJI0e YUCIIO JTAET B OTBeTe Iesoe yucao. OmHako, BO BCS-
KOM CJTy9ae, BO3MOXKHO JeJIeHNe HA CTEIMEeHHON P, 3HAYEHNE KOTOPOro B HYJIE
OTJIUYHO OT HYJIA.

Yreepxkaeane 0.4.6. Ilycmo
A(s) = ag + a1s + ass® + azs® + . ..

— dopmarernti cmenennot pad, npuvem A(0) = ag # 0. Tozda cywecmeyem
eduHCMBEHHBT POPMAALHBLT cTnenenHot psd

B(S) = by —|—b15+b282 —|—b383 + ...,
maxoti wmo A(s)B(s) = 1.

HokazareabcTBo. CHOBa MPOBEIEM TOKA3ATEIbCTBO IO WHIYKIIANA. JHATE-
_ 1
Hue KoaddunnenTa by HAXOAUTC JETrKo, by = = [Iycrs Teneps Bee KO3 duim-
eHTHI psAga B BIIOTH M0 cTemneHn n— 1 oaHo3HauHO onpeneneHbl. Kosdgdumment
npu " OLpeAendaercs u3 yCJIOBUsl

agb, +arb,_1+ -+ apbyg =0.
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D10 JMHEHOE ypaBHeHue Ha by, mpuuem KoadhduimenT ag npu b, oTanYeH or
uynd. IlosTomy ypaBHeHIe UMeeT eIMHCTBEHHOE PEIeHe. O

OrmMerum, 4TO, HECMOTPS HA TEOPEMBI CYIIECTBOBAHII, HAXOXKIEHHE 00paT-
HOI (DYHKIIUU — OTHOCUTEIHHO IMTOJCTAHOBKU WJIM OTHOCUTENBHO JEJIEHUS — B
SIBHOM BUJE MOYKET OKa3aThCs CJIOXKHON 3amadeil, maxke eciau cama, (pyHKIUs
orHocuTebHO TpocTa. CkaykeM, Bbrauciaenue (yHKImu 1/coss 3aiimMer y Hac
1esiblil maparpad, u npuBeseT K 09eHb UHTEPECHOMY DPE3YJIbTaTy.

0.5 JIuddepeniiupoBanue 1 THTEIrPUPOBaAHUE IIPO-
N3BOAATINX (DYHKITIi

Hutst mponsBosiiux GpyHKINH OOBITHOE OIIpeaeeHne MPOU3BOAHON MOXKHO 3a-
MACATH B CJIEIYIOMEM BUIE.

Onpenenenune 0.5.1. Ilycrs A = A(s) — npoussoggamas dyakuud. ITpous-
600101 9TOH DYHKIINN HA3BIBAETCS (DyHKIINS

A(s+1t) — A(s)

Al(s) = t

t=0

[Mockoabky npu t = 0 uucauTens ApodU B ONpEIeeHNN TPOU3BOIHON 00-
parmaerca B HYJb, 3TOT YUCIUTENb AETUTCS Ha t, W ONpeliesieHne KOPPEKTHO.
HuddepennmpoBanne, 0O9EBUIHO, JHHEHHAA OMEPAIIN, IIOITOMY IS TOT'O, ITO-
Obl IOHATH, KAK OHO JIEHCTBYeT HA MPOU3BOAAIIMX (DYHKIUAX, JOCTATOYHO II0-
CMOTpETDb Ha ero JefiCTBUE Ha CTeNeHsX mepeMennoit. Mmeem

k k k) ok—1
(k)/_(s+t) —$ _(1)3 t+... R
§7) = ————— = = =ks"7.

t o t

= t=0

31ech MHOrOTOYNE B YUCIATENe 0603HAYAET MHOTOUICH, JAeIsIIHiicsa Ha t2; mo-
cie menenusi Ha t W IpUpaBHUBAHUS { HYJIIO 3TOT MHOTOUIeH obparmaercs B 0.
Tem cambiM, gudGepeHmpoBanme MpOU3BOILHON MponsBoaaiei hyukimm A(s) =

ag +ai1s+ a252 + ... Jaer
A'(s) = a1 + 2azs + 3azs® + dags® + ...
JokazxkeM npasuso Jud@epenyuposarus CA0NHCHOT GYHKUUU:
(A(B(t))) = A/(B(t))B'(t).

B cuny nuneiinoctu nuddepeHmpoBanus, 11 TPOBEPKH ITOTO PABEHCTBA 10~
CTATOTHO PACCMOTDETH Caydaii, korma A(s) = s* — monom. Temeps MBI JOJIKHBI
JO0Ka3aTh PABEHCTBO

(B*(1)) = kB"1(t)B'(t)

I mo6o#t mponssoasmeil pyukinun B. Jloka3aTeabCTBO 9TONO PaBEHCTBA TPe-
OyeT mocaea0BaTENbHOrO cpaBHeHus kKoddduimentos mpu t', ¢ = 0,1,2,....
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Koadbdurnmentsr byuknym B npu crenersx i+2 u BBIIE He BAUSOT Ha KO3 du-
IUeHTHI IpH t° B obenx uacTax pasencrsa. [[03TOMY €ro JI0CTATOYHO HPOBEPHUTH
JUIs corydasd, Korjga B — MHOrOYJIeH, a B 9TOM CJIy4Yae OHO XOPOIIO U3BECTHO.

Onpenenenne audepeHITIPOBAHA CaMO TI0 cebe TTO3BOMSET HaM pPerrarh
npocreftue auddepennuanbabie ypapuenuna. Haiimem, Hanpumep, GyHKIAIO,
NPOU3BOJIHAA KOTOPOH COBIIQIACT C HEH CaMoid,

F'(s) = F(s). (6)

Oycrs F umeer sun F(s) = fo+ fis+ f2s* +.... Torma F/(s) = f1 + 2fas +
3f3s% + .... CpasuuBas xK03(pUINEHTLI DU HYJIEBOI CTETeHN MepeMeHHOH B
JIeBOIi U paBoii YacTsax paBeHcTsa (6), Mbl 3aka0Uaem, 4to f1 = fo. CpasHenue
k03 PUIMEeHTOB TIpu TepBoit cremenu s gaer 2fo = f1, orkyna fo = % fi= % fo-
IIpomomzkass TakuM 2Ke 00pa3oM, MBI 3aKI0YaeM, 910 [ = % fo ans Becex k =
1,2,3,.... O6o3nauum fo gepes c. Haie paccyzkaeHue MPUBOAAT K CIAELYOIMIEMY
BBIBOLY:
Bcaxroe pewenue ypasnenus (6) umeem ud

F(S):C<1+11!8+21!82+;!S3+...> = ce’
JULA HEKOTOPO# nocrogHHoi ¢. Tem caMmbiM, ypaBuenue (6) uMeeT e[MHCTBEHHOE
pertierne ¢ 3a7aHHbM 3HaueHneM F(0) = c¢. Huxe B 310l KHUMe MBI He pa3
6yaem obcy)karh pentenue quddepeHnInaIbHLIX YPABHEHUH Ha IPOU3BO/ISIIIE
dbyHKIHAA.
HUnmeeparom byurnum A Ha3bIBAETCA QYHKIMS

2 83 sn+1

A(s) = — — ety ——— ..
(s) aos+a12+a23+ +a (n—|—1)+

Onepanysa muddepeHImpoBannst 00paTHa OMepPaIi HHTETPHPOBAHUSI:

(/A@):A@.

Oneparug e HHTErPUPOBAHNS TPOU3BOTHON TPUBOIUT K (DYHKIIUH C HYJIEBBIM
CBOOOIHBIM UJIEHOM, W TTOITOMY PE3YJIbTaT, BOODIIE MOBOPs, OTINYALTCA OT WC-
XOMHON (PYyHKITHH,

/A’(s) = A(s) — A(0).

3amevwanue 0.5.2. Herpynuo Bumers, 94ro ajisa MyHKIHHN, TPEICTABUMbBIX B BUIE
CTEMEeHHBIX PSII0B, POpPMyIa A IPOU3BOIHON COOTBETCTBYET 00bIaHOM. Popmy-
JIa, [JIs1 WHTETPAJIa COOTBETCTBYET 3HAYEHUIO HHTErPAJIA, C TIEPEMEHHBIM BEDXHUM

IIPeIeIoM .
JECEYARIGES
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[Tocenee 3amevanue TMO3BOJISET TOJICUUTHIBATH TPOU3BOJSININE (DYHKIIUU
I OOJIBIIIONO YUHCIa PA3HOOOPA3HBIX IMOCTIedoBaTeIbHOCTEH. Bhrancanm, ma-
npuMep, obparHyo (MYHKIUIO K 9KCIOHEHTE. ITa (DYHKIINST HA3BIBAETCA HATY-
panbHBIM Jorapudmom u obosHadaerca In(-), In(e®) = s. Pasnoxenue 3Kcio-
HEHTHI HAMUHAETCA ¢ 1, TO3TOMY apryMeHT joraprudmva HyKHO CABUHYTH B 1:

(L +t) = byt + lot® + I3t + ...

(cBOGOHBIH 1eH B pasioxkennu paser 0, mockonbky In(1l) = 0).

Jlst Beraucaenus KOG QGUITMEHTOB PA3IOXKEHU JIOTapudMa BOCTOIb3YEeMC s
TeM, YTO TPOM3BORHAs (QYHKIMN U 0OpaTHOM K Hell B NpoW3BeIeHHH JafoT 1.
Heiicteurensro, ecmu A(B(s)) = s, 1o A'(B(s))B'(s)=1mn

1
!
ITockonbky %es = e, monmyvaem
d 1
—In(l4+t)=——=1—-t+2 -3 +t*— ...
=1 + * ’
OTKYyJa, MHTETPUPYI,
1 1 1
In(l1+t)=t—=t>+=t>— —t*+....
n(l+1t) 5 +3 1 +

Msu1 Oyzem garre moib30BaThCS CASAYIONINM BAPUAHTOM TOCTETHEN (DOPMYIIBL:

1 1 1
—1n(1—t):1n(1—t)_1:t+§t2+§t3+1t4+.... (7)

Ormerum, uro 6uHOoM HbloTOHA yI0OHO 3aNUCHIBATL C [TOMOIIBHIO IKCIIOHEH-
THI:

(1 +t)a _ 6a1n(1+t).
B kauecTBe erme 01HOTO MpuMepa, BHIYUCIUM MPOU3BOAAIIYIO (DYHKIIUIO

1

f(8) = —= + =5+ L

2 n
fo 5"
(n+1)(n+2)

1 1
—5
1-2 2.3 3-4
Vuuokasa byskmuio f na s? u auddepennupys, moasydaem
2 / 1Ly 13 -1
(s“f(s)) :5+§5 Jrgs +--=In(1-9)"",

OTKY/I3
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0.6 Ausredpa u TomnoJiorusgs POpMaJIbHBIX CTEIIE€H-
HBIX PAJI0B

Huke npuBogsiTCst HEKOTODBIE CBeJEHUsS U3 TeOpUH (POPMAJIBHBIX CTEIEHHBIX PSIO0B.
OHU He UCHOJIB3YIOTCS B KHUTE, HO MOT'YT IOMOYb 0DO3HAYUTH MECTO STON TEOPUH B
Py APYTUX MATEMATUIECKUX JUCIUATLINH.

C anreGpamveckoil TOUKM 3PEHUsI MHOXKECTBO (DOPMAJIbHBIX CTENEHHBIX PsIOB (C
k09bGUMMEHTAME B TI0JIE KOMIIJIEKCHBIX, BEECTBEHHBIX WJIM PATMOHAIBHBIX THCEJ)
obpasyer (6eCKOHETHOMEDPHOE) GeKMOPHOE NPocmparcmeo uam stum mosem. Onepa-
IMsl YMHOYKEHUS PSIZIOB TPEBPAIIAET 9TO BEKTOPHOE IMPOCTPAHCTBO B a42e6pYy, KOTOPast
obosmagaerca C[[s]] (coors., R[[s]] mmm Q[[s]]). Baxkmyio posb B 310ii asreGpe mrpa-
10T udeanni, T.e. Takne nogmuoxectsa I C C[[s]], aro fI C I ana moboro snementa
f € C[[s]]. B anrebpe hbopMaTbHBIX CTENEHHBIX PAIOB BCE UICATHI — 2406HbLE, T.€. BCE
oun umeror Buy fC[[s]] mus mexoropoit dyukmuu f € C[[s]]. Boaee roro, Bce nneasust
nerko omucars: ouu umeior sug, Iy = s*C[[s]], k = 0,1,2,... (ve. ugean Iy cocrour
U3 BeeX (HOPMATHHBIX CTEMEHHBIX PSAIOB, Jessmuxcs Ha s°). Omun u3 mmeanos Ii, a
vMeHHO [1, MaKCHUMaJIeH: OH He COJEP’KUTCS HU B KaKOM JPYTOM HieaJie, OTIMIHOM
oT Beceil anrebpbl. Asirebpa ¢ OAHUM MAKCUMAJIbHBIM HI€AJI0M HA3BIBAETCH A0KAAbHOMU.
CBOMCTBO JTOKAJTHLHOCTH COTMKAET aIreopy GhOpMaIbHBIX CTEMEHHBIX PSI0B C KOOPIH-
HATHBIMHU aJrebpaMu B OKPECTHOCTH HadasIa KOOpAWHAT (aarebpamMu pocmixos GecKo-
neuno auddepeHnupyembix iy anaaurndeckux Gynknuii). Paxmopaszebpo C[[s]]/ Ik
HA3BIBAIOTCS AA2€0DAMU CPE3AHHBLT MHO20%AEHOG T TOYKE OUEHBb BAKHBI.

B asrebpe popMaSIbHBIX CTEIEHHBIX PSIIOB ONPEIesIeHa monoso2ud. Omrpumoimu
B 9TOH TOIOJIOTHHN ABIAAIOTCs umeanst I, k =0,1,2,... u mycroe MHOXKeCcTBO. BBemen-
Has TOIOJIOTHUS OIIPEIEISET IIOHATHE CT0JUMOCTU: TIOCTEI0BATENBHOCTD F (8), Fa(s), . ..
crodumes K dopmanbHOMY crerneHHoMy psaay F(s), ecim ajis ymo6oro uucia n cyle-
crByer Takoit Homep N, uro Bce KO3 HULUMEHTHI 1IPU CTeneHs X s0, st 8" Y PAI0OB
Fy;(s) mpm k > N coBmamaior ¢ k03ddUIuenTaMu Ipri COOTBETCTBYIOIIAX CTEMEHTX Y
pama F(s). Muoro4amensr — hOpMaIbHBIE CTETIEHHBIE PSAJIBI, B KOTOPBIX JIUITh KOHETHOE
9uCI0 KOIDDUITNEHTOB OTIMIHO OT Hyss, — 00Pa3yi0T BEKTOPHOE MOIIPOCTPAHCTBO
(u momasre6py) B anrebpe popMaIbHBIX CTENEHHBIX PSAJIOB, KOTOPOE ILIOTHO OTHOCH-
TEJIbHO BBEJEHHOI TonoJioruu. Bee onepanuu Haj psajJaMu — CJIOKEHHUE, YMHOXKEHUE,
TIO/ICTAHOBKA, [eJIeHNe, — OMPEeIe/ISIOTCS s MHOTOYJICHOB OOBIYHBIM 006pa3oM, a Ha
CTEeIeHHBIE PSIIBI TPOJOJIKAIOTCS TaK, YTOOBI TIPOJIOJIKEHHBIE OMePAINy ObLIN Herpe-
pbiBHBL. Takue mpojo/KeHrs CYyIEeCTBYIOT U €IUHCTBEHHBI.
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0.7 3agaum

3adaya 0.1. IlepecraHoBKa JIBYyX JIEMEHTOB MHOXKeCTBA N, , OCTABJISIONIAS OC-
TAJbHBIE 3JIEMEHTHI HA MECTe, Ha3bIBaeTca mpancnosuyuet. Hafimmre umcmo
TPAHCIO3ULMH B rpymie Sy,.

3adaua 0.2. Besakyo mepecTaHOBKY MOXKHO Pa3JIOKUTH B MPOU3BEIEHUE HE3A-
BUCHUMBIX TTUKJIOB. Takoe pa3joKeHWe OTHO3HAYTHO € TOYHOCTBHIO 0 MOPAIKA
YMHOXKAEeMbIX IUKJIOB. B WacTHOCTH, HAOOD MJIMH STHUX IUKJIOB OIIPENEIIseTCs
mepecTaHoBKOM ogHo3HauHo. Hampumep B Sy, J/1a TpaHcHo3unuu HabOp JJIHH
IUKJIOB COCTOUT W3 OIHOM MBOUKHU M N — 2 eIWHWIL, & HAOOD JJINH IUKJIOB TOXK-
JEeCTBEHHOU TIePECTAaHOBKY COCTOUT u3 1 enuHuUIll. CyMMma, JJIUH IIUKJIOB PABHA
YUCIy IJEMEHTOB NEePEeCTAaHOBKW; IPYTUMM CJIOBAMH, HAOOD ITHUX [JIUH sIBJIS-
ercs pazbuenuem IJVHBI EPECTAHOBKHU. [lepecTaHOBKA HA3BIBAGTCS OAUHNBLM
UUKAOM, €CTIN ee Pa3JIOKeHUe B IIPOU3BeJIeHNe HEe3aBUCUMBIX ITUKJIOB COCTOUT
U3 €IMHCTBEHHOIO IMUKJA. [jinHa TaKOro nuKJa, pa3yMeeTcs, COBIAIAET C JIJIH-
HOI nmepecTaHoBKU. HaiiuTe 4Mcio NIMHHABIX IUKJIOB B rpymme S,.

3adawa 0.3. Halinure uucno snemeHToB B Sp, OTBEHAOIIUX pa3bueHHdIM a)
17122 (mpowusBeaeHme TPAHCIO3UIAT IBYX Hap 37TeMEHTOB, CPEIN KOTOPLIX HET
obmmx); 6) 17733 (uwkaor mywwb! 3).

3adaua 0.4. Hokaxkure, uro ecau yukuusa f = f(s), npeacraBumasa B Buje
CTENEeHHOTO pAna, Npeobpasyer cyMMy B NPOH3BEIEHHUE, T.¢. TOXKICCTBEHHO BbI-
nomugerca paserctso f(s +t) = f(s)f(¢), m f(0) = 0, T0O OHA TOKIAECTBEHHO
pasna 0.

3adana 0.5. Hokaxkure, 9ro jsorapudm mpeobpa3yer MPOU3BEIeHUE B CYMMY:
In((1+s)(1+1¢)) =In(1 +s)+In(1 +1).

3adaua 0.6. JloKaxure CIeayiomie paBeHcTsa: a) sin’ s 4 cos? s = 1;
6) (14+5)*(1+s)8 =(1+s)*8; B)In((1—s)*) =aln(l - s).
Badaua 0.7. Iycrs p = p(t) — muorowren. Uemy pasnbt a) exp(a-)p(t)? 6)

. 2 2
sin & p(t)? B) cos & p(t); r) exp(5 + £z)p(t); 1) exp(4 — 4 )p(t)?

3adawa 0.8. Jokaxkure, 9TO CTEMEHHBIE Pl BUIA
2
a8+ ass® + ..., a; # 0,

00pa3yoT IPynny OTHOCHTEIHHO OIIEPAINY [TOICTAHOBKH.

3adana 0.9. Iycrs dynkius B = B(s) = bys + bys? + bgs® + ... Taxosa, uro
b1 # 0. Hokaxure, uro npasas obparHas (byukuus A(t) u nesas obparHas
dyukuusa C(t) copnagaior. Ira obimas obpammas Gynryus oGO3HATAETC Yepe3
B71(t).

3adana 0.10. Tyers A(s) = ag + ais + azs? + ... — mpowsBogsmas GyHK-
1IUsl JJIsT TIOCAEI0BATEILHOCTH dg, 41, A2, - - . . BbIpasuTe depe3 A mpousBoIsInme
byHKIIMK A9 TOCIeI0BATETLHOCTEH

a) ag+a1,a1 +as, a2 +as,...;6) ag, a0+ a1, a0+ a1 +ag,a0+a1 +az+as,...;
B) aop, alb, a2b2, a3b3, ceey F) aop, 0, as, 0, a4, 0, aeg, 0, ag,....
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3adana 0.11. Beraucaure Tpu nepBbIX HEHYJIEBBIX KO3 duimenta QyHKIwmit, 06-
PATHBIX OTHOCHTEIBLHO OLEPAIMHU [IOACTAHOBKY K CJIeAy oM MyHKIMAM: a) sin S;
6) e’ —1;8) s+ 5%
3adawa 0.12. Haiinure pasioxkeHue apKCUHYyCA:

1 1 1-3 1-3-5 -

N = 51 == 73
sin” ~ s = arcsin 5—&-2.35 +2,4.58 +2.4-6-7S

3adana 0.13. JlokazkuTre, 94TO HE CYIIECTBYET TAKOrO (DOPMATBLHOTO CTEIIEHHOTO
pana A(s), uro sA(s) = 1.

3adawa 0.14. Toxkaxkure, 9TO €CIaM KaXkKpIil U3 cTeneHHbx psagos A(s) m B(s)
OTJIMYEH OT HyJs, TO B uX nponssegenne A(s)B(s) oTaMIHO OT HyJIA.

3adaua 0.15. Tlycts pamet A(s) = ag + a1s +ass? + ..., ag # 0, u B(s) =
bis+bys?+..., by # 0, umeror nesnle ko3gdumuentsr. IIpu KAKUX yeaoBusx Ha
K03 DUITUEHTHI ITUX PSITOB PSIbI ﬁ, B~1(s) mmeror nesbie KoabbumenTh?

3adaua 0.16. Haiimure Bee pernenns mudbgepeHnma bubx ypasHennii a) F/(s) =
aF(s), 6) F'(s) = F?%(s).

3adauwa 0.17. Haiiaure npoussonsme GyHKIUNA /i IOCIE10BaTEIbHOCTENR
a) 1,2,3,4,5,6,...;6) 1-2,2-3,3-4,....

3adaua 0.18. Jlokaxkure, uro mjig psaga B = B(t) ¢ HyneBbIM CBOOOIHBIM Wi~
HoM, B(0) = 0, u npousposbHOTO psima A = A(s)

( / A) (B0 = [ (A B0)

(dbopmyna 3aMeHbI IEpEMEHHBIX B MHTErPAJIE).

3adawa 0.19. Hokaxkwute dopmyny Hriorona—/leiibmuia
(A(s)B(s))" = A'(s)B(s) + A(s)B'(s)-

3adauae 0.20. Jokaxkute (HOPMYJIYy HHTEIPUPOBAHUS MO YACTIM:
JAEE @)+ 4()B6) = AB() - A0)BO).

3adawa 0.21. dokazkure, 9TO TP 33JaHHOM HATYPATBHOM 3HadYeHUU k J1000€
HATYPAJIbHOE YUCJIO 1 €JIMHCTBEHHBIM ODPA30M MPEJCTABUMO B BUJIE

()4 (G) ).

rme 0 < by < by < --- < bg. Hanmpumep, nmpu k = 1 3T0 BepHO, TaK KaK BCIKOE
9HCIIO N IOYCKAET eIMHCTBEHHOE NpejcTabaenne B uge n = (7).

Huzkecnemytomue 3agaun B3l 13 3naMmenutoro coopuuka Ilosma u Cere
“Teopembl 1 3a7a4n U3 aHaan3a’ — B CKOOKAX yKa3aH HOMEpP 33a9H B 3TOM
cOOpHUKE.
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3adaua 0.22 (1.16). Oupenenure KO3GOUIMEHT Gy, B PAIOKEHUU
(1+gs)(1+qs?)(1+gs)(1+¢s®) - =ag +ars +ags* +....

3adaua 0.23 (1.33). Tokaxure TOXKIECTBO

Y () ) () =)

3adaua 0.24 (1.37). Jokaxure TOXKIECTBO

() 50) () o

3adawa 0.25 (1.38). TokazKuTe TOXKIECTBO

my oLy L TSI ) NI S S
1 2\2 3\3 n\n/ 2 3 n’

3adaua 0.26 (1.39). JTokaxkure TOXKIECTBO

n

th+1
—qynkgk (T =n+1.
2.1 <2k+1 nt

k=0
3adaua 0.27 (1.41). IMonoxnm
o(x) = ap+ar+agz(r — 1) +azz(zr —1)(z —2) +...
ay az as
V@) = e+ ot pr@—1)+ gar-DE-2)+ ...

JlokazkuTe, 9TO TOrIa

(550 (D)o (3)es-s (1)t =2t

()0 (o (oo (=t

(Obparure BHMUMAHUE HA TO, 9TO (DYHKIMH ¢ U 1), XOTS U MPEICTAB/ISIOT CO-
00it GeCKOHEUHBIE CYMMBI, He SABJSIOTC (DOPMATBLHBIMU CTETIEHHBIMUA PATAMU, 4
sradenns ¢(n) u Y (n) Opu HATYPATBHOM APTYMEHTE 1N KOPPEKTHO OMPEIESICHB,
MTOCKOJIbKY TIPH MOJICTAHOBKE B PAABI HATYPAIBHOIO 3HAYEHUS ApTyMEHTa BCE
cslaraemMble KpOMe KOHEYHOro 4ucia obpawatrcs 0.)

3adawa 0.28 (1.42). TokazKuTe TOXKIECTBO

(gy0—nf+<?y2—nf+(;y4—m2+~~+CD@v—m2+“*:T”

3adaua 0.29 (1.44). Tokaxkure, 4To Jjis JHOOOMO MHOTOYIEHA f BBITOIHIETCS
PABEHCTBO

f(ai)xk:f®n@
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PamuonaabHbIe
IIpon3Boasniue PyHKIINN

Pammonanprasa GyHKIHS — 9TO OTHOIIEHNE IBYX MHOTOY/IEHOB. ParnonanbHbe
MPOU3BOISIIIIE (DYHKIUU 00pa3yoT OOJIBION KJTACC MPOU3BOASIIAX (DYHKITHIA.
IIpoussomsiiue GyHKIMMA, BCTPEYAIOINMECS HA, MPAKTHKE, OY€HDb YACTO MPUHA-
JIesKaT K 9ToMy Kjaccy. Hampumep, Kak Mbl yBUIUM, PAIMOHATLHBIME OKA3bIBA-
F0TCS TPOU3BOsIINE (DYHKITUHN JIJTs1 A3bIKOB, PACTIO3HABAEMBIX KOHEYHBIMHU aBTO-
MaTaMu (peryJsipHbIX g43bIKOB, cM. riasy 77). Kpome roro, Teopust panuonasib-
HBIX [POM3BOIAINNX (DYHKIUA COBIAAAET, II0 CYIIECTBY, C TeopHueil peleHumit
OOBIKHOBEHHBIX MU(D(DEPEHITHABHBIX YPABHEHUH € TIOCTOSHHBIMY KO3 uiinen-
TaMHU.

0.8 T'eomerpuyeckas mporpeccus

IIpocreiias panronanbaas (GyHKIUS OTBEYAET MPOCTEHIIEH MOCIEI0BATE b=
HOCTH KO3 DHUIIMEHTOB — MOCTOSHHON mocaenoBaresbaoct 1,1,1,. ... IIpous-
Bozsitas (BYHKIUA JJIsT 9TOH MOCJIEI0BATETBHOCTH UMEET BU/T

Gs)=1+s+s+s+..., (8)

U ee HeCJIOXKHO BBIPA3UTH Yepe3 3J1eMEeHTapHbIe IIPOU3BoAAnIre (DYHKIUN, KOTO-
pBIE MBI PACCMATPHUBAJA B Npeablaymeil riase. JefCTBUTENBHO, YMHOXKHB 00
yacTu paBeHcTBa (8) HA S, HOJLYYUM

sG(s) = s+s2+s3 st 4.,
= G(s) -1,
OTKY/Ia
1

G(s) = =(1—35)"L. 9
()= 2= = (1-5) Q
Tor 2Ke BBIBOJ ¢ HE3HAYUTEIbHBIMI U3MEHEHUSIMH TIPOXO/IUT JJIs IIPOU3BOJIb-

2 .3

HOI TIOC/IeIOBATEILHOCTH BUIA A, AT, A<, ar>, .. .:

Gur(s) = a+ars+ar’s® +ar’s® +...

= a(l+(rs)+ (rs)*+(rs)®+...),

27



28 I'VIABA 0. PAITNNOHAJIBHBIE IIPOU3BOJAINNE ®YHKITNNI

OTKyZa
r8Gar(8) = Gor(s) —a

a

Gar(8) (10)

1S

IIpUBEIEHABIE BBIMIE BHIKAAJKA MPEICTABAIOT COB0 HE 9TO MHOE, KaK W3-
BECTHBIH BLIBOM, (DOPMYJIBL J7Tsi CYMMBI GECKOHETHOH TeOMETPUYECKOM MTpOrpec-
cum. Pe3sysbrar 3THX BBIKJIAIOK COTMIACYETCH, KAK HETPYIHO BUJIETD, C PA3JIOKE-
mrem 6uroMa (1 — s)~ L.

0.9 IlocaenoBarenbHOCThL PUbOHAYYUM

3uaMmenuTag nocaedosamensrocms Puboraw iy ONpeeasercs CBOUMU HAYAb-
HBIME umeHaMu fo = f1 = 1 u cooTHOMEHIEM

frt2 = fnt1 + fu. (11)

W3 5T0Or0 COOTHOIIEHNS JIETKO Oy IUTh HAYAJI0 TOCaeI0BaTebHOCTH PuboHaY-
uu
1,1,2,3,5,8,13,21,34,...,

B KOTOPOIi KaxKAbIil YieH, HAYUHAA C fa, paBeH CyMMe ABYX HPeAbLAYIInX. dTo-
ObI BRIBECTU (DOPMYJLY MPOU3BOASIIEH BDYHKIIUN

Fib(s) =1+ s+ 282 + 35> + 5s* + ..., (12)
yMHOKUM 06e yacT pasencrsa (12) na s + s2. Tomydanm
2 4+ 282 + 35t 4+ 555 +...

+
+ 2+ s 4+ 25t 4+ 385 4.
+ 252 + 35 + bBst 4+ 8 +...,

(s+s?)Fib(s) = s

= S

niain
(s + s?) Fib(s) = Fib(s) — 1,
OTKYZa
1
Fib(s) = ———. 1
ib(s) =~ (13)

[Monyuenuyio bopMysTy MOXKHO TIOHAMATH KAk KOMIIO3UIAIO JBYX IPOH3BO-
aamux bysKmmi, a nverHo, (1 —s)~t s + 52, Te.

Fib(s) =1+ (s +8%) + (s + 832 + (s + s3> +... .

Takoe paznokeHue, OJHAKO, HE OY9€Hb yI00HO, TAK KAK B €r0 WIEHAX IepeMe-
MIAHBI PA3JIUIHBIE CTEIIEHH [TEPEMEHHON S M OHO HE AT ABHON (OPMYJIBI A7
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ko3 durnmentos. [lonesnee mpegacraBuTh Apodb B BHJAE CYMMBI JIBYX 3JIEMEH-
TAPHBIX ApObeii:

1 11 1
l—s—52  /5B\s—s s—5]
1 1 1

Fla(i-2) =(-2))

rme 51 = (—1+5)/2, sy = (=1 —+/5)/2 — kopuu ypasuenns 1 — s — s> = 0.
U3 nocsieiHEro pasiiozKeHust HEMEJJIEHHO [OJTyYaeM

52 2
Fib = 1 -+ ... 1
v = (e ) ()

IlosTomy

1 ,
fo = —(s7i M — gyt

NG
(_1)n n+1 n+1)

= \/5 (Sl )
- (_1)71 _1+\/5 ’rL+1_
= \/g 5

n+1
—1—-+/5
2
S,ELGCB MBI BOCIIOJIB30OBAJIUCH T€M, IYTO S1S2 = —1.

Qucmo |1/s1] = |s2| = H‘f A~ 1.6180339887 HA3BIBAETCS 3040MbLM CEHEHU-
em. TIpaAMOyTroIbHEK, OTHOHleHI/Ie CTOPOH KOTOPOI'O PAaBHO 30JI0TOMY CEYEHHIO,
MOXKHO pa3pe3aTh Ha JBA MOJOOHBIX €My OJMHAKOBBIX MPSIMOYTOJIBHUKA.

Jlpyroii ciocob BbIBOAA TPOU3BOIsAIeil DyHKIMY Ais unces PuboHadIdn uc-
TOIb3YeT 3JIEMEHTAPHBIE MOHATUS JWHEHHON anrebpol. Paccmorpum mapy mo-
crnemoBarenbHbix dncen Oubonawan f,, fr41 KAK KOOPAMHATHI BEKTOPA B JIBY-
MEDHOM BEIIECTBEHHOM IPOCTPAHCTBE R:

fn >
(fn+1> ek

Torna coornomenue (11) MOXKHO HHTEPIPETUPOBATL KAK MPABU/IO MEPEXOAA OT
fn fr+1).
BEKTOpa (fn+1) K BeKTOpy (.fn+2) .

. fn fn+1 _ fn+1
> (fn+1) ” (fn+2> B (fn+fn+1>.

Ilocnennee mpeobpa3oBannue JUHEHHO, M €0 MOXKHO 3alIACATh B MATPUIHOM BH-

A fn 0 1 fa\ _ fn
: (frz+1> ~ ( 11 > (fn+1> B (I)<fn+1).
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Ilepexon ot BekTOpA (;”: ;) K BEKTOPY (;Li 2) OCYIIIECTBIACTCA MyTeM IO~

BTOPHOrO TpuMeHenus mpeodpaszoBanus ®, w T.a. Takum obpasom, mpomsso-
Jadimas GYHKIE 1 BEKTOPHOI mocseoBarenbHocTd PuOOHATIN MPUHUMAET

F(s) = G) + <;)b+ <§)52+ (§>33+,.,
= () o) e (R e () o

(I+<I>s+(l>252+<1>333+...)(f0>

fi
()

3aech depe3 I obo3HAUEHA eAUHAIHAST MATpuIa, I = <

1 0
0 1
HIUJIA K BEKTOPHON TPOM3BOAAIIEH (DYHKIMU BBIBOM MPOU3BOMINEH (DYHKIINN
JIJIsl PEOMETPUYECKOil nporpeccuu. EnuHCTBEHHOE OTyInYdne B PE3yJIbTare: BhIpa-
sxerne (I — s®)~! nommmaercst Kax obpammas mampuya K marpuie I — s®.

ABHoe BhIpazkenue s qucesa PuboHauIIN MOKHO HOJYIUTh, BBIYUCIUB SIBHO
Marpuity " ma npousBoabHOro n. s aroro marpuiy P mHyKHO auaronasn-
3UPOBATh, MPEICTABUB €€ B BUJIE

), " Mbl TPAMe-

d=L'1dL,

rme & — nuaronanmbHas MaTpuUIA, a MaTpuila L HeBbIpoxkmeHa. VMeem,

. 1 11 s;t 0 syt —1
CsmlmstNs s U0 syt Ut L)

OTCIO,ELa, BOCIIOJIB30BABIIIUCH COOTHOIIIEHUEM
" =L 1oL,

U BBIDAXKEHUSIME JIJIsI YHUCEIl S1, So, OJydaeM paBeHcTBO (14).

0.10 PekyppeHTHBIE COOTHOINIEHUA U PANOHAJIb-
HbIe TTPOU3BOAANINE (DYHKITUN

TTocnemoBarensrocts OUOOHAYTIN OMPEALTICTCA JHHEHHBIM PEKYPPEHTHBIM CO-
orHotmenueM fpyo = fni1 + fn. Vcxoas w3 3T0ro cOOTHOMEHUST U HAYATBHBIX
3HAYEHUl MOCIeI0BATEIbHOCTHA, MBI CMOTJIN HAUTHU ABHBIN BHUJ IIPOU3BOALAIIEH
dbyuxnuu. IlpousBonsmas HyHKINS 0KA3aJaCh PAIMOHATLHON — OTHOIEHUEM
IBYX MHOrO4eHOB. Ha camoMm fieie B HallleM BBIBOJE HUTIE HE HUCIOJIb30BAJICS
KOHKPETHbIN BUI PEKYPPEHTHOIO COOTHOLIEHUs. JeiCTBysI TOYHO TAKUM Ke 00-
pa3oM, MbI MOKEM JOKA3aTh aHAJOIMYHYIO TEOPEMY O NPOM3BOAMINeH DyHKIMI
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I8 TPOU3BOJBHOM TOCTEAOBATETLHOCTH, 3a1aBAeMON JTUHEHHBIM PEKYPPEHT-
HBIM COOTHOIIEHUEM.

Teopema 0.10.1. ITycmov nocaedosamesvrocms G, 360GeMCA AUHETHOIM De-

KYPPEHMHBLM COOMHOWEHUEM NOPAIKA K ¢ NOCTNOAHNBLMU C1, . . ., Cl!
Untk = ClOptk—1 + C20nqp—2 + -+ + Chan (15)
U YUCAE A0, A1, ..., k—1 3adanv. Toeda npoussodawasn Pynryua A(s) = ap +
P
a1s + azs? + ... payuonasvra, A(s) = ngg, NPUUEM CMENEHL MHO20YAEHG ()

pasna k, a cmenenv muozousena P ne npesocrodum k — 1.

HokazaTeabcTBo. J[0Ka3aTeabCTBO 3TOH TeOPEMBbI TIOBTOPSET, MO CYIIe-

CTBY, paccyxkjaenue jjis unces @Pubonawun. YMHOKHUB POU3BOALIIYIO (DYHK-

o A(s) na ¢15 + ca8% + - -+ + cx ¥, nonyuum

3 2 -
(c18 + ---—l—cksk)A(s) = C1a0S + c1a18% + c1a98° + -+ crap_15° + ...
+ CQa()52 + 02a153 + 4 CQCLk,st + ...

3 k
+ c3a9s8” + -+ c3ar—38" + ...

—l—ckaosk + ...

P(s) + Als),

rae P — HeKOTOpBIl MHOTOUIEH, CTeNeHh KOTOPOTO He mpeBocxomut k — 1. [leii-
crBuTeNbHO, Ko3dumment npu s"TF B mpaBoii YacTH MEPBOrO PABEHCTBA COB-
najaer ¢ IpaBoii 4acTbio Bbhipazkenus (15). OTciona HenoCpeICTBEHHO MOy YaeM
YTBEPKICHUE TEOPEMBI. O

Ormerum, 9TO B Tpormecce gokazareaberBa Teopembl 0.10.1 ObLT BbITHCAH
SABHBIH BUJ MHOTOUWIEHA (), CTOAIIEr0 B 3HAMEHATE e PAIMOHATIBLHON MTPOU3BO-
Asinedt GyHknnm:

Q(s) =1—ci15—cos* — -+ — cns”.

DTOT MHOrOUJIEH ONPENENAETCS PEKYPPEHTHBIM COOTHOIEHUEM, & TS BBIYWC-
neHns aucamTens GyHKIEM HAM HEOOXOMMMO 3HATH HAYAJBHBIE SIEHBI MOCTE-
JIOBATEILHOCTH.

[Ipoussonsamas dbysakus nyist qucen OuGOHATYIN TIPEACTABUMA, B BUJE JIW-
HeltHON KoMOmHanmm nByx apobeit 1/(1 — s/s1) m 1/(1 — s/s2). Herpyauo Bu-
JIETh, ITO AHAJIOTMYIHOE YTBEPK/ICHNE CIPABEIIABO U Jld JTI000H PAIMOHANBHOI
dbyHKIHN:

Teopema 0.10.2. ITycms F(s) = P(s)/Q(s) — npedcmasichue payuonaisnot
npouseodawel Gynryuy 6 6ude OMHOWEHUA 06YL 63AUMHONDOCTNGLL MHO20YAE-
106, Q(0) = 1. Tozda F' npedcmasasemes 6 sude cCymmb, MHOZOUAECHA U AUHET-
noti Kombunayuy anemenmapnoz dpobeti euda 1/(1 — q;8)*, 2de snavenua q;
obpammv, (KOMNAEKCHUM) KOPHAM MHozousena Q, a nokazameasu cmenenu k;
HE NPEGOCTOOAM, KPAMHOCTIU Kopha q;. Taxoe npedcmasaenue eOUHCMEENHO.
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JleiicTBuTeNnbHO, TIYCTH d1, . . .,d,, — KPATHOCTU MOMAPHO PA3IUIHBIX KOM-
MJIEKCHBIX KOpHeil MHOrOwIeHa (), a q1,. .., Gy — BEJIUYUHBI, ODPATHBIE K STUM
kopHaM. [IpeacraBum MHOTOUWIEH () B BUJE TPOU3BEIEHU

Q(s) = Q1(s)...Qm(s),

IJ1e KazKAblii U3 MHOrOYIeHOB (Q;(S) nMeeT eIMHCTBeHHbINH KOpeHb 1/¢;, Q;(s) =
(1—g;5)%. CymecTByeT KOHCTaHTA, C;,, TAKAs, UTO 3HAMEHATETh pazHocTy F(s)—
em /(1 = @)% umeer cTenenb, MeHBITYIO YeM (. JTa KOHCTAHTA PABHA 3HAHe-
HUK PAIMOHAJIBHON (DYHKIIUN

P(s)
621(8)...62n1,1(8)

B TOUKE $ = 1/¢;,. Tenepsb Teopema MOKA3BIBACTCS WHIAYKITAEH IO CTEMEHN 3HA-
MeHAaTeJIs. O

BuiBoa BeKTOpHOIT TpOW3BOAsAINEH (DYHKIUY I TOCTea0BarebHocTn Pu-
OOHAYYN TAK¥Ke HEMOCPEICTBEHHO NEPEHOCUTCS Ha CIydail TPOM3BOJLHON pe-
KYPPEHTHO# mocsieroBaTesbHocTr. B obiiem ciiydae IByMepHbIH BEKTOD CJIeILy-
€T 3aMEeHHTb k-MEPHBIM BEKTOPOM

Qp

Ap41 k
c R,
Ap+k—1

a marpuna A nepexona K cieyiomeMy k-MepHOMY BEKTOPY, COOTBETCTBYIOIIAA
PEKyPPEHTHOMY COOTHOIIEHHUIO, OYIeT BHIMISIETh TAK:

a 0 1 0 0 0 a
et 0 0 1 ... 0 0 n
Ap4-2 Gp41
= ... (16)
a 0 0 0 ... 0 1 a
ntk Ck Ch_1 Ch_2 ... C3 C1 ntk-1

Takum 006pa30M, MBI TOYy9aeM BEKTOPHYIO TMTPOU3BOAAIIYIO (DYHKITHIO

ag

As) = (1—sa)t |

ak—1

Marpuria A, BooOIre TOBOPsi, He TPUBOIUTCS K TUATOHAJIBHOMY BUIY JIHHEH-
HBIM IIPeoOpa3oBaHueM. DTO MOXKHO CIEJIATh, JHUIIb eCIH ee CODCTBEHHBIE YUCIa
nomapHo pasaudabl. OJHAKO B OOIIEM CIy4Yae ee MOXKHO MPUBECTH K YKOPIAHO-
BOI HOpMaJIbHOMN (hopMe, CTEIEHN KOTOPOH TAKKe HECTIOKHO BBITHCIUTD.
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OxasbIBaeTCst, PAIMOHAIBHBIE TTPOU3BOISIINE (PYHKIIHNA B TOYHOCTH COBIIa~
JA0T ¢ TPOU3BOIMIINMU (DYHKIUAMA JIJIsT MOCTEIOBATEILHOCTEH, 33 1aBAEMbIX
JUHEHHBIMU PEKYPPEHTHBIME COOTHOIIeHUsIMU. TOUHee, CIpaBeiiuBa CJIETYI0-
mas obpaTHas TeopeMa.

Teopema 0.10.3. Ecau npoussodsuan dymxyus A(s) = ag+as+azs®+. .. pa-

P
yuonasvha, A(s) = QE‘:;, 2de mmozounens, P u Q esaumno npocmu, Q(0) # 0,
MO HANUHGA C HEKOTMOPO20 HOMEPG T NOCALIOEAMENLHOCTD Ao, G1, A3, - .. 300a-

eMCA NUHETIHDIM PERYPPEHTMHLM COOTNHOULEHUEM
Ap+k = C1Ap+k—1 + CoQp+4k—2 + -+ CiQp,
ade k — cmenens muozounena QQ, a c1,Ca,...,Cp — HEKOMOPHLE KOHCTLAHIDL.

,ZLOK&S&TQIH)CTBO YUTATEJIO IIpeajiaraeTcad IPpoOBECTH CaMOCTOATEIBLHO.

0.11 Heomaopoaubie peKypPPEHTHBIE COOTHOIIIEHU A

B mpensiaymem maparpade Mbl TOCTPOUIN PAIMOHAIBHBIE TPOU3BOASAIIEH (DyHK-
U7 AJd IMOCJIEeOBATEIbHOCTEN, 33JAHHBIX JUHEHHBIMU PEKYPPEHTHBIMU COOT-
HOIIEHUAMMAX C IHOCTOAHHBIM KOS(beI/IHI/IeHTaMI/I. STI/I COOTHOIIIEHUSA JUHENHbI U
OTHOPOIHBI — KarKI0€ CJIAaraeMoe B MPaBOH MX YACTU MPEACTABIIET COO0H WIeH
[IOCJIETOBATETHHOCTH, YMHOKEHHBIH HA, HEKOTOPYIO KoHcrauTy. Harme mocTpoe-
HU€ HECJIOXKHO 0000IUTD HA, CIy4ail HEOTHOPOIHBIX COOTHOIMEeHUE. PaccMoTpum
TTOCTIEIOBATETBHOCTD 2,3,5,9,17, ..., 3aIaHHYI0 COOTHOIEHUEM

Ap+1 = 2&»”, —1 (17)

C HAYAJBbHBIM YCJIOBUEM Go = 2. DTO PEKYPPEHTHOE COOTHOIIEHWE MOpsAaKa 1
— OY€epPEeTHON HJIeH TOCJIeIOBATETBHOCTH ONPEAeIIeT s MPEAbIAYIIAM JI€HOM.
OHAKO B OTJIMYHE OT PEKYPPEHTHBIX COOTHOMIEHU, PACCMATPUBABIIAXCA HAMU
paHee, B TIpapoii 1actn cooTHomienns (17) uMmeercst HeOmHOpPOIHAs AOGaBKA —
roHcTanTa —1. Kak ciencrsue, Teopema 0.10.1 HampsaMyio HeMPpUMEHUMA.

st Toro, 9TOOBI BBIYUCIUTD MTPOU3BOISIIYI0 (OYHKITAIO

A(s) = ag 4+ ars +ass® + ...,

BBINUINEM DEKypPeHTHOe coorHommenue (17) g d4ieHa npocsie oBaTe bHOCTH ¢
HOMEPOM 7 + 2
An+2 = 2an+1 -1

U, BBIUTY U3 HETO MCXOJIHOE COOTHOIIEHNE, TTOIYIUM
n+2 = 3Ap41 — 2ay.

B pesysbrare Mbl cBesiu cooTHOUIEHUE IepBoro nopsiaka (17) K aunefinomy pe-
KYPPEHTHOMY COOTHOIIEHUIO BTOPOTO MOPSJIKA, a TaKUe COOTHOIIEHUST MBI yiKe
yMeeM pelllarTh.

HAcHo, kKaKk 0600MIUTH TO PACCYKIEHNE HA CAydail PeKyppPeHTHOrO COOTHO-
[IEHUS TPOU3BOJILHOTO TIOPSIKA, B KOTOPOM J00aBKa MpecTaBageT coboit mpo-
W3BOJIBHBIN MHOTOUJIEH.
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Teopema 0.11.1. Ilycmv nocaedo8amesvHocms ag, a1, . .. 3G0GHG SUHETHDIM
HEOOHOPOOHBM PEKYPPEHMHbBIM COOMHOULEHUEM € NOCTMOAHHMYU KOIPHuUYUeH-
mamu nopadka k, m.e. Gpyp = C1Anik—1 + C20nik—2 + -+ + Ckan + hm(n), 2de
him(n) ecmb mHo020MAEH CTRENEHU T 0T HOMEDG T YAEHG TOCACO0EAMEALHOCTRU.
Tozda nocaedosamerbHoCmb Ay 3a406EMCS 00HOPOOHDIM AUHETHDIM DEKYDPPEHIT-
HBM COOTMHOWEHUEM NOPAJKG N+ M+ 1 ¢ nocmosHHMYU KOPPGUUUEHMAMY U,
Kak caedcmeue, npouseodausas Pynruus A(S) 0as nee payuonasoHa.

HokazareabcTBo. Ilycrs MaOrousnes h,, umeer BULI
B (n) = bon™ 4+ byn™ 1 + ...
Ysen mocre10BaTeIbHOCTHA ¢ HOMepOM N + k + 1 mMmeer By
Gptk+1 = Clntk + C2Qnik—1 + ++ + Cpapt1 + Am(n+ 1).
Paznocrs 9T0Or0 u npebuIyIero YJieHoB paBHA
Antk+1 = Aotk = C1antk + (€2 = C1)antk—1+ - = Cn + (A (n+1) = hn(n)).

Tem camMbiM, MBI IPEACTABIIN WIEH MOCIEIOBATEIHHOCTH ¢ HOMEpoM N+ k+1 B
BUJIe JTUHEHHONW KOMOUHAIINN TPEIbayuX k 4+ 1 9IeHoB moce0BaTeIbHOCTH,
K KOTOPO# npnbaBieH MHOrOWIEH Ny, (n + 1) — hy,(n). 10T MHOrOUYIEH HMeeT
BUJT
-1
hm(n+1)—hpn) = (bon+1)"+by(n+1)"" " +...) = (bpn™ +...)

= (bon™ 4 (mbo +b1)n™t +...) — (bon™ +...)

= mbon™ '+ ....
T.e. KO3 durmenTt npu N B HeM paseH 0 U €ro CTemeHb KaK MHOTOYJIEHA OT 1
MeHbIe m. Tenepb MBI MOXKEM PACCYKIATH M0 WHIYKIWH, MOCIET0BATENHHO
YMEHbBIasE CTeNeHb MHOTOWIeHA h B MpaBoil 9acTH PEKYPPEHTHOTO COOTHOIIE-
HUsI, TOKA OHA He craHer paBHOM 0 — cirydail, 06paIaTbes ¢ KOTOPBIM MBI YK€
HAYIUJINCD. U

0.12 TIIpousBenenme Amamapa paliMOHAJIbBHBIX IIPO-
N3BOAAIINX (DYyHKITAM

Onmo u3 Hambosiee MPUBJIEKATEABHBIX CBOHCTB PAIMOHAILHBLIX MPOU3BOISIIINX

GYHKIME — UX 3aMKHYTOCTb OTHOCHUTEIbHO IPOU3BeaeHus A mamapa.

Onpenenenue 0.12.1. IIpoussedenuem Adamapa nuponssogdainnx pyHKIUi

A(s) = ag +a15 +azs® + ...

B(S):b0+b18+b282+...

Ha3bIBAETCS MPOU3BOASAIIAA (DyHKIHS

Ao B(S) = aobo + albls + a26252 + ...
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Takum obpazoM, mpoussegenue AgaMapa JByX MOCAEI0BATEIBHOCTEH — ITO
[IOCJIeIOBATENLHOCTD, COCTOAIIASA W3 MOYIEHHBIX [IPOM3BEAEHUN COOTBETCTBEH-
HBIX YJIEHOB ATUX MOCTem0BaTenbHocTei. HeobxommMocTs B mpon3Boadieit GpyHK-
LMK JJIs Ipou3BeaeHust AjjaMapa BOSHUKAET LPU IEPedYrC/IeHun 11ap 0ObeKTOB
OIMHAKOBOTO MOPSIAKA: €CJIN YNCAO0 OOHEKTOB TIEPBOTO THIIA PABHO Oy, & YUCIO
0OBEKTOB BTOPOTO THUTIA, by, TO GUC/IO Map OOBEKTOB, COCTABJIEHHBIX U3 JJIEMEH-
TOB TIEPBOr'O W BTOPOrO THUIIA, PABHO Apby,.

Teopema 0.12.2. [Ipoussedenue Adamapa 06YT payuOHANLHBIT NPOU3EOOAUUT
PYHKUUT PAYUOHAALHO.

Jlas moKa3aTesibCTBa ITOH TEOPEeMbl HAM MOHAIOOUTCS HOBAas XapaKTepU3a-
1M PAMOHAIBHBIX TPOU3BOAANINX (DYHKITHIHA.

Jlemma 0.12.3. IIpoussodawesn Gynkuus daa nocaedosamesvrocmu ag, a1, az,
PAUUOHAADHA TO20G U MOALKO M020a, K0206 CYWECMBYIOM MAKUE HUCAY
q1,- -, q U maKue muozousenv, p1(n),...,pr(n), wmo

an =p1(n)qy + -+ pi(n)g" (18)

Briparkenne B mpaBoit YacTh paBercTRa (18) HABIBAETCS K6A3UMHOZ0OUAEHOM
OT TIEPEMEHHOM 7.

JlokasaTeJibCTBO. 3aMeTHM IIPeXK/ie BCEro, YTO MPOM3BOAAIIAs (yHKINA
(1 — gs)~* umeer Bux

(1—gs)™® = 1- (_1k>qs + <_2k>q282 - <_3k>q333 +...

Kosddurmument npu s” B 910# npousBogsdiieii GyHKIMH paBeH

(=1) n! = nl(k— 1)1
- (n+)(n+2)...(n+Ek-1) ,
- k! ¢
= Pr_1(n)q", (19)

rae Pr_1(n) = (n+1)(n+2)...(n+ k — 1) — mMEOrounen or n crenean k —
1. Besakas panponaspHasd GYHKIUSA OT IEPEMEHHON § MPEJICTABIISIETCS B BUJIE
CYMMBI MHOTOUJIEHA U JTUHEHHON KOMOMHAIINY 37IEMEHTAPHBIX Apobeii Buma (1 —
¢;5) ¥, mosToMy KO3(DMUIMERTHI COOTBETCTBYIOMEH TPOM3BONSAIIEH hyHKIIH
SABJISIOTCSA KBA3MMHOTOYJIEHAMMU.

Haobopot, mpenmnomokuM, 910 KOIDDUINEHTH TPOU3BOIAITei (hyHKINH,
Ha4MHAS C HEKOTOPOI'O HOMEPA, IPEICTABJIAIOTCS B BUJE KBa3uMHOrowiena. 1lo-
KaykeM, 4TO B CJIy4ae KBA3HMHOroujeHa p(n)q™ cOOTBETCTIBYIONIAA IPOU3BOJIs-
mas GyHKIUS painoHaabia. [lycrs crenens muOrOYIeHa p papaa k — 1. Muo-
rouwnenbl Py, Py, ..., Py_1, onpenenennbie pasencrsom (19), obpasyior 6azuc B
MIPOCTPAHCTBE MHOTOYIEHOB cTeneHn He Boie k— 1. I B camoMm gene, iobas mo-
CJIe40BaTEbHOCTh MHOrO41eHOB crenenedi 0,1, ...,k — 1 obpasyer 6a3uc B 3T0M
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npocTpancTBe. [109TOMy MHOTOYNIEH D MPEICTABIIAETCS B BUJIE JUHEHHON KOM-
OMHAIINK MHOTOYIEHOB P; W COOTBETCTBYIONMIAS IPOM3BOAAIIAS (DYHKINA €CTh

HpocTo JHuHelHaa Komburamusa dbynkmuait (1 —¢s)™7, 7 = 0,1,...,k — 1. Iaa
[IPOM3BOJILHOIO KBa3UMHOIOU/IeHA, Mbl IIOJIy 9aeM JIMHEHHY 10 KoMOHHAIMIO (PYHK-
Uit TAKOTO BUMA TIPU PA3HBLIX ;. JIeMMa mokasaHa. O

HdokazaTeabcTBo Teopembl 0.12.2. JI1g 3aBepiienns T0Ka3aTeIbCTBA T€O-
PEMBI OCTAJIOCH 3aMEeTHUTh, YTO IPOU3BEAEHNE KBA3UMHOTI'OYJIEHOB ABJIAETCH KBa-
3UMHOIOYJIEHOM. JTO yTBEPXK ICHUE HEIIOCPEICTBEHHO BbITeKaeT u3 hopmysl (18).

O

0.13 Acummnroruka Ko3(dPUIMEeHTOB parnoHA b-
HBbIX (DYHKINI

IIpu permerny mepeInCIUTENLHBIX 33189 3a9aCTYIO TPUXOIUTCS HHTEPECOBATD-
cd IIOBEIEHUEM YUCIIa 3JIEMEHTOB MHOXKECTBA IIPU POCTE MIePEeUUCIAIONIEro apa-
MeTpa. IT0 OCOGEHHO BAYKHO, CTH MbI XOTHM, HAITPUMED, TIEPEIUCIITH O0BEKThHI
HAa, KOMIIBIOTEPE U IIBITAEMCS ONEHUTH BPEMs PAOOTHI PO PAMMBI.

Onpenenenune 0.13.1. Oyukuym [ : N — Ru g : N = R umerom odunarosyio
ACUMNMOMUKY, WA 00UHAK08LT POCT, TIPU N — 00, €CJIH CYIIECTBYET MPEeIes

lim,, o0 % u oH pased 1. @yukuua f pacmem medsennee GyHKUUU ¢, €CIU
npeges lim, . % cymectsyer u oH papsen 0. B mocmenmem ciydae roBopst

Tak¥ke, 9T0 DYHKIWA g pacmem boicmpee GbyHruun f.

IIpu BBIYKCIEHUN ACHMITOTHKHN HEKOTOPBIE (DYHKIMU MbI canTaeMm “obpas-
mamu”’, a apyrme “cBoamm”’ K 3TuM obpasmam. B kadecrse obpasnoB Gepyrcs
00bITHO HambOIee MPOCThIE MOHOTOHHBIE (DYHKINH, TOBEJAEHHE KOTOPBIX XOPO-
o u3yveno. OOpa3amMu MOTYT CJIYKHUTh

® 3KCIIOHEHTa a” TPU PA3INIHBIX 3HAYEHWSIX OCHOBAHMS a > 0

e cremneHHas GYHKIMA N IPU PA3IMYHBIX 3HAUEHUSX OKA3ATENs O]
e (dakropman n!;

e siorapudwm Inn;

a TaKKe POU3BEIEHNs U KOMIIO3UINK ITUX (DYHKIWH B PA3JIUIHBIX KOMOMHA-
[HSX.

Herpymuo pacmonoknTh GyHKINH-00PA3ILl B HOPsAKe YOBIBAHKA CKOPOCTH
pocra:

nl; a,a>1; n%a>0; lnn; n%a<0; a",0<a<l.

IIpumep 0.13.2. Kosddunuentsr npoussonameit dynxnun In(1 — s)~! = s +
%SQ + %334—. .. pacTyT, Kak n~ ! (B 9TOM CiIy4ae ecrecTBeHHee OBLIO ObI TOBOPUTH
“yBiBatoT, Kak n~ 7).
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Ipumep 0.13.3. AcumnTornKa Ipou3BoIbHOro Muorodaena p(n) = con®+cynf~1+
<o+ 4+ ¢y, ¢ > 0, cOBIAmaeT ¢ aCHMIITOTHKOI €ro CTapIIero wiIeHa Con'”.

B srom paszmene Mbl HaiigeM acUMOTOTHUKY KOIMD@MUIMEHTOB PAIMOHAIBHBIX
npousBosimx Gyukmmit. Cornmacuo jgemme 0.12.3, mocsie10BaTeIbHOCTD KO-
GUIMEHTOB PAIIMOHAIBHON MPOU3BOAAIIEH (DyHKINH, HAYHHAS C HEKOTOPOTO MO-
MEeHTa, ABJsieTCs KBazumuorowienoMm (18), B KOTOpoM ¢i, ..., ¢ — HEKOTODbIE
KOMILIEKCHBIE uncaa. Ecmm |g;| < |g;|, To mocnenosarensuocrs p;(n)gy pacrer
MesTenHee, e p;(n)q;) KakuMu Obl HE OBLTH HEHyJeBbIe MHOTOUICHB p;(n) 1
pj(n). JeficTBUTENBHO, OTHOMIEHNE 9THX MOCIEI0BATEILHOCTENH

pi(n)q;  pi(n) <Qi>n

pi(n)g; — pi(n) \gj

CTPEMUTCA K HYJIO, IIOCKOJIBKY < 1, ¥ n-91 CTeNeHb 3TOTO YUCTA CTPEMUTCS

qi
Py

K HyJII0 ObICTpee 1000 33JaHHON CTeneHn Yucaa n. TeM caMbIM, AaCHMITTOTHKA,
KBasuMHOrouseHa (18) oupenesserca ciaraeMbiMu, COIEPKANMUMU ¢; C CAMBIMU
GOJIBIIMMY MOJLYJISIMH.

B cBoI0 0Yepenb, ACUMITOTHKA MHOrOUIeHa P(n)q"™ ONPeIesercs CTapiiuM
MOHOMOM MHOTOYJIEHA P, MOITOMY ACHMITOTHKA Ji0Goro ciaaraeMoro p;(n)qr
B KBa3UMHOTOHJIEHE COBMATACT ¢ aCHMIITOTHKON MoHOMa ¢;nigl, rme c;ndi —
CTApmMii MOHOM MHOTOYJIEHA D;. T€M CAMBbIM, MbI NPUXOAMM K CJIEAYIOIEMY
YTBEPKEHUIO.

Vreepxkaenne 0.13.4. Ecau e xsazumnozounene (18) umeemes eduncmeen-
Hoe caazaemoe P;(N)ql ¢ HAUBOALWUM NO MOOYAI0 ZHAUEHUEM (i U MHOLOMAE-
HOM P; Haubosbwel cmeneny, mo aCUMNMOMUKAE 3M020 K6A3UMHO20UAEHA CO6-
nadaem c acumnmomuxoti monoma |c;|n%|q;|", 2de c;ni — cmapwudi morom
MHO20YUACHA ;.

Ecsn ke Takmx ciraraeMbiX HECKOJIBKO, TO BOIPOC 00 aCHMOTOTHUKE CTAHO-
BUTCs Oojiee TOHKUM. Hampumep, B MOCIeI0BATEILHOCTH, 33IaBAEMON KBAZUM-
Horounenom (—2)™ 4 2™ (oTBevalomUM 3HadeHUusIM q1 = —2,q2 = 2, degp; =
degp, = 0), BCE WIEHLI ¢ HEYeTHBIMU HOMepaMmu paBHBI 0, B TO BpeMmsa, Kak
YIeHDbI C YeTHBIME HOMepaMu n = 2k pactyT kak 2 - 22F. Tlostomy Bompoc 06
ACHMITOTHKE TAKMX KBA3MMHOIOWIEHOB TpebyeT 6osiee aKKYyPATHOI TOCTAHOBKH
u 60JIee TIIATEILHOIO UCCJIEOBAHAA.

[TpuBenenublii TpuMep MOKA3BIBAET, UTO MPU HAJUYIWYN HECKOJBKUX 3HAUE-
HUM @; ¢ HAMOOJIBIIAM MOJYJIEM, CTEIEHN MHOTOUWIEHOB IIPU KOTOPBIX COBIIAIA-
10T, PA3HbBIE MTOAOCIEI0OBATENIBHOCTH 3HAYCHNN MHOTOWIEHA UMEIOT PABTUIHYIO
acuMITOTUKY. 1109TOMYy pedh MOKET WATH TONHKO 00 acCHMITOTHKE ‘‘Hambosee
BO3PACTAIOMNX HOAMNOCIEIOBATEILHOCTEH. DTO — T€ HOAIOCIIEI0BATETLHOCTH,
B KOTOPBIX MOJYJIM CJATAEMbIX CYMMUPYIOTCs (WU TIOUTH CyMMUDPYIoTcs ). Jlist
TaKUX MOATIOCTeIOBaTeTbHOCTeH yTBepKaenne 0.13.4 mpuHUMaeT Claemayronuit
BU.

VYrBepxkaenue 0.13.5. Ecau 6 xsasumnozousene (18) umeemea neckorvro
caazaemui pi(n)ql ¢ HaubosbwuM N0 MOIYAIO SHAYEHUEM §; U MHOZOUAEHOM D;
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Haubosvwed cmeneny d, Mo NOCALIOBAMEALHOCTND SHAEHUT IMO20 KEAZUMHO-
20M0e10 CO0EPAHCU, NOONOCACIOBAMEALHOCTNL, ACUMNMOMUKAE KOMOPOT CO6Na-
daem ¢ acumnmomuroti monoma cn?lq”, 2de ¢ = Y |c;| — cymma modyaet
emapwus Koahdhuyuenmos mrozouaeros p;, d — ux obwas cmeneny, |q| — 06-
wee snanenue Mooyaets wuces g;. Mo HaubOALUWAA B03MONCHARA GCUMNMOTMUKG
noONocAedoBaMeAbHOCINY 3HANEHUT KEA3UMHOZ0UAEHA.

JloKa3aTehCTBO 3TOT0 YTBEPXKICHUS AHAJIOTHIHO TOKA3ATETHCTBY yTBED-
xKaeans 0.13.4, u MBI ero He MPUBOIUM.

Jua kBasumuorowiena (18), OTBEUAIONIEr0 PAIMOHAJBLHON (DYHKIIUHI %,
TIOCTOSTHHBIE ¢; 3TO BEJWYHWHBI, OOPATHBIE K KOPHAM MHOTOWIEHa (), T.e. K O-
JIFOCAM palMOHAIBHOM (GyHKIMM. B CBOIO 0Ouepeb, cTeneHb MHOrOYJIEHA P; ITO
YMEHBIIIEHHBIH Ha 1 OPAI0K MOM0ca (pyHKIAR % B Touke s = 1/q;. Ilosromy

yreepxaenve 0.13.4 MOxxHO 1epedOpPMYyTUPOBATE CAEIYIONIAM 00PA30M.

YrBepxkaenune 0.13.6. Ecau y payuonasvtoti pyHryuy ggfg cpedu bauorcati-

WUL K HAUAAY KOOPOUHGI, NOMOCO8 UMeEMCs eduncmeennvili nomoc 1/q nau-

boavuiezo nopadka k, mo acumnmomura ee Koapduyuenmos cosnadaem ¢ GCuMm-
momuxoti xoadduyuenmos saremenmapnoti dpobu c/(1 — qs)* 6 pasnoscenuu

MOt GYHKYUL 6 CYMMY INEMEHMAPHULT OpoDed.

Yreepxkaenne 0.13.5 momyckaer aHAIOTHIHYIO epedOPMyIUPOBKY.

B wactHOCTH, 0719 panuoHaTbHON QYHKINH, 33IaBAEMON PEKYPPEHTHBIM CO-
ornouenueMm (15), acumnroruka ee Ko3dbuureHToB oupeaendercs oiuKaiiu-
MU K Ha9aay KOOPIWHAT KOPHAMH MHOTOUMeHa Q(s) = 1 —c18—cp8% —- - —cps”
u ux nopsakamu. Hampumep, s nociaemosarenbroctu @ubonauun Q(s) =
1—s— 32, MOITOMY OJiMKaHfmnii K HAYAJIY KOOPAWHAT KOPEHDb BEIeCTBEHHbIH,
pasen 51 = (—1 4 +/5)/2 u mmeer mopsanox 1. 3naunt, uncia Pubonadwan mve-
10T acuMnToTuky ¢(1/s1)"™ mjig HEKOTOPOH KOHCTAHTBI ¢. MbI BBIYHCIHIN 3TY
KOHCTAHTy — OHa okazasiach pasHa (1 + v/5)/2v/5.



0.14 3Bazaum 39

0.14 3anaum

3adaua 0.30. PexkyppenTHOe TpaBujao 00pa3oBaHus HocaeaoBarenbHocTr Pu-
OOHAYYIHN TTO3BOJISIET MPOIOKUTE €€ “Ha3am — IJIsi OTPHUIATEIbHBIX 3HATEHUI
ungekca. Tak, sanpumep, f_1 = 0. Yemy pasao f_197

3adauwa 0.31. PanuoHaiabHBI JIM NPOU3BOAsIINE (DYHKIIUA JJIsI [IOCJIEI0BATE b~
HOCTe

a) 1,2,3,4,5,...;0) 2,6,12,... (k+ 1)(k+2),...;

B) 1,4,9,16,..., k%, ...; 1) 1,%,%,...,%27...”1) 2 tme f, — umcaa @ubonad-
un?

Haiigure cooTBEeTCTBYIOINIHE TPON3IBOAAIINE (DYHKIIMH B T€X CJIyYIadX, KOTIA OHU
PaIMOHAIbHBI.

3adauwa 0.32. Hailinure mpencraBieHre B BUE CyMMBI 3JIEMEHTAPHBIX Ipobei

N 1+2s 1425
CIELYIONUX PAIMOHAILHBIX (DYHKIHI: &) T 0) To5irsms B) 1o5e5-

1 .
—s—282"
3adana 0.33. Haitmure mpeacraBieHne B BUIE KBAa3UMHOLOUJIEHA W JIUHEHHDLIE
PEKYPPEHTHBIE COOTHOIIEHUS C TMTOCTOSTHHBIMU KO3 PuImeHTaMu 1 K03 hu-

LMEHTOB CJICIYIONMX CTENeHHbIX PAIOB: a) 7 6) lf?fsﬁisg; ) fj;ssg.

1 .
—s5—2s82)
3adauwa 0.34. W3BeCTHO, YTO CJEAYIONIUE IOCAEAOBATEILHOCTH 3a4aI0TCs JIU-
HEHHBIMU PEKYPPEHTHBIMU COOTHOIIIEHUSIMU C TIOCTOSTHHBIMYM KO3 purimenTa-
Mmu nopsaka 3: a) 1,2,6,18,52,152,444,...; 6) 1,2,2,6,8,16,28,48,88,... B)
1,2,3,6,9,18,27,.... Haiigure 3TU COOTHOINIEHUS W POBEPHTE, YTO BBIMHUCAH-
HOE HAYAJIO0 MOCTIEI0BATEILHOCTH AEHCTBUTEIHLHO UM TIOIINHSIETCS.

3adawa 0.35. Haiinure npousBomsmue GyHKIUA U JTUHEHHBIE PEKYPPEHTHHBIE
COOTHOIIEHHS! € [IOCTOSIHHBIMU KO buIueHTaMu 11 CIeayOMuX HOCIe10Ba
TeNIbHOCTEH, 33/]AHHBIX KBAa3WMHOIOWIEHAMN: a) dp, = 23" — 3 -2"; 06) b, =
(14+2n)-2"+1+n+n2%8) ¢, = (1 +n+n?) 3"

3adaua 0.36. Ilonp3ysice npoussomsimieit dynkimei qis gyuces Pubonadyam, no-
Ka’KUTEe I HUX TOXKIECTBA

a) fo+t fi+ -+ o= a2 —10) fo+ fo+- -+ fon = font1;

B) fl + f3 +-- f2n—1 = f2n - 17 F) f02 + f12 +---+ f,2l - f71,fn+1-

3adaua 0.37. Hokaxkwute Teopemy 0.10.3.

3adaua 0.38. oxkaxkure, 94TO B KOPAAHOBON HOPMAJILHON (DOpMeE MaTPHUIIBI U3
ypaBuenug (16) Kax oMy COOGCTBEHHOMY YHCJIy COOTBETCTBYET OJIHA YKODIAHO-
Ba KJIETKA, Pa3sMep KOTOPOH PaBeH KPATHOCTH ITOrO COOCTBEHHOTO UHCIA, KAK
KODH# XapaKTEPUCTUYECKOro MHOrowiena. |¥Ykasanue: Bocrosb3yiitech cBs-
3BI0 MEKJ/IY KPATHOCTBIO COOCTBEHHOTO YUCNIA U TIOPSIIKOM HYJIsl MHOTOUWJIEHA B
3HaMeHaTe e PAIMOHAIBHON TTPOU3BOIATIENA (byHKuHH.]

3adaua 0.39. Haitinure npouspossime (OyHKINY U SIBHBIE BBIDAXKEHUS JIJIST )16~
MEHTOB MOCJIETOBATEIHLHOCTEH, 33/ TaHHBIX PEKYPPEHTHBIME (DOPMYIaAMU:

a) apto = 4an41 —4ay, ag =a; = 1;

6) Ap43 = _Sa"rb-'rQ - 3a7b+1 — Qp, A0 = 1, a; = az = 07

B) Upt3 = %am_g — %a", ap=0,a1 = 1,as = 2.
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3adana 0.40. Haiinure npousBoasmntyto GhyHKIM0 mis dncen PuboHaqIn ¢ geT-
HBIMH HOMepamu ., fans”.

3adaua 0.41. Haiinure npou3BoasInyo byHKIIAO Js TOCIEI0BATETLHOCTH 2, 3,
5,9,17, ..., 3aJaHAYI0 HEOTHOPOIHBIM JIMHEHHBIM PEKYPPEHTHBIM COOTHOIICHU-
eM Qp41 = 2a, — 1.

3adaua 0.42. JIasa ciieayonmx MOCJeI0BaTeIbHOCTEN, 3aJaHHbIX HEOTHOPOI-
HBIMP JIMHEGHHBIMH PEKyPPEHTHBIMA COOTHOINICHUSAMY, HARIATE 3aJaf0Mye X
OIHOPOIHEIE JTUHEHHLIE PEKYPPEHTHBIE COOTHOIICHUS W IIPOM3BONANIHAE (DYHK-
UK Q) Gpy1 = Ap + 2, a9 = 15 6) apyo = ap +n+1, a0 = 1, a3 = 0; B)
On42 = Qp+1 — Qp + n® + L, a0=1, a1 =0.

3adawa 0.43. Haitnure npoussenenus Anamapa yHKIH oT $
(1—gs)to(l—rs) L, (1—gs)to(l—gs)™t, (1—gs)Fo(l—-rs)~L
3adana 0.44. Haiinure nmpousBossinue byHKIIAA IJIs TOCAEI0BATEIbHOCTEL, 3a-
JIAHHBIX PEKYDPPEHTHBIMU COOTHOIeHUAMHY a) J,, = Jp_14+2J,-2 (1,1,3,5,11,...);
6) T, =Tn1+Tho+T,35(1,1,2,4,7,... —“aucaa Tpubonauuu”).

3adaua 0.45. okaxkure, uro npoussoigamas Gyukuusa — In(1l — s) He apusercs
PAIMOHANBHOI &) BOCIIOIB30BABIIMCH U3BECTHOM aCMMITOTUKON ee Ko3dhduu-
€HTOB; 6) BOCIONB30BABIINCH TEM, YTO 3HAMEHATENb ee mpomu3Boaaoi 1/(1 — s)
HMMEET B TOUKe § = 1 HyJb KpaTHOCTH 1.

3adawa 0.46. Hokaxkure, 9T0 TPOU3BOIAIIAA QYHKIMA, 0OpaTHasd K (DYHKIINA
G(s) = s+ s% (r.e. bynkusa, Bepaxkatomasn s gepes t = G(s)), He aBugerca
paIMoOHaIBHOI.

3adaua 0.47. Halizure npoussenenune Amamapa

1 1
(@] .
1—s5—52 1—5—52

3adawa 0.48. Jlokaxkure, 9T0 MHOXKECTBO (hOPMAJIbHBIX CTEIEHHBIX PsIJIOB, BCE
K03 urmenTs KOTOPLIX OTauYHbL 0T 0, 00pa3yer rpymmny OTHOCHTETBHO MPO-
u3BeneHus Agamapa.

3adawa 0.49. O603HauuUM Yepe3 a, YUCJA0 pasbueHuil mosocku mupuHoi 1 u
JUIMHOM N KBaJIPATHKOB HA YACTH, KaXKIasl U3 KOTOPBIX SIBJISIETCS JINOO KBAJIPaA-
TukoM 1 X 1, qubo momuuo 1 X 2. Hampuwmep, a1 = 1,a0 = 2,a3 = 3,a4 = 5.
Haiignre mponssoaanyo GyHKIXIO 1718 TOCTEA0BATEEHOCTH Gy, .

3adauwa 0.50. Obozmauum uepes b, uuciao pasdueHwil MOJOCKUA ITUPUHON 2 U
JJIAHON N KBaJpaTukoB Ha gomMmHo 1 X 2. Hampumep, by = 1,b; = 1,0y =
2,b3 = 3. Haiinure npon3BOasAmIy0 (PyHKINIO A1 IOCTEI0BATEIHLHOCTH by, .

3adava 0.51. O6o3HAYNM Yepe3 ¢, YHUCI0 Pa3OueHuii MOJOCKU IMMHPHHOK 3 U
JJIMHOM 1 KBaJIpaTUKOB Ha gomuuHo 1 X 2. Hampuwmep, ¢ = 1l,¢0 = 0,co =
3, cs = 0. Haiimure mpou3BoAdInyo (pyHKIMIO I HOCIEI0BATETBHOCTH Cp, .

3adaua 0.52. O6o3naumm depes d, TUCTO pa3dueHuit CTONMOCTH 1 TIOJOCKHT TITH-
PUHOIM 2 U IJINHON HECKOJIBLKO KBAIPATUKOB HA JOMHUHO 1 X 2. 31eCh CTOMMOCTH
3aMoleHns papHa h—+ 2v, roe h — KoJIM4eCTBO FOPU30HTAJIBHBIX, 8 U — KOJIMde-
CTBO BEPTUKAJIbHBIX JOMHUHOIIEK B 3amolnenun. Hanpumep, dg = 1,dy; = 0,ds =
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2,ds = 0,d4 = 4. Haiinure mpou3soasamntyo GyHKINUIO s TOCIEI0BATETEHOCTH
d,.

3adava 0.53. ObozHauum uepes t, ducao paszdbueHuil momocku mupuHOi 1 u
JUTMHON N KBAJIPATUKOB HA YaCTH, KAXKIAs U3 KOTOPBIX sIBJIETCsT 00 KBAIpa-
TukoMm 1 X 1, aubo gommuo 1 X 2, mubo tpumuno 1 x 3. Hampumep, t1 = 1,15 =
2,t3 = 4,t4 = 7. Haiinure npon3BoasIy0 (DYHKIWIO Jis TOCTEI0BATETEHOCTH
tn.

3adaywa 0.54. Haiinure nmpousBoasityio (YHKIHO MJis JIECEHOK ILIOMIAIBI0 1
KJIeTOK Ha Kierdaroil miuockocru (cm. Puc. 1), cocroginux u3 ne Gosee, yem a)
JIByX cryneHek; 6) rpex cryuenek. (Boicora kax0ii crynenbku paBHa 1, u upu
JIBUKEHUM CHU3Y BBEDX CLYIEHbKU YKOPAUUBAKTCSL. )

Puc. 1: Jlecenka u3 Tpex crymnenek, cocrosmas u3 10 K1eTox

3adawa 0.55. Ipeobpaszosanuem Ilpagipa nocnenosarenprocrn {ay},n=1,2,...,
HA3BIBAETCS TOCJEOBATETRHOCTE Py, = Pf({ay}), cocrosimas ns ndaddnanon

0 al as N a2k —1
—aq 0 al N agk—2
pn = Pf
—Q2k—1 —Q2kp—2 —0G2k—3 ... 0

(ndadpuar xococummempureckot MAMPUYL, PABEH KBAIPATHOMY KOPHIO U3 €e
onpeneures). Hanpumep, nepsbie wienbr npeobpazosanus [Idadda mocme-

JIOBATENBHOCTH CTemenelt asoiiku 1,2,4,...,2" 1 ... paBHbI
0 1 2 4
0 1 -1 0 1 2
Pf = Pf =1.
-1 0 ’ -2 -1 0 1
-4 -2 -1 0
Hoxkaxure, uro npeobpazopanue [Idadda nepesogur a) nocienoBarenbHOCTH
{2"~!} B mocnenoparensrOCTH etunu 1, 1, 1, . . . ; 6) nocnemoBaTenbHOCTL {3771}
B HOCJEA0BATEIbHOCTh enunull 1,1, 1,...; B) nocrenosarensHoctb PuboHATTN
Fib,, B nocrenoBaTeIbHOCTD crememnei npoiiku 1,2,4,...,2"7 1.

Haitnure npeobpazosanue Idadda nocienosarensuocreii r) J, u 1) T, u3
3amaun 0.44.
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3adana 0.56. Ioaumuro 3TO 0OIACTD HA KJIETIYATON MIOCKOCTH, OTPDAHUICHHAS
POCTOM 3aMKHYTON JIOMaHOM, Miuymiell o croponaM Kierok. (JIpa mosumMuHO
OJIMHAKOBBI, €CJIU OJHO MOXKHO HOJIYYHTh U3 japyroro casurom.) Ilomumuno na-
3BIBAETCSL CMEKOBbLM, €CJIN HUXKHUE TOPU3OHTAIBHBIE OTPE3KHU €r0 IPAHUIBI 00-
PasyloT oiuH OTPe30K (CM. puc. 2). JIoKaxKuTe, 4T0 YUCAO CTEKOBBIX TTIOJUMUHO
¢ mepuMerpoM 2n + 2 pasuo Fibg, o. Ha puc. 3 m306pakeHbl Bce 5 CTEKOBBIX
MOJIMMUHO ¢ TlepuMeTpoM 8 (n = 3).

Puc. 2: a) loaumuHO 1 6) CTEKOBOE TTOJHMHUHO

Puc. 3: CrekoBble TOJUMAHO C TIEPUMETPOM 8.

3adaua 0.57. (PuGonauunesa cucreMa cuucienus) Jlokaxkure, 4o jgioboe Ha-
TypaJIbHOE YHCJIO €IMHCTBEHHBIM 06pPa30M MPeICTaBsiercs B BUe a f1 +ag fo+
..., oae f,, — aucna GuboHaTIH, A KaXKI0e U3 YUCE d; PABHO HYJIIO WIW €TUHH-
e, IprYeM eJWHUIL B CyMMe KOHEeTHOe UHNCJIO U JBA UAYINX MOAPAM, JIEMEeHTa
TIOCTIETOBATEIHLHOCTH @; HE MOI'YT PaBHAThCA eauuuie. [Ipuaymaiite amroput-
MBI TIEPEBOIA YUCeN U3 (PUOOHATINEBON CUCTEMBI CUMCJICHUST B TIO3UITHOHHYIO U
O6pa,THO7 a TaKXKe aJITOPUTMBL CJIOXKEHUA W YMHOXKCEHUA YUcCeT B 3TOMN cucTeMe
CYHUCJICHUAd.

3adawa 0.58. Ilycro
_ Pi(s) Pa(s)
Qi(s)’ Q2(s)

PaluOHAIbHBIE IPOU3BOsANE DYHKINHN, 33/ [aHHbIE HECOKPATUMBIMU J1PODAMHU,
u

A(s) B(s) =

P(s)

Q(s)

7X mpousseneHue A namapa, IpeAcTaBlIeHHoe B BUIE HeCOKPATHMONA apobu. Uro
MOXKHO CKa3aTh PO MHOrOYIEH (), eciii MHOTOYIeHbl (J1 U (Q2 M3BECTHBI?

Ao B(s) =
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3adana 0.59. Ckonbko nudp B AeCATHIHON 3amucy dncyia PuboHadIIn ¢ HoMe-
pom a) 100; 6) 10007
3adaua 0.60. Kaxkyo HauOOBITYIO aCUMITOTAKY MOMXKET UMETh MOAIOCIEI0BA-
TeILHOCTh TOCIEI0BATETHHOCTH KOI(DDUIMEHTOB MPOU3BOAAIIE (DYHKIMY
_r 5
1—x+ 222
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Ilepeuncaenne mmyreii Ha
rpadax

MHorue nocje0BaTeIbHOCTH HATYPAJIBHBIX UHUCEN MTOJE3HO MPEICTABIITh cebe
KaK TIOCJIeI0BATEIbHOCTH, TEPEUUCILIONe IyTH B HEKOTOpbix rpadax. Ilpu
3rOoM BuJ rpada OKA3BIBAETCH TECHO CBA3aH CO CBOMCTBAMH IIPOM3BOMAIINAX
dyHKIMIT, OTBEYAIONIUX JAHHBIM IOCIEI0BATEIbHOCTIM. 3a0a491 O Iepeducie-
HUU TyTeill 9acTO BCTPEYAIOTCS B CTATHCTHYECKUX MOJEISAX MaTeMaTHdecKOit
¢uzuku. B 370# rmaBe Mbl pacCMOTPUM TPUMEPHI TAKUX TTEPEIUCTEHUH.

0.15 IlyTu B rpadax

I'pagp npencrasiser u3 cebst HAOOP BEPINUH, HEKOTOPbIE 3 KOTOPBIX COEJIMHEHBI
pebpamu. Yacto ynobHO npeacTasasaTh cebe rpad HAPUCOBAHHBIM HA ILJIOCKOCTH
(cm. puc. 4). Cpenu nepevuCIUTeNbHBIX 38189, O KOTOPBIX MbI OYJIEM MOBOPHUTD,
€CTh 33134 Tepevdncennsda nyreil B rpade. Hanpumep, cocunraeM KOJIMIECTBO
PasIMYHbBIX [IyTell Jaaby u3 Kiaerku A B KiaeTrky B Ha jgocke, n300pazkeHHOR Ha
puc. 5 a), IpU YCJAOBUM, UTO JIa b MOYKET XOIUTh TOJHKO BIIPABO WM BBEPX B
KJIETKY, COCETHIOIO C TOH, B KOTOPOH OHA HAXOIUTCS.

