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Abstract

This paper is devoted to studying the problem of the sta-
tistical inference on the activity of jumps for a class of
the so-called time-changed Lévy processes, i.e., for the
processes in the form Ys = XT (s), where X is a Lévy
process and T is a non-negative and non-decreasing
stochastic process, which is referred to as time change.
First, starting from some natural assumptions on the
Lévy measure of X , we infer on the asymptotic behav-
ior of the characteristic function of Y . Next, we present
a new method, which allows to consistently estimate
the activity of small jumps in the difficult case of low-
frequency data.

1. Introduction

In modern statistics, Lévy processes are very of-
ten used to model financial time series. The popularity
of such models is based on their simplicity on the one
hand and the ability to reproduce many specific prop-
erties of the economic data on the other hand (see [4],
[11], [18]). In this article, we draw our attention to one
modification of this class of processes.

Consider two one-dimensional real-valued not nec-
essarily independent stochastic processes - X = (Xt)t≥0
and T = (T (s))s≥0. Let X be a Lévy process and T be
a non-negative, non-decreasing stochastic process with
T (0) = 0. Then the time-changed Lévy process is de-
fined as Y = (Ys)s≥0 = XT (s). The change of time follows
the idea that some economical effects (e.g., nervousness
of the market which is indicated by volatility) can be
expressed by “business” time, which runs faster than
physical time in some periods.

This underlined class of processes is very large; e.g.
Monroe [16] shows that even in the case of the Brownian
motion X , the class {Y} basically coincides with the
class of all semimartingales. The problem of statistical
inference for time-changed processes have got peculiar
attention in the past decade, see [5] for an overview.

In this paper, it is assumed that the discrete obser-
vations Y0,Y∆, . . . ,Yn∆ of the process Y = (Ys) are available
for some fixed ∆ > 0. So, we consider a low-frequency
setup, which is in fact more difficult, see the discussion
below. Another difficulty related to this model is that
neither the process X nor T is directly observable; this
leads to the problems related to the composite function
estimation (see [5]).

The paper is organized as follows. In the next sec-
tion, we present the aims of the research, and give a
short overview of the considered problems. Next, we in-
troduce the main object of our study, the time-changed
Lévy processes, and discuss the additional assumptions
on the processes X and T . Section 4 is devoted to
some preliminary remarks concerning the increments of
the characteristic functions of Y . Section 5 contains the
Abelian theorem for the underlined class of models. Es-
timation algorithm for the Blumenthal-Getoor index of
X is given in Section 6. Theoretical results showing the
consistency of the proposed estimators and the rates of
convergence are presented in Section 7. We provide the
reader with an numerical example in Section 8.

2. Aims of the research

This research has two aims.

1. The first aim is to derive the so-called Abelian
theorem describing the asymptotic behavior of the
characteristic function of increments of Y in terms
of the asymptotic behavior of the Lévy measure of
X at zero. Such Abelian theorems (and closely con-
nected to them the so-called Tauberian theorems)
are known in the literature for series and integrals
(see [15] and [20]); perhaps the most famous result
of this type is the Karamata Tauberian theorem
(see [7]). For the Lévy processes, the corresponding
result was proven by Bismut [8], and for the affine
stochastic volatility models - by Belomestny and
Panov [6]. The aim of this research is to prove the
Abelian theorem for a broad class of time- changed
Lévy processes, which in particular involves many



volatility models (see [10]).

2. The second objective of this article is to estimate
the characteristics of activity of small jumps. For
Itô semimartingales, Aı̈t-Sahalia and Jacod [1] pro-
posed a method which is able to consistently esti-
mate the so-called jump activity index in the case
of high-frequency data (i.e., under the assumption
that the frequency of observations tends to infin-
ity). It is emphasized in the paper by Aı̈t-Sahalia
and Jacod [1] as well