Puc. 4: I'pad, n30bparkeHHbIN HA IITOCKOCTH

Takue 3a/1a41 OpoOIIe BCErO peraTes ciaeayionmm criocobom. Ilocrasum 1 B
KaXK/IYI0 KJIETKY, 0 KOTOPO# 3 A MOKHO JOWTH 3a OfWH MIar. 3aTeM MOCTaBAM
YHCJIa BO BCE KJIETKH, JO KOTOPBIX MOXKHO ,ZLOI‘/’ITI/I 3a OJWH IIIar' U3 3TUX KJICTOK.
DTH YUCTa PABHBI CYMMaM BCEX JUHUIL B KJIETKAX, U3 KOTOPBIX MOYKHO TOHIACTh
B 9TU. JTOT MPOIECC MOYKHO TTPOIAOJKUATh U AAJIBINE, TOKA MBI He T00epeMcst 10
kaerku B, cm. puc. 5 6). Yucao 100 — cymMa 4uCesT B COCEIHUX KJIETKAX CJie-
Ba M CHU3Y, KOTOPOE MOJIKHO CTOATH B ITOH KJI€TKE, W OYIeT MHTEPECYIOINM
HAC KOJUIECTBOM PAa3JNTIHBIX IMyTei. Pasmoobpasnbie BApHAHTHI 3TOTO TPOCTO-

45
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B 181522293650 B

17(7|7[7|7 1450

116 7136

115 7129

114 7122

113 7115

112(3(4[5|6[7|8

Al 1{1{1]1j1|1 )11

a) 6)

Puc. 5: a) [ITaxmarHas g0ocKa ¢ BbIPe30M 1 6) 10/CHeT KOJIMYeCTBa, [y Teil Jaibu,
BEIYIMX U3 KJIETKH A B KIeTKy B; B KaxK 0l KleTKe yKa3aHO KOJMUIeCTBO My Ted
u3 A B 3Ty KJI€TKY

IO PaCCyzK/IeHUd UIPal0T MPUHIUIUAJILHYIO POJb B PEIIeHUN MHOI'OYHUCIeHHBIX
3a/1a4.

0.16 IlyTu, nepeuuncisemMbie paIlMOHAJIbHBIMUA ITPO-
U3BOAAMINMEU (DYyHKITUAMUA

ITocrpoum rpad, myTr B KOTOPOM IMEPEUHCIAIOTCS MTOCIETOBATENBHOCTBIO Py~
6oHauun. MBI paCCMOTPUM [IBa BAPUAHTA MOCTPOEHUs Takoro rpada. B mepBom
BapUAHTE PACHOIOKUM (GECKOHEIHOE) MHOKECTBO BEpIIMH rpada clieBa Halpa-
BO u OymeM cumTaTh BepIWHBI 3anyMmepoBanabiMu umcaamu 0,1,2,3,.... Co-
€/INHUM KazKIyI0 BEPIIHHY PEOPOM C ee MPABBIM COCEIOM, & TAKIKE C BEPIITMHOM,
caeapytoieil 3a ee upasbim coceroM (cm. puc. 6). (Mbl nesaem uckioueHue, He
TIPOBO/IST TOPU3OHTAJIBHYIO CTPEJIKY U3 MEPBOi BEPIIMHBI BO BTOPYIO — HAYATb-
HBIE 3HAYEHUS TOCTea0BaTeibHOCT PubOHAYTYIN 3a1aHBI U HE TOTIUHSIOTCS Pe-
KyppeHTHOMY npasuiy.) Ha kaxkiaoM pebpe mocTaBuM CTPEJIKY, YKA3BIBAIOILYIO
HampaBjeHne ABUKeHud 1o memy. s kaxkmoit Beprmabl rpada moacanTaeMm
DPa3MYHbBIE Iy TH, HAYIINE U3 HAYAIBHOM BEPIIUHBL B TAHHYO. ZlcHO, 9TO Ymucio
PA3IMYHBIX IIyTed, BEAYIIMX M3 HAYAJIbHON BEPIIMHBL B BEPIIMHY C HOMEPOM
n+1,n > 1, paBHO cy™MMe UHCIa MyTel, BeIyIUX B BEepIIUHY ¢ HOMEpOM N — 1,
¥ 9UC/Ia TMyTeil, BeAyIuX B BEPIIMHY C HOMEpPOM N. TeM cambiMm, duciia myTei
V/IOBIIETBOPSIOT TOMY 2K€ PEKYPPEHTHOMY COOTHOIIEHHIO, 4T0 u guciaa DPubo-
HAY49M, ¥ TEM K€ HAYAIBHBIM YCIOBHSM; MOITOMY MOCIEIOBATENBHOCTD ITUX
YHCes COBIAJIAET C II0C/Ie0BaTeabHOCTbI0 Pubonayuyun.

Jpyroit cmocod mocrpoennsa rpada coctouT B ciaenyomeM. Hapucyem Bme-
CTO OZHO JiBe DECKOHEYHBIE MOCJIEI0BATEIFHOCTH BEPINNH, OAHA HAJ JIPYTOi.
s ynobcTBa MBI BEPXHIOIO MOCTIEIOBATENBHOCTh CABUHEM HA OIHY ITO3UIIUIO
BIpaBo (CM. puc. 7). M3 KaxK 10l BEPUIMHBI HUKHETO PSAA BHIXOIAT CTPEIOUKU
B COCEJTHUE C HEH CIIpaBa BEPITUHBI 000UX PAIOB. V3 KaXK 011 BEPITUHBI BEPXHETO
PA7a BBIXOIUT CTPEIOYKA B COCEIHIOI0 CIIPABA BEPITUHY HUMKHETO psima. duciio
myTeil B 3roM rpade, HAYINX W3 HAYAJIBHOW TOYKH B TOYKY C HOMEPOM N B
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s Y Y Y Y
1 1—2—3—>5—8 —»13—:?1—»34—»/?5—>
N

C 5 4

Puc. 6: Beckoneunsrtii rpad mist n300paskeHus My Teil, MepeIncasieMbIX IUCIAMHI
dubonagun

HWZKHEM DsiTy TOYeK, PABHO n-oMy uucry OuGonawan. Hag aum crowt (n—1)-e
qucao Pudbonaddun. Ilapy umcen B rpade, CTOAIMX OIHO HAL APYTUM, MOXKHO
paccMarpuBaTh KaK KOOPAMHATHL JIBYMEPHOro Bekropa. Torga npeobpaszoBanue
IepPexoIa OT OYEPETHOM Tapbl TOYEK, 00PA3YIOMINX BEPTUKAIBHBIA CTOJIOUK, K
cleayomeil mape eCTb He YTO MHOe KaK JinHeliHoe npeobpazosanne P, koTropoe
MBI paccmarpuBaiu B 1. 0.9: BepxHee UMCIO B HOBOM CTOJIOMKE COBIIAIAET C
HUKHUM 9HUCIIOM MPEIBIIYINEro CTOIONKA, & HUXKHEe PABHO CyMME BEPXHErO U
HUKHErO YUCeJl U3 IPEbIIAYIIEro CTOJIONKA.

1 .1 2. .3 _5 8 13 21 .3
1/1§2§3§5§8§13§21§34§4><

95—

Puc. 7: Beckoneunnrit rpad w3 ABYX DPsIOB BEPIHH [JisT W300paKeHUs MyTel,
repevncasgeMbrx yuciamMu PudoHagTIn

O6061muM HaITy KOHCTPYKIHIO ¢ dnces OuboHavdn Ha MPOU3BOIHHBIE PALIH-
OHaJIbHbIE npousBoganme Gpyukuun. O600eHnI0 noaaaTcs 0ba crrocoba, mo-
cTpoenusi rpada, OIHAKO MBI OyAeM TOBOPUTH JIUIL O BTOPOM, KOTOPBIHA TPH-
BOIMT K “Oosee untaeMbiM’ KapruHkam. Cormacuo Teopeme 0.10.1, mocaemosa-
TeIFHOCTh KOI(D@PUIMEHTOB PAINMOHAJIBHON (DYHKIMU 331aeTCsS JTMHEHHBIM pe-
KYPPEHTHBIM COOTHOILIEHUEM € MOCTOAHHbIME Kosdduimenramu suga (15). B
Ka4vecTBe MPUMEPA PACCMOTPUM MOCIETOBATENBHOCTD, 33aBAEMYIO COOTHOIIIE-
HUEM TPETBErO IOPSIKA

ap43 = 2an+2 + an,

€ HaYAJIbHBIMHU yCaoBuaAMHu ag = 1,a1 = 0, a2 = 2. Bor Hagasmo 310# mocaenoBa-
TenpHOCTH: 1,0,2,5,10,22,.... TIoCKOTBbKY TOPSIOK PEKYPEHTHOTO COOTHOIIIE-
HUs paBeH 3, BepIIUHbI rpada 06pa3yioT TpU HOCAEI0BATEILHOCTH (CM. puUC. 8).
W3 kaxx 10i1 BEPITUHBI ABYX HUXKHUAX PAIOB UAET CTPEJIKA B BEPIITUHY CJIEIYIOIIIEe-
r0 pAIa, CTOSAIIYIO B caemaytomemM crosibuke. Kpove TOro, 3 KaxkIoi BepPITHHBI
TPETHETO PsAIA U U3 KAXK/IOH BEPIIMHBI HI2KHETO Psi/1a, HAYWHAA C TPEThEH, uIer
CTpesiKa B BEPIIUHY HUXKHErO psna, CTOAIIYI0 B ciaeayiomeMm croabuxe. [Ipu
9TOM HAJT TOPU3OHTAIBHBIMU CTPEIKAMU B TIEPBOM PSSy MBI CTABUM YKCIO 2 —
“KpaTHOCTR, WK “Bec OTpe3Ka myTun . BMecTo 3Toro Mbl MOryin ObI HAPUCOBATH
JIB€ CTPEJIKH, OIHAKO ITO 3arPOMO3/IUIIO Obl PUCYHOK (3arpoMoKaeHue GbLao Gbl
ere Gosiee 3amerHo, eciau Obl BMecTO Ko duimenTa 2 crosiio 60Jibliee YUcIIo).
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Touno Tak ke MbI MOTJIH OBl HAPUCOBATH CTPEJIKYU U3 BTOPOTO PSIa B HIKHWH,
MIOCTABUB HA HUX KPATHOCTH 0, 9TO TOXKE HE CAesrano Obl PUCYHOK MPO3PATHEI.

1 0 2 5 1 2 49, _~10
1 " . X 9 X:& 1§ 929 \__49 10§238
1/0/2 RV MRS ER DRV EERITER L TER ()8

Puc. 8: Beckoneunsrii rpad s n300parkeHns IIyTel, MEPEUnCIIeMbIX KOI(]h-
dunmeHTaMu PAUOHAIBHON PyHKIIH

Tenepn sicHO, KaK HAPUCOBATH rpad, OTBEYAOIINI TPOU3BOJIBLHON paluo-
HanbHOM dyHkImE. KparHocts pedpa mpu 3TOM MOXKET ObITh MPOU3BOTHHBIM
quCaoM, He 00A3aTeJbHO HATYPAJbHBIM (HAIPUMED, KPATHOCTH MOXKET ObITh
APOBHOI MM OTPULATEBHOI). DTa KPATHOCTH PABHA COOTBETCTBYIOLIEMY KO-
¢ burmenTy B peKyppeHTHOM COOTHOIIEHUH, 33,IA0IIEM PAITHOHATBHY0 (DYHK-
muio. C mOMOIIbIo TTOm0OHOTO rpada JIETKO COCINTATH TEPBhIE WJICHBI TTOCIEI0-
BarespbHOCTH. Takoil crocob momcyeTa MOXKET OKa3aThesa IM(MEKTUBHEE BHIYUC-
JIEHUH C IIOMOIIBIO KBA3UMHOI'OYJIEHOB — B TOM CIIy4Yae, €CJIA HYJIU 3HaMEHaTeId
panMoOHATBHON (PYHKIMH HE PAIHOHAIBHDI.

0.17 Ywmcaa Karasana

ITopsimok BBIYKUCACHUA B apuPMETUIECKUX BBIPAXKEHUSAX 33TAETCST PACCTAHOB-
KO# CKODOK, HAIIpHMEp,

(3—1)-(4+ (15— 9) - (2 +6)).

Ecnu creperh Bce 37eMEHTBI BBIPAYKEHUST, 38 UCKIIOYEHUEM CKODOK, TO OCTaB-
IIAECsT CKOOKHM 0DPa3yIoT NpasusbHyto ckobOWHYI0 CMpPYyKmypy

000)-

Bor Bce mpaBusibHbIE CKOOOYHBIE CTPYKTYPBI C YUCIOM Tap cKobok 1, 2 u 3:

000 0 (OO0 OO0 (0N

Onpenenenne 0.17.1. Yucarom Kamanana ¢, HA3BIBACTCS THCJIO PASTMIHBIX
MPABUJIBHBIX CKODOYHBIX CTPYKTYP U3 1 Tap CKODOK.

Yao6uo nonarars ¢g = 1. Toraa nocnenoBaresbHOCTL yucen Karanana Ha-
YUHAETCS TAK:
1,1,2,5,14,42,132, ...
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YT06bI BBIBECTH MPOM3BOALANIYI0 (DYHKINIO Ui uncen Karamana, HadimgeMm
CHAYAJIa, PEKYPPEHTHOE COOTHOILIEHUE 1 9TUX YUCEI.

Besikas npaBuiibHas CKOGOYHAS CTPYKTYPA YAOBIETBOPSET CAEAYIOIIUM IBYM
YCJIOBUSAM:

1. 9MCITO JIeBBIX U MPABBIX CKOOOK B MPABUJIBHON CKOOOYHOM CTPYKTYPe OIu-
HAKOBO;

2. YMCJIO JEBBIX CKOOOK B JTI0OOM HAYMAJIBHOM OTPE3Ke MPABUIbHOM CKOOOTHOM
CTPYKTYPBI HE MEHBIIIE TUCJIA MPABBIX CKODOK.

Hao6opor, Besgkag (KOHeYHAs) HOCJEI0BATENBHOCTD JIEBBIX M IPABBIX CKO-
60K, YIOBJIETBOPAIOIIAA YCIOBHAM 1 U 2, IBIIETCS NPABUIBHON CKOGOYHOM CTPYK-
TYPOH.

B npaBuabHON CKOOOYIHOHN CTPYKType BCE CKOOKH pa3bMBAIOTCA HA IIAPDI:
KaXK /10l JIeBO CKOOKE COOTBETCTBYET MapHas eif mpaBas. [lapHas mpaBas cKo0-
Ka BBIJIEJISETCS CJEIYIONUM IIPABUJIOM: 3TO IIEepBasi IpaBas CKOOKa CripaBa OT
JIAaHHOH JeBO CKOOKM, TaKast, 9TO MEKIY BHIOPAHHBIMU IBYMs CKOOKAMY CTOUT
MpaBWJIbHAS CKOOOYHASA CTPYKTYPA.

PaccymoTpuyM B mpaBuibHOM CKOOOYHOMN CTPYKType u3 N+ 1 map ckoOoK mapy
CKODOOK, B KOTOPYIO BXOJUT CaMas JieBasd CKOOKa CTPYKTypbI. Torma mocaenoBa-
TeILHOCTh CKODOK BHYTPH TOH Tapbl 00pa3yer MpaBuIbHY0 CKOOOTHYIO CTPYK-
TYpYy | TIOCJIE/I0OBATEIBHOCTH CKODOK BHE 3TOM Napbl 00pa3yeT MPaBUIbHYIO CKO-
6oy CTPYKTYPY: (... ). .., TJI€ KaXKJI0€ MHOTOTOUNE 0003HAIACT HEKOTOPYIO
MPaBUIbHYIO CKOOOUHYIO CTPYKTYypy. Ecam umcimo map ckoboK BO BHyTpeHHET
CTPpyKType paBHO k, TO BO BHelIHeH cTpykrype n — k nap ckobok. Haobopor, 1o
KaxKJI0i mape CKODOUYHBIX CTPYKTYD u3 k u n — k map CKODOK MOYKHO BOCCTAHO-
BUTH CTPYKTYPY u3 n + 1 map cKoOOK, 3aKJIIOUUB TIEPBYIO CTPYKTYPY B CKOOKHU
¥ TIPUIIHCAB K PE3YIBTATY CIPABA BTOPYIO CTPYKTYDY.

Orciofa Mbl TOJIyYaeM PEKypPPEHTHOE COOTHOINeHHe Jjis ducesa Karasana.
Ha sror pa3 coorHollienre OKa3biBaeTcs HeJMHEHHBIM (CJaraeMble B IPaBoil 1a-
CTU #ABJISIOTCH [IPOU3BEICHUSIMU DJIEMEHTOB [10CJIEI0BATEILHOCTH )

Cn+1 = CoCn +cicp—1+ -+ Cpcp.- (20)
Hamnpumep, mpu n =4

Cs = CoC4+ cC1C3 4 Cc2c2 4+ c3C1 + C4C
1-1442-54+2-24+5-1+14-1
= 42.

Paccymorpum mponspomsmtyo hyHKINO a1a dncesn Kartamana

Cat(s) = co+cis+cas®+...
= 14s5+25>+553+....
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BOSBG,HH €¢ B KBaJIpaT U YMHOXKUB PE3YJbTaT Ha S, TOJYYINUM

sCat?(s) = s+ (cocr 4 c1c0)s® + (coca + crer + caco)s® + ...
54252 +55° 4 148t 4 ...
= Cat(s) — 1,

YTO JTAET HAM KBAJIDATHOE YDABHEHWE HA MPOU3BOIAIILYIO (DyHKIHIO
s Cat?(s) — Cat(s) + 1 =0, (21)

OTKyZa,
1—+1—4s
2s '

(BTopoii KOpeHb KBAJAPATHOIO YPABHEHHsI OTODACHIBAETCS, TaK KaK YHUCIUTEIb
1+ /1 — 4s He menurcs Ha 3HAMeHaTeb 25.)

Buz npoussogsiueit dbyukuuu (22) nossosuger Halitu sBHYIO HOPMYILy s
ancen Karanana. Bunom Hpiorona B npuMenennn K sbipazennto (1 — 4s)'/2 s
GUCTUTENE TaeT

Cat(s) = (22)

1 1 3 2n—1  gn+1
Laneloy
2(n+ 1)! ’
OTKy/a, YMHOXKAS THCINTEh U 3HAMEHATeIb Ha n! 1 cokpamas Ha 27!, momy-

JaeMm
(2n)! 1 [2n
C":n!(n—i—l)!:n+1<n)' (23)

B wactHocTH, npousBomgamas GyHKIN A1 dnces KaTtamaHa He aBIgeTca pa-
MUOHAJTBHON — OPMYJIa 1T YUCIIA Cp TOKA3BIBAET, YTO ITO UUCJIO HE SIBJIAETCS
KBAa3UMHOTOUJIEHOM OT 7.

IMocnenusia dbopmyna maer u Gojiee TpocToe (XOTs U € NEPEMEHHBIMU KO-
dbunuenramu) pekyppenrroe cooraomenue ang dncen Karanana:

4n + 2

i 24
2 ¢ (24)

Cn4+1 =

Yucna Karanama nepeduncisioT caMble pa3HooOpas3Hbie KOMOMHATOPHBIE 00b-
exTbl. JluTeparypa, uMm mocssieHHasA, Heobo3puMa. 1I3BecTHO HECKOIBKO AeCsT-
KOB WX Pa3JuYHbIX omnpejesnenuii. IIpusenem auib erne jBe YacTO BCTPEYAO-
IHecs UX PeaTn3aliii.

PaccmoTpuM BeINYKJIbIH (1 + 2)-yro/MbHEUK, BEPIIUHBI KOTOPOTrO 3aHYMEPOBa-
HBI TPOTHUB YacoBO cTpenku ducaamu ot 0 10 n+1. Juazonarvrot mpuareyss-
yueli HA30BeM pa3breHne MHOTOYTOJIBHUKA HA TPEYTOIbHUKH HEMEPECEKAIOIIN-
MUCS MATOHAIAMU. BesAras Takasi TPUAHTYIIAUS COAEPKUAT N — 1 quaronasei.
Ha puc. 9 npuBeneHbl Bce pa3anyHble JUATOHATIbHBIE TPUAHTYIANNYA YeThIPeX-
YTOJIBHUKA, W MSITUYTOJBHUKA.

Mycts ¢, — 4ucno Tpuadryasumii (n + 2)-yroapHuka upu n > 1; moJo-
xuM tg = 1. PaccMoTpuM nmpon3BONIBHYIO TPUAHTYIISIUIO U BBIIEJIUM TPEYTOIb-
HUK, npuMbikaommit k cropone 01 (cu. puc. 10 a)). Ilycrs k — Homep rperbeit
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ZAVAAA,

Puc. 9: TnaronaspHble TpUaHryIsnun 4-X U 5-yroJabHUKA

R 2 1 k'l
—_—
2 1
0 2) 1 0 6) 0
Puc. 10: a) Tpeyronbuuk, npuMbikaronmii Kk cropoue 01, u 6) mepenymepariust
BepIIUH MHOTOYTOJIBLHUKOB PA3OHeHMs

BEPIIUHBI 3TOrO TPEYTOJIbHUKA. BBIIEICHHBIN TPeyroIbHuK pa3busaer (n + 2)-
yronpHUK Ha k-yrompHuk m (n — k + 3)-yrombHWK, KaXKIpli U3 KOTOPBIX TPHU-
AHTYJIUPOBAH JUATOHAISAMH. [lepeHyMEpYEM BEDPIIUHBI TUX MHOTOYTOJIBHUKOB
MPOTHE YaCOBOH CTPEJKM Tak, YTOOBI HyMEpalus BEPITAH B KAKIOM U3 HUX
nauunanacs ¢ 0 (cm. puc. 10 6)). B pesyabrare moayduM mapy TPUAHTYISAIMA
k-yrompanka u (n — k + 3)-yroibHuka.

HaoGopor, kaxK mast apa Tpuanryaanuii k-yronsuuka u (n—k—+3)-yroabHuka
ONPENIENTSICT TPUAHTYJIAIMIO UCXOMHOTO MHOTOYTOIBHAKA. [103TOMY

tn+1 =totp +t1tp—1 +--- + tnt07

W, TOCKOJIbKY {9 = 1, mocsie/1oBaTeIbHOCTD YUCeJI ¢y, COBIAJIAET C MOCIEI0BA-
TenpHOCTRIO KaTamana.

OmnucanHast BBIIIE TPOLIELYPA COOCTABICHUST TPUAHTY/ AN (n+2)-yroabHu-
Ka Mapbl TPUAHTY/ s k-yrosbauka u (n — k + 3)-yroabHuKa 103BO/LET yCTa-
HOBUTH U B3aMMHO-OJHO3HAYHOE COOTBETCTBUE MEXK Ly TpUAHTYIsdrmsamu (1n+2)-
YrOJIBHUKA W CKOODOYHBIMH CTPYKTYypPaMu W3 N Map CKOOOK. e#icTBUTEIBHO,
MPETIONIOKIM, 9TO I/ BCEX MEHBITUX 3HAYEHWH N TaKOe COOTBETCTBUE yCTa-
HoBJeHo. Kaxxnoii Tpuanrynaimuu (n+2)-yroabHEKa Mbl COIOCTABUIIN APy TPH-
AHTYJIATIAH MHOTOYTOJBHUKOB C MEHBIIIMM 9HCJIOM CTOPOH. [1o mpenmnonoxennto,
9TOI mape TPUAHTYJIAINN COOTBETCTBYET Mapa CKODOIHBIX CTPYKTYP. 3AKTFOUUM
MEPBYIO U3 ITUX CKODOUHBIX CTPYKTYP B CKOOKM U MPHUITHIIEM K HEH BTOPYIO —
MOJIyYUM HOBYIO CKOOOUHYIO CTPYKTYPY, COOTBETCTBYIOIIYI0 UCXOAHON TPUAHTY-
ngmyn Beero (n + 2)-yrosbHuka.

Eie ogna Baxkuas peanmsanusa aucen Karanana cesa3ana ¢ nmytsavu Inka Ha
IJIOCKOCTHU. PaccMOTPUM METOYNCTIEHHY IO PEIIETKY B MOJOKATETFHOM KBAIPaH-
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te. Ilymem /[uxa' HaspBaeTCs HENpepbIBHAS JTOMAHAsT, COCTABICHHAS U3 BEKTO-
pos (1,1) m (1, —1), HaUMHAIOIAACS B HAYAJE KOODIUHAT U 3AKAHIUBAIOIIAACT
Ha ocu abeuuce (cm. puc. 11).

Puc. 11: IIyts duka u COOTBETCTBYIOIIAA €My CKOOOUHAST CTPYKTYpa

CoBepIIeHHO SICHO, KAK YCTAHABJIWBAETCS COOTBETCTBHE MeXKAy myTamu Jlu-
Ka ¥ MPABUWIbHBIMU CKODOYHBIMU CTPYKTYPAMH: HYYKHO COITOCTABUTH BEKTOPY
(1,1) meByto ckoOKy, a BekTopy (1,—1) — mpasyto ckoOky (cum. puc. 11). Torma
YCJIOBHE TOTO, YTO MYTh JIEKUT B BEPXHEH MOJYIJIOCKOCTH W 3aKAHIMBACTCST HA,
ocu abCIKCC, U €CTh B TOYHOCTH YCJIOBUE MPABUIBHOCTH CKOOOYHON CTPYKTYPHI.
IHosTomy

Yucao nymed Juka us 2n 36enves pasHo n-my wucary Kamanrana cp, .

IMyru Jluka m uX pazaudHble BAPUAIMH UMEIOT MHOTOYUCIEHHBIE HHTEPIIPe-
TAI¥ ¥ HE Pa3 eIle BCTPETATCS HAM B 9TON KHUTE.

1 Hazpams! B wecTs HeMerkoro Maremaruka Walther von Dyck (1856-1934). IIpon3romEHTE
¥ PYCCKasl TPAHCKPUIIIXS HUMEHU UMEIOT BAPUAHTHI; BOBMOXKHBI Hanucanus Jlaik, Jleiik, J[1oKk.
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0.18 3anmaum

3adaua 0.61. a) B rpade Ha puc. 7 B BEPIIUHY C HOMEPOM 5 B HUMKHEM DALY
Bezer 8 pasnuunbix myreit. Hapucyiite Bce atu myTu. 6) B rpade na puc. 8 B
BepIInHY ¢ HOMepoM 4 B HrzkHeM paxay Befer 10 “pasmuunbix”’ myreit. Hapucyiite
BCE 9TH IYTH.

3adaya 0.62. Bormummure Bee 14 mpaBUIBHBIX CKOOOYHBIX CTPYKTYD U3 Y€THIPEX
map CKOOOK.

3adaua 0.63. Iymu Moukxuna OUpenensrOTCa Tak e, Kak u myTn Juka, Tomab-
KO OHU MOTYT BK/IIOYATH B cebsi ropusoHTa/abHble BeKTOpbl (1,0) (cM. puc. 12).
Yucao nyreit MouguHa u3 n BEKTOPOB HA3LIBAETCA N-M Yuciom Mouxuna n 060-

Puc. 12: IIytsr Mongunaa

3HaYaeTCs Iepe3 my,. Bor Hadaso nmociaemoBaTenbuocTu Monkuna: mg = 1,m; =
1,mg = 2,m3 = 4. Beraucanre HECKOJNBKO CJEAYIONUX JIEHOB 3TOH MOCTEIO0-
BaresipHOCTH. Haiiure 1718 Hee peKyppeHTHOE COOTHOINEHNE U TPOU3BOIATITY IO
PYHKITHIO.

3adaua 0.64. TlpuaymaiiTe aJropuTMbI OCIEIOBATENIHHOIO BHIBOJA &) TIPABUIIH-
HBIX CKOBOYHBIX CTPYKTYD; 6) myTeil Moukuna.

3adava 0.65. PaccMoTpuM MHOMXKECTBO myTefl Ha TMPSIMOMN, COCTOSIIAX W3 Ia-
roB aymHbl 1 Brpaso uian BaeBo. Hafinure mpon3Boasiiyo pyHKIUIO IS TUC-
JIa TAKUX IyTel u3 n maros, HaduHaoomuxces B 0 u a) okamumBaormuxcs B 0;
6) okamuuBaionmxcs B 0 M He 3aXOAIINX B OTPUIATENbHYIO TOJIYIPAMYIO; B)
OKaHYMBAONMXCA B pukcupoBanuoii touke N > 0; r) OKaHINBAIOIINXCS B (DUK-
cupoBanuoit Touke N > 0 U He 3aXOHANINX B OTPUIIATETBHYIO MOJLYIPAMYIO.

3adaya 0.66. PaccMoTpuM MHOXKECTBO MyTeil HA TPAMOUN, COCTOSIINX U3 IITATN0B
JUIMHBI 2 BIOPABO U IMAroB JinHbI 1 BaeBo. Haiiaure npousBoasniyo (byHKIM0
JIJIS YUCIIa TAKUX [y Teil U3 n 11aroB, HaYuHAMMXC B 0 ¥ a) OKAHYUBAIOIIUXCH
B 0; 6) okanuuBatonuxcd B 0 U HE 3aXOAANIMX B OTPULATEIBHYIO [OJLY IPAMYIO;
B) OKaH4uBaKIMXCd B pukcupoBanuoil Touke N > 0; I) OKaHYUBAKOILUXCS B
durcupoBaruoit Touke N > 0 U He 3aXOAANINX B OTPUIATENHHYIO TIOMYIPIMYTO.

3adawa 0.67. B rabauie u3 ABYX CTPOK JJIHHBI 1 PACCTABIEHBI 9rcia OT 1 10 21,
KaxK/I0e 10 OJIHOMY Pa3y TaK, 4To

® B KayKJO# CTPOKE YHCJIa BO3PACTAOT;
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® B KAXKJIOM CTOJIOIE YUCIa BO3PACTAOT (T.€. YHCJIO, CTOSINEE BO BTOPOI
CTpOKe, BOJIbIIE CTOSAIIErO HAJ, HUM).

IlogcunTaiiTe Ynca0 TAKUX PACCTAHOBOK.

3adaua 0.68. IIpeobpasosanuem Lankeasn nocnenopareavuocru {a, },n=0,1,2,...

HA3BIBAETCS HOCAenoBaTebHOCTb by = H({a,}), cocrosias us onpenenureneit

ap aq a9 [P (47%%

al a9 as RPN Ap+1
hn = det a2 as a4 e Ap+2

(079 Ap+1 Ap+2 CIEa a2n

Hamnpuwmep, nepebie wiensl npeobpasoBanns [ankens mocaemosarebaocTu Ka-
tanana 1,1,2,5,...,Cat,,... paBHbI

11 1 1 2
1] =1, ’1 2’:1, 1 2 5|=1

2 5 14
Jokaxure, 910 npeobpazosanue [aHKe/s MEPEBOAUT a) HOC/AEI0BATEIHLHOCTD
Karanana B mocienoBarenbHocrs equnuin, 1,1,1,...; 6) 1m0CI€10BATEILHOCTD
Karamana, HAURHAIONIYIOCS C 94I€Ha ¢ HOMEpPOM 1, B IIOCIEIOBATEIbHOCTD €11~
wun 1,1,1, ... B) nocaegosaresbnocrs Moukuna 1,1,2,3,...,my,,... (cM. 3a-
nagy 0.65) B nociaemosarenbuocTh eauaui 1,1, 1,.... v) Haligure npeobpaso-
Banme lankensa nocmenoearenbuoctu Monkuna 1,2,3, ..., My41,. .., HAUXHAIO-

meiics ¢ 4IeHa ¢ HoMepoM 1.

3adaua 0.69. [Momumuno (cMm. 3amady 0.56) Ha3bIBaeTCH 1APAIIIEIOrPAMMHBIM,
€CcJii ero TPAHUIA IPEICTaBRIIAeT cOD0il 0O0benuHeHre ABYX JOMAHBIX, HIYIIAX
BOPABO U BBEPX W3 OOIIErO JIEBOTO HUKHErO KOHIIA, B ODIIMI MpaBblil BepxXHUN
KoHer, cM. puc. 13. JIoKaxKuTe, 9T0 YUCIO TAPAIIETOIPAMMHBIX TIOJTUMUHO TIe-
pumerpa 2n + 2 pasuo unciay Karanana Cat,,.

Puc. 13: a) [apainenorpammuoe moauMuso 6) IaTh napaaiesorpaMMHbIX 0~
JIUMUHO TIepuMeTpa 8

3adauwae 0.70. lokaxkure, uro mpom3BoagAmas GbyHKus Aad uncen Karamana
JOIyCKAeT CIENYIOIIee Pa3IozKeHne:
s 252 53 (-1)"~! Cat,, s"

=1 — ...
Catls) = It T Ao T A T (Gt
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3adaua 0.71. PaccMOoTpuM MHOXKECTBO MyTeH Ha TIIOCKOCTH, COCTOSIIAX U3 BEK-
topos (1,0),(—1,0),(0,1). HaiiauTe npomssonamyo (GyHKIHIO IJIs IUCTA Ta-
KUX IyTell JuuHbl 1, HaduHaomuxcd B 0 U HecaMonepecekarommxcs (T.e. BeK-
topsr (1,0) m (—1,0) HE MOTYT MATH HEMOCPEACTBEHHO APYT 33 APYTOM).
3adawa 0.72. Haiinure mpoussenenune Anamapa mpousBozdaiieit GyHKmum miis
quces: Karanana u npoussogsux byHKImiA a) 1—;; 6) ﬁ; B) ﬁ
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IIpousBoagnie (pyHKIN
HEeCKOJILKIX IepeMeHHbIX

Tlongarue mpousBomsmell (pyHKIUNA €CTECTBEHHBIM 0OpPa30M PACIPOCTPAHSIETCS
Ha YHKIUE HECKOJIBKUX HepeMeHHbIX. [IpousBosiime QyHKIMA JBYX mepe-
MEHHBIX OTBEYAIOT JABYXWHAEKCHBIM IOC/IEI0BATEIRHOCTM. Takue mocaenoBa-
TEJBHOCTH YAOOHO 3alMCHIBATH B BUJE TPEYIOJbHUKA (COOTBETCTBYIOMIErO IO~
JIOXKUTENbHOMY KBRIPAHTY IEJOUUCIEHHON PElIeTKH).

0.19 Tpeyroabuuk Ilackamasa

Tpeyeonvrur Iackanrs n3odpaxken Ha puc. 14. JJeMEHTHI ITOTO TPEYTOJIHHUKA
[IEPEYUCIISIOT [IyTH, MAYIIUE U3 €r0 BEPIIMHLI B COOTBETCTBYOLIYIO KJIeTKY. [Ly-
TH UMEIT BUJ JIOMAHbBIX, COCTABJIEHHBIX U3 BEKTOPOB €IMHHUYHON JJIUHBI ABYX
BUJOB: UIYIIWX BIPABO-BHU3 U UIAYIINX BJIE€BO-BHUS.

1 .
1 1 . .
1 2 1 . . .
1 3 3 1 : : : )
1 4 6 4 1
1 5 10 10 5 1
€0,0 Co0
C1,0 C1,1 Cl,o Co,l
C2,0 C2.1 C2.2 02,0 C1,1
3,0 3,1 3,2 c33 Csp Ca Ci,2
Puc. 14: Tpeyromsauk Ilackans n myTH, KOTOpBIE OH HEPEIUCIAET
Yucna, crodimme B TpeyroabHuke llackass, — 3TO yKe XOPOIIO 3HAKOMbIE

57

Co,2

Co,3



58 IVIABA 0. @YHKIIUN HECKOJIbKHX IIEPEMEHHDBIX

HaM OMHOMMAbHBIE KOI(DDUITMEHTHI

n
Cnk = (k) .

DTO HECTIOXKHO NOKA3aTh WHAYKIMEH o n. [lpeanosoxkum, 9To ancaa B n-i
CTPOYKE TPEYTOJHHUKA COBIAIAIOT ¢ KOIDDUIIMEHTAMY PABIOKEHUT MHOTOUTE-
Ha (14 )™, Yncno pasawvHbX myTei, Beaymux B TOUKy (n+ 1, k), paBHO cymme
YUCIa, MyTel, Beaymmx B ToUKy (n,k — 1), u uncia myTel, Beiylux B TOYKY
(n, k), Cht1,k = Cnk—1 + Cn k- IIO9TOMY HUHCIIO Cpi1f COBIATACT ¢ KOIDDUITH-
enroM npu s* B Muorounene (14 s) - (14 s)" = (1 + s)" L

IIpoussonamniaa pyHKIHT MOKET OBITH COMOCTABIEHA TPEYTrOabHUKY Ilacka-
Jisl HECKOJIbKUMU criocobamu. Hampumep, MOXKHO PaccMOTPeTh MPOU3BOISILY IO
GYHKITHIO

chl’kxkyn _ Z <Z>zkynz Z(Z)xk g

n,k=0 n,k=0 n=0 \k=0
> 1
= Y (+a)y = ——.
n=0 1- y—ry

Bropoit cnocof coorBeTCTBYeT HyMEpAlMU IJEMEHTOB TPEYTOJIBbHUKA {HC-
JIOM OTDE3KOB KayKIOTO THIA HA TYTSX, BEIYIIAX B COOTBETCTBYIOIILYI TOUKY
(puc. 14 r)). Jas aroit HyMeparmun

Cn,m = Cn4+m,m = (n * m)a

m

¥ TIPpOU3BOASAIMAsS (DYHKIMSA UMEET BUT

Y Coma™y™ = ) (n;m>x"ym=z > (njlm)x"ym

n,m=0 n,m=0 k=0 n+m=~k
> 1
= D @+yf=r—o!
l—-z—-y
k=0

Ha sTor pa3 ona oka3ajach CHMMETPHUYHON TIO MMEPEMEHHBIM X U Y.

U, HakoHer, mMeeTCs eIne OnWH CIIOCO0: COIMOCTABUTh TPEyroabHuKy Ilacka-
JIST 3KCIOHEHIINAIBHYIO MPOU3BOASAIIYI0 (DYHKIIMIO. JKCIIOHEHITNATBHAS TTPOM3-
BOAANIAS (DYHKIINST OTIUIACTCS OT OOBIYHOM T€M, UTO B KAUYeCTBe KO duimen-
TOB CTENEHHOTO DPsiia OePyTCS He IJIEMEHTHI MMOCJIEI0BATETLHOCTH Gy, & IUCIA,
ap,/n!. IKCTIOHEHTMATBHBIE TPOU3BOAIINE (DYHKIUH 3ACTYKAUBAIOT OTAETBHOTO
06CyKIeHNA, K KOTOPOMY MbI CEfiYac ¥ MepexOayM.
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0.20 DKcroOHEHIMAJIbHBIE TIpOM3BoAdAIINE (DYyHK-
I

BadurcupyeM mpOM3BONBHYIO TOCIEIOBATENBHOCTE { Quy b Kaskmoit mocienosa-
TEJBHOCTH {Gy,} MBI MOXKEM COIOCTABUTD [IPOM3BOMAILYI0 (DYHKIHIO

oo
{an} — Z Ap Oy 8™,
n=0

ONPENIENSEMY IO TIOCIENOBATEIBHOCTRIO { vy, }. Ecim B mocsemoBaremsroct {ov, }
OTCYTCTBYIOT HYJIEBBIE DJIEMEHTBI, TO TAKOE COMOCTABICHUE B3AUMHO OJHO3HAY-
HO. /10 CUX MOp MBI MOJB30BAJUCEH TOJHKO OOBIYHBIMH MPOU3BOISIIMME (DYHKIT-
SIMU — OTBEUAIOIIMMH TTOCIEI0BATEILHOCTH vy = 1. B 3aBuCHMOCTH OT TIpecie-
IyeMbIX TIeJieil TOJb3y MOTYT HPUHECTH W [IPYTHue MOCIeI0BaTebHOCTH. arme
BCErO UCMOIB3YETCs TOCTIENOBATEIBHOCTD Oy = % CooreercrByorue eif mpo-
u3BodIIye (DYHKIIUU HA3BIBAIOTCS IKCNOHEHUUAALHDLMU.

DKCIOHEHIMAIBHBIE TTPOU3BOASIME DYHKIIUK [JIsT [IEIOUUCIEHHBIX TOCTIe-
JOBaTEIBHOCTEN HABBIBAIOTCA Pynryuamu [ypsuya.

YeM OTIUYAIOTCA IKCIOOHEHIIMAJLHBIE TTPOU3BOAAIINE (DYHKIUA OT O0BIY-
wbix? I[locMoTpuM Ha MOBeEHNE SKCIOHEHITUATBHBIX TPOU3BOAANTNX (DYHKITHH
[IpHU BBIMOJHEHUH onepatnit Hag Humu. Cymma Beser cedsi OObIIHBIM 00pa30M:

P B

n=0 n=0 n=0

a BOT MPOMW3BEICHNE MHAME:

ao ai a2 o bO bl b2 2
(E*i”is +...)<.+-s+.s + ...

ag by apbr a1 by apby ar b azby\ o
mm*(mu*um%*(mm*uu*mm54*~

KoaddbunpenTsr 4 npomsse/ieHns BRITHCAAIOTCS 10 hopMyIe

Cp = " apby, + " arbp—1 + -+ " anbg.
0 1 n

Eme oa1o cymmecTBeHHOe OTINYNE SKCIOHECHIUAIBHIX IIPOM3BOAAIINX (DYHK-
Ui OT OOBIYHBIX HADIIONAETCS IPU B3ATUU TIPOU3BOIHBIX (M MHTETPUPOBAHUMN).
Huddepennppopanye Wil HHTETPUPOBAHKAE IKCIOHCHINAILHON IIPOU3BOAIIEi
GbYHKIINY TPUBOAUT K CABUTY MOCJEIOBATEIBHOCTH ee Ko durmenTon 6e3 mn3-
MEHEHUS UX BEJIMIUHBL:

ap , G1 Gz o ! ar | G2 as 2 )

ap aq az o an aiy o az 3 as 4
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O6pranas nponssoasamas byrkmas A(s) = ag+ays+azs®+. .. BeIpaxkaerca
qepes FKCIOHeHIManbhyo A(t) = 20 + 4t 4+ 2242 4+ .. 1o dopmyme

A(s) = /OOO e ' A(st)dt.

HeticrBuTeIbHO,

/ e tthdr = —/ tFde =/ e~ tdtk :k/ e P ldt = = kL.
0 0 0 0

Tenepb MBI MOXKEM BBIMMUCATH IKCTOHEHITUAJIBHY IO TPOU3BOIAATIY IO (byHKL[I/IIO
AJIT TPEYyTOJbHUKA ITackaJs:

> 1 n+m\ .o, > (x+y)" oty
Z (n—l—m)!( m )Iy _Z o C

n,m=0 n=0

0.21 TpeyroabHuk /Jluka

Tpeyzorvnuk Jura nepevancaser NyTH B NOJOKHTEIBHOM KBAJIPAHTE ILUIOCKO-
CTH, BBIXOJSIIIIVE W3 HAYAsIa KOOPAWHAT M COCTaBJeHHble W3 BeKTopok (1,1) n
(1,—1) (em. puc. 15). IlyTn, okaHYHBatOIHecs Ha OCH abCIHCC, — 9TO MyTH
Hwuka n3 pazaena 0.17.

1 6 27 ..
1 5 20 75 . e
1 4 14 48 ..
1 3 9 28 90 /\/\/\
1 2 5 14 42 e
1 1 2 5 14 42

Puc. 15: Tpeyronbauk JIvKa u myTH, KOTOPbIE OH MEPEUNCISIET

Herpyano Buners, 410 9/1€MeHTHI d;; TPEYTONBHUKA JIMKa OTINYHBL OT HyJIs
B TOM M TOJIBKO B TOM Ciaydae, ecium ¢ > j u i + j derno. Obo3HaduM depe3
D(z,y) npoussomsaniyio yukiuio JIvka IBYX TePEeMEHHBIX

o0
D(z,y) = Y dijz'y’.
4,j=0

IIpaBuio mocTpoenus TpeyroabHuKa IrKa momncka3biBaeT HaM yPABHEHUE HA
3Ty TPOU3BOAANIYIO DYHKIIUIO

#yD(e,y) + (D(,y) = D(,0)) - = Dly) = 1.
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HeiicrBuTebHO, KO3MUIUEHT mpu J0060M MOHOME x'Yy’, OTIMIHOM OT €Iu-
HUYHOTO, IPEICTABISET co60it cyMmMy K03 duunenTos mpu Monomax &'y !

u xt 1yt Oyuknus
1—+1—4z2
2x2

HAM XOPOIIO U3BECTHA, U psij D(x,y) HAXOMUTCs PelIeHUeM JIMHEHHOTO ypaBHe-
HUA,

D(z,0) =

| 1=V da®
D =

Mpr 3HaeM, 910 Ko3p UIHEHTHI PA3IOKEHUsT TTPABOH YACTHU O CTEMeHsIM mepe-
MEHHOH & SIBJIIOTCST MHOTOYJIEHAMM OT Y, XOTd U3 (DOPMYJIBI 3TO COBEPIIEHHO
He OYEBUJIHO.

0.22 Tpeyroabauk Bepuynnn—diisiepa u nepevnc-
JieHaue up-down IepecraHoOBOK
Tpeyzonvnur Bepnyaru—iaepa (puc. 16), kak u Tpeyroabuuk [Tackamns, obia-

JaeT MHOTHMH 3aMEYaTeIbHBIMA CBOMCTBAMH. JIeBas CTOPOHA 3TOIO TPEYTrOJb-
HUKA HA3BIBAETCSA cmoponoti Bepnyasu, mpaBas — cmoponoti Siinepa®.

1
1 0
0 1 1 .
2 2 1 0 . :
0 2 4 5 5 : vl
16 16 14 10 5 0

Puc. 16: Tpeyronbauk Beprynin—iisepa u myTi, KOTOPBIE OH NEPEIUCTIAET

DJIeMeHTBI TPEYTOJIbHUKA BepHyin—Jiiiepa — TOXKe 9uciia, myTeil u3 Bep-
IIIUHBI TPEYTOJILHUKA B JIAHHYIO KJIeTKY. HO Py 5TOM pacCMaTPUBAIOTCA TOTHKO
MyTH, WAYIIHe 3UM3aroM: HEYeTHBIE IIard BJIEBO, YeTHbIE — BIpaBo. [loaTomy
KaxK/JI0€ 9UCII0 B TPEyroJbHUKe BepHysuin—itiepa paBHO CyMMe YUCEJT MPEeIbl-
IyIIeil CTPOKHU, CTOSIIAX CJIEBA, WJIN CIIPABA OT HErO, B 3aBUCHMOCTH OT Y€THOCTHU
CTPOKH.

MosxHO 1aTh U 60JIee TPOCTOE WHIYKTUBHOE TTPABUIO OMPEIeeHNs YUCeT B
TpeyroibuuKe Beprynnu—iinepa, eciau depeaoBaTh 3HAKU Yepe3 KarKble JBe
crpouku (cM. puc. 17). B TakoMm anbrepHUPOBAHHOM TPEYTOJbHUKE KaXK bl

20rMeTHM, UTO €CTh €Ie JBe MOCIeI0BATENHHOCTH UYHCEN, KOTOPhIe TAKXKEe HOCST HMEHA,
Beprynnu u Ditnepa.
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9JIEMEHT PABEH CYMMe IBYX OJMKAUIINX IJTEMEHTOB, CTOSAIINAX CIIPABA U CIIPABa,
cBepxy oT Hero. st Toro 9To6sl OMHO3HATHO 330aTh TPEYTOIbHUK, HEOOXOIUMO
JIO0MPEIETTNTh CTOPOHY Jitiepa, 4eM Mbl ceffdac u 3afiMemMcs.

1
1 0
-0 -1 -1
-2 -2 -1 0
0 2 4 ) 5
16 16 14 10 5 0
0 -16 -32 -46 -56 -61 -61

Puc. 17: AnpreprupoBanHbiii TpeyroJbHUK Beprynnn—diiaepa

Ham nonaoburcs ere ofiHa HHTEPIPETAIINN TPEYroJbHuKa BepHymim—ii-
Jepa — B TepMuHax up-down mepecTaHoOBOK.

Onpenenenne 0.22.1. Tepecranoska na muOXKectBe {1,2,3,...,n} Ha3bBa-
ercst nuA00bpasnoti, i up-down MepecTAHOBKOM, eC/ii KaXK bl 9J1eMeHT B Heil
b0 GosbIie, 00 MEHBINE 0D0UX CBOUX COCEIeH.

Hanpumep, nepecranoska (3,2,7,1,6,4,5) — nunoobpasuas. Bor Bce mu-
J1006pa3HbIe MePEecTaHOBKH Ajd n = 2,3,4,5, B KOTOPBIX MOCTEIHNAN DTEMEHT
MEHbIIIE CBOErO JIEBOro cocelia (a 3HauuT, 1epBbli ssieMeHT GoJIbIie CBOero npa-
BOTO COCEMIA, €CJIU N YeTHO, ¥ MEHBITIE ero, eCIN N HEUETHO):

(2,1)

(1,3,2) (2,3,1)

(2,1,4,3) (3,1,4,2) (3,2,4,1) (4,1,3,2) (4,2,3,1)

(1,3,2,5,4) (1,4,2,5,3) (1,4,3,5,2) (1,5,2,4,3) (1,5,3,2,4) (2,3,1,5,4)
(2,4,1,5,3) (2,4,3,5,1) (2,5,1,4,3) (2,5,3,4,1) (3,4,1,5,2) (3,4,2,5,1)
( )

3,5,1,4,2) (3,5,2,4,1) (4,5,1,3,2) (4,5,2,3,1)

Tem cambIM, TIOCIEOBATEHLHOCTD, IEPEIUCSIONIAS MI000PA3HbIE TEPECTAHOB-
KU, MIOCTIEIHNH 3JIEMEHT B KOTOPBIX MEHBIIIE CBOETO JIEBOTO COCEIa, HATMHAETCS
Tak: 1,1,2, 5,16,.... 9TO B TOYHOCTH TE€ YUCJIA, KOTOPHIE CTOAT II0 CTOPOHAM
TPEyroJibHUKa BepHy/in—Jijiepa: 4ucia ¢ YeTHBIMU HOMEPAMHM — HEHYJIEBbIE
3JIEMEHTBI CTOPOHBI BepHYyNIIN, a 9ucjia ¢ HEYeTHBIMY HOMEPAMU — HEHYJIEBbIE
3JIEMEHTHI CTOPOHBI Jityiepa. B masbpHeiinem Mbr OyieM paccMaTpuBaTh TOJBKO
Takue MUI000pa3HbIe MePEeCTAHOBKU, B KOTOPBIX MOCIETHUN IJTEMEHT MEHBIIEe
CBOEr0 JIEBOT'O COCENa, M HE OyIeM 3TO CIENNaIbHO OrOBAPWUBATH, HA3BIBAA UX
MIPOCTO TMHJIO00PA3HBIMHU TTEPECTAHOBKAMH.

Y100bI MOHATH, OTKY/1a OepeTcs CBA3b C TPEYroJabHUKOM beprynnn—diimepa,
paccMOTpUM THIOO0OPA3HBIE MEPECTAHOBKH, IMEPBBIM JIEMEHT B KOTOPBIX pa-
BeH k.
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Jlemma 0.22.2. Ilycmo cp ) — “ucao up-down nepecmanosor na MHOJMCeCmsee
{1,2,...,n+ 1}, navunarowuzca ¢ n+ 1 —k. Toeda ¢y, ecmo k-e wucao 6 n-i
cmpore mpeyzoavrurae Bepryasu—isepa.

Hamnpuwmep, Kak BUIHO U3 MPEIBIAYINETO CIUCKA, CPEIN MTO0OPA3HBIX MEPe-
CTAHOBOK IISITH 3JIEMEHTOB b HAYMHAIOTCS € 1, eme 5 — ¢ ABOUKH, 4 — ¢ TPOHKH,
2 — ¢ YeTBepKU W HU OJHA He HaunHaeTcsd ¢ nsrepku. Crpoka 0,2,4, 5,5 coBma-
JAeT C YeTBEPTOH CTPOKOH Tpeyronbuuka beprHymm—diiaepa.

HoxkazareabcTBo. g MEpPBBIX IBYX CTPOK TPEYTOJbHUKA yTBEPIKICHUE
IPOBEPAETCS HEMOCPEICTBEHHO. JIoKakeM, 9TO eCiu OHO BEPHO ISt N-1 CTPOKH,
TO OHO BEPHO u iyt CTPOKHU ¢ HoMepoMm n+ 1. [Tycre, nus onpenenennoctu, n+ 1
geTHO. Torma n n N+ 2 HeYETHBI; MBI N3yYaeM MMEPECTAHOBKY 13 N+ 1 371eMeHTOBR.
[TepBriii 3/7eMeHT B TaKO# TEPECTAHOBKE SBJSIETCS JIOKAJBHBIM MAKCHMYMOM,
BTOPOIl — MUHUMYMOM, TIO9TOMY BTOPOH 3JIEMEHT MEHBIIE TIEPBOTO.

OrbpachiBaHe MEPBOTO IJIEMEHTA B MEPECTAHOBKE MOCJE MEPEHYMepariu
OCTAJIbHBIX YJIEMEHTOB C COXPAHEHUEM WX OTHOCHUTEIBHOIO TOPSIKA JTAET OTHO-
3HAYHO OLPEEEHHYI0 UP-dOWN [IePEeCTAHOBKY HA MHOXKECTBE U3 7 JJIEMEHTOB.
HaoGopor, 1o kaxknoii nunoo0pa3Hoil nepecTanoBke MuoxkectBa {1,2,...,n},
TIEPBBIA JIEMEHT B KOTOPO# paseH | < k, MOXKHO ITOCTPOUTH TUI00OPA3HYIO TIe-
pectanoBry muOKeCTBa {1,2,...,n + 1}, meprerii s;eMenT B KOTOPOit pasen k:
ponumieM k ciaepa u ypenuwauM Ha 1 Bce snementol k, k+ 1,...,n.

Takum obpazom,

Cn+1,k = Cn k + Cn,k+1 + -+ Cn,n-

st CTPOKHM C HEeYeTHBIM HOMEDPOM CIIPABEIJIMBO aHAJOIMYHOE PAaCCyKIAEHHE.
Tem camMbIM, 9HCIIA Cp ) YIOBIETBOPSIIOT TEM K€ COOTHOILIEHUSIM, ITO U JIEMEH-
ThI TPEYrOJIbHUKA BepHy/un—iiiepa, a 3HAUUT, UMEHHO OHU U CTOSIT B TOM
TPEeYrOoJbHUKE. O

Brisenem Teneps mpousBossimue GbYHKIIAA i CTOPOH TPeyroabuuka bep-
HyJUI—ilzepa. PaccMoTpuM 110 OTAEIbHOCTH ABA CIIy4ast:

® 1 HEYETHO; COOTBETCTBYIONIEE YUCIO Up-down IepecTaHOBOK OOO3HAMMM
yepes b, W BBEIEM 3KCIIOHEHIIUAILHYIO IPOU3BOAAIIYIO (DYHKIIIIO
by bo 1 2 16 -
Bz)=—z+ —2’4+--= o+ a4+ a2+ ... ;
(@) = e+ 5o+ TR TR TR
® 7, YETHO; COOTBETCTBYIONIECE IMCI0 Up-dOwn ImepecTaHoBOK 0BGO3HAMHM [e-
pe3 €, W BBEIEM SKCIOHCHIIUAILHYIO MPOU3BOAAIIYIO (PYHKIIIIO

€1 €2 o 1 2 5 4
y)=1+— = =14 = — e
EW)=1+qpu+gy + TR

BriBenem pexyppenTHYO GOpMYITY Ajs Yucaa up-down mepecTaHoBoK. Maxk-
CUMAJIBHBIHN 3JIEMEHT B MAJIO00PA3HO TepeCTaHOBKE PAa3Ie/iseT ee HA IBE Mepe-
CTAHOBKH, KarKIasd W3 KOTOPBIX ABJIAETCS MHA000PA3HON — HYKHO JIUIIDL IIe-
PeHyMepoBaTh 3JIEMEHTBI B JIEBOM M IPaBOil 4aCTU NEPECTAHOBKHU, COXPAHAA UX
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OTHOCUTEbHBIN Mopsiyiok. Hanmpumep,
(2,7,3,9,1,6,5,8,4) — ((2,7,3),(1,6,5,8,4)) — ((1,3,2),(1,4,3,5,2)).

B pesyabrare Mbl COMOCTABUIN KaXKI0M TMUI000PA3HON MEPECTAHOBKE HA MHO-
KecTBe u3 n + 1 3/IeMeHTOB JiBe MUI00OpA3HBIE TEPECTAHOBKU HA, MHOMXKECTBE
u3 k u u3 n — k 3neMeHToB, n — k HEIETHO.

IIpu HeyeTHOM N MOJIyYaeM PEKYPPEHTHOE COOTHOIIEHHE Ha YUCIa by, :

bupi= > (Z)bkbnk. (25)

k HEIETHO

BunoMuanbabli k03D GUIEHT BOSHAKACT H3-3a TOTO, YTO IIPH CKICHBAHUHI JBYX
up-down mepecTaHOBOK MBI JOJIXKHBI BCEMH BO3MHOMKHBIMH CIOCODAMH PACIIPE-
JIEJINTh HOMEPa IO JIEBOH M IPaBOH 4aCTAM IIEPECTAHOBKH, T.€. BBIOpATH U3 7
HOMEPOB T€, KOTOPBIE COOTBETCTBYIOT JIEBOH T1€PECTAHOBKE.

Benomunast, 9To 151 SKCMOHEHIHANBHBIX TIPOU3BOAAIX (DYHKIWH TpaBast
9ACTh COOTBETCTBYET KBAaIpaTy npoussonsmeit byuknuu (), a nesas — ee ke
[IPOM3BOIHOM, TiepenuiieM ypasaenue (25) B Buze

B'(z) = B*(z) + 1. (26)
Herpy/iHo npoBepuTh, 4TO y ITOr0 yPaBHEHUHA €CTh €IUHCTBEHHOE DEIIeHUE,
pasnokerne KOTOporo Haunuaercsa ¢ B(x) = x+. ... Takoe pernenne Mbr 3HAEM
— 9T0 TaHrenc, mockombKy (tgz) = tg?x + 1. (Ypaprenue (26) HecIOXKHO I
pemmTh HenocpencTsento. Bemomuus, uro B (x) = dB/dx, umeem
aB aB
- =dr = ——— = [dx = arctgB=1x = B=tgx.
B?+1 B?+1 / & 8-)

Taxkum obpazom, cropona BepHysu onpeensier pa3ioxKeHue B Psifl TAHTEHCA:

£C3 5 7

B(z) :tgx:x+2§+16%+272%+... :
KoaddummenTsr b, B pa3ioKeHUN TAHTEHCA HA3BIBAIOTCS MOH2ZEHUUAALHHLMU
wucaemu. OOpaTUTe BHEMAHHE HA TO, YTO €JUHUIA B BepIIHHE TPEYTOJIbHUKA
He BKJIIOYaeTcd B CTOpoHY Bepmysmu.

Eciu ke n 9eTHO, TO PEKYyPPEHTHOE COOTHONICHNE TPUHUMAECT BH,T

D S () (27)

k HEIETHO

U €My COOTBETCTBYET YpaBHEHUEC

£'(4) = E)BL) (28)
Ha mpousBosiue pyHkun. Permast mocaentnee ypaBHeHue, MOIyvaeM
g'(y) / 1
) = BW) = W) =ty > mEW) = [ ey > &0 = -
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¥ CTOPOHA Dilyiepa onpesenser pa3iokeHue B psill cekanca. KoaddurmenTs e,
STOTO PA3JIOKEHNA HASBIBAIOTCA wucAamu isepa °.
BocnonbzoBasimch moicTAaHOBKOM

sinx = (e‘/j‘” — e*‘/jlz) /2V/ =1, cosz = (e‘/j” + eﬂ/jlx> /2,

MBI MO2KEM II€PENUCATH TPOU3BOIMAIIME (DYHKITMH CTOPOH JJid AJIbTEPHUPOBAH-
HOT'O TPEYTOJBLHUKA B BUIE

~ et —e 7" ~ 2

Bo=res W=

Tenepsr y HaAC ecTb BCe HEOOXOMWMOE JJisi BBIYUCEHUS 3IKCIOHEHIUATHHOM
npousBosIeit GYHKIMYA aJTbTEPHUPOBAHHOTO TPEYTONbHUKA Beprymin—diine-
pa. O6o3natumM depe3 bey; 3/leMEHT TPeyroJbHUKA, HMEIONUMH KOOPIUHATY K
BJI0JIb CTOPOHBI Bephyiiu u koopauuary [ BJoJb CTOPOHDbI Jitiepa.

Teopema 0.22.3. IkcnoHeHyuasbHaA NPOUICOIAULGA PYHKUUA OAL PEY204D-
nuka Bepnyaru—disepa umeem 6ud

.CCk yl 2¢®

BE(z.y) = D bent 3 = oy oo (29)
=0

HokaszaTeabcTBo. JJoKakeM, 9TO IKCIIOHEHITHAIbHAS TPOU3BOIAIIAL PYHK-
1IHsI ST TpeyroabHnka Bepuymim-diinepa ynosiaersopsieT auddepeHmaabHo-
MYy YPaBHEHUIO
OBE(z,y)  0BE(z,y)

Jy N ox

3amurcannoe BBIIE PABEHCTBO €CTh HE YTO WHOE, KAK MPABUI0 00PA30BAHU AJlb-
TEPHUPOBAHHOIO TPEYTOJbHUKA. [efiCTBUTENBHO, PACCMOTPHUM IMPIMYIO B Tpe-
YTOJIBHUKE, TApaJIIebHYI0 cTOpoHe ditnepa. duddepenimpopanme mo y sKc-
TTOHEHTINAJIBHON TPOU3BOISIIEH (QYHKIIUN ITON MPAMOI €CTh CIABUT HA, €IUHUILY
BIOJIb CTOPOHBI Jiyiepa. Cymmupys pesynbrar qudhepeHnnpoBaHs ¢ HCXOI-
HO QYHKIHEH, MBI TOIYYaeM COCEIHION NPAMYIO (OCKOMBKY bey m = beg_1 m
+beg_1,m+1), T.e. pesyabrar auddepeHnupoBaHus 0 T MCXOMHONH IKCIOHEH-
UAJIBHOM Mpom3BOdIeil PyHKIUN.

Taxum obpazom, dbyuakmus BE(z,y) omHO3HAYHO onpenensieTca CBOUM Ha-
JaJIbHBIM 3HAYEHUEM

BE(z,y) +

. 2
BE(0,y) = £(y) = prap—

u muddepeHnranbEbIM ypaBuenueM. J[is 10Ka3aTeNbCTBa TEOPEMBI OCTAIOCH
TOJIKO TIPOBEPUTD, 4TO (PyHKIMs (29) YIOBIETBOPSIET BLITUCAHHOMY Judde-
PEHIIMAJIBHOMY YVPaBHEHHUIO. O

30651900 uncIaMu DHIepa HA3BIBAOT UHUCJIA, CTOSINE HA CTOPOHE Dilrepa B aJbTepHUPO-
BAHHOM TPEYTOJIbHHKE (T.€. 9MCJIA, 3HAK KOTOPBLIX MeHsieTcs1). Mbl, 0qHaK0, m0o3BoIHM cebe He
MPOBOAUTD PA3JIAYUUS MEXKY STHMHU JABYMs IOCIEI0BATEIHHOCTIMU.
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vy
1
Oy vy
2 2 2
o N G

1/1\1 1/5\1 1/61\1 1/13{15
1 1 5 61

1385

Puc. 18: Tpeyrosbauk luka ¢ kparHoctamu

0.23 Ywmcya Ditsepa B TpeyroybHuke /luka c Kkpat-
HOCTAMMU

ITpucsoum BekTOpam B k-0if crpoke rpeyrosbnuka Jduka (k= 1,2,3,...) kpar-
HoCTh k (cM. puc. 18). BBIUmMcans HECKOIBKO MEPBBIX SJIEMEHTOB TPEYTOJBHIKA,
MBI 3aMEYaEM, UTO B €r0 OCHOBAHWUW CTOAT y»Ke 3HAKOMBIE HAM 9nCIa Jiiepa.
JlokazkeM, 9T0 3TO ACHCTBUTENBLHO TAK.

YrBepxkaenue 0.23.1. B ocnosanuu mpeyzoavhuke Ha puc. 18 wnazodamcsa
yucaa uaepa.

HdokazaTeabcTBo. Mbl Oy/eM TOKA3bIBATH, UTO UHUC/IO PA3JUIHBIX ITyTet
JUIMHBL 2n B TpeyrojbHuKe Jluka ¢ KpaTHOCTSIMHU PABHO YHCIY TTHIOOOPA3HBIX
nepecTaHoBOK Ha MHOKecTBe {1,...,2n}. (Hamomuum, 4ro Mbl paccMarpuBa-
€M TOJIBKO TaKue MUIO0OPA3HbIe TEPECTAHOBKHM MHOXKECTBA W3 YETHOTO YHCTA
9JIEMEHTOB, KOTOPbIE OCTAIOTCH TMHUI00OPA3HBIMY MPU MPUCOETUHEHUN TTEPBBIM
MAKCHUMAJILHOI'O 3JIEMEHTA. )

ConocraBuM 1ua006pa3HOil IepecTaHoBKe NMYyTh B TpeyrojbHuke Jluka 1o
CJIEJIYIOIEMY TPABUITY. DIEMEHT i [ePECTAHOBKU ABIAETCs JUOO0 (JIOKAIBHBIM )
MaKCHUMyMOM, JI0O0 (JIOKAJIbHBIM) MUHUMYMOM B Heii. Boibepem i-ii orpe3ok my-
TH WY IIAM BBEPX, €CJIU SJIEMEHT § IIEPECTAHOBKU SBJISETC MUHUMYMOM, U UJTy-
M BHU3 B NMPOTHBHOM ciy4dae. Ha puc. 19 mpuBemeHbl muaoobpas3Has Iepe-
CTAHOBKA U COOTBETCTBYIOMMH eif myThb. flcHO, 4TO momy4uBmIMiica MyTh meif-
CTBUTEJLHO siBysieTcs nyTeM Jluka. B camom niesie, KOJIM4YecTBO MAKCUMYMOB B
nu000pas3HOil epecTaHOBKe PABHO KOJIMYECTBY MHUHUMYMOB, U CPEITU TEPBBIX
k snementoB 1, ...,k He GoJiee OJIOBMHBI MAKCUMYMOB IIpu Jr060M k.

BrisicHrM, CKOJIBKO M€pecTaHOBOK COOTBETCTBYIOT JaHHOMY myTu. IIpesmno-
JIOZKUM, YTO IIyTh, OTBEYAIONIUI IIEPBBIM 1M 3JIEMEHTaM [ePeCTAHOBKH, 3aKaH-
quBaercs Ha BbicoTe k. U mpeanosioKuM TakKe, YTO MOCTETHHH JIEMEHT M
ABJIAETCS MAKCUMYMOM (T.€. mocJieinuii BekTop nyru — cuyck). Kakum moxker
ObITHh MUHUMYM, TIPUMBIKAIOIINH K MUHUMYMY m crnpaBa? DTOT MUHUMYM Jie-
JKUT CPeJiM MEePBBIX M — 1 3JIeMEeHTOB ITePecTaHOBKH, M €I0 MOYKHO BbIOpaTh k+ 1
pazsmyaHbIME ciocobamu. [eficTBuTenbHO, ecin 3a KaxkK IbIM MAaKCUMYMOM CPE/TH
97eMeHTOB 1, ..., m — 1 yKe 3aKperieH TapHblii COCEIHUN CIPaBa MUHUMYM, TO
CBOOOHBIX MUHUMYMOB OCTAJIOCh POBHO k + 1.
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(12,6,9,2,7,5,10,8,11,1,4,3)

. . . . . . . .

1" 2 3 4 5 6 7 8 9 10 11 12

Puc. 19: Ilyrs Hduka, oTBedaroriuii mui000pa3HOl ePeCTaHOBKE

Paccyxknenune ams caydasi, KOT/Ia TOCTETHUH JTEMEHT M — MUHUMYM, TIPO-
BOJUTCS AHAJIOTMYHO, TOJTBKO HYKHO BBIOMPATH COCEIHUI CIpaBa MaKCUMyM U
WJITH TI0 MEPEeCTAHOBKE CIIPABA HAJIEBO, & HE CJIEBA, HAIIPABO.

0.24 IIpoumsBomganiasg PYHKIHUS JJid TPEyTroJibHU-
Ka JIlmka ¢ kxpaTHOCTIMU

O603Ha4NM 3/IeMEHTHI TPEYToJIbHIKA JIuKa ¢ KpaTHOCTAMH ¢ puc. 18 1epes gy, i,
TI€ WHAEKC N OTBEYAET TOPU3OHTAIBLHON OCH KOOPIAWHAT, 8 WHAEKC k — BepTH-
KasabHOH. PaccMorpuM mpon3Boagantyo (PyHKIHMIO I8 B3BEIIEHHOTO TPEYTOIb-
nuka JnKa, 9KCIOHEHIIUAIbHYIO MO0 TOPU30HTAIHHON MepeMEHHON M OOBITHYIO
0 BEPTUKAJBHOI:

2 3 4

S (5t+6t%) S 1 (5+2812+24t4) S+

B oo 00 kSn B s )
G(s,t) =D gt — = Lt H(1+26%) 5 i TR

|
n=0 k=0 1

IIpasusio obpazoBanusi TpeyroabHuKa JIHKa ¢ KpaTHOCTSAMU TEPEChIBAETCS
KaK CJIeAyIollee PeKyPPEeHTHOE COOTHOIIECHUE JIJI 3JIEMEHTOB TPEYTrOJIbHUKA!

In+1,k = kgn,k—l + (k + 1)g’n,k+1~ (30)

B cBoto ouepenp, 3TO PEKypPPEHTHOE COOTHOIIEHHE HA SI3BIKE MPOU3BOISAIIIX
hYHKITH TPHHAMAET BUI,

G 2,06
o, =1+ 1+ 5 (31)

EnmacTBeHEBIM pemenneM ypapHenus (31), yIOBIETBOPSIONIAM HAYATBHOMY
yeaosuio G(0,t) = 1, apngerca dyHKUmAA

1
V1 + 12 cos(s + arctg(t))’

KOTOPAas U eCTh UCKOMAas TPOU3BOsIIAs (DYHKITHS 5T B3BEIIEHHOTO TPEYTOJIb-
nuka uka.

G(s,t) =

(32)
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0.25 3agaun

3adaywa 0.73. Jlokaxkure, 9TO NMpOU3BOAAIIAs DYHKINA /I MHOTOUIEHOB Ye-
6emmesa T, onpeaensiembrx dbopmymoit cosng = T, (cos @), nveer Bug

Z To(@)" — 1—tx

_ 2
50 1—2tex+t

1+ ot + (222 — 1)t2 + (42 — 32)t3 + (82 — 822 + D)t* + .. ..

3adawa 0.74. Haiigure npousBomdmiyio (GbyHKIHMIO OT JABYX MEPEMEHHBIX Jisd
rpeyrosubiuka Moukuna (cum. 3agaay 0.63).

3adauae 0.75. Jlokaxkure, 910

e a) cymma u npousBejenue apyx Gyukuuit I'ypeuna sasiserca GyHkiumei
Lypeuna;

e 6) npousBoauas u unaTerpas dyukuuu L'ypsuna asnsercs Gyuakuueii ['yp-
BUIIR;

e B) pesyubrar noxacranosku dyukuuu Lypsuua B dynkuuio I'ypeuua sis-
sgsterca pyukmueir ['ypeura.

3adaua 0.76. Ilycrsb nocnenoBaTesbHOCTD {ay, }, HauuHaomascs ¢ aucen 1,1,2,5, 17,73, ...
OmpeneseHa yCAOBUAMHA

ag = a1 = ]_761,2 = 2, Ap4+1 = (’I’L + l)an - (;L) Ap—2, N > 1.

JIoKazKHTE, 9TO 3KCIOHEHIHUAJbHAA IpousBoidmasn Gynkuus A(s) ajg 3roi
TTOC/IeIOBATENHLHOCTH YIOBIETBOpsIeT mnd depeHInaIrHOMY YPABHEHUIO

(1—s)A'(s) = <1 - ;s2> A(s)

1 MMEET BHUJL

2

A(s) = (1 —s)"2ed T,
3adana 0.77. Haitnure npoussopgamyto dbyukuuio D(s,t) = > d,, s"t*, tue
dp ;. — wmucso nyTeit JluKa JyIHBL 11, BRICOTA KOTOPBIX HE MPEBBIITACT k.

3adawa 0.78. Tlposepbre, uro dbysxius (32) HelicTBUTENBHO YAOBJIETBOPSET
nuddepennpanbaomy ypasaenuio (31).

3adauwa 0.79. Jlokaxkute, UTO MOCIEI0BATEILHOCTD YHCEJ B OCHOBAHWUU TPE-
yroabHUKOB /luka u Mornkura ¢ KpaTHOCTSIMU 3aBUCHT JUITH OT MTPOU3BEICHUS
KPaTHOCTEl BOCXOIAIIErO U HUCXOIAIEro pebep B KaxKI0il CTPOKe, HO HE OT
TOTO, KAK 3TO MPOU3BEJEHUE PACIIPEJIETEHO IO BOCXOAAIIEMY M HUCXOJIAIIEMY

pebpy.
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3adaya 0.80. Hokaxkure, 94TO CIEIYIOIINE PACIPEIETIEHNS KPATHOCTEN 10 peb-
paM B Tpeyrompurkax JIuka w MoIKuHa TPUBOIAT K YKA3AHHBIM ITOCIEIOBA-
TEIBHOCTSAM B €r0 OCHOBAHUHW M HaianuTe mpon3Bomdanine (PYyHKIHKA OT ABYX IIe-
PEMEHHDBIX [JId KaKA0I'0 U3 3TUX TPEYTI'OJIbHUKOB:

e a) Eciu na Bocxomammux pebpax B k-oif crpoke cTrouT k, a HA HUCXOI-
mux k + 1, To B OCHOBaHMM TPEYIOJbHUKA CTOAT YUC/Ia BepHyiuin;

e 6) Eciu na Bocxogsamux pebpax B k-oif CTpOKe cTOMUT 1, a HA HUCXOIS-
mux k, TO B OCHOBAHWY TPEYTOJHHUKA CTOSAT 9MCJIa, TBOHHBIE (DAKTOPUAITBI
HeweTHBIX wnucen, (2n — H!I=1-3.5.---- (2n —1);

L] B) Ecau na BOCXOIAIINUX W T'OPH30HTAJBbHBIX pe6pax B k-oii CTPOKe Tpe-
YTrOoJIbHUKA MOLLKI/IHa, CTOUT 1, a Ha HUCXOIOAIITUX k, TO B OCHOBaHHUHU TpE-
YTOJILHUKA CTOAT YHCJIa In — YUCJIO UHBOJIIOIIWMA (HepeCTaHOBOK7 KBaapar
KOTOPBIX €CTh TOXKACCTBCHHAA HepeCTaHOBKa) Ha MHOKECTBE U3 N 3JIEMEH-
TOB, 11:1, 12:2, 1324, 14:10, P

e 1) Eciiu ma Bocxomgaimux u Hucxongmumx pebpax B k-0if CTPOKe TpeyroJib-
uuka MorguHa CcTOUT K, & HA TOPUBOHTAIBHBIX 2K, TO B OCHOBAHUU TPE-
yroabuuka crost uncaa (n + 1)!;

e 1) Eciu na Bocxongmumx u Hucxonsimx pebpax B k-0ff CTPOKE TpeyroJib-
nuka Morkuna crout k, a Ha TOPU30HTAILHBIX 2k — 1, TO B OCHOBaHWH
TPEYTOIHHUKA, CTOST 4uCIa nl.

3adana 0.81. PaccMOTpuUM THIEPreoMeTpUYecKyI0 (DYHKITHIO

1\? 1-3\> , [1-3-5\% 4
JokaxkuTe, 9TO
s(1—s)h"(s)+ (1 —2s)h'(s) — ih(s) = 0.

3adawa 0.82. JlokaxKuTe, 94TO CTEEHHON i

(s) 1+2$+6$2+2033+ n 2n s"+
S) = R _ _ PN JE—
4 1o T3 n ) nl

yaoBaeTBopser auddepeHnnaIbHOMY YPaBHEHTIO
sy” + (1 —4s)y’ —2y =0.

3adaua 0.83. Hokazkure, uTo npoussosiasa Gynknus y(s) = > pe, kls® yro-
BaeTBOpsieT audpepeHInaIbHOMY YPABHEHUIO

%y +(3s — 1)y +y=0.
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3adauwa 0.84. Pemure oTHOCHTENBHO Y Jud DepeHInalIbHOe YpABHEHHE

y' =243z — 2y + 2° + 2°y.

arcsin s

3adawa 0.85. Hokaxkwure, ato byHKIua y(s) = (ios2)i/2 YOOBIETBODHET -
depeHInaTbHOMY YPABHEHUIO

(1-s*)y —sy=1

¥ HafiIuTe MOCIEI0BATENHFHOCTD e KO3 PUINEHTOB.

3adaya 0.86. Bummumure nuddepennnanpHoe ypaBHEHNE TEPBOTO MOPSIKA, KO-
TOPOMY YJOBJIETBOPSIET (DYHKITASA

682/2/6—82/2

¥ HaiiouTe MOCIeI0BaTEeNHLHOCTD e¢ KOI(MDPUIINEeHTOB.

3adawa 0.87. Hdokaxwure, at0 n-#i muorowien Yeoommesa y = T, (z) (cm. 3ama-
qy 0.73) yaosiersopsier quddepeHunajibHOMy YPABHEHUIO BTOPOIO HOPHIKA

(1 —2%)y" —azy +n’y=0.



TeneBoe nucuumcjIeHme

Pasznoxxenue 6unoma

($+ )n_ n J)n-i- n xn—l T n xn—2 N n n
Y= \o 1 YT\ Y n)?

(cm. . 0.1) MOXKHO MHTEPIIPETUPOBATH KAK CBONHCTBO IIOCJIEI0BATEIBLHOCTH CTe-
neneit 20, 2!, 22, .. .. OKa3pIBaeTCs, 3Ta MOCTIEIOBATEILHOCTL — HE €IHHCTBEH-
Hasl TTOCJIEIOBATELHOCTD ¢ TAKUM cBoifcTBOoM. HalpuMep, e Mbl pacCMOTPHM

NOCJIeI0BATEILHOCTE MHOTOYJIEHOB
() =2z —1D(x—2)...(x —n+1)

(“aucxongamupe hakTOpUaibl’), TO IJIs HEE TAKIKe

@t = ()@t (7) @acrr + () @zt oo ()0

(mposeppre!). TlocienoBaTebHOCTH MHOIOY/IEHOB C TAKUM TOBEJIEHUEM HA3bI-
BAIOTCS OUHOMUGADHMU, X MHOTO, ¥ MHOTHE U3 HUX OKA3bIBAIOTCS OYEHb WH-
TepecubiMu. Jlonroe BpeMsi Hamudne y OHHOMHUAJBHBIX ITTOCIEI0BATEIHLHOCTEN
MHOT'OYHCIIEHHBIX 00X CBOMCTB BOCIPUHUMAIOCH KaK HEYTO TAMHCTBEHHOE U
HeOObsICHIMOE, TIOYeMy UX H3ydeHue u ObL10 Ha3Bano umbral calculus, T.e. mene-
soe ucuucaenue. Paborer Pora B 60-x roax mpornioro Beka COPBaJIA ¢ TEHEBOTO
HCYUCJIEHUS TIOKPOB TAWHBI, OJIHAKO HEe YMEHBIWIN WHTEPEC K DMHOMUATHHBIM
[TOCJIEIOBATEILHOCTSM, TIOCKOJIBKY OHU PEry/IsPHO BO3HUKAIOT B CAMBIX PA3HBIX
00JIaCTAX MATEMATHKHA.

0.26 OrmpeneseEns U TPUMEPHI

Wrak, HAC HHTEPECYIOT HUHOMUAALHBLE NOCACIOBAMEALHOCTIAU, T.€. TIOCTIETOBA-
TETPHOCTH MHOTOYJIEHOB

po(x),p1(x),p2(x),. ..,

B KOTOPBIX po(z) = 1, crenens MEOTOUNEHa Py, (2) paBHa n u cTapmmii Ko3bdn-
upent (r.e. koadduuuent npu ) B MHOrOYJIEHe P, PaBeH 1, mpudYeM Takue,

71
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qaT0o
n n n

po(z+y) = (O>pn(w)po(y) + (1>pn1($)p1(y) + <2)pnz(l‘)p2(y) +
4 (D) ml@mno) 33)

[ToMuMO yrKe YIOMSIHYTBIX MOCIEIOBATEILHOCTEH CTEIeHel U HUCKOISAIIIX
daKTOpHATOB OMHOMHUATIHLHBIMHU TAKZKE SIBJISTIOTCST

® [I0C/IE[J0BATEILHOCTE BOCXOAANUX (DAKTOPUAIOB
@)"=z(z+1)(z+2)...(x+n—1);

e II0CJIeHOBATEIBHOCTL AbGemd

An(z) =z(x+n)" L

JloKazaTenbCTBO ITOTO YTBEPZK/IEHN COCTABIIAET cofepxkanne 3a1a4u 0.89, Mbr
2K€ [0KA [IOCMOTPHUM, KAK HCIIOJIb30BaTh ONHOMHUAJIBHOCTD.

0.27 IIpumeHeHUs OMHOMUAJILHBIX MTOCJIEI0BATEITb-
HOCTeN

3Has, 9TO KAKAA-TO MOCJIENOBATENBHOCTH MHOTOWIEHOB Py, (1) OMHOMUATBHA, MBI
MO2KEM, [OACTaB/Isid B oupeelislee coordomenue (33) ajist 910i nocjaenosa-
TeJIPHOCTU Pa3JINYHbIE YNCJIOBbIE 3HAYEHUS, MOJyYaTh WHTEPECHbIE YHCJIOBBIE
TOXKIECTBA.

B kagecTBe mpuMepa JoKazkeM cieaytoree moosicdecmao Abens:

2n—n" 2= (Z)kk_lmm_l. (34)

k,m>1
k+m=n

Hanpumep, upu n = 7 ToxaecrBo AGessa NIPUHAMAET BU/L
2:6-7=7-12.6°421-2'.5* +35.3%.4%+35.43.32 + 21.5* . 2 +-7.6° - 1°.

Kpacora ToxaecrBa 00bsICHSIETCS €ro IOJHOM HEOXKUIAHHOCTHIO — BCE CIara-
eMble B IIPaBOil 4aCTU PABEHCTBA, JAEJIATCS JIAIIb Ha MEPBYIO CTENEHb IIPOCTOrO
qucaa 7, TOrJa KaK MX CyMMa JeJIMTCH HA OY€Hb BBICOKYIO (ILSITYIO) CTeleHb
CEeMEpKH.

Yrobbl JoKa3aTh TOXKICCTBO AGessi, BBIMUINEM YCJIOBHE ODUHOMHUAILHOCTH
nocaenoBaTenbHocTn Abens:

(z+y)(z+y+n)"t = (8):5(:5 +n)" 1 4 (?)x(m +n—1)""?y

+(Z>x(x +n—2)"Byly+2)' +.... (35)
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CpaBuanuM K03(pPUIUEHTRI TTPA MOHOME TY B JIEBOM M IPaBOi 9acTH TOXKIECTBA.
Cnesa Mbr mveeM 2(n — 1)n" 2, Torma Kak Ko3bbHIMERT TP Ty CIpaBa PaBeH

G) (n—1)""2.1° ¢ (Z) (n—2)"7%. 20 4. (nn 1) 12 (n =",

u ToXKIecTBo Abesa mokaszaHo.

ToxxmecTBo AGesst ABIAeTCs MEePBLIM B CEPUN 3aMedaTe/IbHLIX KOMOMHATOD-
HbIX ToxecTB. CpaBHuBas KO3(DMUIHEHTHI IPU PA3JIUYHBIX MOHOMAaX B (35),
MOKHO TIOJIYYUTH JPYTHE TOXKJIECTBA TOHM Ke Cepum.

0.28 DBuHOMHMAJIBHBIE IOCJIEJOBATEJIbHOCTU U C/IBU-
ru

JnddepenumpoBanue NepeBoauT N-10 CTEleHb IepeMeHHoil z B ee (n — 1)-ymo
CTEeIMeHb, YMHOKEHHYIO HA N

al:L'aj

ITomobubre mpeobpa3oBaHmsa MOXKHO OIPEIeIUTh Mg JI0O0H mocienoBaTeb-
HOCTU MHOTOUJIEHOB Dy, P1, P2, ... MEPEMEHHOU X, TAKUX, YTO KAYKIBIH MHOIO-
qJIeH i UMeeT creneHb k u Koaddumment 1 mpu crapiieil cTerneHu mepeMeH-
Hoit. JIT000it MHOTOYJIEH CTeeH! He BBIIIe N MPEeICTABIACTCA B BUAE JTUHEHHOI
KOMOWHAIMA MHOTOYWJIEHOB Pg, P1, - - -, P Ha mpocTpaHCTBe MHOTOUIEHOB R[Z
ompejiesieH AuHetiHbl onepamop

A Rlz] — Rz],

TaKOU, 4TO
A I Pn F? MPp—1.

DTOT OMEPATOP OMPEEIeTCs TOCTIeI0BATENbHOCTHIO MHOTOUYIEHOB Py, s 6u-

HOMHAJIbHBIX [IOCJEI0BATEIBHOCTE]l OH OKA3bIBAETCH OY€Hb UHTEPECHBIM (U B

TOM CJIy4ae OH HA3BIBACTCH JeAbIMa-0Nepamoposm IO 110CIEA0BATEIBHOCTH).
IIposepuM, HATpUMED, ITO OMEPATOD

1d 1/d\> 1/d\> 1[4\ 4
(= (= 4+ (= +.‘.:€/dx7]_
1dx 2! (dm) 3! (dm) 4! \ dx
ABJISETCS [IeIbTA-OMEePATOPOM Il HOCTIeNOBATENLHOCTH HUCXOOAMMX (PAKTO-
puanos. 3gech 1 B mpaBoif 4acTu 0003HATAET TOXKIECTBEHHBIH OLNEPATOp, T.€.

Ipeobpa3oBanme, MEPEBOIIINECE KaXK bl MHOrOWIeH B cebsa. BemoMmanm, 910 9KC-
nouHeHTa ugPepeHnuPOBAHNA ABSIETCS CABUTOM:

enp(z) = pla + 1)
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Jst iio6oro Mmuorowiena p (em. 1. 0.4). B wacrHocTH, a1 HuCXoadnmx hakTo-
puasoB

6d/dx(x)n*(z)n = (z+1)n* (m)"
= (z4+Dax(z-1)...(x—n+2)—z(z—-1)...(r—n+1)
nr(x —1)...(x —n+2)

= n(x)n—1,

9T0 ¥ TPebOoBaIOCh.

Omnepartop ;LH(bd)epeHquOBaHHﬂ 4 le/HTa OMEpATOp 15T TTOCIIE[OBATETh-
HOCTH CTEleHell — W OIepaTop edr — 1 — nembra OIEPATOP JJIsi HOCTIEeIOBA-
TETHHOCTY HUCXOJAAIMINX (DAKTOPUAIOB — ODJIATAI0T ODIIMMM CBOMCTBOM: 00a 3TH
OTIePATOPA MEPECTAHOBOYHEI C JeHCTBUEM CJIBUTA,

d d
e T g
(e% —1)0, = 5a(e% - 1),

e oneparop 0, JefCTByeT Ha MHOIOWIEHAX CABUTOM, O, : f(x) — f(z+a). eii-
CTBUTEJILHO, IPOBEPUTH 3TO yTBEPKAeHUe s nuddepeHImpoBaHust HECTIOXKHO:
d d d
— 0" = —(z+a)" =n(x+a)" ! = Snz" ! =5, —a".
dr dx( ) ( ) ¢ “dx
A 3HAuuT, OHO CHPABE/LTHBO I LIt 06010 psima or auddepeHnnpoBaHmii, B
TOM YHCJE U JJIA PAIA edr — 1.
OkasbIBaeTCs, YTO CBOUCTBO MEPECTAHOBOYHOCTH JIETIBTA~-OIEPATOPA CO C/IBU-
TOM SIBJISIETCS XaPAKTEPUCTUIECKUM /111 OMHOMUAIBHBIX TTOCIEI0BATEIbHOCTEM.
A wMeHHO, cIipaBeINBa, CIASAYIONAS TEOPEeMa:

Teopema 0.28.1. Jleavma-onepamop nociedo8amesbHocimy MHOZOYAEHOE Ne-
PECMAHOBOUEH CO COBUZOM ECAU U MOABKO €CAU COOMBEMCMEYIOWAA eMY NOCAE-
d06AMEALHOCTNG MHOZOYUALHOE HUHOMUGALHA.

HdokaszaTeabcTBo. [IpoBepuM, 4TO me1bTa-onepaTop OMHOMUAILHOM MOCTIe-
JOBATENILHOCTH TIEPECTAHOBOYEH CO CABUTOM. ITOCKONBLKY HWIEHBI D, P1, P2, - - -
9TOIl TOCIENOBATENIBHOCTY 00PA3y0T HA3UC B MPOCTPAHCTBE MHOTOYJIEHOB, HAM
JOCTATOYHO MPOBEPUTH BLIIOJHEHUE PABCHCTB AP, = 0, Ap, 0 J11000H 1mo-

Abgpn(z) = App(z + a)

crosgHHOM a u g Bcex n = 0,1,2,.... Imeem
n n
= A<<0>pn ( )pn 1(@)p1(a) + - ( )po x)pn(a))
n
_l’_

=3

3

ot (
(g) npp_1(x )+ 1) n— pp_a(z)pi(a) +--- (nn 1)170(95)1’71—1(“)
1

_ n((”31>pn @@+ (" s+ (2 mlonaa(@)
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rae B IIoCjaegHeEM paBEHCTBE€ MBI BOCIIOJbB30BAJUCH Te€M, YTO

(&)= gt = = =)

JJIA .THO6OFO k BaK.TIIOLH/ITeJH)Haﬂ IpaBad 9aCTb €CThb HE ITO HHOE KaK
6anpn—1($) - 6aApn(x)7

9710 1 TPebOBaIOCH.
Mser yaKe BUAENH, 9TO BCAKWH psam oT auddepeHImpoBaHnii mepecTaHOBOYEH
co casuroM. OKasblBaeTcs, CIpaBe/JInBa U 00paTHAs TeopeMa.

Teopema 0.28.2. Jhobot onepamop, nepecmanosoumbiii co cdeuzom U He no-
BHALAIOWUT CTNENEHU MHO20UAEH06, Npedcmasasemcs 6 sude pada om dugdde-
PEHUUPOBAHUT.

HokaszaTeabcTBo. Ilycts D — mnepecTaHOBOYHBIA CO CABUTOM OIEPATOP,
HE OBBIIIAKIIUI CTENEHN MHOTNOYJIEHOB, W I[YyCThb €ro JeHCTBHE HA CTEMeHAX
nepeMeHHON UMeeT B,

D1 = Qp;
Dz = Box+ Bi;
Dz?* = 42 + N3+ e

ConocraBum emy psia oT auddepeHIupoBanmii

B frd v d
8—0404'?%4‘5@4—

Jpyrumu cmoBamu, 0 — Takoil psia or auddepeHITMPOBAHNI, YTO PE3YIbTaT
npuMeHenus oneparopa D — 0 Kk MuorowienaMm ™ (a 3Ha4UT, U K JIOOBIM MHO-
rouienam) obpaiaercs B 0 B Touke 0.

Ouesngno, aro (D — 0)1 = 0. IlycTh Temepb n — HAMMEHBINASA CTENCHD
HNEPEMEHHOH, J1g KOTopoi MuorowreH (D — 0)z™ He paBeH TOXKJECTBEHHO Hy-
mo. TTockonbKy crenenb MHOrouaena ™ — (xr + a)™ MeHbIe N, CIPABEIJIUBO
papercrso (D — 0)(z" — (z +a)") = 0, re. (D —0)(z+a)” = (D — 9)a". C
JIPYTO# CTOPOHBI, BBUIY TOTO, 9TO orepaTop D — 0 mepecTaHOBOYEH CO CIBUTOM,
(D=90)(x+a)" = (D—090)x"|z=z4+q npu m060M a, T.e. MEOTOUNEH (D — 0)x™ WH-
BApPUAHTEH OTHOCUTEILHO ¢Bura. HO eMHCTBEHHbIE MHOTOUJICHB, HHBAPUAHT-
HBbIE OTHOCUTEIHHO CIABUTA, ITO KOHCTAHTHL Tlosromy (D — J)z™ — KoHCTAaHTA.
OHaKo B CHITy TIOCTPOEHUS psifa, 0 9Ta KOHCTaHTa paHa (), YTO MTPOTUBOPEYIUT
npenonoxkenuto, 9ro (D —0)z™ # 0. Tem cambiM, oneparopbl D u § 0IMHAKOBO
JefICTBYIOT Ha JTI000i CTEIIeHH MEePEeMEHHOH, a 3HAMUT COBIIQIAIOT. O

W3 noxa3aHHBIX BBIIIE TEOPEM BBITEKAET CIIOCOO MOCTPOEHUS BCEX OMHOMM-
AJIBHBIX [TOCIEI0BATEILHOCTEH. A IMEHHO, BO3bMEM IPOU3BOJIbHBI st OT J1ud-
depeHITnpoBannii, He UMEIOIil CBOOOIHOIO UJIeHa W CO CTAPIINM KO3]hDUIm-

eHTOM 1,
d d d\° a\?
D(—)=—+dy| — ds | —
(da:) d.r+ 2<dm> + 3<dx> *
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Torma mocie0BaTEILHOCTh MHOTOUIEHOB Po (), p1 (), p2(2), . .., A KOTOpOi
OH SIBJISIETCS JEIBTa-0MePATOPOM, — OMHOMUATbHA, U JTI00ass OMHOMHUAIBLHAS IO~
CJIEIOBATEIHLHOCTh MHOTOYJICHOB MOIY9aeTCsa TaKuM 00pasoM. BHHOMHAIbHAA
HOCJIEAOBATENLHOCTD MHOTO4IeHOB Po (), p1(x), p2(), . .. JIg JAHHOrO JejabTa-
OIIepPaToOpPa, D(%) CTPOUTCA CHACIYIONAM OOPa30OM.

Homoxum pg = 1, p1(z) = z. Torna MEOTOYIEH Po(T) = 2% + po1z HadimeTcs
U3 ypaBHEHUsI

Dps = 2py,
T.€.
2ds + 2z + poy = 2,
OTKyza P21 = —2d. AHaJIOrMYHBIM 00pa30M, A1 HAXOXKIAEHHA MHOLCOYJIEHA,

p3(2) HEOOXOAUMO PENINTD YpPABHEHHE
Dps = 3po,

KOTOPOE JIONYCKAaeT eIMHCTBEHHOE PEelleHue, u T.J1.

0.29 4BHOe mocTpoeHme OMHOMUAJJIBLHBIX IIOCJTIE-
JOBATEeJIbLHOCTEN

IIpouenypa nmocrpoenna OMHOMHUAIBHBIX TIOCTIEI0BATEILHOCTEH C TOMOIIBIO J€Th-
Ta-0IlEPATOPa, ONUCAHHAS B MPEIbLIYINEM pas3jiesie, HOCUT PeKYyPPEeHTHbIN xa-
pakTep — 4TOOBI TTOCTPOUTH MHOTOUJIEH Pjpt1 HEOOXOINMO 3HATH MHOTOUWIEH Dy,
¥ pemuTh ypasHenuve Ap,i1 = np,. B arom paznene Oymer uzsoxkeH Gojee
MPSIMO#T CIIOCOO MOCTPOEeHNsT OMHOMUAIBHBIX TTOCIEI0BATeNbHOCTEH. M cxomabiM
MaTEPHUAIOM [JIA HErO SBJISETCS JOrapudM dKCIOHEHIINATLHON IPON3BOIAIIE
GBDYHKIUH JJ1sT TAKON ITOC/IeI0BATEILHOCTH.

Ilycrs po,p1,p2,... — OHMHOMHANBHAS IIOCJIEIOBATEILHOCTH MHOTOYIEHOB.
CocTaBuM M3 5TOI MOCIEIOBATEILHOCTH SKCTTIOHCHITANBHY IO TIPOU3BOAAIIY IO (PyHK-
LU0
t t2 t3
Pz, t) = pole) + p1(@) 3 + p2(2) 55 + pa(@) 57+
Tenepn pasencTBo (33) MOXKHO [EpENUCATH B BUJIE

Pz +y,t) =Pz, t)P(y,t). (36)

HeiictBurebuo, ko3 dunment npu t" B JEBO YACTH TOCJIEIHETO PABEHCTBA

pn(z+y)

PaBEH oy

, & B TIPABOii 4aCTU paBeH

> pi(x) pi(y)
ko
k+l=n
VMHOKEB 06e JacTH TOCTEIHETO PABEHCTBA HA N!, MBI MOJYyYaeM B TOYHOCTH
pasencTio (33). Tem cambIM, Jjid TOrO, YTOOLI HARTH BCE OUHOMUATLHBIE TIOC/IE-
JIOBATEIHHOCTH MHOTOYJIEHOB, HAM JOCTATOYHO Hajitu Bee dyHkuuu P or aByx
[EPEMEHHBIX, YAOBJIETBOPsIONHE papeHcTry (36).
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BabyzeM noka mpo BTOPYIO IepeMennyio ¢ B pasencrse (36) u OyaeM UCKATh
dyuKIIE P OT ONHOM TTepEMEHHOM, TaKue, ITO

Pz +y) = P(x)P(y) (37)

It roDObIX 3HAYEHUN mepeMeHHBIX © W Y. Ho B m. 0.4 MBI yXKe HAILIU BCe
dbyurIMER, TpEobpasyommue CIOKEHNe B yMHOKEHUE, — 3TO IKCIOHEHTH, P (1) =
e“" [y HEKOTOPOM MOCTOSHHOM C.

Tenepnb Mbl MOxkeM pemuth U ypashenue (36)! JelicTBurensHo, npu Jr060M
sHadennn ¢ GyHKIya P(x,t) gBIgercsa SKCIOHEHTOH OT ¢X JjIA HEKOTOPOH KOH-
CTaHThI . Ec/ii MBI XOTHM, 9TOOBI B PABIOKEHNUN 10 CTeeHaAM ¢ KOI(PDHUIIeHTHI
ObLIM MHOTOYJIEHAMU OT I, TO MBI JOJKHBL Moa0kuTh ¢(0) = 0, B 0OCTaIBHOM
9Ta, KOHCTAHTA, MOMKET 3aBUCETh OT t MPOU3BOJBHBIM 00PA30M, ¥ MBI MMOJIYIaEM
CJIe/IyIOIIee YTBEPIKIeHUE.

Teopema 0.29.1. Bunomuaabhole n0cAe006AMEALPHOCTIU MHOZ0YUAEHOE 63AUMHO-
00HOZHAUHO COOTMEEMCMEYIOM IKCTIOHEHUUGALHYM TPOUIEO0AULUM PYHKUUAM
suda P(x,t) = e*®) 20e ¢ = c(t) — npoussosvnas dynkyua (pad) om t,
¢(0) = 0.

Tem caMbiM, JJIsT TOCTPOEHUST GHHOMHUAIBHOM TIOCTIEI0BATEILHOCTH MHOIO-
YJIEHOB JOCTATOYHO 331aTh IOCIEI0BATEIBHOCTD YACE C1, Co, - - . U HOJOKHATD Dy, ()
paBubiM KO3 dunuenty npu t"/n! B byHximn

Plx,t) = erlertteat®+.)

TMocmoTpuM, Kak BeIIAAAT GyHKIEA ¢(t) I HEKOTOPBIX WMEIONTAXC Y
HAC TPUMEPOB OHHOMHUAJBHBIX TOCTenoBarenbuocreii. Crenenam =" orBedaer
dbyuxmus c(t) =t (re. ¢; = 1,c2 = ¢3 = ¢4 = -+ = 0). ocnenoBarenprOCTH
HUCXOAAIUX (PaKTOPUAJIOB (), COOTBETCTBYET (DYHKITHS

B S
c(t)=t—5+§—z+---:log(1+t),
T.€.
oo tn
Z(x)nm _ ewlog(1+t) _ (1 —‘rt)z.
n=0 .

He#icTBUTEIHHO, 9TO YTBEPXKIEHNE €CTh He UTO MHOe Kak Omnom HeroTona:

1+t =1+ <:1C)t+ <;>t2+ <§)t5+

B xomntie 3T0it TIaBBI UMEIOTCA 33a9UM HA, HAXOXKIECHWE TeHeH Aas MpyTuX
OMHOMHUAIBHBIX MTOCIEIOBATENIHHOCTEH W HA MOCTPOEHNE DMHOMHUATBHBIX MTOCTe-
JOBATETbHOCTEN IO X TEHIM.
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[IpumenuM Temepb K SKCIOHEHITHAJBHON MPOM3BOISAIIEH (yHKINN 1ist Ou-
HOMHUAJIBHON TIOCTIEIOBATEIHHOCTH €€ nenbra-oneparop. [omyunm

1 2 3

AP t) = 1-po(x)%—|—2-p1(.r)%+3-p2(x)§—|—...
tt t2 t3
= PO(I)a‘i‘Pl(Jﬂ)ﬂ-l-pz(x)a-l----
= tP(z,t).

HpyruMu cioBaMu, AeTbTA-ONEPATOP OMPEIENIAeTCA YCIAOBUEM

Aewc(t) _ teavc(t).

0.30 IlocaepoBaresnbHoctu Illeddep

ITocnemoBarensruoctr Iledpdep obobIa0T GUHOMHATBHBIE MTOCIEA0BATETHHO-
cru. PaceMoTpuM OHHOMUAIBHY IO MOCJIE0BATEILHOCTD MHOTOYJIEHOB P1, P2, - - - -

Hocaedosameavrnocmovio ledpep nist 5ol GUHOMHUATBHON TOCIEI0BATE b~
voctu {p,} Ha3bIBaETCs JI0OAsT MOCTIEIOBATENLHOCTh MHOTOUYJIEHOB S(, S1, . . -
crenerneit 0,1,2, ..., yAOBAECTBOPAIOMIX COOTHOIIEHUTO

et = ¥ (st (38)

k+m=n

B ornmune or onpenesenns OMHOMUATBHON TOCTEI0BATEILHOCTH, 31€Ch B IPa-
BOH 9aCTH PAaBEHCTBA BMECTO MPOM3BEIEHNI JIEHOB CaMO# TOCIEN0BATETHHOCTH
CTOSAT MPOU3BEICHUS WIEHOB rocsaeaoBarenbuocTu Iledbdep n coorBercTByio-
el GMHOMHUAILHON TMOCIeI0BATEILHOCTH.

Jns nocnenosarensuoctu [leddep sg, S1,... BegeM 3KCIOHEHITUAJIHHYIO
MIPOU3BOIAIIYI0 (DYHKIIAIO

t t? t3
S(z,t) = so(z) + 91(x)i + 32(33)5 + 83(37)5 +....

Torna pasencrsa (38) nepenurinyrca B Buje
Sz +y,t) = Sz, 1)P(y, 1). (39)
TTomenne 3TO paBEHCTBO HA paBeHCTBO (36), MBI MOIyJaeM

S(x+y,t)  S(z,t)

Plx+y,t)  Pla,t)

IToacranoska = = 0 maer




0.31 Koasnrebpa MHOrO4/1€HOB 79

T.e. orHomenne dyukimit S(y,t) u P(y,t) 3apucur jums ot t. OGo3HAUNB 3TO
oTHOMmenne depes a(t) = ag + art + ast® + ..., ap # 0, 3aKIF0TAEM, ITO

S(x,t) = a(t)P(x,t) = a(t)e™®.

Haobopot, HeTpyaHO BUIETH, YTO J00as (DYHKINS TAKOTO BUIA, YIOBJIETBOPSET
OIIPEIEJISIOEMY COOTHONIEHNIO (39):

Sz +y,t) = a(t)eTVe® = q()e*Weve® = Sz, t)P(y, t).

IMocnenosarensuocru Hleddep, orpevarompe ¢(t) = ¢, HA3BIBAIOTCS NOCAE-
dosamenvrocmamu Anness. K ux 9uciy OTHOCSATCS MHOTTIE 3HAMEHUTHIE TTOCTIe-
JOBaTEILHOCTH OPTOrOHAJIBHBIX MHOTOUYJIEHOB.

Hanpuwmep, muozouwsenor Ipmuma H,, UMEOT IKCIOHEHITHAIBHYIO TPOU3BO-

JAIY10 DYHKIUO
> tm 2
2 H”(.T)f — et /Qeact’
n!
n=0

MHO020uAeHbL DUsepa FE,, IMEIOT IKCIOHEHITUATBHYIO TPOU3BOISANIILYI0 (DYHKITIIO

= tn 2
2 Bl =

MHo20unenby Bepryasu B, WMeT SKCITOHEHITHATLHYIO TPON3BOISIIYIO (DYHK-

1T
[ee]

t" t
B, (z)— = ——¢*t.
Z (x)n' et—le

n=0

0.31 KoaJjrebpa MHOTrO4JIEHOB

Teopema 0.31.1. IIycms {pn},{q.}, n = 0,1,2,... — dee OGunomuasvrvie
nocaedosamenvrocmu. Pacemompum aunetinoe omobpasicenue npocmpancmen
MHO20UAEHOE 6 cebs, nepesodauee Py 6 qn. Toeda 3mo omobpascenue nepeso-
oum 410610 BUHOMUAABHYIO NOCALIOBAMEADHOCTID MHOZONAEHOE 6 GUHOMUGAD-
HYI0 NOCACIOBATNEALHOCTVG.

CMBICT 9TOi TEOPEMBI B CJIEIYIOMEM. BBeieM Ha TPOCTPAHCTBE MHOTOWIEHOB
KOYMHOMCERUE (1, OTIPEIETIEHHOe HA OA3MCHBIX MOHOMAX CJEAYIOMUM 06pa3oM:

T AL Z (Z)xk e
k=0

DTo ompeneNeHne eCTeCTBEHHO: KOYMHOXKEHHE MOKHO BBECTU TaKUM YKe 00pa-
30M Ha TPOCTPAHCTBE (DYHKIUH Ha JI000# 2pynne. A umenno, nycrs G — rpyrmmna
¢ omepanueii, KOTOPYI0 MBI 3aIACHIBAEM Kak CIOKeHme, u nyctb J(G) — mpo-
crpancTBo GyHKuMi Ha 9TOH rpynne (HaIpUMep, ¢ BEIIECTBEHHbIMU 3HAYCHU -
mu). Torpa rpynnoBoe KoyMHOKeHUE

w:F(GQ) = F(G)® F(G) = F(G x G)
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OHpe,ELeJIHeTCH TaK:
w(f)(g,h) = f(g+h).

B namem ciayuae rpymnmna G 3TO rpylia BELIECTBEHHBIX YHCEJ 10 CJIOXKEHHIO,
a F(G) = Rlz]| 910 mpocTpaHCTBO MHOTOYNIECHOB Ha Heli. Pasymeercs, Ha mpo-
cTpaHCcTBe (DYHKIHI Ha TPYIITE MOYKHO BBECTH W CTPYKTYPY aaredbpbl — QyHK-
MU MOXKHO MEPEeMHOXKATh, — OIHAKO B JAHHBI MOMEHT HaM 3Ta CTPYKTYDa
HEeMHTEePecHa.

BI/IHOMI/IaﬂbeIe IIOC/IEA0OBATEIIBHOCTH MHOI'OYJIEHOB BBLACIAIOTCA TEM YCJIO-
BueEM, YTO KOYMHO2K€HHE ﬂeﬁCTByeT Ha HHUX TaK 2K€, KaK M Ha II0CJIEJ0BaTE/Ib-

HOCTHU cTenenei x': .
n
w3 (3o

Besikoe orobpakenue, MepeBOAAIIee HEKOTOPYH OMHOMUAIBHYIO TTOCIEI0-
BATEJIbHOCTh B OMHOMHUAIBHYIO MMOCJEI0BATENBHOCTD, ABIAETCH N30MOP(MU3IMOM
Koasrebp. IloaTomy oHO TTepeBoauT TI00YI0 OMHOMHAIBHY IO TIOCIEI0BATETHHOCTD
B OMHOMMAJILHYIO TOCIEI0BATENBHOCTE. Bce TeHeBoe ncUncieHne ecTh HEe UTO
WHOE KaK U3YYEeHUE ITOM KOANTeOPAnIeCKONd CTPYKTYPHI.

K coxasenuto, mureparyphl O TEHEBOM HCYUCIEHUH HA, PYCCKOM S3bIKe MPaK-
TUYECKU HET.
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0.32 3agaum

3adana 0.88. JlokasKuTe, YTO MOCIEIOBATEILHOCTL BOCXOIAITNX (PaKTOPHUATIOB
ounomvwuaabua. Haiinmure ee menbra-omeparop.

3adana 0.89. IIpoBepbTe paBEHCTBO

d

%An(x) =ndA,_1(x);

suech A, (x) — muorowien AGesnsi ¢ HOMEPOM 1, a § — ONEPATOD CIBUIrA HA
enuHUITy. BOCIOMB30BABIINCH YTHM PABEHCTBOM, TOCTPONTE IEIbTA-OIEPATOD
JJIS [OCJIeI0BATeIbHOCTH ADess, 10Ka3aB, TeM CaMbIM, €6 OMHOMUAIBHOCTD.

3adaywa 0.90. TlpumymaiiTe cBOM TpUMEpPBI ODMHOMUATIBHBIX MOCIEIOBATEIBHO-
cTei.

3adana 0.91. IMokaxkute, 910 p,(0) = 0 mpm Beex n > 0 maa moboii GuHOME-
AJLHOHN MOCJIEIOBATENBHOCTH MHOTOYIEHOB D, -

3adaua 0.92. Kakast GuHOMHUAIBHAS TOCTIEI0BATEILHOCTD COOTBETCTBYET IEIbTa~
d d?

omepaTopy - + 737

3adawa 0.93. okaxkure MyJIbTHHOMUAJIBHOE CBORCTBO OMHOMUAJIBHBIX HOCTE-

JIOBATEJIHLHOCTE !

poortra)= X (T Vo) o),

b b =n N

( n > n!
M,y ..., Mg mal...my!

9TO MYJIBTHHOMUAIBHBIH KO3 DUIIHEHT.

rae

3adana 0.94. Ucnonbayst OHHOMHUAIBLHOCTH MHOTOUICHOB ADesist, TOKaXKUTe CJIe-
aymomue Toxkaecrsa Abes:

%(n ~Dn+ent = Y (Z) Jh=2pm—1

k,m>1
k+m=n

Z (Z) k,k—Qmm—Q.

k,m>1
k4+m=n

(n—1)(n+6)n""*

IIpunymaiire cBou ToxKaecrsa Abess.

3adana 0.95. JlokaskuTe, 9TO0 OMHOMHANLHOCTD TOCJIECIOBATEILHOCTH HUCXOIS-
mux (PaKTOPUAJIOB MOXKHO 3aIMCATh B BUIEL

()2 00L)
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3adava 0.96. OGo3HauUM Yepes ty j IUCIO JIECOB C N BepIIHHAMYU u3 k mome-
YEeHHBIX KOPHEBBIX JE€PEBHEB. Torma

n
Z tmkzk =z(x+ n)”fl,
k=0

r7e B IPaBOi YacTH CTOUT MHOTOWIeH AGess.

3adawa 0.97. Halinure norapudm ¢ = ¢(t) IKCHOHEHIMAILHON MPOU3BOAAIIEH
byHKIMYT 1719 TOCIeI0BATEIBHOCTH BOCXOAANMX (hakTopuasios ()™, mocaeno-
BaTeLHOCTH MHOTOWTeHOB Abens A, (z) = x(x + an)" "' u ApyTrUX H3BECTHBIX
BaM OMHOMUAJBLHBIX IOCAEI0BATEILHOCTEH MHOTOUICHOB.,

3adaua 0.98. JTokaxkure, 9ro eciu ¢ = ¢(t) — jorapud™ 3KCHOHEHIUATBHOM
npon3Bosieil HyHKINY g TaHHON OMHOMUATBHOMN TTOCIEI0BATEIbHOCTHA MHO-
TOYJIEHOB, TO OMEPATOP c‘l(%) SBASIETCS JIEAbTA-OMEPATOPOM I 3TOU TOCIe-
JOBATETHHOCTH.

3adanwa 0.99. Hokaxkure dbopmyny unrepnossiuu Heorona: s m0oboro MHO-
rouneHa p cremenur N u J000H TOYKM @ CIPABEIINBO PABEHCTBO

- (z — a)
p(x) =Y AFfpl(a)
k=0 :

3neck A[p] ecTh pe3ynbTaT NPUMEHEHNA K MHOTOUJIEHY P OEPATOPA KOHETHOMH
pasmocrr A:

k e
A)(@) = Bup(@) —ple) = pla+a) —p(a),  AMpl(x) = 3 (~1)' ( .)p<x+z‘>.

Hampumep, s p = 22

A°[p] =1, Alp] = (z4+1)* =22 = 2241 A?[p] = (242)*—2(z+1)*+2? = 4,
u HOPMYJIa UHTEPIIOIANNN TPUHUMAECT BH

(x—a)+2(x—a)(x—a—1)

2 _ 2
r° =a*+ (20 + 1) T 51

Obparure BHEUMaHHE Ha €XOACTBO (GopMysibl HbIOTOHA ¢ Pa3joKeHUEM B Psi
Tetinopa — omeparop KOHEYHOH Pa3HOCTH UTPAET Pojb AuddepeHITnpOBAHNSI,
a HEUCxozAmue (haKTOpuasbl (X — @), — pPOJb CTEHeHel nepeMeHHol. B ¢asu ¢
sruM bopmyny HproTOHA HA3BIBAIOT TaK¥Ke TEHEBBIM psimoM Teiimopa.

3adaywa 0.100. IIycre A — menpra-oneparop, HepPeCTaHOBOYHBIN CO CABUIOM, U
IyCTh {Pn} — COOTBETCTBYIOMIAA €My OHHOMHUAIbHAS IIOCIEI0BATENbHOCTD. J0-
KayKuTe, YTO OCIeTOBATETLHOCTH MHOTOUIEHOB S, S1, S2, ... cTenieneit 0,1,2, ...
apjsiercs nocaenosarebuoctbio Hleddep mnst {p,}, eciu u Toabko eciu

As, =nsp_1oman=1,2,....
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31ech, B OTJMYNE OT OMHOMMAJIBHBIX MOCJIEIOBATETHLHOCTEH, MBI He Tpebyem,
4TOOBI MHOTOYJIEHBI S, TpuHuMatu 3uadenue 0 npu x = 0, T.e. geauanch Gbi
Ha . B pe3ymbrare KaXKJAOMy JeIbTa-OlepaTopy OTBEYaeT MHOTO MOCIEI0BA-
renpHocreit [Tleddep.

3adaywa 0.101. Boimummure HECKOIBKO TEPBBIX MHOTOYJIEHOB JPMUTA, DAIepa U
Bepuynmn.

3adana 0.102. HoKazkuTe, 9TO MHOTOUJICHBI JPMHUTA UMEIOT BT

2y d? 2
Hn(x):(—l)"egﬁﬂ%e 2,

3adaywa 0.103. Bocmosp30BaBmMCh NMPEABLIYINEH 3a1a9eil, TOKaKUTe CBOMNCTBO
OPTOrOHAJBHOCTY MHOTOYJIEHOB DPMUTA:

o)
/ Hn(x)Hm(x)e_wz/de =0
—00

npu m # n.

3adawa 0.104. Jlokaxkure, 94TO
Hp1(z) = 2Hy(z) — nH,— ().

3adawa 0.105. Jlokaxkure, 9TO

2
H,(z) = =

3adawa 0.106. okaxkure, 900 MHOTOWIEHB BEPHYIIH UMEIOT BUJ,

d

B, (z) = —%& 2",
ez —1

3adawa 0.107. Jokaxkure, YTO MHOTOWIEHBI BEpHYILIN OJHO3ZHAYHO OIMPEIes-
FOTCS YCIIOBUEM

41
/ B, (§)d¢ = z™.

JlpyruMu ciaoBaMM, MHTErpaJj Ha orpeske [z, + 1] — oOparHblii oneparop K
nuddepeHmanLHOMY ONepaTopy U3 MPeAbIYINneH 3a aun.

3adawa 0.108. Hokaxkure gopmysy Paysvrabepa nis cymMMbr k-X creneHell Ha-
YAJIBLHOTO OTPE3Ka HATYPAJIBbHOTO Psifa:

k_ Brri(n+1) — Bria(0)

1k 49k 1.0,
+2"+--4+n ]

3adaya 0.109. /lokaxkure, 41O

Bu(z+1) = B,(z) = na"!
E,(x+1)—E,(z) = 2"
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3adawa 0.110. Beesem Ha OCII€I0BATEILHOCTAX MHOTOUIEHOB CJIETYIOILYIO OIle-

panuio, Ha3blBaeMyk TeneBoil komnozunuei. [Iycrb p = (po,p1,p2,...) U ¢ =

(g0, 1,92, -.) — JBE TOCTENOBATENLHOCTH MHOTOYJIEHOB, B KOTOPBIX deg p, =
) .

deg ¢, = n nas Bcex n = 0,1,2,.... Ilycre pp(x) = D) o ankx”, gn(x) =

> h—o bnk2®. Onpenenum n-it 4nen mocsea0BaTerbHOCTH (P © ¢) PABEHCTBOM

n

n k
oD = ansai(@) =3 > anibrma™
k=0

k=0 m=0

OueBHIHO, ITO TOCTeI0BATEIBLHOCTL MOHOMOB € = (1,2, 22, ...) ABnsgercs enu-
HUIEN OTHOCUTENBHO 3TOrO AeUCTBULA:

(p o e)n = (6 Op)n = DPn

JJTsT JTI000# TTOCIeI0BATETHLHOCTH P.

JlokazkuTe, 9TO MHOZKECTBO BCex nocenoparensuocteii [ledpdep obpasyior
TPYIIy OTHOCUTEIBHO OMEPAIUU TeHEeBOil KoMmo3uiuu. Jlokaskure, 910 MHOXKE-
CTBO BCEX TMOCAeNOBATeNbHOCTEH Amnmesnis obpa3yer HOPMAIbLHYIO KOMMYTATHB-
HYIO TIOATPYIILY B 3TOH I'PYMIE, a MHOXKECTBO BCEX ODMHOMHUABHBIX MTOCJIEI0BA~
TeJIBHOCTEH — HEKOMMYTATHBHYO (M HEHOPMAaJbHY0) noarpynny B Heil. Joka-
KHUTe, ITO TPyIa Bcex nocaemoparenbuocteit [lleddep apagercs momynpaMmbiM
MPOU3BEIEHNEM 9TUX ABYX MOATPYIII.



Paszouenuga

B s70it raBe Mbl 0OCy2KgaeM 3aady O YUCie HPeICTaBIeHUuNl NaHHOTO HATY-
PAJIbHOTO YWCJIA B BUJE CYMMBbI HATYPAJIBHBIX YUCEI. XapaKTep OTBeTa B ITON
3a/1a4e CYMECTBEHHO 3aBUCUT OT TOTO, CIMTAEM JIH MbI PA3TUIHBIME TIPEICTAB-
JIEHU ST, B KOTOPBIX OJHU U T€ YK€ CJIaraeMble UyT B PA3HOM Hopsijike. Eciu Takue
MIPEICTABICHUS CAUTAOTCS PAJUIHBIMEA, TO MBI TIOJTYYAEM TPOCTYIO 33139y O
nepevncaeruu pasioxkennit. OHa TakKe UMeeT BaXKHYH) '€OMETPUYECKYIO WH-
TEPIPETAIUIO — PA3IOKEHUS TMEPEUUCTAIOT KOJTMIECTBO TOUEK C IETOUNCTICH-
HBIMHU KOOPIMHATAMHU B TPOCTPAHCTBEHHBIX (DUTYPaX.

IIpu 3a0bIBaHUYT MOPSIIKA CIATAEMBIX MBI IIPUXOAUM K ropasno 6osee ClroxK-
HOIT 3a7]ave O TepevncIeHn pa3dueHuil. JITa 3aaa4va, B CBOIO OYEPEe/lb, TECHO
CBsI3aHA, ¢ KOMOMHATOPUKOHN IPYIIT MEPeCTAHOBOK. Pa3nnaHbie ee BAPUAHTHI HME-
FOT MHOTOUMCJIEHHBIE TTPUJIOKEHNS B TAKUX TJIYDOKUX MATEMATHIECKUX TEOPUIX
KaK, HATIPUMED, TEOPHs TPEICTABICHUI IPYIIIL.

0.33 Pa3bueHus m pa3ioKeHUS

Haiinem, ckoabKuMU CIIOCOOAMU MOYKHO IIPEACTABHTH YMUCJIO 7. B BHAE CyMMBI
HEOTPUIATETHHBIX C/IATAEMBIX.
Jpa mpeacTaBieHust

n:a1+...+ak:b1+...+bk

OyJeM CYMTAThb PA3JIUYHBLIMH, €ClIH a; 7 b; xora Obl [JIsi OJHOIO MHIEKCA 1,
1 < i < k. Takoe mpeacraBieHne 9uciaa 1 OyIeM HASBIBATH €70 PA3A0HCEHUEM.

YrBepxkaenue 0.33.1. Yucao pasauuHvis passoncenull wucas n e cymmy k
n+k—1)

UEADT HEOMPUUAMEADHVT CAGZGEMBLT PGLEHO ( b1

HoxkazareascTBo. IlpencraBum cebe dmciio n B Bume HabOpa W3 N Oau-
HAKOBBIX ITAPUKOB, JIEXKAIMUX Ha IpaAMoi. KaxKaoMy pasmoXkeHuio THCIa N B
cymMMy k ciiaraeMbIX CONOCTAaBHM PACCTaHOBKY k — 1 majouek Me:kay IIapuKa-
Mu. Ilamouky 3aHyMepOBaHBI CI€BA HAMPABO UHCIAMH OT 1 10 k — 1. DieMeHT
a; PA3IOKEHNST PABEH YHCIY MAPUKOB MEXKTY MaJoIKaMW ¢ HoMepaMmu ¢ — 1 u
1. BmecTe mamouku u mapuku coctaBasgior n+ k — 1 npeamer. [lpu sTom HasHa-
9uTh k— 1 mpeaMeT maJoIKaMu MOKHO POBHO (”;gf;l) Pa3IMIHBIME CITOCODAMHU.
YTBepKaeHne I0KA3aHO.

85
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HecmoxHO BBIMUCATH U TPOU3BOASANIYI0 (DYHKIWMIO I YUCJIA PA3JTIOKEHUH.
Ilo cyTm mema, MBI y2Ke cIeanu 3TO B MEPBOM IiIaBe.

YrBepxkaenue 0.33.2. [Ipoussodswas GyHKUUSL OA% YUCAG DPABAONHCEHUT HA
k cateaemuir umeem eud

Bs) =Y (”Zf] 1) = (157

n=0

Ciio2kHee 1oAcYuTaTh 4UCI0 pasbuenuil uucia n. Pazbuenuem mbl Oyiem
Ha3bIBATH KJIACC YKBUBAJIEHTHOCTH PA3JIOKEHUI, HU OIHO U3 CJIATAEMBIX B KOTO-
pPBIX He paBHO HyA0. [Ipu 9TOM nBa PA3IOKEHNST CIUTAIOTCS IKBUBAIEHTHBIMU,
€CJIM OJTHO MOYKHO TOJIYIUTh U3 APYroro MepecTAHOBKOU CIIAraeMbIX.

Bot Bce pasbuennst MaJeHbKUX UHCET:

n=1 1

n=2 2 =1+1

n=3 3 =241=1+1+1

n=4 4 =3+1=242=2+414+1=1+1+1+1
n=>5 5 =441=3+2=3+1+1

—24241=2414+1+1=1+1+1+1+1

Obparure BHEMAHUE HA TO, YTO KaxKJ0e pa30buenue B TabJIAIE 3aIUCAHO B T10O-
psiake yObIBaHUS C/IAraeMbIX.

O603Ha9nB 9nCI0 pa3bUEHNi YUCTA N 9ePEe3 Py, TIOTYIaeM TabIUIly HAYATb-
HBIX 3HAYEHHUH MOCIEI0BATETIBHOCTH Pyt

6 7 8

n 0 1 2 3 4 5
5 7 11 15 22

pm 1 1 2 3

Hamra 6mmxaiinmag 3agatda — HAATH TPOU3BOAAINYI0 (DYHKIHIO I [TOCTIe-
JIOBATEJILHOCTH Py,. JlJTsi 9TOr0 TOACYUTAEM CHAMAIA YUCTIO Pa3bueHuii Ha 9aCTu,
VIOBJIETBOPAIOIINE HEKOTOPbIM orpanudenusm. [lycrs Py (s) — mpoussomaras
dbyuknus aua pa3buenuit Ha yacTu, paBable 1. O4UEBUIHO, YTO IS KaXKJIOTO
9HCJTa TAKOe Pa30neHue eINHCTBEHHO, MIOITOMY

1

Pi(s)=1+s+s+s+ = T

Yucso pa3dbuenuit yuciaa N HA YACTH, PABHBIE 2, PABHO 1 /1Jid YETHBIX N H
PaBHO HYJIIO B IPOTUBHOM ciry4ae. [loaromy

Pg(s):1+s2+s4+s6+-~:L
1— 2
— npowusBosaa GYHKINS, TEPETUCTANAA PAa3dUEeHNa Ha JaCTH, PABHbE 2.
Pazbuenus Ha yactu, He TPEBOCXOIAIINE IBYX, OMUCHIBAIOTCS TPOU3BOISIIEH
byuxmmeit Py (s)Pa(s). Hdeficteurenbho, koadbdumuent npu s B 3TOM TPOU3Be-
JIEHUW PABEH KOJIMYECTBY MPEACTABICHUN 9UCaa N B BUJAE CYMMBI . = k1 + 2ka,
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T.e. gucay paszbuenuil yncaa n Ha ky emunuil u ke mapoek. TeMm cambiM, mpoOms-
BoAsmas GpyHKUUS A pa30ueHni Ha YacTH, He NPEBOCXOISIINE IBYX, MMEET
BH,

1
(1—s)(1—s2)"
Amnayornuno, pasbUeHusT Ha YaCTH, PABHBIE TPEM, TIEPEUUCISIOTCS TPOU3BO-

nameit pynxmmeit P3(s) = 1/(1—s?), a pasouenus na 9acTH, He TPEBOCXOISAIIIIE
TpPeX, OMUCHIBAIOTCS TPOM3BO/IsIIEH byHKIIHEH

Pl(S)PQ(S) =

1
(1—3s)(1—s2)(1—8%)

Pi(s)P(s)P3(s) =

IIpomomkas 9T0 paccy:KaeHne, Mbl IPAXOIUM K CJIEAYIONMEH TeopeMe.
Teopema 0.33.3 (Ditnep). ITpouszeodswas Gynkyus 0aa “ucie pasbuerut wuc-

A0 N umeem eud

1
(1—s)(1—s2)(1—83)(1—s%)...

P(s) = (40)

st Toro, 9TOOBI IPUIATH YTBEPKACHUIO TEOPEMBI CMBICT, HEOOXOAUMO IO~
SCHUTH, 9TO TIOHUMAETCA MO/ DECKOHETHBIM [TPOU3BEICHUEM, CTOSIINM B 3HAME-
Haresie npaBoil yactu pasencrsa (40). D10 npousseseHue A0IKHO GbITh HOp-
MAJIBHBIM CTEIIEHHBIM PSI0M

Qs)=q+qs+qs®+ =(1-s)(1-s)(1-s.... (41)

1t TOTO, UTOOBI CKA3aTh, YeMY PaBHBI KO3 DUIIMEHTH! qg, G1, G2, - - . DECKOHEY-
HOTO TIPOU3BEIEHNs, TIOCMOTPUM CHAYAJIA HA KOHEUHBIE TPOM3BEICHNS:

1-s = 1-s
1-s)(1-5%) = 1-s —s2 +5°
1-s)(1-s)(1-8%) = 1-s —s2 +st 485 56
1-5)...(1—-s%) = 1-s -—s? +285  +...
1-8)...1—-8) = 1-s -—s2 +s® 4+

Buano, uro K03QPUIMEHTH B 9THX KOHEYHDBIX ITPOU3BEACHUAX “‘CTabnIM31-
pytoTcs” — HaYMHAs ¢ HEKOTOPOTO MOMEHTA, MEPECTAIOT U3MEHITHCH (CTabUI3H-
PYIOIIHECs YI€HBL PA3JIOKEHUST BBIJEAEHBI). DTO U HEYJIUBATEILHO: YMHOKEHUE
Ha 1 — s* He Mensier K03(DPUIIEHTOB MHOIOUIEHA, [IPY CTEIEHSIX, MEHBIIHX K.
ITo3TOMYy MBI MOXKEM IIPOCTO TOJOXKHTH (f PABHBIM Kodbduuuenty mpu s* B
muorowrene (1 —s)(1—s2)...(1—s").

Teneps MbI MOYKEM BBIMUCATH AHAJIOTHYHBIE OECKOHEUYHBIE TTPOU3BEIECHUS U
JUTs pa3OueHuii ¢ Pa3IuIHBIMA OTPAHUIEHUAMH.

Tak, uucino pa3bueHuil Ha pa3JUYHbIE ClIaraeMble JAeTCs TPOU3BOJSINE
dyukmmeit

(1+8)(1+s)(1+5%)...,
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Mpou3BOsIas MPYHKINS i pa3dueHuil Ha Pa3/JUIHbIE HEYETHBIE CIAraeMbIe
uMeeT BUT

(1+8)(1+s)(1+5%)...,

a pa3bueHus Ha MPOMU3BOJbHBIC HEUETHDLIE CJAAraeMble TTEPEINCIAIOTC IPOU3BO-
Jsredt pyHkimei

1
(1—5)(1—s3)(1—55)...]
o T.I.
Pazbuenus TecHo cBa3ambl ¢ anredbpoil MHOrowieHoB. PaccMoTpuM KOJBIO
muorousienos Cly, za, 3, . . . | 0T GECKOHEIHOTO YHC/IA epeMEHHbIX. ByaeM cau-

TaTh, 9TO TIEPEMEHHON T; TPUIIUCAH BEC ¢ U 9TO IIPU MMEPEMHOXKEHUH TTePEMEHHBIX
¥X Beca CKIbIBAIOTCs. [lofcunTaeM 9ucI0 MOHOMOB BECa 7, T.e. PA3MEPHOCTH
MPOCTPAHCTBA OJHOPOIAHBIX MHOTOYJIEHOB BECa M.

IIpu n = 1 Takoit MOHOM BCEr0O OJWH — 3TO MOHOM X1. llpum n = 2 umeerca
JBa MOHOMA Beca 1. — 9TO X3 1 T'y. UHCI0 MOHOMOB Beca 3 PaBHO TPeM, 3TO T3,
T1T9 u T3. Boobime, Iuca0 MOHOMOB BECA N PABHO Dy,. J1efICTBUTENBHO, KAXKIOMY
MOHOMY BECa 1 MOYKHO COTIOCTABUTH pa3bueHue Yucyia n 1Mo CAETYIONEMY mpa-
BUJIY: YUCJIO CJTATaeMbIX ¢ B PA30WEHUN PABHO CTENEHU BXOXKJICHUS EePEMEeHHON
Z; B MOHOM. ZICHO, 9TO 3TO COOTBETCTBUE B3aUMHO OTHO3HATHO.

Bor nonesnas reomerpuveckas untepnperamnus pazouennii. Kaxxnaoe pazdu-
eHHue YJI0DHO MPEeJICTABIATh B BUJe duazpammo, Peppe nnn duazpammor, FOneza
(puc. 20). U306pakeHHble HA ITOM PUCYHKE IUATPAMMBI COOTBETCTBYIOT Da3-
omernio 5+ 4+ 4+ 2 + 1 uyncna 16. Kaxkgas cTpodka quarpamMMbl COAEPKAT
CTOJIBKO 3JIEMEHTOB, KAKOBO COOTBETCTBYIOIIEE CJlaraeMoe pa3OueHus.

L )
a) eo oo 6)

Puc. 20: Tuarpamvbr @eppe a) u FOnra 6)

Ucnonb3ya auarpammbl @eppe wian HOHra, MOXKHO TOKA3BIBATH PA3THIHBIE
cBolicTBa pas3buenwuii. Hanpumep, na nuarpammax FOnra neiicrByer ecrecTBeH-
Hasg MHBOJIIOIUSA — OTPasKeHNe OTHOCUTENBHO auaronann. Hekoropoie quarpam-
MBI TIPU TAKOM OTPAXKEHWHU TiepexonsaT B cebs (cm. puc. 21). Takue guarpamMMbl
(u coorBeTCcTBYIONIME UM pa3OueHus ) OYIeM HABBIBATL CUMMEMDUHHBLMU.

JokakeM cyeayroniee CBOWCTBO CHMMETPHUIHBIX pa30oueHuii.

VYreepxkaerne 0.33.4. ucao cummemputotr pa3buenutt SucAa n pasHo 4uc-
AY e20 pazbuenuti Ha PA3AUNHBLE HEYEMHbBLE CAGRAEMbLE.

HokaszaTeabcTBo. [I1a m0Ka3aTenlbCTBA MOCTABUM B COOTBETCTBHE KarK-
JIOH CHMMETPUYIHON AuarpamMMe JHArPAMMY, COCTABICHHYIO U3 ee “IMeHTPATbHBIX
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Puc. 21: Cummerpuunas auarpamma FOura a) u nenrpajibible KPIOKU B Heil 6).
Cummerpuanomy pasbuenuio (5,4,4,3,1) comocrasssiercss pasbueHne Ha HEUET-
Hble cyiaraembie (9,5.3)

KpIoKoB” (cM. puc. 21 6)). Takoit KPIOK COMOCTABIAETCA KaXK/I0i KJIeTKe Ha, [JIaB-
HOH AMaroHa u JUArPAMMBI M COCTOUT M3 KJIETOK, PACIIOJIOXKEHHBIX IIPaBee 3TOH
JMArOHAJIBHON KJIETKH Wiy Huzke Hee. UMCI0 KJIETOK B KarKJIOM LEHTPAJIbHOM
KPIOKE CUMMETPUIHON ArarpaMMbl HEYETHO, U 9TH YKUCJA MOTAPHO PA3IUUHBIL.
Haoboport, B3siB tuarpaMMy, COCTaBIEHHYIO U3 CTPOK PA3JUIHON HEIEeTHON IJTH-
HBI, MBI MOXKEM “CJIOMATH” KaXKIyI0 TAKYI0 CTPOUYKY MTOCEPEINHE U COCTABUTH U3
IOy YMBIIMXCA KPIOKOB CAMMETPUYHYIO AUAIDAMMY.

0.34 ToxnaecTBo Ditepa

Ipoussonsamas dbyukuua @, 3amaBaemada paseactsoM (41), oka3biBaeTcs OYeHb
WHTEPECHOM. DIIep MPOmoKuII Bhraucaenne ee KO3GhQMUIMEHTOB U TOTY IUIT

Q(s) = 1—s5—5"45"+5 —s'2 51545224 5%
234 =4 14
L35 A0 | B ST (70 (TT 02 4 (100

Buapo, 910 cpeay K03hMUIUEHTOB B BBIMUCACHHBIX YWICHAX BCTPEYAIOTCA TOJb-
KO HyJIW, eIAHWIBI ¥ MUHYC ¢IWHANLL. Henynepble KOa(PUIUEHTH CTOAT Ha
HEKOTOPBIX BIIOJHE ONPEJCICHHBIX MECTAX W 3HAKHU TP eIMHUIAX MOMAPHO [e-
penyioTcs. DTh HAOIIOJECHAS IPUBEIHA DHIepa K TANOTE3e, KOTOPYIO MbI ¢op-
MYJHPYEM B BHJE TEOPEMBI.

Teopema 0.34.1 (Toxzecrso Ditnepa).

S Sk (M )
Q(s)fl—i-;( 1) (s +s )

HokaszaTeabcTBo. Ilpu packpbiTun cKOOOK psif,

Qls) = (1—s)(1—s2)(1—s%)...

COTEPIKUT T€ YK€ WIEHBL, YTO W PAJ, JJI 9UCIA PA3OUEHNIl ¢ DASTMIHBIMHA CHa-
raeMbIMK
2 3
I+ +s)1+5%)....
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O/1HaKO HEKOTODbIE HJIEHBI [IPU 3TOM BXOJAT CO 3HAKOM ILITIOC, & HEKOTODPBIE CO
3HAKOM MUHYC. 3HAK ILIIOC UMEIOT YJIEHBI, COOTBETCTBYIOIIHME PA3OHEHUsIM HA
YeTHOE YUCJIO CJIAraeMbIX, 8 3HAK MHHYC — UJIEHbBI, OTBEYaloIue pa3bueHusm
Ha HEYETHOE YUCJIO cyiaraeMbiX. Mbl JOKaXKeM, 9TO 4uCcI0 pasdbueHuil auciaa n
Ha YeTHOE ¥ HEeYETHOE YNCJIIO CIaraeMbIX OJMHAKOBO [JIs BCEX 3HAUEHUH N KPOMe
HEKOTOPBIX UCK/TIOYATEThHBIX.

[IpeacraBum kakjoe pazbuenve B Buje guarpammbl FOura. Baxkuyio ponab
B J0KAa3aTeIbCTBE OYAYT HIPATh HUXKHSSA CTPOUYKA ANATPAMMBI U ee “OOKOBasd
auaronais”’ (em. puc. 22).

Puc. 22: Huxkusas crpodka u 60KOBas quaroHas b auarpammbl FOHTa

IIycrb | —pyvna HuzKkHEN cTpoYKu, d — JJIMHA JUACOHAIU, k — 9HCJIO CTPO-
YEeK B JUArPAMME, T.€. YHUCII0 CJIaraeMbiX B pazbuenuu. Onpejesnum orodpakenne
MHOYKECTBa, JHATPAMM, BCE CTPOUYKH B KOTOPBLIX WMEIOT PA3HYIO JJIVHY, B ceOst
caeaymuM 06pa3om:

e eciu | < d, TO OTpEKEM OT JUATPAMMBI HUKHIOK CTPOYKY U TIPUKJIEAM e
K JIMaroHau;

e ecu | = d < k, TO TIpOZIETIAEM TO K€ CAMOEe;

e ectu l > dwu k > [, To HA0OOPOT, OTPEXREM IUATOHATID U TIPUKJIEHM €€
HUZKE HUKHEU CTPOYKH.

C ocrasbHbIMU (MCK/TIOUATELHBIME) HATPAMMAME HE OyIeM JeJaTh Hude-
ro.

Hame orobpazkeHnne MEHAeT Y€THOCTH YUC/a CTPOK B JUarpamMMme, T.e. 4eT-
HOCTB 9HCJIA CTATAEMBIX B PA3OHUEHNH, JJTsl BCEX HEMCKITFOUATEIBHBIX JHATPAMM.
TosToMy €CnM HEMCKITIOIATENBHBIX JUATPAMM C IHCIOM KJIETOK 1N HET BOOOIIE,
70 K03 duimenT npu s" B pasnokenun (Q(S) paBeH HYJIIO.

N ckmounTe/ibHbe qUarpaMMbl BBIIEISIOTCA YCAOBUAME

k=l=duwmk=d, l=k+1.
B nmepeoM cayugae nMeeMm

3k —k

=kt (k1) + (k4+2) + o+ (2k— 1) = =
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BO BTOPOM —
3k 4+ k

n=(k+1)+k+2)+---+2k= 5

B KaKJIO0M M3 93THUX CJIIy4YaeB HCKJJIIOYUTEJIbHAd AuarpaMMa €IUHCTBEHHA. TO)K-
LeCTBO Dilnepa JOKA3aHO.

ToxmecTBo Ditnepa gaer 3 HEKTUBHBIA CITOCOO BBIUUCIEHUST YUCTA PA3OH-
ennii aucyaa n. VIMEHHO, CIIPaBeJIABO CAEAYIOMEE PEKYPPEHTHOE COOTHOIIEHHE.

YrBepxkaeane 0.34.2.
Pn =Pn-1+Pn-2 = Pn-5 —Pn-7+tPn-12 T Pn-15 — ...
JleficTBUTENBHO, 3TO OYEBHIHOE CJIEJICTBUE PDABEHCTBA
P(s)Q(s) = 1.

Ilomygennoe peKyppeHTHOE COOTHOITEHWE HAILIO 3aMedaTe/IbHOe TPUMeHe-
Hue B “nuneiike Oykca’?.

“Dra dpopmysa MO3BOJSIET OBICTPO COCTABUTHL TOBOJBHO JJIUHHYIO TaDJIAILY
qucen p,. BoT mpakTwdeckuit coBeT, KaK 3TO cAenaThb. BO3bMHUTE JTUCT KJeT-
4JaToit OymMaru — JIydiie BCero JBOMHOM TeTpaaubil juct. OTpexRbre BIOJIb €r0
JJIMHHON CTOPOHBI TIOJIOCKY TupuHOit 3-4 kiaerku. [losoxuTe 3Ty momocky nepes
c000#t BEpTUKAJIBHO U Y JIEBOTO CPE3a B HUZKHEH KJIETKE IIOCTaBbTe KAKOH-HUOYIb
3HAK, CKAXKeM 3BE3JI0YKY. 3aTeM, NBUTAsSCh BBEPX, MOCTABLTE B MEPBON KJIETKE
-+, BO BTOPO#l +, B IATOil —, B CeAbMOIl —, B ABEHAANATON +, B NATHAAIATON
+ W T.J., HACKOJbKO XBAaTUT IJIMHBI MOJOCKU. (QCTABIMYIOCH YaCTh JIMCTA TaK
ZKe TTOJIOXKUTE T1epes coboit BepTuKaabHo u, orcTynsd 10-15 KaeTok or ee jeBoro
cpe3a, MPOBEINTE HA HEN BEPTUKAJBHYIO YePTYy — CBepxy JA0HH3y. B kierkwm,
TPUJIETAIONINE K YepTe CJIeBa, JIBUTASACh CBEPXY BHM3, BIHUITUTE M3BECTHHIE BAM
YUCTA Py, HaUWHAS C po: 1, 1, 2, 3, 5, 7. UToObI HaliTH Ceayroiee 3HAYEHUE,
MIPUJTOXKUTE OTPE3AHHYIO IMOJIOCKY CIIpPaBa K BEPTUKAJIBHOM dYepTe Tak, 4TOOBI
3BE3/I0YKA OKA3aJIaCh ITPOTUB MEPBOH MyCTOM KIeTKU. Tenepb u3 CyMMBbI 9HCE,
CTOAIINX ITPOTUB ILIIOCOB, BBIYTUTE CYMMY YHCEJ, CTOAIIMX IPOTUB MUHYCOB.
Yro nosyunTCs — BIUINXATE B KJIETKY IIPOTUB 3BE3J04YKU: ITO CJIEyIOIIee 3Ha-
genne QYHKIUU P,. OmycTuTe TONOCKY HA, OJHY KJIETKY BHU3 U MOBTOPUTE TO
xKe camoe. I Tak masee. Yepes HECKOTBLKO MUHYT BBl MOJIYIUTE KOJOHKY THCETT
Pp, BBICOTO B BaIll JiuCT.”

0.35 Pa3bueHunsa MHOXKECTB B TpeyroJibHukKe Mori-
KNHA C KPATHOCTIAMU

Pazbuernns MHOXKECTB Jierde MOIIaI0TCA OMUCAHUIO, €M PA30MeHnsT THNCelT.

4Ksanr, 8 (1981), c. 15
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Pacemorpum muoxecrso N, = {1,2,...,n} Harypanpabix uucen or 1 1o
n. Pasbuenuem MHOKECTBa N, HA3BIBAETCS €0 MPEIACTABICHUE B BHAE O0BHEIN-
HEHUs HEIYCTBIX HellepeCceKaromxcs moaMuoxkecTs. Hanpumep, MaHOKecTBO N3
JIOILyCKAeT IATh pa3bueHui:

{1,233} ({125, {33} ({35 {23}, (42,35 {13}, ({1}, {2}, {3}}-

Yucao paszbuenuit MHOXKecTBa [N, 0003HAYNM 1Uepe3 P, M 3alMEMCs M3y IeHHEM
pon3BoOaAIIell PyHKIHN

ﬁ(S) :ﬁo +ﬁ18—|—ﬁ282—|—

(MBI TIOJIaraeM, 1o onpejeneHuto, py = 1).

Kaxgomy pasbuennto muOXKecTBa [V, MOXKHO €CTECTBEHHBIM 0DPa30M COIO-
craBuTh paszbuenue wuciaa n. s 9T0ro Hy»KHO MPEJICTABUTH N B BUJE CYMMbI
KOJIMYECTB 3JIEMEHTOB B KaXKIOM W3 MHOXKECTB paszbuenus. Herpyano momcum-
TaTh W YUCJTIO pa3zOueHnit MHOXKECTBA, [N, OTBEYAOINNX TaHHOMY Pa30ueHuto

n=mny+ne+---+ng

n .
o) cnocoGamu; Tmo-

CJIE BTOTO SJIEMEHTHI BTOPOTO MHOMKECTBA MOYKHO BHIOpaTh (”;;”) criocobaMu u
T.71. Bcero pasomth 3seMeHThl MHOKECTBa N, M0 MHOXKECTBAM C 11, N2, ..., Mk

QJIEeMEHTaMU MOXKHO

) () )

n! (n—mnq)! (n—ny—- —ng_1)!

YUCIIA M. DIEMEHTEI IepBOrO MHOXKECTBA MOXKHO BbI6paTb (

nil(n —ny)! nal(n —ng —ng)! 7 ng!0!
n!
n1!n2! .. .nk!

n
ning ... ngJ

[TosmyueHHOE BbIpasKEHHE HA3BIBAETCS MYALTUHOMUGALHBM KOIPHUUUEHTOM.
Ono 06001TI2ET OMHOMUANBHBIN KO3 duimenT — aucio coyeranunii. Kak nerpy-
HO BUJETH, MYJbTHHOMUAJIbHBIN KOI(D(DUITMEHT IpeIcTaB/isieT coboit Koadduim-
enr npu x7'xy? ... x)* B passokeHun MHOrOWIeHa (xq + - - - + )™

n
n
(X + - +ap)" = E ( )x’flxzk
ny ... Nk

Ny, =0
ni+-+np=n

OpHako umciio pasbuenuil MuoxkecrBa IN,,, OTBEYarOIIUX JAHHOMY pa3bue-
HUIO 9UCJA N, HE COBIAJAET B TOYHOCTH C MYJIBTUMHOMHAJIbHBIM KOdhduimen-
ToM. Jleso B TOM, 9TO MHOXKECTBA pa3OHeHNs, COMEPIKAINE OIUHAKOBOE KOJIW-
9eCTBO 3JIEMEHTOB, MOYKHO MEePEeCTaB/IsiTh MexK Ty coboit. [loaroMmy mpaBuabHbII

OTBET AMEET BHJ,
: ( ) )
b)
mi!...my! \ng ... ng
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rJie M; — JTO YUCJO JIeMEHTOB Pa3OHeHust, PABHBIX 4.

Kaxnomy pasbuennio MmuoxkectBa [V, Ha MOIMHOMKECTBA COMOCTABUM TYTh
B TpeyrosibHUKe MonkuHa 1o ciaeiyonemy npasuiy. Ilycts amement @ € Ny,
BXOJUT B HEKOTOPOE NOJAMHOXKeCTBO pazbmenus. Torma i-ii orpe3ok myTtu Oy-
JeT TOPU30HTAJIBHBIM, €CJId JUO0 COOTBETCTBYIOINIEE IOAMHOKECTBO COCTOUT U3
OJIHOTO dJIEMEHTA ¢, JUOO0 3JIEMEHT ¢ HE SBJIAETCH B IOIMHOXKECTBE HA MUHH-
MaJIbHBIM, HW MaKCHMAJTLHBIM 3JIEMEHTOM. -l OTpPe30K TyTH OymeT BEKTOPOM
nogbema (1,1), eciu 3/1leMEHT ¢ — MUHMMAJIBHDBIA B CBOEM TIOIMHOKECTBE, U OH
Oyaer BeKTOpoM ciycka (1, —1), ecaim cOOTBETCTBYIONIMIT SIEMEHT MAKCUMAJIEH.
Hauanmpras Todka myTn HaxomuTcs, kKak oberano, B Touke (0,0). Ha pmc. 23
n300pazkeHbl paszdbuenne MHOXKeCTBA N1g ¥ IIyTh B Tpeyroabunke Momnkuna, co-
OTBETCTBYIOIUI 3TOMY pa3bueHuto.

{{1,9},{2,3,4,12},{5,8,11},{6, 7}, {10}}

1" 2 3 4 5 6 7 8 9 10 11 12

Puc. 23: IIyts B Tpeyroabanke MomknHa, OTBeYaoONnil pa3dneHn0 MHOKECTBA

SlcHo, 9TO Ui KayKI0ro pa3dueHus MyTh, OTBEYAIONIUI €My, SBIIeTCs Mpa-
BWJIHBIM: OH JIEJKUT B IMOJIOXKUTEIBHON MOJIYIIJIOCKOCTH W 3aKAHIUBAETCS HA
BoicoTe 0. JleficTBUTENBHO, Cpean TIEPBBIX 1M JIEMEHTOB MHOXKECTBA, IN,, 11CIIO
MAKCHMYMOB He MOXKET MPEBOCXOIUTH UUC/IA MUHUMYMOB HU TIPU KAKOM 7M.

IToacunTaem, CKOIBKO pa3dbueHuil COOTBETCTBYET AaHHOMY myTu. IlycTrs Ha-
JabHAS YACTh MMYTH, COCTOSAIIAS U3 { OTPE3KOB, 3aKAHUYUBAETCS HA BBICOTE j, U
MIPEIITONI0K UM, ITO TIEPBbIE j 3JIEMEHTOB Y Ke Pa30UThI HA MOAMHOXKeCTBA. Kean
(j + 1)-ii orpe3ok myTu npeacras/iager coboi BekTop nomgbema (1, 1), To saeMenT
j + 1 gaBngerca MUHHMYMOM HOBOTO MOIMHOXKECTBA, Pa30HeHwsi, HUKAKUX JIPY-
rux Bo3MOkHOCTelH HeT. [loaToMy KpaTHOCTh COOTBETCTBYIONIETrO pebpa paBHa 1.
Ecnv 370 TOpu30oHTAIBHBIN BEKTOD, TO OTBEYAIOIINI €My 3JEMEHT MOKET JUOO
BXO/IUTh B OJIHO U3 Y2Ke CYIIECTBYIONIMX MHOXKECTB (TAKUX BO3MOXKHOCTEH DOBHO
J, TaK KaK POBHO B j MMEONIAXCsI MHOXKECTBAX eIle He 3a(pUKCUPOBAH MaKCH-
MAaJIbHBII 3J1eMeHT), 1160 00Pa30BbIBATH OJHOMIEMEHTHOEe MHOXKeCTBO. Iloaro-
My KPaTHOCTH MOPU3OHTAIBHOrO pebpa pasHa j + 1. Kparaocts BekTopa crama
(1,—1) paBHa j, TaK KAK COOTBETCTBYIOIIMI €My 3JIEMEHT MOXKET ObITb MaKCH-
MAaJBHBIM B OIHOM #3 j TOAMHOXKeCTB. COOTBETCTBYIOIIAs PACCTAHOBKA, KPAaT-
HOCTell Ha pebpax B TpeyroibHuke MomnkuHa m300parkena Ha, puc. 24.

Taxum 06pa3oM, CIpaBEIINBA, CJIEAYIONIAST TEOPEMA.

Teopema 0.35.1. Qucao p, pasbuerud muooscecmea Ny, HG HENYCMBLE NOOMHO-
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\3\
1
1
1 1
Puc. 24: PaccranoBka KparHOCcTeil HAa pebpax, OTBEUAOMAs MIPOU3BOIAIIEH

dbyuKIny pa3buenuit

JHCECNBA PAEHO YUCAY MPABUALHLLT nymel 6 mpeyzoavruke Mouxuna ¢ xpam-
HOCTAMU, U30OPAHCEHHOM HA PUC. 24.
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0.36 3amaum

3adaywa 0.111. CroppkuMu CocodaMu MOXKHO PAa3MEHSTh PyOJib HA MOHETHI B
1, 2, 5, 10, 20 u 50 xomeek?

3adana 0.112. CROILKUMHE CIIOCOOAME MOKHO B3BECHTH 78 T' ¢ MOMOIIBIO Pa3-
HoBecok 1, 1, 2, 5, 10, 20, 50 r vHa

a) OJIHOYAIIEYHBIX BECAX;

6) JAByXYalleYHbIX BeCax?
(ITpumeneHue ABYX Pa3IUIHBIX PA3HOBECOK OJHOTO BECA IAET PA3IUYHBIE B3BE-
[IMBAHUS ).

3adaua 0.113. [laiire maTepnperannio kosdduinuenTy npu ¢ s"” B O6CKOHETHOM
MTPOU3BEIEHUT
(1+¢gs)(1 4 ¢s®)(1 +¢s®)....

3adawa 0.114. Besikoe 9ucyio MOXKeT ObITh €IHHCTBEHHBIM 00Pa30M 3aMUCAHO B
JeCATUYHOM cucreme cuncsenus. [loaTomy

1
1—s"

(1+S+82—‘r--~+89)(1+810—|—-~-—|—890)---:

JokaxwuTe.

3adawa 0.115. Jokaxkure, 9TO IUCIO pa3dueHnit dncaa n Ha 9acTH, He TTPeBOC-
XOISAIINE M, PABHO YUCIY €ro pa3dueHuii Ha He Oojiee YeM m dacTed.

3adawa 0.116. Jlokaxkure, 94TO

1

(1) + 0+ = T ma =y

3adawa 0.117. JlokaxkuTe, 9T0 KaXKJ0€ M0 MOJOKUTETBHOE YUCIO MOKHO
MPENCTaBUTh B BUJE CYMMBI PA3JIMYHBIX IEJIBIX TOJOKUTENBHBIX CIaraeMbIxX
CTOJIbKUMHU K€ CIOCODAMU, CKOJLKHMHU €r0 MOXKHO MPEJCTABUTL B BUJIE CYM-
Mbl HEUYETHBIX (MOKET ObITH U COBIAIAIONINX) CJAraeMbIX.

3adaua 0.118. dokaxkure Toxaecrsa [aycca

(1—s)(1—s2)(1—5%)...

_ 4 9 )
s AFD (s — L —28+28 =287 +..;

° a)

(1=s*)(1=s")(1=5%)... _ 34 6 (10
e 6) ===~ = 1+s+s°4+s"+s"+....
3adawa 0.119. Hokaxkure, 9T0 HATYPATBLHOE YUCIIO 1 MOKET OBITH MpeICcTaBiIe-
HO B BHJE CYMMbI MEHBIIHX HATYPAJIbHBIX cjaraeMblx 2" ! — 1 cnocobowm, ecn
ABa IIPpeacTaBJAeHNA, OTIINYIaI0IeCd IMMOPAIKOM ClIara€MbIX, CAUTATh PA3JIUYIHbI-
MH.

3adawa 0.120. Hajipmre npousBomsinyo QyHKIUO [/ 9UCIA CUMMETPUIHBIX
(camoconpsizKeHHBIX) pasbueHwuil.



96 I'IABA 0. PABGUEHHA

3adaua 0.121. PaccMOTpHUM KOJIBIIO MHOTOYIEHOB OT OECKOHETHOrO HADOPa, Tie-
PEMEHHBIX, B KOTOPOM TI€pEMEHHBIM TPUTHACAH BEC, TPUIEM THUCIIO TTePEMEHHBIX
Beca i KOHeYHO 714 J1060ro 4. O603HAMNM 9TO 9UCIO0 Yepe3 ¢;. Boimummmre mpons-
BOZATIY 0 (DYHKIIUIO JJIsI TOCTAEI0BATETHHOCTH PA3MEPHOCTEN MMPOCTPAHCTB Ol
HOPOJHBIX MHOI'OYJIECHOB BeCa 7N.

3adaua 0.122. Obo3nauum depes o, cymmy jesaureseil yucia n (Biuovas 1 u
camo n); Hanpumep, o = 1 + 2+ 3+ 6 = 12. Ilycrs X(s) — mpoussomarias
GYHKIUSA 11 TOCTIETOBATENBHOCTH Oy,

Y(s) =5+ 352+ 45+ 7s* +65° + 1255 + .. ..

e a) Jlokaxure, 4TO
sP'(s) = P(s)X(s),

rae P(s) — npoussozsmas GyHKIUs s 9UCTa pa3OueHuii.
e 6) Boisesure OTCIO/IA PEKYPPEHTHOE COOTHOINEHUE HA YUCIIA Oy, .

3adavwa 0.123. Jlokaxkure, 9T0 TOCIETOBATENBLHOCTD Py, 9uCes Pa30ueHnii pacrer
MOHOTOHHO U OIIEHUTE CKOPOCTH €€ POCTA.

3adava 0.124. Hokaxkure, 9T0 IPOU3BOIAIIAA (DYHKIIUS [l YUCIA TAAIPAMM
IOmnra c nepumerpom 2n paBHa 175 .

3adauwa 0.125. Keadpamom Twopdpu B muarpamme HOHTa HA3BBAETCS MAKCH-
MaJbHBIA KB3ApPAT, BIUCAHHBINA B ee JeBbIi BepxHuit yroa. Jasa kaxxmoro ¢ > 1
BBIMTUIITATE TPOU3BOAAIIY 0 DYHKIMIO T ducya auarpamm FOHra ¢ KBaapaTom
Hopdu ¢ X ¢ o ancay KBaApaToB B JUArPAMMe.

3adawa 0.126. dokaxkure, 9TO 9MUCIO pa3dUEHUI YUCIa N HA 9aCTH, HE NEId-
IMECsT HA 111, PABHO 9YUCJIy TeX ero pa3bueHwil, B KOTOPBIX HM OJHA 4aCTh HE
BCTpedaeTcs domee, yemM m — 1 paa.

3adava 0.127. HokaykuTe, 4TO YUCIO pa3dbMEHUil 4nciaa n, B KOTOPLIX Oojee
OOHOTO pa3a MOFyT BCTPEYAThCA TOJIBKO YaCTH HeYeTHOH BEJIMYHWHBI, COBIIadaeT
C YUCIOM €r0 pa3dueHuii, B KOTOPLIX HU OJHA YaCTh HE BCTpedaercs Dojee Tpex
pas.

3adaywa 0.128. IlokaxkuTe, 9TO AOCONMIOTHAS BEJIMINHA, PAZHOCTH MEXKY GHUCIOM
pazbuenHmit UncaIa N Ha Y€THOE UHUCJI0 YacTell ¥ 9UCIOM ero pa3bneHnii Ha HedeT-
HO€ 9HCJI0 JacTeil PABHAETCS UHCIYy €ro pa3dueHuil ¢ pas3- JUIHBIMA JACTAMU
HeYeTHO! BEeJTUYIUHBI.

3adawa 0.129. IMokaxkure, 9TO YUCIO pa3dbUeHUil YUCaa N, B KOTOPBIX HE BCTPE-
YAKOTCS TTOCTETOBATENBHBIE TIETBIE YNC/IA, PABHO YUCITY ero pasOueHuil, B KOTO-
PBIX HU OJHA YACTh HE MOSIBJISAETCs JIUIThL M0 OJHOMY pa3y.

3adauwa 0.130. Tokaxkure, 9TO UmMCIO TAKUX pa3bueHuit Yuciaa 1, B KOTOPBIX
KaXK1asd 9acTh BCTpeYaeTcs 2, 3 wind 5 pa3, PaBHO YKCIy ero pasbueHwuii Ha
qacTH, cpaBHUMBIE ¢ 2, 3, 6, 9 mau 10 mo momymio 12.

3adaywae 0.131. Tlokazkure, 9TO YUCIO PA3OUEHUN YUCTA N, B KOTOPBIX HU OJIHA
9aCcThb HE BCTPEYAETCH JIUIIh 110 OJHOMY Pa3y, PABHAETCH YUCIy ero pa3bueHuit,
KOTODBIE HE UMEIOT JacTell, CDABHUMBIX € 1 Win 5 mo Momymio 6.
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3adaua 0.132. [lokaxkure, 910 9nUCI0 pa3dbUeHnit IUCIa N, B KOTOPHIX HANMEHB-
mas 9acTh BCTPEYAETCs JIUIMb OIWH Pa3, a HAMOOJbIIAs YacTh He Gojee deM
BJIBOE MPEBOCXOIUT HAMMEHBIIYIO, PABHAETCS YUCIY €ro pazbueHuil, B KOTOPBIX
HAUOOJIBbINIAA JACTh HEYETHA, a8 HAMMEHDINAad OOJIbINe, 9eM ITOJOBHHA HANOOIb-
mreii 9acTu.

3adawa 0.133. TlokaxkuTe, 9TO CyMMa YMCIA dacTell, paBHBIX 1, MO BCeM pa3-
OUEHUAM 9UCIIa N PABHA CyMMe YHCJIA PA3IUYHBIX 9aCTel TaKzKe [0 BCEM Pa3-
OMeHusIM N,

3adawa 0.134. Jlokaxkure, 94TO

E min(ny, ng, ..., ng)ty 5> L "
N1,M2,..,N > 1

tltg...tk
(1—t)(1—t2)... (1= tp)(1 —tyty.. . tg)’
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IIpousBoagniue (pyHKIN
Jlnpuxiie

VTBepzKaeHue 0 TOM, 9TO I TponsBoadmeil dyukmnn A(s) oTamdaHoi oT Hyisa
B Hyse 00paTHad K Hell OTHOCHTENbHO aenenud dpynkuua 1/A(s) cymecrsyer,
HECJIO’KHO — MBI JJOKA3aJIU €r0 B TepBoii rtase. OIHAKO MPEITOXKEHHAST TAM MTPO-
Ieypa MOCAeI0BATENbHOIO HAXOXKIeHNs KO3p UImenToB (hyHKINE HE OYeHb
addekTrBHa. B TO K€ BpeMsi, 3a9aCTyI0 BO3HUKAET HEOOXONUMOCTh UMETh MPO-
cThie aBHBIE POPMYIBI 1A KO3 PuIumeHToB 00paTHO# (DYHKIINNA, KOTOPBIE TI03-
BOJISLIY ObI BRIYUCTATD HYKHBIH KOXDPUITHEHT, HE TIOACIUTHIBAA BCEX TTPEIBLITY-
mux. @opmysta obparennst Mebuyca qaeT MHCTPYMEHT JIJIsT TAKOTO BBIUUCIEHUST
B DOJIBIIIOM Kj1acce nmpou3Boasaimx ¢pyuknui. Kak mpasuso, sta dhopmyna npu-
MeHsieTCs Jiyist mpou3Bomamux pyukiuit Jlupuxiae — eme ogHoi MomuduKaimu
npousBoaamux (BYHKIHHN, UCTONB3yeMoii B Teopuu uucen. [lo cytu mena, oHa
npeacTaBiser coboi HecT0KHoe obobIeHne GOPMYIbl CyMMBI T€OMETPHIECKOIT
nporpeccun. B a1oit rimaBe Mbl 00bsicHseM dopMyty oopaitenusa Mebuyca u pas3-
JINYHBIE €€ TTPOSBJICHUsI, CPEIN KOTOPBIX MPUHITUI BKIIOUEHUS-UCKIFOUEHUS.

0.37 IlpuHNuI BKJIIOYeHUA-NUCKJIIOYEHU

Obparumcest K oueHb npoctoil obimelt Teopeme (HhopMaNTbHON JIOTUKH.

IIycts B — Kakoe-mrh0 KOHETHOE MHOKECTBO, 9JIEMEHTHI KOTOPOT'O MOTYT 00-
JIAJATH HEKOTOPBIMHU M3 CBOHCTB C1, - . . , Cry. O603HAYMM "epe3 N(¢;), 1 <i<m
YHCJIO HJEMEHTOB MHOkecTBA B, obnagaromux coiicrsoM ¢;, uepe3 N(c;, ¢j),
i # j — UHUCIO 3JIEMEHTOB MHOYXKeCTBa 3, 00/Iagaiomux OJHOBPEMEHHO JIBYMSI
CBOMCTBAMIE ¢;, ¢j, u T.I. IlycTs Takske N (1) — ofImee IHCIO 97€MEHTOB B MHO-
xecTBe B.

Teopema 0.37.1. (IIpunnun BrIOUEHUs-UCKIIOYeHUd) HUCAO IAEMEHMOE 6
muogicecmee B, ne obaadarowur nu odnum u3 ceoticms ¢;, i =1,...,m, pasno

N@1)—=N(e1) == N(cm)+ N(c1,¢2) + -+ — N(ey,ca,03) — ...

HokaszaTeabcTBo. Pa3odbeM Bce 37eMEHThI MHOXKECTBa B Ha Hemepeceka-
fomwuecst rpynnel: B = By U By U --- U By, e nonMHOXKECTBO B cocrout n3

99
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3JIEMEHTOB, ObyagaoIux poBHO [ cBoiicTBaMu. PaccMoTpum mocienoBaTeabHO
BBIPAYKEHUST

CormocraBuM KaXKJA0MY U3 3TUX BHIPAYKEHUI PACCTAHOBKY YHCENT Ha, MHOXKECTBAX
B;. TlepBoe BhIpakeHWe COOTBETCTBYET MPUCBOEHUIO KAXKI0M TPYIIe KPATHOCTH
1 — MBI y4Iu BCE 3JIEMEHTBI IO OMHOMY pa3y. BTOpoMy BhIpaXKeHWIO COOTBET-
CTByeT TPUCBOEHWE MHOXKeCTBY B; KparHoctm 1 — [, TaK KakK MpU BBIYUTAHUU
MbI YUJTH KazKbIH ero ajeMeHT poBHO [ pa3. Tperbe BbIpazKeHue COMOCTABISIET
MHOXKecTBY B; kparnocts 1 — [ + (é), u T.10. Takum 0Opa3oM, epexos OT BbI-
paxKeHHusi ¢ HOMEPOM | K BBIpasKeHHUIO ¢ HOMepoM [ + 1 He MeHsieT KpaTHOCTH
MHOXKECTB By, ..., Bj. 9Tu KparHOCTA pABHBI

(6) = (1) + (&) =)

9TO paBHO HYIIO A7s1 Bcex [ 3a mckmodenneMm | = 0 u 1 mpu | = 0, orkyza u
BBITEKAET TEOpPEeMa. U

[TpuwHIMT BKIIIOYEHNUS-UCKTIOYEHHUST JIETKO 3AIIOMHUThL C TIOMOIIBIO CJIETYIO-
IEro MPOCTOr0 MHEMOHHYECKOoro mpasuaa. Ilycrs 1 coorBercTByerT 0ObeKkTaM,
00T TA0IINM BCEMU CBOCTBaMu, 1 — ¢; — BhIpaykeHue i 00beKTOB, He 00J1a-
JAIOMUX CBOCTBOM ¢;. Torma BbIpaKeHme Iyt OObEKTOB, HE OOJAJAIOININX HU
OIHMM K3 CBOMCTB C1, . .., Cmy, S OyIeT UMeTh BUJ,

(I—c1)(1—ca)... (1 —cm),
OTKYZIa, PACKDPDbIBas CKOOKHU, MOIyIaeM
1-ec)l=c)...(1—em)=1—c1——¢cmtcica+ - —creacs — . ...

Ilpumep 0.37.2. Pemum ¢ TOMOIIBIO TPUHITUTIA BKIIOYCHUA-UCKITIOUEHUS 3312~
9y 0 YHCJIe CYACTIUBBIX OMIeTOB. DTa 33Jada COCTOUT B ciepyiomem. Homep
aBToOycHOro 6mera — mecrusuadnoe aucao or 000000 mo 999999. Buaer ma-
BBIBAETCS CUACTMAUBIM, ECTTH CYMMa, TIEPBBIX TPEX MUMP ero HOMepa, PABHA, CyM-
Me nocienaux Tpex nudp. Hanpumep, dunerst ¢ nomepamu 000000, 123060 u
495882 — cuactiuBbie, a Ouaer 123456 — Her. CKOIBKO BCETO CYIIECTBYET CHACT-
JINBBIX OMIIETOB?

SaMeruM, 9TO UHUCIO CYACTIIMBBIX OHUIETOB PABHO YUCIY DUIIETOB C CYyMMOIA
27. eiicTBUTENBHO, TyCTh OUIeT a1biciasbacy — cuactauserii. [locraum emy B
coorBercraue Guer aibycy (9 —ag)(9—b2)(9—c2), cymma mudp KOTOPOro pasHa
27. 9TO COOTBETCTBUE, OYEBUIHO, B3ANMHO-OTHO3HATHO.

Paccmorpum Temeps MHOKECTBO BCEBO3BMOKHBIX PACCTAHOBOK HEOTPHUIATE b~
HBIX TIEJIBIX YHUCEJ C CYMMOHN 27 B MIECTH TIO3UIUAX W BBEIEM IIIECTh CBOWCTB
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TaKuX PACCTAHOBOK. CBOUCTBO ¢; COCTOMT B TOM, UTO YUCJIO B i-if MO3UIUU HE
menbie 10. Yucno cyacTiuBeix OUIETOB PABHO YMCJIy PACCTAHOBOK, HE 061313~
FOIUX HU OTHUM W3 CBOHCTB Cq, ..., Cq.

Yucno N(1) Beex paccTaHOBOK HEOTPHIATENBHBIX MEJNbIX YHUCET ¢ CYMMOit
27 B meCcTb O3UIUIL PABHO (352). Yucsio N (¢;) paccTaHOBOK, YIAOBIETBOPSIONIAX
CBOICTBY ¢;, OZWHAKOBO JJIT BCEX { U PABHO (252). JleficTBUTEILHO, MBI MOXKEM
MIOCTABUATDL B ¢-10 mo3unmio uncyo 10, a ocraBimyiocsd cymMMy 17 TpOM3BOIBLHO

PacCopeaeanuTb 10 IMEeCTHU IMO3UITHAM.

AHAJIOTHYHO YUCJIO PACCTAHOBOK, YIOBJIETBOPSIIONINX OJHOBPEMEHHO JIBYM
CBOMCTBAM ¢; U Cj, ONMHAKOBO JJIA JT000# Maphl CBOMCTB N PABHO (152): MBI CTa-
BuM uncao 10 B 4-10 U J-10 TO3WUINHU, & OCTABIMYIOCA CYMMY 7 MPOU3BOJIBHBIM
06pa3oM pacmpesesisgeM 0 MIeCTH MO3UINAM. UUCIO 2Ke PACCTAHOBOK, YIAOBJIe-
TBOPAIOILIUX OJHOBPEMEHHO TPeM u OoJiee CBOWCTBAM, PABHO HYJIIO, TAK KaK 00-
masd CyMMa BCexX 4uces Mesblre 30.

KoauguecTBo pa3muyHbIX CBOWCTB PABHO ((13) = 6, KOJTUYIECTBO PABJIUIHBIX
map CBO¥CTB paBHO (g) = 15, mosTOoMy 0DIIiee 9UCIO PACCTAHOBOK, HE Y/ IOBJIE-
TBOPSIONINX HU OJTHOMY U3 CBOWCTB C;, 8, 3HAYUT, U ODIIEe 9UCJIO CHACTIUBBIX

OUJIETOB, MAETCS CIEAYIOMINM MPEIIOKEHTEM.

Ymeepotcdenue 0.37.3. Hucao cuacmauevr 6uiemos pagHo

(32) (22) (12)

-6 + 15 .

5 5 5

Ilpumep 0.37.4. PermuM ¢ TTOMOIIBIO TTPUHIIATIA BKJIIOYEHUS-UCKTIOUEHUS €I11e
OJIHY 3a/1a1y, UMEIOIIYIO OOJIBIIOe YNCIIO0 TPUJIOKEHUIH.

TepecTanoBka T 3meMeHTOB MHOKeCTBA {1,2,...,n} Ha3pIBaeTCs becnopad-
xom, econ w(k) # k mm npu kakux k = 1,...,n. O6osnauum gepes d,, 9UCIO
6ecropsIIKOB Ha MHOXKECTBE W3 M 3JieMeHTOB. Bor Hawamo tabautpr uucen Gec-
TTOPSIIKOB:

n 01 2 3 4
d, 1 0 1 2 9

Y066l MOACINTATH UHUCJIO OECIOPAIKOB, BBEAEM 7 CBOWCTB IEPECTAHOBOK
Ha MHOXKeCTBe u3 N jgeMerToB. CBOMCTBO ¢; COCTOUT B TOM, YTO HEPECTAHOB-
K& OCTABJISIET HA MeCTe 3JIeMeHT 4. Yncyio Bcex mepecTaHoBoK pasHO n!. Yucmo
[EPECTAHOBOK, YAOBJIETBOPSIONIUX CBOUCTBY ¢;, paBHO (n — 1)!: MbI purcupyem
i-if AJIEMEHT TEePEeCTAHOBKHU, a OCTAJBHbIE TIEPECTABSIOTCA MPOU3BOILHO. Huc-
JI0 MEPECTAHOBOK, YOBIETBOPSIONINX JBYM CBOMCTBaM ¢; W Cj, paBHO (n — 2)!:
JIBA SJIEMEHTA, IEPECTAHOBKU (DUKCUPYIOTCS, OCTATHHBIE TIEPECTABISIIOTCSA TTPOU3-
BOJILHO. B0ODIITE, 9MCII0 TIepecTaHOBOK, YIOBIETBOPSIONINX 11 CBOMCTBAM, PABHO
(n —m)!. Takum o6pa3oM, MbI IPUXOAUM K caeayiomeii hopmylie.

Ymeepotcdenue 0.37.5. Hucao becnopadkos na muosicecmee u3 n IAEMEHMOB



102 I'VIABA 0. IPOU3BOAAINNE ®YHKINN ANPUXJIE

PABHO

d, = (g)nl—-<2)(nm—1)!+ <Z)(n——2)!—...

(oL, 1 1 e L
n(l= gty g+t 0" ).

IIpu n — oo BBIpakeHme B CKODKAX CTPEMUTCSH, KAK XOPOIIO MU3BECTHO, K
e~ L. Taxum 06pazoM, Ipu GOTLIINX 3HATEHUAX 1 GECIOPAIKH COCTABIIAIOT IPH-
GJIMBUTE/IBHO e-YI0 9acTh BCEX MEPECTAHOBOK, T.e. 0KoJo 1/2, 71828 ~ 36, 8%.

Sameuanue 0.37.6. K coxkameHnio, TpUHIIAN BKIIOYEHU-UCKIIOUCHIST OKA3BIBA-
ercsi Hea(hHEKTUBHBIM MPU OIEHKE ACUMITOTHK WHTEPECYIONINX HAC BEJIUYHH.
Taxk, mpu BBMUCAEHUN KOJIXIECTBA OECIIOPAAKOB Ha MHOXKECTBE U3 1 9JIEMEHTOB
[IEPBOE CJIaraeMoe B CyMMe PaBHO N!, a CyMMa IepBBIX JBYX CIaraeMbIX PaBHA
uymio. I ta, u apyrasi BeMUYWHA IPE3BBIYANHO JAJTEKH OT TOTHOTO 3HAYUCHU
n!/e crapimero ujeHa aCHMITOTHKH, U JJIs TIOJYI€HNsT XOPOIIUX OIEHOK HYYKHO
6paTh ropasno OOJbINE CIaraeMbIX.

0.38 IIpoumsBomsamiue dyukum Iupuxiie mn aeii-
CTBUHA HAJ HUMU

Paccmarpusapimecs HaMu paHee Tpon3Bosiye MYHKIMA OTHOCUIUCH K KJTAaC-
cy creneHHbIX psmoB. OHAKO B MYJIbTHIUIHKATHBHON TEOPHUU YUCET DOJIBIIEe
npuMeHeHne HaxonaT npoussoigaiiue dyurnun Jupuxie. Camoi m3BeCTHOM cpe-
U HUX gBJsgeTcd dzema Pynryus Pumana:

()= —+ 4o+ (42)

Ob61mas xe npouseodawes Pyrkyua Jupurae, OTBEUAIONTAs TOCIEI0BATE b
HOCTH a1, G3,ds3, . .., AMEET B/

Hzera ¢bynkums Pumana orseuaer nocaenosarenpuoctr 1,1, 1, . ... Ona urpaer
B Mupe Tpou3Bofamux Gyakmuit Jupuxiie Ty xKe pob, 9TO U T€OMETPUIECKast
nporpeccus B Mupe OOBIKHOBEHHBIX MPOU3BOAANINX (DYHKIWA U IKCIIOHEHTA, B
MUpe IKCIIOHEHITHAIBHBIX Tpou3Boagamux dyuxiuii. Obparure BHUMaHIE HA TO,
9T0 HyMepaIus KoddduinenTon npoun3poaganux pyHkinit Jupuxie HadnHaeT-
CsI C @IMHUIIBI, & He ¢ HYJIST, KAK 9TO ObLIO B CIydae OOBIKHOBEHHBIX TIPOU3BOIS-
mux QYHKITIH.

IIpuunnoit, obycraBnauBalomieil BBeAeHNE MPOU3BOAANX QyHKIni Iupmx-
Jie, CIYKUT WX TOBEEHNe OTHOCUTEIbHO YMHOKEHUSI: TIPY MEPEMHOKEHUH JIBYX
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dbyukmmit A(s) = a,n® u B(s) =Y b,n~° Mbl noAyUaeM QyHKIHIO

aifl n a1bz;a2b1 n a153;;a351 n arby + azi)z + asby L

_ > ki—n OkbI
— E Eer—
n

rJjie BHyTPEHHEE CyMMUPOBAHUE BEJETCA 110 BCEM PAa3JIOKEHUAM YUCa 1L B TTPOU3-
BejieHne JABYX cOMHOXuTeseii. TakuM 00pa3oM, UCIOIB30BAHNE TTPOU3BOAANIAX
dyuknuit Jupuxsie mo3BoJsgeT KOHTPOJIUPOBATH MYIBTUILINKATHBHYO CTPYKTY-
Py HarypasbHbIX ducesa. OTMeTuM, YTO CJAO0KEHUE TAKUX MTPOU3BOIAIINX QyHK-
1M COOTBETCTBYET OOBIYHOMY MOUJIEHHOMY CJIOXKEHHUIO TIOCIEI0BATETbHOCTEH.

A(s)B(s) =

Posb eguaunbt npu ymuOKeHUH Tpon3Bodiux dbyHkiui Jupuxie urpaer
dbyukmus 1 = 177, orrevaromas nociaenosarensroctu 1,0,0,. ... Jlrobas mpo-
usBoagamas dyuxius Tupuxye A(s) ¢ HeHyIeBbIM CBOBOIHBIM YI€HOM, a1 7 0,
obparuma: cymecrsyer ¢yHkiwms B(s), takas, uro A(s)B(s) = 1. ITocrponm
obparuyo GyHKIHIO A1 a3eTa GyHKInE Pumana.

Teopema 0.38.1. Obpamnas gyurkyus das dsema Pynukyuu Pumana umeem
eud

=

1 >
M = — =
=G " &
2de

(—=1)' e t, — YMCAO MPOCTBIX JAENUTENEH TUCTa N,
€CJIV B PABJIOKEHUN 1 HA MPOCTHIE MHOKHUTEIIH
HET [TOBTOPSIONINXCS MHOKHUTEIEH
0 B IPOTHUBHOM CJIy4ae.

Hn =

TMocnenoBaTeBHOCTD [, MBI OyIeM Ha3bIBaTh nocaedosamenvrocmuvio Me-
buyca, a dbyukuuio M(s) — dynxyuet Mebuyca.

HokazaresbcTBo. s nokaszarenbersa nepeMaokum Gyaxumu C(s) u M(s).
Koadbdunment npu n~°%, n > 1 B npou3seaennn OyIeT paBeH

() () v (i) o

JleficTBUTENBLHO, TYCTh PA3JIoKeHNe N Ha TPOCThIe MHOMKUTEIN UMeeT BUJ N =
p’f Lo pf‘, rae t = t,,. Torga xosddurnment npu m~—° dbyuxiun M (s) yaacryer
B IIPOM3BEJICHUN ¢ HEHYJIEBLIM KO3 (DUIMEHTOM B TOM W TOJLKO B TOM CJIydae,
€CII M ABIACTCA MPOU3BEIEHAEM HEKOTOPOrO IOAMHOMKECTBA MHOMKECTBA, IPO-
CTBIX HCET Pi,...,p¢. IHCIO TAKHX TOAMHOXKECTB U3 k 371eMeHTOB pasHO (),
a 3HAK COOTBercTBYyOMmeEro Koddduuuenta npu m~° pasen (—1)F. O

W3 mokazaHHOH TEOPEMBI HEIIOCPEACTBEHHO BBITEKAECT CJIEAYIOMIEE YTBEPK e
HHE.
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Caencraue 0.38.2. [Tycms fn, g, — dee nocaedosamesvbrocmuy, maxue “4mo

fn = thv (43)

tln

ade cymmuposanue eedemca no ecem deaumenam t wucaa n. Tozada snemenmot
N0CAEI06ATNENLHOCTIU §y, EBPAIHCAIOTCA YEPES IAEMEHTIIDL NNOCAEI0EATNENDHOCTIU
fn mo npasuay

n = Zutft- (44)

tin

HokazaresberBo. leficrBuTesibHo, pasencTso (43) o3Hadaer, 4To

rae F(s) (coors., G(s)) — aro nponssozsiias byHkimst Jnpuxiie 1Js mocaeao-
BaTEILHOCTH Yuces f,, (COOTB., g, ). YMHOKAsS 00€ JaCTH TOCTETHErO PABEHCTBA
Ha M (s), momyuaem

M(s)F(s) = M(s)(()G(s) = G(s),

9TO M COCTABJSIET COJEp:KaHHe papeHCTBa (44). O

CylecTBOBaHVE W €IWHCTBEHHOCTH PA3OXKEHUs HATYPATBHOTO YHCTA HA
MPOCTHIE MHOYKUTEIH TIO3BOJSIIOT HAMTH IpeacTaBienne a3era QyHKIUA B BUIE
npousBesenus (U, COOTBETCTBEHHO, €lle OAHO npejcrapiednue dynkumu Mebu-

yea).

YrBepxkaeuue 0.38.3.

1 1 1 1 1
() = 1—2*51—3*51—5*51—7*8”._1;[1—}7*5

(1-27)(1-3")(1-5")(1-7") - =]Ja —p),

p

=
—
VA
©
[

20e npoua’eedenu.ﬂ 6epymc;z Nno 6CEM NPOCTBIM YUCAAM,.

0.39 Oobpamenne Mebuyca

®opmMyma CyMMBI MeOMETPHYECKOH mporpeccuu, hOpMyna BKIIOUEHUS-MCKITIO-
uyenus 0.37.1, Teopema 0.38.1 u dopmysna obpamienus Jiinepa (40) aBisdorcs
TIPOSIBJIEHASAME OJHOTO TPOCTOTO OBIIErO IPUHIINAIIA, HA3BIBAEMOTO TPHHITATIOM
obparmenns: Mebuyca.

DTOT MPUHITAT MO3BOATET HAXOINTH 0OpPaTHYIO MYHKIHIO K J3eTa-hyHKIHH
B IIIHPOKOM KJIACCe CUTYAITHIA.

A umenHo, nycrb S1,S2,... — HABOP (BO3MOXKHO GECKOHEUHBIH) IIEPEMEH-
HBIX, B MBI PACCMATPUBAEM aare0py CTEMEHHBIX PAJOB OT 9THX IIEPEMEHHBIX.
Onpenenum dzema dynryuro TaHHON aareOPbl KAK CYMMY BCEX MOHOMOB B 9TOi
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anrebpe, B3SITHIX ¢ KO3pgduimenToM eauauia. Tak, reoMeTpuiecKasi Iporpec-
cust
14+s+s2+s3+...

ABJIsIeTCs A3eTa (PyHKImed aaredpbl CTEMEHHBIX PII0B OT OJHON IEepeMeHHOM.
Oyukuysa, obparnas a3era QyHKUMM, saBiasercs @ynkyuets Mebuyca anredpbl.
Omna npeacrapisieT cob0it CyMMy MOHOMOB aJIredphl, B3ATHIX ¢ HEKOTOPBIMH KO-
s urmenTamMu, KOTOpbie Mbl (haKTUIECKH y2Ke Beraucauau B Teopeme 0.38.1.

Nm

Teopema 0.39.1. Kosfipuyuenm npu monome si'' ... s;™ 6 dynwyuu Mebuyca
anz2ebpbl CMENEHHBLE PAJOE OM NEPEMEHNBLEL S1, S2, - . . PAGEH HYAO, ECAU KAKAA-
HUOYIb U3 NEPEMEHHBIL GTOOUM, 6 MOHOM CO cenenbio, boavwet 1 (n; > 1 daa
Ka%020-nubydu 1), u on pasen (—1)™, ecau 6ce M NEPEMEHHBIL BLOOAN 6 MOHOM
6 NePsotl cmeneny.

HdokaszaTeabcTBO. MOXKHO ITPOBECTH HOKA3ATETHCTBO TEOPEMBI, IIOBTOPHUB,
MPaKTUYIECKH JTOCTOBHO, JOKa3aTeabcTBO TeopeMbl 0.38.1. M1, omHaKO, Tpemno-
9TeM HECKOJBKO APYroil myTh. /leso B TOM, 9TO MBI MOIIPOCTY 3HAEM OOPATHYIO
dbyuknuo as a3era dyukiuu. JdeifictBuTebHO, cama a3eta DYHKINS sIBJISETCS
IpoM3BeaeHneM a3eTa (PYHKIMA OT KaXK 10 U3 IepeMeHHbIX S1, So, . . . . LIo3TOMY
OHA TIpeACTaBsieT cobOi MPOonN3BeeHNe TEOMETPUIECKUX TPOrPecCuit

(AI4s1+s2+s5+.. )1 +sa+s5+s54+...)....

(Bamerum, 4ro KOIGbOUIMEHT HPU KAXKJIOM MOHOME ABJIAETCS CyMMOR KOHEY-
H020 YUCIA KoneuHosir ponssenenuii.) TlosTomy obparnas x et dyaxius Me-
6uyca npencTapisger co0oi He 9TO WHOE, KaK MMPOU3BEJIEHUE

(]. —81)(1 — 82)(1 — 85) ey

OTKY/1a, YTBEPK/IEHNE TEOPEMBI CJIEIyeT MIHOBEHHO. O
ITocMoTpuM, KaK TPUMEHIETCS 3Ta TeopeMa. UToObI BHIBECTH U3 HEE Teope-
my 0.38.1, paccMorpum HABOD IIEPEMEHHBIX So, S3, S5, S7, - - . (KAXKJIOMY 1IPOCTO-

My YUCJLy OTBEYAET OJHA [IEPEMEHHAs, B KOTOPOIL 9T0 YUCJI0 CILY2KUT UHICKCOM ).
Torna anredbpa dbyrkmuit lupuxie nzomopdHa anredpe CTENEHHBIX PSAIO0B OT

_ k
YKa3aHHOT'O Ha0Opa IepeMeHHBIX: 3JIEMEeHTY N °, Tae n = py' ... fn — pasJio-
JKEHUE 9HCJIa N HA MPOCTHIE MHOXKUTEIH, OTBEYAET MOHOM s’;} "'5];2 anrebpbI

CTEIEHHBIX PAJ0B. JIErKo BHIETH, YTO 3TO COOTBETCTBHE AEHCTBUTE/IHLHO 333~
er n3omopdusm anredbp. Teopema 0.38.1 Terepr HEMOCPEICTBEHHO BBITEKAET U3
reopembr 0.39.1 (cp. yreepxaenue 0.38.3).

[IpuHIUT BKIIOUYEHUS-UCKJIIOUEHUST MOYKHO BbIBeCcTH 13 TeopeMbl 0.39.1 che-
gytommM crocobom. PaccMmorpruM anrebpy MHOTOYIEHOB, MOPOXKIEHHBIX Iepe-
MEHHBIMU S1, ..., S, (KaXKIad IepeMeHHas OTBEYAET OJHOMY PacCMaTpUBAEMO-
MY CBOMCTBY), CDE3GHHBIT N0 CMENneHu 06a. ITO O3HAYAELT, YTO MbI [IPUPABHHU-
BaeM K HYJIIO BCAKHIL MOHOM B ajrebpe, eciu Kakas-HUOYIb [TepEMEHHAST BXOIUT
B HEr'o B CTENEHU BbIlIe, deM nepBas. MOHOM S;, ... S; B Takoil ajrebpe oToXK-
JIECTBJISACTCS ¢ TIOAMHOXKECTBOM {i1, ..., 4, } MuoxectBa {1,...,n}. ®opmymna
BKIIOYEHUSA-UCKIIOUCHNS €CTh HI ITO NHOE, KaK dopmymna ams pyuknnn Meou-
yca 3Toit anrebphl.
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Crosih Ke MPOCTO OKA3BIBAETCS W CUTYaIns ¢ (DOPMYJIOH OOpaIleHus mpo-
u3BoadIIell GyHKIMT M7 anciaa pazdbuenuntt. ConocraBuM KaxK oMy pasOueHuto
N = N1+ 4Ny MOHOM Sp, Sy - - - Sn,,, (€CJIM HEKOTOPBIE YacT B pa3bUeHuH 110-
BTOPSIIOTCH, TO CTENEHb COOTBETCTBYIOMNIEH TEPEMEHHON B MOHOME PABHA YUCIIY
sTux yacreil). Pyuxius Mebuyca B 3T0il anredpe, KAk Mbl 3HAEM, UMEET BUJ,

(1 - 81)(1 - 82)<1 - 83)

ITpu moncramoBke s, = s™ a3era GyHKIM aaredPbI TPEBPAIIASTCS B MTPOU3BO-
As1ry0 GYHKIMIO i 9ucia pasbuenuil (meiictBuTesbHo, Kodddunuent npu
MOHOME s™ B IOJy4YeHHOW (DYHKIWM paBeH duciy Bcex pasbueHuii ducaa n).
Obparnas k el dyuknus Mebuyca nepexonuT mpu 3TOM B QyHKIIHIO

1—-s)(1-s*)(1-5%...,

4TO M jaer paeHcrso (41).

0.40 MyapTUIIIIMKATUBHBIE MTOCJIEA0BATEIBHOCTHA

ITomumo a3era dyukiun n dyaxiun Medbuyca B Teopun duces OOIBIIYIO POIb
WUTPAIOT U ApyTHe npoussoisdaiiue dbyHKiun upuxiie, OTBedaionue ApyruM Iuc-
JIOBBIM 1OCJIe0BaTEbHOCTIM. Hanbosiee BAXKHBIME U3 HUX OKA3BIBAIOTCS MYJib-
TUNTUKATUBHBIE YUCJIOBBIE TTOCIEI0BATEITHHOCTH.

Onpenenenne 0.40.1. [TocnenoBareabHOCTD a1, A2, A3, . . . HABBIBAETCH MY.4b-
MUNAUKGMUSHOT, €CTU JJId BCeX B3aUMHO IPOCTBIX Map WHIAEKCOB 17, 1L BBIOJ-
HIETCS PABEHCTBO UpnQy = G-

SaMeTuM, 9TO ecjiv B MYJIbTUILIMKATUBHOMN mocaenosarenbuoctu a; = 0, TO
3Ta MOC/IeTOBATETLHOCTH COCTOUT M3 OMHUX Hyael. JelicTBUTETbHO, 4y = G1., =
a1a, = 0 gjs a0b0ro 4ucaa n. JTO XKe PacCyKAeHHe IOKA3BIBAET, YTO €CJIU
a1 # 0, 10 a3 = 1. B ganpHelimem Mbl OyzeM pacCMaTpUBaTh TOJIBKO HEHYJIEBLIE
MYJIbTUTITUKATHBHBIE TTOCTIETIOBATETHHOCTH.

[TocnenoBaremsuocTs 1,0, 0,0, ... mynbTunimkaTusHa. [locienoBareTbHOCTD,
COCTOAIIAA U3 OTHUX €IWHUI, TOXKE, OUEeBUIHO, MyJAbTUNINKaTuBHA. [locaeno-
BaTeIbHOCTH Mebnyca Tak:Ke MYIbTHILIHKATHBHA, YTO BBITEKAET, HAIIPUMED, 13
teopemsl 0.38.1. IlpuBenem erre HECKOIBKO TPUMEPOB.

Ilpumep 0.40.2. Obo3HAUNM Uepe3 T, UMCIO0 AedauTeneil dnciaa n. lIpoussoms-
mas yukius Jupuxie s moCaea0BaTeTbHOCTH Ty, OUEBUIHO, UMEET BT

m(s) = T+ 5+ = (o).
ECJII/I qucJia m 1 N B3auUMHO HpOCTbI7 TO YUCJIO ,HeJ'II/ITeJIeIU/I ux HpOI/I3Be,H€HI/IH mn
PAaBHO IPOU3BENECHUIO Ty, Tyt €CJIN P — NEJIUTEJIb YUCIIa M, & ¢ — JEJIATENb YUCia
T, TO pq — IOEJUTEJb UX IPOU3BEIECHUA N, IPAYEM KarKJIblil TeJINTeNb [IPOU3-
BEeJEHN MOYKHO TPEICTABUTH B TAKOM BHUIE €INHCTBEHHBIM CIIOcOOOM. IToaTomy
II0CJICI0BATECJIbBHOCTD Ty, My.]'H)TI/IHJ'H/IKaTI/IBHa.
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Ilpumep 0.40.3. Ecan 4gepes v,, 0003HAUNUTDH YUCTO PABTUIHBIX TPOCTHIX MHO-
KATeIel YUCIa N, TO IOCIEI0BATEIbHOCTD Ay = aY" OKa3bIBAETCI MYJILTUILIN-
KaTUBHOM It J11000r0 4mcia a.

Bce MynbpTUIIUKATHBHBIE TOCTEI0BATEIBHOCTH ONPEIEISIOTCS CBOUMHA dJIe-
MEHTAMU, WHJIEKCHI KOTOPBIX PABHBI CTEIEHAM MPOCTHIX uncen. JIpyrumu ciosa-
MU, A1 MYJbTUILIUKATHBHBIX IOCIEI0BATEILHOCTEN HNMEET MECTO aHAJIOT Y TBEP-
xkaerna 0.38.3.

Vreepxkaenne 0.40.4. [ocaedosamesvrnocms {a;} AGAAEMCA MYALMUNBAUKA-
MmusHol Mmo2da ¥ MoAbKo Mo20a, K020a COOMEEMCMEYNVWAA ell NPOUIEOIAULLA
Ppyuxyua Jupuzase npedcmasasemcea 6 eude

1 ay ay 1 a3 a9 1 a5
— 22 ) =+ 2+ 2 ) (=2 ),
<1S+23+4S+ )(1S+3S+9S+ ><1S+5s+ ) , (45)

2de npoua'ee(?euue 6epemc;z no 6CEM NPOCTBIM YUCAAM,.

HNnade roBOpsi, MYyJIHTUIINKATUBHAS TOCAEIOBATEILHOCTD @y, OXHO3HATHO
3a312€TCsl BHAYEHUAMY €€ DJIEMEHTOB Gpk, HOMEPA KOTOPBIX — CTENEHU MPOCTHIX
qucen. I3 3TOro yrBepkKeHWs HEMEJIEHHO BBITEKAET 3aMeYaTesbHOe CBOM-
CTBO MYJIBTUILIMKATUBHBIX I[IOCJIE€I0BATEIbHOCTEN, 0000mAaroIIee yTBepK IEHNE
0 MyJIBTHUIJIMKATHBHOCTH TIOCIen0BaTenbHocTu Mebuyca.

Caeacrue 0.40.5. Ecau npouseodawue dynryuu Jupuzae A(s) u B(s) om-
6E4ATOM MYALTMUNAUKATIUCHBLM TIOCAEI0BAMEALHOCTNAM, MO NOCAEO0EAMEND-
nocmu kooduyuenmos ux npoussederus A(s)B(s) u wacmmnozo A(s)/B(s) max-
2HCE MYABTUNAUKGMUSHYL. [pyzumu caosamu, npoussodauue dynxyuy Tupu-
TAE, OMBENAIOULUE MYADTUNSUKGTIUCHBLM YUCAOCHM TOCACIOEAMEALHOCTLAM,
00pasyrom 2pynny no YMHONCEHUIO.

HeticrBurensro, ecin Kaxkaast n3 Gyukmmii A(s), B(s) obramaer mpeacran-
nerveM (45), To TAKUM 3Ke MIPeICTABIEHHEM 0BT IAI0T UX TPOU3BEIEHNE W 9acT-
Hoe. Camo xe yrBepxkaenve 0.40.4 HEMEIICHHO CIELYEeT U3 OIPEIEICHHST MyJIb-
TUILINKATABHON TOCJIEIOBATENTEHOCTH.
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0.41 3agaun

3adaywa 0.135. Haiigure ¢ momombio GhOPMYJIBl BKIIOUYEHUS-UCKIIIOUEHAS 110~
mab cHepuaecKoro TpeyroabHIKA ¢ yIJIaMu «, 3,7 Ha cdepe eIuHIIHOTO pa-
amyca.

3adava 0.136. Tlomydnre orBeT B 3a/ade O YUCJE CIACTIIUBBIX OHIIETOB.
3adawa 0.137. Haiinnre ¢ MOMOIIHIO TTPUHIINTTA BKIIOUEHWA-NCKITIOMEHNS DOp-

MYJIy IJIsi 9UCJIa, CUACTIUBBIX OMIETOB ¢ HOMEpAMU W3 2D Mudp, 3aNUCAHHBIMI
B CHUCTEMeE CUHCJIEHWs] C OCHOBAHUEM (.

3adaywa 0.138. Ilyctb p1,p2,...,Pr — PASJIUYHBIE TPOCTHIE MHOXKUTEIN IUCIIA,
n = pi*...pp*. JokaxuTe, 4T0 YUCIO @, YUCEN, MEHBIINX 1 U B3AUMHO IIPO-
CTBIX C HAM, PABHO

() () ()

3adaua 0.139. Bocrnonb3oBaBlInCh IpeAbIAyIIEH 3amadeil, JOKaXKUTe, 9TO II0-
CIEeIOBATEIBHOCTD (), MYJIbTUILTAKATHBHA.

3adawa 0.140. dokaxkure, 9T0 YUCJIO PABIUIHBIX MPABUIHHBIX 3aMKHYTBIX 71~
YTOJBHUKOB (B TOM YHCJIE CAMOTIEPECEKAIONIUXCST) PABHO (s, .

3adawa 0.141. CKOIBKO HECOKPATHMBIX Apobeil nMeercs: cpean n? apobeit

1/1, 1/2, 1/3, ..., 1/n
2/1, 2/2, 2/3, ..., 2/n
n/l, n/2, n/3, ..., n/n?

3adaua 0.142. JJokaxkuTe, 9TO YHUCIO OECTIOPIIKOB Ha MHOMKECTBE U3 1 9JIeMEH-
ToB — OamKaiiiee mesoe ncio K nl/e.

3adaua 0.143. IlycTh muaroHaJbHBIE JTEMEHTHI B 1 X N MATPHUIE PABHBI HYJIIO.
IlogcunTaiiTe YncI0 HEHYJIEBBIX JIEMEHTOB B PA3JIOKEHUN ONPEIEIINTENA ITON
MaTPHIBI.

3adavwa 0.144. JTokaxkuTe, 9T0 SKCIOHEHIIUAIbHAS TPOU3BOAIIAs (DYHKITUST JJIsT
MOCIIEIOBATEIBHOCTH urces Hecriopsiakos umeer sug D(s) = e ° /(1 — s).

3adaua 0.145. Ilycts p,, — nocnenoBarenbuoctb Mebuyca. Torma

oo

H(l - 1'”)*“"/" =e".

n=1
3adanae 0.146. Onumure Bee umeansl B anredpe dyukmumii upuxie.

3adawa 0.147. JlokaxkuTe CaenyIoyo (hopMyy:

max(ay,...,a,) = a1+---+a, —min(ai,as) — - — min(a,—1, an,)

+min(ay, as,a3) + --- 4+ (=1)" ' min(ay, ..., ay)
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3adaua 0.148. Tonoxum A, = (—1)F, roe k — 4uCIO TPOCTHIX MHOMXKHTEIEI
quCnIa N (CINTAEMBIX ¢ YIETOM KPATHOCTH). JIOKAXKHUTE, UTO MOCHAEIOBATEITh-
HOCTB \,, MYJbTHILTUKATABHA.

3adaua 0.149. Haiinure byuximio Jupuxiie ((s)A(s), rae kosdduimenTsr ¢hyHk-
uun A(S) onpeiesieHbl B IIPebIIyINeil 3a1a9e.

3adaua 0.150. Obozuauum uepes o4(n) cyMMy @-X CTeneneil menureneil amc-
na n, oa(n) = 32, t* (0 — nenoe HeorpunareabHoe uucno). [lokazxure, 4To
npousBoasamasa GbyHKnusa Jupuxe 1yis 9TOH MOCIe0BATEIBHOCTH UMEET BH

Sals) = 3 7 = ((5)¢(s ).



110 I'VIABA 0. IPOU3BOAAINNE ®YHKINN ANPUXJIE



Yacte 11

I'pacdbl, nx nepeduncaeHue n
MHBAPUAHTDI
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Ilepeunciienne nepeBbeB n
JIECOB

Mpsbr yxxe obpamannchk K rpadam, MOACINTHIBAS UUCIO IyTel B HUX. B 3Toit
9acTU MBI 00JIee BHUMATETBHO TOCMOTPpUM Ha camu rpadnl. Haunem ¢ moacuera
TOMEYEHHBIX JTePEBhEB.

0.42 IlepeuucsieHne MIOMEYEHHBIX JEPEBHEB

Psan tpyanocTeit B 3amatax nepevncIeHust 00sS3aH CBOUM TTPOUCKOXKIEHIEM TO-
My, YTO MEepPeUncsieMble 00beKThl UMEIOT pa3ndHble cummempuu. Tak, Hanpu-
Mep, ecyiu ObI MbI PEITUJIN CIUTATH OJUHAKOBBIMU JUATOHATIbHBIE TPUAHTYIIAIIIT
IPABUJILHBIX MHOTOYTOJBHUKOB (cM. paznesn 0.17), nepexongdime apyr B Apyra
[IpY [IOBOPOTE, IOJYYEHNE TOYHON (DOPMYJIbI IPEBPATHIIOCH ObI B CJIOKHYIO 3a-
Jady, A2 u cama QopMysia BPsi, Ju 3HAYATEbHO IPOABUHYJIA HAC B IOHUMAHUU
IpUpoIbl TpuaHryadaumii. [Ipuanna Takoro siBIEeHUS KPOeTcd B TOM, UTO Pa3-
JITIHBIE TPUAHTYJIISIIANA JOMYCKAIOT PA3JIUMIHbIE TPYIIBI cuMMeTpuii. Bee mects
[IOBOPOTOB TPUAHTYJIAIIUY [IIECTHY TOJbHUKA, N300parkeHHOl Ha puc. 25 a) 1aT
pa3MWYHBI PE3yJbTAT, B TO BPeMs KAK IOBOPOTHI TPUAHTYJIAIAU, TPUBEIEH-
HOI Ha puc. 25 6), UPUBOJLT JIMIIb €IIe K JABYM HOBBIM TPUAHIYJIALMAM, a HA
puc. 25 B) — K OTHOI.

a) 6) B)
Puc. 25: Tpu aunaronanbHBbIE TPUAHTYISIWE IMIECTAYTOJBHUKA C PA3TUIHBIMU
CAMMETPUAMHU

B 10 *)e Bpems sBHas GOpMy/ia, CBOAANIAS YUCIO TUATOHATBHBIX TPUAHTY-

JIATAH MHOTOYTOJIBHUKA € NEPEHYMEPOSAHHbLMU 8epusutamy K ancty Karamana,
J3aeT XOPOIIYIO ONEHKY Ha ACUMITOTHKY YUCIIA TPHAHTYIAINN MHOTOYTOJBHUKA

113
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C HEHYMEpPOBAHHBIMU BepIMUHAMU. /lefiCTBUTENTHHO, YUCAO TPUAHTY/IANNHN, pac-
CMaTPUBAEMBIX C TOYHOCTBIO /10 TIOBOPOTA (1 + 2)-yrojibHUKA, HE HPEBOCXOIUT
Cn ~ const-4™ -0~ 2 W OHO He MEHbIIE, 9eM ¢,/ (n+2) ~ const-4"-n~ 2. Takum
00pa3oM HAPYIIEHNE CHMMETPHUM — TepPeHyMepallis BEPIIHH MHOTOYTOJbLHIKA,
— IIPHUBEJIO K CEPBE3HOMY YIPOIIECHUIO 3aJa91 W JIUIIb HE3HAYUTE/IIbHO IIOBJINA-
JIO Ha TOYHOCTBH OTBETa. TOT 2Ke IIpueM — MAPKHPOBKa — OKa3bIBA€TCA BECbMa
3¢ DEKTUBHBIM ¥ BO MHOTHX JPYTUX TEPEUUCIUTENBHBIX 33aa9ax. Mbl yBuIuM
cefigac, KaK OH HCIOJIb3yeTCsd IIPU IePEedNCIeHUN JePEBbEB.

B rnase 3 mbl yke BBOmMIM Oornpesesienue rpada. Ceifyac MbI cIegaeM ero
6osiee POpMAJIHLHBIM.

Onpenenenne 0.42.1. I'pagom Gyaem maswesath Tpoiixky I' = {V, E, I}, co-
CTOSIIYIO U3 KOHETHOIO MHOYKECTBA Gepuitt V, KOHEUHOIO0 MHOXKECTBA, pebep F
u omobpascenus unyudenmuocmu I : E — V X V| conocTap/Isiiolero Kazkio-
My pebpy mapy BepriuH (Kkonuybe pebpa), KOTOpble 3T0 pebpo coemumuset. Pebpo
Ha3bIBAETCA Nem.ieli, €CIU €ro KOHIIBI COBIAIAI0T. BaAeHmHOCM b0 BEPIITHHBI
rpada Ha3bIBAETC 9UCI0 pedep, MJist KOTOPBIX JaHHAS BEPITUHA SBJISETCH KOH-
oM (pu mozicyere BAJEHTHOCTH [€TJisl CIUTAeTCd 3a /1Ba pebpa).

I'pad ymobHo m306pakaTh HA IJIOCKOCTH; BEPIINHAM rpada COOTBETCTBYIOT
TOYKM HA IJIOCKOCTH, pebpaM — OTPE3KH Jyr, COeIUHMIONME ITU TOUYKH (CM.
puc. 26).

Puc. 26: N3zobpaxkenne rpada Ha MI0CKOCTH. 2KUPHBIME TOUKaMu 0O03HATEHDI
Bepumunbl rpada (ux 7), orpeskaMu u ayramu — ero pebpa (ux 8). He Boiiesen-
HBIE TOYKH IIEpecedeHns: pebep He SBIMIOTCI BEPIIMHAMU

3amenwarue 0.42.2. 1. Ha camowm pnesne, rpadoM eCTECTBEHHO CYNTATH HE OlIpe-
JeJIEHHBII BhIe OOBEKT, 8 KJIACC IKBUBAJEHTHOCTH TakuX 00beKTOB. /[Ba
rpada 'y = {V1,E1, 1} u T's = {Vh, Es, I} nassisatorca usomopdromu,
€CJI CYIIECTBYIOT B3aWMHO OJHO3HAYHBIE OTOOpakenus v : Vi — Vo u
e : By — Es, takme, aro Iy o e = (v X v) o I1. JIpyTUMH CIOBAMHE, IBA
rpada n3oMopdHbBI, €CJIN MOKHO yCTAHOBUTH B3AUMHO-OHO3HAYHOE COOT-
BETCTBUE MEKIY WX BEPIIMHAMHU, IIPU KOTOPOM Pebpa mepexoisT B pedpa.
B nmanpreiimem Mbr He OyIeM pa3audarh m30MOP(HbIE rpadbI.

2. Y TpUBENEHHOTO OTpeJIeJIeHnsT MMEeIOTCS BapmaHTwhl. Hampuwmep, mHOTIA
€CTEeCTBEHHO TPeDOBATEH, YTOOBI Yepe3 KaXKIyI0 mapy BepinuH rpada mpo-
X0ausio He Gosiee omHOro pebpa, T.e. ITOOBI OTOOpAZKEHNE WHIIUICHTHOCTH
6b110 nHbeKTHBHBIM. THOrIA B rpade 3amperaioTcd merin 1 T.a. Mbr Oy-
JeM BCAKHUH pa3 OroBapuBaTh MOAOOHBIE OrPAHNICHNA.
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3. C Tomosornueckoi TOUYKN 3peHus rpad mpeacTasaser coboit odnomeptbiii
komnaexc. Ecin Ha kaxnom pebpe rpada Beectu opuenmayuto (T.e. yKa-
3aTh HAIPABJEHUE ITOrO pebpa), TO 2panuya pefpa — ITO PA3HOCTb KO-
HEYHOU M HAYAJIbHON BEPIIUH.

Onpenenenne 0.42.3. JIBe Bepmiuubl rpada HA3BIBAIOTCS COCEOHUMU, WA
CMENCHDLMAU, €CTTH CYIIECTBYET pebpo, KOTOpoe mxX coemumHseT. I'pad Has3bBa-
eTCsi CB8A3HbIM, €CIN I 1000 mapel U, v € V ero BepIInH CYMIECTBYET NYMb,
X COeIMHSIONINA, T.€. OCJIEI0BATENbHOCTD Vg = U, V1, ...,V = U € V Bepiud
rpada, B KOTOPOU BEPINUHBL U;_1 U v; cocemuue st Beex ¢ = 1,2, ..., k. [uk-
AOM HA3BIBAETCS TIOCIEI0BATEILHOCTE Pebep €1, ea, . . ., €, B KOTOPO# Bce pebpa
TIOMIAPHO PA3MIUIHBI U JJI KasKA0ro ¢ = 2,...,k — 1 onuHa u3 KOHIOB pedpa e;
SABJIAETCs KOHIIOM pebpa e;_1, & APYyroi — KOHIOM pedpa €;41, U CBODOIHBIE
KOHIIBI pebep er W €] TAKKe COBMAIAIOT. Jlepecom HA3BIBAETCSA CBA3HBIN Tpad
6e3 muk0B. [luKI HA3BIBAETCS NPOCMbIM, €CTU BCE BEPIIUHBI B HEM TONAPHO
DPa3IUIHEL.

Ha puc. 27 npusenenst Bce fgepeBbs ¢ n < O BEPITHHAMH.

. I

Puc. 27: JlepeBbs ¢ n < 5 BepmmmHAMET

Sajavua Mepevnc/ieHns JEPEeBbEB C N BEPINMHAMH — CJIOXKHAST TEPEUUCTTH-
TenbHAs 33/a9a. Bo3HUKAONME MPU €e PEIIeHuH TPYAHOCTH O0si3aHBI CBOUM
MIPOUCXOKACHUEM KAK Pa3 PA3IUYHBIM CHMMETPHUAM y PAa3JNIHBIX JTEPEBHEB.
Mg 3aiimemcst Oosiee MPOCTON 33aateil — MEepevdnC/IeHNeM IEPEBbEB C IOMe-
geHHbIMU BepiimHamu. COMOCTABUM KaXk/I0¥W BEPIIMHE JEPeBa ONHO U3 GHCEs
{1,2,...,n} Tax, 9TOOBI PA3HBIM BEPIIUHAM COOTBETCTBOBAIU PA3HBLIE YUCTIA.
Ha pruc. 28 m300pazkeHbl BCe TOMEUEHHBIE JePEBbs ¢ N < 4 BepIITHHAMI.

Konuuecrso pasaudHbix cioco60B HOMETUTH BEPIIUHBL JIAHHOTO Jepesa (u,
6osiee 0b1uM 06pazoM, arboro rpada) JErko BIYUCIUTD, ECIH 3HATh, CKOJILKO
y aepesa (uiu rpada) cummerpuii. Bee cummerpuu gepesa 06pa3yior ero epynny
cummempuil, UIU 2pynny a8momopdusmos. ITo TOATPYTIA B IPYIIIE MepecTa-
HOBOK MHOYKECTBa BepIWH nepesa. OHa COCTOUT M3 TAKUX MEPECTAHOBOK MHO-
2KECTBA, BEPIIUH, ITO JiI00ast 1apa BEepIinH, COeINHEHHBIX PeOpPOM, TEPEXONUT B
mapy BepIuH, coeauHeHHbIX pebpom. Hampumep, rpynma cummerpuii aepeBa-
LIETIOYKH, B KOTOPOM DOJIbIlI€ OJHON BEPIIUHBI, COCTOUT U3 ABYX IJIEMEHTOB —
9TO TOXK/IECTBEHHAs I€PEeCTAHOBKA BEPIIUH M OTPayKeHNe OTHOCUTEIBHO cepe-
JIUHBI TIENOYKH. A KOJIMYECTBO 3JIEMEHTOB B TPYIIIEe CUMMETPHI JepeBa-3Be3.1bl
(oZiHA BepINMHA COETMHEHA CO BCEMHU OCTAJIBHBIMU) W3 1 BepITHH papHO (1 — 1)!
— MBI MOXKEM TIPOU3BOJBHO MEPecTaBiIaTh N — 1 sydeit 3Be3nl. Cremyioriee
yTBEDPXKIEHNEe OYEBU/IHO.



116 I'JIABA 0. IIEPEYHCJIEHUE JEPEBBEB

Yreepxkaeaue 0.42.4. Yucao pasaunvix cnocobos nomemums darnoe depeso
€ N BEPULUHAMU PABHO UGCMHOMY O desenus N! Ha KOAUMECTNEO IAEMEHMOE 6
epynne cummempuii amozo depesa.

Tax, 9uCa0 PA3IUIHBIX CIIOCOOOB TIOMETHTD IENOYKY HA 4 BEPIIMHAX PABHO
41/2 =12, a 9ncao crnocoboB NOMETUTD 3Be34y Ha, 4 BepmmHax pasro 4!/3! = 4,
TIO3TOMY BCero cytiecTByeT 12 + 4 = 16 pa3InvHbIX MOMEYEHHBIX JIepeBbeB ¢ 4
BEPIIAHAMHA.

[TocnenoBaTembHOCTD YUCEIT IOMEYEHHBIX TEPEBBEB C 1l BEPIIMHAMY HAYUHA~
erca Tak: 1,1,3,16,....

1 1 2 3 4 1 4 3 2 2 1 4 3 2 3 1 4
[ ] —— 06— 0 60— 06— —0 06— 0 0 0 o6 o o
1 2 1 3 1 2 4 3 2 3 2 4
o——o —0— 00— 0 06— 06— —0 06— 0 0 06 o o

Puc. 28: TTomeuennnie mepeBbs ¢ n < 4 BepmmHAMET

Teopema 0.42.5 (Ksuu). 5 Yucao noMeweHnbL 0epesbes ¢ 1 6EPUUHAMY Pa6-
-2
Ho N e,

Ob6o3uaunM depe3 T, YUCIO KOPHEBBIX MIOMEUYEHHBIX JIEPEBHEB C N BEPINUHA~
MU, T.€. 9YHUCJIO IIOMEYCHHBIX AEPEBLEB, B KOTOPBIX OJHa M3 BEPIIUH BbIOCJICHA U
HA3BaHA KopHem. ZICHO, ITO INCIIO KOPHEBBIX IOMEUYEHHBIX JEPEBBEB C 1 BEPIIIH-
HaMH B Tl pa3 0OJIbIIIE YHUCIIa, [IOMEYCHHBIX JAEPEBLEB C 1l BEPINMHAMM: B Ka1€CTBE
KOPHA MOXKHO BbI6paTb JI}O6yIO U3 N PA3JINYHBIX BEPIITHUH. HO3TOMy n3 TeOpeMbl
Kbanu cpa3y ke BeITEKaeT

Caencreue 0.42.6. Yucao nomeueHHvx KOPHEBHL 0EPEGHES ¢ N 6EPUIUHAMU
n—1

ecmv 1T, =n

Mpr manuM ABa Pa3AUYIHLIX TOJCYETa KOJAMYIECTBA IMOMEUYEHHBLIX TEPEBLEB.
IMepsbiii u3 vux npunagiexkur [Ipodepy (1918 r.) U COCTOUT B CONOCTABICHUN
KayKJOMY JepeBYy HEKOTOPOTO KOJa.

Bosbmem kakoe-uuOy b AEPEBO C N BEPIITUHAMH, TOMEYEHHBIMH PA3IUIHBIMA
qucsamu 0T 1 10 n. Mbl conioctaBuMm 1epeBy HOCIEI0BATENIBHOCTD JIJINHBL 1 — 2
u3 OyKB T1,T2,...,~T,. llocIen0BaTeIbHOCTD CTPOUTCS WHIYKTUBHO. Bo3pMmem
B JIepeBe JIUCT ¢ MUHUMAJJIBLHBIM HOMEDPOM ¥ BO3bMEM B KA4eCTBe MMEPBOil OYKBBI

591y Teopemy o6HAPYXKILT U JOKa3aJ HeMenkmii Maremarnk Kapsn Bunsreasm Boprxapar
B 1860 r. Aurimiickuii marematuk Kaim B cBoeit 3amerke 1889 r., cocnaBmuch Ha padboTy
Boprxapara, ycuania ero teopemy, mocJje 9ero MCXOAHBIR pPe3yabTaT TaKXKe CTAJId HA3BIBATH
Teopemoit Kamu.
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MOCJIEOBATENIHHOCTH & ¢ WHIEKCOM, PABHBIM HOMEDY BEPIIHHLI, ¢ KOTOPOH 3TOT
JIUCT COEJMHEH. 3aTeM YIAJIuM BRIOpaHHbBIN gucT. Bropoit GykBoit Oyger x ¢ wH-
JIEKCOM, PABHBIM HOMEPY BEPIITUHBI, ¢ KOTOPOI COeTMHEH MUHUMAJILHBIH JTUCT B
OCTABIIEMCS JIEPEBE. DTOT JIUCT TOXKE yJIAJIUM, U Oy/IeM HOBTOPATH 9Ty Olepa-
WO JI0 TEX 0P, TIOKA He OCTAHETCsI IEPEBO U3 ABYX Bepinuh (pedpo). [omyaum
KaK Pa3 NOCIeJI0BATEIbHOCTh OYKB JJTUHBL 1 — 2.

Ha puc. 29 uzobpaxkeHa mMOCIEI0BATETLHOCTD YIAJCHIST BEPIIAH B I€PEBE C
MOMEYEHHBIMY BEPIIMHAME U COOTBETCTBYIONIAST 3TOMY JIEPEBY MOCIEIOBATENb-
HOCTb DYKB — ero xod Ilprogepa.

L5

9 9 2 1 9 2 1 9 2 1 5 9 2 1 5 7
o——o o——o—0o
T2 T L1 L's
-~ -~ -~ -—
8, 8 8
Puc. 29: HOCTpOQHI/Ie KoIoa HpIod)epa IIOME€YEeHHOI'O JepeBa. Z[epeBo Ha pUCYHKe
NMEET KOO T5X5L1L5L1L1T2 — {I,‘gl'll’{,x%fg

Haobopor, mo s1060ii moc/ie10BaTeIbHOCTH OYKB IJTUMHBL 12 — 2 MO2KHO BOCCTa-
HOBUTH ITOMEYEHHOE epeBO. BamenTHocTs 1060 BEPIUHLI B 3TOM JepeBe Ha 1
60JIbIIIe YACTOTHI, C KOTOPO#H IepeMeHHAas, WHIEKC KOTOPOH BJISETCs HOMEPOM
9TOIl BEPIIMHBI, BCTPEUYAETCS B MOCIEIOBATEILHOCTH. B 94acTHOCTH, BEpIINHBI,
HOMEDPA KOTOPBIX HE BCTPEYAOTCSA B KAYECTBE UHIEKCA, — JINCThs aepeBa. B3sap
TIEPBBI /IEMEHT MMOCJIeI0BATEILHOCTH, TPOBEIeM pPedpo, COeIMHSIONIEE JIUCT C
MUHAMAJIBHBIM HOMEPOM W BEPIIHHY, B KOTOPOH CTOUT WHIEKC ITOrO MEePBOTO
9JIEMEHTa. 3aTEM TEPBBIH AMEMEHT MOCIETOBATETFHOCTH CTUPAEM U TIOBTOPSIEM
LPOLEIYDY /15 HOBOIL LIOCJIE0BATEIILHOCTH (€ y4ETOM TOIO, YTO OJUH JIUCT YK
WCIIOB30BAH, 8 BAJEHTHOCTh BEPINWHBI C HOMEDPOM, PABHBIM WHIEKCY TEPBOTO
JIEMEHTa, IOCIeN0BATEIbHOCTH, YMeHbimaach Ha 1). Tlocnemnee pebpo coemu-
HSET JIB€ BEPIIUHBI, BAJEHTHOCTH KOTOPHIX EIIe He 3AMOTHEHBI.

Paccmorpum, HanmpruMep, KakK CTPOUTCH MTOMEYEHHOE JEPEBO IO MOCJIeI0Ba-
TeTBLHOCTH 13747272, KomaaecTo 6yKB B 9TO# TTOCTeI0BATEIBHOCTH PABHO 1 —
2 = 6, modTOMY B sepeBe N = 8 BepiuH. [IaTh W3 3THX BEPIINH — JIUCTH; ITO
BepIUHLI ¢ ToMeTKaMu 1,3,5,6 u 8§ — TeMu, KOTOpbIe HE MPENCTABIEHBI B TO-
caenoBaTesbHOCTH. Bepmmna ¢ moMeTKo# 2 nMeeT BaJ€HTHOCTD 4, ¢ mOMeTKOM 4
— BaJIEHTHOCTD 2, a C IOMETKOH 7 — BaJEHTHOCTD 3.

Haumenbmmit HomMep aucta paBeH 1, a mepsas OyKBa B MOCJ€I0BATEIBHO-
CTH — T2, IIOTOMY IMEPBOE PEOPO [I€PEBA COENWHSAET BEPINUHBI C HOMEpamu 1
u 2. Ilocne cTtupanus mepBoit OYKBBLI MOCJIEA0BATETHLHOCTH OCTALTCA TOCTEI0-
BATELHOCTL T2T4T272. ByKBa ¢ HANMEHBITHM HOMEPOM, HE BXOJANIAS B 3TY
TOC/IeIOBATEILHOCTb, ITO T3, MOITOMY OdYepenHoe pPedpo COeNuHSeT T3 U Xo,
a TOC/e BLIYePKUBAHESA TEPBOil GYKBBI OCTAeTCs TIOCTeIOBATETBHOCTD T4ToT2.
Crenytommee pebpo T5T4, a TOCAEIOBATEILHOCTD Tox2. Temeph HamMeHbIIHT HO-
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Mep BEPIIUHBI, He BXOIAIIEH B OCIEI0BATEILHOCTD U HE BLICTYIIABIIEH JTUCTOM,
910 x4. MBI coenunsem ee pebpoM ¢ BepinmuHON Zo. Ocraercs MOCaenoBaTe b-
HocThb 2. CoetiHsACM BepIIMHY T (OHA elme He ObLTa JIACTOM) C Ty H OCTABJIAEM
[I0CJIEIOBATEIBHOCTD X7. Tenepn coefunsgeM Tg ¢ T7. HyKHYy10 BaJeHTHOCTD nMe-
0T BCE BEPIIWHBI MOJIYUYEHHOTO rpada, 3a MCKIIIOUEHNEM T7 U Iy, BAJEHTHOCTH
KaXKI0i 13 KOTOPBIX HA €IMHUIY MEHBINE NPeanucanHoi. X Mbl U coequHsieMm
pebpom, 3aBepiias MOCTPOEHUE JIEPeBa.

Tem caMbIM MBI yCTAHOBHUJIM B3ANMHO-OTHO3HAYHOE COOTBETCTBIE MEKIY MO~
MEYEHHBIMU JEPEBbAMU HA 1 BEPIUHAX U YIOPAJOYEHHBIMH MOHOMAMH B Pas-
JIOYKEHUW BBIpasKeHust (r1 + -+ + Irn,)nﬂ- B wactHOCTH, TTOACTABASS 3HAUEHUS
1=+ =T, = 1, nonygaem dopmyny Kamu.

Bropoit mogcyer yuca IOMEYEHHBIX IEPEBBEB TPEOYET PACCMOTPEHUS MPO-
n3BOOAIIeH PYHKIUU I/ dTuX 4dnces. I[lonmpobyeMm HalTH 3KCIOHEHIHAIBHYIO
MIPOMU3BOIAIIYIO (DYHKITHIO

o0
T(s) :Z%Tns": %s+%s2+%53+%54+...

n=1

JIJTsT GUCJIa KOPHEBBIX TIOMEYEHHBIX TEePEeBbeB. Jilnep naspam ee gynryued Jlam-
6epma. 3ameruM, 94ro, B cuy yreepxkaeaus 0.42.4, koaddunuent T, /n! B 3T0M
pAle MOYKHO OHUMATD KaK Pe3yJIbTaT CYMMUPOBAHUS 110 BCEM (HETOMEUEHHBIM )
JIePEBbsIM BEJIUYHH, OOPATHBIX K KOJUYECTBY UX aBTOMOP(MU3MOB.

Brikurem u3 gepeBa kopenb. Torga oHO pacmamercss HA HECKOJIBKO epe-
BBEB, YUCJIO KOTOPHIX PABHO BAaJEHTHOCTH KOPH:A. HOBBIE mepeBbs TOXKE MONK-
HO CYUTATH TOMEYEHHbIMHA: TPeOyeTcsl JMIb 3aMeHHTh moMerkw {l1,...,l},
Iy < -+ < l; na nomerku {1,...,i}, cOXpaHssa UX OTHOCUTEJBHDIA TOPSIOK.
Kopuem HOBOrO mepeBa 6ymeM CAuTaTh BEPIIVHY, COSTUHEHHYI0 C KOPHEM HUCXOI-
HOTO jepeBa. TeMm caMbIM KayKIOMY KOPHEBOMY ITOMEYEHHOMY NEPEBY C KOPHEM
BaJIEHTHOCTH K CONOCTABIJIEHO (MYJIBTH)MHOXKECTBO U3 K KOPHEBBIX IOMEYEeHHbBIX
nepesbeB. MbI roBOpHM O MyJIBTHMHOXKECTBAX, TAK KAK CPeIu BHOBb 00pa3o-
BAHHBIX JIEPEBBEB MOI'YT BCTPEYATHCS OJUHAKOBBIE, & B OOBIIHOM MHOXKECTBE HE
MOXKET OBITh JIBYX COBIAIAIOIINX 3JIEMEHTOB.

W3 mpuBeieHHOTO ONUCAHUS BBITEKAET, UYTO JAEPEBbs ¢ KOPHEM BAJIEHTHOCTH
k nepeuncisiorcs mpoussomsmeii dbynkuueii sT7(s). JeficTBUTEIBHO, BKIAL B
kosbdunpent npu s B bynxium sTF(s) ma0T B TOYHOCTH 1EMEHTHI BUIA

Tll le 5l1+"'+lk7

I !
IJIs KOTOPBIX [y + -+ + I = n. MHOXecTBO MOMETOK N BepIUH k 1epEBHEB
n _ n!
MOXKHO pa30uTh Ha k IOAMHOXKECTB U3 li,..., [, mOMerok (ll,lz,...,lk) = T
crmocobamu. ITocme Toro, kak Takoe paszbueHre MPOW3BEICHO, TIOMETKH HA BCEX
BEPIMHAX JEPEBA ¢ COXPAHEHUEM OTHOCUTEIHLHOTO TOPSIKA HyMEPAIINHA BOCCTA-
HaBJIMBAKOTCS OJHO3HATHO. [109TOMY 9HC/IO TOMEUEHHBIX KOPHEBBIX JTE€PEBHER HA,

n + 1 BepmuHAX C KOPHEM BaJEHTHOCTH Kk PABHO

; n!
n![sn]Tk(s) = Z m'ﬁl T
oy AR LERRY S
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Cymmupyst byukuun 57" 10 Beem k, noydaem ciefyiomiee yTBepzK IeHUe.

Teopema 0.42.7. Dxcnonentyuasvhas npouseodauas ynruus T(s) das wucaa
TIOMEUEHHDLT KOPHEBUL JePEBHES, NEPEUUCAFIOULAA UL NO “UCAY BePWUH, YJo-
saemeopaem ypasnenuio Jlazpansica

T(s) =se’ . (46)

VYpasuenue (46) wMmeer enumHCTBEHHOE pereHne (fokaxure!) n mosBossgeT
MOCTENOBATEIBHO BHIMUCIATE KO3 durmentsr dyuxmmn T (s). Moxuo, manpn-
Mep, MOACIUTATh, YT0 15 = 625, T = 7776. Haa Toro, 9TodbI BEIBECTH U3 HETO
Teopemy Ka7u, 7OCTATOYIHO MPOBEPUTD, 9TO (DYHKITHS

n— Sn
T(s) = Zn 15

n=1

gapiigeTcs: ero pemtenueM. [lose3no, ogHako, HallTH OTBET, He TpeJIoaras ero
3apaHee n3BeCTHBIM. [IjI 5TOr0 HAM TOHAJOOUTCH CJEIYIOMIAs

Teopema 0.42.8 (Jlarpaux). ITycmo dynrxyuu ¢ = ¢(s),p(0) =0 u ¢ = ()
ceasanv, medcdy cobol ypasnernuem Jazpanoica

p(s) = sy (p(s))- (47)

Tozda sHoHue GYHRKUUY © NO3BOAAET OOHOZHAWHO 60CCTNAHOBUNL GYHKUUI Y
U H@obopom, npuvem Koapduyuenm npu " 6 GYHKUUU © pasen

Lona
[s"]e(s) = —[t" " ]¢" ().
n
ITpumennm 3Ty Teopemy K ypaprenuto (46) Ha dynxumio ¢(s) = T (s). 3necw
P(t) = e'. Homyuum
1 17 nt n"! 1
T, =nl[s"|T(s) =nl=[t""]e" =(n—-1)l— =n""
9TO U ABJSETCST TPEOYEMBIM PE3yJIbTATOM.

HokazaTeabcTBo TeopeMbl 0.42.8 JlokaxkeMm cHadaJa, 9TO YpaBHEHUE
Jlaupanzka (47) OTHOCHTEIBHO HEM3BECTHOH (DYHKIMK ¢ UMEET eIUHCTBEHHOE
pemrenne. /Ioka3aTebCTBO HOCUT CTAHIAPTHBIN XapakTep: KodddunueHTs! PyHK-
IIHH © MOYKHO TIOCJIe0BATENIHHO BOCCTAHOBHTDH, 3HAs KOIMDPUIHEHTH QyHK-
WY Y ¥ yKe MoACIuTaHHbe KO3 duimenTs! (pyHKImnu ¢. /leficTBUTENBHO, TyCTh

Q(s) = fis+ fos® + f3s® + ..., f1 0, p(t) =po+pit +pat” +....
Toryma ypasuenue (47) uMeer BUj
fis+ fos® + - =pos + prs(frs + fos” + .. )+ pas(fis + fas” +..)0 + ...

IIpupaBHuBag mocaemOBATENBHO KOIPPHUIMEHTHI IPU OJNHAKOBBIX CTEIIEHSIX S,
MBI 3aKJtodaeM, 9o KodhunueHT f1 onpenensercsa U3 paBeHcTBa fi1 = po,
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koaddunment fo — w3 paseHcTBa fo = p1f1, Koaddurment f3 — u3z pasen-
ctBa f3 = p1fo + pof? m T.a. TeM cambiM, MBI MOJKEM HaliTH Bee Koddbduimen-
TeI PyHKIHT @. Ecan ke KoapduimerTsr pasitokenus GYHKIUN @ H3BECTHDI
n f1 # 0, TO Te Ke caMble yPABHEHHUSA IO3BOJIAIT HOCJIEI0BATENBLHO HANTH BCE
k03 durmenTor GyHKIUN .

JI1st BBIBOIA SIBHOIO BHIa Tpeobpas3oBanus KOIPOUIIMEHTOB HAM ITOHAIO-
ourcsa

Jlemma 0.42.9 (npeofpa3oBaHue BbIUeTa, NMpH 3aMeHe NepeMeHHoit). ITycmo
Pynruua g(t) maxosa, wmo g(0) = 0,4'(0) # 0. Toeda

[s7'1f(s) = [t (9(1))g' (2)-

2ﬂeﬁCTBI/ITeﬂbHo, nyerb f(s) = fons N+ fonps VT 4 g(t) = git +
got®+....IIpun # —1
1

(9" (g (0 = [t

("L (B) =0,
TaK KaK BbIYET NTPOM3BOIHOM 000 (byHKIMu pasen Hymo. [lpu n = —1
1 g (t) = S,
g(t)

910 ¥ TpeboBaIOCh. U
Koaddurnuent mpu s™ B npousBomsieit byHKINN ¢ paBeH

[s"Jeo(s) = [s7]s" " ep(s).

Brraucaum nocsie M BeIYeT ¢ oMotk JeMMbl 0.42.9. Jlisg aToro nepenutiem
ypasuenue Jlarpanxa (47) B Buie noACTAHOBKY

ot
S p(t)’

rae t = (s). Torma, cormacHo TeMMe,

i 0] : =T
= [ (1) — L wn () = L),

JlokazaTenbCTBO TEOPEMbBI 3aKOHIEHO. O

(s~ s lp(s) = [~ LI0 | et (0) _ (w:r(ﬂ _ w"*l(t)w/(t))

0.43 Jleca u mHoro4jieanol AbeJida

Hecpsznoe obbeuHenne JaepeBbeB Ha3blBaeTCs jecoM. JIpyrumu cioBaMu, gec
510 npocToii rpad 6e3 1UKIOB (B OTJIHYHE OT JIEPEBa, He 00A3aTeIbHO CBA3HDII).
Kaxknprit ec cocTonT U3 HECKOIBKUX JEPEBBEB — CBOUX KOMNOKEH C8AZHOCTU,
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Kopresoim aecom HA3BIBAETCS JleC, B KaxKIO0H KOMIIOHEHTE KOTOPOTO BBIODAH
KODEHb.

B npeapraymem naparpade Mbl IEPETUCIIINA A€PEBbA U KOPHEBBIE JEPEBbSL.
ITocmoTpuM Teneph, KaK MEPEUUCIEHNE KOPHEBBIX JIECOB CBA3AHO C MHOIOYJIE-
mamu Abensa A, (z) = z(z + n)" 1. Craskem, pacKpblB CKOOKM B MHOTOUJICHE
AGenst A3, momyanm

Az(x) = 2(x + 3)* = 2® + 62 + 9.

B To e Bpewmsi, CyIIeCTBYeT €IMHCTBEHHBIH TPEXKOMIIOHEHTHBIH HTOMEYeHHbIH
JIEC HA TPEeX BepIIHHAaX, 6 IByXKOMIIOHEHTHBIX [IOMEYEHHBIX JIECOB Ha TPEX BEP-
mHHaX ¥ 9 OJHOKOMIIOHEHTHBIX [OMEYEHHBIX JIECOB (J€PEBbEB) HA TPEX BEp-
mmaax (nposepbre!). Uncma 1,6 n 9 — xoaddunmentsr muoronena As. To ke
caMoe BepHO U IS JH000r0 MHOIOWICHa, Ay, :

Teopema 0.43.1. Kosppuuuenm npu ¥ 6 mmozounene A, pasern wucay no-
MEYEHHBIT KOPHESHT Aec0o8 u3 k depeéves na n sepuunax.

PaccMoTprM 9KCIOHEHIMANBHYO IPOU3BOAANTYI0 (DYHKIMIO I/ MHOTO9Ie-
HOB AGesna

Az, s) = ZAR(:E)%.
n=0 !

Teopema Oyner mokazana, eC/iU MBI JIOKAYKEM CJIEIYIOIIee YTBEPKICHUE.

Teopema 0.43.2. Drcnonenyuasbras npouseodsulas yrnryus A das muozo-

yaenos Abeas umeem 6ud
Az, s) = T,

n
2de T(s) = Yo n" 125 ecmb IKCNOHEHUUAALHAA TPOUBEOOAUAA HYHKUUA

n=

oas Kopresulr depeeves na 1 sepwunar (Pynryus Jambepma).

JIs1 moKa3aTeIhbCTBaA YTBEPIKIACHUS BCIIOMHUM, YTO TTOCTIETOBATETHLHOCTh MHO-
rowieHos AGesss OMHOMHAJILHA, & 3HAYNUT, SKCIOHEHIUAJILHAS IPOM3BOIIIIAS
byHKIIHS I8 HEe MPEICTAB/SIETCS B BUIE

Az, s) = )

st HekoTopoit byrkmmu c(s). Ilpu srom murelinas wacts mo ¢ dyukuun A(z, s)
umeet U 2c(s). C Apyroi CTOPOHBI, 3 OUPEAETEHIA MHOTOYICHOB AGesa BbI-
TEKAET, YTO ITA, JIMHEHHAA 4aCTh PABHA,

e} —
n" 1

n!

n
)

n=1

Te. c(s) = T(s).

Mg Takke MOyKeM ToKasaTb Teopemy 0.43.2, He ccpuTasich HA OMHOMHUAB-
HOCTB TIOCIeI0BATEILHOCTH AGeJist U ]aB, TEeM CAMbBIM, HOBBIH BBIBOJ, Y TBEPIKIE-
HUS O ee OuHOMMANLHOCTHU. 151 3TOr0 BBeIeM 0600ImeHHble MHOrOYIeHbl Abens
1 PACCMOTPUM IKCIIOHEHITHAIBHYIO MPOU3BOAAIIYI0 DYHKITHIO I HUAX.
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Mur 6yﬂeM TIOJIb30BATHCA ABYMA AOTMOJTHUTECIBHBIMUA OECKOHEUHBIMU cepud-

MU 0apamMerpoB t1,ts,ts,... U 71,72, 73,.... llycts M C N — koneunoe (6bITh
MOZKET, TIyCTOE) TIOAMHOKECTBO MHOMKECTBA HATYDAIBHBIX YHCEN, W MyCcTh |M]|
— KosmdecTso vnementos B M, M = {iy, ..., iz }. Ilonoxum

tM :til +t7;2 +"'+ti|M‘ = Zti; T™™ = Tiy ~~~7—7,'M“ = H Ti-
ieM ieM

MoHOM T); TIOJHOCTBIO ONKCHIBAET MHOXKeCTBO M, m MbI OyieM CYUTATh, UTO
2 _

77 = 0 and Beex i (APYTUME CIOBAMM, BCE 3JIEMEHTHI MHOXKECTBA PA3JIMYHbL). B
YaCTHOCTH
- Trug, ecm INJ =0,
17T =
0, B IPDOTUBHOM CJIydae.
Iomoxxnm

Apr(z,t) = z(x + tay) M7

feno, aro muorownen Ay (z,t) npespamaerca 8 muoro4wnen AGens Ay () upu
HOACTAHOBKE t1 = tg = -+ = 1.
PacecMOTpUM 3KCMOHEHIUATLHYO TPOU3BOIAIILYI0 (DYHKITHIO

~ T™
Az, t,7) = Z A (z, f)m
MCN,|M|<oo )

Teneps Teopema 0.43.2 BRITEKAET W3 CJIEAYIONETO YTBEPKACHUS.

Teopema 0.43.3. Cnpasedaueo pasencmaeo

1 wEtlAﬂ_lTA/[

Az, t,7) =e®&="'n . (48)
JokasarenbcrBo. Cpaprnsas kKoddbdurments! npu 27y, B eBoit u mpa-
BOI wacTsX paBeHCTBa 48, MPUXOAUM K HEOOXOMUMOCTH MPOBEPUTH, UTO JJIsk
aroboro k, 0 < k < | M|, BBINONTHSETCS PABEHCTBO

|M| =1\ | m)—k -1 I—1
TR ———

rJe CyMMa B MIPABOIl 9acTu OEpeTcs 10 BCeM YIOPSAI0YEHHBIM PA30MeHnAM MHO-

xectsa M na k nopmuoxecrs. Kosbdunpenr npu ¢3! ... t;%‘ (rme ay + -+ +

ajy| = |M| — k B neBoil vacTH MoCTeIHETo PaBEeHCTRa, eCTh
|M[ -1\ (|M]|—Fk)!
k—1 a1!...a|M‘!'

Kosddumument npu ToMm ke MOHOME B TIPABOIl YaCTH UMEET BH

3 (] =D (I = 1)

al'a|M|'
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Tem CaMbIM, HaM JOCTATOYHO IIOKa3aTb, YTO

('iﬂ_f) (IM] =0t =2 (1] = DL (1] = 1)

HO 3TO PABEHCTBO, OYEBUIHBIM 0OPA30M, MMEET MECTO: NOCTATOYHO CPABHUTH

M|—k
K03 GULIHEEHTH TP MOHOME t‘1 =k, JlokazaTenncrBo paBeHCTBa (48) 3aBepiie-
HO. O

0.44 IlepeuuciieHue MOCaxKe€HHBIX JIECOB

OKCIOHEHITNANIbHAS TPOU3BOIAIIAA (DYHKITHS

n o0

v _OCTq_ no1q" 1 2 5, 9 5 64,
(Q)—Z nm—zn H_ﬂq—i_iq —|—§q +EQ .
n=1

n=1

JIJIS THCesT KOPHEBLIX JePeRLeB Ha n BepmuHax 1, = n" ! BMecTe ¢ 3KCIIOHEH-

AAIBHOM MPOM3BOIsIIEH byHKIMEH

& n
n4q 1 4 2 27 3
Z(Q)_;” PR TR TE TR
TOPOXKIAIOT OUeHb HHTEPECHYI0 airedpy hopMaabHbIX psaoB. Hecmorpst Ha TO,
910 byukimu Y u Z KaxxyTcd 09eHb MTOXOKHAMHU IPYT HA IPYTa, OHU COBEPIIIEHHO
O-PasHOMY BeAyT cebsi OTHOCUTENbHO yMHOKeHusA. O6o3Haunm yepes A anred-
py dOpMasIbHBIX CTEIEHHBIX PAI0B, HOPOXKIAEHHBIX psagamu Y u Z. OTMerum,
YTO 3TU PsAAbl ajlrebpandecKy 3aBUCHMBbL;

1
20 =1=v@
(cM. 3amaqy 0.160).

DT psAAbl TO3BOJSIOT MEPEUNCIUTh TOCAYKEHHBIE JepeBbs. llepeduncienue
MMOCa2KEHHBIX JIepeBbeB 0000maer dhopmyny Kam.

JepeBbsi, KOTOPbIE MbI Oy/JeM MMEPEYUCIIITh, TOCAXKEHBI HA HEKOTOPBIX Ipa-
dax. Paccmarpusaembie HaMu rpadbl HEOPUEHTHPOBAHBL, HO MOTYT UMETh ITeTITH
u kparubie pebpa. Kopresoil rpad naswiBaercs xpyzavim, ecian (1) oH cBsa3eH;
(2) oH HE CONEPXKUT BEPINUH BAJEHTHOCTH 1 3a UCKJIOYEHUEM, ObITb MOXKET,
KOPHS ¥ CMEXKHBIX C HUM BEPIIHUH W OH HE COMEPKHUT BEPIIWH BAJECHTHOCTH 2 3
WUCKJTIOYEeHUEM, OBITh MOXKeT, KOPHS.

IIycrs G — cBasubIil KOpHEBOH rpad U MyCTh ¥ — BEPIIUHA BAJEHTHOCTH 1
(muet) B G, He ABASEOMIASICS HU KODHEM, HM CMeKHON ¢ HuM BeprmHoii. To-
raa rpad S,(G) monyyaercs uz G CTUpPAHUEM BEPINUHLI U U BBIXOIANIETO U3
Hee pebpa. Jisi BepHIMHBI W BAJEHTHOCTH 2, HE SIBASIONIEHCS KOpHEM, Tpad
D,,(G) nonyaaerca u3 G cTHpaHWeM BEPITAHBI W W MOCAEIYIONHAM CIUSHAEM
BBIXOASIINX 13 Hee pebep B obiiee pedpo.
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[Mpumensast onepanuu S u D K TOIXOISIINAM BEPIIMHAM KOPHEBOTO CBSI3HO-
ro rpada B NPOW3BOJLHOM MOPSIKE, MbI MOIYYUM KPYTIbIf Tpad, KOTOPbIH
HE 3aBUCUT OT TOPSAKA MPUMEHAEMbIX Omepanuii. 1ot Kpyribii rpad H Ha-
3pIBaeTcs 6azol ucxonaoro rpada G, u Mbl roBopuM, 4T0 G ABIISETCS AECOM,
nocasicenmmvim na H.

O6o3naunm uepes fg(n) B3BENIEHHOE YUCI0 KOPHEBBIX Tpados ¢ n + 1 Bep-
muHaMu 1 6a30if H, Bce HEKOPHEBDBIE BEPIIUHBI KOTOPBIX MOMEUYEHBI PA3JTHIHBI-
Mu gucygamu oT 1 10 n. Bec, 0 KOTOPOM HIET pedb, 06paTeH MOPSAKY T'PYIIIbI
cuMMeTpuil moMedeHHoro rpada. Beemem nponsBoasiyo ¢pyHKITHIO

Fulo) = Y- (sum)

n=0
T CYMMHUPOBAHNE HUIET 10 BCeM JiecaM, mmocazkeHubiM Ha H. Torma

1

= WY‘V(H)‘O—&—Z)‘E(H)" (49)

)

Fu(q)

smeck |V (H)| 910 wncno sepmmn B H, 6e3 yuaera kopug, u |E(H)| 3to ancmo pe-
6ep B H. Takum ob6pasom, npoussoamasn dbyukuua Fr(q) nexur B anrebpe A.

Pasencrso (49) mokazars recaoxuo: Muoxurens Y VU nepeanciser nepe-
Bbsl, BhICAYKEHHBIE Ha BeprmHax 6azosoro rpada H, a muoxurens (14 Z) | E(H)
MIEPEYUCTIIeT IePeBbsi, BICAXKEHHBIE Ha €ro pebpax. ¥ KaxKIoro JepeBa epBoro
BUA CThb BbIJIEJEHHBIN KOPEHb — BEPIINHA, OTOXKIECTBJIEHHAs C COOTBETCTBY 0~
mieit Bepmmaoil rpada H. Kaxxmoe nepeBo BToporo Buga HMEeT IBE BHIAETeHHBIX
BEPIITHHBI — 9TO IBE BEPIITUHBI, OMKaiiime K KoHaMm pebpa rpada H, Ha KOTO-
POM BbICAXKEHO /1epeBO (OTMETUM, YTO T JBE BEPLIMHbL MOI'YT COBLAAaTh). B
JepeBe JI00bIe JIBE€ BEPITHUHBI COETUHSAIOTCA €UHCTBEHHBIM [TyTEM, U TOT IYTh
OTOXKIECTBJISAETCSA C OTPE3KOM pebpa, Ha KOTOPOM BBICAXKEHO mepero. [Ipomsso-
garas GyHKnys 1+ Z B TOYHOCTH TEPEYUCIIET MOMEUEHHbBIE TePEBbs C ABYMSI
BBII€JIEHHBIMU BEPITHHAMH.

0.45 Obpamenne YHKINN 1 CyMMHPOBAHHE II0
JepeBbsM

B mepBoit riiaBe Mbl JOKA3aJU, 9TO BCAKAs MPOU3BOISAIIAS (DYHKITHS, 3HATCHUE
KOTOpO# B 0 pABHO HYJIIO, & JIMHEHHBIN 1JIEH OTJIUYEH OT HYJs, UMeeT OOPATHYIO
OTHOCHUTETHLHO TOACTaHOBKHU. Tounee roBopsi, B Teopeme 0.4.5 yTBEPXKIAETC Cy-
IIEeCTBOBAaHUE TIPaBOit 0OpaTHON u JeBoil obpaTHoil MyHKINI, a cpean 331349 B
KOHIIE TJIABbI €CTh 3378494 O COBMAJIEHNN 3TnX ABYX byHKnwmii. JlokazaresbcTBo
TEOpPEMBI COCTOUT, IO CYIIECTBY, B IPEeIbIBIEHUN PEKYPPEHTHON IpOIeTyphI
Iis oacyera koaddunmentos obparnoit ¢pyukimuu. B arom maparpade Mbr 06-
CyauM siBHBIE (DOPMYJIBI st 9TUX KOI(M@PUIMEHTOB W UX CBS3b C JE€PEBbSIMU.
Y0651 3Ta cBsI3b ObLIA OOJIee TPO3PAYHOHM, HAM OyIeT yao0HO oOpaliaTh SKCIO0-
HEHIINAJIbHYIO MPOU3BOIAITYI0 (DYHKIHIO.
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Urak, nycrs dbyuxius B(t) umeer Bu

_ b22 3
B(t)—t—gt —gt — ...

(Taxoil BIGOP 3HAKOB yIPOIIAeT GOpMYJIbL 1jig KO3 DUITUEHTOB 06paTHOH (HyHK-
1K), U MbI XOTUM HafiTH s

A(s)zs—&—%sQ—i—%

3
21 3!5 +...,

rakoii, uto A(B(t)) =t (orkyma cmemnyer, uro B(A(s)) = s). Joka3areabcTBO
Teopembl 0.4.5 moKasbBaeT, 9To KoM UIMEHTH a; pana A aBigoTca MHOro-
uneHaM” OT Koaddunmentos b; pana B,

gho

A(S) = Ak}(),k‘l,kz,...bk1bk2 e
2 oo !
ko,k1,k2,... i>0 i

Mur xotum Hafitu kKoabdumentst Ak, i, k,,... ITUX MHOTOYUICHOB.

Teopema 0.45.1. o Kosppuyuernmor Agy ky ky,... 06pamuoeo pada omauy-
HOL OM HYAA MOALKO, ECAU

> ik =Y ki— 1.

i>0 i>0

o Imu Henysesvie KoIPHUUUEHBL PGGHDL

Ak03k17k2:"‘ = (_1)k0+k:1+--~(z ki — 1)'
i>0

o Kosfpuyuenm Arg iy ks,.. POBEH YUCAY TOMEUEHHDIT KOPHEBHL 0epecbes
¢ ko sepwunamu sasenmuocmu 1, ki eepwunamu easenmuocmu 2, . ...

Ipumep 0.45.2.

Joka3zaTeJabCcTBO. O
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0.46 3amaun
3adaua 0.151. Hapucyiite nomeuentbie nepeBbs, Koab! [Iprodepa koTopsrx pas-
HET &) T3T57124; 6) T8 B) 232373,

3adauwae 0.152. Bemumure komer [Iprodepa Bcex MOMeUeHHBIX TEPEBBEB C Ue-
TBHIPbMST BEPIIMHAMY U YOEIUTECH, 9TO KAXKIad TOCIET0OBATETbHOCTD JIJIUHBI 1BA,
u3 OYKB X1, T2, X3, T4 BCTPEYALTCA CPETU ITUX KOJOB POBHO OIWH Pas.

3adawa 0.153. Bemummre xkoawt [Iprodepa moMedeHHbIX JepeBbEB

3adaua 0.154. JTokaxkure, uTo (HEKOPHEBbIE) JI€CA HA 1 TIOMEUICHHBIX BEPITHHAX
MEPEUUCSIIOTCS YKCIOHEHITUABHON Tpou3Boasiieil dyHKImei

s 52 s3 n_o S"
expx<1-1!+1-2!—|—3-3!+---—|—n +>

Broinumnre mpon3BoasAire MHOTOYIEHBI I8 YUCIIa, IOMEIeHHBIX JIECOB Ha 2, 3,4
" 5 BepITHHAX.

3adauwa 0.155. 3aBepiure ClAeayOIEe TOKA3ATEIHCTBO TeopeMbl Kaiu.

[Ipoussenenne nT, NEPEUUCTAECT KOJUIECTBO MOMEUEHHBIX JIEPEBHEB Ha N
BEPIIMHAX C ABYMs BBLIEIEHHLIMA BepHIMHAME. Mbl XOTUM J0KA3aTh, YTO 3TO
KosmmgecTBo papHo 1. CoenuHUB NEPBYIO M3 BBIAEJEHHBIX BEPIIHH CO BTOPOM
KpaTJyaflluM IyTeM, Oy UM [IOCJIEA0BATEAbHOCTD U3 HEKOTOPBIX YUCE/ MEXK-
oy 1 u n. K HeKoTOpBIM 3j1eMeHTaM 9TOH TOCIeI0BATETbHOCTH TPUKJIEEHBI Te-
PEBbsI, TIOMEUEHHBIE APYTUMHU 9uCIaMU OT 1 J10 n.

C apyroii croponsl, paccmorpum Bee dbyHKmum w3 MHOXKectBa {1,2,...,n}
B cebga. Ux posuo n" mryk. Kaxmoit rakoil dyHKium f MOXKHO COIOCTABUTH
OPUEHTHUPOBAHHBIN Tpad, COSTUHUE BEPIITUHY C HOMEPOM i C BEPITHHON ¢ HOME-
pom f(4). TTockOMBKY M3 KaxKJ0il BEPIIUHBI BHIXOAUT POBHO OJHO PebpO, 3TOT
rpad mpezacraBiasier coboit HAOOP IMUKJOB, K HEKOTOPHIM BEPIITHHAM KOTOPBIX
[pHKJIeeHbl aepeBbd. OIHAKO IIOCIEN0BATENbHOCTh YHMCET W HabOP LMKJIOB —
9TO ABa PA3JIMYHBIX CIIOCODa 3aIIMCHU [IEPECTAHOBKH.

TeMm cambiM, MBI YCTAHOBHUJIA B3aUMHO OIHO3HAYHOE COOTBETCTBHUE MEYKIY
MHOYKECTBOM TIOMEUYEHHBIX JIEPEBLEB C JIBYMS BBIIEJICHHBIMU BEPITHHAMU U MHO-
skectBoM byHKIWiI 13 MHOKeCTBa {1,2,...,n} B cebs.

Permenwe ciemymomux AByX 334349 [aeT eme OJHO TO0KA3ATEIbCTBO TEOPEMbI
Komm.

3adawa 0.156. Ilycts G — rpad ¢ n nmomedenHbiMu BepinuHamu. [Ipocrpan-
CTBO BEIECTBEHHO3HAYHBIX (DYHKIMH HA MHOKECTBE BEPIIMH rpada sBagercs
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N-MEPHBIM BeIecTBeHHbIM TpocTpancTBoM R™. Ha sTom mpocTpancTBe maeiticTBy-
et onepamop Jlansaca, nepesongamuit byukiuio f B GyHKIMIO, 3HAYEHUE KOTO-
poit B i-oit Bepmmne pasuo Y .(f(i) — f(j)), Tme cymmmpoBaHUe HAET TO BCEM
BepmuHaM j, cMexkuabiM C j. [leficrBue omeparopa Jlamaca odeBugabiM 00pa-
3oM auHelHo. OH MepeBOIUT MOCTOSHHYIO MYHKIHIO B 0, TOITOMY OTHO U3 €ro
cobcTeennbix 3Hadenunit pasHo 0. /lokaxkure Teopemy [ebMrosbiia: mpon3seie-
HUE OCTaJIbHBIX CODCTBEHHBIX 3HAYMEHMH onepaTopa Jlamiaca paBHO KOJIMYECTBY
OCTOBHEIX AepeBber’ B G, yMHOXKEHHOMY Ha N.
[Ykazaume:|

3adaya 0.157. Ilpumenus Teopemy [enbMrosibIa n3 npeabLayieil 3312491 K M0JI-
HOMY IIOMEYEHHOMY rpadpy Ha n BEPIIMHAX, BHIBEAUTE W3 HEe TeopeMy Kaim.

3adaua 0.158. Ypapuenue (21) na npoussongityio dbyuxmuio Cat(s) aaa qucen
Karanmana MOXKHO mepenucarh B BUIE

Cat(s) — 1 = s Cat?(s).

IMocnentee ypaprenue npeacrasiser coboli ypasuenue Jlarpamxa (47) s byHk-
mmit p(s) = Cat(s)—1u (t) = (1+¢)2. BemBemuTe OTCIO/IA € TIOMOIILIO TEOPEMBbI
Jlarpamxka asuyio gopmyny st ancen Karamana.

3adawa 0.159. Begakoe kybuueckoe ypaBHEHHE MOXKHO CIBHTOM TIEPEMEHHON U
PACTSDKEHNEM IIPUBECTH K BHLY

22 —pz—1=0,

OTKyZa
2(2% —pz2) = 2.

Monaras ¢(z) = z, ¥(z) = pz — 2%, BLIBEAUTE € TOMOIIHIO TeOPeMbI JlarpanzKa
hopMyTy [T PA3IOKEHU KOPHS 9TOr0 KyOMdecKOoro ypaBHeHusI, 0OpaIiaoe-
rocst B 1 mpu p = 0, B psAJI MO CTEMEHAM TTIEPEMEHHOM Z.

3adawa 0.160. Hokazkure, uro mna dbynakuuii Y (t) u Z(t) u3 pasmena 0.44 Bb1-

HOJIHAETCA PaBEHCTBO
1

20 = Ty

6 Ocmosmoe depeso B rpade 310 HAGOp pebep B HeM, 0OPA3YONIIHIl JePEBO U IPOXOISIMIH
Yepes BCE ero BEepIINHBI.
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Hucaa I'ypBuna

I'padsr ¢ n MOMEUYEHHBIME BEPIMHAMA TECHO CBSI3aHBI C IPYMION epecTaHo-
BOK N 37eMeHTOoB. /Ieq0 B ToM, 9TO Kaxkaoe pebpo B TakoMm rpade ompemenserT
TPAHCIIO3UITUIO — MEPECTAHOBKY, MEHLIOIIYI0 MecTaMu KOHIBbI pebpa. [Iponsse-
JIEHUE 9TUX TPAHCIO3UIHH, B3ATHIX B HEKOTOPOM MOPSIJIKE, ITO YJEMEHT Py IIIIbl
epecTaHoBOK. [loOpsSIoK yMHOXKeHUsST TPAHCIO3UIUI MOXKHO 33aTh, 3aHYMEPO-
BaB pebpa rpada. Hukimaeckuit Tun moyYeHHON TepecTaHOBKY HECeT WHMOP-
MaITnio O cTpyKType rpada. Hampumep, ecan rpad — nepeBo Ha N BEPIIMHAX, TO
IPOU3BEJIEHNE TPAHCIIO3UIUH ABJIAETCA [TUKIOM JIJTUHBL 7, B KAKOM ObI MOPSIKE
MbI UX HU EPEMHOXKAJIN.

ObpaTHas 3amada — O HAXOXKIEHWM KOJIMYecTBAa HAOOPOB TPAaHCIO3MITHIA,
MIPOU3BEeHNe KOTOPBIX JAeT MEPECTAHOBKY 33IaHHOTO IHUKJIMIECKOTO THUIA, —
9T0 KJjaccudeckas 3anada 'ypsuia. OHa TeCHO CcBsi3aHA C TAKUMH COBDEMEH-
HBIMHU [peJMeTaMy HCCIeIOBaHUs KaK CTPYKTYpPa MPOCTPAHCTBA PUMAHOBBIX
MMOBEPXHOCTEH U HHTEIPUPYEMBIE CHCTEMbI MATEMATHIECKON (DUBUKH, UTO U CJe-
JIaJIo ee MPEIMETOM WHTEHCHBHOTO aHAJN3a B TOCHAeqHue ToAbl. Mbl He Oymem
TOBOPUTH 00 ITHUX TIYOOKHX O0JACTAX MATEMATHKM, OTPAHUIUBIIUCH 3HAKOM-
CTBOM C MPOCTEATMMEU KOMOMHATOPHBIMU CBOMCTBaMu duces ['ypeura.

0.47 TI'padbl nu nepecTaHOBKHI

Paccemorpum mpou3BosbHEBL rpad ¢ n BepIinHAMY U 3aHYMEPYEM er0 BEPIITHHBI
qucaamu 0T 1 10 n. Torma kaxmgomy pebpy 3TOro rpada MOXKHO COIMOCTABUTH
TPAHCIIO3UITAIO — SJEMEHT TPYIIIIBI IEPECTAHOBOK Sy, DTa TPAHCIOZUIIUS TEPE-
CTABJISIET JIEMEHTBI, CTOSIINE HA KOHIAX BHIOPAHHOTO pebpa, OCTABISAA OCTAIb-
HbIE 3JIEMEHTbHI HA MEeCTe.

Hac 6ymer nnTepecoBath Tpou3BeieHrE B IPYIIe S, TPAHCIO3UINIL, OTBEYa-
omux BeeM pedpam rpada. [lockoabky rpyrmmna mepecTaHOBOK HEKOMMYTATHB-
Ha, TPOU3BEIEHNE TPAHCIIO3UITNI 3aBUCUT OT MOPSIIKA, B KOTOPOM MbI UX OepeM.
Y0651 331aTHh 9TOT MOPAIOK, HEOOXOIMMO B JOTOJHEHNE K HYMEPAIMH BEPIITHH
nepenymMepoBars pebpa rpada. Hampuwmep, mia nepesa ¢ puc. 30 ¢ 3anymepo-
BAHHBIMHU BEPITUHAME U pebpaMu MPOU3BeIeHNe TPAHCIIO3UITUH

Tg0---o1 = (45)(15)(18)(12)(16)(29)(57)(35)

pasro (697532148) T.e. ABNAETCA NIMHHBIM OUKIOM (IUKJIOM [JTHHBL 72 = 9) B

129
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rpyIe MmepecTaHoBoK Sg:
126—,2—9—8—24—5—3—T7T—1.

OxkasbiBaeTcst, 310 00ITee CBOMCTBO JIEPEBHEB.

Puc. 30: Jlepero ¢ mOMeUYEHHBIMYU BEPIIMHAMY U 3aHYMEDOBAHHBIMU peOpaMu

Teopema 0.47.1. ITycmvb © — depeso Ha N 8EPUIUHAT ¢ NPOU3BOALHOT HYMe-
payuets sepuwun u pebep. Toeda npoussedenue T,—10- - -0T| 8CET MPAHCNO3UUUL,
omeeuaruwur pebpam depesa ©, 6 nopadke UT HYMEPGUUU ABAAETNCH OAUHHDLM
YUKAOM G 2pyYnne nepecmanosor Sy.

IMpesxkae, yeM JIOKa3bIBATH TEOPEMY, OTMETHUM, UTO €CJU €€ YTBEepPKICHUE
CIPABEJJINBO TP BRIOPAHHON HyMepaIliu BEPIIUH JIePEBa, TO OHO OCTACTCS Bep-
HBIM ¥ [pH JII000H IpyToll HyMepalnuu: IepeHyMeparys 3JIEMEHTOB MHOMKECTBA,
N, = {1,...,n} gefictByer Ha M0G0} MEPECTAHOBKE 3TOT0 MHOMKECTBA, COMpS-
JKEHUeM, a 3HAYUT He MEHSeT ee MUKJINICCKUN THUIll.

HokaszareabcrBo. [lycts 0 € S, — mpousBosibHAS TIEPECTAHOBKA, & T =
(i,7) € S, — TpPaHCIO3UNKs, MEHSIOIAA MECTAMU dJeMeHTh ¢, ] € N,,. Komnu-
YECTBO IUMKJIOB B PA3JIOZKEHUU NIPOU3BeeHust T 0 0 = (4,7) © 0 B IPOU3BEIECHIE
HE3aBUCUMBIX [IUKJIOB 3aBUCUAT OT TOTO, BXOIAT JIK JEMEHTHI § U § B OJMH ITHKJI
MEPECTAHOBKYU 0 WJIH OHU BXOMAT B Pa3Hble MUKJLL. Fcan ¢ U j BXOAAT B OIUH
[UKJI, TO YMHOXKEHUE HA T PACIIEIISeT STOT MUK Ha apa. Eciu ke ¢ u j upu-
HaJIEKAT PA3HBIM [IUKJIAM, TO YMHOKEHUE HA T CKJIEUBAET STH JIBa IHUKJA B
OJIVH.

Paccmorpum HadanbHBINR OTPE3OK Tk O - + - O To O T1 MPOU3BEJICHUS TPAHCIIO3U-
uuii, oTBevalonuii nepBuiM k pebpam aepesa. I[Iycts O — noarpad B aepese O,
COCTOSATINH U3 BCEX BEPIUH ITOrO JepeBa u pebep ¢ nomepamu 1,..., k. Ilpu-
BEJIEHHOE PACCYKIEHUE MOKA3BIBAET, UTO IUKJBI B PA3JIOKEHUN MTEPECTAHOBKHI
Tk O -+ 0Tp OT] B NPOU3BEJICHIE HE3ABUCUMBIX IUKJIOB B3AUMHO OTHOZHATHO
COOTBETCTBYIOT KOMIIOHEHTAM CBA3HOCTH rpada Of — BEPIIUHBI Ka¥K 10 KOM-
TIOHEHTHI CBSI3HOCTH 00pa3yioT oguH muki. Jobasaenue pebpa ¢ Homepom k + 1
MPUBOJIUT K TOMY, 9TO JIBA [UKJA, OTBEYAIONINE KOMIIOHEHTAM CBA3HOCTH, CO-
eTUHSIEMBIM TUM pedpoM, cKjienBaioTcs B onud. [Ipu mcuyepnanum Bcex pebep
BCE KOMIIOHEHTHI CKJICHBAIOTCS B OJIHY KOMIIOHEHTY CBSAZHOCTHU, & IMKJbI — B
OJIMH JIJIMHHBIN K. Teopema mokasana. O

IMocMoTpuM, Kak BBIMIASAUT IPOIECC COENUHEHUA MOArpad OB s IepeBa ¢
puc. 30. Cuauana KaxKgas BepruIinHa 00Pa3yeT OTAETbHBIH MUK — HEIOIBUK-



0.48 UYucaa I'ypeuna 131

HYI TOYKY TOXKJIECTBEHHOU mepecTaHoBKU. lIpw yMHOXKEHUW HA T| MBI MTOJIY-
9aeM IUKJI JJIWHBI 7Ba, cocTodmuii u3 BepimH 3 u 5. Ilpu ymooxkenun na 7o
K 3THM JIBYM BEPIIHHAM J00ABISETCH BEPIMUHA 7 — IMOJLYIAETCA MUK JIJTUHBI
TpHU. YMHOXKEHHUE HA T3 [PUBOIUT K HOSBJIEHUIO HOBOI'O IHMKJIA JJIMHBI IBA, CO-
CTOSIIIETO W3 BepIuH 2 u 9. YMHOKeHNe Ha T4 00pa3yer elne OIuH MUK JJTUHBI
IBa — OH COCTOUT u3 3yeMeHToB 1 u 6. [locnme ymMHOXKeHUST Ha T5 MOCTEIHUE
JBa IUKJIa CIUBAIOTCS B OAWH TUKJ AIUHLI YeThipe. [locmenyiomee yMHOXKeHE
Ha Tg A00ABJIAET B 3TOT LUKJI dJIEMEHT 8. YMHOXKEHWE HA T7 CIUBAET ITUKJIIBI
JJIMHBI TPU W [ATh B OJUH IUKJ JJIMHBI BOCEMb; HAKOHEIl, YMHOXKEHUE HA Tg
J00aBIISIET K ITOMY IUKJIY TOCIETHIOK OCTABIITYIOCS W30JIUPOBAHHON BEPIIUHY
¢ HOMEpoM 4.

Yucno n — 1 370 MUHUMATIBLHOE YHUCIO TPAHCTIO3WIUH, B MPOU3BEIEHUE KO-
TOPBIX MOYKHO DA3JI0KUTH IUKJI JJIMHLL 1 (eciu B rpade ¢ 1 BEPUIMHAMY MEHb-
ute n—1 pebep, To oH HecBsa3eH). KaxK oMy pa3ioKeHuIo JJIMHHOrO HUKJIA B S, B
npom3BeseHre N — 1 TPAHCIIO3UIINH MOYKHO COTIOCTABUTDH JEPEBO HA N BEPIITHHAX
€ 3aHyMEpPOBAHHBIME BepIinHaMu U pebpamu — pebpo ¢ HOMepoMm k coeuHsi-
€T BEepINWHBI C HOMEPAMH, TIEPECTABISIEMBIMU TPAHCIO3UINEH Ti. ITOT rpad
IeHCTBUTEILHO SBJISIETCS EPEBOM, MOCKOJBKY YHUCIO pebep B HEM Ha, €IUHUILY
MEHBIIIE YUCJIA BEPINVH W OH CBs3eH. 1eM caMbIiM, Mbl YCTAHOBHJIM B3aWMHO-
O/THO3HAYHOE COOTBETCTBUE MEXK/Y IEPEBbsIMH HA M BEPITUHAX C 3AHYMEDOBAH-
HBIMU BEPIIMHAMU U peOpaMu U PA3JIOKEHUIMH JJIMHHBIX [UKJIOB B S, B MPO-
u3BeeHnEe N — 1 TPAHCITIO3UIINA.

Cornacao Teopeme K3, 4uc/io JepeBbeB Ha 1 BEPIIMHAX C 3aHY MEPOBAHHbI-
MU BepIHAME paBHo N 2. Ecth (n—1)! pasanaabix Hymeparmii pebep Takoro
nepesa. Iloaromy nmeercs (n — 1)!n"~2 mocienosarensHocTeif w3 n — 1 Tpamc-
no3utiuit B S,,, IPOM3BEIEHNE KOTOPBIX JTAeT IJAWHHBIN UK/ B ¢BOIO OUepesn,
YUCIO JUTMHHBIX IUKJIOB B S, pasao (n — 1)!, 9T0 mpueomuT K ciemxymomemy
YTBEPAKIEHUTO.

Teopema 0.47.2. Kaowcowdi daunnnd yuka 6 S, donyckaem n"~2 pasauunvis
npedcmaeaenuii 6 6ude npoussedenus n — 1 MPGHCTO3UYUT.

0.48 Ywucaa I'ypBumna

[IpuBenennoe B mpeabiayineM maparpade BIYUCICHUE sBIASIETCS NEPBBIM MIPHU-
MepoM Beruuciaenus ducen I'ypsura. Bomee obmum obpazom, uunciaa ['ypsuma
TTOJICUATHIBAIOT KOJUYECTBO DPABJIOKEHWI MAHHOU MEePECTAHOBKH B MPOU3BEe-
HU€ 33JAaHHOTO KOJTUYECTBA, MEPECTAHOBOK MPEIMACAHHBIX TUKJINIECKAX TUIIOB.
B srom naparpade mbr 0b6cynauM passinyanbie BapuaHThl guces ['ypsuria.

0.48.1 Ilpoctnie m ob6mme uuciaa I'ypBuma

Besikyio niepecTaHoBKY o € S, MOXKHO PA3JIOKUTHL B TPOU3BEICHUE TPAHCIIO3U-
Wi, TPUYeM TAKUX PA3JIOKEHUH CYIEeCTBYET MHOTO. Mbl XOTUM A1 TAHHOTO M
MOJICYUTATH KOJIUIECTBO MOCJAeJ0BATEeIbHOCTEH T1,. . ., Ty U3 1 TPAHCIO3UINH,
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IPOU3BeleHNe KOTOPBIX PABHO JAHHOH IIepecTaHOBKe O,
O=TmO: +0T].
Crenytorue yTBEPKIEHUS OUE€BY THbI:

® YNCJIO TAaKUX Hpe,ELCTaBJIeHI/IfI 3aBHCHUT JINIIb OT HUKJHUYECKOI'O THIIA IIepe-
CTaHOBKH 0 — OHO OOWHAKOBO IJifd BCEX IMEPECTAHOBOK C JAaHHBIM IWUKJIH-
YECKHM THIIOM;

® eCTh MUHUMAJILHOE YUCIO Mpypin = Mmin(0), JId KOTOPOIO TAKOe MPEeJl-
CTaBJIEHWE CYMECTBYET, U 3TO MEHUMAIBHOE YUCIO paBHO n—c(0), rae ¢(o)
— KOJMYECTBO HE3aBUCUMBIX IUKJIOB B 0. JefCTBATEIbHO, MAHAMAIBLHOE
YHCIIO TPAHCIO3UIINNA, IIPOU3BEACHIE KOTOPBIX ABJIACTCA IUKJIOM JJIMHBI |
pasuo [ — 1;

® BCe 3Ha4YeHUd M, JJid KOTOPBIX YHCJIO MIPEJCTaBICHUNl OTIMYHO OT HYJId,
VMEIOT OJHY M TY K€ YeTHOCTH, COBTIQJAIONIYIO C YeTHOCTHIO TIEPECTAHOB-
KH 0.

Temepb MBI TOTOBBI HaTh ONpeAeseHne TpocToro yucaa ['ypeura.

Onpenenenne 0.48.1. Ilycrs p — paszbuenue uucna n, u b n. Ilpocmoe wucao
T'ypsuya hy,., onpenensercs paBeHCTBOM

o 1
B = — (71, 7). 7o € Co(S) T 0 -+ 0 71 € Cu(Sn)}-

Buech uepes C(Sy,) 0603Ha4EHO MHOKECTBO BCEX TpaHcnosuiuii B Sy, a C\,(Sy,)
— MHOKECTBO BCEX TIEPECTAHOBOK € IMUKJIUIECKHAM THIIOM (i - 1 B Sy,; B 9aCTHO-
cTH, CQ(SH) = 0171—221 (Sn).

Cesasmnoe npocmoe wucao I'ypsuya Ny, oupenessercs anaJlordvHbIM 0Opa-
30M, HO PACCMATPUBAIOTCS TOJBKO TAKWe HAOOPHI U3 1M TPAHCIO3UIUI, ITO MO-
pPOXKIAEMasd UMU HOAIPYINa (71, ..., Tm) C Sy JAelicTByer Ha MHOXKecTBe N, =
{1,...,n} TpamsuTuBHO. JTO O3HAHUaET, UTO JOOH smement i € N, mepexo-
JUT B JIO00OH Apyroil Hamepen 3aJaHHbIH d1eMenT j € N, mocse MpUuMeHeHUs
HEKOTOPOH MENOYKN YKA3aHHBbIX TPAHCIO3UIINAINA.

Kakx mbI 3HaeM, M1000My HAOGOPY TPAHCIO3UIIAHI MOXKHO COMOCTAaBUTDH rpad c
MHOXKeCTBOM BepinuH N, u 3aHyMepoBaHHbIMEU pebpamvu. I[Ipoctere ducaa Lyp-
BUIA MEPEIUCTIIOT Tpadbl ¢ M pedpaMu U 33JaHHBIM TUKJIUIECKAM TUIIOM TPO-
W3BENIeHUsT TPAHCIIO3UIINIA, & CBSA3HBIE MPOCThIE Yucja | 'ypBuIlia — CBA3HBIE Ipa-

oI

Brimonnennoe mamu B OpeabIaynieM pa3jgejae BbIYUCJICHUEe IMMOKa3bIBaeT, 9TO

Byt = 0",

HeficTBUTEIBHO, UHUCI0 YIOPSIIOYEHHBIX HAOOPOB U3 N — 1 TPAHCIO3UIIIA, TIPO-
n3BelleHre KOTOPBIX eCTh AJWHHBINA IHUKJI, COBIAAAET C IHUCJIOM JIEPEBBEB HA T
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BEpIIMHAX C MOMEYCHHBIME BepIIHHAMI W pebpamu, T.e. pasuo (n — 1)In"~2.

ITocne penenus Ha n! Mbl HoyuaeMm Tpedyemoe uuciao ['ypsuna.

Huxe Mbr 0603HaTaeM pa3dueHns OJHUM U3 JIBYX S9KBUBAJEHTHBIX 06pa30B —
b0 Kak TOCIEI0BATEILHOCTh HEBO3PACTAIOMUX YacTei, u = (i1, 4o, ... ), TIe
(1 > fo > ..., B KOTOPOM JIUIIb KOHETHOE YUCIO YACTEH OTIUIHO OT HYJIst, TUOO
B MYJILTHIIHKATHBHON 3ammc 191252 | rie k; 0603Ha9aeT KpaTHOCTD YACTH i
B pa30MeHHU M BCE KPATHOCTH 33 UCKJIIOYEHHWEeM KOHe4HOro [ucaa pasubl 0 (a
COOTBETCTBYIOIIME UM YaCTH HE BKJIIOYAIOTCH B 0003HAYEHUE).

[Tpusenem npumepsb! BeIUuCIeHUS qnces 1'ypBuia “BpydHy’.

IIpumep 0.48.2. TIycts n = 3 u pu = 3'. IIpousBenenue MOOLIX IBYX PA3JIIU-
HBIX TPAHCIO3UIMN B S JAeT IUKJI JTUHBL 3, & MOArPYIINa, UMY TTOPOK IEHHAS,
coBmaiaeT ¢ Ss U MOITOMY JeficTByer Ha MHOXKecTBe N3 Tpau3uTusHo. [loaTomy

1
h;;31 = h2;31 = 6 M 6 =5 17

MMOCKOJIBKY BCEro €CThb 3 -2 = 6 yImopsaJ09eHHbIX Tap PA3JIMYHbIX TPAHCIO3UITHH.
D70 HACTHBIN caydail — juist N = 3 — HyMepallui MOMEYeHHBIX JIePEBbEB.

OrmMernM, 9TO eciii KaK TPOCToe Yucao ['ypBHIIA, TAK U COOTBETCTBYIOIIEE
CBsi3HOE mpocToe 4ncyio ['ypBuIa OTJIMYHBI OT HyJisi, TO OHH COBII3JAI0OT B TOM
¥ TOJIBKO B TOM CJIydae, ecjn MepecTaHOBKa o TpeicTaBiser coboit ATWHHBIN
IUKJI: B 3TOM CJlydae TOJATrPYIIa IPYIIbl IePeCTaHOBOK, IMOPOXK/IEHHAas TPaHC-
MO3UIUAMU T;, ABTOMATUYECKU JeHCTBYeT TPAH3UTHUBHO, & BO BCEX OCTAJJIbHBIX
cilydadx 3TO He Tak.

C pocTOM TOPSIIKA CUMMETPUYIECKON TPYIIIBI U CJAOKHOCTH PA3OUEHUs Mpsi-
MbI€ BBIYUCIEHUS Yuces ['ypBUIla CTAHOBATCS BCe 0OJiee CIOKHBIMU.

ITpumep 0.48.3. Tlycts n = 3 w myets pu = 1121 — muxawaecknit Tum Tpamc-
no3unun. PazyMeercsa, TpaHCIIO3UIUIO MOXKHO IPEJICTABATEL KaK €IWHCTBEHHYIO
Tpancrnosuiuio. OJHAKO OHA JONYCKAET U IIPEJ/ICTABJIEHUE B BH/IE IPOU3BEICHUS
Tpex TpaHcmo3uimii. bosgee Toro, mponsseaenne 060 TPORKH TPAHCIO3UITAL
ABJISIETCST HEYETHOH MePEeCTAHOBKOM, a 3HAYUT, TpaHcmo3uueii. IToaTomy

° — 1 .33 = g

3;1121 — 6 - 2
Cpemnu 3% = 27 Tpoex TpaHCIIO3UIUH 3 TPOMKH HOPOXKIAIOT HOAIPYIIbI, neii-
CTBYIOIIME HETPAH3UTUBHO (3TO MOATPYIIIBI, COCTOSIIIE U3 TPOEK COBIATAIONINX
rpaucnosuimit). Takum oGpaszom,

h3;1121 - . (27 - 3) == 4

=

DTOT NpUMep MOKA3BIBAET, YTO 49ncia ['ypBuiia MOryT ObITh U JAPOOHBIMH.
Tak oKa3bIBaeTCd /1axKe B IMPOCTEHIIEM CIIyYae

1
}Li21 = }L1;21 = 5 1=



134 IVIABA 0. YHCJIA I'YPBHITA

Ilpumep 0.48.4. Tlone3HbIM WHCTPYMEHTOM BBIYUCIEHUS TPOCTHIX wucea ['yp-
BUIA MOTYT CJIy?KUTh OpueHTHPOBaHHBE TPadbl. [locMOTpuM, KaK € MOMOIIHIO
Takoro rpada MOKHO MOACIATATH YUCIIO h2;1231. DTO 9UCTO OTBEYAET MPOU3-
BEJIEHUIO YeThIPEX TPAHCHO3UIUi B rpyimne Sy, MPOU3BEIEHUE KOTOPBIX SIBJIs-
ercst koM jymeEbl 3. Ha puc. 31 u30bpakeH OpMEHTHUPOBAHHBIN rpad, mMos3-
BOJISIFOIIUI BBIYUCIATE 970 uncao. Crpesku B 3T10M rpade uayT CHU3Y BBEpX,
¥ KaXK/as CTPEJKA 03HAYAET YMHOXKEHWE HA TpaHcmosunuio. Beprmuabl rpada
— pas3bumenng gncaa n = 5. Hax KazKaoit cTpenxkoil HaANMCaHA €€ KPATHOCTb.
KparnocTs mpezacrasisier coboil YnCa0 TPAHCITO3UIN, YMHOXKEHHE HA KOTOPBIE
JAHHOH TepecTaHOBKY, IUKJIOBOI THIT KOTOPOH COBMAIAET ¢ pa3dbMeHneM B Ha-
qaje CTPEJIKU, JAeT MePeCTAHOBKY, IUKJIOBOM THII KOTOPO# COBIAIAET C pa3du-
€HMeM B KOHIIE CTPEJTKH.

51

Puc. 31: a) Opuenruposanssiii rpad aus moacdera qucna hyq231 1 6) pasmnd-
HBIE MOJICYUTHIBAEMbIE B HEM IIyTH € KPATHOCTAMHA

Hampumep, na crpenke, maymieil u3 sepmunsr 123! B Bepmuny 1'4', ma-
nucaHo 6: yMHOXKEHHe [IepecTaHOBKU IuKJoBoro ruma 123! ma rpaxcmosumuio
OKA3LIBAETCA TEePECTAHOBKON MUKJIOBOTO THHA 1'4! 11a 6 pasmu<HLIX TpaHcmo-
sunuii. JlefictBurenbHo, Takasi TPAHCIO3UIUS JIOJIXKHA [EPEeCTaBJISAThL OIUH N3
HENOBUKHbIX JIEMEHTOB HCXOIHOM NePECTAHOBKU (TaKUX 3JIEMEHTOB 2) U OJUH
U3 2JIEMEHTOB [UKJA JUIHHBL 3 (TAKUX 2JIEMEHTOB 3).

Nurepecyromee nac aucao I'ypsuna ecrb 1/5! yMHOKATL Ha CyMMapHOE KO-
JIMYeCTBO TyTel JUIHHBL 4, BeJyIINX W3 UCXOMHON BepmuHL! 1° B Beprmumy 1231,
Kax it nyTh cumTaeTcs ¢ KpaTHOCTBIO, PABHON TPOW3BENEHUI0 KPATHOCTEH
BCEX BXOJSANIUX B HEro pedep. DTo IUCIO0 PABHO

1
Gapp =5 10(6:6-446-1-1+1-10-6+3-10-1+3-2.6) =19.

Ioncuer caszuoro uucna Lypsuna hy,j231 Tpebyer Gosee TOHKOroO axaJiu3a
myTeil B rpade — MbI JOKHBI 0TOOPAThH T€ W3 HUX, KOTOPBIE TTOPOXK IAIOT TPAH-
BUTHBHO JeHCTBYIONy0 moarpymmy. Cpean myTeil mepBOro U BTOPOrO TUIA HA,
puc. 31 Takux Her,

Bonee obmmm obpazom, ayaa nabopa pa3bueHut 1, . . . , [y, GUCIA N MBI MO-
KeM paccMoTperh obmmpe uncyaa [ypBuiia, mepedancisioniue pa3aoKeHusS TOK-
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TeCTBEHHOIT TepeCTAaHOBKU B MTPOM3BEACHUS BUIA
Om©---007,

B KOTODBIX KaXKIasl MEPECTAHOBKA 0; MMeeT IMUKIndeckuit tum p;, 1 < i < m.
(B ciyuae npocrbix uncesn [ypBulia Bce €pecTaHOBKY 33 UCKJIIOYEHUEM OJHOM
ABJIAIOTCA TPAHCIOZHIUSAMH, & IOCTIEIHAA PABHA 0 © U ee IUKJIMYeCKUi THIl
Takoii ke, Kak y ). Obwee wucao ['ypsuya onpeneisercs KaK 4ucio Habopos
U3 M TIEPECTAHOBOK 071, . . . , Oy, JAHHBIX IUKJINYECKUX TUIIOB, TIOEIEHHOe Ha Nl
Ceasnvie wucaa [ypeuya ONPeIeasOTCS AHAJIOTTIHBIM 00pa3oM ¢ 1obaBIeHneM
TpeGOBAHNS TPAH3UTUBHOCTH JEHCTBAS MOATPYIIBI (01, . .., 0m) C Sy, TOPOXK-
JEHHOM TepecTaHoBKaMu 0;. MblI He cOOMpPaeMcsd MCIONb30BATH OOIIME THCIA
I'ypButa, mosTomMy He BBOIUM OOO3HAMEHUH 1A HUX.

0.49 YVYpaBHeHHe TPaHCHOO3UIINU

Beenem aBe mpoumsBoasmue MYHKIINNA I TPOCTHIX uncen ['ypsura:

(e} = o um
H (U§p1»P2»~-~): Zzhm;ﬂpﬂ'lpl‘&"'m; (50)
m=0 p -
> u™
H(u§p17p27"'): Zzhm§/~¢p#1p#2"'m7 (51)
m=1 pn ”

rae B 0boux caydaax p mpoberaer MHOXKECTBO Beex pasbuenuii. Obparure BHE-
MaHHEe HA TO, YTO CYMMHPOBAHME B BbIpazkeHun /g pyukinnu H° HaInHAETCS
¢ m =0, a B Bepakeruu mist Gyuakmuan H —cm = 1.

Kak obprano, npoussonasmas GYHKIUs I HECBA3HBIX OObEKTOB SBJISIETCS
IKCIIOHEHTOM MPOU3BOIAIIEH DYHKIMA IJIsI CBA3HBIX:

Teopema 0.49.1. Cnpasedauso pasencmeo H® = exp(H).

D10 yTBEpKIAEHUE TO3BOJSIET 1epeOPMYITUPOBATH YTBEPKAECHUS O IPOCTHIX
gucaax ['ypeuma B TepMuHaX CBSI3HBIX MPOCTHIX 4Ynces ['ypsuiia u Ha060poT.

Koe-uro npo dyukuuu Cypsuna ckazars jerko. Hanpumep, H(0;p1,...) =
p1, T.e. H°(0;p1,...) = eP'. MelicrBuresibao, cCBOGOAHBIN wien 110 u Gyukuuit H
u H° nepeunciser pa3ioKeHre MePECTAHOBKY B IPOW3BEIEHNE HYJIEBOrO IHCIIA
Tpancrno3unuii. Takoe Mpon3Begenne OHO — ITO TOKAECTBEHHAS [IEPECTAHOBKA.
TTopoxkaemast TOXKAECTBEHHOM TIEPECTAHOBKOI TPYIIa AeHCTBYET TPAH3UTHBHO
Jiats ipu 1 = 1. Cienyoinasi TeopeMa, 1aeT IpocToi ¢rmocod BEIYUCIEHNS TUCET
I'ypBuna, oTTaIKUBAsACH OT ITUX HAYATHHBIX YCIOBUIA.

Teopema 0.49.2 (ypasuenue rpancrnosunuu, ['yiabaen—Ixekcon). IIpouseods-
was pynxyus H® das npocmux wuces Iypsunya ydosaemesopsem caedyrowemy
dudpdepenyuansvhomy YpasHeHU.

OH° 1 . o . 0 o
W_§Z > ((Z+J)Piij+ljpi+jm>H- (52)

n=1i+j=n
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[Ipexk e veMm MOKA3BIBATH TEOPEMY, TIOCMOTPUM, KAK BBIYUCISATEH TPOU3BOIs-
myio GyHkunuo H° ¢ moMompio ypapHenusa TpaHcrnosunyuu. OauH U3 ymoOHBIX
cmocoboB cMoTperh Ha (QyHKINIO H° cocTouT B TOM, 9TOOBI PA3/IOKUTH €€ B
P42 110 NepeMEeHHON U,

o = ° u™
H (u;p17p27~~~) = Z H(m)(pl,pg,)m

m=0

Torga ypaBHeHre TPAHCIO3UIMH MOXKHO IEPENNCaTh B BUJE PEKYypCUn

o 1 <& . . 9 - o ) o
H(7n+1) = 5 Z Z ((Z + j)prji + iji—i-ja])i%) H(m) = AH(m)'

n=1i+j=n apiJrj
(53)
Hauae ¢ ¢dyukmmn H(OO) = H°(0;p1,p2,...) = €P', MBI cpa3y ke HONLyYaEM
HECKOJIBKO TIEPBBIX WICHOB Pa3JIOKEHHS:
o 1w 9 1 4 u?
H°(u;p1,pa,...) =P (1+ JP2y + (p1 + 3P +p3)§ +> . (54)

Ormerum, 9o npuMenenue oneparopa A xk dyukun H (om) BCETIa, TOPOXK-
JIaeT JWITb KOHEYHOE YMCIO HEHYJIEBBIX CIAMAEMBIX, XOTs B OmepaTope ux 6ec-
KoHe4uHO MHOTO. IIpmunna cocrout B TOM, 910 pyHKINa H ("m) HMEET BHJ, TIPO-
u3BeneHusi ePl Ha, MHOTOUJIEH OT TIEPEMEHHBIX D1, . .., Dm, U €€ POU3BOIHBIE 11O
KaXKJIOU W3 MepeMeHHbBIX Py Tpu k > m 0OpAIaTcs B HYJb.

BriBog ypaBHEeHWsI TPAHCIIO3ZUIAU. Y PABHEHUE OMUCHIBAET, 9TO MTPOUCXO-
JUT MPU yMHOYXKEHWY JAHHON MEePECTAHOBKY HA TPAHCIIO3UIINIO, T.€. TIPU 3aMeHe
MpEeCTaBICHUS

O=TmOTm—-10--0T1

npeacTaBJICHUEM

Tm ©0 =Tm—-10--0T1

(37€Ch MBI BOCIIOJIL30BAJIICH TeM, UTO TIEPECTAHOBKA T2, ABIACTCA TOMKICCTBEH-
HOI). YMeHbIlIeHe YUCIIa TPAHCHO3UIMI ClIpaBa Ha euHUIly o3HadaeT qudde-
DPEHIMPOBAHKeE 110 U cjeBa B ypaBueHud (52), HOCKOJIBKY 9Ta IPOLEIYDa IIOHHU-
JKAET HA €JUHUILYy CTEMEHb MO U.

VMHOXKEHUE HA TPAHCIO3UIIAIO T,, MEHSET MEePEeCTAHOBKY O OIHUM U3 IBYX
Pa3AMIHBIX CIIOCOOOB: JUOO T, MEHSET MECTAMU B3 JTEMEHTA, MTPUHAIIEKA-
MUX OTHOMY IWKJIY B 0, JubO 3THU B IJIEMEHTA TPUHAIIEKAT PA3TAIHBIM
nuKsaM. B mepBoM ciiydae MUKJI B 0 PACHIEIIIETCS Ha IBA [UKJIA, CyMMa IJTUH
KOTOPBIX COBIIQJIA€T C JJIMHOW PACIIEILIEHHOTO IUKJa. Bo BTOpoM ciaydae, Ha-
000poT, NBa IUKIA CKJIEUBAIOTCI B €UHBII MUKJI, JTMHA KOTOPOTO PABHA CYMMe
JUTVH CKJIEUBAIOIIUXCS IUKJIOB. /[Ba caraeMbIX CIIpaBa B ypaBHEHUH TPAHCIIO3W-
AW COOTBETCTBYIOT TUM JIBYM BO3MOXKHOCTSM. Ko3adduiimenTsr B ypaBHeHUN
OTBEYAIOT KOJIHIECTBY CIIOCODOB CIIOCODOB BHIOPATH ABA JJIEMEHTA, TEPECTABIIA-
€Mble TPAHCIO3UITUEH Ty, JJI5 KAXKI0TO U3 ¢+ J JIEMEHTOB B IUKJIE IJIUHBI ¢+ J
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napy MOXKHO MOZ00pATh eJIMHCTBEHHBIM 06pa3oM (U YCJAOBUM, YTO IUKIHYE-
cKuil opAIoK (DUKCUPOBAH), & B IBYX [UKJAX JJIMH ¢ ¥ j COOTBETCTBEHHO UMe-
ercs ij cnocoboB BhIOpaTh APy 3JIEMEHTOB, IIEPECTAHOBKA KOTOPBIX CKJIEHBAET
9THU MUKJBL TeopeMa JTOKa3aHa.
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0.50 3agaun

3adawa 0.161. Ilycte I' — cBsa3mbll rpad HA n BepIIMHAX C €IWHCTBEHHBIM
MPOCTHIM MUKJIOM. JIOKaxKuTe, 9TO MPOU3BeIeHNE B S, BCEX TPAHCIO3UIINN, CO-
orBercTByOmMUX pebpam rpada I', packiaabiBaeTcsi B IPON3BEIEHNE ABYX HE3a-
BUCHMBIX ITUKJIOB BHE 3aBUCUMOCTHU OT TOPSIIKA YMHOMKEHUST TPAHCIIO3UIINIA.

3adawa 0.162. Tlpusegure npuMep CBA3HOTO rpada ¢ eAUHCTBEHHBIM TPOCTHIM
[HUKJIOM, B KOTOPOM JIJIMHBI JBYX IIMKJIOB B MPOU3BEIEHUHN BCEX TPAHCIO3UITUH,
OTBEYAIONIUX €r0 PedpaM, 3aBUCAT OT BbIODAHHOI'O HOPSIIKA yMHOKEHHUSI.

[Vkazanume:] B kauectBe Takoro rpada MONKHO B3ATh IUKJ € 9ETHIPHMSI
BEPITUHAMH.

3adawa 0.163. IlpuBenure npumep cBA3HOrO rpada, B KOTOPOM KOJTHIECTBO
[WKJIOB B TPOU3BEIEHUN BCEX TPAHCIO3UINI, OTBEYAIOIINX €0 pedpaM, 3aBUCHT
OT MOPSIIKA YMHOKEHUST TPAHCITOIUIIHH.

[Vkazanue:] B kadecrBe Takoro rpada MOXKHO B34Tb rpad Ha Tpex Bep-
IMIMHAX C 9eThIpbMs pebpamu. Ba u3 3Tux pedep HOMKHBI COETUHITH OTHY U
Ty K€ Tapy BEPIIUH.

3adaua 0.164. Bocnosib30BaBIIMCH PEKYPPEHTHBIM COOTHOIIEeHWEM (53), BbINU-
mmTe Koddbdummentsr npu u® u u' B pasnoxenun (54). 3mag atE K03bbU-
[IHEHTHI, BRIMUAIITATE (DOPMYJIIBI JIJIsl YUCIIA PAZIOKEHUN MEPECTAHOBKY JTAHHOTO
IHUKJINYECKOTO THUTA, B MPOU3BEIEHNE TPEX W YeTHIPEX TPAHCIO3UIH.

3adava 0.165. BeraucimTe IpocThie U CBA3HLIE IpocThie Yncaa ypsuna hg 1,1,
i ;

h3;11417 h3;1121317 h3;112131-

3adanwae 0.166. IloacumTaiite YnuCaI0 yIOPSIOYEHHBIX AP IUKJIOB 01, 09 JIJIHHBI

3 a) B rpymme Sy, TPOU3BEICHIE KOTOPHIX 009 MMEeT MUKIMdecKuii Tut 22; 6)
B rpynne S, IPOU3BeJeHHEe KOTOPLIX 010y HMeeT IMUKIMYecKuii Tum Hl.



CooTHoIrmnenue
yaJeHne-cTATuBaHne 1
TeopeMa TarTta

I'padsr — mpocreitmme Tomosorudeckre 00bekThI. X mpocToTa onpenessiercst
TeM, 9YTO WX TOMOJOTHYECKAs PA3MEPHOCTh 1 — TepBasi HETPUBUAIBHAS PA3MeEp-
HOCTh. OIHAKO y2Ke B 9TOM CJIydae MPUPOIA U3y IaeMbIX O0bEKTOB YPE3BbIYANHO
borara m comeprKaTeabHa.

I'padbr — upe3BBIYAHO YHUBEPCAIBHBIN CIIOCOD TPEACTABICHNA CAMBIX Pa3-
HOOOPA3HBIX JIAHHBIX. IDTa BCEOOIIHOCTH O3HAYAET, 9TO HEBO3MOXKHO CO3/ATh
Teopuio rpadpOB: TaKast TEOPHsl JOJIIKHA ObIIA ObI OXBATHIBATH MHOYKECTBO J1aJIe-
KUX ApYT OoT apyra obsmacreii. OqHAKO €Cu He 33aBAThCS CTOIb BCEOOBEMITIO-
meit 3a7adeit, To rpadOBOe MPEICTABIEHNE MOXKET OKA3aThCS BECbMa yI0OHBIM
SA3BIKOM OIHCAHNsS O0bEKTOB KAKONH-HUOYIL AareOpamdecKoil WaIn TOMOJOTHTe-
CKO#t Teopun u (pOPMYITUPOBKY €€ PE3YIHTATOB, & TAKKE TIOJE3HBIM UCTOTHUKOM
JJTsl ODHADPYKEHUSI CBsA3el MEXK/1y PAa3JIMIHbIMU TEOPUAMHU.

0.51 TI'padbl, n3oMopdU3M 1 MHBAPUAHTHI

Hac 6ynyt nnrepecoBath uHsapuarmo, rpacos, T.e. GyHKINNA HA Tpadax, mpu-
HUMAIOIHEe OJWHAKOBBIE 3HAYEHHS Ha M30MOpdHbIX rpadax. Boobe, mpumry-
MAaTh WHBAPUAHT HECJIOKHO — TOIUTCS JH00ast (DyHKINS, BHIDAXKEHHAS B TEPMU-
HaX, HE UCITOIL3YIOINX KOHKPETHBIE MHOKECTBA BepIuH u pedbep. Bor mpumeps:
Takux QYyHKIMiL:

® KCJIO BEPIIUH U IUCI0 pebep B rpade;

® MAKCHUMAJIbHAS CTENEHb BEPIITHHEL;

® MAKCHMAJbHOE PACCTOSHUE MEXKy BepimuHamu rpada;
® DAHT MATPUIILI CMEKHOCTH rpada;

u r.a. (Mampuya cmesrcnocmu rpada crpourTcs ciaeayionmM obpa3oM. 3aHy-
MepyeM Bce n BepiuH rpada dncaamu or 1 1o n. Marpuia cMeXHOCTH — ITO

139
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7 X N-MaTPUIA, y KOTOPO# B KjeTke (i, ) cTouT 1, ec/iu BEpIIUHbL i U j COeqUHE-
ubl pedpom, u 0 — B mporuBHOM cayuae. Ha nquaronanu B mMarpuiie cMeKHOCTH
CTOAT HYJIH. DTO OYEHBb TOJE3HBIH crocod mpeacraBienus rpada. fdcuo, 9ro
PaHI MATPHUIBI CMEKHOCTA — PACCMATPUBAEMOIl KAK MaTPUIA C JIEMEHTAMU U3
Zy — aBnsiercs uHBapuaHTOM Tpada.) Bbl Moxkere MOyNpakKHATHCS B MPHIY-
MBIBAHUHU CBOUX COOCTBEHHBIX WHBAPUAHTOB.

ITockonbKy mpuayMaTh WHBAPUAHT TPadOB HECTOXKHO, BCTAET BOMPOC: KAK
cpaBHUBATH MHBApUAHTHI! Kakue u3 nux mydine, kakue xyzke? Ha sror Bompoc
HEJIb3s1 OTBETUTD, €CJIM HE 3HATDH, 3a4€M MHBAPHAHTHI HyKHBI. [lepBblit — u ca-
MBI OUEBHUIHBINA — OTBET HA MOCJIEIHUN BOTIPOC COCTOUT B TOM, UYTO NHBAPUAHTHI
— ynobHBIH crtocod pazmuyarsh rpadsl. Kcam oaue v TOT e WHBAPUAHT IPUHN-
MaeT pa3Hble 3HAYEHUS Ha ABYX rpadax, To 3tu rpadsr Hemzomopdubl. Boobire,
npobaema n3oMopdu3Ma rpadoB — CI0KHAA C BBIYUCIUTENIBHON TOUYKH 3PEHUST
3aga4a. Pazymeercsa, n3omopdusM AByX rpadoB MOKHO IPOBEPUTD, OTOXK IECTB-
Jisisl MIOIIAPHO BCEMU BO3MOXKHBIMU CIIOCODAMHU BEPINUHBI 3TUX rpadoB, OJIHAKO
9TOT AJTOPUTM CYIEPIKCIIOHEHITHAIEH IO YUCTY BEPIIUH. AJITOpUTMBI, 00ece-
YUBAOIINE MOJUHOMUATLHYIO CJIOXKHOCTh B HAUXY/INEM CIydae, HEM3BECTHBHI.
Takas mMOCTAHOBKA BOMPOCA MPUBOAXAT K CIAEHAYIONIMM €CTECTBEHHBIM TpPpeboBa-
HUSAM K WHBAPUAHTY:

® UHBADUAHT JOJKEH ObITh JIEMKO BLIYUCIMMBIM (CKAXKEM, 32 [OJIMHOMUAJ b
HOE 110 YMCJIy BEPIIMH BPEMs);

® UHBAPHAHT JOKEH PA3INYaTh KaK MOMKHO OOJbITe HEM30MOPQHBIX TPa-
bos;

¥ COOTBETCTBYIOINIUM “KPUTEPHUsIM KAdeCTBA: OOUH WHBAPHUAHT JIYUIIE IPYroro,
€CJIV OH

® ObICTpee BHIUHUCIAECTCA;
e paziuyaer bosbine rpados.

K coxasenuio, mepBoe TpeboBaHUE TPYIHO BBITOJTHUMO. BTOpOe Ke J0mycKaeT
JATBHEUTITYI0 (DOPMATU3AIINI0, U MBI HE PA3 K HEMY BEpPHEMCSI.

0.52 XpomaruieckKuii MHOTOYJIEH

Paccemorpum Termeph BaXKHBIN U HETPUBHUAILHBIN TpuMep wHBapuanTa. [lycTs ¢
— Harypasbhoe ancyao. O6o3HaunM depes xr(¢) YUCI0 IPABUIBHBIX PACKPACOK
Bepmima rpada I' B ¢ mBeroB. 910 dyHKINS OT MEPEMEHHOH ¢, U MbI OylIem
Ha3bIBATh €€ rpomamuueckoli gynryueld rpada . Ilox npasusvhoti packpackoi
MbI TIOHHMAEM COTIOCTABJICHUE I[BETA KAXKON BepinuHe rpada TakuMm o0pa3oM,
4TO JHO0BIE B COCeHHUe (T.€. COeJMHEHHBbIE PeGPOM) BEPIINHHBI OKDPAIIEHBI B
pa3IUIHbBIE T[BETA.

Hampuwmep, Bepmmabl rpada [TOMYCKAT MPABHIBHYI0 PACKPACKY B OIWH
user (¢ = 1) B TOM U TOJBKO B TOM CJiy4ae, ecau B rpade Her pebep, T.e. OH CO-
CTOUT W3 N HE CBA3AHHBIX MEXKy CODOI0 BEPIIMH. 3aMETUM, 9TO B 9TOM CJIy9Iae
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Puc. 33: I'pad-neniouka A,

MBI MOKEM KPAaCHTh KazKIyl0 BEPIINHY MPOM3BOIBHO B JIOOOH U3 C IBETOB —
PACKDPACKa BCE PABHO OyIeT MPABAILHOMN, a 3HA4UT, X1 (c) = ¢". O6paruTe BHA-
MaHHE Ha TO, YTO JIBE PACKPACKH BEPILUH JBYXTOYeUHOro rpada, n300pazKeHHbIE
Ha PUC. 32, MBI CUUTAEM PA3AUNHbLMU. [IpyruMu cioBaMu, 3aduKcupoBas rpad
I, Mbl mOMEYAEM €ro BEepIIMHBL U CYUTAEM PA3IUYHBIME JIOObIE JBE PACKPACKH,
B KOTODBIX OJHA M Ta YK€ BEPIINHA OKPAIIEHA B PA3JIUYHBIE [[BETA.

s rpada u3 ABYX BEPINUH, COEIUHEHHBIX pebpoM, nMeem Xr(c) = c(c—1).
JleficTBATENBHO, eCIH MBI OKPACHM IIE€PBYIO BEPIIUHY B OJWH M3 C IBETOB, TO
JIIS OKPACKH BTOPOI BEPIIMHBI MBI MOYKEM HCIOIB30BATH OOWH U3 OCTABIIAXCS
¢ — 1 useros. Anamornano, mys rpada-TPeyroapbHuKa (TPeX BEPIINH, TTOTAPHO
coenmHeHHBIX pebpamu) xr(c) = c¢(c — 1)(c — 2). DT yTBepKAEHNUS HECTOKHO
060OIUTD HA HEKOTOPBIE Ipadbl ¢ OOABITUM TUCIOM BEPIITHH.

Vreepxkaenne 0.52.1. (i) CrpaBeyimBo paBeHCTBO
Xk, (c)=clc=1)(c=2)...(c=n+1) = (¢)n,

roe K, — momHbli rpad Ha n BEPIIMHAX, T.e. rpad, B KOTOPOM BCE BEPIITHUHBI
coeTMHEHBI pebpaMu MOIaPHO.
(ii) CupaBenmnBO PABEHCTBO

xa,(c) = cle=1)""
rue A, — nenouka Ha n BepimHax (cMm. puc. 33).

Hanomuuwm, uto uepes (¢), Mbl 0603HAYAEM HUCXOAAIINH (GaKTOPUAT apry-
MEHT?, C.

IMpexk e, yeM mepexoauTh K obieMy anaausy GyHkuuu Xr(c), 3aMeTuM, 4To
ecm rpad I' npencrasisiercss B BuJe HECBSI3HOTO 00beIMHEHUS JBYX rpadon
I' =T, Ul 10 xr(c) = xr,(¢)xr,(€). DTO OYeHD BazKHOE CBOWCTBO, W MBI
OCTAHOBHUMCS Ha HEM IOIpPOOHEe.

Heceasnoe obsedunenue npyx rpadoB — 310 rpad, MHOXKECTBO BEPIIMH U
MHOXKECTBO pebep KOTOPOro BJSIIOTCA HECBA3ZHBIM OObETUHEHHEM MHOXKECTB
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4 3

Puc. 34: T'pad Cy c 3aHyMepOBaHHBIMY BEPIITMHAMU

BepmvH u pebep 3Tmx rpadoB. MHOKECTBO KOMIIOHEHT CBSI3HOCTU HECBSI3HO-
ro obbenuHeHusT ABYyX rPadOB SIBJISETCS ODbEIUHEHNEM MHOXKECTB MX KOMITO-
HeHT cBa3HOCTU. 1O, 9TO XpoMarwdeckas (QYHKIUsS HECBSI3HOTO O0bEIUHEHUS
JBYX rpadQOB dBISIETCS MPOU3BEICHUEM XPOMATHIECKUX (DYHKIUA 3THUX Tpa-
GoB, OYEBUIHO: TPABUIBHAA PACKPACKA KaXKIOrO u3 rpadOB aBTOMATHIECKH
JIAET MPABUIIBHYIO PACKPACKY X 00beuHenus. B nanbHeiinem Hac 0O4eHb 4acTo
OyyT MHTE€PECOBATH MMEHHO TAKWE HHBAPUAHTHI TPAMOB, 3HAYEHN A KOTOPBIX HA,
HECBSI3HBIX 00beInHEHUIX IPad)OB PABHBL ITPOU3BEIEHUI0 3HAYEHUN HA KAZKIOM
u3 o0beauHAeMbIX TpadoB. 3aMeTuM, 9YTO 3HAYEHUE TAKOIO WHBAPUAHTA HA NYy-
cmom rpade cleyeT moiaraTh paBHBIM 1.

Boraucauy Tenepb XpoMaTuaecKyo QyHKIMO /sl HECKOJIBKO MEHee TPUBHU-
aILHOTO TIpuMepa — mukandeckoro rpada C, (n-yronbuuka). Haumem ¢ rpa-
da Cy (kBagpara). 3aHyMepyeM €ro BEpIIMHBL B IUKJIMYECKOM HOpsaKe (CM.
puc. 34) u GyJeM pacKpaliuBaTh UX MOCIeA0BATENbHO. [lepByI0 BEPUIMHY MOXK-
HO PacKpacCuTh B ¢ 1BeTOB. Bropyio — B ¢ — 1 nBeToB. Tperbio — Toxke B ¢ — 1
[IBETOB: €€ IBET JOJIPKEH OTJINYAThCd OT I[BeTa BTOPOil Bepuinabl. C deTBepToit
BEpITUHON 7e10 0OCTOUT ciiokHee. e 1BeT T0MKeH OTANYaThCT M OT IBETA
TPEThEe, U OT IBETa, MEPBOI BepIIUHBI. Pa3me My BCeBO3MOKHBIE OKPACKH UeT-
BEPTOI BEPIITUHEI B [IBET, OTJUYHBIN OT I[BETA TPEThEil BEPIINHbBI, Ha IBE TPYIIIIbI:
Te, B KOTOPBIX 1IBET YETBEPTON BEPITUHBI OTJIUYEH OT IBETA EPBOM, U Te, B KO-
TOPBIX THU JBA IBETA COBIAAAOT. [lepBas rpyina naer IpaBUIbHbIE PACKPACKHT
KBaJ[paTa, a BTOpas — IMPABUJIbHBIE PACKPACKH TPEyroabHUuKA. JeficTBUTEIHbHO,
€CJIU TIEPBAs W YeTBEPTasi BEPIITHHA MOKPAIIEHBI B OJUH U TOT YKe IBET, TO MbI
MOXKEM CKJIEUTh WX B OIHY, MOJIYYUB U3 KBAIPATA TPEYTOJBHUK. TeMm cambiM,
MBI JOKA3aJIi PABEHCTBO

xea(©) = xa.(€) = xeu(€) = ele — 1) = e(e — 1) (e — 2) = cfe — 1)(c? — 3¢ + 3).

3nech Ay —1enovka Ha ueTbipex BepmmHax, a Cs = K3 — TpeyroJbHUK.

Ha camom gene, B MpUBEIEHHOM PACCYKJAEHUN HHUTIE HE HCIOIH30BANIACH
crpykrypa rpada Cy. Ono roauwres njga npousBoibHOro rpada. Ilycrs I —
rpad, e € E(T') — pebpo B mem. O6ozraamm vepe3 I, rpad I' ¢ BeIKuHYTHIM
pebpowm e, a depes I/ — sTor ke rpad, B KOTOPOM pedpo € CTIHYTO B TOYKY
(u, caenoBaTeIbHO, JIBa KOHIA pebpa e crajau HOBOi BepiuHON HoBOro rpada,
a 9ucjI0 BepinuH B HeM Ha 1 menbine, yeMm B I'). Toraa cupaseniuso cienyiomiee
yTBEPIKIEHUE.

Teopema 0.52.2. Xpomamuueckas Gynkuus yoosiemeopaem paeeHcmey

xr(¢) = xr; (¢) = xrz(¢) (55)
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dasa abozo epaga I u arwbozo pebpa e 6 Hem.

Tem cambiM, XpOMaTHIECKYIO (DYHKIHIO Tpada MOMXKHO BBIYHUC/IATH MOCTE-
noBaresbHO: 06a rpada B npaBoil yacTu paseHcTBa (55) YCTPOEHBI IPOIIE, YeM
rpad B ero sieBoit yacTu. Y MepBoro u3 HUX MeHbIle pebep, a y BTOPOro — MeHb-
1Ile U BepIuH, u pedbep. 3aMeTuM, OJHAKO, UYTO CJAOKHOCTH TAKOTO BBIYUCIEHUS
IKCTIOHEHITHAJIbHA. JIefiCTBUTEIRHO, HA KAYKIOM IIIare MBI TOJIyYaeM aBa rpada
BMECTO OJHOTO, T.e. Ha TIare ¢ HoMepoM k MbI momyaum 2F rpados (mekoro-
PbI€ U3 KOTOPBIX MOTYT OKa3aTbCsi u30MOpdHbIME). BaXKHO TakkKe OTMETUTD,
9TO — HECMOTPsT HAa CBOOOAY BBIOOpa pebpa Ha KaxKIOM Iare — Pe3yabTaT Bbl-
YUCJIeHUs, B CUJIy HHBAPUAHTHOCTH XPOMATHUIECKON (DYHKIINU, HE 3aBUCHT OT
BBIOMpPAEMBIX pedep.

3amevanue 0.52.3. Xpomarudeckyio (YHKIUIO MOXKHO ONPEIEIUTh TAKXKe U
J7s1 TpabOB, COMEpsKAINMX TIETJIN U KpaTHbie pedpa. [Ipu arom mjs rpada ¢ mer-
JIIMU OHA OKa3bIBAETCs TOXKJIECTBEHHO PABHOM HYJIO (IIOCKOJBKY y TAKUX I'Pa-
dboB npaBuIbHBIE PACKPACKH BEPIIUH OTCYTCTBYIOT). XpoMarudeckas ByHKIMs
rpada ¢ KparHbIMEA pebpaMM COBIAIAET C XPOMATHIECKON (DYHKIIHEH TOTO Ke
rpada, B KOTOPOM Kazka0e KpaTHOe pebpo 3aMeHEeHO OOBLIMHBIM OTHOKPATHBIM
pebpom. Takoe ompernesnenne coriacyercst ¢ teopemoit 0.52.2. JleiicTBuTenbHO,
ecii B rpade ecTh KpaTHble pebpa, TO, BuIOMpas a0d0oe U3 3Tux pedbep B Ka-
yecTBe pebpa e u npuMensd K Hemy (opmysy (55), Mbl OJy4aeM B IPaBOil
qacTe POPMYJIBI TOT 2Ke Tpady, B KOTOPOM KPATHOCTH pedpa yMEHbINHIACh Ha 1,
a Takke rpad ¢ nermedl, xpomarudeckas GYHKIMS Ijid KOTOPOTO PABHA HYJIIO.

Bo Bcex mpocanTaHHBIX HAMU [pUMEpax XpoMmarudeckasi (DYHKIUA OKA3bI-
BAETCS MHOTOYJIEHOM, CTeIIeHb KOTOPOTO PABHA YKC/y BEPIUH B rpade, a cTap-
muit Koadpdurment paser 1. Teopema 0.52.2 mo3BoOJIsieT PACHPOCTPAHUTEL ITO
YTBEPXKIEHNE HA TTPOU3BOJIBHBIE TPadHI.

Caencreue 0.52.4. Xpomamuueckan Gynryus 4106020 2pado ABAAEMNCA MHO-
20MAEHOM, CTENEHD KOMOPO20 PAGHA HUCAY 6EPULUH 6 2pade, a cmapuuil Koap-
Puyuenm pasen 1.

JeficTBUTEIbHO, XpOMATHYIeCKaA PyHKINA rpada HA N BEPIITHHAX, HE NMEIO-
ero pedep, paBua ¢, uTo cocrasisger 6a3y nHayKiuu. Teopema (.52.2 obecte-
YMBAET Al WHIYKIIAU: COTJIACHO TPEIMOJIOKEHNI0 UHIAYKIMA XPOMATUIECKUHA
muorousier rpada I, 5170 MHOrOWIEH cTenenu n co crapiuM koaddunmentoM 1,
a XxpoMarnieckuii Mmuorousien rpacda ' sto muorounen crermenun n — 1. Mx pas-
HOCTB SIBJISIETCS MHOTOYJIEHOM CTEIeHU 7. cO cTapimiM koaddurmentom 1.

0.53 Hewmnoro o TomoJsiorun rpada

I'pad — omHOMEPHBIH 0OBEKT, TOITOMY €TI0 TOMOJIOTHS JTOBOJILHO mpocTa. OaHa-
KO OHA He coBceM nycTa. Pazymeercs, B IepBYIO OYePe/Ib HHTEPEC NPEICTABIISIET
TOIOJIOTHST CBA3HBIX IPAdOB.

Habop pebep B rpade I’ HasbiBaeTcsa aiaeposvim nodzpadom, €Ciau BaJIeHT-
HOCTBH BCEX BepIuH 3Toro noarpada verna. Hanpumep, B rpeyronsiuke Cs ecTh
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IBa 3itaepoBeix moarpada: mycroit Habop pebep u HAOOP, COCTOSAIIMI K3 BCEX
Tpex pebep.

3aMeTnM, 9TO BCSAKMI 3iimepos nmoarpad pasbusaercs B 0ObLeIHNHEHUE ITHK-
JIOB, He uMerormx obmmx pedep (oTaesbHAs BEPIIMHA Takxke 00pasyer Takoi
1wk gauaa ero pasaa 0). eficTBuTesibHO, BO3bMEM KaKONR-HUOY/Ib IUKJL, CO-
JepaKamuiica B JAHHOM 3iaepoBoM noarpade. Takoi UK BCerma CyImecTByeT
(nokaxkure!). Boikunys pebpa, Bxoigdiye B BbIODAHHbIA IIMKJI, Mbl CHOBA 110-
JiygaeM 3itepoB moarpad, MOCKOJBKY KOJUYECTBO pebep, MPOXOAAIINX depe3
KaXKJIYI0 BEPIITUHY, OCTAETCS IeTHBIM.

PaccMOTpHM BEKTOPHOE IPOCTPAHCTBO ZQE () uag nojeMm Zo = {0,1} Bbrue-
TOB O MOJIYJIIO 2, HATAHYTOE Ha Bce pedpa rpada kaxk Ha obpazyomue. Jlwboe
noamuOkecTBO B MHOXKecTBe F(I') Beex pebep rpada I' MOKHO cumTaTh BEK-
TOPOM B 3TOM IpocTpancTrBe. KoopauHaTra Takoro BEKTOpa, COOTBETCTBYIOIIA
pebpy e, paBHa HyJO, ecid pebpo e He BXOAUT B ITOAMHOXKECTBO, U paBHa 1 B
npoTUBHOM ciay4dae. HaobopoT, KayKIoMy BEKTOPY OTHO3HAYHO COMOCTABJISETCS

© papma |E(T)| — wncmy

Habop pebep rpada. PazmepHOCTh IpocTpaHCTBA Zf
pebep B rpade.

Muoxecrso C(I") Bcex siteposbix noarpados B I' o6pasyer BeKTOpHOE IO
MPOCTPAHCTBO B 3TOM TMPOCTPAHCTBE. JlefCTBUTENBHO, PACCMOTPUM JBa Jiie-
poBbIX moaTpada W IMPOM3BOIBHYIO BepIimuHy rpada. B cymme Ham Zo 3THX
9iIepoBBIX mOATpadoB pedbpa, MPOXOAAIIre UYepe3 BhIOPAHHYIO BEPIIHHY, AH-
HUTHJIUPYIOTCS TOTApHO. [103TOMY 9HMCIO0 HEAHHUTMIMPOBABINUX pPedep YeTHO.
PasmepHOCTH BEKTOPHOTO MPOCTPAHCTBA 3JIEPOBBIX MUKJIOB B rpade ' obo3na-
yaercs b1(I") u HasbBaercs nepsvim wucsom Bemnmu, WU YukAOMAMUYECKUM
YUCAOM.

VUeHBIM SI3BIKOM, 3TO YHUCJI0 PABHO YUCIY 00PA3YIOIIUX B TIEPBOM IPYIIIE TO-
mogtoruit rpada. Uucao KOMIOHEHT CBA3HOCTHU B Irpade HAZBIBAIOT TAKIKE HyAe-
8bim wucaom Bemmu; oro obosaagaerca depes by (). 910 — umcso obpasyomux
HYJI€BOU I'PYIIIbl TOMOJIOTUNA.

Teopema 0.53.1 (iinep). Ilepsoe wucao Bemmu ceasnozo zpadia paeho
h(T)=|ED)| - V()| + 1.

DTO yTBEPKACHUE MOXKHO CUUTATH ONPEIETCHUEM TUKIOMATHIECKOTO JHC-
na. Ileproe uncio Bertn rpadra, oueBnaHO, SBASTETCS WHBAPUAHTOM Tpada.

g nokazaTeabcTBa TEOPEMbl DTepa 3aMeTHM, BO-TIEPBBIX, 9T0 ecyn rpad '
— ZIepeBO, TO BEIMYHHBI CJIEBA U CIIPABa OT 3HAKa pasencTsa pasubl 0. JleficTBu-
TEJIFHO, HEyCTHIX 3IepoBhIX moArpadoB B JepeBe HET, a 4ucjo pebep B HEM
6ombitie uncia BepinH Ha 1. HaoGopor, ecian nukIoMaTuyeckoe YUciIo JTAHHO-
ro cesasuoro rpadga pasuo 0, To 3ToT rpadp — mepeso. HeiicTBUTEIBHO, JI000I
MPOCTOM TINKJI B rpade — 3itmepos moarpad B HEM.

[IycTb Temepnb Teopema Ditnepa TOKa3aHA JAJis BCEX CBS3HBIX rpadoB ¢ IUK-
sgomarndeckuM guciaoM k. Bosemem rpad I', B koropom |[E(T)| — V()| +1 =
k + 1. BolkuHyB M3 HEro mpom3BOJBHOE PebpPO e, CTUpaHue KOTOPOro He Ha-
pyimiaer cBasHocTH rpada, Mbl TOayduM rpad ¢ MAKIOMATHIECKHM HHCIOM K.
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Pacemorpum B C(I') noanpocTpancTBo 3iaepoBbix noarpadoB, He comepiKalmx
pebpo e. Jto mogmpocTpancTBo coBnagaer ¢ nmpocrpanctsom C(I) siimeposbrx
nonrpador B rpade I',, mostomy ero pasMepHOCTH paBHa k.

C Apyroit cTOpOHbBI, MOCKOJbKY BBIKU/BIBAHUE PeOpa € He HAPYIIAeT CBsi3-
woctu rpada [, vepes e mpoxoauT XoTst ObI OIUH UK, & SHAYUT, € COIEPIKUTCS
xoTst Obl B OmHOM 3itepoBoM noarpade. Cymma Han Zo JOOBIX ABYX TAKUX
3iinmepoBsrx moarpadoB He CONEPKUT e, cnemoparensro, nexut B C(I). Tem ca-
mbiM, npocrparctso C(T') saengerca npamoit cymmoii npocrpancts C(T') u oa-
HOMEPHOT'O BEKTOPHOI'O MPOCTPAHCTBA, HATSHYTOIO HA TIPOM3BOJIBHBIH BEKTOP,
TIPEICTABIEHHBIN TUKIOM, COIep:KaluM pebpo e. IloaTroMy ero pasmepHOCTH
paBHa k + 1, u Teopema Diinepa JOKA3AHA. O

0.54 Mumuorounen Ilenpoy3za

Bort eme onuH, HO-BHANMOMY, IPE3BBIMANHO BAXKHBIN, HHBAPUAHT IPadOB.

Hna moboro pasdbuenus muoxkecrsa V (I') sepmwuna rpada I' na nsa memne-
pecekaronuxcs noamuokecrsa V (I') = Vi U Va nopMHoxecTBO BCex pebep, co-
€/INHSIONNX BEPITUHBLI U3 V) ¢ BepimmHaMu u3 Vs, Ha3bIBaeTCa koyukaom B 1.
B C3 KOUMKJIBL — 3TO IyCTOE IMOAMHOXKECTBO Pebep, a Tak»Ke Bce maphl pebep.
O6o3nagnm yepes K(I') MHOKECTBO BCeX KOIMKJIOB.

ET

B npocrpancrse ZQ( ) ecrp HEBBIPOXKIEHHOE CKAJISPHOE ITPOU3BEIECHUE CO
BHAYEHUSIMU B Zg: CKAJSIPHOE MPOU3BEIEHNE IBYX HAOOPOB pebep paBHO YeTHO-
CTHU YUCJIa 3JIEMEHTOB B TIEPECEUYCHUN 3TUX HADOPOB.

Teopema 0.54.1 (Bebuen, 1912). Mnoorcecmeo koyuraoe K(I') asasemes eex-

BT .
MOPHBLM NOINPOCTPAHCNEOM 6 Ly ( ), 0PMO20HAADHBLM NOINPOCPAHCEY -
aeposuir; nodepagos C(I') omuocumeavHo 9mozo CKAAAPHOZO NPOUIEEOCHUA:

c(r)=KkHr), cHI)=K(D).

Jlas mokazaTehcTBa TeopeMmbl BebieHna 3aMeruM, BO-TIEPBBIX, UTO JIHOOOHM
KOIIMKJT TTEPECEKALTCS C JIFOOBIM 3MIEPOBBIM TOArPaAdOM O YeTHOMY YUCIY Pe-
Oep. elicTBUTEIBHO, MYCTh KOITUKJ COMOCTABJICH PA30MEHNI0 MHOXKECTBA, BEp-
mrH rpada Ha ABa HEITePeCceKaroImXcsa moaMuoKecTBa Vi u V. Pasobbem 3it-
JiepoB moarpad B 0ObeaMHEHNE TINKJIOB, He HMeomuXx oommx pebep. B kazxmom
IWKJIE YUCI0 pedep, COSIUHSIIONMNX BePIUHLI U3 V] ¢ BepmuHaMu u3 Vo, 9eTHO
— €CJIM UTHU TI0 UKy B BHIOPAHHOM HANPABJIEHUU, TO YUCIO TEPEXOI0B u3 V)
B V5 paBHo uncay nepexomos u3 Vo B V). [lostomy werHo u uncsio takux pebep B
sitsrepoBoM moarpade, a 3HAYUT, CKATIAPHOE MPOU3BEIEHUE diimeposa moarpada
¥ KOITMKJIA PABHO HYJIIO.

KonunuecTBo ¢rmocoboB, KOTOPHIMU MHOYKECTBO BEPINUH rpada MOXKHO pas-
6UTH Ha JBa HemepeceKalonmxest nomMuoskectsa, pasio 21V 1=1 TTosromy mmo-
skecTBo Beex Kommkiaos cocront w3 21V DI spementos. C mpyroit cTopomsr,
cormacuo dopmyie Jitaepa, TOANTPOCTPAHCTBO, OPTOTOHATIHFHOE TPOCTPAHCTBY
sitnepossrx moarpados, nmeer pazmeprocts V()| — 1, a sHaumT OHO cocTonT
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u3 21V spementos. [TOCKOMBLKY OHO COTEPIKUT MHOKECTBO BCEX KOIMKIIOB,
OHO TIPOCTO coBHamaeT ¢ HuM. Teopema Bebiena mokazama. O

Hampumep, kKak Mbl BUZIE/IN, PA3MEPHOCTb MMPOCTPAHCTBA MUKJI0B B C3 paBHA
1, a pa3zMepHOCTH TPOCTPAHCTBA KOMUKJIOB paBHa 2. CyMMa 9TUX pa3sMepHOCTeil
paeHa 3 — uucay pebep B Cs.

3amenwarnue 0.54.2. He crenyer 1ymMarh, 9TO HPOCTPAHCTBO ZQE ) apnserca ps-

MO CYMMOH TIOAITPOCTPAHCTBA 3AEPOBBIX TOArPadOB U TOAMPOCTPAHCTBA KO-
nukiaoB. Hanpumep, ais rpacda Cy — IUKIIA HA YeThIPEX BEPIIHHAX — CYMMa,
BCex pebep sIBJISIeTCS OTHOBPEMEHHO IUKJIOM M KOrukiaoMm. llosromy momampo-
CTPAHCTBO YUIEPOBBIX MOArPadQOB, COCTOSINEE U3 IIyCTOIO MHOXKECTBA, pedep u
CYMMBI Beex pebep, siexxuT B npocrpancTse Konukios, C(Cy) C K(Cy). B obmem
cydae, MOANPOCTPAHCTBO SUIEPOBBIX MOATPAMOB U MOAMPOCTPAHCTBO KOITUKJIOB
MOTYT IE€PECEKATHCA MO NOAIPOCTPAHCTBY ITOJIOXKUTEIBHON PA3MEPHOCTH.

Hna nommuoxectsa E' C E(T') muoxkectsa pebep B I' pacemoTpum moampo-
CTPAHCTBO

Br(E')={Cec),CnE k) czim.

Mnozounenom Ilenpoysa rpada I' HazbiBaeTcsi MHOrOU/IEH OT OMHOM IIEPEMEHHOI
(koTOpYIO NpHHATO 0603HAYATH \), ONPEIENsIeMblil PABEHCTBOM

Pp()\) =\ Z (_1)\E’\)\dimBF(E’)-
E'CE(T)

Ilpumep 0.54.3. Boraucaum muorowsien Ilenpoysa rpada Cy, mukia HA YeThIpex
BepmuHax. B aToMm rpade dersipe pebpa, 1o3TOMY BblUKCIEHNE MHOTOYIeHa Po,
Tpebyer mepebopa Beex 24 = 16 mommuOXKecTB B MHOXKecTBe pebep. Mbr Gymem
MEPEeCceKaTh ¢ KAXKIBIM U3 ITUX MTOIMHOMXKECTB OJHOMEPHOE MPOCTPAHCTBO IHK-
JIOB, COCTOSINEe W3 IIyCTOro Habopa pebep m MHOXKeCTBa Bcex pebep. B csoio
ouepeib, Pa3MEpHOCTh MPOocTpaHcTBa Konukaos pasHa |V (Cy)| — 1 = 3, u oHo
cocTouT U3 mycToro Habopa pebep, Habopa Bcex pebep u Bcex map pebep.

JLTst mycTOoro moaMHOXKECTBa pebep mepecederne ¢ HUM JII000r0 MUKJIa, SBJIs-
€TCsT KOITUKJIOM, TTO3TOMY BKJIAJI, ITyCTOTO TIOAMHOYKECTBA, B MHOTOUIeH [lenpoysa
pasen A\! = \.

Bxuiaz sr060r0 mOIMHOZKECTBa B3 0gHOro pedpa pasen —A? = —1, mockons-
Ky HepecedeHne MUK ¢ TAKUM HOAMHOXKECTBOM SBJISETCH KOIMUKJIOM TOJIBKO,
€CJIM MCXOMHBIN TUKJI MyCT. BCero Takux MOIMHOXKECTB YeThIpe, MOITOMY UX
CyMMAapHBIH BKJIa ] paBeH —4.

PazmepHOCTD TPOCTPAHCTBA KOIMKJIIOB, SBJSIIOIIAXCS PE3YJIBTATOM IIepece-
YeHUsT MPOCTPAHCTBA IUKJIOB C JIIOOBIM TOIMHOKECTBOM U3 JIBYX pebep paBHA
enuuuie. TakKuX TOAMHOMKECTB IIECTh, MOITOMY X CyMMAPHBIH BKIAT paBeH 6.

CyMMapHBII BKJIa, IOAMHOXKECTB U3 Tpex pebep paBeH —4.

Bkam moaMHOXKECTBA, COCTOSINErO W3 BCEX YeThIpex pebep, paBeH .

CyMMupysi BCe BKJIAJIBI, MTOJIyIaeM

Poy(\) = 8A(A —1).
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0.55 CoorHoutenusa Tarra

Mb1 nokasasu, 4ro xpomarudeckuii muorowiex rpada xr(c) yaosiersopsier
COOTHOIIIEHUIO
xr(e) = xr (¢) — xrv(c)

nui Jiroboro pebpa e B rpade I'. Oanako xpoMarudeckuil MHOTOYIEH — HE €/IMH-
CTBEHHBIH WHBAPUAHT TPadQOB, YIOBIETBOPSIONINE TAKOMY COOTHONIEHNIO. TarT
nasbBaer W-gynkyuet Bcakuii maBapuanT rpadoB [, yIOBIETBOPSIONMI CO-
OTHOIIIEHHTO

F(D) = F(T0) + F(I7) (56)
ans moboro rpada I' u mroboro pebpa e B Hem. V3MeHnenune 3HaKa — Ha + HE
WUCPAET CYMIECTBEHHON POJTH: XPOMATHIECKUN MHOTOUIICH HECTIOXKHO MOIUDHUITH-
POBaTh TaK, YTOOBI OH YIOBIETBOPSI COOTHOMIEHNO (56). Jj1s 5TOr0 JOCTATOUHO
ymuoxuTs ero Ha (—1)VIO! pre [V(T)| — amcio seprmms B T, T.e. paccmoTpers
Moubummposannbii xpomaruaecknii mporodien Xr(c) = (—1)VOlyp(c). Mo
GyaeM Ha3bBaTh paBeHCTBO (56) coommowenuem Tamma.

Coorromerre Tarra Mbl OymeM paccMaTpuBaTh 1 rpadoB ¢ TETJISAMA U
KparabiMu pedpamu. Ilpu 3ToM B KadecTBe pebpa e MOXKHO OpaTh TOIBKO 36€-
Ho — pebpo, He aBisomeecs meTseil. Kak MbI y:ke oTMedann, XpoMaTuaecKnii
MHOTOUIEH MOXKHO OTIPEIESTUTD U M/ TAKUX IpadoB, MpudeM i BRIOPAHHOTO
[POJIOJIPKEHNUST COOTHOIIEHUS (56) MPOJOIKAIOT BBITOIHATHCS.

IMomumo coorHomennit TaTra XpoMaTHYecKuil MHOTOWIEH YAOBIETBOPSET
TaK>Ke COOTHOIIEHUIO

f(I) = f(I1)f(T2) (57)
B cay4ae, ecim rpad [ aBisercss HecBsizubiM 0O0benuHenneMm rpados 'y u I's.
Tarr naspiBaer W-dyHkimu, yaosaersopsionmue coorHomenuto (57), V-dymnx-
YuAMUY, a MbI Oy/IeM Ha3bIBATh UX TakxkKe unsapuawmamy Tamma. s Toro,
4100bl pasencTBa (56) u (57) mMenu CMbICT, HEOOXOANMO, YTOOBI B 0OOIACTH
3HavYeHull nHBapuanta [ ObLIM ONpeeseHbl CJIOKeHWe W yMHOXKeHme. 1103To-
My MBI Bcerna OyaeM TpernoaaraTh, 9To 3Ta 0bJaCcTh 3HAYEHUH TPeCTaBsierT
coboit HekoTopoe PUKCHPOBAHHOE KOMMYTaTHBHOE Koyibllo K. B ciydae xpoma-
THYECKOTO MHOIOUJIEHA KOJIHIO K SIBJISETCS KOJIBIOM MHOIOYJIEHOB OT OJHO
nepemennoii ¢, K = Z[c|]. Hama 3amaga — aokasars Teopemy Tarra, namorryio
[IOJTHOE OMHUCAHUE WHBAPUAHTOB Tarra.

Ipumep 0.55.1 (cnoxuoctsb rpada). [pusenem erne oqun BasKHbIA npumep W-
dbyukmuu. Ocmosnvm depesom rpacda I' HazpIBaeTcs MomIepeBo B HEM, COIEP-
xairee Bee Bepimabl rpada . Chostcnocmeio rpada Ha3bIBAETCA IUCIO OCTOB-
HBIX fiepeBbes B HeM. O6ozradnm cnoxHOCTh rpada I' gepes C(T'). Ouesmmno,
4TO CJIOKHOCTb HecBs3HOro rpada pasha Hy/to. CioxkaocTh rpada yiaoBJje-
TBOpsieT coorHomenuio Tarra (56). JleficTBUTENHLHO, BCE OCTOBHBIE JEPEBbS B
rpade I' pasbuBaroTcss Ha ABa Kiiacca: He COIeprKalllie TJaHHoe pedpo e u comep-
Karmre 370 pedbpo. OCTOBHBIE [IE€pEBbs MEPBOrO THUIA, HAXOIATCA B €CTECTBEH-
HOM B3aMMHO-OTHOZHATHOM COOTBETCTBHMH C OCTOBHBIME Aepesbamu rpada I,
a OCTOBHBIE JEPEBbA BTOPOIO THUIA — B €CTECTBEHHOM B3aWMHO-OZHO3HAYHOM
COOTBETCTBHUM € OCTOBHBIMU JepeBbsaMu rpada I'.
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Puc. 35: Pazmuunbie moc/ie10BATEIFHOCTY YIIPOITIEHNs Tpada ¢ TTOMOIIHIO0 COOT-
gomenuit TarTa

0.56 Teopema TarTa

O6a rpada B mpasoit gactu coorHomenusa Tarra “mporrne” rpada B ero JeBoit
YacTH: B HUX MEHbIIE 3BeHbeB. [loaToMy, npuMensa cooTHomnenrne TarTa mocie-
JOBATEIbHO, MBI MOXKEM CBECTH BbIAuCIeHNE JI000# W-DyHKIINN K €6 BhITHCIe-
HUO Ha rpadax 0e3 3BeHbeB. Takoe BHIYUCIEHNE MOYKHO TTOHUMATH KAaK 3aMEHY
Jr060ro rpada GopManbHON TUHEHHOoM KoMOuHamme rpados 6e3 3BeHLEB ¢ TIe-
JIBIMUA HEOTPUIATEBbHBIMU KO3MUIimeHTamMu.

Besakuit rpad 0e3 3BeHbEB SABASETCS HECBSA3HBIM O0bEIMHEHHEM OIHOBEP-
IMUHHBIX TPAdOB ¢ HECKOJBKUMHU TeTasMu. [lodromy mma 3amanus W-dyHkimn
JOCTATOYHO ONPENEeJIUTh ee Ha Takux rpadax. Hma 3aganma V-dbyHKINH 10-
CTATOYHO OIIPEICTUTh €€ HA OMHOBEPIIMHHLIX rpadaxX € MPOU3BOIBHBIM KO-
JINYECTBOM METEJb: HA HECBI3HBIX O0beIWHEHUSX TakuX rpados 3nadenue V-
dbyHKIMY OyneT NPOU3BEIeHUEeM ¢ SHAYEHNH HA CBA3HBIX KOMIIOHEHTAX.

Ilpumep 0.56.1. XpoMmaTwdecKuil MHOTOUIEH OJHO3ZHATHO OIPEAEIIeTC YCI0-
uamu (56), (57) u rem, yro Ha oxHOBepmIMHHOM rpade 6e3 neresb OH paBeH c,
a Ha OJHOBEPINIMHHOM rpade ¢ oaHOoi u Oosiee meTyeil OH paBeH HyJIio.

CaoxHocrb rpada 0HO3HAYHO onpeensercs ycaosueM (56) u TeM, 410 oHA
pasua 1 Ha M1000M OHOBEPIIUHHOM rpade u 0 Ha HECBA3HOM O0bEIMHEHUHN JBYX
u 60JIee OIHOBEPIITUHHBIX TPAQOB.

[MpuHIUIIIAIBHOE 3HAYEHNE MOITOMY UMEET CJEAYIONINi BOIPOC: BEPHO JIH,
qaro W-dyHKIMa MOXKET NpuHUMATL 41000€ 3HAYEHWE HA, HECBA3HOM O0bemu-
HEHUM OIHOBEPHIMHHBIX IpacdoB (COOTBETCTBEHHO, BEPHO Ju 4To V-byHKIMs
MOXKeT NPUHUMATH J060e 3HAaYeHHe Ha OJHOBEpIIMHHBIX rpadax). Ipyrumu
CJIOBAMWU, TOCTIEAOBATEIFHOCTE VIPOIIEHUil rpada ¢ MOMOIIBI0 COOTHOIIEHUSI
TarTa BCcerma NpUBOAUT K JIMHEHHOM KoMOuHaIMm rpacgos 6e3 3serbes. OaHako
TaKUX TIOCJIEI0BATETLHOCTENl MHOTO — BEPHO JIM, YTO PE3YJIbTAT He 3aBUCUT OT
BBIOPAHHOM MOCTIEIOBATETIHBHOCTH !

Hampuwmep, mia rpada ma puc. 35 ectb AB€ Pa3IUIHbIE BOSMOXKHOCTH BbI-
Oparb pebpo, OMHAKO y2Ke Ha CIAEAYIONEeM IIare MbI ¢ HEOOXOIUMOCTBIO MPH-
XOIM K PaBHBIM JIMHEHHBIM KoMOwmHanmaMm rpados. Bepro mu, 9ro tak 6ymer
Beerna? Teopema TarTa maeT MOMOKUTEILHBIA OTBET HA 3TOT BOIPOC.

Teopema 0.56.2 (Tarr). Jasa 406020 nabopa snavernud na epadax 6e3 36enves
(coome., na odnosepwunnnz zpagar) cyuecmsyem W-dynxuyus (cooms., V-
PYHKUUR), NPUHUMAIOWASA MAKUE 3HALEHUSA.



0.57 HokazarensctBo Teopembr Tarra 149

Kak mbI yke Busmenu panbiie, Takas QYyHKIINASA eIUHCTBEHHA.

0.57 Jloka3zaTeabCTBO TeopemMbl TaTTa

B ocHoBe mokazarenbcTBa Teopembl TarTTa JEXKUT TOCTPOCHHUE YHUBEPCAAbHOT
V-byuknun. Tak Mbl Ha3bBaeM V-QyHKIHIO CO 3HAYEHUSIME B KOJbIIE MHOTO-
41eHoB Z[Sg, 81, - - -] OT BECKOHEYHOrO 9MCJIa MEPEMEHHBIX, TaAKYI0, 9TO JIIOOYI0
Ipyryio V-byHKINO CO 3HAYEHHEM B MPOM3BOJBHOM KOJblle K MOXKHO MOIY-
YUATH MOJCTAHOBKOI BMECTO MIEPEMEHHBIX S; MOAXOIAIINX 3JIEMEHTOB KObIra, K.
3amMeTnM, 9TO IJMEMEHTAMH KOJbIA Z[So, S1,...] ABIAIOTCA KOHEYHBIE CYyMMBI
MOHOMOB, MPEJCTABIMIONINX 000 KOHEYHbIE MPOU3BEICHUS EPEMEHHBIX S; €
neasiMu Ko puirmeHramm.

Takyio pyHKITNIO MOXKHO IIOCTPOUTD ciaenyomuM obpazom. Hazosem ocmos-
Hotm nodepagom rpada Beakuii ero moarpad, comeprKanuii Bce ero BeprTnHbI.
Tem cambiv, y Kaxkmoro rpadga ' poHO 21EM oeroprbix moarpadoB — 1o
YUCITY TOAMHOXKECTB B MHOXKecTBe pebep. [lomoxum

Ur(so, $1,...) = Z séO(F(E,))sil(F(E,)) e (58)
E'CE(T)

B npagoii wacth bOpMyIBI CyMMUDOBAHHE HJIET MO BCEM MOAMHOXKecTBaM F’
muoxkecTra pebep E(T); wepes I'(E') obo3HAYEH COOTBETCTBYIOMUN OCTOBHBIE
noarpad, a i, (I'(E")) — uncno ceasubx kommnonent B I'(E') ¢ nmukaomaTnde-
CKAM 9IHUCJIOM iy, (T.€., io(T'(E’)) — 9Mcio mepeBbes cpen CBA3HBIX KOMIIOHEHT,
i1(T'(E")) — 4mesmo CBA3HBIX KOMIIOHEHT € OHAM TPOCTBIM IMUKJIOM U T.1I.).

JIlemma 0.57.1. @ynryusa Ur asaaemcea unsapuaumom Tamma, m.e.
Ur = UFL + Up/e/
daa awbozo epaga I u a106020 36eHa € 8 HeM.

[Ipexne, 9em MOKA3bIBATH JEMMY, TOCMOTPHUM, YTO O3HAYAET HA MPAKTUKE
Berunciaenne dpyakun Ur.

IIpumep 0.57.2. Iycrs I' = C3 — rpad-rpeyroapuuk. Torga y mero 23 = 8
ocroBubIx moarpados. Iloarpad ¢ mycTbiM MHOXKECTBOM pedep COmepKUT TPH
KOMTIOHEHTBI, KaXKAas C IUKJIOMATHIECKUM ducjoM (), T0ITOMY €ro BKJIaI B
byrxmmo Ue, pasen s3. Kas it u3 Tpex moarpados ¢ O1HEM peGpoM comep-
XKUT JBE KOMIIOHEHTHI, 00e ¢ mukjaomarndeckuMm guciaom 0. Vx obmmit Bram
paBeH Mo3TOMY 353. AHAJOTHYHO, BKIAJA TPeX ABYXpeOGepHBIX moarpados pa-
Ber 3sg. Hakonern, cam rpad C3 cocTouT u3 OAHON KOMIIOHEHTBHI CBSI3HOCTH €
UUKJIOMATHYIECKUM YUCIOM 1, IO3TOMY €ro BKJIaJ paBer si. Takum obpaszom,

Uc, = 55+ 352 + 350 + 51.
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HokaszarenbctBo jgemmbl 0.57.1 ®@uxcupyem rpad I' u 3BeHo e B Hewm.
Ocrosuble noarpadst rpada I', He comepzkalime pebpo e, HaXOAATCS BO B3aUMHO
OIIHO3HAYHOM COOTBETCTBUY C OCTOBHBIME Toarpadamu rpada I'. TIpu aTom co-
orBercTBHH OATrPadbI N30MOPMHBI, & 3HAYUT COOTBETCTBYIOIINE UM 3HAYEHUS
10,41, - - - coBmamaior. C Apyroii cTOpoHbI, OCTOBHBIE oArpadb! rpada I, comep-
xKampe pedpo e, HAXOAATCsT BO B3aMMHO OTHO3HAYHOM COOTBETCTBHH C OCTOB-
uevm moarpadgpamu rpacda I, TIpw 9TOM COOTBETCTBUM B KAXkKJOM OCTOBHOM
noarpade B I cxuMaercs omHo pefpo, 9TO He MEHsieT Hab0Pa MHKJIOMATHIE-
CKHUX YHCEJI €r0 CBA3HBIX KOMIIOHEHT. JleMma joka3ana. U

ITokazkem Tenepb, YTO IPUIaBasi PA3/JUYHbIE 3HAYEHUA [1€PEMEHHBIM S; MbI
MoxkeM mpeepatuth U B V-byHKINO ¢ TI00BIME HaEpe ] 33 IaHHBIMU 3HAYCHHU-
MW Ha OTHOBEPINMHHBIX rpadax 06e3 pedep. OB03HAUMM OJHOBEPIUHHBIN rpad
¢ n nernamu depe3 X,,. Bomumniem 3uadenns dyukmun U va X,,. Umeem

U(Xo) =50, U(X1)=s0+s1, U(X2)=s0+ 251+ s9;

BOODIIIE

=0

HeticrBuTenbHo, B rpade X, nmeercsa 2" 0CTOBHBIX TTOATPahOB — IO IUCTY TTOI-

MHOXKECTB B MHOXKECTBe meresib. Bee aTn moarpadnl ¢Ba3HbI. UNCIO OCTOBHBIX

noarpacdos u3 k mereab paBHO (Z), 7 €ro IMHAKJIOMATHYIECKOe YUCTIO PABHO K.
W3 5Tux paBEeHCTB Mbl MOXKEM BBIPA3UTH S;:

So — U(Xo), S1 = U(X1) — U(Xo), ey Sp = (_1)n Z(—l)j <7;> U(Xj), PR
j=0

TeMm cambIM, s Dpom3BOIbHOrO Habopa 3Hadenuit U(X;) = t;, MBI MOkeM
BOCCTAHOBUTH 3HAYEHUS S;, & 3HAYUT U 3HadeHue GyHKimn U HA TPOU3BOTHHOM
rpadpe, TTOTOKUB

Teopema Tarra mokazana. O

[TpoBepuM mpoBeIEHHOE BRINE BhIaucaeHNe 3HaUeHus byukimn U Ha rpade
Cs. TlocaenoBarebHO MPUMEHsisi COOTHOIEeHusT TaTTa, Mbl 3aKII0YaeM, 9TO

C3 = X3 +3X2+2Xo + X;.
Orcrona
Uc, = U, +3U%, +2Ux, +Ux, = s+ 3s5+2s0+s1+50 = 55+ 355+ 380+ 51

B COIVIaCHH C HallUMHW IIPEOIbIOAYITUMMA BBIYUCJICHUAMM.



0.58 Hosbre npumepsr napapuanToB Tarra 151

0.58 HosBbie mpuMepbl HBAPUAHTOB TaTTa

Pezynbrarbl mpempayIero pasaesia O3HAUAKT, 9TO MWHBAPUAHT TarTa MOXKHO
33/1aTh, JTUOO MO/ICTABUB B YHUBEpPCATbHYIO GyHKINIO Ur TPOU3BOJIbHBIE 3HATE-
HMSA BMECTO TIApPaMeTPOB S;, TU00 YKa3aB 3HAUECHUS MHBAPHUAHTA HA rpadax X,
— 1000# m3 3TX HAOOPOB 3HAYEHHUN OTHO3HAYHO BBIPAYKAETCS U€pe3 APYTOif.
Bor uro nosmyvaercs npu HEKOTOPBIX CIENUAJIBbHBIX IIOACTAHOBKAX.

Ipumep 0.58.1 (pebpa). Ecau Mbl MOA0XKUM B yHUBEPCAJILHOM uHBapuanre U

BCe S; = 1, 10 mosyunm V-dyHKIimio, npuanManonyo Ha rpade I' 3navenue
9lEM)|

Ipumep 0.58.2 (nuxpomaruyeckuil MHOrOwWIEH U auxpomar). duxpomarudec-
kuii MuOro4wIeH Qr(t, 2) 3aBUCUT OT ABYX MEPEMEHHBIX, U OMPEIEIIACTCS MOACTA-
HOBKOIT 5, = t2F B yHUBepcaabHbl nHBapuanT Tarta. Kak HeTpynHO BUAETDH,
3HAYEHNE IUXPOMATUYIECKOTO MHOro4wIeHa Ha rpade X, paBHO

Qx, (t,z) =t(1+ 2)",

1 3TU paBEHCTBa TaK2Ke MOXKHO CHHUTATh €TI0 OIIpeaesicHueM.

Iloacranoeka t = —c, z = —1 mpeBpammaeT IUXPOMATUIECKUN MHOTOUJIEH B
XPOMATUYECKUT.

Luxpomam rpada I' ompenensierca dopmyaoit

xr(z,y) = (@ — 1) "M Qr(z — 1,y — 1),

iz
xe(ey) = @@= 3 @1y,
E'CE(D)
Ipumep 0.58.3 (noroxosbiii muorowsen). [oxcranoska z = —m, t = —1 npe-

BPAIAET TUXPOMATHIECKUA MHOTOWIEH B NOTNOKO6b(, KOTOPBIH MBI 0003HATAM
qepes Fr(m):
Fr(m) = QF(—l, —m).

O0bsicauM TpuYnHy Takoro Haspauusa. O0o3HaUMM 4vepe3 Z,, IPYIIY BbIYETOB
o Moxyiio m. Ilenvw wHan Z,, B rpade I' HaszwiBaercs dopmanbaas muHeHaS
roMmOuHaua pedep rpada ' ¢ koadpduimentamu u3 Z,,, T.e. SJEMEHT TPYIIIIbI
ZyEn(F). Opuentupyem pebpa rpada I' npoussonbubiM obpazom. Torma epanu-
yell TIenn HA3BIBAeTCS (OpMaJIbHA JIMHEWHAs KoMOuHaIus BepmmH rpada I,
B KOTOPO# K03 DuiimenT mpu KaxKa0i BEPITUHE PABEH CyMMe KO3(hDUIMEeHTOB
IIEeN¥ BXOAAIKUX B Hee pebep MUHYC CyMMa KO3(MDUIMEHTOB BBIXOIAIINX pebep.
Ienb HasbiBaerca yukaom, eciau y Hee HyseBad rpanuna (r.e. kodbduumuenTs
IPaHULBL P KaXK10f BepluuHe pasabl Hys10). [Tonsrue sineposa noarpada
COBTIQIAET C TIOHATHEM NUKJIA HAJ Zs. [Ipu 3TroM BBIGOP OpuenTanuu rpada He
BayKeH, TAK KaK B rpyIie Zs BCIKUI 3JIEMEHT COBIAJAET CO CBOUM MTPOTHUBOIO-
JIO>KHBIM.

Hanpumep, rpad um3 AByX BepiIMH, COSIWHEHHBIX ABYMs pPeOpaMu, JOIyC-
KaeT JIBe CYIIECTBEHHO PA3JWYHbIX OpHeHTarmn. B 06oux caydaax e uMeroT
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BUJ, a1€1 + A€o, Il CUMBOJAMU €1, e 0003HAUEHBI (OPUEHTUPOBAHHBIE) Pefpa
rpada, a ay,ay € Zy,. I'panuna Taxoii menu paBHA CyMMe BEPIIUH, B3ATHIX C
ko3 durmentamMu a1 + a2, —(a1 + a2) B caydae, ecam peGpa OPHEHTUPOBAHBI
OIMHAKOBO, U ¢ Ko punueHTaMu a1 — do, G2 — a1, €CJIA OPUEHTAIMH pedep mpo-
TUBOMOJIOKHBI. Ecmu oba pedpa OpueHTUPOBAHBI OMHAKOBO, TO IUKJIBI UMEIOT
BUI G€] — Q€2, & €CJIA OPUEHTalusi pebep MPOTUBOMON0KHA, TO IMUKJIBI UMEIOT
BUI ae; + aes.

Vreepxaenne 0.58.4. 3uauenue muozouaena Fr(m) npu yeaom m > 2 pasro
YUCAY BCHO0Y HEHYALBBET UUKA08 HA0D Ly 8 NPOU3BOALHOT OpUEHMAUUY pebep
epaga T, ymroocenmnomy na (—1)01 O+,

Bcrony HenyseBoit UK MOXKHO TOHUMATH Kak “MOTOK” B rpade, a ero Koad-
buImeHTH IpH pedpax Kak “BeINYNHY TOKA BIOIb HAIIPABJIEHN 3TOTO pebpa,
49T0 U OOBICHIET HA3BAHWE WHBapWaHTa. [Ipw TOM CyMMapHBIl MOTOK Yepe3
JIIOOYIO BEPIIUHY PABEH HYyJIO, T.€. BEPIIMHA HE SIBISETCsS HU MCTOYHUKOM, HU
CTOKOM.

JLns moKa3aTe bCTBA YTBEPKICHUS 3aMETHM IIPEXK Ie BCero, YTo IUCJI0 BCHO-
Jy HEHYJEBBIX ITUKJIOB HE 3aBHCHUT OT BHIOOpA OpHEeHTAIuH Tpada: ITOObI mpe-
BPATUTH IMKJ B HEKOTOPOM OPHEHTAIMH B IHKJ OTHOCUTEIBHO JAPYTOH OpUeH-
TaIMK, OTJIMIAIONIENHCsT OT MEPBOH OpueHTaIueil HEKOTOPBIX pedep, JOCTATOTHO
MOMEHSATb KO3 PUIMEHTHI TIPU ITUX pedpax Ha TPOTUBONOJIOKHBIE. ZCHO, ITO
Takas OMEPAaIds 33/1aeT B3ANMHO-OIHO3HAYHOE OTOOpasKeHWe, KaK Ha MHOMKe-
CTBaX IWKJIOB, TAK U HA MHOXKECTBAX BCIOJIy HEHYJIEBBIX ITUKJIOB.

[IpoBepum Tenepnb, 9TO YUCIO BCIOIY HEHYIEBBIX [TUKIOB HAJM Z,, YMHOXKEH-
HOE Ha, (—1)b1(r), apaserca V-dyukiuei. MynIbTUIIIAKATUBHOCTD YHUCJIA, BCIOLY
HEHYJIEeBBIX IIMKJIOB ouennHa. YMuoxkenne Ha (—1)" () e mensier sroro cpoii-
CTBa, MOCKOJIBKY TIPY HECBA3HOM O0beIuHEHUH TPAGOB UX IUKIOMATAIECKUE
9HCJTA, CKJIAIBIBAIOTCS.

®urcupyem rpad I', opumenranmio B Hem u pebpo e € I'. Jlns mposepku
coorHorenus Tarra 3aMeTuM, 9TO BCAKOMY BCIOIY HEHYJIEBOMY UKy B rpade
I moxHO comocTapuTh Mk B rpade I'. JleficTBATENBHO, PACCMOTPUM IEH
B I', orBeuaronyio Beibpannomy mukiay B L', u gocrpoum ee mo mmkia. st
9TOrO HYXKHO mpunucarb pebpy e B I' koadbdunuenT, paBubIil, ¢ TOYHOCTHIO 10
3HaKa, 3HAYCHUIO KOIDPUIIMEHTA TPAHUIBI PACCMATPUBAECMOI IENn B JIO00It
W3 BEPINWH, WHIUIECHTHBIX pebpy e. DTH JBa 3HAYEHUS OTIUYATCA 3HAKOM,
¥ BBIOpPAHHBIH KO OUIMEHT 3aBUCUT OT BHIOPAHHOIO HAIPaBICHHT pebpa e.
MoskeT CIyuuThCs, OJHAKO, YTO MOCTPOEHHBIN TakuMm 00pa3oM KodhbduimenT
paBeH Hyt0. Takoe MPOUCXOIUT B TOM W TOJBKO B TOM CJIy4Yae, KOT/Ia IUKJ B
I'” zamaer mukn B I',. Tem caMbiM, 9HCJIO BCIOAY HEHYJICBBIX TUKJIOB B | paBHO
PA3HOCTH YUCIA BCIOAY HEHyJeBbIx HKJIOB B 1 u I',. IlukromaTraeckue amncaa
rpados I' u I/ coBnagator, a mukmomarnyeckoe aucao rpada I, MeHbIe nx
Ha enuuuny. Ilosromy mocje yMHOXKEHHS YUCIA BCIOJY HEHYJIEBBIX [UKJIOB Ha,
(=1)" ™) nomyuaem byHKIHIO, yIOBIETBOPSIONIYIO COOTHONIEHMIO TarTa.

Ocranocs mpoBepuTh ee coBmagaenne ¢ dhyrkimeir F ua rpadax X,,. Ho mbr
3HAEM, 9TO

FX (m) = _(1 - m)n7

n
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w10 nocte ymuoxkenns Ha (—1)0(VIDHL = (_1)"+1 g rounocTu pasmo (m—1)"
— YMCILy BCIOJAY HEHYJIEBBIX IUKJIOB B X, Has Z,, (II0CKOJIbKY J1106ast PACCTAHOB-
K& HEHYJIEBBIX JIEMEHTOB IPYIIbl Z,, HA neriax rpada X, aBisgercs HUKIOM),
9710 ¥ TpebOoBaIOCH. [

Ipumep 0.58.5 (sitneposocrs). Bor V-dyukuus co 3uauenusamu B Zo, Bble-
agromas sineposbl rpadbl (HanoMHUM, rpad HA3BIBAETCH IUACPOGLLM, ECIH Y
BCEX €ro BEPIUKH YeTHble BajgeHTHOCTH ). [losoxkum 3uavenune V-dyukiuu € pas-
wbiM 1 Ha Beex rpadax X,,. Torma 3nadenne Takoil (GYHKIME HA TPOU3BOJILHOM
sitteposom rpade I' pasuo 1, a Ha HesillepoBoM rpade — HYJIIO.

s noKa3aTeIhbCTBA MOCIETHETO YTBEPKIEHUS JOCTATOYHO IIPOBEPUTH, ITO
Takag QYHKIWS YIOBIECTBOPsaeT coorHomenuio Tarra. Ditaeposocts rpada aB-
JIIETC MONOACRUNECKOT, XAPAKTEPUCTUKON — OHA HE MEHSIETCs TIPYU CTSTHBAHUN
pebpa. Iostomy ecau rpad I' sitnepos, To rpad I Toxke 2iinepos mis mo6oro
pebpa e € E(T'), a rpad I, HesilyiepoB — B HEM BAJEHTHOCTH ABYX BEDIIUH
mensitorcs Ha 1. Ecim xe rpad [ mesitiepos, nmpudem B HEM eCTh BEpITHHA
HEYeTHOH BAJEHTHOCTH HE HA KOHIAX pebpa e, 10 m oba rpada I, u T mesii-
JepoBbl. Ecan ke HEYeTHYI0 BAJEHTHOCTh UMEIOT JIHIb 003 KOHIA pebpa e, TO
06a rpada I', u I/ sitneposer. Bo Beex stmx ciywasx

e(l) =¢e(T%) + &(T')).

3aMeruM Takzke, 4TO 3MJIepOBOCTh Ipada CoBIaIaeT C YUCIOM BCIO/LYy HEHY-
JIEBBIX IUKJIOB B HEM C Ko3dduimentamu B rpymme Zo. elficTBuTeIbHO, e1uH-
CTBEHHBIH CIIOCOD MPUMHUCATH BCeM pebpam rpada HEHyIeBble 3HAUEHUT B Zo
COCTOMT B TOM. 9TOOBI COIMOCTABUTD KaxKJA0My pedpy 3uadenue 1. B pesymbrare
MBI TTOJIyYWUM ITUKJI B TOM U TOJBKO B TOM CJIYYae, €CJIU B KAXKIOM BEPIITHHE CXO-
JWTCS 9eTHOE YuCI0 pebep, T.e. ecau Ham rpad — sitmepos. Tem cambiMm, 3TOT
MIPUMEpP SBJISIETCS 9aCTHBIM CJIYUAEM MPEIbIIYIIEro.
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Puc. 36: Pazauunbie tpuanryasiun nukia Cg

0.59 3agaunm

3adawa 0.167. Paccyxnmaa o mEAyKIun, Hafinure Y ¢, (¢) A7 TPOH3BOMBHOTO
LUKJIA, JJIMHBL 1.

3adawa 0.168. Ilycre I' — rpad. Jdokaxkure, 9T0 XpOMATHYECKUN MHOTOWICH
rpada, nmomyuennoro u3 I' qobapmenneM OIHON BEPINMHBI, COETMHEHHOMN ¢ OMTHO
W3 €0 BEPINUH, [OJy9IaeTCd U3 XPOMATUYeCKOro Muorodsiena rpada [ ymuoxe-
HUeM Ha ¢ — 1.

3adawa 0.169. Tlompaysick Teopemoii 0.52.2; mogcunTaiiTe 3HAYEHUS XPOMATHYIE-
cKoil byHKIMU IS ) JepeBbeB Ha 1 BeplurHax; 6) TpuaHrysisnuii (T.e. UUKJIOB,
B KOTODBIX MPOBEIEHBI “MIOMAPHO HEMEPECEKAIOINECs TUaroHaIn”’, pa3douBaoe
WX HA TPEYTOJILHUKH, cM. puc. 36. [loKaxKuTe, B 9ACTHOCTH, 9TO XPOMATHICCKAS
GYHKIMSA ONUHAKOBA IS BCEX JEPEBBEB W JJIs BCEX TPUAHTYJIANUA HA JAHHOM
YUCJIE BEPIIWH, 4 3HAYAT, HE PA3IMYAET NONAPHO HEM30MODPQHBIE rPadbl ITAX
THIIOB.

3adawa 0.170. Hokaxkure, 4T0 BTOpOil KOIDDUIMEHT XPOMATAYECKOTO MHOTO-
gnena xr(c) rpada I' ¢ n sepmunavu (kosdbdunuent mpu ¢ 1) papen umcay
pebep B ') B3sITOMY CO 3HAKOM MUHYC.

3adawa 0.171. dokaxkwurte, uTO 3HAKN KOIDDUINEHTOB XPOMATHIECKOTO MHO-
rotIeHa "epeyioTca — Koaddumuent npu c® mveer 3mak (—1)" % mim pasen
HYJIIO.

3adauwa 0.172. HaiiTe nokasareancTBO Teopembl TarTa, OCHOBAHHOE HA TOM, UTO
orepamun yﬂaHeHI/IH/CTHI‘I/IBaHI/IH JABYX PAa3JIMIHBIX 3BEHLEB B rpa(be KOMMYTH-
PYIOT Mexy cODOii.

3adaua 0.173. Opuenmayueti rpada Ha3BIBaETCS BRIOOD HANpaBJeHuil pebep B
ueM. OpueHTaNUsT HA3BIBACTCS GUUKAUECKOT, €Cu B Tpade OTCyTCTBYIOT IHK-
JIbI, WAYIIUEe B HAIPABICHUA OPHEHTUPOBAHHBIX pebep. JloKaknuTe, 94TO 9uCyIo
aNUKJINIeCcKnX opuenTanmii rpada pasro |xr(—1)| — MOay 0 3HaUEeHNA XPOMa-
THYIECKOrO MHOTO4JIEHA B TOUYKe — 1. TIpoBephTe, 9T0 9TO yTBEPKIAEHUE PACIIPO-
CTpaHSAeTCsT U Ha Tpadbl ¢ KPATHBIMY peOpaMu W MeTsSMU.

Hanpumep, mis rpada Ay = Ko umeem x 4,(—1) = 2, u aeiicrBurensho, obe
BO3MOKHBIE OPHEHTAIIMHA OTPE3Ka SBJIAIOTCA AlMKIAICCKAMA. B cBOIO odepenp,
XK;(—1) = —6, u U3 BOCHMH BO3MOXKHBIX OPHEHTAITMN TPEYTOJBHUKA POBHO
JIBE He ABIAIOTCA AIUKIMIECKUME. 115 JOKA3aTeIhCTBA BOCIOIB3YATECH TEM,
YTO KOJMYECTBO AMKJINIECKMX OPUEHTAIMIE Y/0BJIETBOPSAET COOTHOIEHmO Tar-
Ta (IPEIBAPUTEILHO JOKA3aB 3TOT (haKT).
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3adaua 0.174. Tloncuuraiite nepBoe ducio Berru a) mis nepesnes; 0) AJis K-
nos Cp; B) aig momuabix rpados K, ; T) s TpHAHTYIATWA.

3adawa 0.175. Beraucanre muorowien [lerpoysa misa Beex rpados ¢ He boee,
deM 4 BEepIINHAMH.

3adauwa 0.176. okaxkure, uro muorouwneH [lerpoysa ceszuoro rpacda, B KO-
TOPOM €cTb mepeweek (Pebpo, NPU BLIKUJABIBAHUK KOTOPOrO rpady CTaHOBUTCS
HeCBﬂBHbIM) paBeH HYTIO.

3adawa 0.177. Beraucanre cioKHOCTD TPadOB, MPAHAIEKAITAX K U3y TABIITHM-
cs HaMu panee TunaMm. KakoBa ClI0KHOCTH rpada ¢ IUKIOMATHYECKUM YHUCIIOM
1, comeprkaIero eIMHCTBEHHBIN TPOCTOH UK IIUHBI 17

3adaya 0.178. Ilpoeepbre, 9TO CIOKHOCTH rpacda He MEHSeTCs NIPU YIAJEeHUN
U3 HEro U JODABJICHUH K HEMY TIETeJb.

3adauwa 0.179. Ilomsarue mukia Ham rpyunoi Z,, MOXKHO OOODIIATH Ha, IPOU3-
BOJIbHBIE a0€JIE€BbI IPYIbL. JJOKaXKuTe, 9TO MOTOKOBbIA MHOTOWIEH IIEPEINCIIIET
HE TOJIHKO BCIOY HEHYJIEBBIE IIMKIIBI HAJ, Zyy,, HO U BCIOJY HEHYJIEBBIE ITUKJIBI HAT
IpOU3BOJILHOM abesneBoil rpynIoi ¢ m 31eMeHTaMU.

3adana 0.180. OcroBubri noarpad rpadga [' Ha 2n BepIImHAX HA3BIBACTCS COGEP-
WEHHBLM Napocovemanuem, W 1-gaxmopom, ecim oH cocTouT u3 n pedep He3
obmux kounoB. Hanpumep, B kBagpare Cy ABa COBEPIINEHHBIX MTAPOCOYETAHUS,
a B osHoM rpade Ky nx tpu. Paccmorpnm V-dyHKINIo, 3HaveHe KOTOPOH Ha
rpacde X,, paBHO

(71)n+1

;3" ).

Jokaxure, 4To 3HaYeHne 3T0H V-DyHKIMY Ha BCIKOM kybudeckom rpade (T.e.,
Ha rpade, BAJEHTHOCTH BCEX BEPIIUH KOTOPOIO PABHBI TPEM) PABHO YUCIY CO-
BEPIIIEHHBIX TAPOCOTETAHNUN B HEM.

ITpoBepum 3710 yTBEpK AeHUE it KyOudeckoro rpada Ky — monHoro rpada
Ha 4YeThIpeX BepIInHaX. BHa‘IeHI/Ie YHUBEPCAJIbHOTO WHBapUaHTa U Ha TaKOM
rpade paBHO

Uk, = 33 + 658 + 1533 + 4s9s1 + 16sg + 1551 + 6s9 + s3.

Ero Heca0:kKHO BBIYUCAUTE OIar0oIapst BRICOKOH crermenu cuMmmerpun rpada Ky.
Hampumep, B MHOXKecTBe ero pebep mmeercs (g) = 20 TpexpebepHBbIX TOIMHO-
xKecTB. UeThIpe U3 COOTBETCTBYIONMIAX OCTOBHBIX MOATPAMOB COCTABISIOT Tpe-
yroabauk C3, OObegMHEHHbI C OTAEJbHONI BEpIIMHON, ocrajbHble 16 cocTo-
AT U3 TPEX KOMIIOHEHT CBA3HOCTH C nuksomarumdeckum duciiom 0. Taxkwum 06-
pasoM, BKJIAJ, TpexpebepHbIX moarpadoB B YHUBEPCAJbHBIN WHBAPUAHT PABEH
4sps1 + 1653. Brrauciierne ocTa bHBIX CJIaraeMbIX eIne Mmpoire.
Bocrmonb30BaBImch BBIPAKEHUAMU JIJIH Sy,

so = to, s1 = t1 —to,
So = to—2t1+1tg, s3 = t3— 3ts+ 3t1 — o,
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qepe3 3HadeHusi Ha O0A3WCHBIX rpadax M W3BECTHBIMU 3HAYCHUSIMU
to=—-1, t1 =2, ty=-5 1t3=14,
IOTy 9aeM
So = —1, S1 = 3, SS9 = —10, S3 = 36.
[MomcranoBka 3TUX 3HAYEHWIT B YHUBEPCAJILHBI WHBAPUAHT JAET 3, 9TO U Tpe-
60BaJIOCh.

3adaua 0.181. TloacuuraiiTe 4UCIO COBEPILEHHBIX [APOCOYETAHUI B &) LEoY-
kax Ap; 6) mukiaax Cp; B) nonubix rpadax K.

3adava 0.182. Haiimure BCe rpadbl ¢ MECTHIO BEPIIMHAME, HMEIOIITE 6 CoOBEp-
IIEHHBIX NapOCOYETAHUNA.

3adauwa 0.183. CocraBbre Tabsuily, B KOTOPOi I/ BCEX CBA3HBIX IrpadoB ¢ < 5
BEPIIMHAMY yKA3aHBI 3HAYEHUS BCEX BBEJIEHHBIX BBIIE MHBAPHAHTOE rpadoB.



Anreopa Xomnda rpadon

[Ipu obcyKIeHIM TEHEBOrO UCYUCTEHUs MBI BBISICHIJIM, 9TO OHO TECHO CBSI3aHO
€O CTPYKTYPOI rpaJynupOBaHHOMN KOAATeOPhl HA TPOCTPAHCTBE MHOTOWIEHOB OT
OJIHO¥ TIEPEMEHHOM. DTa CTPYKTYPA €CTECTBEHHBIM 00PAa30M PACIPOCTPAHSIETCS
¥ H3 MPOCTPAHCTBO MHOTOYWIEHOB OT MHOTHX TEDEMEHHBIX. B 3T0il ritaBe MbI
MIPUBOJUM €Ille OJIMH MPUMED KOAJITredPanvecKoil CTPYKTYPhl — HA MPOCTPAH-
crBe rpados. Koanrebpa rpadoB Takke rpajynpoBaHa — YUCJIOM BEPIIWH B
rpade. HobaBuB K KOYMHOXKEHHUIO YMHOKEHIE, TOPOXK IECHHOE HECBA3HBIM 00b-
enuHEeHnEM rpadOB, MBI ITOIyYIaeM Ha MPOCTPAHCTBE IpadOB CTPYKTYPY Omasi-
rebpor. CBOMCTBA MHOTUX WHBAPUAHTOB rpadOB TECHO CBSI3aHBI C HAJUIUEM ITOHN

CTPYKTYPBL.

0.60 Aurebpa Xonda rpacgon

0.60.1 CrpyKTypa ajaredopsl

BonbmuHCTBO U3 pACCMATPUBABIINXCS HAME B TPEIBIIYIIUX [VIABaX WHBAPUAH-
TOB rpadOB ABIMAIOTCA MYJIbTHILTUKATUBHBIMA: UX 3HAYEHUE HA HECBAZHOM O0b-
enuuenun rpadOB PABHO MPOU3BEICHUIO WX 3HAUEHUN HA KAXKJIOM U3 00beu-
ngeMmbix rpados. Tor daxT, ITO 3TO CBOHCTBO MpUCYIE BOTBIIOMY KOTUIECTBY
VHTEPECHBIX WHBAPUAHTOB, HAaBeJ 1aTTa HA MBICTH PACCMATPUBATH HECBI3HOE
obbenuHenne rpadOB KaK YMHOXKEHHUE B KOJbBIE, 4 MYJbTUILIHKATUBHBIE WHBA-
puaHTbl — Kak romomopdusm Kojer. V3 coobparkennii ymo0CTBa, S3bIKA MBI
Gyaem O6parb B KadecTBe 6a3oBoro Kousbia mose C KoMILIeKCHbIX guces (a He
KOJIbLO LeJIbIX uuces Z) u rooputhb 06 aszefpe rpados nax nosem C.

Onpenenenue 0.60.1. Aaze6poti 2pados G HazbIBaeTCs OECKOHEYHOMEPHAS aJl-
rebpa ¢ equaunneii #ag C, mopoxkmeHHaAsT KaK aaredpa MPOCTHIME CBA3HBIMY IPa-
damu, yMHOKEHNE 00Pa3yIOIUX B KOTOPOH 33/1a6TCs HECBA3HBIM 00beINHEHIEM

rpadoB.
HanoMmauM, 910 npocmoti epag He CONEP:KUT LeTe/lb U KPaTHbIX pebep.

Ilpumep 0.60.2. Hampumep, MbI MOKEM PACCMOTPETH TAKOU SJIEMEHT aareOpnl
g: .
g=15+71K, — (2 —€)C5Cs + ZC;‘;" — K (59)

157
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3necy 15 — koapdunment npu mycrom rpade, gepes Ky 0b0O3HAUEH TOTHBIN
rpad Ha yerbipex BepmmHax, C5Cs — rpad, noIyYeHHbIH HECBA3HBIM 00beIy-
HeHWeM IUK/Ia Ha MATH BEepIINHAX U IHKIa Ha 6 BepmmHax, C3 — rpad, momy-
YEHHbBIN HECBSA3HBIM O0bEIMHEHUEM TPeX [IUKJIOB HA YeThlpeX BepiiuHax, Kio —
nonubiil Tpad Ha 12 Beprmmuax. Ha mpaxTuke, ofHaKO, HAM PEIKO MPUIETCS
CTAJIKUBATHCST C UPPAIMOHATBHBIMA KOI(DDUITHEHTAMH.

B anrebpe G conepkarcs KOHEUHOMEPHBIE OANPOCTPAHCTBA Gy, , TIOPOXKTEH-
ubie rpadavu ¢ n BepmuHaMu (B KadecTse Gy Mbl Gepem camo nose C — oxHo-
MepHOE IIPOCTPAHCTBO, MOPOXKIEHHOE yCcThiM Ipadom). VX pa3MepHOCTb paBHa
qyucay (Kak CBS3HBIX, TaK U HECBA3HBIX) rpados ¢ n BepumHamu. [Ipu mMamnbx
n ee Jerko BbrunucauTh. Hanpumep, dimG; = 1, dim Go = 2, dim G3 = 4. Ozgna-
KO I1pu 60.7'H)H_[I/IX 3HAYEHHUAX 7 3TO BBIYUCJIEHAE CTAHOBUTCSI CJIOXKHOM Ba/tl;a‘{eﬁ.
Ipocrpancrea G,, He TPOCTO comep:RaTcs B G; BCe TPOCTPAHCTBO § PACKIAIbI-
BaeTCd B IPAMYIO CYMMY 3TUX TIOAIIPOCTPAHCTB!:

G=GDG1®G2D.... (60)

Do o3HAUAET, UTO JI000# 37eMenT g € G eIMHCTBEHHBIM 00pa30M TPEeICTABIA-
€TCA B BUJAE CYMMbI
g=gotgi+g2+...,

rae g; € G;, U JUIb KOHEYHOE YUCJIO CIAATaeMbIX B MPaBOf YaCTU OTJIUIHO OT
uyssi. Hanpumep, [yid sjieMeHTa ¢, 33JaHHOro paBeHcTBoM (59), umeem go = 15,
9s = TrKy, g11 = —(2—€)C5Cs, g12 = %C;f — K12, a BCe ocTaJbHbIE ¢; PABHBI
HYJTIO.

YMHOKeHNE B § YyCTPOEHO TAKUM 00pa30M, U4TO MPOM3BEIEHNE IJIEMEHTOB U3
G u G nexut B Giy;. Jdpyrumu cioBamu, pasnoxenue (60) apiasercs 2padyu-
poekoti anredbpbl G, a YMHOKEHUE CO2AAC06aH0 C ITON TpayupoBKoi. Mbl OymeM
0003HaAYAThH ONEPAIMIO YMHOKEHU OYKBOM M WaN, KAK OOBIYHO, TPOCTO 3AIIH-
CBIBATH COMHOYKHUTETH MO/psI. I[IpaBUibHO CIUTATH, YTO YMHOKEHUE SBIISIETCS
OMTMHEHHBIM I'PAIyHPOBAHHBIM OTOOPArXKEHHEM TEH30PHOI'O KBApaTa aareOpbl
B caMy airedpy:

m:G§G — G; m: G, ® G — Grti-

Ponb emunuipr anrebpsbr G urpaer mycro#t rpad. EauHuy MOKHO TOHHMATH
kak romomopdusm e : G — C, roropsiii saBisiercss uzomopdusMoMm Ha Gy u
orobpazkaer B HyJb Bce G; ipu i > 0; 370T TOMOMOPGU3M COMOCTABIIAET JTIOOOMY
sseMeHTy B G K03 pULMEeHT npy nycToM Irpade B 9TOM JIEMEHTE.

0.60.2 CTpyKTypa Koajareopsl

[MongaTnst KoanreOpwl, 6nanTedphl 1 anredpbl Xomda BO3ZHWKJIN B TOTMOJIOTHH.
OHnu y»Ke NMOSBJISAINCH Y HAC B TEHEBOM UCUHCIEHUH. B 3TOM pas/iesie Mbl ONIUIIIEM
KoaJyirebpanyecKyio CTpyKTypy Ha npocrpancrse rpados. Ecrecrsennas cTpyk-
Typa Koaaredphl BOSHUKAET HA MPOCTPAHCTBE, MBOMCTBEHHOM K TTPOU3BOIBLHOM
anrebpe. Eciin A — anre6pa, To Ha nBoiicTBeHHOM K Heli npocrpancrse A* (r.e.
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Ha OpocTpaHcTBe JuHeinbx Gyukimonanos A — C) umeerca koymmoorcenue.
910 omeparnysi

A" — AT A",
3aaHHAs CTEIYIOMNAM 00Pa30OM:

p(f)(a®b) = f(m(a,b))

s moboro snemenTa f € A* n mobbix a,b € A. O49eBUOHO, YTO KOYMHOXKECHHE
nunetino. Ecau npu atom anrebpa A rpaayupoBana,

A=Ay A1 DA D ...,
TO U anarebpa A* rpagyupoBaHa:
A=A AR ASE....

(B cayuae, eciu TPaIyUpPOBKa COMEPKUT DECKOHEIHOE YUCIIO0 WIECHOB, ITO OMpPe-
Jesierne TpedyeT yTOYHeH s, HO MbI He Oy1eM uM ceiiuac 3anuMarbed.) Koymuo-
JKEHUEe COTJIACOBAHO C TPAyUPOBKOM ABONCTBEHHOTO MPOCTPAHCTBA:

piAy, 2 AfQA QATRA, DDA, ® A

B Tomonorun o6u1aH0 A — anrebpa KOrOMOJOTHH HEKOTOPOTO TOTOJIOTHUECKOTO
MIPOCTPAHCTBA.

WHuorna okasbiBaeTcs, 9T0 MEKIY aarebpoit A u nBofiCTBEHHBIM K He# mpo-
crpadcTBOM A* MOXKHO yCTAHOBUTHL eCTeCTBeHHBIN m3omopdusMm. Tak ObiBaer,
HAMPUMED, €CIU TOMOJIOTHIECKOE MPOCTPAHCTBO KOMIIAKTHO, W JJIsT €r0 KOro-
MoJtoruit umeer Mecto aoicrBeHHOCTb Ilyankape. B Ttakom ciaydae Mbr mosty-
YaeM OJIHO MPOCTPAHCTBO A C ABYMsI CTPYKTYpaMu — ajredpbl U Koajredphl,
WJIA, KAK TOBOPSAT, CO CTPYKTYPO# 6uaazedpu. [Ipw 3TOM yMHOXKEHWE SIBJIST€TCS
rOMOMOP(QU3MOM CTPYKTYPbI KOAATeOPhI, & KOYMHOXKEHNE — TOMOMOP(MU3MOM
CTPYKTYPBI anrebpsl, T.€.,

p(ab) = p(a)p(d)
Jytst 1000l maps! a, b a;eMenToB npocTpaHcTea A.

Ha anrebpe G crpykrypa Koaaredphl 33JaeTCsl ¢ IOMOILIBIO CAEAYIOIIEro KO-
ymuoxkernud. g rpada I' u mogmuoxkecrsa J C V(T') ero Bepmuna 0603HaMHM
uepe3 J(I') noannii mogrpad rpada I' ma Bepmmnax J, T.e. moarpad, MHOKe-
CTBO BEPIIMHH KOTOPOTO COBITAIAET C J, a MHOXKECTBO pebep COCTOUT U3 TexX pebep
rpada I', 06a kouma Koropsix jexkar B J. ITogoxmm

pl)= Y II)eJD). (61)

IuJ=V(T)

B 3710it cymme cTOBKO craraeMbiX, CKOJIBKO UMEETCs YIOPSI0YeHHbIX pasbue-
uuit Muoxkecrsa Bepiua V(') Ha 1Ba HEMEPECEKAOMINUXCH MOAMHOKECTBA; TeM
caMbiM, Kommdectso caaraembrx pasuao 21V (D! TIpuvep konponssenenns rpada
MpUBeJIeH Ha puc. 37.

Koedunuuya 3amaerca romomopdusmom € : C — G, KOTOPBIA 0CYyIIeCTBIIsSIET
nzomopdusm C — Gg.
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po—=o—=e)= IQ o—o—0 {2 6 Qe—o e RQe e
oo Re L2 e—eoeRe L o—e—eo 1

Puc. 37: Konponspenemnmne rpada

Teopema 0.60.3. IIpocmparncmeo G ¢ 66eOeHHBIMIU HA HEM YMHONCEHUEM T, U
KOYMHOHNCEHUEM [L ABAAELMCA 2Padyuposanmots buarzebpod.

Boiee Toro, sta 6uanrebpa KoMMymamuena 1 KOKOMMYMAMUEHa, T1e KO-
KOMMYTATHBHOCTH HOHUMAETCS B CAEAYIONIEM CMbIcie: obpas p(g) oboro sie-
MeHTa ¢ € G mepexouT B cebs npu suHeitHOM orobpaxennn § ® G — G ® G,
IepecTaB/IdioneM COMHOXKUTENANU B IIPOU3BEACHUN, T QY — Y D T.

IIpumep 0.60.4 (nonubie rpadsr u seca). Honanrebpa B G, H0poxK aeHHAs 1OJI-
weiMu rpadavu K;, ¢ = 1,2,..., BeIIEP)KUBAET U KOyYMHOXKeHHe. Ha mosHBIX
rpadax KOyMHOYKEHNE UMEET BHU/T

p(Kn) = Zn: (7) Ki® K,_;.

=0

Tem cambiM, oTobpazkenune, epesosiee K, B §", IPOIOIKAETCA IO TOMOMOD-
dbuzma n3 duaaredphI, MOPOKIEHHON MOJHBIMEA rpadamu, B Ouanaredpy MHOIO-
YJIEHOB OT OHOM MEPEMEHHOM. DTOT TOMOMOP(MU3M SIBJIAETCST M30MOPMDU3IMOM.

Jpyroit npuMep momanrebpel B G naer nmomanrebpa Aeco8 — TMHEHHBIX KOM-
Ounarmuii rpados 6e3 MuKJI0B. JleficTBUTEIHEHO, KOIIPON3BEICHNE JIECA, ABJISIETCS
JIMHEAHOM KOMOMHAIMEN TeH30PHBIX IPON3BEIEHNI JIeCOB.

0.61 IlpumMuTUBHBIE 3JI€MEHTDI

Hekoropsie asemenTsl B Ouanredpe Bbiragaar “mpoine” apyrux. OHu urpamot
BasKHYIO POJIb 00pa3yIonmx ouaaredpsI.

Ipumep 0.61.1 (Tlomunomuasbuas Guaarebpa). O60OUIMM KOHCTPYKIMIO Gra-
reOpbl MHOTOYJIEHOB OT OJHOI TEepEeMEHHOH Ha CJaydail MHOTMX IepeMeHHBIX.
Paccmorpum anreGpy muorouneHos ot n nepemenubrx Clzy, ..., x,]. B meit ger-
KO BBECTH KOYMHOMKeHHUe, omokuB [1(2;) = 1 @ )+ x; ® 1 nus mo6oit nepemen-
HOHM x;. DTO O3HAYAET, YTO KOIIPOU3BEJEHUE MOHOMA U] - - . Yk, € KaXKAbLil U3
9JIEMEHTOB Y; PABEH OJHOMY U3 I, PABHO

pro) = Y. Jlvie]]vw

IuJ={1,...,k} i€l jeJ

ITonmurOMHTaNbHAS OuaIredpa rPaayHpPOBaHA: OHA PACKIAIBIBAETCI B IIPS-
MYTO CYMMY CBOUX OTHOPOIHBIX COCTABJIAIONINX — TOAIIPOCTPAHCTB OTHOPOIHBIX
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MHOTOYJIEHOB JTAHHOM CTereHn. DTy IPAIyUPOBKY MOXKHO U3MEHUTh, YKA3aB €€
Kaxk0#1 mepemennoii. Torma mommHoMuanbHas Ouaaredpa pacKIaIbIBAETCS B
MPAMYIO CYMMY COCTABJISIIOIINX, OJTHOPOAHBIX OTHOCHTEIHHO BHIOPAHHOTO BECA.
IIpu 3TOM YHCTIO TTEPEMEHHBIX MOXKET OBITH U OECKOHEYHBIM — TpebyeTcs JINIIb,
9TOOBI YUCJIO MEPEMEHHBIX Beca He BhIMe N ObLIO KOHEYHO Ijs JIF00Oro 3Ha-
genusi N. B aToM ciyuae Bce B3BEIIEHHBIE OIHODPOIHBIE COCTABJILANOININE OYIYT
MMeTh KOHEYHYIO Pa3MEePHOCTb.

Omnpenenenne 0.61.2. DiaemenT p GuanreOPbl HA3BIBAGTCA NPUMUMUGCHbLM,
ecau

pp)=1@p+p® 1.

B wacrHOCTH, BCEe mepeMeHHBbIE T; B MOJUMHOMHAJILHON Onanrebpe siBIASIOT-
¢S TPUMUTHUBHBIMU. JTO, OMHAKO, HE eIUHCTBEHHbIE IPUMUTHBHBIE 3JIEMEHTHI B
Heil: 11000 TUHEHHBIN MHOTOYJIEH TAKKe SIBJISETCS MPUMHUTHBHBIM 3JIEMEHTOM.
Boobriie, npuvmuTHBHBIE 371eMEHTHI OUAITeOpPhl 00PA3YIOT BEKTOPHOE MPOCTPAH-
CTBO.

B rpagyupoBanHoit 6uanredpe moAIPOCTPAHCTBO MPUMUTHBHBIX JIEMEHTOB
TaK>Ke TPALYUPOBAHO,

P=P1&Pd&P:sd...,

re P; — noAmpoCTPAHCTBO MPUMHUTHBHBIX JIeMEHTOB creneHu i. ObpaTure BHE-
MaHHE HA TO, 9TO MPATYUPOBKA TPUMHUTUBHBIX JJIEMEHTOB HAYUHAETCS C €UHU-
upl, a He ¢ Hyad. [Ipuauna sroro B Tom, uro (1) = 1®1, nostomy 1, a sHauuT u
HUKAKOM npyroii amement crenenn (), He MOKeT ObITH IPUMUTHBHBIM 3JIEMEHTOM.

Eciv B Ka)ka0M TPUMATHUBHOM MOANPOCTPAHCTBE TAHHOTO BECA B MOJHUHO-
MHUAIBHOM Omasrebpe BMecTo 0a3uca W3 IMEePeMEeHHBIX BbIOPATH J000H APYyroi
6as3nc, TO MOIMHOMHAIbHAs Omasrebpa OyaeT ecTecTBEHHO mM30MOpQHA OmaJ-
rebpe MHOTOYJIEHOB B 9TOM HOBOM Dasmce. Crenyiomas TeopeMa yTBEPKIAET,
YTO Takasl yKe KapTHHA HabJI0AeTCsT B MPON3BOJILHON KOMMYTATHBHON KOKOM-
MYyTaTHUBHOM I'paJlynpoBaHHON Ouasrebpe.

Teopema 0.61.3 (Munnop-Myp). Ecau 6 npouseosvhoti KomMmymamuenot
KOKOMMYMamuenol 2padyuposannoti buanzebpe 6vbpams 6a3uc Pil, ..., Dik, 6
Kaotcdom u3 npocmparncme Pi, i = 1,2,... ee 00HOPOOHBIL NPUMUMUCHDLET JAe-
MEHMOB, Mo IMa Ouaszebpa ecmecmeeHho u3oMopPHa 2padyuposarHots NoAU-
Homuasvnoli buanzebpe Clpi1,. .., D1k, ,P21,--.] ¢ 2padyuposkol anemenma p;;
pasHotl .

Samenanue 0.61.4. B mommnomMuaanbHOi Omanrebpe ecThb anmunod — aBTOMOD-
dbusm p — —p, MEepeBOAAMNY KAXKIBI MPUMUTHBHBIA 3JIEMEHT B MPOTHUBOIIO-
JIOXKHBIN. Bruaarebpa ¢ aHTHIONOM Has3bIBaercs anzebpoti Xonga. Tem cambiM,
BCE paccMaTpuBaeMble HUXKe Onaaredpsl apagioTca aarebpamvn Xomda. Mbr, ox-
HAKO, Oy/1eM, KaK MMPAaBUJI0, HA3bIBATH UX IIPOCTO ODHAITeOpaMu.

Kak BoiTekaer u3 reopembl Munnopa—Mypa, buanredbpa rpados G Toxe sB-
JgeTcs TMOJTMHOMHUAIbHON O6manrebpoit OT CBOMX MTPUMHUTUBHBIX SJIEMEHTOB.
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[ToMuMO TTOANPOCTPAHCTBA MPUMUATUBHBIX 3JIEMEHTOB KaXKIasi OJHODOIHAS
COCTABJIAIONIAA TPAAYUPOBAHHON O6UaNrebphl COMEPKUT MOAIPOCTPAHCTBO Pa3-
AOAHCUMbBLE DTEMEHTOB D), . DTO TOAIPOCTPAHCTBO TIOPOK IEHO HITEMEHTAMHU, IPET-
CTABUMBIMHU B BU/JIE TIPOU3BEJIEHUS LY, T/I€ MOPII0K KAXKIOI0 U3 JIEMEHTOB T, Y
MeHbIre 1. JIpyrumu cIoBaMu, 3TO MOAIPOCTPAHCTBO MHOTOYJIEHOB BECA 1, HE
COJIepIKAIINX MOHOMOB cTereHu 1. DT0o 03HAYAeT, YTO COOTBETCTBYIOIIAS OJIHO-
pOIHAS KOMIIOHEHTa, PACKJIAIBIBAETCS B IPAMYIO cymMmmy P, @D, IpUMUATHBHOTO
¥ PA3IOKIMOTO TTOAITPOCcTpancTB. g buanaredpor rpadoB 3T0 3aMedaHue O3Ha-
9aer, B YaCTHOCTH, YTO CIIPABEMJIUBO CIEAYIONIEe YTBEPKICHNUE.

Yreepxkaeune 0.61.5. Pasmeprocms npocmpancmen npuUMUmueHblL sAeMmeH-
moe P(G,) nopadka n 6 buaszebpe 2pados PasHa “UCAY CEASHHIEL 2pados ¢ N
8EPUWUHAMU.

3amenanue 0.61.6 (o pasmepnocrsx). Ilo pasmepuocram Pi, Ps, ... OmHODPOI-
HBIX MOMPOCTPAHCTB MPAUMUTUBHBIX SJIEMEHTOB OJTHO3HATHO BOCCTAHABIHBAIOT-
CsI Pa3MEPHOCTH OJHOPOIHBIX MPOCTPAHCTB Obuanredbpwl. Pa3zmepHOCT Nn-ro on-
HOPOJHOTO TOANPOCTPAHCTBA, paBHa Ko3duimenty npu t" B mpousBoAsieit

dbyHKIIHN
1

(1—t)Pr(1—t2)P(1—3)Ps ...

D1y ke GOPMyYITy MOKHO HCIOIB30BATD 71 BOCCTAHOBJIEHNA 3Haqennit P, ecin
Pa3MepHOCTH OMHOPOIHBIX MOAMPOCTPAHCTB OHAITEOPHl N3BECTHHI.

[IpencraBuMOCTH OIHOPOIHOTO MOANPOCTPAHCTBA Ouanrebpst B Buae P, BD,,
O3HAYAET, YTO B 3TOM HOJIIPOCTPAHCTBE CYIIECTBYET OJIHO3HAYHO ONpEeesIeHHA
MIPOEKIIHS BIOJb MTOAMPOCTPAHCTBA PA3IOKAMBIX JJIEMEHTOB HA, MTOANPOCTPAH-
CTBO TPUMWTHBHBIX 3JeMEHTOB. J[isi mosuHOMUAATBHON Guanrebphbl mpoeKIus
MIPOCTO COIMOCTABJSET JTI0OOMY MHOTOUJIEHY €ro JUHEHHYIO JacTb. s buaireo-
pBI Tpad OB OHA BBITJISIIUT CAEAYIOMIAM 00Pa30M.

Yrepxkaeaue 0.61.7. Jlunetinoe omobpasicenue m, : G, — G,, 3adannoe
Ppopmyaot

DT =10 )" L)) +2! > L(O)LMO)II) -,
IlLIIQiV(F) IlLIIQLJI:;:V(F)

20e CYMMUPOBAHUA 6 NPABOT 4acmu udym no ecem Heynopadovernovm pasbu-
enuam muoocecmea sepwur V(I) epaga T na HenmycTeie nodmmoocecmea, a6-
AAEMEA NPOEKMUPOBAHULM HE NOINPOCTPAHCTEO NPUMUMUBHHLE IAEMEHMOE
60046 NOONPOCTNPAHCNEE, PA3AONCUMBLE INEMEHTOS.

Ipumep 0.61.8. Pesynaprar m4(Cy) npoexTuposanus ksagpara Cy uzobpaykeH
Ha puc. 38.

[IpoekTrpoBanre Ha MOAIPOCTPAHCTBO MPUMHUTUBHBIX 3JIEMEHTOB SBJISET-
CsT 9aCTHBIM CiydaeMm ciaeaytomeii kKoncrpykiuu. [lyers A = Ag ® A1 © ... —
rpaaynpoBaHHas Ouanrebpa; pacemorpum npocrpanctso Hom (A, K) muaelHbx



0.62 ®@akropasrebppr 163

74 ) = —4 e0—o—0 —2 6—0 06—

+8 e0o0e—o —3 o000

Puc. 38: IIpoekTupoBanue 4-1iuKJia Ha MTOATPOCTPAHCTBO MPUMUTUBHBIX 3JIEMEH-
TOB

orobpaxkennii A — K, rme K — npousponpHasn anrebpa max C. Ha sTom mpo-
CTPAHCTBE MOYKHO BBECTH Npouseedenue ceepmyuy:

prp2(a) = mi (o1 @ pa2)p(a),

rae my — ymHOXKenue B anarebpe K. Ilpu Hajwawum mpowsBeneHus MBI MOXKEM
pPacCMaTpPUBATH CTEIIEHHBIE PSAIBL OT JIMHENHBIX 0TOOparkenuit. B wacTHOCTH, JTIO-
6oe smHeliHoe orobpaxkeHne ¢ : A — A, aBisioiieecs roMOMOP(MU3MOM KOAJI-
reGp, mpencraBuMo B Buze ¢ = 1 + @g, rae ¢o npuaumaer 3uadenne 0 Ha Ap.
IToatomy ompesenen jorapudm

L,

1 3
0_5@0"‘*@0—....

log(¢) = log(1+ ¢o) = ¢ 3

JleiicTUTENBHO, (09 TpUHEMAaeT 3Hauerue 0 Ha Ao, TOITOMY (3 TPHHUMAET 3HA-
venme 0 na Ag® A1, ¢ npurnvaer s3nadenne 0 Ha Ag® Ay © Ao, u .. B pesymn-
Tare 171 J11000r0 31eMeHTa a € A JHIL KOHeYHOe YHUCII0 ClaraeMbIX B Pa3/IoxKe-
Hu log(y)a OTIMYHO OT HyJist, HO3TOMY JMHEHHOe oToOpazkenue log(p) : A — A
KOPPEKTHO OMpPeIeIeHo.

Yreepxkaenue 0.61.9 (Imvurr). s 4106020 aunetinozo omobpasicenus ¢
A — A, asamouiezocs 20MOMOPPHPUIMOM KOar2ebp, €20 no2apudm omobpasca-
em A 6 nodnpocmpancmeo npumumuchux ssemenmos P(A). Jlozapugdm log(I)
mootcdecmeennozo omobpasicenus I : G — G coenadaem ¢ npoexyuets m: G —

P(G).

Hampuwmep,

log(I)(K2) = Io(K2) — %Ig(fﬁ) = K> — K7.

0.62 ®akTopaJjredpsl 6majaredpsl rpadoB

B anrebpe Xomda rpador obpas3wbl cBA3HBIX MpadhoB TTpU MTPOEKTUPOBAHUH 00-
pa3yioT 6Ga3UChI OTHOPOIHBIX MPOCTPAHCTB MPUMUTHUBHBIX 31eMeHTOB. CBA3HbBIE
rpadbl YCTPOEHBI TAK Ke CJIOXKHO, KaK ¥ 00Ime rpadbl, 1 HUIETO XOPOIIEro
PO HUX B TEJIOM CKA3aTh HEeMb3sa. VHTepec mpeicTaBiagioT pa3yMHbe (DakTop-
6uanrebpor 6uanredpsl rpadoB MO MOMIYII0 HEKOTOPBIX JTUHEHHBIX OTHOIIEHMIT
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A B A B A ' A® B

Puc. 39: 4-unennoe coorHormenre Ha rpadax ¢ 4eThIPhbMs BEPITHHAMA

sxBuBasieHTHOCTH. [Ipraymars Takue OTHOIIEHUS — TaK 9TO0OBI (PAKTOP COXpa-
HSJT CTPYKTYpPY Omuasrebpsl — coBcem nerpocTo. Hanpumep, coornorenne Tar-
ra (56) He NOAXOAUT JJid ITOHN e, IIOCKOJIbKY Yy rpada co CTaHyThIM peGpoM
BEPINUH MEHbIe, YeM Y NBYX APyTruX rpados, T.€. 3TO COOTHOIEHNE HE COXPa-
HAET I'Pa/IyUPOBKY.

0.62.1 4-6umanredpa

Dra OGuanredbpa MOIyYaeTcs, ecau npodakTOPU30BaTh Ouaaredbpy rpados mo 4-
YAEHHOMY COOTNHOUWEHUIO

I —Tp=Cap—IYps (62)

3aecs I' — npoussosbubtit rpad, A, B € V(I') — npoussosibHas ynopsaoueH-
Has mapa sepmmH B HeM. ['pad Iy 5 nonyuen u3 I' ynanennem peGpa AB, ecam
OHO CYIIECTBYET, U €r0 PUCOEINHEHUEM B IIPOTUBHOM CJIydae, T.e., HU3MEHEHUEeM
upumbikanus Bepud A u B. Ormerum, 4ro coorHotienue (62) 10X0xKe HA COOT-
nomenune Tarra — ecan MbI cranem pedpo AB B kazxkaom u3 rpados [ n I B, TO
Oy 9eHHbIe TPadbl OyAyT pasIMIaThCs JUIIb KPATHOCTAME HEKOTOPBIX pedep.

Omnepanust I' — I"4p Mensier npumbikanue K BepiinHe A Bcex BepINUH, CO-
€/IMHEHHBIX C BEPIUHONW B, 0CTaBjsgsd BCe MPOYNe MPUMBIKAHNS HEN3MEHHBIMU.
Pesynabrar mpumenenusa 3Toit omepanyu kK rpady Ky m3obpaxken ma pmc. 39.
3aMeTuM, 9TO pe3yJbTaT MPUMEHEHUsT 9TOH ONeparuu JefCTBUTETBHO MOXKET
3aBucerb or nopsaka sepume A, B. TIpocreiimmii npumep 1aeTcst KBaJApaToM C
JMArOHAJIBIO: Y CTOPOHBI 3TOTO KBAIPATA ABA PASJIUYHBIX MOPSIIKA, BEPITHH.

[Ipodakropusyem 6uaaredpy rpacdos mo 4-amenubiv cooTHomeHusiM. K caa-
CTHIO, OHM OHOPOHBI — BCE CJIATAEMbIE UMEIOT OJMHAKOBOE 9MCJIO BEPIITUH — U
mo3ITOMY (PaKTOPIPOCTPAHCTBA JFp, MPOCTPAHCTB Gy, MO 4-9JIEHHBIM COOTHOIIIE-
HUSM COXPAHAIOT ECTECTBEHHYIO IPALyHUPOBKY.

YrBepxkaeaue 0.62.1. Paxmopnpocmparncmaeo
F=FgF1F...

craboceno cmpykmypot 2padyuposannol buaszebpor, YHacAedosarnot om 6u-
anzebpt epaghos.



0.62 ®@akropasrebppr 165

HokaszaresibecTBo.  MbI JOZKHBI IPOBEPUTD, UTO 4-4jIeHHOE cooTHOIEeHNHE (62)
yBaskaeT yMHOXKEHNEe U KOyMHOXKeHue B onanredpe rpados. s yMHOKEHUSA 3TO
YTBEPKACHNE OYEBUIHO: 4-UJIeHHOE COOTHOIIEHUE COXPAHSETCS MOCJTe YMHOXKE-
HUs BCEX Y€ThIPEX CJIAraeMbIX Ha OJuH u TOT ke rpad. B ciaydae koymuoxkenus
MIPOBEPUM JBa CIydasi. MHOXKeCTBA BEPIITUH BCEX YeThIpeX IrpadOB OTOKIECTB-
JIEHBI MEXK 1y c0D0i; Oyaem 0003HAYATH ITO MHOKECTBO yepe3 V. HUnen, oreua-
ot nopmuoxkectsy I C V(I') B konpoussenenuu rpada I', 6ynem obosnagars
qepes pr(T):
pr(I') = I(T') @ J(I),

rae J = V(') \ I. Ecim 06e Bepumnbl A, B 10Maal0T B OTHO MOAMHOMKECTBO
I CV, 10 cupaseyinBO PABEHCTBO

a 3HAYUT X PABEHCTBO
I(T) = I(Uyp) = I(Tap) — I(T'sp),

[IOCKOJIBKY KaxK/IbIil HJIEH IIOCJIE/HEr0 PAaBEHCTBA COBIIA/IA€T C COOTBETCTBYIO-
muM wieHoM npegsiayero. dua J =V \ I umeem

J(T) = J(Typ) = J(Tag) = J(Typ).

VYMHO)KAA BCE UIEHBI TPEABIIYIIEr0 PABEHCTBA, TEH30PHO HA ITOT OOl MHO-
kurenb J(I'), Mbl IPUXOAUM K HY>KHOMY DaBEHCTBY

pr(T) — pr(Typ) = (T ap) — pr(Typ).

Bamena [ wa J ocraBiasieT paBeHCTBO BepHBIM. Fcim ke BepimHa A MpuUHAI-
JexuT MHOKecTBy I, a Bepmmna B — ero gomosnenuio J, TO paBeHCTBO Hayke
YIIPOIAETCSI:

pr(T) = pr(Typ)

U TO e Jist TpaBoil qactu. CyMMUpysT WIeHb (i1 0 BceM I C V', MBI IpUXOIAM
K TpebyeMoMy paBeHCTBY.

Ilpumep 0.62.2. Ha rpacdax ¢ aByms BepIIMHAME HETPUBUAIBHBIX 4-9JIEHHBIX
coornomennit Her. IIpocrpancTtBo Fo asymepno. [IpocTpancTBO MPUMUTUBHBIX
3JIEMEHTOB B HEM OJHOMEPHO W ITOPOXKJEHO PA3HOCTHIO JBYX JIBYBEPITUHHBIX
rpacoB.

Ha rpadax ¢ Tpemsa BepmmHAMH WMEETCA OJHO HETPUBHUAIBHOE UeTHIPEX-
qeHHoe cooTHomenne, cM. puc. 40. ITosTomy mpocTpancTBO F3 TPEXMEpPHO.
IloanpocTpaHCTBO NPUMHUTHBHBIX IJIEMEHTOB B HEM OJHOMEPHO M IIOPOXKIEHO
snemenToM m3(Ag).
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DAL,

Puc. 40: 4-anennoe coornomenue mjs rpadoB ¢ 3 BepIImHAMA

0.62.2 Bssemennbie rpadsbl

PaccraBum B BeprmHax mpocToro rpada HATYPATbHBIE YUCTA — 6ECa GEPULUH.
Taxkoit rpad O6yaeMm Ha3BIBATDL 638cuwieHhbim. Becom rpada Ha3bIBAETCA CyMMa
BECOB BCEX ero BepimH. PaccMoTpuM KOHedHOMEpHBIE pocTpancTBa WG, no-
pox aennbre rpadamu Beca n. Ux npsimast cymma

WG = WGy WG WG, D ...

HaJeNeHa CTPYKTYPOUl IpaJyupoBaHHON Guarebpnl. I yMHOXKEHWE, W KOYMHO-
JKEHUE 33/IAI0TCsI, KAK U B CIy4dae OObIYHBIX rpadOB.
Brenem crienyroriee oTHOIIEHHE SKBUBAJEHTHOCTH Ha MHOYKECTBE B3BEIIIEH-
HBIX rpadoB:
_ T 7
r=r,+17, (63)

rje e — Hpou3BoJibHOE pebpo B3BeweHHOro rpada [ Dro coorHolenue 10Ji-
HOCTBIO COBIAJIAET ¢ COOTHOIMeHHeM Tarra, OJHAKO B HEM ONepalis CTATUBA-
mus pebpa ' — T mveer apyroit cmbics. [pu crarupanun pebpa MOSBABIIAECT
KpaTHbe Pedpa 3aMEHSI0TCS OHOKPATHBIMY, a8 BEC HOBOI BEPIIUHBI TIOJIAraeTcst
PaBHBIM CYMME BECOB TEX BEPIIWH, U3 KOTOPbIX OHa o6pazoBasachk. B pesynb-
rare coorHouienue (63) CTaHOBUTCH OJHOPOJHBIM: BECA BCEX TPEX BXOJMAIIUX B
uero rpados oauHakoBbl. PakTopusys Guanrebpy WG o coornomenuam (63),
MBI TIOJIy9IaeM HOBYIO ODuairebpy

W=WseW1 W ....

VrBepxkaeHue 0 TOM, 910 YV HefCTBUTENBHO SBJISETCS I'PAIyUPOBAHHON KOM-
MYTATHUBHON KOKOMMYTATHBHON OmMaarebpoii MbI OCTABIsSEM B KAUECTBE YIIPAXK-
HEHUS.

IMokaxkem Temepb, 9TO B3BEIIEHHBIE TPAMBI TONATH B 3TOT PAa3JAe] He 3Psi:
6uanredbpa W sasngerca dakropbuanrebpoit Guanrebpsr G. g aToro omnpese-
sum romomopdusM G — WG, coniocTaBuB KaxK oMy rpady TOT »Ke B3BElIeHHbIA
rpad ¢ BecaMu BCeX BEPINMWH paBHBIMU 1. MBI XOTHM MOKa3aTh, 9TO KOMIIO3UITUS
sTOro romomopdusMa ¢ hakTopuzanmei no Momyo coorHoreHuil (63) aBs-
ercst suMopdu3mMom duaaredp, a 3uaaut YV aeficTBUTeIbHO ABsSeTC PaKTOP-
6uaarebpoit buanrebper G.

Haumem ¢ mokazaresnbcTBa CTPYKTYPHON Teopewmbl [t dbuanrebper VW, ana-
snoru4Hoit Teopeme Tarra.
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Teopema 0.62.3. Buaazebpa VW usomoppna buanrzebpe mrozouaenos Clsy, sz, . ..

2padyuposannoti npuceoenuem nepemennol s; eeca i, w(s;) = .

JokazarenabcTBo. Kak v B cCUTyaIuu ¢ COOTHOIIEHNEeM TaTTa, KaxKaeiii rpad
9KBUBAJIEHTeH B VY jmHENHON koMOuHauu rpadoB 0Oe3 pebep: B mpaBoil da-
cru coorHomenus (63) crodT rpadbl ¢ MEHBIIUM YUCIOM pebep, YeM B JIeBOi
qactr. Kaxkawrit B3BeleHHbi rpad 6e3 pebep ABaseTcss HECBA3HBIM 00beIITHe-
HUEM BEpIIMH HEeKOTOporo Beca. COMOCTABUB BEPIIWHE BeCa 4 MEPEMEHHYIO S;,
MBI COTIOCTaBJsiEM Tpady Beca n HEKOTOPHIM B3BEIIEHHO-OJHOPOIHBIA MHOTO-
9JIEH BECa N OT TEPEMEHHBIX S;. KIUHCTBEHHOE, YTO OCTAJIOCHh J0KA3aTh — ITO
TO, 9TO COMOCTABJIEHNE KOPPEKTHO OMPEENIEHO. DTO JAOCTUTAETCH YKA3AHUEM
YHUBEPCATHHOIO WHBAPUAHTA!

W() = Z H(_l)ﬁl("/i)sw(’n).

YO

31ech CyMMHPOBAHUE UIET IO BCeM OCTOBHBIM noarpadpam v rpada [, T.e. mo
BCeBO3MOXKHBIM moaMuoxkecTsam B E (), npoussenenue 6epercs 1mo BeeM CBA3-
HBbIM KOMIIOHEHTaM 7y; rpada v, a 51 (y;) — MUKIOMaTHIECKOe JucIo rpada.

Hamnpuwmep, 3uauenne nasapuanta W Ha tpeyroipauke Cs ¢ BECAMY BEPIIUH
a, b, c paBHO

W(CS) = 545bSc T Sa+bSc + Sa+cSb + Sp+cSa + 25a+b+c-

OueBUIHO, YTO HA OTHOBEPHIMHHOM Tpade C BepIuHON Beca n (YHKIUS
W npunumaer 3HavueHue s,. llpoeepky toro, uro W ymoBierBOpsieT COOTHO-
utenuaM (63) u onpezesnger, TeM caMmbIM, JUHEHHBIA dyHKIuoHan Ha YV, Mbl
OCTaBJISIEM YUTATEIISIM.

st qokazareabeTBa TOro, 9T0 MOCTPOEHHBIH roMoMopdusM G — W apiga-
ercst AMMMOPEPU3MOM, OCTAJIOCH MMPOBEPUTH, YTO OJHOBEPIIUHHBIA Tpad Mpous-
BOJILHOT'O BECa N JIEKUT B 0O6paze 3Toro romoMopdusma. jist 3Toro J0CTaTovHO
B34Th 00pa3 7, (A, ) IPOEKIMY HA IPUMUTHBHBIE JIEMEHTHI IPada-IenouKy ¢ 1
BEPITHHAMHY.

YrBepxkaeaue 0.62.4. [omomoppusm buanzedbpv. 2pagpos 6 buanzebpy e3se-

wWeHHbE 2pados 1o Mmodyao coomnowenul (63) nponycrkaemca wepes 4-6uanzebpy

epagpos, m.e. cywecmeyem yenowra snumoppusmos G — F — W.

HdokazareabcTBo Hawm moctaTodno g10Ka3aTh CYIIECTBOBAHUE TOJIBKO BTOPO-
ro romoMopdusMa. B 6nanredpe B3BemIeHHBIX rpad OB KaxKIas U3 pa3HOCTel B
JIEBOIT ¥ TTPABOIl YacTax 4-94JI€HHOTO COOTHOIIEHUS

9KBUBaJIEHTHA Tpady co craHyThbiM pebpom AB. HeTpyaHo BHIETH, 9TO 3TH
JaBa rpada COBIAIAIOT, TPUIEM BEC HOBOU BEPIIMHBI B OO0OUX CIAyYadx paBeH 2.
YTBepxKaeHne A0KA3aHO.
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0.63 4-wHBapUaHTHI

[TocTpoennslii yHUBEpCAILHBII MHBADUAHT B3BEIIIEHHBIX TPa(OB MOTHOCTHIO OITHU-
CBIBAET CTPYKTYPY Ouanredphl B3BEIEHHBIX IPAMOB U BCE MYIbTUILIHKATHBHBIE
nuHetHble GYHKIMOHATL HA Hel. OaHako curyarus ¢ 4-6uanrebpoii oberout
He Tak npocro. Ilpuwamna STOro B TOM, 4TO 4-4/eHHOE COOTHOIIEHHE HE MO3-
BOJIET YHPOCTUTH KaxKablii rpad: rpader ' u I'4p Moryr mmerh, ckazkewm,
OIMHAKOBOE Yncio pebep. B pesysnbrare y HaC HET HETABTOJOTHYIECKOTO OMUACA-
HUS TBONCTBEHHON OuasredOpbr F* — OGuanredbpsr 4-unpapuanTos. [loaromy oco-
OBl UHTEPEC BBI3BLIBAET MOCTPOEHUE OTIEIbHBIX IIPUMEPOB W Cepuii TPUMEPOB
4-naBapuanToB. Mol 6ymeMm onpeaendarh 4-nHBAPHAHTHI UX 3HATCHUAMHI Ha TPa-
dax, moapaszyMeBasg 9TO HA JHHEHHBbIE KOMOMHAIINT rPadOB OHU TIPOIOIKAIOTC
O JTUHEHHOCTH.

IIpumep 0.63.1 (xpomaruueckuii muorodien). CorsacHo Habmaogenuto C. B. Ty-
JKUHA, XPOMATUYECKUH MHOTOYJIEH sBjsieTcss 4-unBapuantoMm. JIyist mpoBepKu
3TOr0 JIOCTATOTHO 3aMETHTH, KaK MBI CIeIAlH 3TO B JOKA3aTeIbCTBE YTBePKIe-
aus 0.62.4, uyro B pesyabrare craruBanusi pedpa AB B rpadax I' u I'g4p Mbr
MOJIy9a€eM, MOCTIE 3aMEeHbl KDATHBIX pebep OMHOKPATHBIME, OJIMHAKOBBIE TPadBbI.
Bupouem, xpoMarudeckuii MHOTOWIEH — MO CYIIECTBY €IWHCTBEHHBIN U3 WHBA-
puantoB Tarrta, ABAAIONIUACT OTHOBPEMEHHO 4-MHBAPUAHTOM.

IIpumep 0.63.2 (BepiuuHHbIE YeTbIPEXYTOJbHUKY). HazoBem sepuiurbim wemvl-
pexyzoavnurom B rpade I Habop us werwipex Bepmun {Aj, Ag, Az, Ay} C V(T),
TAKUX YTO IPU HEKOTOPOM IMKJIUIECKOM mopsike (i,J, k,l) Ha MHOXKeCTBe WH-
nekcos {i,7,k,l} = {1,2,3,4} B rpade ecrb pebpa A;A;, AjAk, ApAi, AjA;.
Torma wucno QV(T') BepmmHHBIX YeThIpexyroabHUKOB B rpade I apagerca 4-
WHBAPUAHTOM.

DTO yTBEPKIEHNE MOXKHO MPOBEPUTH IJIsi Y€THIPEXUJIEHHOIO COOTHOIIEHUST
Ha puc. 39: 06a rpada B JeBOH €ro 4acTu COAEPKAT MO €IUHCTBEHHOMY Bep-
MIUHHOMY 9YeTBhIPEXYTOJbHUKY, TOTIa KaK B rpadax B MpaBoil 4acTh TaKuUX de-
THIPEXYTOJIBHUKOB HET.

Jlnst ero moKasaTebCTBA MOXKHO CHAYAJIA TTPOBEPUTH €ro Ha BCEX rpadax
c yerbipbMda BeprmuHamu. O6o3HaunM Temepb deped () uHBapmaHT rpados,
PAaBHBII YKCIy BEPITUHHBIX YETHIPEXYTOJBHUKOB Ha BCEX rpadax ¢ YeThIpbMs
BEPIMHAMHA W HY/II0 Ha BCEX OCTAJIBHBIX r'padax. Paccmorpum Taxxke rpado-
Bbill mHBapuanT U, ToXKaecTBeHHO paBHb 1 Ha Beex rpadax. OdeBumHO, 9TO
u byukiusa QF, u dyuxuusa U, asisgiorcs: 4-uaBapuanramu. [losToMmy ux mpo-
n3Benenne ceeprkn QRU rToxe sipnsiercss 4-muBapuantoMm. HemocpecTBeHHast
poBepKa TMoKa3biBaeT, uto QU = QY. OU4eBUIHO TaKIKe, UTO STOT WHBAPUAHT
MYJIBTUILJTUKATHBEH.

MozkHO npoBepuTh, Yro QU siBisercs 4-MHBAPHAHTOM, U HEIOCPEICTBEHHO.
PasHocTs 3Hauenwii 9Toil (DYHKINW Ha CjaraeMblX B JIeBOH (COOTB., MpaBoif)
9acTH 4-97J€HHOTO COOTHOIMICHNA pPaBHa YUCTY TaKWX BEPIIMHHDBIX TPAMOYTOJIb-
uukosB B I' (coors., B ['45), 4T0 coorBercrBytomumii uM Habop pedep obga3aTebHO
comepxuT pebpo AB. Ho, kKak HeTpyIHO BUIETh, MEKIY TAKHMH HPAMOYTOMDb-
wukamu B ' u B I' 4 p cymiecTByer ecrecTBEHHOE B3aMMHO OJHO3HAYHOE COOTBET-
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CTBHE.

[TpuBenenublii TpuUMep SBISETCS YACTHBIM CAYYAEM CJIEIYIOMIEro ODIIEro
YTBEPKJIeHU:

YrBepxkaenune 0.63.3. Fcau [ — 4-uneapuanm epagos ¢ n eepuwunamu, f €
Fr, mo Ppynkyus

F() =Y fJ(I))
J

2de cymmuposanue udem no Cem N-GEPUUHHBM NOIMHONCECTEAM MHONHCE-
ecmea V(T), asasemes 4-uneapuanmonm 2pados.

Samenanue 0.63.4 (Cn0KHOCTH BBIYUCIIEHNsT). VIHBAPHAHTHI OITMCAHHOTO B 3TOM
YTBEDXKJIEHUN THTIA, TIPHHAMAIONINE HYJIE€BOE 3HAYEHNE HA HECBA3HBIX rpadax,
MOJMHOMUAIBEHO BBMUCIUMBL (4TO GBI 3T0 HE 3HAUMIO). Ilpn dukcupoBanHOM
3HAYEHUH 72 CJIOKHOCTb UX BhIYuCIeHnd pacrer nponopruonansao |V (T)|. deii-
CTBUTENBHO, JIJIsT HX BEIYUC/IEHNST HY KHO TTIPOAHATM3UPOBATE HE BCE N-BEPITUHHBIE
noarpader rpada, a JUIMb Bee OKPECTHOCTH PATIYCA 1 KasKI0H U3 ero BEpIyH.

Ipumep 0.63.5 (pebepHble MHOIOYIOJIBHUKU 110 MOJYJI0 2). Pebeprvim wemoi-
pexyzosvhukom B rpade I HaswiBaeTcs HADOD €1, €3, €3, €4 PABJIUIHBIX pedep
rpada, 06pa3yImuX 3aMKHYTHIH TyTh B HEM. 1UCI0 pebepHBIX 9€ThIPEXyTOIb-
HUKOB HE SBJIAETCsS 4-MHBAPUAHTOM, OJHAKO B3SATOE 110 MOJIYJIIO0 2 OHO CTAHO-
Burca 4-unBapuanToMm. Hampumep, B mepBomM rpade B J1eBoi dacTu puc. 39 rpu
peGEPHBIX YeTHIPEXyTOJIBHIKA, BO BTOPOM TAKOH YETHIPEXYTOJbHUK OIWH, & B
rpadax B IpaBoil YaCTH WX BOODIIE HET.

To ke camoe yTBepKIEHUE CIIPABEINBO U JIJIsT 9UCJIa, PEOEPHBIX N-YTOJBHUKOB
Jtst moboro n > 4 (o He ang n = 3). HelicrBurenbro, obo3naunm gepe3 Ey ()
9uCa0 pedepHbIX k-yronbHUKOB B ['. [Ipumensa sty GyHKINO K 06€UM JacTIM
4-4JIeHHOrO COOTHOLIEHU, MbI [IOJIY9UM, YTO B IPaBoii (COOTB., j1eBoii) ero 4a-
CTH CTOUT 4YUCJIO pebepHbiX k-yroabuukos B I' (coors., B r AB), COIEPIKAIIHUX
pebpo AB.

Bo BeskoM TakoMm k-yronabhuke ecthb nemnouka CABD, u Mbl MOKeM BBIJIE-
JIUTH TPHU THUIA [ENOYeK B 3aBUCUMOCTH OT TOro, Kak C' mpumbikaer Kk B, a D
npuMbIKaer K A:

e C upumbikaer K B, a D npumbikaeT K A;
e C mpumbikaer K B, a D He npumbikaer K A;
e ( me mpumbiKaeT K B.

Pebepnbre k-yronbnukn B I', npunajiexaniye Ko BTOPOMY KJ1accy, HaXOAdT-
Cs1 BO B3aMMHO-OJJHOBHAYHOM COOTBETCTBUM C k-yrombuukamu B I'4p, comepika-
mumu 01yt C BAD. Pebepuble k-yroibHUKH TPETHErO THUIA OAMHAKOBBI B 000-
ux rpadax. Hakonen, pebepabie k-yroJibHUKHU [I€PBOIO THIIA Pa3OUBAaIOTCS HA
napsl: 1nenk CABD moxuo 3aMennts nennio CBAD. Takum 06pa3oM, 4mciio
pebepHBIX k-yTOIBHUKOB MEPBOrO TUIA YETHO B 000UX rpadax, u yTBEep:KIeHUE
JOKA3aHO.
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Ipumep 0.63.6 (coepiuennbie napocoueTanus). TuCI0 COBEPIIEHHBIX APOCO-
qeTaHuil B rpade aBiasgercd 4-naBapuaHToM. IIpoBEPKY 3TOTO yTBEPKIEHUA MBI
OCTaBJISIEM YUTATETIO B KAYECTBE YIPAXKHEHUS. 3aMETUM, OJHAKO, YTO ITO HE
CJIUIIKOM MOINIHBIM MHBAPUAHT, TAK KAK OH SBJIAETCH IKCIIOHEHTOU CJIEIYIOIErO
oueHb mpocroro 4-vasapuanta. Feau bl mogoxkum m(I') pasubiv 1 #a rpade ¢
IBYMs BEPIIUHAME U OFHUM pedpom, u 0 Ha BCEX OCTAJBHBIX rpadax, TO YuCIo
COBEPIIIEHHBIX TAPOCOYETAHUN JAETCA SKCIIOHEHTON

YMuOKeHuE 3JeCh TIOHUMAaeTCAd B CMbBICJIC YMHOXKCHUA CBECPTKU.

Ipumep 0.63.7 (kopanr MaTpuIlbl HpUMbIKaHuii). Eciau Mbl 3aHyMepyeM IPOu3-
BOJIbLHBIM 00pa3oM BepiuHb rpada [') To MbI MOKEM COMOCTABUTH EMY MAMPUUY
npumwkarut A(T) pasmepa |V(T')| x |V(T)|. Ha mepeceuennn i-ofi cTpoK® u j-TO
CTOJIONA TON MATPHUIILI CTOUT 1, €C/TH 1-as U j-asi BEPIINHA COETUHEHBI PebpoM,
u 0 B mpoTuBHOM ciiyuae. Ha nuaroHasm MaTpuIilbl CTOST HYJIH.

Marpuiia npuMmblKanuii cuMmMerpudHa. Mbl paccMaTrpuBaeM 3J1eMeHTbL 3TOH
MaTPHUIBI KAK dJeMeHTHI Koabia Zs. Torma xopare MATPUITBI TPUMBIKAHUIN SB-
sgsierca 4-waBapuanToM. PasyMeercs, 3TO yTBEpXKIEHUE COPABEIINBO U [IJIST €€
paHra, OJJHAKO B JAJbHEHIIeM HaM MOHAIOOUTCS MMEHHO KOpaHr. Jlokazarenb-
CTBO OCHOBAHO Ha TOM, YTO KOPAHI' MATPUILI IPUMBIKaHK rpada He MengeTcsa
upu nepexoze or I' x I'ap. Hdeficrsurensno, ecin sepumua A umeer Homep 1, a
Beprmna, B — nomep 2, 1o A(I'45) = CTA(I')C, tne marpuna C umeer Bus

1 1 0
0 1 0
¢= 0 0 1 ’

a marpuna CT nmomyuaercs nz C' TpaHCIO3UIITIEH.

0.64 Ocnamenuble moagndukaum rpadoBbIX aJI-
rebdp

Paccemorpenne MaTpuitbl TpuMbIKaHUN Tpada U ee KOPAHTa MOKA3BIBAET, UTO C
TOYKY 3peHns 4-UHBAPUAHTOB Ipad — He BIIOJIHE €CTeCTBeHHbIH 00bekT. Heecre-
CTBEHHOCTDb BBI3BAHA T€M, UTO Ha, JAUATOHAJIN MATPHUIIHI TPUMBIKAHUI 00513aTeTh-
HO CTOSIT HYJIH, B TO BPEMsI KAaK OCTAJIbHbBIE €€ JIEMEHTHI MOTYT OBbITh KAK HYJId-
MH, TaK 1 eauHAIAMA. EcTecTBEHHO TOMPOo60OBaTh 0O0OIINTD U3I0KEHHBIE BHIIITE
KOHCTPYKIIUU Ha OCHawerHvie 2padv, — rpadbl, y KOTOPBIX KarxKIOH BepIuHe
MIPUTTHCAH JJIEMEHT KOJIbIA Zo, KOTOPBIH MOXKET ObITh KAaK HyJeM, TaK U €IWHU-
neii. YMHOMXKEHWe ¥ KOYMHOYKEeHIME OCHAIEHHBIX rpad OB OMpemessatoTcs, KaK 1
B HEOCHAINEHHOM caydae. B pesyabrare Mbl momydaem Ouanrebpy OCHAITEHHBIX
rpados G .
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YerwIpexu/I€eHHOE COOTHONTEHNE TOYKE MEPEHOCUTCS Ha OCHAIIEHHBIE IPAQBI.
Nmenno, MbI cOXpaHsAeM ero MpesKHuil BUI, mpmdeM AeficTue omepamun ' —
I' 4p moHEMaeTca cremyrommM 00pa30M: eCii OCHAIeHne BepimnHbl B pasmo 0,
TO ONEPAIHS BBITOJIHACTCA TOYHO TAaK XK€, KAK U B HEOCHAIIEHHOM ciay4ae. Eciu
K€ OCHAIIEHUE BEPIMUHBI B paBHO 1, TO JOMOIHUTEIBHO OCHAIIEHUE BEPITUHBI
A MeHsieTCs Ha, IPOTHUBOMOJIOXKHOE W MpUMbIKanue Bepiud A u B 3avensercs
[IPOTHUBOIOJIOKHBIM. Takoe onpenesieHre ONEPAIUH MTOJHOCTHIO COTJIACYETCS C
ee TMOHMMAHWEM KAK OMEPAIlUU 3aMEHbl MATPHUILI TPUMBIKAHUI TOCPEICTBOM
npeobpasosanusa C.

MBI OCTaBJIsIEM YHTATENO TPOBEPKY TOTO, ITO KOyMHONKeHMe B G/ yBaraer
OCHAIEHHOe 4-4JIeHHOe COOTHOIIEHUE, U YTO, TeM CaMbIM, ONPEJIeIeHA MDAy -
poBanHas daxropbuanredpa

F=rFloFfeFfe....

Iomumo Toro, uro Guasnredpa F/ npencrasaser unrepec cama 1o cebe, BazK-
HYIO POJIb Urpaer Haamume AByX romoMopdusmos F — F/. Ilepsbiit u3 Hux
3a/12eTCs 3aJaHUEM HYJIEBOTO OCHAINEHNS Y KaxK 1ol Bepmuubl rpada [', BTopoit
MeHee TpuBuasieH. [Ipu BTOpOM roMOMOp(U3ME MBI COMOCTABJISEM KaXKIOMY
rpady I' anbrepHUpOBaHHYIO CyMMY BCEX OCHAIEHHBIX IPAMOB C HECYIIIUM IDa-
¢dowm I'. 'umorermyeckn 3T70T roMoMOpdu3M ABIAETCA BIOXkKeHneM. Biue 3aBucu-
MOCTH OT TOTO, TAK 9TO WJIH HET, MOJHATHE OTHOCUTEIBHO 3TOr0 TOMOMOPdU3Ma,
BCAKOTO 3JIEMEHTa, JBOCTBeHHON Guanrebpsr (F7)* ompenenser 4-mmpapuant
rpadoB, u OBLTO Obl YPE3BLIYANHO HHTEPECHO MOHATH, KAKUe 4-MHBAPUAHTHI NMe-
0T TAKOE TIPOUCXOXKTIEHUE.

Ilpumep 0.64.1. Ham mipumercs elie BCTPETUThCS ¢ 4-WHBApUAHTOM, 3HAUEHWE
KoTOpOro Ha rpade I' paBHO

Z(_ 1)sign(a) Ncorank A(T7) ,

o

rue gepes A(I'?) obosuauena marpuiia npuMbikanuii rpada I’ ¢ ocnamenuem o,
a sign(o) — YKMCI0 eAUHUI] B OCHAIIEHUH.
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0.65 3agaun

3adaywa 0.184. IlposepwbTe, 9TO BCSIKUI MPUMUATHBHBIN JIEMEHT MTOJHHOMUAAb-
HO# Onasnrebpbl ABIAETCH JIMHERHBIM MHOTOWIEHOM.

3adayae 0.185. Ilycth p — NPpUMUTUBHBIN JIEMEHT B I'DAIyHPOBAHHOMN ajrebpe
Xomnga A. JIokaykuTe, 9TO €ro IKCIOHEHTa ¢ = eP SBJISeTCsS TPYIIOBBIM 3JIe-
meHTOM, T.€. 4(q) = ¢ ® q. Haobopor, morapudm p = In ¢ rpynmosoro smemenTa
SABJISETCS TPUMUTHBHBIM.

3adaua 0.186. Ilycte po,p1,p2,---,pn € C[s] — mpomszpombHas GuHOMMUAIE-
Had TOCEI0BATETLHOCTH MHOMOWIEHOB. JIoKaxkuTe, 9T0 JuHEHHOEe 0ToGpayke-
mre G — C[s], conocrasnsromee xaxxgomy rpady I' mmoroumen pyy (ry, aB-
JIeTCS TOMOMOP(MU3MOM IPaaynpOBAHHBIX Koaareop. JokazkuTe, 9T0 HUKAKAX
JPYrux roMoMOopdhu3MOB rpaayuposanbx Koanredp G — C[s] mer. Jokaxkute,
9TO TAKOil roMOMOpP(MU3M SBSIETCS TOMOMOP(MU3MOB TPAIyUPOBAHHBIX OHaJ-
rebp TOJILKO B TOM CJY4ae, €CIu Py, (s) = s st Beex n.

3adauwa 0.187. Tlpuaymaiite cBOM TPUMEPHI TPAIYWUPOBAHHBIX MOAOHAITEDD B
6uanrebpe rpados.

3adawa 0.188. Haiimure pa3sMepHOCTH MPOCTPAHCTB MPUMUTHUBHBIX 3JEMEHTOB
a) B mombuanrefpe, TOPOXKIECHHON jecamu; 6) B momduanredpe, MOPOYKIEHHON
noAHbIME rpadaMu; B) B IPUAYMAHHLIX Bamu npumMepax mogabuaaretp.

3adavwa 0.189. Bemmunmre pe3ynbTaThl MIPOEKTHPOBAHUA CBA3HBIX TPadOB ¢ Uuc-
JIoM BepIuH He OobIie 4 Ha IOAIPOCTPAHCTBO IIPUMUTHBHBIX 3/1eMeHTOB. 1Ipo-
BephTE, UTO UX 00pa3bl 06pa3yoT 6A3UCHI B COOTBETCTBYIOIINX OIHOPOIHBIX MTPO-
CTPAHCTBAaX MPUMHUTUBHBIX JJIEMEHTOB.

3adawa 0.190. Hokaxkure, 9T0 cymMMa KOI(DDUIUEHTOB JTIF0O0r0 NIPUMUATHBHOTO
9JIEMEHTa, aIreOphl rpad)OB PABHA HYJIIO.

3adawa 0.191. TloacuuraiiTe pazmepHOCTH TpocTpancTB Fu v Fs. Haitaure pas-
MEPHOCTH MOJMPOCTPAHCTE MPUMHUTHUBHBIX 3JIEMEHTOB B HUX U 0Dpa3yiomiue B
TUX TOAMPOCTPAHCTBAX.

3adava 0.192. Paccmorpum Ha mpocTpaHCTBe IpadoB MHHEHHBIE COOTHOIICHNS
I' =T 4p ana moboro rpada [ u mobdoro pebpa AB B Hem. Jlokaxkute, 4TO pe-
3yJsibTaT (PAKTOPU3ALUY 110 STUM COOTHOIIEHUSIM HAJEEH ECTECTBEHHON CTPYK-
TypoO# TPaIyNpOBAHHON KOMMYTATHUBHON KOKOMMYTaTHUBHON Ouasrebpnr. Haii-
JIATE Pa3MEPHOCTH IPOCTPAHCTB HPUMUTHUBHBIX 3JIEMEHTOB 3TOH OGuaredphbI.

3adawa 0.193. okaxkure, 4T0 XPOMATHIECKUI MHOTMOUJIEH JIFODOIO IPUMUTHAB-
HOTO dJIeMeHTa Ouaaredpsl rpadgos JnHeeH. Hampumep, 1st TpoeKIny 4-1uKia
Ha, TOATIPOCTPAHCTBO IPUMUTHBHBIX JIEMEHTOB HUMEEM

X7T4(C4)(C) = X0y (C) - 4XA1 (C)XAS (C) - 2XA2 (0)2 + 8XA1 (C)QXA2 (C) - 3XA1 (0)4
=c(c—1)(c®* = 3c+3) —4c*(c — 1)? = 2¢%(c — 1)* + 83 (c — 1) — 3¢* = —3c.
3adaywa 0.194. Ilycte N — dopmanbuas nmepemennasi. [lokaxkure, 910 0T0O-

paxenne I' — N2k A gpigercs MyIbTHIUIMKATUBHBIM 4-HHBAPHAHTOM CO
snaveanavu 8 C[N].
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3adaya 0.195. Haiimure pa3sMepHOCTH TPOCTPAHCTE TPUMUTHUBHBIX 3JIEMEHTOB B
.7:,‘5 ana k=1,2,3,4.
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Yacte 111

A3bIKKM, rpaMMaTHKN,
aABTOMATDI
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YI3BIKM 1 KOHEYHBbIE aBTOMATDI

B s7oit ritaBe Mbr HauHEM 00CY K IeHEE (DOPMATbHBIX sI3bIKOB. SI3BIKH BCTpeda-
FOTCST MOBCEMECTHO U HAXOIST PA3HOODpa3HbIE MPUMEHEHNs . ECTeCTBeHHBIE S3hI-
KA — Te, H3, KOTOPBIX MBI TOBOPUM W TIHIIEM, — OYE€Hb CJIOKHbBI JJIsT U3y IEHUS.
DopMabHBIE SI3BIKH ITO TPOCTO MHOXKECTBA CJIOB B HEKOTOpOM asidasute. OHu
TaK>Ke MOTYT ObITh OU€Hb CJTOKHBIME. OTHAKO MbI OTPAHUIUMCS JIUIITH S3bIKAMHA
¢ IpocToit cTpyKTypoit. K TakuMm ga3bIKaM OTHOCATCSI, B 9aCTHOCTH, PETYIISPHBIE
SI3BIKH, KOTOPBIE PACTIO3HAIOTCS KOHEUHBIMY aBTOMaTaMu. KOHeUHbIe aBTOMATHI
— elle OHO BAaXXHOE MpUMeHeHue rpadoB.

0.66 HA3wpik Inka

Kak ™Mbl 3HAEM, IPABUJIbHBIE CKOOOUHBIE CTPYKTYPHI TEPEUNCISIOTCS YUCIAMEI
Karanana. Beimuiiem Bce npaBusibHbIe CKODOYHBIE CTPYKTYPHI 10 TOPSIKa, 4:

(Z)) ((1)71)7 (((1)71))1)7 ((((1)71)71)71)) (((l)))l))() ()((Z))(Z))l)7
YUty rnng sy rretyker ety
aPab by rrehsesy sty hesess
aabbabd aaabbabbd aagbbagabbd ababagabbd
()cC)y) cOce)y))y Oy e) O)0)0)0)
abagabd aabaabbbdb agabbababd ababababd

OO0 OO0)) )ccC)))

abababd aabababbdb abaaabbbd

Eciu 0bo3HaunTh JIeBYIO CKOOKY OYKBOil @, a mpaByio — OYKBOI b, TO MOXK-
HO TIEPENUCATH MPABUIbHBIE CKOOOYHBIE CTPYKTYPHI B BUe "cjioB” B ayihaBuTe
{a,b}. B npurenennoii Buime Tabmuime no KayxkA0H CKODOIHON CTPYKTYPOI 3a-
MMHCAHO COOTBETCTBYIOIIEE €l CIOBO.

ITpu Takoit 3ammMcy MBI IOJTYyYaeM He Bee ¢1oBa B andasure {a,b}, a TOIbKO
wekoropbie. Hanpumep, cjiosa a, b, aa, ba He COOTBETCTBYIOT HUKAKUM TPABHIIb-
HBIM CKODOYHBIM CTPYKTYPaM.

Onpenenenune 0.66.1. ITycts A = {a1,as,...,a;} — NPOU3BOJLHBIN KOHEU-
ubIii Habop pa3auaHbXx OyKB. Caoeom B andasure A Ha3LIBAETCS TPOU3BOIHHAS
KOHEUHAdA MOCHEIOBATENHHOCT DYKB (\1Qg ...y, THe oy € A, i = 1,...,m.

Yucsio m Ha3BIBAETCA JAUHOT CA06G. S3vikom Ham andaBuToM A HasbIBaeTcs
IpoK3BOJIbHOE (KOHEYHOE Miin GECKOHEeYHOe) MHOXKECTBO CJIoB B ajidasure A.
ITyemoe cao6o A nmeer anuay 0 ¥ MOXKET BXOAWTDH HJIN HE BXOAWUTH B A3BIK.

177
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Puc. 41: a) Koneunslii apromMar u 6) TOT K€ aBTOMAT C BbIJIEJIEHHBIM IPUHUMA-
IOIINM COCTOSIHUEM

Ipumep 0.66.2. dspik F cocTouT u3 CI0B B ajdasure {a, b}, He comepKammx
IByx OykB b mompsia: A, a, b, ab, ba, aaa, aab, aba, baa, bab, aaaa, . . ..

MHOKeCTBO TIPABUIIBHBIX CKOOOYHBIX CTPYKTYP BMECTE € IMyCTOH CTPYKTY-
poit ob6pasyer a3bik Han ajdaBuroM {a,b}. DTOT A3BIK HA3LIBAETCH AZbIKOM
Jura. KoHeuno, TOT ke sI3bIK MBI MOTJIM OBl paccMaTpHUBATL W HaJT ajdaBu-
toMm {(,)}; mPOCTO CUMBOJBI a,b B HAIEM BOCIPHUATAU (OJEE COOTBETCTBYIOT
TepMuHy “OyKBa”.

0.67 KoHeuHnble aBTOMATHI

ITocmorpum Ha rpad ¢ OpUEHTHPOBAHHBIMY pebpaMu, n300parKeHHBIH HA puc. 41.
W3 kaxx 101 BepImuHbL 3TOro rpada BEIXOIUT 1Ba Pedpa, OIHO U3 KOTOPBIX MOMe-
qeno OyKBOiT a, a qpyroe — 6ykeoii b. Bynem Ha3smaTs Takoit rpad aBTOMaTOM,
a ero BepiuHbL — cOCTOsiHusIMU. COCTOSIHUS TTOMEYEHbI TPOTTUCHBIMY JIATUHCKHU-
MH OyKBaMH.

B mo6oit MOMEHT BpeMeHW aBTOMAT HAXOIUTCH B OJHOM U3 COCTOSHHUN —
MBI Hy/IEM HA3BIBATH ITO COCTOSTHUE TEKYIUM. 1Ipu MOIydYeHr Ha, BXOI OYKBBI
aBTOMAT TIEPEXOIUT U3 TEKYIIEr0 COCTOSHUS B TO, HA KOTOPOE YKA3BIBAET pedpo,
BBIXOISIIIEe W3 TEKYINEr0 COCTOsIHUSI U MOMeYeHHOe 370l OykBoii. Tem cambim,
Kaxkoe cyoBo B andasure {a,b} MOKHO BOCHIPHHEMATH KaK ~mporpaMmy’ st
aBTOMaTa: KaxKaas OYKBa B CJIOBE sBJSIETCS KOMAHION, TEPEeBOMLIIEH aBTOMAaT
W3 OJIHOTO COCTOsiHUS B Jipyroe. OJHO U3 COCTOSHUI — TO, B KOTOPOM aBTOMAT
HaXOIUTCST JI0 MOJIYYE€HUsT TIePBOi OYKBBI, — HA3BIBAETCHA HAYAIBHBIM. MbI Oymem
Bcerya rnoMevarh ero Oyksoit B.

Tak, HanpuMep, BBITJISIIUT MOCIETI0BATEILHOCTD COCTOSHIIM aBTOMAaTa ¢ puc. 41,
Ha, BXO0JI, KOTOPOro IIOAaHO CJI0BO baabab:

B—C—B—C—B—(C— B.

KonuuecTso cocrosinmit B 3T0# MoCI€0BaTEILHOCTH HA €MHUAILY HOJIBINE YHCIIa
OYKB BO BXOJHOM CJIOBE, & KOJIMYECTBO CTPEJIOK PABHO ITOMY UHCJLY.

MoOKHO TIOMETHUTH HEKOTOPBIE COCTOSIHUS B aBTOMATE KaK MPUHUMAIOIINE.
IIpunnMaromue cocTosiHug MBI 6yaeM 0OBOINTD JBOHHBIMU KPY2KKAMH, CM. puc. 41
6). BymeMm roBopuTh, YTO aBTOMAT MIPUHUMAET CJIOBO W, €CJIU 110 OKOHYAHUU Er0
06pabOTKU OH OKA3BIBAETCS B MPUHUMAOIIEM COCTOSHUH. B mpoTuBHOM cydae
aBTOMAT He NpuHUMaer cjaoBo. Hampumep, asromar ¢ puc. 41 b) npunumaer
cmoBo baabab, TOCKOMBKY MO OKOHYAHUHU €r0 0OpAOOTKU OH OKA3BIBAETCA B MPHU-
HUMAIOIIEM COCTOSTHUU B, HO He MPUHUMAET CJIOBO d.
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Puc. 42: Koneunsbrit aBToMar, pacio3HAOIIAN F3bIK J

Kaxkmomy aBTOMaTy ¢ TPUHUMAMIOMAME COCTOSHUSMEA MOXKHO COMOCTABUTH
SI3BIK TIPUHSTHIX CJOB. DTOT SI3bIK COCTOUT W3 BCEX CJIOB, MPUHUMAEMBIX ITUM
aBroMaroM. LoBopat, 4To aproMar Haj andasuroM A pacnoswaem aswk L Han
TeM 2Ke andaBuTOM, €CJIN OH MPUHHUMAET JI000€e CI0BO U3 aA3bIKa L M He TIpUHM-
MaeT HUKAKOE JIPyroe CJIOBO.

Hanpumep, aBromar ¢ puc. 41 6) pacro3HaeT a3bIK, COCTOSIIMI U3 BCEX CJIOB
yeTHON AymHBL. JlelficTBUTENbHO, nepexoisl u3 cocrosuua B B cocrosumne C u
0OpATHO HE 3aBUCAT OT OUepPeaHOi 6YKBBI BO BXOAHOM ciiose. [loaTomy okomtua-
TEJIbHOE COCTOSHME 3aBUCUT JIUIIb OT JIJINHBI CJIOBA, TOYHEE — OT Y€THOCTHU ITOH
JIJIVIHBI.

ITocrpoum apTroMar, KOTOpBIH pacHo3naer sa3blK J u3 npumepa 0.66.2 B
MPEIbIIYINEeM Pa3iesie.

Jljist onmcanusi aBTOMATA Mbl JOJIZKHBI OIIMCATH HAOOP €ro CoCTosiHui, CTPeJI-
KU, YKa3BIBAOIINE MEPEXOIbI U3 OJHOTO COCTOSHUS B APYTOe B 3aBUCUMOCTH OT
OYKBBI Ha, BXOJIE, & TAKXKE CKA3aTh, KAKWE COCTOSHUS SIBJITIOTCS TTPUHUMAFOTIIN-
mvu. Hamr aBromar Oymer uMerb TPU COCTOSHUS:

® HadaJIbHOE COCTOsIHUE B; aBTOMAT IEPEXOIUT B 9TO COCTOSTHUE BCAKUN Pas,
mony4das OyKBY @, TIPU YCJIOBUH, YTO B CJOBE €Ile He BCTPETUJIUCH JIBE
OYKBBI b moapsim;

e cocrosinue C', oTBedaroliee CUTyaluu, KOra ocae el oopaboranHoi Oy K-
BOit B cyioBe ObLTa OyKBa b, IpU yCJIOBUM, YTO B CJIOBE €I11e He BCTPETUIINCH
nBe 6ykBbl b nopsi;

e cocrosinue D, orBedaroiiee CUTyaliy, KOTJIa B CJIOBE YK€ BCTPETHIIOCH JBE
OYKBBI b TOIPSI.

Tenepb TOHATHO, KAK CTPOUTDH ¥ HEPEXO/bI MEKIY cocTosgauamu. 13 cocro-
saHust B MbI nepexogum o6paTHO B B, ecau Ha Bxon nocrynuiia Oykea a, u B C|
ecam Ha Bxoje 6ykBa b. Haxonsce B cocrosganu C', aBroMaT MEPEXOIUT B COCTO-
auue B, eciu Ha BX0me OYKBa @, U B cocrostaue D, ecnu Ha BXO[ momana Oykea b
(4T0 O3HAYAET, YTO BO BXOJHOM CJIOBE BCTPETUIIMCH JBe OYKBbI b noapsn). Hako-
Helr, 00e cTpenku u3 cocTosiuus D BemayT B TO ke cocTosiuue D — ecu B CJIOBE
yKe BCTPETUIUCH JBe OyKBBI b TIOAPSII, TO €ro UCIPABUTH HEJb3s.

Cocrosianst B u C' IBISIIOTCST TPUHUMAIOIIMMHY — aBTOMAT MOYKET HAXOIUTh-
Csl B OJTHOM W3 3TUX COCTOSIHUI TOJIBKO, €CJIA BO BXOJIHOM CJIOBE HE OBLIO TIOAPSIT
unynmx 6yke b. Haobopor, aBromar nomagaer B cocrosiune D TONBKO, eciid BO
BXOTHOM CJI0Be Takme OykBbl Obumm. IToaTomy aBroMar ¢ puc. 42 pacrno3Haer
A3BIK F.
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Jaaum Terepsb (pOpMaIbHOE OTIpEe/Ie/IeHne KOHETYHOTO ABTOMATA, U PACIO3HA-
BAEMOTO UM fA3BIKA.

Ompegenenne 0.67.1. Aemomam Ham JaHHBIM aagaBaTOM A IpECTaBIAET
coDoit KOpHEBOU OPHMEHTUPOBAHHBIN Tpad, pedpa KOTOPOro MOMeUeHbI OyKBAMU
asihaBUTa, TAKOM, UTO st KaxKI0# OYKBbI ajihasuTa A U3 KaxKI0# BEpITHHBI
rpada (cocmoanus a6momama) BEIXOIUT POBHO OHO PEBPO, OMEYEHHOE ITOM
O6yKkBOil. ABTOMAT HA3BIBAETCA KOHEWHBLM, €CIIU COOTBETCTBYIOMU rpad KoHe-
4eH. [Ipu o6pabomxe cioBa Hax andaBuTOM A ABTOMAT IIEPEXOAUT U3 HAYAAbHO-
20 cocmoanus (KopHa rpada) B TO, Ky BEJET MyTh U3 BEKTOPOB, TOMEYEHHBIX
OYKBAMM ITOTO CJIOBA.

Onpenenenue 0.67.2. Apromar nHaz andgasuroM A, cpeau COCTOSHMI KOTO-
POTO BBIIETEHO MOIMHOMKECTBO NPUHUMAIOUUT COCTNOARUT, PAcno3Haem a3vk L
HAI TeM 2Ke apaBUTOM, €C/IM KOHEIHOE €r0 COCTOSHHE IIPpU 00paboTkKe 1106010
CNIOBa si3bIKA, L ABJIsieTCS MPUHUMANIAM, a Tpu 0O6paboTke Jr06Oro Apyroro
CJIOBa — HET.

Ormernm, 9T0 Hapsay ¢ m300paskKeHreM KOHEYHOT'O aBTOMATA C MOMOIIHIO
rpada ero jerko 3amaBarh u tabmunei. CTpoku B Takoil Tabiuie moMeYeHbl
COCTOSTHUSIMYM aBTOMATA, 3 CTOJNOIBI — OykBamu asidasuta. Hampumep, aBTroMar
¢ puc. 42, pacno3HaMuil I3bIK J, 3313€TCs ¢ TOMOIIBIO TAOIUIThI

al|b
B|B|C
C|B|D
D|(D|D

Takas Tabauua HasbiBaeTca mabauyeti nepexoda. Irobbl nHdoOpManus, Ipe-
CTaBJIEHHAs B TADJNIIE TIEPEXO/IA, OMNCHIBATIA ABTOMAT TOJTHOCTHIO, HEOOXOIMMO
J0DABHUTH €I1le OJIHY KOJOHKY, B KOTODOI MPO KaXK/I0e COCTOSTHUE YKA3AHO, SIB-
JISTETCS OHO TIPUHUMAOIIAM UJIA HET.

BoBce He Besrmii sI36IK MOKHO PACIO3HATH KOHEUHBIM aBTOMATOM. II3BIKH,
pacmo3HaBaeMbie KOHEIHBIMU ABTOMATAMH, HA3BIBAIOTCS pezyssprormu. Hampu-
Mep, SA3bIK F ABJIAETCS PEryJIsiPHBIM — Mbl OCTPOMJIA PACIO3HAIONIUAN €ro Ko-
Heunblit aBromar. Hanporus, si3eik /Iuka peryaspubiv He siasiercs. s moxka-
3aTeJIbCTBA 3TOI0 HAM MOHATOOUTCS CJIE/LyIOIIee OIpe/IeIeHue.

Onpenenenue 0.67.3. Ilycrs u,v — gpa ciaosa Haz andasurom A. Mbr Gy-
JIEM TOBOPHUTb, 9TO s3bIK L HaJl TeM 2Ke aidaBUTOM PA3Audaem CJIOBA U U U,
€CJIV CYINECTBYET CJIOBO x HaJ A, makoe, 4TO ONHO U3 CJOB UX W VL TPUHAJ-
Jgexxutr 3biky L, a apyroe — mer. Takwe npa cimoBa u m v OyaeM Ha3bIBaTh
L-pasaunumovimu.

OueBugHO, 9TO BCe CyI0Ba HaA andasntoM A pa3zbuBalOTCa HA KJIACCHI MO-
mapHO L-Hepa3nmInMbIx cjaoB. leficTBUTETHHO, €CIN CIOBA U, U L-Hepa3mTuanMbl
¥ CJIOBA U, W TakyKe L-HepasJIuduMbl, TO U CJIOBA U, W TaKKe L-Hepa3IuduMbl,
MTO3TOMY HEepPa3JInINMOCTh SBJISeTCS OTHOIIEHNEeM SKBHUBaeHTHOCTH. OT™MeTHM,
9TO €CIWM U — CIOBO A3biKa L, a v ¢ L, To cioBa w u v L-pasnmamMmbl: B Kade-
CTBE T MOXKHO B3ATb IMYCTOE CJIOBO.
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Teopema 0.67.4. Asux L nad xonennom asgasumom A ABAAEMCA Pe2YAAD-
HOLM 6 TOM U TOABKO 6 MOM CAYHAE, ECAU UUCAO KAACCO8 L-HEPasiuuumvlLs
c06 wad aagasumom A Koneuwno.

B onny cropony yTBepk)iaeHuMe Teopembl oueBUIHO. JleficTBuTenbHO, Tpes-
MOJIOXKUM, 9TO CYIIECTBYET KOHEUHBIN aBToMar, pactnoszuatomuil s36ik L. I[Tocme
006pabOTKH JIOOBIX ABYX L-pa3muauMbIX CJIOB U, ¥ ITOT aBTOMAT JOJKEH OKA3bI-
BATbCA B IBYX PA3IUTHBIX COCTOSHUIX — MHAYe 06pabOTKA JIOOBIX CIOB UL U VL
3aKOHYUTCS B OTHOM W TOM Ke cocTosiuuu. Ho 370 mporuBopednsio GbI cyrie-
CTBOBAHUIO CJIOBA X, IJis KOTOPOIO JIUIh OJHO U3 CJIOB UL W VX MPUHAIJIEKUAT
a3bIKy L.

C apyro#i CTOPOHBI, €CU KOJUIECTBO KJIACCOB L-HEpa3mauMbIx ¢ios Ham A
KOHEYHO, TO BO3BMEM 3TH KJIACCHI B KA4eCTBE CocTostHUi apromara. [Tycts C' —
onuo u3 cocrosiauit. s mroboro cmosa v € C u moboit 6ykBbl @ € A HampaBuM
crpenky a u3 C' B COCTOSIHUE, COEpKaIee CJ0BO ua. [TOHATHO, 9TO KOHEIHOE
COCTOSIHVME HE 3ABUCHUT OT TOTO, C KAKOTO CJIOBA U Mbl HaunHAIu. QOOBbIBUM Te-
neph TPUHUMAIOIIMMHU T€ COCTOSIHUS, KOTOPBIE COAep:KaT cJioBa si3bika L. Kak
MBI BHUJIEJU BBIIIE, 3TH COCTOSHUSI HE MOTYT CONEPKATH CJIOB, HE BXOMSIIAX B
s3bIK. TeM CaMbIM MBI TIOCTPOMIM KOHEYHBINA ABTOMAT, PACTIO3HAIOIIHNA A3BIK L.
OQUeBUIHO TaK¥Ke, 9TO YUCIO €r0 COCTOSHUH MUHUMATBLHO BO3MOXKHOE. O

KomugectBo knaccoB D-mHepa3amdauMbix ¢I0B, rae D — a3bik JInka, 6ecko-
wevno. [leficTBurenbHo, J00bIe IBa CJIOBA U U U PA3JIUYHON JJIUHBI, COCTOSIINE
TOJILKO W3 OYKB G, TPUHAIIEIKAT PABTUIHBIM KJIACCAM: €CJIU JJINHA CJIOBA U
paBHA ¢ U MBI IPUIAIIIEM K HEMY CJIOBO JJIWHBL £, COCTOSAIIEE TOIBKO U3 OYKB b,
TO TIOJIYIUM CJIOBO W3 si3bIKa, JIMKa, a IPUIHCHIBAHKUE TOTO YK€ CJIOBA K CJIOBY U
He mact cioBa a3bika Juka. ITosromy s3bik JIuka He pacrmo3HAeTCss KOHETHBIM
aBTOMATOM, 8 3HAYUT, HEPETYISPEH.

0.68 ABTOMATBHI CO CTEKOM

Henpbas sin Tak moanpaBuTh MOHSTHE ABTOMATA, 9TODBI ABTOMAT, PACIO3HAO-
mmit 361K JrKa, Bee-TaKu MOXKHO OBLIO MOCTPonuTh? OKa3hIBAGTCS, 3TO CIEIATH
HECJIOKHO. [l 9TOro MOXKHO CHADAWTH ABTOMAT TIPOCTOH MAMSTBI) — CTEKOM.
ITepen nauasom paboThr aBTOMATA CTEK MycT. B cTeK MOXKHO Ky1acTh 00padaThi-
BaeMble aBTOMATOM OYKBBI an(paBuTa, OMHAKO B J1I000i MOMEHT OH 0OeCIIeanBaeT
JIOCTYII TOJIBKO K TIOCJIETHEl TOJIOKeHHOiT OyKBe — BepinuHe creka. Tem cambim,
CTEK TOXOXK Ha JETCKYI0 THPAMUIKY C IEHTPAJIbHBIM CTEPXKHEM, HA KOTOPYIO
MOYKHO CBEPXY KJIACTh KPYXKKA (UJIM HA MAra3uH ¢ OaTPOHAMu y BOEBOrO aB-
ToMarTa). ByKBy ¢ BEpIIUHDI CTEKa MOMKHO CHATD, TOIJA BEPXHEH CTaHOBUTCS
peAbIyIas MoJIoXKeHHass OyKBa — WK ¢TeK ocraercs mycTbiM. C mycToro cre-
Ka HeJIb3sd HUYEro CHATb — IPH IMOMbITKE CAEJIATH 3TO ABTOMAT JIOMAETCH.

MN306pa3um aBTOMAT CO CTEKOM, PACIO3HAIONINI sA3BIK JIWKa, ¢ MOMOIIBHIO
TaOIUIIBI TIEPEXOIA:
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a b, crek mycr b, crek memyct
B | B, momoxuTh a B CTEK D B, cHATH BEPXyIIKY CTEKa
D D D D

B arTomare co cTeKOM Mepexo/bl 3aBUCAT HE TOJHKO OT TEKYINEro COCTO-
SAHUST ABTOMATa W BXOIHOTO CHMBOJIA, HO W OT 3HAYEHWsS BEpPXYIIKWA CTeka. B
HameM ciaydae cocrosiume D — He mpuamMaoniee. ABTOMAT MOXKET MONACTh
B cocrosiine D TONBKO, €M B HEKOTOPOH HAYAIBHOM YaCTH BXOMHOTO CJIOBA
0Ka3a710Ch OOJIBITIE 3aKPBIBAIONINX CKODOOK, €M OTKPBIBAIOMINX. TaKoe CJI0BO HE
MOXKET OBITH TPABUJILHON CKODOYHOM CTPYKTYPOI, KAaKUM Obl HU OBLT ero KOHEII.
B 0601t MOMeHT 00pabOTKY CJTIOBA B CTEKE COMEPKUTCS CTOJIBKO DYKB @, KAKOB
CKOBOYHBIH UTOr (T.€., PA3HOCTb MEXKJLy YUCJIOM JIEBbIX M YHUCJIOM IIPABBIX CKO-
60k) obpaboranuoii yacru ciosa. Cocrosinue B apisiercss npuHUMAaONIMM TOIb-
KO, ecyin ¢Tek mycToii. Ecin ke KOHedHOe COCTOsTHHE aBTOMAaTa 3T0 cocroguue D
wiv B npu HemycToM cTeke, TO CJIOBO HE TIPUHSITO.

Paccmorpum elne ouH HpHMED PACIO3HABAHMUSA sI3bIKA KOHEYHBIM aBTOMa-
TOM co crekoM. Ilyeth P/ — a3bIk IByXOYKBEHHBLIX MAJIMHIAPOMOB HaJ ajda-
BuroMm {a,b,c}, T.e CJIOB HEYETHON JJIMHBI, CpeiHsia OYKBa B KOTOPBIX €CTh C,
Ipyrux OyKB ¢ HET, IPUIeM CJIOBO OJMHAKOBO YUTAETCS CJIEBA HAIIPABO M CIIPa-
Ba HaseBo. d3bIk P’ HaumHaeTCAa CO CJIOB

¢, aca, beb, aacaa, abeba, bacab, bbebb, . . . .

SI3BIK P’ MOXKHO PacmosHATH IHOCPEICTBOM CJIEIYIONIEr0 ABTOMATA CO CTEKOM:

a, B creke a | b, B creke b @, B CTEKE HE @ b, B creke He b
B | B, mono- | B, TTOJI0- B, mosoxurs a | B, nomoxuth b B
KHUTh @ B | XKUTb b B B CTEK CTeK
CTEK CTEeK
C | C, caars | C, CHSATH D D
BEPXYIIKY BEPXYIIKY
CTeKa CTeKa
D|D D D D

Cocrostaust B u C gaBisiiorcd TpUHUMAIONIUMEA TOJIBKO, €cyin creK mycT. Bo Beex
OCTaJTLHBIX CJIYYadX OHM OTBEPTAIOT BXOTHOE CJIOBO, TAK ¥Ke, KaK M cocTossHue D
— BHE 3aBUCUMOCTH OT COCTOsSIHUsI cTeKa. ABromar mepexomut B cocrosaue C,
KOI'/Ia BO BXOJHOM CJIOBE BIIepBble BcTpeTusiach 6yksa c. Ilocie sroro on snbo
ocraerca B cocrosiauu C, mubo TepexonuT B cocTosdare D — ecnu BO BXOTHOM
cs0Be OOHAPYKUJIOCH HAPYIIIEHNE MATUHIPOMHOCTH.
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0.69 3angaum

3adaya 0.196. Bemmuimure moc/ie10BATEIFHOCTh COCTOSTHUN aBTOMATa € puc. 42
upu obpaborke crpoku a) abaabbaab; b) baabaaaba.

3adaywa 0.197. Jlnst KayKI0ro W3 aBTOMATOB C PHUC. MOCTPOHTE MUHUMAJIBHBIHN
aBTOMAT, MPUHAMAIOIIHH TOT ¥Ke A3bIK.

3adawa 0.198. TlokaykuTe, 9TO BCE CJIOBA, HE SBISIONINECST HAYAIAMN HUKAKWX
CJIOB W3 TAHHOTO 3bIka L, L-Hepa3audumbl.

3adauwa 0.199. dokaxkure, 4TO CJIOBO s3bIKa L M CJIOBO, HE BXondiiee B L, He
MOTYT OBITH L-HEepa3inauMBbl.

3adawa 0.200. IlpuBenure npumep A3bIKa, HEKOTOPBIE CJIOBA KOTOPOTO PA3JIH-
YUMbI ©M CAMUM.

3adaya 0.201. st KaXKA0T0 U3 CIAEAYIOMNX A3bIKOB JOKAZKWUTE, 9TO OHU HEDE-
ryaspubn: a) {a"ba®"|n > 0}; b) {a’ba|i + j < k}; ¢) a3k cnos B andanu-
Te {a,b}, B KOTOPBIX HUKAKOE HAYMAJIO HE CONEPIKUT DOIbINe OYKB b, 9eMm a.

3adaua 0.202. g Kaxka0ro u3 CAepyomux sa3bKoB Hag ajdasuroMm {a,b} pe-
ITATE, PEryIspeH OH Wiau HET. [ocTpoiiTe KOHEYHbIe aBTOMATHI ISl PACTIO3HA-
BAHWs PETYIAPHBIX A3BIKOB W JTOKAXKATE HEPETYISIPHOCTH OCTANBHBIX. a) S3bIK
CJI0B, HAMMHAOIIAXCS C WW, TAIE W — TPOM3BOIBHOE CJIOBO HEHYJIEBOH MJTHHBT; b)
A3BIK CJIOB, COMEPIKAIINX BHYTPH ¢eOs CIOBO Ww, TAE W — TPOU3BOIBLHOE CIIOBO
HEHYJIEBOI JIJIMHBL; C) A3bIK CJIOB HEYETHON JJIMHbBI, CPelHsst OYKBa B KOTOPDIX @;
d) sI3bIK CJIOB YeTHOI NMHBI, cpeiHre OYKBbI B KOTOPBHIX OJUHAKOBbI; €) S3bIK
CJIOB BUJIA TYZ, TAE & — MPOU3BOIBHOE CJIOBO HEHYJIEBOH JMHBL f) s3BIK CIIOB,
He SBJISIONIMUXCS aIHHIPOMAMHE.

3adaywa 0.203. TlocTpoiiTe KOHEUYHBIN aBTOMAT, PACMO3HAMIIUN CIOBA, JJIMHA
KOTOPBIX KPAaTHA TPEM.

3adawa 0.204. Tlycrs a3wik L wag andasutom A perynspen. Bepwo jm, uro
sA3bIK L HaJ1 TeM ke aadaBUTOM, COCTOSIIUN U3 CJI0B, HE BXOIANMNX B L, TakxKe
peryaspen?

3adaua 0.205. Bemuinmre mocie10BATEIFHOCTH COCTOSTHUI aBTOMATA CO CTEKOM,
pacnozHaomero 3ok JIuka, npu obpadorke crpoku a) aababbab; b) abaabbbaba.

3adawa 0.206. IlocrpoiiTe KOHEYHBIN ABTOMAT CO CTEKOM, PACITO3HAIONIUI T3bIK
Hag andasuroM {a,b}, COCTOAINUM U3 CJIOB, B KOTOPBHIX OYKB a DOJBINE, YeM
6ykB b.

3adawa 0.207. Bomummre Tabauibl nepexona JAjis aBTOMATOB CO CTEKAMMU, Pac-
NO3HAKMIUX CIEAyIomue a3bKku HaL andasutoM{a, b}: a) A3BIK CJIOB, B KOTOPBIX
OJTMHAKOBOE KOJIMYECTBO OYKB @ U b; b) S3bIK CJIOB, B KOTOPBIX PA3INTHOE KO-
JmaecTBO OYKB a m b ¢) aA3bIK caoB Buma {a™b"tma™|m,n > 0}.
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A3bikyu n popmaibHbIE
rpaMMaTHKI C OJHO3HAYHbIM
BBIBOIOM

Koneunbrie aBToMaThl — ya100HOE CPEICTBO I MPOBEPKH IPUHAIIEKHOCTH TaH-
HOI'O CJIOBA JaHHOMY A3bIKY. OJHAKO OHM HEIIPUTOIHBI JIJIs BBIIUCHLIBAHUS BCEX
CJIOB JAHHOTO a3bIKa. JJisT 3TOro mpegHasHadueHbl (POPMabHBIE MPAMMATHKH.
dopmasbHBIE TPAMMATAKH € OJHO3HAYHBIM BBIBOJIOM SIBJIAIOTCI 3aMEIATEb-
HBIM WHCTPYMEHTOM JIJIsl TIOJICUeTa BCEX CJIOB JAHHON JJIMHBI B A3bIKe, T.€. JIJIs
PeIeHns MTepeuncIUTEeIbHBIX 3aa4.

0.70 IIpasuaa BeIBOga B #A3bIKe JImka

BrinmucbiBanue Bcex CKOOOYHBIX CTPYKTYD AAHHON AJIMHBI — TPYJOEMKHIl IIPO-
mecc. Urobbl He HNPOIYCTUTH HH OLHON CTPYKTYPBHI MU HE IIOBTOPUTH HUKAKYIO
CTPYKTYPY JABaxKJbl, 3TOT ILIPOLECC HAJI0 yHOpsa0unTh. OmuH U3 crocobos m0-
OUTHCST YIOPSIOYEHUsT COCTOUT B TOM, YTODBI PACCMOTPETH JIBA NPAEUAG 6bl600a,
6 aswvike Jluxa:

) r — X\

2) r — arbr. (64)

3aech r — OykBa, He BxoAgAmas B aadasur {a,b}. Bmecro Hee Mbl MO ObI
BBIOpATH JT00YI0 OYKBY, OTJIMGHYIO OT a U b.

Crpenka B npasuiax BbiBoga (64) 3amensier dhpasy:

ECAU 8 CA0BE ecb OYKBA T, Mo amy OyKely MONCHO 3AMEHUMD HA CAOBO,
CMoAWeE CNPABA OM CIMPEAKU.

[Mokaxkem, Kak pabOTAIOT MPABUIA BBIBOAA: BBIBEJEM 10 TUM [IPABHIIAM
3a/TAHHYI0 CKODOYHYIO CTPYKTYDY.

IIycTb HaMm HYKHO BhIBeCTH CJIOBO aabaabbb. BoT, Kak BBIT/ISIIAT BBIBOA:

T 2—)> arbr 1—)> arb 2—)> aarbrb 1—)> aabrb 2—)> aabarbrb 1—)>

aabarbb 2—)> aabaarbrbb 1)—12 aabaabbb

185
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Han kaxk0it cTpesikoit B mporecce BbIBOJA HAMMCAH HOMED ITPUMEHEHHOI'O
npaBwia. BykBa r, K KOTOPOIl NPUMEHATOCH TPABUIIO, TOTIEPKHYTA.

IIpaBuia BBIBOZA B A3bIKe JIWKa MOXKHO TOHHMATDH CJIEIYIOIIAM 00pPa30M:

Bceaxoe caoso 6 aswvike Jura ecmvb aubo

1) nycmoe caoeo,
2160

2) 060, 6 KOMOPOM GHYMPU CaMOT AE60T NAPbL COOTNEENCEEHHBL CKODOK
CMoum neKomopoe cA080 aAsvka Juka u nocae amot napvt CMOUM CA080 A3bLKA
Jluxa.

dcHo, uTO AN KaxKIAOTO CJIoBa sA3blka JlWKa Takoe TpencTaBIeHNE eIWH-
CTBEHHO.

XapakTepuCcTUKOil YnC/Ia CIOB B S3bIKE SIBJISIETCS €r0 MPOU3BOAAIAsA (DyHK-
s,

Onpeaenenune 0.70.1. IIpoussodaueti pynrxyuet s3biKa L HA3BIBAETCS MPO-
U3BOIAIIAS (DYHKIIHA

L(S) =l0—|—113—|—l282—|—...,
rae lp ecTb YUCI0 CJIOB IJIUHLI k B S3bIKe L.

Boraucanm ¢ moMOIbIO TPABUIT BRIBOIA MPOU3BOISIIY 0 (DYHKITHIO JIJTsT sI3bI-
ka wuka. st 970l nenu BeIIUIIEM “HEKOMMYTATWBHBIN MTPOW3BOIAIIMIA Psi’,
MIEPEUUCTIIONINHI CJIOBA A3bIKA. DTOT P TPEICTABJIET cO00# TPOCcTO (DopMasb-
HYIO CyMMY BCEX CJIOB $I3bIKA, BHIMHCAHHBIX B TOPSJIKE BO3PACTAHUA JJTHHBL:

D(a,b) = A + ab + aabb + abab + aaabbb + aababb + . . .. (65)
Teopema 0.70.2. Psd (65) ydosacmeopsem ypashenuio
D(a,b) = A+ aD(a,b)bD(a,b). (66)

HoxkazaresberBo. JeiicrurensHo, B jieBoil yactu paBencrsa (66) 3anuca-
Ha CyMMa BCeX CJIOB si3bika Jluka. PaBeHCTBO 0O3HaUaeT CpaBeIIMBOCTD YTBEP-
KJICHUST

Beaxoe caoeo 6 aszvike Jluka ecmsb aubo

1) nycmoe caoso,
Aubo

2) 060, 68 KOMOPOM BHYMPU CaMOT Ae60T NAPbL COOMBEMCMEEHHBT CKOGOK
CTOUM. HeKOmMopoe CA080 A3utka JuKa u nocae smoti napsvl CMOUM CA0B0 A3BIKA
Auxa.

IIpu saTOoM Takoe mpeacTaBIeHNe eAUNHCTBEHHO. TeopeMa JTOKA3aHA. O

Yrobbl mepeifiTh OT HEKOMMYTATHBHOTO ITPOU3BOIAIIETO PAAA K OOBITHOMY,
criemaeM ToACTaHoBKY a = 8, b= s, A = s® = 1. Ypasnenue (66) mpumer Bu

D(s,s) = 1+ s°D(s, s).
Orciona, obosunaans D(s, s) uepes d(s), nomyanm

d(s) = 14 s%d>(s). (67)
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Permrenne
1—+v1—4s2

252
3TOr0 YPaBHEHUsI, KOHEYHO ¥Ke, COBIAIAeT (C TOYHOCTHIO 10 BO3BeAeHus (hop-
MaJIbHOM IEPEMEHHO B KBAIpaT) ¢ HpousBoasiiel Gpyuknueit aia aucen Kara-
nana (22). HeoGxoauMoCTh NOACTAHOBKY IIEPEMEHHOI 52 BMeCTO 5 06bACHAETCA
TeM, 9TO B a3bike [lwKa JJIMHA CIIOBA, COCTABIEHHOTO U3 M map CKOOOK, PaBHA
2n, TOrJa KaK PaHee MbI MEPEIUCIIAINA ITHA CIOBA 110 IUCIY NaP CKOOOK.

d(s) =

0.71 ®opmajgbHBIE TPAMMATUKA C OJJHO3HAYHBIM
BBIBOIOM

IIpuBenem o6oOIIEHIE PACCYKACHNS U3 TPEILIIAYIIETO Pa3aesa.

Onpegenenne 0.71.1. Craoso w = B ... [0, A3bIKa L HA3LIBAECTCS HEPA3AO-
HCUMBLM B ITOM SI3BIKE, €CJU HUKAKOE €ro HEmycToe moacioBO [ifiy1 - .- Bitl,

1<4,i+1<m, l >0, otauyHoe OT CAMOr0 CJIOBA W, HE TIPUHAIJIEKUT SA3BIKY
L.

B wactHOCTH, ITycTOE CJIOBO B JIIOOOM S3BIKE HEPA3I02KUMO. IIpenmonoxum,
910 31K L 0067a1aeT CIIeIyIONUMMEU CBOHCTBAMMY

1) mycroe cioBo BxoAUT B A3bIK Lj
2)  HAYAJIO BCIKOIO HEPABJIOKUMOLO CJIOBA,
HE COBIAIAET C KOHIIOM JIPYTOTO WJIM TOTO K€
CaMOr0 HEePA3JIOKUMOTO CJIOBA;
3) ecnu MeXIy JMIOOBIMU JBYMs OyKBaMu (68)
JII000r0 €JI0Ba sI3bIKA, L BCTABUTH CJIOBO sI3bIKA, L,
TO IIOJIyYUTCS CJIOBO sI3bIKa L
4) ecau u3 MoOOOro CI0Ba A3bIKa L BBIKMHYTD IOCAOBO,
BXOJISIIEE B SI3bIK L, TO MOTYyYIUTCS CJIOBO SA3bIKa L.

O6oznaunm uwepes n(t) = ng + nit + nat? + ... TPOM3BOAAIIYIO DYHKIIIIO
NI IHCTIa Hepas3IoKIMbIX 0B a3bika L, depes [(s) = lg + l15 + los? + ... —
MIPOM3BOIANIYI0 DYHKIINAIO IJisd A3bIka L.

Teopema 0.71.2. Ipoussodswas Pynkyus ois asvra L, ydossemeopsrousezo
yeaosuam (68), u npoudeodausas GyHkuuL 048 N0JsA3BIKG HEPUSAOHCUMBLE CAOE
6 HeM C8A3aHbL MeHcdy cobotll ypasHenuem Jlazpanca

1(s) = n(sl(s)). (69)

Bocmnonp3oagimmces Teopemoii Jlarpanika, MbI 3aKII0YaEM, 9TO TMTPOW3BOIS-
mas (hyHKIMs 7 9uciaa HEePa3JI0kKHUMBIX CJIOB B d3bIKe, YIOBJIETBOPSIONIEM
yeaoBuaM (68), 1 NpousBoAsias (GYHKIUs CAMOrO A3bIKa BOCCTAHABIMBAIOTCS
JpyT 1o apyry. Boaee Toro, ta ke Teopema maeT sIBHOE BbIparkKeHHe K03 hu-
IIMEHTOB OMHOMN M3 3THX PyHKIUI depe3 KodIPHUIMeHTb APYTOii.



188 I'VIABA 0. POPMAJIbBHBIE 'PAMMATHKHN

JokasaresabcrBo. Kax/10My HEpa3Io:KUMOMY CHOBY v, ... 0, B s3bIKe L
COIIOCTaBUM IIPABUJIO BBIBOJA

T QTGO T

AcHo, 9TO KaXKI0€ CIAOBO S3bIKA, JOMYCKAET BBHIBOI IO ITUM mIpaBuyiaMm. Takoi
BBIBOJI, OTHO3HAYEH. JIefiCTBUTEIHHO, IYCTh 1 . . . S —IPOU3BOILHOE CJIOBO SI3bI-
ka L. Ecnu oHO HEpa3mokuMo, TO OHO MPEJCTABISeTCs B BUJAE TMPABOM YaCTH
[IPABUIIA, BBIBOJIA
r — ByrBar... BT,

r7e KaXk/I0e BXOXKJEHWE CHMBOJIA T CJIEyeT 3aMEeHHUTh Ha Iycroe cjoBo. U3
OTIpe/IesIeHUsT HEPA3I0KUMOr0 CJI0BA BBITEKAET, YTO TAKOE MPEICTABICHUE €J1H-
CTBEHHO.

[IpenmnonokumM Termepb, YTO €CTh PA3JIOKUMBIE CIOBA, MOMYCKAIOIIME Da3-
JINYHOE TpefcTaBieHne. PaccMOTpUM caMOe KOPOTKOe Takoe CJIOBO w. B Hem
COZIEPIKUTCST HEPABIOKHAMOE TOJICTIOBO. BhibepeM n3 BceX HEPa3JIOKUMBIX MOI-
CJIOB CJIOBA W CaMOe IpaBoe (3T0 BOZMOXKHO, TaK KAK HEPA3JIOKUMBbIE [O/ICII0BA
He MOTYT TlepeceKkaThcs1) U BRIKWHEM ero u3 cioBa w. IlomyunM HOBOe cJloBo w'.
DTO CJIOBO MMEET Te K€ CaMble MPEICTABICHUs] B BUJE MPABBIX JaCTel MPABUI
BBIBOJIA, 9TO W CJIOBO w. [losToMy w' — 6ojee KOPOTKOE CJIOBO, JOMYCKAOIIEE
HECKOJIBKO PA3IUIHbBIX peacTaBiaenuii. [lomydeHHOe TPOTHBOPETHE JOKA3BIBAET
€TMHCTBEHHOCTD TIPE/ICTABIECHUS.

Takum 006pa3oM, HEKOMMYTATUBHAS IPOU3BOAAIAS (DYHKIWS A S3bIKa L
VIIOBJIETBOPSIET YPABHEHUIO

C(al,...,am) = )\+a11£(a1,...,am)a12£(a1,...,am)~--+....
Jenas noncranosky A = 1, a; = t u yuursiBas, uaro [(t) = L(t,t,...,t), noxy-
qaeM 3aKTI0UEeHUE TEOPEMBbI. O
IIpumep 0.71.3. JIns asvika Juka n(t) = 1+t2. Hepasnoxmumble cIoBa — 3T0 A
u ab. Orciona HeMenIeHHO T10JyYaeM ypaBaenue (67) Ha NpoM3BOAMAILYIO DYHK-
nuio [7s a3bika Juka.

OHOTO CUMBOMIA 339aCTYI0 OBIBAET HEAOCTATOYHO JJIsi HOCTPOEHUS TPAMMA-
Tukn. Jamum popmanbHOe onpeneseHne rpaMMaTHKH.

Onpenenenne 0.71.4. Ilycrs R = {ry,...,7} — KOHEYHOE MHOKECTBO CHM-
BOJIOB, HE BXoAAmwX B andasut A. IIpacu.iom 6616006 HASBIBAETCS 3ATTUCH BHIA

T, — w,

rue r; € R, a w — caoso B andasure A Ll R. Muoxecrso I' (koneunoe win
GECKOHEYHOE) TIPABHIT BBIBOJIA

rn — W11
rn — W12
o — wn
rr — W2
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HA3BIBACTCS (KOHMEKCMHO c60000101) epammamurot (Haz andasurom A). Cro-
Bo B andasure A noposicdaemca CAMBOJIOM T, €C/TA OHO MOMKET ObITh MOJIYYeHO
HEIOYKO# MOJICTAHOBOK, 3a/IaBAEMbIX IDAMMATUKOI, U3 cumBoJa T;. Z3bIK L;
nOPoAHCAAEMCA CUMBOJIOM T, €CJH BCE CJIOBA #A3bIKa L; U TOJBKO OHU 11OPOXK-
JIATOTCA CUMBOJIOM 7. I'pamMaTuka I ABASETCS 2pammamuroti ¢ 00HO3HauHbLM
6616000M, €CITH KAZKII0E CITOBO, BHIBOIUMOE U3 CUMBOJIA T, €ZIMHCTBEHHBIM 00Da-
30M TIPEJICTABJIACTCS B BUIE MPABOH YACTH OIHOTO U3 TIPABHJI BBIBOJA Ty — Wik

B cBsi3u ¢ 3a7auamu iepeducienus HanbOIbIMUH HHTEPEC I HAC IPEICTAB-
agi0T (hOpPMATIbHBIE TPAMMATHKHI € OJHO3HAYHBIM BBIBOIOM. Takas rpaMMaTHKa,
ObLn1a mocTtpoena s s3bika Jluka. [Ipusenem errne omus mo00HbBIH TpUMED.

Hpumep 0.71.5. Pacemorpum sa3bik F u3 npumepa 0.66.2. Ou cocrour u3 cion
B andasure {a,b}, He comepxkamux moApan waymux OyKe b. Bor BO3MOXKHAsS
rpaMMAaTHKA, JIJIS 9TOTO SI3bIKA:

rn — A
rn — b
rn — T2b
r — T2
Ty — Tia

H3bIK .F BBIBOOUTCA U3 CUMBOJIA 7'1 . I/I3 CHMBOJIa "2 BBIBOJUTCA IIOAbA3BIK A3bIKA
F, cocTosimii U3 CJI0B, KOHIAIOIINXCA Ha, d.
HpI/IBe,HeHHaH I'PaMMaTHKa THTACTCA TaK:

1. Bcgakoe c0BO si3bIKa F ecThb Ju60 mycToe cioBo, Iubo CII0Bo b, 1ubo cIoBoO
si3bIKA, J, KOHYAIOLIEeCs Ha @, K KOTOPOMY IIPHIIKMCaHa OyKBa b, inbo CJI0BO
SI3BIKA JF, KOHYAIOIMIee s Ha a;

2. BCSKOE CJIOBO $I3bIKa J, KOHYAIOIeecs Ha G, eCTh HEKOTOPOE CJIOBO SI3bIKA
F, K KOTOpOMY Npunucana OyKBa a.

Ona ofHO3HAYHA — KaXKI0€ CIIOBO SI3BIKA J MOXKET CIYXKHUTH MPABOM YacTbhiO
TOJBKO OJHOT'O M3 IIPaBUJ BBIBOJA.

Ilpumep 0.71.6. IlpuBenem mpumMep rpaMMATHKH C HEOJTHO3ZHAYHBIM BBIBOIOM.
I'pammaruka

r o o— A

r — arb

r — rarb

BBIBOAUT si3bIK JIrka. OHAKO HEKOTOPBIE CJIOBA B 9TOM SI3BIKE JIOMYCKAIOT MPEJI-
CTaBJieHUe B BHUJe IIPABOH 4acTU KaK BTOPOI'O, TAK W TPETLEro IIPaBUJ BbIBOJA.
DTO0 B TOYHOCTH T€ CJIOBA, B KOTOPBIX MAPHOI TIPABO CKOOKOM K TIEPBOi JIeBOi
CKOOKe $IBJISIeTCsI TOCJe/IHss CKOOKa cjoBa. TeMm caMbIM, KayKJ0e Takoe CJIOBO
MOXKET OBITH BBIBE/IEHO HECKOJIBKUMU DPA3JIUIHBIMEU CIOCO0AMU, M TPAMMATHAKA
KaK TaKOBas HE MMO3BOJISET COCTABHATH YPABHEHNE HA MPOU3BOMANLYIO DYHKITHIO
a3bika Jluka.
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Teopema 0.71.7. IIycmv I' — zpammamura ¢ 00H03HAUHBIM 6618000M OAs A30I-
xa L. O6o3nauum wepes r;(s) npoudeodausyro Gynkyuto 0A4 YUCAG CAOE 6 AZbLKE
L, 6vi600umvix u3 cumeoaa ;i (m.e. npoudsodausyro Gynkuuo 0as nodeasnka
L;). Tozda npoussodausue Ppynkuuy v; Yyoo8AEMBOPAIOM CUCTIEME YPAEHEHUT

ri(s) = Z s" H T (s).
k

J

B gacTHOCTH, €Ciu 9MCIIO MPABUJT BHIBOIA, KOHEYHO, TO (DYHKIMH T; YIOBJIE-
TBOPSIOT CACTEME TIOJMHOMHUAIBHBIX YPABHEHUH U TIOITOMY SABJISIOTCH a.42e0pa-
UNECKUMU PYHKUUAMU.

HokazareabcerBo. llocTynnM, Kak ¥ B CUTYaIuu ¢ OTHUM TOPOKTAFOTIIIM
CUMBOJIOM, — BBEEM HEKOMMYTATHUBHBIE MMPOU3BOISAIINE CTENEHHBIE PSIIbI st
9HCJIa, CJIOB, MOPOXKIAEMBIX KaXKJIbIM W3 CHUMBOJIOB 7;. BBUIY OZHO3HAYHOCTH
MIPEICTABICHUS KaXKJIO0r0 CIOBA B BUIE IPABOM YaCTH MPABUJIA BBIBOIA I0-
JiydaeM CHCTEMY YPaBHEHHN HA HEKOMMYTATHBHBIE Psanbl. Jleas moIcTaHOBKY
A=s"=1 a;=supui=1,...,m, DOIy4aeM CUCTEMY YDABHEHHH HA IPOH3-
BOAsIME (DYHKIUU JJI YUCTa CI0B. Teopema moka3aHa. O

0.72 IIpousBomgniue (pyHKITUU PETYIAPHBIX A3bI-
KOB

IIpowssongamasa dbyarims aaa ducen PuboHATIN pampoHATbHA — OHA IIPe-
CTaBJseTCd B BHIE OTHOILUEHHWS JABYX MHOro4wieHogs. C apyroil CropoHbl, OHA
SIBASIETCST POU3BOAsAIIeil byHKIMed s si3bika F u3 mpumepa 0.66.2, pacmo-
3HABAEMOI'0 KOHEYHBIM aBTOMATOM. B 3TOM pasiesne MbI MOKaXKeM, 9TO TaKasl
CUTYyaInsl SBJISIETCS OOITei.

Teopema 0.72.1. Ilpoussodsusen dynruus 1106020 Pe2Yiapro2o A3viKa P~
OHAALHA.

HokazarenberBo. Ilycrs a3pik £ Han andasurom A = {ay,...,ar} pe-
IYJIAPEH; PACCMOTPHM PACHO3ZHAIONIAI ero KOHEYHBIH aBToOMAaT, W MycTh R =
{r1,...,71} — MHOKECTBO COCTOSIHUII 3TOTO ABTOMATA, IPUYEM COCTOSTHUE '] Ha-
yaapHOoe. CONmoCTaBUM KazKIOMY COCTOSHHUIO 7'; ABTOMATA, M KAaXKIOH BXOAAIIeit
B 9TO COCTOSIHUE CTPEJIKE (., IPABUIO BBLIBOJIA

T ” TjQm,

€CJIU CTPEJIKA Gy BBIXOOUT U3 COCTOAHUS T'5. (OTMGTI/IM, YTO COCTOsAHHNE T; MOXKET
COBIIaJaTh C COCTOAHHEM TZ‘.) ,Z[OHO.HHI/ITGJ'IBHO COIIOCTaBUM HaYaJbHOMY COCTOA-
HHUIO 71 aBTOMaTa IIPaBHJIO BBIBOAA

7"14))\.

IMonyvennniit HaGOp TPABUJ BBIBOMA 33a€T TPAMMATUKY C OJHO3HAYIHBIM
BBIBOIOM. JleficTBUTENBHO, S3bIK L; CJIO0B, BBIBOIUMBIX W3 CHMBOJA Tj, & =
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1,...,1 cocrour u3 ca0B, 06PAOOTKA KOTOPHIX ABTOMATOM 3aKAHYMBAETCS B CO-
crostauu 7;. [I09TOMY KaxKj0oe clI0BO Hal A mpejcTaBUMO B BUJE TPABON IaCTH
JIUIITH OJTHOTO W3 TPABMJ BbIBOAA. [lpy 3aMene HEKOMMYTATHUBHOM TMPOU3BOIsS-
1meit pyHKIuM Ha KOMMYTATHBHYIO MBI [TOJIYY4€M CUCTEMY JIMHEHHBIX YPABHEHU
¢ TIOJTMHOMUAJIBHBIMYU KOI(DMUITHEHTAMY Ha, TPOU3BOIAsIme MyHKIUU L; 36
koB L;. ITo mpasuny Kpamepa perieHue Takoii CUCTEMBI TAeTCsT PAITMOHATbHBIMHI
dbyuknuavu. Kaxnas rakas QyHKIWsSA sIBJISETCS OTHOIIEHUEM JIBYX OIPEIe -
Tesneil, KaXK bl U3 KOTOPBIX MPEACTaBIsieT u3 cebss MuorowreH. CyMMupysa 9Tu
panponasbHble (DYHKINUU 110 BCEM HTPUHUMAIONINM COCTOAHUIM ABTOMATA, MbI
TTOIyIaeM PAIMOHATIBHYIO TTPOU3BOISINYI0 (DYHKIIHIO TJIsi HAIIIETO PEryJIsIPHOTO
A3BIKA. O

0.73 IlpencraBinenus mpom3BoaamInX (PYHKINI B
BU/ie HETIPEPBIBHBIX JAPOOEi

IIpoussongamasa pyuxmua gaa uncen Karamama ymoBiaeTBOpsieT KBaIPATHOMY
ypasuenuto (21)
5% Cat?(s) — Cat(s) +1 = 0.

IMepenumiem 3TO ypaBHEHWE B BUIE
Cat(s) — 52 Cat?(s) = 1,

nJjan

1

Cat(s) = T= 57 Cat(s)’

(70)
Toncrasus Berpazkenne aiua Cat(s) u3 pesoit wactw pasencrsa (70) B mpaByo
JacTh TOTO K€ PABEHCTBA, TTOTYYUM

Cat(s) = !

s
1—s2 Cat(s)

IMoncrasnss BHOBb Bhipaxkenue (70) nas Cat(s) B mosyunsieecs paBeHCTBO U
OPOIOIKAA ITOT MPOIECC, MBI NOMy9IaeM npeacrapaerne ana Gyuaknum Kara-
JIAHA B BUIE Henpepbiehol dpobu:

Cat(s) = (71)

Tlonygennoe pa3iioKeHHe HYXKHO MMOHHMATH CJAedyromuM obpa3om. Ecam Mbl
06OpReM HempephIBHYI0 Apobh Ha n-M mmare (OCTaBUB BMECTO Hee KOHETHYIO
HENPEPBIBHYIO AP00b, KOTOPast IPEACTABIIET CODON PAMOHAIBHYIO (DYHKIIUIO),
TO KO3 DUITHMEHTHI PABIOKEHNUS MOJIYIEHHON (DYHKIMM MO CTENeHsM S OyAyT
coBnmagars ¢ xkoabdumuenramu paznokenns Gynkmum Cat(s) Bmiors mo «wre-

Ha s2". 3aMeTuM, YTO M3-33 HAJIMYHA MHOXKHTEIA S° B UHUCIUTENe OYepeaHOi
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ZApobu, nmprcoeuHgeMoil Ha (n+ 1)-M riare, yBeaudeHUe YUCIIa 9IEHOB B HEIIPe-
PBIBHO# IpoOH HE IPUBOAUT K W3MEHEHUIO MEPBBIX 1 KOIPPUIINEHTOB B €€ pa3-
noxernn. Hampumep,

1

=% = 14+s2+s*+s5+s85+...

= 1+4+s%4+2s*+4s5+85+. ..

= 1+s?2+2s*+5s%+135%5+...

= 1+s%+2s*+5s%+148%+ ...

Crabunu3upyomasnca 4acTh Pa3IOKEHUs BbIIETEHA.

[Ipencrasmenune dpyuknuu Karagana B Buge HENPepbIBHON 1poOH TECHO CBs-
3aHO C ABYMs CIIOCOOAMU €€ MOy YeHUsT — TePEUUCIEHUEM Iy Tel 10 TPeyTOIbHY-
ky Huka (paznen 0.17) u ¢ momorubio npoussosiieii rpammaruku (pasaei 0.70).
ITomobHoe mpeacTaBaeHne MOXKHO PACIPOCTPAHATD M HA APYTHE (PYHKIHH, IIe-
PEUHCIISIONINE PA3JINYHBIE 1Y TH.

Benomuum tpeyrosbuuk Juka ¢ kKparnocrsmu (puc. 18), B OCHOBaHUM KO-
TOpOro Jiexkar dncia Jirepa. Celiuac MbI MOCTPOMM HETPEPBIBHYIO APOOH, OT-
BEYAOIILy 0 TOMY TPEYTrOJbHUKY.

Teopema 0.73.1. IIpoussodawas Pynryus
Fo(s) = 1+ % + 5s* +61s° +13855% + ..

0 HUICHETE CTNOPOHDL MPEY20abHUKE ¢ puc. 18 npedcmasasemes 6 ude nenpe-
poleHOl dpobu

1 1252 N
- 2.2
1— 2%s
1_32s7
1

HokazaresberBo. [lpoussonsmas dyukiusa Fo(s) nepequcager pasaind-
HbIE TIYTH C HAYAJIOM U KOHIOM Ha Bbicore 0. O6ozuauum uepes F;(s) mpous-
BOJAILYIO0 (DYyHKIIMIO, TIEPEUHUCIISIIONIYIO IYTH C HAYAJIOM M KOHIIOM Ha BBICOTE %,
KOTODBIE HE OIYCKAIOTCH HUXKE YPOBHS ¢, IO UX Jinue. Torma

1

B =R ey

JleiicTBUTENBHO, KAXK/IbIH Ty Th ¢ HAYAJIOM U KOHIIOM HA BbicoTe ) € THHCTBEHHBIM
0bpaszoM pa3zdbmBaeTCs HA TaKue YIACTKH, UTO

1. KOHIIBI MyTH Ha KaXKJAOM yUacTKe JeKaT Ha BbicoTe 0;
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2. BBICOTA BCEX MPOMEKYTOUYHBIX TOYEK MyTH HA KAXKIOM yYIacTKe OOJbIme
HYJIA.

Ecmu orbpocuTh HadaIbHBIA W KOHEUHBIH OTPE30K TAKOrO YYACTKA, TO MbI
MOy 9IUM Ty Th, HAYHHAIOMMHACA W 3aKaHIMBAIOIIAICA Ha, BBICOTE 1.
Anajoruyso,
1

B = e R

TosBienne YeTBepKHu B KO3bMHUIMEHTE IPH 52 0ObACHIETCS TEM, 9TO K JAHHOMY
MyTH, HAYAJIO U KOHEIl KOTOPOro JIeXKaT Ha BBICOTE 2, HAYAIBHBIN U KOHEYHBIH
BEKTODbI, IPEBPAIIAIOIIKME €r0 B IIyTh HA BbICOTE 1, MOXKHO JI0DABUTH Y€THIPbMS
“paznuaHBIMEA’ CTOCODAMHU.

[Ipomoszkast 370 paccyK/IeHue, Mbl 3aKJII0YAeM, UTO

1

Fi(s) = 1—(k+1)282F,1(s)’

1 HelIpepbIBHAA ,Hp06b TEIepb BBINMHNCHIBACTCA OYE€BUIHBIM o6pa30M:

1
Fi = —
o(s) 1—s2Fi(s)
_ 1
= —
1- 1—452F5(s)
1

82
1___4s2
1_ 952
I—...

1—

W3 mokasarenbCTBa TEOPEMBI HEIIOCPEICTBEHHO BBITEKAET, 9TO PACIIPE Iee-
HHE KPATHOCTEW M0 BOCXOJAIIEMY M HHUCXOAAIIEMY BEKTOPAM IIYTHU B KazKJIOM
cioe He nMeeT 3HaveHust. HeobXonuMo Jniih, 9ToObI TPOU3BEICHNE ITHX KPAaT-
HOCTeHl BHYTPM KaxK/IOrO CJIosi OBbLIO TOCTOSTHHBIM. Hampumep, TpeyroJbHUK,
n300paKeHHbI Ha puc. 43, TOPOXKIAET TY K€ NPOM3BOIAIIYI0 (DYHKIIUIO IS
myreil ¢ HyJeBOH BBICOTON Hadvaja M KOHIA, 9TO M TPEYrOJBHUK ¢ puc. 18 a).
3aMeTuM, 94TO TO XKe CIPABEIINBO U JJIs MyTel HA APYTUX BHICOTAX.

w "y
9/436\} 9/4103109/4
4/4\1 4/456\1 4/133?4/
1/1\} 1/5\} 1/461\1 1/413{15
1 5

61 1385

Puc. 43: Ipyras paccraHOBKa KPATHOCTEH B TpeyrosibHUKe JInka
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Komnetno, 10Ka3aTeIbCTBO TeOPEMBL 0000IIACTCs Ha IPOU3BOIBHYIO PACCTA-
HOBKY KpaTtHocTeii. Bonee Toro, ero MoxHuo 663 Tpy1a nepeHecTyr 1 Ha TPEyTOIb-
uuk Mongkuna (puc. 44).

O
O
O 3 O 3
Ve & o6
Yo Yo O Yo O Yo Yo

Puc. 44: Tpeyronbank MonkuHa ¢ KPATHOCTIMMA

Teopema 0.73.2. ITycmv uepes i, Bi, Vi 0003HaAMEHDL KPAMHOCTIU BEKMOPOS
(1,1), (1,-1) u (1,0) coomeememeento 6 i-M CAOE B36EUEHHO20 MPEYLOADHU-
xa Mouxuna. Tozda npouseodawasn dynkyusa Fi(s) das nymetd ¢ navaiom u
KOHUOM Ha ebicome k, He ONYCKaOUULCA HUNCe IMOT 66.coOmbl, NPeOcmasi-
emca 6 sude wenpepvieHoti dpobu

Qo1 ... 01
agBrs?

et 184152
1—’Yk+13—7%+1115__+1 :

Fk(s)

B 1 — s —

HokazareabcrBo. KonevuHo, ata TeopeMa JOKA3bIBAETCS TaK JKe, KaK U
ee vacTHbIN cay4dail reopema (.73.1. Mbl, 0o1HAKO, XOTUM H3JI0KHUTH TO 2KE Ca-
MO€ JIOKa3aTesIbCTBO Ha a3biKe (POPMaNTbHBIX rpaMMaTuK. COMOCTaBUM BEKTO-
pam (1,1), (1,—1), (1,0) B i-m cnoe BykBbI a;, b;, ¢; coorBeTcTBeHHO. MbI OyaeMm
paccMarpuBarh g3biku Jq, F1,... B amdapure n3 G€CKOHEYHOrO HADOpa OYKB
{ao,bo, co,a1,b1,c1,...}. 3K Fj COCTOUT W3 CJAOB, OTBEYAIONIUX MyTAM C Ha-
9aJIOM ¥ KOHIIOM HA BBICOTE K, He OMyCKAIOMUMCS HUKE DTON BBICOTHI.
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I'pammaruka
ro — A
rTo — CoTo
rTo — aqgm boT’O
rn — A
rn — 7
rt —> airebir

SIBISIETCST TPAMMATHKON € OJHO3HAYHBIM BBIBOIOM. BykBa 71, kK = 0,1,2,...
TIOPOXK JaeT sA3bIK Ji. II03TOMy HEKOMMYTAaTUBHBIE TPOU3BOAAIIIE (DYHKITAN JTIsT
SA3BIKOB J}, YIOBIETBOPSIOT COOTHOIICHUAM

Fo = A+ coFo+ agFiboFo
Fi = At+aF+arFobi 7y

Ioncrasnas A =1, a; = a;8, by = 538, ¢; = 7;S, OJIly4aeM CUCTEMY ypaBHE-
HUll Ha, KOMMYTATUBHBIE TTPOU3BOISIINE (DYHKIIUN

Fo(s) = 1+ 70sFo(s) + aoBos®Fo(s)Fi(s)
Fi(s) = 14+ vsFi(s)+ ai1p1s2Fi(s)Fa(s)
OTKyZJa
1
Fo(s) =
0(s) 1 — 08 — apPos?Fi(s)
1

_ _ aoBos?
1 YoS 1—y1s—a1B152Fa(s)

Brison dopmyn aist ocranbHbIX Fj, aHAJOTHYEH, W TeOpeMa J0Ka3aHa. [

0.74 CpaBHeHHus B IOCJIEJIOBATEJIbHOCTAX

DTOT pa3es MOCBIIIEH CBOMCTBAM IIOCJIEI0BATEILHOCTEH TEJIbIX 9MCe, TPUBe-
JEHHBIX 110 PA3THIHBIM MOIY/ISAM.
PaccmorpuM, Hanpumep, [IOC/Ie10BATEILHOCTD Yuces Jilepa

1,1,5,61,1385,....

OcraTku OT JIeJIeHus JIEMEHTOB 9TOH MOCaen0BaTebHOCTH HA 4 06pa3yoT HO-

BYIO IIOCJIEA0OBATEIBbHOCTD
1,1,1,1,1,....
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MO3KHO TTPOBEPUTH, YTO U MOCIEIYIOIIIE WIEHBI TON MOCIEI0BATEILHOCTH TaK-
XKe OyIAyT eInHAIIAMH.
Ta ke camag MOCTEIOBATEIBHOCTD, B3ATas IO MOIYIIO 3, BBITIISAANAT CIACTY-
FOIIUM 00pa3oM:
1,1,2,1,2,1,2,....

[MepuoauaHOCTH MOCTIETOBATETBHOCTH TIOJACKA3BIBAET HAM, YTO OHA 33/1aeTCs
panmoHa bHOR mpon3Boasmeli pyuknueit. leficrBurensHo, myctb N — IInHA
[IEPUOA [OCIEIOBATEIBHOCTH G;, T.€. Ak+N = G JJIs BCEX JOCTATOYHO OOJIb-
mux k. Tem caMbIM, TTOC/IEIOBATENHHOCTD 33Ia€TCA JIMHEHHBIM PEKYPPEHTHBIM
COOTHOIIIeHneM H, coryiacHo Teopeme 0.10.1, cooTBeTCTBYIOMIAA ITPOU3BOIAIIAL
GbYHKINS PAMOHAIbHA.

B ciygae ancen Diismepa Takyio TpoOM3BOAAIIYI0 (DYHKITHIO HECTOKHO HANTH.
JeficTBUTENBHO, PACCMOTPHUM TIPECTABICHIE TPOU3BOIAIIEH (DYHKIIUN JJIs HUX
B BHUJE HEMPEPBLIBHOM n1pobu
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[Ipu nmpuBenerMy TOCIENOBATENBHOCTH IO MOIYJI0 4 BTOPOI "WieH 3TOi aApobu
00paIaeTcsa B HyJb, TIO3TOMY BCs ApO0Ob MPUHUMAET BH

1
F4(s) = —— mod 4.
(s) 1—s2
(Opa psna ¢ nenbivu kKodbOUIMEHTAMU CPABHUMBI [0 KAKOMY-JM60 MOIYJIIO,
€CIIV TIO 9TOMY MOZYJIIO CPABHUMBI COOTBETCTRYIONME KOI(DMOUITMEHTH PSIIOB. )
[Ipn npuBenenuu no Momyso 3 obpaiiaercs B HYJIb TPETHIl “ieH, U Apodb BbI-

TJIAOAT TaK:

—§2
7s2m0d3 = ﬁmod&
1- 1—4s2 +s

Eg(S)

Boobe, npr npuBeseHrN MOCTIEI0BATENBHOCTA YHCET DHIepa M0 MO0
D MBI IIOJTy9a€M KOHEYHYIO Jpo6h
. 1
E,(s) = 5 mod p,

(p—2)2s2
1-(p—1)2s2

1—..

TaK KakK KO3 dUIUeHT p? B CIeIyIONeM YNCTUTee CPABHIM C HYJIEM MO MOJLYJIIO
P U, TEM CaMbIM, O0OPAIAeT B HYJIb BECh XBOCT HENPEPBIBHON apobu. AcHO, Kak
PaCIPOCTPAHUTD ITO PACCYKIEHUE HA MPOU3BOJIBHYIO HEIIPEPBIBHYIO APOOD.

Teopema 0.74.1. IIycms npouseodawan dynryus A(s) npedcmasaena 6 sude
Henpepuerots dpobu
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Toeda Pynruyua Ap(s) = A(s)modp payuonasvna das 106020 “wucaa p, AG-
AAOWE20CH deaumenem 00H020 u3 npousdeedenutt p1, p1P2, P1P2, D3, - - - . Ecau p
deaum npouseedenue pi ... P, Mo

Ap(s) = mod p.
b 1—cy5— p1s?
1— Pr_2¢

Tl—ep_1s—pp_152

Taxum obpazom, Teopema (.74.1 mo3BOIsSET HAWTH IPEICTABIEHNE B BHUJE
PAIHOHANIBHOM IPOU3BOAAINIEH (DYHKIMH JJjIsl IIOCIEI0BATENHHOCTEH, OTBEYA0-
MUX B3BEITEHHLIM TPeyrolbHuKaM /JIWKa, KOTOpble MPUBEIEHBI TTO0 HEKOTOPHIM
(uHOrIA JaxKe IO BCeM, KaK B CiIydae duces Jiliepa) MOMYyIsM.

Jpyroit moaxoa K u3yd4eHuio apudMeTndecKux CBONHCTB JIEMEHTOB YUCIO-
BBIX ITOCJIEIOBATEIBHOCTEH OCHOBAH HA WMCIOIB30BAHUN PA3IUIHBIX KOMOWHA-
TOPHBIX IIpeACTaBIeHUil s HuX. Bor mpocreitmmit mpumep momobHOrO pac-

cyxaeans. ducio
1 /2n\  (2n)!
n+1\n/) (n+1)n!

SIBISIETCST TIEJIBIM TIPU JTI0O0M 71, OHAKO HEIOCPEICTBEHHO 13 (DOPMYBI 9TO HE
odeBuaHO. MBI 3HAEM, BIPOYEM, ITO ITO YKUCIO PABHO UUCTY MPABUIBHBIX CKO-
OOYHBIX CTPYKTYP U3 N Map CKOOOK, M MOITOMY OHO HE MOXKET He OBITh IEIBIM.

IIpencrapiaenne uncen KarajaHa TPHAHTYJAAIUAMHA IPABUIBHBIX (1 + 2)-
YTOJTBHUKOB MO3BOJISET JOKA3aTh CIAEAYIONee YTBEpKISHE.

VrBepxkaenne 0.74.2. Ecau wucao n+2 A644eMCA CMENEHBI NPOCMO20 HUC-
aa, n+2=pF un>1, mo wucro Kamanana c, deaumcs wa p.

Hanpmumep,
cec=2=0mod2; c¢5=42=0mod7; c¢7 =429 = 0mod3.

HokaszaTeabcTBo. I'pymnmna Z, 2 BbIYETOB IO MO0 N + 2 neiicTByeT HA
MHOKECTBE TPHAHTYJIANMA IPABUIBHOrO (N + 2)-yroJbHUKa IMOBOPOTaMHu. Ilpu
n > 1y 3TOro AeiicTBUS HET HEMOABUYKHBIX TOUYEK. [103TOMY [IJTMHA KasKI0# ero
OpOUTHI TEIUTCS HA, P, 4, SHAYNT, AEJUTCSI HA P U YUCJIO TPUAHTYJISITHIA.

Amnayornuno, npesgcrasiaenne unces Karanana mTpaBUILHBIMU CKOOOYHBIMEI
CTPYKTYPAMH JAET elle OHO CBORCTBO 9TUX UUCE.

YrBepxkaeuue 0.74.3. Ecau wucao n ecmov cmenexs npocmozo Yucaa, n = p’“,
mo ¢, = 2mod p.

Hampumep,
ca=2=2mod2; c3=5=2mod3; c¢5=42=2mod5.

HokazareabcTBo. ['pymnma BeraeroB Za, M0 MOIY/IO 2N AeHCTBYeT Ha MHO-
2KECTBE TPABUJIBHBIX CKODOYHBIX CTPYKTYD U3 N Map CKOOOK MO CJIEMLYIONEMY
npasuiry. O6pa3yiomas 3Tol TPYIIbl MPEJICTABIAETC THKIUIECKAM CABATOM
wa enuunmy. Ilpu Takom caBure
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1. camas jeBast CKOOKa CTHDAETCs;
2. BMECTO Hee B CTPYKTYPY J0DABJIAETCS caMasi paBasi CKOOKa;

3. mpaBasi ckOOKa, MapHAas CTEPTON camoii JIeBO# CKOOKe, 3aMeHseTcs Ha Jie-
BYIO CKOOKY.

Bce ocrasnbuble ckoOKu ne mensitorcs. Ilpu n > 1 y sToro jeifcTBus HeT HENO-

JIBUZKHBIX TOYEK.
PosnHo ozHa opbura Takoro geiicrsus umeer aAjuHy 2. OHA COCTOUT U3 CKO-

GOYHBIX CTPYKTYD

00-.-0 m( 0.0 )-

—— ~——
n map CKOOOK n — 1 mapa ckobok

JUHBL OCTATBHBIX OPOUT JAENATCS HA P, ITO U TOKA3BIBAET YTBEPKICHIUE.
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0.75 3amaum

3adana 0.208. HokakuTe, 9TO rpaMMaTuka n3 mpuMepa 0.71.5 meficTBUTEILHO
ommUChIBaeT 936K F u3 npumepa 0.66.2 u 910 BbIBOA B Helt oqHo3HAYMeH. Bocmoms-
30BaBIINACH ITOI TPAMMATHUKOMN, HAWAUTE TPONU3BOIAIIYI0 PYHKIHMIO I SI3bIKA,

F.

3adaua 0.209. Ilpuaymaiite nis si3bKa J TOPOXKAAIOIIYI0 FPAMMATHKY C OHUM
TIOPOXK,JATOIIM CHMBOJIOM U OHO3HATHBIM BBHIBOIOM.

3adawa 0.210. Hanwuiure npaBuiia BbIBOJIA [JIs SI3bIKA IPABUIIHLHBIX CKODOIHBIX
CTPYKTYD U3 ABYX T1ap CKOOOK (KPYIJIBIX M KBAAPATHBIX) U BBHIBEIUTE IPOU3BO-
OAaiTyo (GYHKIHAO JJis HEr0. JTOT S3bIK HA3BIBAETCH A3bikoM Jluxa emopozo
nopadka. O600IIITE pe3yabTaT Ha A3bIKu JIMKa TPOU3BOIBLHOTO MOPSIKA.

3adawa 0.211. 3anaiite ¢ moMoImbi0 HOPMATBHBIX IPAMMATHK A3BIKH CHCTEM
nyTteit u3 3ama49 0.65, 0.71; BEIBeIUTE OTCIO/IA COOTBETCTBYIONTHE TIPOU3BOIATITIE
dbyHKIAA.

3adava 0.212. Hswrom Moyruna HazpiBaeTcs 36k B andasute {a, b, ¢}, cocTo-
AMNAHA U3 TAKUX CJIOB, 9TO 3a9ePKUBAHKE BCeX OYKB C B HUX AET CJIOBO U3 SI3BIKA,
Huka. CisioBa B si3bike MOUKHHA HAXOJSTCH BO B3AUMHO OJIHO3HAYHOM COOTBET-
cteun ¢ nytasmu Momnknnaa n3 3agaqu 0.63. I[loctpoiite nnsa s3wpika Morknna,
rPAMMATHKY € OTHO3HAYHBIM BBIBOJIOM W HAMAWTE C €€ TOMOIIHI0 TPOU3BOJIS-
1y 10 QYHKIUIO I ITOTO A3BIKA.

3adawa 0.213. TlocTpoiiTe rpaMMaTHKY [JIsl A3bIKA HATYPAJIbHBIX UUCEJ, 3aIH-
CAHHBIX B JBOUYHON CHCTEME CUUCTIEHUSI.

3adaya 0.214. IlocTpoiiTe rpaMMaTUKY JJisi S3bIKA MPABUIBHBIX apudMeTnyde-
CKHUX BBIPAKEHWI B TBOWMYIHON cucTeme cumcaenus B andasure {(,),+,1,0}.

3adana 0.215. TlocTpoiite rpamMaTuky Aas a3uikob a) L1 = {a®'b?]i > 0};

6) Lo = {a'b’|i > j > 0}; B) L3 = {w|uucno Bxokaenuit 6YKBLI @ B CJIOBO W

PABHO YHUCITY BXOXKJICHWEH OYKBBI b B 3TO CJIOBO};

r) L4 = {w|ancno BxoxaeHnii GYKBBI ¢ B CJIOBO W BIBOE GOJBIIE YUCTA BXOXK-

nennit OyKBeI b};

1) L5 = MHOXKeCTBO HaJMHAPOMOB B ajbasure u3 tpex 6yks. (Ilaaundpomom

HA3BIBAETCS CJIOBO, OJTMHAKOBO UMTAIOIIEECS CJIEBa HATPABO W CIPABA HAJEBO.)
Haiiaure nponssonsiye BbyHKIMN /1 ITHX S3BIKOB.

3adawa 0.216. Haiinure npowsBomsiinye (DYHKIIUN [JsT sI3BIKOB U3 JIBYX OYKB,
CJI0BAa KOTOPBIX HE COMEPIKAT

a) mozcaoBa ba; 6) mozcnosa aabb; B) mozaciosa aba;

r) noncynor aabab, ababa.

3adaua 0.217. OboznatuMm Uepes G, j IUCIO HmyTeil B TpeyronbHuke uka, co-
CTOLAIIUX U3 7 3BEHBEB, IO IO KOTOPBIMH paBHA kj a21 = 1, agp = 0
npu k gerdom. Jlokazkure, 410

A(s,t) = Zan’ks”tk =
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3adauwa 0.218. JlokazkuTe CIPABEIJIUBOCTD CIAEAYIONINX PA3JI0XKEHUN B HENpe-
pBIBHBIE ApPOOH:

° a)
S
1.252
=
1. k(kt1)s2
1—...

rae B(s) — npoussomgamas (GyHKIUSA Jjisi CTOPOHBI BepHYLIN TPeyroib-
nvka Bepuymmn—itnepa;

® 6)
- 2n 1
Z(2n—1)!!8 = ye ,
" =
rme (2n—1)!I=1-3-5-----(2n —1);
° 1)

)
E I’nsn = 52 )
n=0 L R T —

252
1_5_%
e e

rae I, — "ucao uHBOOMMH ([IePEeCTAHOBOK, KBAIPAT KOTOPHIX €CTh TOXK-
JIECTBEHHAS EPECTAHOBKA) HA MHOMKECTBE U3 1 3J1eMEeHTOB, [1 = 1, [s = 2

13:4, 14210, P
o)
- 1
n+ 1)ls" = ;
Z( ) 1-2s— — 122
n=0 1—4s5— 2-3s
1-65— 3:4s2
1—...
o 1)
oo
1
Ig" —
Zn's _1—9— 1252
n=0 T 1-3s——222

1-5s- §222

3adaywa 0.219. Hamwmure npon3BOASIYI0 TPAMMATHKY C OTHO3HAYHBIM BBIBO-
JoM st g3bika B amdpasure 0, 1, cOCTOSINEro U3 CJA0B C YeTHBIM THCIOM HyJIei
" HafiauTe MPOU3BOIAIIYIO (PYHKITHIO IS STOTO SI3BIKA.

3adawa 0.220. Hanunmre Tpou3BOAAIIYI0 TPAMMATHKY € OJHO3HAYHBIM BBIBO-
JoM 171 s13bIKa, B asndasute 0, 1, 2, COCTOAIIErO U3 CJTOB € Y€THBIM IUCIOM HyJ e
¥ 9E€THBIM YHUCJIOM eIWHUI] ¥ HANINTe MTPOU3BOILAINY0 (DYHKIIUIO JIJIST 3TOTO S3bI-
Ka.

3adauae 0.221. Haiimure NAWHBI TEPUOIOB CIEAYIONUX MOCTEIOBATEIBHOCTE!:
a) umucen Ditepa mod 6; 6) uucen Diinepa mod 7; B) yucen Bepuyanu mod 6;
r) uucen Bepuyaim mod 7; 1) umcsa unasomonuii I, mod 6; €) yucia MHBOJIIO-
muit I, mod 7.
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B srom mpuoxkerun cobpaHbl pereHus KJIYEBBIX 337a4 W3 CIUCKOB 33134,
MIPUBEJIEHHBIX B KOHIIE KazKJION IJIaBbI.

.1 Pemenusa 3ama4 riaBsl 1

1.3 a) Yucao nepecranook tuma 177422 papHO KoJMYECTBY BApHAHTOB BBIOO-
pa aByX (pa3jMYHBIX) TMApP JEMEHTOB B N-3JEMEHTHOM MHOXkecTBe N,.
ITpusegem nBa crocoba mo/icyerTa TOro YUcIa.

Cnocob 1. B N,, nmeerca (Z) PA3JIMYHBIX 4-3JIEMEHTHBIX TTOIMHOKECTBA,
KaXK10€e U3 KOTOPBIX MOKHO pa30UTh HA 2 MaPbI (3) = 3 cnocobamu. Uroro:

#1"712° =3(}) = sl

Cuocob 2. Umeercs (g) BapMAHTOB BHIOOpa maphl seaementos B N,. Cie-
AYIOIIYIO Tapy BBIOMPAEM M3 OCTABIIUXCA N — 2 3JE€MEHTOB (";2) CITO-
cobamu. C y4eroM TOro, 4roO MOPAAOK, B KOTOPOM BbIOMPAIOTCS IaphbI,
n—402 __ 1(n\(n—2\ _ n!
HecyIecTBeHe , momyqaem #1772 = 3 (2)( 9 ) = St-11-
1.36) B N,, nmeercs (g) 3-371eMeHTPBIX TMOAMHOXKecTBa. s Kaxka0# Tpoiikn
JIEMEHTOB CYIIECTBYeT 2 PA3HBIX CITOCODA UX IUKJIUIECKON TepecTaHOBKHU

(M. samauy 1.2). Cenosarenbno, #1"733 = 2(}) = 3(n’ﬂ3)!.

1.6 6) Coornomenne (1 + s)¥(1 + s5)? = (1 + s)**” noacramopkoit onpeeTeHus
(1.4) npuBOAUTCA K LENOYKE PABEHCTB

i G2 = (07 n=012

JloxazaTeThCTBO PaBEHCTB MPOBeaeM MHIyKImel mo n. Ilpn n = 0 paren-
ctBO caeayer m3 yenoeusi () = 1 Va. Ilpeanonoxus, uto mepseie n + 1
COOTHOIIEHWH TENOYKH BEPHBI, IPOBEPUM BbIOJIHeHue (1 + 2)-ro paBeH-
crBa. Ucnons3ys npe/inoozkenne MHAYKIUKI, Ipeodpa3yeM IPaByio 4acTb
paBeHCTBa:

(G = =) = L () () = Tio (55 + S5 (D7)
= 3o (B ) () + S G d ) = S0 () ()

201
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9T0 U TpebOBAJIOCh MOKA3ATH.

1.6 B) Ykazanue: B I0KA3aTEIbCTBE YI0OHO BOCIONB30BATLC CJIEIYIOMHAM OUe-
BUIHBIM YTBEPXKIEHUEM

F(s)=G(s) & F(0)=G(0), F'(s)=C(s),
U MPUMEHUTH COOTHOIIeHne u3 3amaun 1.6 0).

1.8 Ham m3BecTHO, 9TO JIeBas u mpasas obparable GyHKmA K B(s) (Mbr 060-
suagaem ux A(s) m C(s), COOTBETCTBEHHO) CYIIECTBYIOT W OJHO3HATHO
onpenenenbl (M. Teopemy 1.4.5). Tlpumvensst mogcranosky ¢ = C(u) B
papeHcree A(B(t)) = t, u yunrsiBag, yro B(C(u)) = u, ybexknaemcs B
COBIIAJIEHUY MPABOIl 1 JIeBOiT 0OPATHBIX (DYHKITHIN:

Clu) = A(B(C(u))) = A(u).

B namnoM paccy:KAeHWN MCIOIb30BaHa, aCCOITMATUBHOCTD OMEPAITUH TTOM-
cranoBku. JIoKa3aTeIbCTBO ITOTO CBOMCTBA, YUTATENIO MTPEJIATAETCS PO~
BECTH CAMOCTOATENHHO.

1.9 Otserst:  a) A(s) + L(A(s) — A(0)); 6) 290 ) A(bs); 1) L1(A(s) +
A(=3s)).

1.11 Bo Bcex Tpex mpuMepax 3TOTO HOMEPA MOYKHO MPETbLIBUTH SBHBIE BBIPA-

KeHus 1yia oOparHbix (yukimit. OgHAKO HaIe TeJbI0 sIBISEeTCS Hapa-
00TKa HABBIKOB PEKYPCHBHBIX BBIYUCICHUN PA3IOKEHUT OOpATHOH HYyHK-
WK B P, TIO CTENEeHsIM ee apryMmenTta. i mpumepa pasbepem ciaydaii
0).
O6parnas k (exps — 1) dynkius F'(s) aBnsiercss penieHneM ypaBHEHHst
exp F(s) — 1 = s (oueBmano, F(s) =1n(l + s)). lloncrasum F(s) = f1s+
f2s%2 4+ f35% + ... u OymeM pemiarb 3TO ypaBHEHHE, YIEPIKHUBAS <ICHBI
BILJIOTH JI0 TPETHEi CTEMeHH 110 S:

1 1
expF(s) =1 = F(3)+§F2(S)+§F3(S)+---
1 1

= fis+ (f2+§f12)52 + (f3+f1f2+6fi3)53 +...=s.
Orcoga 3akuogaem: f1 =1, fo = —%f1 = —%, fz = —flfQ—éff =
1
g.
a) F(s) =sin"'s = s— 15+ 2"+ ... B) F(s) = Y=t =

s—s2 4283 —. ...

1.12 Haunewm ¢ BeIYuCIEHUS IPOU3BOIHOM apKcuuyca. [lpumenss dopMyny ast
npousBogHoi obpaTHoit bynrkmmm, — (F~1)(s) = 1/F'(F~1(s)) — BBI-
THUCISIEM

arcsin’(s) = L = ! - ~1/2)(_g2)k — k=1/2) ¢
(s) cos(arcsin(s)) V1-s2 Z( )= Z( )

k>0 k>0
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[IpounTerpupoOBaB 3TO BHIpAXKEHUE, MOAyIaeM (DOPMYIY s apKCUHYCA!
2k+1

. . s ds o k—1/2 S
arcsm(s)—/o 7\/@—2( X )2k—|—1'

k>0

1.14 B panax A(s) u B(S) BbLaemnM nepsbie HEHYIEBbIE KO3bDOUITHEHTHI a,y, 7 0
u b, # 0, COOTBETCTBEHHO:

A(s) = ams™ + Z ars"®, B(s) = bys" + Z br.s®.
k>m k>n

Torma A(s)B(5) = Cmans™ " + Z kst mme  Cmin = ambn, #0.
k>m+4n

1.15 PaccmorpuM ycaoBus nenouuciaeHHocTu Kodddummentos paga B~ 1(s) =
Zkzl bps®. TIpu nokazarenncTre Teopembl 1.4.5 06 obpaTHOi dyHKIMM
MBI yOeaumuch, 9To KoaddumumenTsl paaa B1(s) maxomaTcea u3 cooTHO-
MIeHUT BUJIA

_ 1 _ _ _
blzaa bk+1b11€:P(b1a"'7bk+1;bla"'vbk)a

rme P — muorousnen ¢ meabiMu kKodgduimentamu. Ciie10BaTeabHo, He0O-
XOQUMBIM ¥ JOCTATOYHBIM YCJIOBHEM IEJOYHCICHHOCTH KO3(DDUIMEHTOB
B~71(s) apagerca by € {1,—1}. OrmernM, 9T0 MHOXKECTBO panos B(s),
Takux 410 by € Z Vk, by =0, by = 1, obpasyer rpyiy OTHOCHTEILHO
orepaluy moACTaHOBKY (cp. ¢ 3amadeii 1.10).

1.16 6) Cuauana Hafinem Bce obparumvble perienus ypasuenusa F'(s) : F(0) #

0. Ilepenocst Bce uensl, 3aBucsnme or F' B JeByH0 49acTb ypaBHEHUS U
UHTErPUPYSL Pe3YIbTAT, IOIYYaeM

F'(s *dF(s s
2()=/l<:>/72():/d8.
F2(s) o F2(s) 0
WNuterpanst B 06enx 9acTsX PABEHCTBA JIETKO BBIYUCIAIOTCA W MbI TIOJTY-
qaeM —ﬁ + ﬁ = S, TO €CThb

_F(©)
F(s)—T(O)S.

B cayuae, ecrm F(0) = 0, wu3 ypasmenna caemyer F'(0) = 0. Tocie-

noBarenbHo auddepeHnupysa obe YaCTh ypaBHEHUS U MOJACTABIAS B HETO
k

spadenne s = 0, MBI 3aKJII0IAEM, ITO %E:O =0Vk, toects F(s)=0.

3amernM, 9To mpuBeaeHHAs BhIme Gopmyna quis F(S) yIHTBIBAET aBTO-

MATUYeCKH U 3TO HEOOPATUMOE peIleHue.
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1.17 6) Cornacuo yciopuio 3amaan F(s) =1-242-3s+---+(n+1)(n+2)s"+. ..
Nurerpupys npaxapl Gopmyny aus F(s), nomnydaem
2
1

//F(s) =+ + o +s"Pp = 18_3 =75 l-s

Ocraercst mpoguddepeHIupoBaTh 2 pa3a MOJTYIYEHHOE BbIPAKEHUE:

Fls) = j<1i> shier:t

1.19 Cornacuo 3amedanuto 1.2.5, dbopmyna Herorona-Jleiibruma ais opous-

BOJHBIX OT TIPOU3BOAATIHX (DYHKIUH SBJISAETCS CIEICTBACM OTHOMMEHHON
hOpMYIBL 171 OOBIYHBIX IPU3BOIHBIX, TOKA3BIBAEMOI B KypCce MATEMATH-
yeckoro ananm3a. OHAKO ee HEIOCPEICTBEHHOE JOKA3ATENbCTBO ABIACTCH
TOJIE3HBIM YTIPAYKHEHUEM M0 CYyMMUPOBAHUI) (POPMATBHBIX PSIOB, W TO-
3TOMY MBI KDATKO OOCYIHM €ro.
O6osnaunm  A(s) = Y aps®, B(s) = Y. bs®. Kosdbdbunuenr npu s*
npomspoasmeit bynxmym A’ (s) pasen (k-+1)ag, akoaddumment mpu s7F
B B(s) pasen b,_j. Caenosarenbho, koadduiuent npu s" B Ipousse-
nerann A'(s)B(s) pasen Y., _o(k + 1)akt1bn—k. AHATOrIYIHBIM OGpa3OM
porancasgeM koaddunpent npu s B A(s)B'(s): Y p_g(n+1—k)agbnr1—.
CyMMHUpy# NOIy4YeHHbBIE BBIPAXKEHUST, HMEEM

n

(A'(5)B(s) + AS) B ()) o = S (k4 Dagsabuor + 3 arln+1— K)buri_y

k=0 k=0
n+1 n n+1

= Z kapbpy1—k + Z(n +1—k)agbpy1-x = (n+1) Z akbpy1—k
k=1 k=0 k=0

9T0, KAK HETPYJIHO IIPOBEPUTH, COBIAAAET € KO3 PUInEeHTOM npu s B
/

npoussogsieil Gyukimn (A(s)B(s))'.

1.21 Bcsikoit mape HaTypaJibHBIX duces N U k COMOCTaBUM HAbOP CTPOTrO BO3-
pacrarormux HaTypaabHbX dncen 0 < by < b < --- < by, WO caemyomeMmy
npasuity. Cuagana Beibepem by, > 0 Tak, 9T0OBI yIOBIETBOPSINCH HEPA-
BercrBa (ybenurech, 4To Takoil BbIOOD OJHO3HAYEH)

(5) o< ()

3arem onpenenuMm by > 0 w3 ycmosuit

br—1 by, br—1+1
< — .
(k—l) = (k><< k-1 )

ITpu Takux ycioBusiX 0OS3aTENBHO BBIMTOJIHSIETCS HEPABEHCTBO by, > bj_1.
HeficTBUTETBHO,

() <n- (< () =) = () = bas<h
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1.23

1.24

1.25

IIpomomxkas meiicTBoBATH MOAOOHBIM 0OPA30M, OMpPEIeIUM UHUCIa b _o,
by—_3 u T. A. BrL1oTh 110 by:

() er- () ()<C1)

[Mocnennee cooTHOIIEHNE TIOAPA3YMEBALT, 9TO N = (bf) + (b;) + 4 (blf)
Takum obpazom mbl mocTpoman Habop uncen 0 < by < --- < by, marormit
HMCKOMOE IPEICTABICHHE 1.

JokazaTenbcTBO €IUHCTBEHHOCTH TAKOTO TMPEJCTaBJIEHUS TMPOBEIeM WH-
ayknweit o k. Ilpu k = 1 yreepxxmenue odeBuauo. [Ipemmonoxum, 910
JIJISE BCSIKOTO HATYPATBHOTO YKCIA PACCMATPUBAEMOE IIPE/ICTABIEHNE B BU-
ge cyMMbl k — 1 ciiaraemMoro eIMHCTBEHHO, W JIOIYCTHM, YTO CYLIECTBYET
OTJIMYHBIN OT y»Ke MOCTPOEHHOro Habop HarypaabHbx uncen 0 < ¢ <

- < ¢k, TAKOH 4TO N = (011) + e+ (Ck’“) B cuny ycnosuit na by ume-
eM ¢ < by, IpudeM pPaBEHCTBO ¢ = b TPOTHBOPEUHUT MIPEIIOI0KEHUIO

maaykimu. CremoBarenbao ¢ < by — 1 u MBI IMEeM IEMOYKY HEepaBEHCTB
n= (%)= ) = (1) = () = ) = 02D = ().

C apyroit CTOPOHBI, B CHJIy MPEIIONOKEHUST WHIYKIWN, TPEJICTABICHNE

qucaa N — (C,f) B BUJIE N — (C,:) = (Cf) + (622) + -+ (ck":ll) eIIHCTBeH-

11
Ho, mpudem n — (4) < (C’“kjf ). CpaBHUBAsI 1B [OC/IEIHAX HEPABEHCTEA,
HOPUXOINM K IPOTHBOPEYHIO Cix_1 + 1 > Ci W, CIeIOBATEIbHO, IPEICTaB-
JIGHHE eIHCTBEHHO.

Bocnonb30BaBIIHCH CBOMCTBOM CHMMETPHH OMHOMHUATBHBIX KO DUIIHEH-

TOB TIpeodpasyeM KasK bl UJIeH CyMMbBI B JIEBOM YaCTH PABEHCTRA K BUILY
2n)\ 2 2 2

(") = (31 (," ), mocie wero 3amedaeM, UTO JIeBas YaCTh PABEHCTBA

paBHa K03 dunuenTy npu 2" B MHOIOUICHE
(1—5)2"(145)%" = (1—s%)2.
Tenepsb yTBep:KICHUE 33391 CTAHOBUTCST OYEBU/IHDBIM.

BerawcnmM 3HAMEHWE TPOM3BOMHON MHOTOWweHA F(s) = —(1 — 5)™ npm
s = 1. C ommoit croponst, F'(s) [s=1= n(l —s)""! [sc1= 0mpun > 1. C
JpYyroit CTOPOHBI,

Fs) e = 0 () 6 L= S0 k()

k=0 k=1

970 1 TpeBoBANOCh HoKasaTh. OTMETUM, UTO TIOJACTAHOBKA § = | 3aKOHHA,
TaK KAK Mbl UMEEM JI€JI0 ¢ MHOIOYJIEHOM, a He (DOPMAJIbHBIM PsIoM (CM.
zamedanve 1.4.2).

VkazaHue: BBIYUCIATE IBYMs CIOCODAMY 3HAYEHUE WHTErpPaJsa

1 1
1—(1—s)" 1—s"
/Mds:/isds
0 S 0 1—s
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1.28

21

2.2 1)
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CHauajga MBI JOKazKeM BCIIOMOT'aTEJIbHOEC COOTHOIIEHUEe:

2 () () - ()

CyMMa B JI€BOI YacTU 3TOIO COOTHOILIEHUSI UMEET HEHYJIEBBbIE CllaraeMble
TOJIbKO pu k > i. OrpaHuuuBas MHAEKC CyMMMPOBaHUs HA 00/1acTh 1 <
k < n wm ocymecrass 3ameny k — p : p = k — ¢ npeobpasyeMm JI€BYIO
JacThb

306 = 0505 =

9710 1 TPebOBAIOCH MOKA3ATH.

IIpucrynuM K JOKa3aTeIbCTBY TOXKIECTBA. THINYIHOE claraeMoe B JIeBOH

n

€ro 4aCTu UMeeT BU] (k) (2k—n)?, k=0,1,...,n.3aMeTuM, 9T0 MHOXKH-
Tens (2k — n)2 IpPEICTAaBUM B BHE JTHHEHHON KOMOUHAIINNT OMHOMUAIBHBIX
K03 duIrmeHTon

(2k —n)* = 8(5) — 4(n—1)(}) +n*(5) -

Takum 00pa3oM TOXKIECTBO CBOAUTCS K JIMHEHHON KOMOMHAIINY BCIIOMOTA-
TEJIbHBIX COOTHOILEHUI:

3 (1) = ()2~ (D) (D) = e

k=0

Samaga 1.27 MoxKeT OLITh PEIIeHa ¢ HCIOJIH30BAHUEM TAKOTO K€ BhIUHC-
JINTEJILHOTO TIPHEMA.

Pentenusa 3ama4 raaaor 0.7

Nunyknueit mo k #HeTpymHO yOeauThCs B CIPABEIIMBOCTH CJIEIYIOIIErO
coornomenns s gucen ®ubonauwunm: [ = (1) 1f_ ;. Orciona

=10 = fs = 34.

Ecnu 6b1 npoussonsmasa Gpyukius A(s) = ano ﬁ ObLIa, PALMOHAJb-
Ha, TO PAIMOHAIbHA ObLia Obl U JorapudMudeckas Gyukius — In(l—s) =
s(sA(s))/. Mpeanonoxum, uto 310 nefictBurenbro Tak: —In(l — s) =
P(s)/Q(s), rme P(s) m Q(s) — B3auMHO IIPOCTBIE MHOrOWICHBL. IIpoand-
dbepernnpoBaB 3T PABCHCTEO U U3GABUBITHCH OT 3HAMEHATEIS, TIOJIY1aeM
MOTMHOMHUATEHOC COOTHOITCHUE

P2(s) = (1= 5)(P(s)Q(s) = P'(5)Q(5)), (1)

OTKY/IA 3aKJTI09IaeM, 9T0 § = 1 — koperb MHOTOUIeHa P(8), To ecTh P(s) =
(1—5)*R(s), tne R(1) # 0 u k > 0 — kparnocrs kopus s = 1. Iloncrasus
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BbIpaxkeHue st P(s) B coorHomenne (1) 1 COKpaThB OBITHIA MHOKUTENH
(1 — s)* B ero sieBoit u mpaBoii YACTAX, MMeeM

(1= )" R2(s) = (1-5)(R(5)Q'(5) ~ R(5)Q(s)) ~ kR()Q(s).

Haxkonen, noxcrasus s = 1 B mocaeaaee COOTHONIEHHE MBI oaydaeM Q(1) =
0, To ecTh s = 1 gBysiercs TakyKe KOpHEeM MHOrowiena Q(s), 4To nporu-
BOPEUNT MPEJIIOJNIOKEHIIO 0 B3anMHoil mpocrore P(s) n Q(s). Wrak, jora-
pudmudeckas dbyHKIMsI, a BMECTe C Hell u npousBoisdmas Gyukuus A(s),
UPPAalUOHAIBHEI.

2.2 1) Ilpowssogamas byHKIHUSA MOCTeIOBATETLHOCTH f2 ABIACTCA MPOU3BEIe-
HueM AjiamMapa JABYX PalUOHAJbHBLIX mpousBoasimmx dbyuxiuii — Fib(s) o
Fib(s) — u, cremoBaTensHO, OHA parmmoHaNbHA. [locTpoenno 3Toi dbyHK-
IIU¥ IIOCBsIIeHa 3ama4a 2.12.

2.3 llpencrasyienuss B BUjie KBA3UMHOT'OUJIEHOB:

1 1 1 6n +5
(=1 n 72n+1, (=1 n, " Y
B S8

(n—2)(n—3)

ontl. B)
2

2.4 OtBernl: &) ants = 2(ant2tant1+an);  6) antes = 2(ans1+an);  B) Gpio =
3ay,.

2.5 Ilpowmssomsanine OyHKIHA:

5s—1 14 2s s(3—13s)

a) A(s) = 291 —39) 6) B(s) = (=25 B) C(s) = A+ —s2

2.6 IlpuBesmennbpie B MpUMEPAX PABEHCTBA SIBJIAIOTCS COOTHOIIEHUAMHU Ha, KO-
3 DUITMEHTHI IPYU CTEMEHAX § B CJEAYIONIUX PABEHCTBAX IJIsi TIPOU3BOIS-
meit byukiyu gncen Oubonaaan:

Flb(S) _ Flb(S) - fo - Sf1

Fib(s) +s  Fib(s) — fo
1—s 52 '

1—s2 s

a)

6, B)

2.7 YKazaHue: [IOKAKUTE, YTO XaPAKTEPUCTUYECKUN MHOIOYJIEH MATPULIBL U3
ypasuenus (2.9) saBagercs MUHUMAILHBIM. JIjis 9TOrO, HANpUMED, CPaB-
HHUTE TIePBbIE CTPOKM B 3TOHU MATpHIlE U B €€ CTEleHAX.

. . n+k—1\ (m+1—1
2.11 6) Kosddbuuuent npu s B uckomoii npoussosuieil GyHKIMu paBen ( P ) ( -1 )(qr)”.
[Tpu BBEIYMUCTIEHUN TPOM3BOISINEH (DYHKIIUN CJIEIYET BOCIOJIB30BATHCS CO-
OTHOIITEHUEM

-1\ _ k-1 Hl+k—p—2\ (k-1
(") = Zme P (T (L)
—k - in{k,l}—1 (=1)P(k+l—p—2)! ke
Otser: (1—gs)*o(1—rs) l:EZl:”(l){ ; —(lgfp)fl()l(lfziofl))!p!(1_qTS)1+p k=t
2.12 YkazaHue: BOCHOJB3y#Tech IpejacraBjieHueM uuces Puboxaddu B BHJE

kBaszuMHOroweHoB (cm. (2.7)). Orser: Fib(s) o Fib(s) = m .
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2.14-19

2.17

2.18

2.19
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VYkazanue: JJisi TOCTPOEHUS MPOU3BOAAIINX (DYHKITHN B ITUX 33a9aX HY K-
HO HalTHU JIMHEHHble PEeKYPPEeHTHBbIE COOTHONIEHUs, KOTOPBIM YIOBJIETBO-
PAIOT 4JIEHbI 110C/Ie0BATEeTbHOCTEI.

YkazaHue: pacCMOTPHUTE BIIOMOTATEIHHYIO TTOCAENOBATENLHOCTD Y, THCENT
pa30ueHuil OJOCKY IMUPUHON 3 W JJIMHON N KBAJAPATUKOB, U3 KOTOPOI
U3bAT OJMH CAMbI PaBblii Bepxuuii (Mim HUKHUI) KBagpaTuk. Yo6emnu-
TeCh, YTO JIJISI YUCEJI Cp, U 7Yp, BBIIOJIHAIOTCA PEKYyPPEHTHBbIE COOTHOIIIEHNUA
Con = 2%2p—1 + C2n—2, Yon—1 = C2n—2 + Y2n—3. FICKMI049UB 7, IOTyIUTE
PEKYPPEHTHBIE COOTHOIEHUST TS Cp: Coptd = 4Copt2 — Cop.

Besikoe 3amorienne JOMUHOIIIKAMY [TOJIOCKH IMIAPUHON B 2 KIIETKU JOJIZKHO
COZEPKATh YETHOE YHCIO h TOPU30HTAIHLHO OPUEHTHUPOBAHHDBIX JTOMHUHO-
IEK, TOITOMY d,, OTJIUYHO OT HYJs JIUIIh MPU YETHBIX 3HAYEHUSX CTOU-
MoctH N = h + 2v. Tak Kak BCIKOE 3aMOIIEHNE CTOUMOCTH 7 + 2 MOXKHO
IOy 9UTh T0DABIEHUEM K 3aMOIIEHUI0 CTOMMOCTH N OJHON BEPTUKAIbHON
TOJIOCKU, OO0 TAaphl TOPU3OHTAIBHBIX MOJIOCOK, TO UMEEM dp 4o = 2d,.

O603HaYMM YKC/Ia ABYXCTYIEHYATHIX (TPEXCTYHEHIATHIX) N-KJICTOTHBIX
JeCEHOK STOfl 3341, COOTBETCTBEHHO, [\ (155’)). Ilepsbie 6 wreHOB 9THX
nocsegoBaTe/IbHOCTeH coBIaaIoT: l((f) = ZY) = léi) =1, lgi) = lff) = 2,
léi) =3, upu i = 2, 3. OaHaKo, lé2) =3, lég) =4, u gajuee 11(13) > lq(f) Vn > 5.

a) BoJbIIMHCTBY N-KIETOYHBIX 2-CTYHEHYATHIX JIECEHOK MOYXKHO COIIOCTa-
BUTb (N — 1)-KJIETOUHBIE 2-CTYIIEHIAThIE JIECEHKH, YMEHBIIUB PA3MEP HUZK-
Hell CTyMeHbKN Ha OHY KJIeTKy. VICKIIoueHne COCTaBISIIOT JIECEHKH, y KO-
TOPBIX pPa3Mepbl BEPXHel 1 HUKHEH CTYIeHeK OTJINYAI0TCS HA OIHY KJIeT-
ky. CremoBarenbHO, PA3HOCTH 1512_?_1 — ZVS,,Q) paBHa HyJ0, aubo enunure (B
3aBUCUMOCTH OT YETHOCTH 7). 3aMETUM TelepPb, YTO yJAAJEHHUE IBYX KJle-
TOK, TI0 OJTHON B KayKJI0# M3 CTYTEHEK, He OKA3bIBAET BIWSHNS HA MOJACYET
pasnoctu. Urak

17(12-1)-1 - lg) = 1512—)1 - 17(12—)2
ecTh HCKOMOe pekyppenTHoe cootromerne. Otser: L) (s) = 3 o 1P gn

1—s245s°

(1—s)(1—s2)"

6) B sTOM ciiyuae, MOBTOPsIs PACCYKICHUSA C YAATCHUEM KJIETOK B HUXKHUX

FORONEOR
JBYX CTYIMEHBKAX JECEHKH, 3aK/I0IaeM, 9T0 pasHocts (I, —ln )= (17,

3 .
127)2) pasaa 0 wiu 1 (1 B caydae, eciau BEPXHsA CTYMEHbKA WCXOMHOM
JIECEHKH OTJIMYAETCS 110 PA3MEPY OT CPEHEH CTYNeHbKY HA OJHY KJIETKY ).
Tak Kak yganeHne Tpex KJIeTOK, 0 OTHON B KaXKI0 CTYIIEHbKE, HE BIIUSET
Ha MOJACYET PA3HOCTH, TO HCKOMOE PEKYPPEHTHOE COOTHOIIIEHNE NMeeT BU,

3 3 3 3 3 3 3
R I e . AT PPy Sy P

. — (3) n _— 53
Omper: L) (s) = 32 S oln's™ = 5 + [(EDI TR
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2.20 Bo Bcex mpuMepax 3TOr0 HOMEPa, MPY BbIYUCIeHNH Tpeobpazosanust [ldad-
da HaIO BOCIOIB30BATHCH JIMHEHHBIMUA PEKYPPEHTHBIMI COOTHOIIEHUSMU
JIJIsl IOCIIEOBATENBHOCTH {ay, }.

a) B ciayvae reomerpuueckoli nporpeccuu uMeeM DPEKyPPEeHTHbIE COOTHO-
[IEHAS Gpt1 = (Ap, U TO3TOMY TIPU BBIYUTAHUM U3 JEOOG0H cTPOKHU (cTomb-
1a) MaTpuilel A, cocemnueil ceepxy (ciesa) crpoku (cToabIa), TOMHOMKEH-
HOM Ha KOI(DPUIMEHT ¢, HEKOTOPas YaCTh KOMIIOHEHT Pe3yJIbTara OymIer
pasua 0. Boibupas noaxongmmm o6pa3oM (KAKMM MMEHHO?) IIOCIeI0Ba-
TEJIbHOCTh TAKMX BBIYMTAHUMN, MaTpuily A, MO:KHO Ipeobpa3oBaTh K BUILY
(3aech yureno ycsosue ag = 1)

0 1 0 0

-1 0 1 0
A, = .

0 -1 0 1

0 -1 0

[MocnenoBaTeIbHOCTD BBIYUTAHUN 3a0a€T CJIEAYIONEe COOTHOIEHWE st
Marpuil A, u A,:

1 0 0 0
—q 1 0 0

A, =B, A,B., e B,=|: . . . . (2
0 ... —¢ 1 0
o ... ... —q 1

Ouesngno, det A,, = det A,, = 1, orkyma |p,| = | PfA,| = 1. Onpenenurs
3HAKH 3JEeMEHTOB P, MOYKHO C MOMOIIBIO CACAYIONHX PACCyKICHHI.
3ameTnM, 9TO BCAKOe TPeobpa3oBaHue BHAA (2) MEPEBOTUT KOCOCHMMET-

PUYECKYIO MaTpuity A, B KOCOCUMMETPHUIECKYIO K€ MATPUILY A, , mpudeM
ndadduanbl MATPHUIL CBA3AHBI MEKIYy COOO0M COOTHOIIEHHEM

PfA, = detB, - PfA,

(yGenurech B 9TOM, cpaaus 3Haku 1upu MOHOME (b11022 . . . bap 2)(@12a34 - . . A2n—1,21)
B 00enx wacrax cooTHomenus). B mamem npumepe PfA, = PfA,, u,

3HAYUT, HAM JOCTATOYHO OMpeneauTh 3HaK mdaddrana marpuist A,. B
OIIPEJIEIATENb 9TOR MATPUIBI €ITUHCTBEHHBIM HEHYIIEBON BKJIIQJ, AT MO-
HOM

(—@21812)(—@43G34) - - - (—2n 201 G2n—120) = (@12G34 - . - G2n—120),

u, cjaeg0oBaTeJIbHO, Pf An = (~l12&34 e 5,27171 2n = 1.

6) asa nocnenosarensuocru ®ubonavuu marpunst B, u A, = B, A, BT
uMeroT caenyomuii Bu (06bicHUTE, KAKUM 00Pa30M 110 PEKYPDPEHTHOMY
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COOTHOIIEHHIO fpio = frny1 + fn onpenenserca sug marpurn B,7)

1 0 0 0 0 0 1 0 0

-1 1 0 0 0 -1 0 2 0

-1 -1 1 0 0 _ 0 -2 0 2
Bo=1l0o -1 -1 1 0], An=1] . .

: . .. . o o ... ... =2 0

0 ... 0 -1 -1 1 0 .. ... 0 =2

Orcioma, PfA, =PfA, =2
Orservl: B) p, =3" 1) p,=n+L1L

2.21 Yucao CTEKOBBIX MOJUMUHO TepuMeTpa 2n Oyaem 0003HAYATH CHUMBOJIOM
®9,,. Ha MHOKECTBE CTEKOBBIX TOTUMUHO PACCMOTPUM CJIEAYIONINE Onepa-
1AW, YMEHBIIAONIHE TIEPUMETD MOJUMUHO HA 2:

- yJajieHne KpaiHel JIeBON KOJOHKH, €CJIM 3Ta KOJOHKA COJICPXKHUT POBHO
OJTHY KJIETKY;

- yZaJleHue KpalfHell IpaBoif KOJIOHKH, €CJIN 9Ta KOJOHKA COIEPIKUAT POBHO
OIHY KJIETKY;

- yJAQJICHUE HUKHErO PAjia KJIEeTOK, €CJM U B JIEBOU U B IIPAaBOil KpalHUX
KOJIOHKaX COJIEPIKUTCS O0Jiee OTHON KJIETKH.

3aMeTuM, 9TO K KaXKJIOMY CTEKOBOMY TIOJUMUHO TTepuMeTpa 2n + 4 MOoxK-
HO MPHUMEHHUTb XOTs Obl OZHY M3 3THUX TPEX Olepaiuil, IpudeM TeM IIO-
JINMMHO, K KOTOPBIM MOXKHO [PUMEHHTBH CPaldy JBE ONEePaldd — IIEPBYIO
U BTOPYI0 — B3aHMHOOJHO3HAYHO COIOCTABJISIOTCS IOJUMHUHO [IEPHMETPA,
2n. ChenoBarenbHo, s qucen Py, BBINOTHSETCS PEKYPPEHTHOE COOT-
wvormenne Poyigy = 3Poy 10 — Poyy. TouHO TAKOMY K€ COOTHOIIEHUIO YIO-
BaerBopsiior U 4uciaa Pubonauuwm ¢ uerHbiMu HOMepamu fa, (IpPOBEpPDH-
tel). OcTaeTcsa CpaBHUTH HAYAJBHBIE WIEHBI TOCTeROBaTenbHOCTER { Doy, }
u{fon}: ®4=fo=1, ®g = fo =2, u, cnegoBarenvuo, Po, 14 = fon.

2.22 llepesox uucsia n B PuboHauuneBy cucreMmy cumcienus. BoibepeM HAnOOIb-
mee u3 gucess Pubonauun [ Takoe, 910 fi < n, 1 PACCMOTPUM PA3HOCTH
ny = n — fi. Qg n, noabepem maumbosbiree fi,: fi, < ni, u nepefizem
K PAcCMOTPEHHIO Pa3HOCTH No = N1 — fg,. IIOBTOPSAS 3Ty omeparnio Mbl
32 KOHEYHOE YHCJIO MAr0B CMOXKEM MPEJICTABUTH 7 B BHUIE CYMMBI UHCET
Gubonaaam: n = fi, + fr, + ..., IpudeM B 3TOH cyMMe JTHOOBIE JBA COCE-
aux uncna Pubonavan fi, u fr,,, OyayT uMeTh HOMepa, OTIMYAIOIIHECT

Gosee yeM Ha exunuiy, k; — ki1 > 1 (mouemy?).

AJIFOpI/ITM CJIO?KEHHSI OCHOBAH Ha HUCIIOJb30BaHUU PABEHCTB

o+ fnr1 = faso, o+ fa=fog1 + fuo2.

AJIFOpI/ITM YMHOXKeHud B CBO€l OCHOBE MeeT PaBeHCTBO

fofn = fatk—1 + fo—2fn—2,

o
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2.23

2.24

2.25

0.63

0.65

nokaszeiBaemoe mHaykimeid mo k. [lonoxkus mns onpenenentnoctu k < n,
MHOT'OKPATHBIM IIPUMEHEHUEM 3TOr'0 PaBEHCTBAa I0Iy4aeM

fn—k+3 + fn—k, ecau k gernoe;

fofn = fn+k1+fn+k5-|—-..+fn+k14i+-..+{ st fo o1, ecan k meserioe,

3nech B cayuae n = k ciaenyer 3aMmenuthb f,—r = fo Ha fi.

KopustMu muorousiena @Q(s) sBJAAIOTCA BCEBO3MOMKHBIE TONAPHbIE TPOU3-
BeJCHHs KOPHEH MHOro4aeHoB Q1(s) u Qa(s).

Acumnrorudecku fy, ~ %(H‘T‘/g)’”rl Oreersr: a) 21; 6) 209.

Orser: 7-1/22(n+3)/2

Pentennsa 3ama4 riraser 0.14

[Vkazauue:| BoiBegure st uncesn MonkuHa pekyppeHTHOE COOTHOLIEHUE

Mp41 = My, + E mgmj.
k+l=n—1

Bocnosib30BaBIIChE 3TUM COOTHOIIEHNEM U HAYAJLHBIM YCJIOBUEM 1My =
1, nokazkure, uro npoussoasias Gyukuus M(s) maa aucen Morkuna
VIIOBJIETBOPSIET YPABHEHUIO

M(s) =1+ sM(s) + s2M?(s).
Pemmb 370 ypaBHeHHe, HAHIUTE TIPOU3BOISAIIYIO (DYHKIUIO.

a) [Ykazanue:] Bocuonb3yiirech TeM, 410 YUCI0 TAKUX [yTeil u3 2n ma-
ros papro (*') — B KazK/JOM TaKOM IyTH €CTh POBHO N IIAIOB BIPABO.
Jpyrast BO3MOYKHOCTh COCTOUT B TOM, YTOOHI BBIBECTH JJIST 3THX UHCEJ
PEKYPPEHTHOE COOTHOLICHHE

Qpi1 =2 E crag,

k+l=n

rae ¢, — uncaa Karanawa. (Pasofbem myTh w3 2n Mmaroe Ha JBe 9acTH,
mepBast U3 KOTOPBIX MPEICTABASIeT CODOM 9acThb ITOr0 MyTH IO TEPBOTO
BO3BpAaIlleHHUs B HaUaJ0 Koopanuar. Koaddumment 2 Bozunkaer baaroma-
Psi TOMY, YTO HEPBBIH MIar MOXKeT ObITh CAeJaH KAaK BIIPABO, TaK M BJIEBO.)

6) [Ykazanue:] Kak kommdecTBO Takux myreil cBAzaHo ¢ guciaamu Kara-
maHa?

B,r) [Ykazauue:| Bocronbayiirech Tem, uro amst kaxzgoro ¢ = 1,2,..., N
B MOOOM TIyTH, YAOBIETBOPAIONIEM YCIOBHIO 33,1a4H, COIEPKUTCS TIEPBbIL
MIar B TOYKY ¢ HOMEPOM f, OCJe KOTOPOTO MyTh He BO3BPAIAeTC B TOUKH
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¢ MeHbIIUMY HOMepaMu. J[Jis1 3aa9u B) 370 HAGIIOAEHE IAeT CIAELYIONee
PEKyPPEHTHOE COOTHOIIEHNE HA KOJTUIECTBO myTeit u3 2n + N 1raros:

bgn+N: E A, Cly « + - Cpy -
ki+--tkn=n

31eCh 110C/Ie10BATEIIbHOCTD A IIEPEYUCILET Iy TH U3 334341 a), Cj — 1UC-
sga Karanana. Obparure BHEMAaHWE HA TO, YTO MEPBBIA HEHYJIEBOU UIEH
TOCTIETOBATEIBHOCTH 3TO UJIeH by, ¥ BCe ee WIeHbI ¢ HOMEPAMH, YeTHOCTD
KOTOPBIX OTJIAYHA OT 9eTHOCTH amucaa N, pasus 0.

[Vkasanne:] Comocrapbre Takoi Tabauie myTh JnKka, i-if OTpEe30K B KOTO-
POM HJIET BBEPX, €CJIM JJIEMEHT ¢ CTOUT B BEPXHEM DAY TAOIUITLI, U BHU3
B TPOTUBHOM CJIyYae.

ConocraBum Kax oMy 1nyTu Juka mapasiiesorpaMMHOe [MOJTUMIHO CIIeTy-
foruM o06pazom. B nytu /luka ecrb BEPIIUHBL (JIOKATLHBIE MAKCAMYMbI) U
BIAJMHBL (JIOKAIbHBIE MUHUMYMbI). 3aHYMEDYEeM BEPIIUHbBI U BIAJUHBIL (110
OTIEJBLHOCTH) CJIeBa HAmpaBo. Mex 1y KasKIbIMKU JBYMs MOC/IEI0BATE b
HBIMH BEPIIUHAMHA JIE2KUT POBHO O/IHA BIAUHA, TOITOMY HUHCJIIO BITAIUH
Ha 1 menbine yucsa sepumd. ConocraBuM Kaxkaomy mytu Juka 1Be 1iesno-
YUCJIEHHBIE TTOCIEI0BATETBHOCTH UT, . .., Uk U d1,...,dg_1, TJO€ U; — yBe-
JMYeHHasd Ha 1 BBICOTa -0 BepIMMHBI, a d; — yBelWdeHHas Ha 1 BBICOTA
i-oit Buaauabl. COOTBETCTBYIOINEE MAPAJIIETOTPAMMHOE TIOJIMMIHO CKJTEH-
Baercd u3 k croabUKOB mMupuHbL 1 (37eCh k 9TO YUCIIO0 BEPIIUH) U BHICOTHL
ai,...,a. Crosbuk ¢ HOMepOM ¢ + 1 IPHKIEMBAETCs K i-My CTOJOHKY
CrpaBa, IpudeM HuxKHEHE d; K1eToK (i + 1)-ro crosbuka MpUKICHBAIOTCA
K BepXHUM d; KJIETOK -TO cToi0uKa. HeTpyauno BumeTh, 9TO B pe3yabTaTe
u3 nmytu Jluka AauHON 21 MBI TTOTyYaeM MapajieJorDaMMHOe TTOTUMITHO
nepumerpa 2n + 2.

IIpoBepky TOro, 9TO MOCTPOEHHOE TAKUM O0OPa30M COOTBETCTBUE B3AUMHO-
OJTHO3HAYHO, MBI OcTaBisseM yurareaio. Ha Puc. 45 npusenens: myTs luka
BMECTE C TIOCTPOEHHBIM 0 HEMY [TapaJlIeIOrPAMMHBIM TOJTMMUHO.

[Vkazanue:| Beimucannas GyHKINS paBHA

—S

BeimosiHuTe MOACTAHOBKY M MPOBEPHTE YTO B PE3YJILTATE IEHCTBUTETHHO
nony4aerca pyuknna Karamana.

6) Ipomssonsmas byrkmus (1 —s)~2 numeer Bum 1+ 25+ 352 +4s3 +. ...
Ee ymuOXkeHne 0 Aamapy Ha mocaemoBaTenbHOCTL Karamana maer

1\/145)’
Lo vi—ds

Catg+2Caty s +3Catys® +... = (sCat(s)) = ( P

= (1—4s)71/2
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Puc.

45: Ilyts /IuKa M COOTBETCTBYIOIIEE €My TapaJlIeIOIPAMMHOE TTOJTUMU-

uo. Ha pucynke ykasanbl 9ucia u; (yBeaudeHHble Ha 1 BBICOTHI BEPIIUH) U d;
(yBeamnuennbie Ha 1 Boicorbl Buajuu). Ilosmmmuno cocrour u3 Tpex croabUKOB
BBICOTOI 4, 5,5, CKIEeHHBIX TTOCTETOBATENBHO TI0 IBYM OTpe3KaM JauH 3 u 4

A4

Pemtennga 3ama4 riaaBer 0.18

0.73 [Vkazanue:] Boisenst paBeHCTBO

0.75

cos(n + 1)p = 2cos g cosnp — cos(n — 1),
NEPENUIINTE €r0 B BUJAE PEKYPPEHTHOTO COOTHOLICHUS
Tni1(x) = 22T, (x) — Th—1(x).

Bocnonp3oBaBImes 3TUM PEKYPPEHTHBIM COOTHOIIEHUEM, BBIBEIATE MPO-
U3BOAAINILY 0 DYHKITUIO /I STHX MHOTOWIEHOB.

B) YTBEPXKICHUE MOCTATOUHO JIOKA3ATH JJIs MOACTAHOBKY (byHKIMU ['yp-
BUIA
2 3
A(s) :a1%+a2%+a3%+‘..

(¢ menbiMu ko3 dunmenTaMu ag,as,...) B MoHOM z"/n!l; T.e. g0Ka3aTH,
aro dyukmus F,(s) = A™(s)/n! aenserca ynkmmeii T'ypsuna. Bynem no-
Ka3bIBATH MOCJEHee yTBEPXKIeHue Mo uHayKinu. Jias n = 1 ono BepHo,
OCKONbKy cama pyukmusa A asngerca dyukumeit ['ypsuna. IIpeamomno-
KuM, 9to dyukima F,_; aeaserca dbyukuueit [ypeuna. @ywkiua F),
sBagercs ¢yHkIpel ['ypBuiia B TOM U TOJIBKO B TOM CJIY4ae, eCJii ee IPo-
uspomnasa F), aensercsa Gynkmmeit T'ypeuna. Ho sta nponssogmast

Filo) = G 5 A0) = Fua ()4

saBjsiercs npoussenenueM byukimil Fy,_1(s) (110 IpeanosoKeHuo uHIyK-
mn, byskmun Typeuma) w A'(s), T.e., COMIACHO MyHKTY a) HACTOAIIEH
3a0a4n, Takxke aBisercs dyHkiueit ['ypsuma.
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Berancnm KoadbduimenTsl npu s B JIeBOH 1 IPABOI YACTAX PABEHCTBA
/ 1 2
(1-s5)A'(s)=(1- 25 A(s),

rae A = A(s) — 3KCHOHEHIMAIbHAA NPOU3BOAAIAA (DYHKIMA JJIS TTOCIe-

JOBaTEILHOCTH g, A1, . ... B JeBoil Yactu ko3 puimenT paBeH
Ap41 _ Qp
n! (n—1)V"
a B IpaBoit

(n+1an, 1 ap—2
n! 2 (n—2)V

[Tepenecss BTOpOE ClaraeMoe W3 JIEBOH YaCTH B IPABYI) U YMHOKHUB 00€
JacTu Ha n!, MOJYyYMM HYKHOE PEeKyppeHTHOe coorTHomieHue. IlomcraBus
dysrnuo (1 — s)_1/2652/2+s4/4 BMecTo A B mudpdepennuaabaoe ypaBHe-
Hue, yOexK JaeMCcs, ITO OHA ABJISIETCS €r0 PEIleHreM, a PABEHCTBO MEPBBIX
IByX ee KoaddunuenTop 1 obecreynBaer U COBIAJCHHUE BCEX IOCTIENYIO-
X KO3 GUIIeHTOB.

a) [Ykazamue:] HokazarenbCTBO aHATOIMYHO CAy4aio ducen Diimepa. 6)
Yucno (2n — 1)!! paBrO umcsny pa3OHMEHHII HA HENEPECEKAIOIIUECH IaPbI
MHOXKeCTBa, {1,...,2n}, uam, 910 TO Ke camoe, UMCJIy WHBOJIONMIH (€3
HENOJBHKHBIX TOYEK Ha 3TOM MHOKecTBe. CONOCTaBUM KaxKIOH MHBO-
gonuu nyTh JWKa AAWHBEL 2n 0O CAeAYIONeMy IpaBHy: (-# mar myTu
ABIAETCA MArOM BBEPX, €CJIN JJIEMEHT | ABJIAETCS MEHBIIUM 3JIEMEHTOM
B CBOEi mape, W IIaroM BHH3, €CJIM OH — Gosbmmii 3emeHT. OueBuaHO,
YTO OMPEENEHHBIH TAKUM 0Opa30M MYTh NEHCTBATEILHO ABJISIETCS MyTEM
Juka. TTocMOTpUM, CKOJIBKO MHBOJIONUI §€3 HEMOIBUKHBIX TOUYEK COOT-
BETCTBYIOT JaHHOMY nyTu Jluka. Bymem mocienoBaTesbHO CTPOMTH BCE
WHBOJIONWAN, OTBEYAIOIINE JAHHOMY IyTH. IlyCTh 1OC/E MEePBBIX | IMIaros
My Th TMOAHSJICA HA BBICOTY h. DTO O3HAYAET, YTO B KAXKIOH CTPOAIIEHCS
MHBOJIOIMY 063 HEIOABU2KHBIX TOYEK BbLIEJIEHbI f 3JIEMEHTOB, SABJIAOIII-
€Csl MEHBIIUMHU B CBOUX I1apaX, KOTOPBIM €IIEe HE COMOCTABJIEH GOJBIIUIL
snement. Eciu (1 + 1)-it mwar gsjisiercsd maroM BBEpX, TO 3jeMeHT i + 1
MEeHbIuil B CBOEH Nape 1, 3HAYUT, Y HAC €CTh €IUHCTBEHHAS BO3MOXKHOCTD
IPOIO/KUTE HHBOMIONNIO. Eemn ke (7 4 1)-if mar maer BHU3, TO MBI MO-
JKEM IIPUCOEJMHHUTH dJeMeHT i + 1 K OHOMY W3 h MEHbIIMX JIEMEHTOB
B ellle He JOCTPOEHHBIX Mapax. A 3TO W 03HAYAET, YTO KPATHOCTH BEKTO-
pa, CIYCKAIIErocsi ¢ BBICOTHI h, MOJKHA paBHATbC h. B) [YkazaHwe:]
ConocraBbre KaxK/0MY OJUHOYHOMY 3JIEMEHTY (T.e., HEIOABUKHON TOUKe
UHBOJIIOIMHN ) TOPU3OHTAIbHBINA BEKTOP U BOCIIOJIB3YHTECh DElIEHUEM 3313~
qn 6). a) [Ykazanue:] Hucao n! paBHO 4yuciay nepecraHOBOK MHOMKECTBA
{1,...,n}. Besakas mepecTaHOBKa PACKJIAIBIBACTCS B IPOM3BEICHNAE HE3a-
BUCHUMBIX IIUK/I0B. COIOCTABUM IIEPECTAHOBKE MyTh B Tpeyroabhuke Jluka,
[IOCTABUB B COOTBETCTBUE MUHUMAJILHOMY 3/IEMEHTY B KaXKJIOM IIUKJIE BOC-
XOIAMHUI BEKTOP, MAKCUMATBLHOMY — HHACXOISAIIAN, & BCEM OCTANBHBIM —
rOPU3OHTAJLHBIE BEKTOPHI.
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0.82 Ilycrs y(s) = >..° ; ans". Koaddunuenr npu s™ B sepoit wacru audde-
PEHIMAILHOTO YPABHEHHA PABEH

(n+ napt1 + (n = 1)ap41 — 4na, — 2a, =0,

OTKYda
2(2n+1)
a 1= V5 anp.
n—+ (n + 1)2 n
2n
Tenepb JIETKO IIPOBEPUTDH, ITO IIOCJIEA0OBATECJIbHOCTD Ay = (n )/n' yaosJie-
TBOPACT 3TOMY PEKYPPCHTHOMY COOTHOIICHHIO.

0.86 IpomuddpepeHImpoBaB MPOUBOISIIYO (DYHKITHIO

y(s) = /2 /6752/2 =ag+ais+axs®+ ...,

Tory1aeM
y/ — 8632/2/6—52/2 + 1= Sy+ 1.

C yuerom pasencrsa y(0) = ag = 0, 370 nudpdepeHuaibLHOe ypaBHEeHUe
9KBUBAJEHTHO PEKYPPEHTHOMY COOTHOIIEHUIO (N + 1)dp41 = Gp—1, OTKYAA
aon = O, aon—1 = 1/(2n — 1)”
L
=8+ =+ —=+—-+...
Y 3 7157 105

0.87 [Vkazanue:] Boconb3yiiTech nponspogsineit GbyHKImel 118 MHOTOYIEHOB
Yeo6wimesa u3 3agaun 0.73.

.5 Pemenus 3ama4q riaer 0.25

0.89 Juddepennmpyst Mmuorousied Adesst, moIydaemM
(@) = (et = (@4 n)" ™+ (o= e +n)"
= nx+1)(z+n)""?=néA, 1(z),
910 U TpeboBaIOCh. TeM cambiM,
%5,/1”(30) =nA,_1(x),

rae 6_ — casur Ha —1. Tem caMmbiM, %5_ €CTh JeIbTa-ONepaTop sl TM0-
clemoBaTeIbHOCTH MEOTOWIeHOB AGess. [TocKOMbKY OH IepecTaHOBOYEH C
OIIEPATOPOM CIABUTA, MOCAEIOBATENLHOCTE AGensa OHHOMUANBHA.

0.92 [Ykazanue:] D10 MHOrOUJEHHI 1,7, 22 — 2z, 23 — 622 + 122, 2% — 1223 +

6022 — 120z, .. ., 3amaBaeMble obmreit hOPMyIIOit
n
(k)
pn(T) = Z(—l)kmﬂf k.

k=0
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CpaBuute B OUHOMHAJILHOM TOXKJIECCTBE /s MHOrOWICHOB Abess 3Hade-
Hua Ko3bburmentos mpu a) x2y; 6) z2y?.

IIycrs
o0 tn
. _ . _ xe(t)
Az, t) = E An(l)—n! =e

n=0
— IKCIIOHEHITHAJIBHAS TIPOU3BOIAIIAS (DYHKITHS JJIsI TOCJIET0BATETLHOCTH
MHOrOWIEHOB AbGerns. PackiaapiBas mpaByio 9acTh MOCIETHETO PABEHCTBA
110 CTEIeHAM X, yOexgaeMcs, 9T0 KOIMPUIMEHT IPH £ B 9TOM Pa3JI0Ke-
uun coBrnagaet ¢ ¢(t). C apyroif CTOpoHbI, B JIeBOH 9acTu 310T Ko3dbduim-
€HT COBMAJAET C TMOCJIEI0BATENHHOCTHIO JIMHEHHBIX UJIEHOB MHOTOYIEHOB
Abens, nenennbix Ha dakrTopuas ux HoMepa. Ilosromy

o0

c(t) = Z n"ilg.

n=1

Ipumenus genbra-oneparopa A GUHOMHAIBLHOM [I0CIe10BATEILHOCTH MHO-
rowieHos po(z),p1(x), ... K 3KCHOHEHIUAIBHON POU3BOAAIIEH PYyHKUMN
zc(t) 3 t?
e :pg(:L')erl(x)F +p2(m)§+...,
LIOJIy YHM

t'll

i temc(t) .
n!

o0 tn 0
Aerct) — Z Apn(m)ﬁ = Z Anpy,—1(x)
: n=0

n=0

ITosToMy sKCHOHEHNIHAIBHAA TPON3BOIAIIAA (DYHKITHA [1a JTI000H moce-
nosarenbroctu [leddep npeodbpa3yercs mom AefiCTBHEM [AeIbTa-OIEPATOPA
JJIS COOTBETCTBYOMNIE OMHOMUAIBHON MTOC/IEIOBATETFHOCTH MHOTOUIEHOB

0 [PABUITY
Aa(t)e™® = ta(t)e™®,

D10 m o3Hamaer, 9o As,(x) = ns,_1(z). OGpaTHOE YyTBEPKICHAE TAKKE
OYEBHTHO.

MHoOro4ieHs JpMuTa:
Ho(x) 1
Hi(z) = =
Hy(z) = z2*-1
Hsy(z) = 2°—3z
Hy(r) = a*—62>+3
Hs(z) = x°—102° 4 15z
Hg(x) = 2°%— 152" +452% — 15
Hy(z) = 2" —212° +1052% — 105z
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Muorodiensl Jiirepas

Ei(z) = x—1/2
Fy(z) = 22 -2
3 1
Es(z) = x3—§x2+1
Eyz) = ao*—22%+x
5 5 1
E _ 5_2.4 9 2 1
5 () @’ — 5 + 5% 5
Es(z) = °%—32°+52% — 3.

Mmuorounernst Beprymnm:

Bo(z) = 1
Bi(z) = x-1/2
Bo(x) = a2 —x+1/6
Bs(z) = % — §x2 + lx
T 27 T2
1

By(z) = a*—22% 2% - 30

5 1
Bs(z) = °— 51’4 + §x3 e

5 1 1
Bg(x) = %325+ Zat 2+ —

0.104 DkcroHEHITHATBHAS TPOU3BOIASIIAS (DYHKIMS JJI MHOTOWIEHOB DPMUTA,
UMeeT BUT,

+2

oo tn
Z H,(r)— =e Ze".
n!
n=0
[Mpomubdepenimporas 0be YacTH ITOrO PABEHCTBA 1O ¢, MOJLYIaeM

tn_l 2 2

oo oo m
Z Hn(l‘)m = —te 2 ezt + $€_7€It = (l‘ — t) ZHR(J?)E
n=1 n=0
t’V
n
PpaBEHCTBa U JAET Tpe6yeMoe TO2KIECTBO.

g3
Cpapnenne K03(bMUITCHTOB IPK 7 B JIEBOH 1 MPaBOi JaCTAX HOCIETHETO

0.106 IIyctes f = f(s) — mpoms3BOMBHBIA cTeneHHON psf. TT0OCKOTBKY

d’n

e xt :tnewt
X

€

)
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OYeBHTHO,

d xt xt
f <da:> et = f(t)e™".

Bocnonbsyemcst 3tum paxkToM, TpUMEHUB P oT g pepeHnnpoBanmii

d/d o -
ed/{iif_l K 9KCIOHEHITHAJTBHON IPOU3BOAsAIIeH (PYHKITUN s MHOTOY/IEHOB
I’VL

> n
§ anf _ ea:t
n'
n=0
TTonyaum
4 t
dx eact — emt
ed/dr _ 1 et —1" 7

T.e. B TOYHOCTHU IKCIIOHEHITHAJBHYIO MPOU3BOAAIIYI0 (DYHKIIUIO JIJI MHO-
rounenoB bepaynnmm, 910 n TpeboOBaIOCH.

0.107 IIpoauddbepennnpoBas o T JEBYIO YaCTh IOKA3BIBAEMOIO PABEHCTBA, II0-

JTYyIUM
/

<./:+1 B"(f)df) — Bu(x+1) — By(z).

MBI XOTHM JTOKA3aTh, YTO ITOT MHOTOUJIEH paBeH na” 1. DKCIOHEHINATb-
Hasl TPOU3BOIANIAs (DYHKITUS /IJIsi MHOTOYIeHOB bepHynnu nMeer Bus

o0

tn t
T

n=

TToaroMy 3KCIOHEHIMAILHAS TPOU3BOAAIIAs DYHKIUSA ISl CIBHHYTHIX
muorounenos Bepuysnu By, (z + 1) paBHa

(o)

" t tet t

P (1+1)t _ xt __ xt xt
nE:OBn(x+1)n!_7et—1e _76'5—16 =te +7et—1e .

(O6paruTe BHUMaHHWE HA TO, YTO 3aMEHA T HA T + 1 — jmomycrumas ore-
parns, MOCKOJBKY 9TO IOACTAHOBKA B MHOTOWJIEH, 3 HE B OECKOHEUHBIH
psif.) PasHoCTh 9THX ABYX SKCTOHEHINANBHBIX TPOW3BOMASIIMX (hDYHKIWIT
paBHa te®!, T.e. ABIAETCA IKCIIOHEHIMAIBHON MPOU3BOMATIIEH dyHKIHEH
IS MHOTOU/IEHOB Nz~ !, 4ro u Tpe6oBaIoch.

0.108 @ukcupyeMm HATYpPATbHOE YUCJIO N. JKCIOHEHIHATbHAS TPOU3BOAAIIAIL
(hYHKIH 71T CYyMM CTEIEeHeH HATYPAJIbHBIX YHCE] OT 1 10 N PaBHA

> ok ﬁ = Oolktj OOthj 3 ki
21O IR EEND WECARD SERRURED DY ie
k=0 \m=1 k=0 k=0 k=0

e(n+t _ ot

t 2t nt
et+et+---Fe
et —1
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0.113

0.115

0.116

0.117

0.118

(B nocsienpeM paBeHCTBE Mbl BOCIIOJIL30BAIUCH (DOPMYJION J1jist CYMMbI KO-
HEe4YHO reomerpuyeckoii nporpeccun.) C Apyroil CTOPOHBI, SKCIOHEHIIU-
abHas MPOW3BOAANIAd QYHKINA /18 MHOroweHoB Beprysm npusoauT
K PaBEHCTBAM

& tk te(n+1)t e t}c t
By 1)— = —— Br(0)— = ——.
;) A ZB e

PasnocTh mocmeqHuX IBYX 9KCIOHEHIMAIBHBIX TPOU3BOIAIINX (DYHKITHHI
COBTIAIAET C IKCIOHEHIIMAIBHON MTPOU3BOAsAIIei (DYHKIMEH 11 CYMM CTe-
TIeHel, YMHOXKEHHOHM Ha t, 9TO B TPebOBATIOCH.

Pentenusa 3ama4 ramaBoer 0.32

1ot Ko PUIHEHT paBeH KOJUIECTBY pa30UeHNH YUCIa 1 HA M MOTapPHO
Pa3JIMYHBIX 4YacTe.

[Vkasanue:] Bocrionbsyiimech mpecTapieneM pa3onenns B BUe JUarpam-
Mbl FOHra n nmpuMeHnTe OTpaykKeHue OTHOCUTEILHO TMATOHAJN JTOH 1na-
rpaMMBbl.

9To PAaBEHCTBO ABJIACTCA CJICACTBUEM DAaBEHCTB

115 = (I+s)(1+s)1+sH)1+5%). ..,
1—7153 = (141 +s1+sH 1+,
1_—185 = 1+ 4+ +s2)(1+5).. .,

ITepBoe 13 3TUX PABEHCTB 9TO YTBEPKACHHUE O TOM, ITO KarKA0€ HATYPATIb-
HOC YMHCJIO €IUHCTBCHHDBIM O6p330M 3allUCbIBACTCA B /IBOI/I“IHOI../’I CHUCTEME
cunciennst (cp. ¢ 3amaueii 0.114). Bee ocraiabHbIe pDABEHCTBA TIOIYYAIOTCS
U3 MEPBOTO MOJACTAHOBKOIA.

[Vkazanue:] Cm. 3amaqy 0.116.

a)7 YsieHbI pa3/IOKEHNS B P IO CTEIEHIM [TePEMEHHON S GECKOHETHOTO

IPOU3BEACHNUA
0o

[T—sm (1)

n=1

B3aMMHO OJHO3HAYHO COOTBETCTBYIOT quarpammam FOHra ¢ momapHo pas-
JUYHBIMEA 9aCTAMH. 3HAK COOTBETCTBYIOIIETO YJI€HA PABEH KOJUIECTBY

7 Toxazarenscreo ciaexyer 1. Pak, The nature of partition bijections. I. Involutions
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CTPOK B JuarpamMme. YUJIeHBbI pa3loXKeHWs B PAJ MO CTENeHdIM MepeMeH-
HO# $ OECKOHEYHOTO TPOM3BEICHUS

oo

H 1 _157L (2)

n=1

B3aMMHO OJIHO3HAYHO COOTBETCTBYIOT nuarpammam FOwra. 3HaK cooTBeT-
CTBYIOIIETO LJIEHA PAaBEH KOJIWYECTBY CTPOK B AMarpamMme.

Bosbmem gmarpamvy FOHra co ¢TpoKamMu pasiumyaHON JJIMHBI, OTBEYAIO-
UIYI0 HEKOTOPOMY MOHOMY W3 paszjoxkenusd npoussenenud (1). Ormernm
HOCJIEHION KJIETKY B KaXKI0i CTPOKE 3TOM AuarpaMMbl. BCTaBUM CTPOKH
9TOH JuarpaMMbl B guarpammy HOHra, OTBEYAIONLYI0 HEKOTOPOMY YJIE€HY
Pa3JIOKEHUs B Psifl Mpou3BeneHus (2), TakuM 00pasoM, 4TOObI KarKIast
CTPOKa TEpBOH JMarpaMMbl LI HEMTOCPEICTBEHHO MOCHIEe BCeX CTPOK TOM
JKe JJIMHBI BTOPOH JuarpaMMbl. B pesynbraTe Mbl TOJIYYAM JUATPAMMY
FO#nra, HEKOTOPBIE YIJIOBBIE KJIETKA KOTOPOi oTMedeHsr. Haobopor, nves
guarpammy FOHTa ¢ OTMEYEHHBIME YIVIOBBIMU KJIETKAMHU, MBI MOXKEM Pa3-
OUTD ee Ha JBE IUATPAMMDI, OIHA U3 KOTOPBIX COCTOUT U3 CTPOK C OTMEYEH-
HBIMU KJEeTKaM¥ (JJIMHBI BCEX CTPOK 3TOH JAMArpPaMMbI MOIAPHO PAa3/Iud-
HbI), & BTOpasi COCTABJIEHA U3 CTPOK, B KOTOPHIX HET OTMEUYEHHbBIX KJIETOK.
Takum 06pazoM, 377€MEHThL B pa3JioxKenuu npousseaenus psinos (1) u (2)
B3aMMHO OJHO3HAYHO COOTBETCTBYIOT auarpammam HOHra, HEKOTOpPBIE yT-
JIOBBIE KJIETKU B KOTOPBIX OTMEYEHbI. 3HAK TAKOIO 3JIEMEHTA COBIIAAET C
YeTHOCTBIO KOJIMYECTRA CTPOK B auarpamme FOwnra.

JasibHeitiee paccyzK/€Hne AHAJOIMYHO HCIIOJb30BAHHOMY IMPH J0Ka3a-
TenbeTBe TeopeMbr (0.34.1.

OnpenennM UHBOJTIONHIO Ha MHOXKecTBe nuarpaMuM FHOHra, HeKoTopble yr-
JIOBBIE KJIETKU B KOTOPBIX OTMEYEHbBI. DTa WHBOJIIOIINS 3aTPATUBAET CaMBIi
MpaBbIi CTOMOEI] M CAMYI0 HIKHIOI CTPOKY B nuarpamme. Ecim koymde-
CTBO HEMOMEYEHHBIX KJETOK B IPABOM CTOJOIE AMArPAMMBI MEHBIIE, Y€M
JUIMHA HUKHEN CTPOKH, TO MBI OTPE3aeM MPAaBbIil CTOJIOEI U TPUKIEHBAEM
K JuarpaMme B KadecTBe HOBOHM HUKHeH cTpoku. Ecaw mpu 9TOM HUK-
HeAA KJIETKa CTOJI01a ObL1a TOMEYEHHOH, TO MBI 9Ty ITOMETKY yOupaem, u
Haobopor. Ecm ke KOMMYecTBO HEMOMEUEHHBIX KJIETOK B HUXKHEH CTPO-
K€ IMarpaMMbl MEHBIIE, Y€M BBICOTA, IPABOTO CTOJOIA, TO Mbl TOCTYIIAEM
Ha000POT, OTPe3ast HIKHIOK CTPOKY W MIPUKJIENBAsS €€ B Ka4eCTBE IIPABO-
0 CTOJOIA AUATPAMMBI. ZICHO, ITO MPH TaKOM TPeoOPA3ZOBAHUHN IETHOCTD
KOJIMYECTBA CTPOK B JHArPAMME MEHSETCS HA MPOTHBONOIOXKHYI. CooT-
BETCTBYIOIIHE UM UJIEHBI PA3TOKEHUS UMEIOT TPOTUBOIOIOKHbBIE 3HAKU U
B3aUMHO YHUUTOKAFOTCS.

Onpenenernoe BhIe MpeobpPa30BaHNE HETPUMEHNMO K auarpamMmam HOH-
ra CHEAYIONMX YeThIPEX TUIIOB: MPAMOYrojibHUKaM 1 X (r + 1) 6e3 orme-
YEHHBIX KJIETOK, MpAMOyrojibHukam (r + 1) X 7 ¢ oTMedeHHOH yriioBoil
KJIETKOM; KBaJpaTaM r X r ¢ OTMEYeHHOH Tub0 He OTMEYeHHOH yTJI0BOM
kieTkoil. C TakuM¥ JAuarpaMMaMi Mbl HUY€ro Jearh He Oymem. UmeHbt
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0.119

0.121

0.122

0.124

PAa3IOXKEHU, OTBEUAIONTHE TUArpaMMaM TEPBLIX IBYX TUIIOB, TMEIOT TTIPO-
TUBOMOJIOXKHBIE 3HAKYA U B3AUMHO YHUUYTOXKAIOTCA. LIT€HbI IPON3BEICHUS,
OTBEYAIOIINe KBAAPATaM, 1 00Pa3yI0T OKOHYATEIHHOE €r0 PA3IOKEHNE.

[Iycts HA mpaMO#l PACIONIOXKEHO N IMAPHUKOB. lIpemcrapienue ducia n B
BUJE CYMMBI Kk HATYPaJbHBIX CJIAraeMbIX — 3TO pasmemnienue k — 1 majo-
9eK B N — 1 MPOMEXKYTKAX MKy MApUKaMu, He DoJjiee, 9eM 10 OIHOM B
npoMexkyTKe. [109ToMy MCKOMOe YCI0 PABHO

(n11)+(”21)+...+<2_1>2n11'

Jns oqmoil mepeMeHHOH Beca ¢ NpoW3BOAsAas (QYHKIHS HOPOKIAEMBIX
eit moroMoB mMeet B 1/(1 — s?). B ciiydae HeCKOMBKIX MePEMEHHBIX CO-
OTBETCTBYIOIUE MM MPOU3BOAAIINE DYHKIMHE TIePEMHOKAIOTCA. 110oToMy
MCKOMas TPOM3BOAAMAA HYHKIMA PABHA

1
(1—s)(1 —s2)2(1 — s3)as ...

a) Bocnonbsyemest hopmyiioit Ditnepa

P =T ==

Nmeem
P'(s) ;- 1 2s 352 B
SP(S) = s(log(P(s))) = s <1 — + T + T Jr) = X(s),

MOCKONBKY Ko3durment mpu s°" B pasioxkenun B psiy n-oit 1pobu pa-
BEH N, a BCe ocTajbHble K03 duiments paBubt 0.

6) Cpasaum K03(DGHUIMEHTH! TpK §™ B JIEBOH UM IPABOHl 4acTAX PABEHCTBA
sP'(s) = P(s)X(s). omyaum

NPn = PoOn + P10n—1+ -+ Pn-101-
Otcrona, yuurbiBas TO, 4TO py = 1,

On =MNPp —P10pn—-1 — **° — Pn—-101-

D10 yTBEpKACHUE O3HATALT, 9T0 KomuaecTBo nuarpamMm FQHra ¢ mepumer-
pom 2n pasuo 2"~ 2, JTuarpamma IOunra umeer nepumerp 2n B TOM U TOJIb-
KO B TOM CJIy4ae, eCiau CyMMa KOJNYIECTBA CTPOK W KOJMIECTBa CTOJIOIOB
B Heil paBHa n. Kak HETPYIHO BUIAETH, KOJUYECTBO AUArpaMm ¢ k CTpo-
Kamu u N — k croabuamMu paBHO (Z:f) CyMmMmupysi 37 OMHOMUAJIbHBIE

K03 UIUEHTH TI0 BceM k, MBI IOIyIaeM B TOIHOCTH 2" 2.
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0.129
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[Ipoussomsimast byHKms s guces pa3dueHUil Ha, JYACTH, HE TPEBOCXO-
nampe c, pasaa 1/((1 — s)(1 — s?)...(1 — s°)). Ecu cropona KsampaTa
Hopdu nannoit auarpaMMbl FOHra pasHa ¢, TO, BHIKUHYB U3 JIUarPaMMbl
ee kBaapar Jdropdu, Mbl nosydaem Ase auarpaMmmbl FOHra, ogHa u3 KOTo-
PBIX COCTOUT U3 He DOJIee UeM ¢ CTOJOIOB, a Apyras — u3 He Dojee, YeM ¢
crpok. KomuuecTBa u Tex, U APYrux JUATPAMMBI OTTUCHIBAIOTCS TTPOU3BO-
gameil GyHKImen A8 qucesi pa3OueHns Ha JACTH, HE TPEBOCXOISINNE C.
VunrbiBass, 4To B camMoM Kpajapare Jiopdu comepxures ¢ KIeToK, 3a-
KJIIOYaeM, 9TO UCKOMAasA [POU3BOALIAS (PYHKIMA PABHA

2
SC

(1—5)(1—52)...(1 —59))%"
[Ipoussomsinast pyHKIMS 1151 IUCTIa pa3bueHnil, B KOTOPHIX Y€THBIE YACTH
MOTYT BCTPedaThCss He Bojiee OMHOrO pal3a, paBHA,
(1+sH)(1+sY)(1+5%...
(1—5)(1—s3)(1—s%)..."
C mpyroi#t CTOPOHBI, TPOU3BOAANIAS (DYHKIUS s YUCHa pa3buenuii, B

KOTOPBIX HUKaKas YaCTh HE [OBTOPSETCs OOJIbIIe TPEX pa3, UMEET BUJL
1—st1-5% 1512

I4s+57+8%) (1457 +s'+5) (145 +50+5%) - = : :

( ) ) ) e 1 2 1

VMHOKIUB KaykIylo n3 mpomssoasammx ¢yrkmmit #a (1 — s)(1 — s3)(1 —

s%) ..., IPUXOANM K HEOOXOIMMOCTH JIOKa3aTh PaBEHCTBO

Cl-st 1-s® 15"

C1—s2 1—st 1-—46""7

(1+s)1+sH1+s% -
KOTOpOE€ OY€BHUIHO.

[Ykazauue:] Boctionb3yiitecs orpazkenuem auarpammbl FOnra orHocuTesis-
HO JIMATOHAJIH.

[Vkasanne:| Tlponssogsimas GyHKIMsT 17151 Gnces pa3OueHnii, B KOTOPHIX
HU OJIHA YaCTh HE BCTPEYAETCS POBHO IO OJHOMY pal3y, NMEeeT BHJ

o0 1 .
nHl<1_sn‘5‘)-

[Tokakem, Kak 3TO TOXKJIECTBO HOKA3bIBaeTcs mpu k = 2; B obimem ciy-
Jae paccyzKIeHue aHaJorMYHO. HaM Hy»KHO IPOCYMMUPOBATH MOHOMBI
min(m, n)s™t", m,n > 1. ITu MOHOMBI 0OPA3YIOT KBAJAPAHT

=

std 2825 3530 Astt®  5sOt0
sttt 282t 353t Asttt 4504
st3 25283 35313 353 35543
st 25212 25312 2542 255t
st s%t s3t st 5ot
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Pazobmem 3TOT KBaApaHT HA TPU Y9aCTH — [AUATOHAJB, TOIIUATOHAJIHHYIO
U HAJIUATOHAJIBbHYIO — W TOACUYUTaEeM CYMMY MOHOMOB B KayKJ0#M 9acTu
o oraensHocTr. CyMMa HadAuaroHAIBLHBIX 3JIEMEHTOB PABHA,

(st? + st3 + stt 4. ) + (2823 + 2521 42525 +..) +
st? + 2523 + 353t " _ st? 1
1—t 1—t 1-—t 1=t (1—st)?

(B33t 43535 + .. )+ =

Ananornyso, cyMMa HOIIUATOHAIBHBIX 3JIEMEHTOB PaBHA
5%t 1
T_s(—s0)?
a CyMMa JIMarOHaJbHbBIX 3JIEMEHTOB PaBHA
st

1—st)2

CyMMUpys 9TH TPHU CJIATAEMBIX, TTOJIYIaeM TpeOyeMbIil pe3yibrart.

.7 Pemienunga 3aga4 raasbel 0.36

0.135 [Ykazanue:] dra mwromaap papa ™ —a — § — 7.

0.138 [Vkazanne:] Paccmorpure corenyioniue k CBOWCTB HATYPATbHBIX YHCes OT 1
JI0 M: CBOMICTBO C HOMEPOM ¢ COCTOHT B TOM, 9TO YHCJIO JEIUTCA Ha P;. To-
ITJa UCKOMOE€ YMCJIO PaBHO KOJIUYECTBY YHCE]I, HE O6J'Ia,,ﬂ;aIOH_H/IX HH OJHHUM
U3 9TUX CBOHCTB.

0.144 115 5KCIIOHEHITHATBHON TPOU3BOAAIIEH (DYHKIMH 71 9UCIIa OECITOPSIKOB
D(s) =3 d,s™/n! nmeem

1 1 1 1 1 1\ 5 1 11 1Y\ 4
+ -1 s+ _ﬂ—i—i s+ —ﬂ-l-a—a s7+ ...

S
= (1+8+82+"')_(1+S+82+”')f

D(s)

[\S]

+(1+8+82+...)%—...

1—5

0.145 Bocronbp3yemcst TeM, 9YTO IKCIIOHEHTA €° — e uHCTBEeHHOe perrerue nudde-
pennnasnbHOrO ypagHenus f'(s) = f(s) ¢ HauanpHbIM yenosuem f(0) = 1.
IIpousBonHast HHTEPECYIOMEro HAC GECKOHEYHOrO IPOU3BEACHIS DABHA

oo ! oo
(H(l _ S")_“”/”) — Zlunsn—l H(l _ Sk')—uk/k-—l
n=1 n=1 k#n

e 1

[ =sm)in. o Hns"
1—gn’

n=1 n=1
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Yrobbl A0Ka3aTh, YTO MPOU3BOIHAS GECKOHEUHOrO IMPOU3BEICHHUST COBIIA-
JAET C HUM CAMHM, HeOOXOAUMO J0KA3aTh, YTO PE3YJIbTAT CyMMUPOBAHUSI
B ITOCJIEHEM BBIPAXKEHUHU PaBeH 1. Y MHOKUM 9TO BBIPAKEHNE HA S U TOJ-
cunTaeM Koybduuuent npu s B ero pasioKeHHH [0 CTENeHsIM HePeMeH-
HOI $. 9TOT KodbdurnumenT papex

> b,
n|N

e CYMMWpOBaHUWe wuiaerT mo Bcem meqmrensm n uucaa N. Ilockombky
dyukius Mebuyca obpaTna g3eTa QYHKINHA. YKA3aHHAsT CyMMa pasBHa 1,
ecin N = 1, u ona pasua 0 mpu Bcex ocTanbHBIX NV, 9T0 1 TpeboBaIOCH.

0.146 Bce mneannsr B anrebpe dyukimii Jupuxme rmasable. OHE HyMepyOTCs
HaTypaabHbiMu gucaamu. Unean Iy cocrout us pagos Jupuxie

oo
an

ns’
n=1

B KOTOPBIX OTJIMIHBI OT HYJIs JIUITh KOI(DMUITUEHTHI @), [JIsT WHIEKCOB 7,
penamuxcd Ha V. IIpocTele maeassr 310 uneanst I, Tie p IpocToe.

0.147 [OrBer:] Koadpdbuument a,, uckomoii dpyukuuu pasen 1, eciim n — Kpaapar
HATYPAJBHOrO YnCia, U 0 B MPOTUBHOM CJIyYae.

0.148 Nmeem
1 1 1 1 1 1 1 1
C(s)(s—a) = (1s+23+3s+4s+”') (}HX toetge t s +>

1 1 1 1 1« 2% 3% 4«
= F+7‘+7+7+'” f+7k+7+7+... ,

u TpedyeMoe yTBEeDPKIEHNE CTAHOBUTCH OYEBHIHBIM.

.8 Pemennga 3ama4 riaBbl 77
.9 Pemennga 3ama4 ryaBbl 77
.10 Pemienus 3ama4 riaaBbl 77
.11 Pemienns 3ama4 riaaBbl 17
.12 Pemienns 3ama4 riaaBbl {7

.13 Pemnienusa 3aga4 riaaBbl 77



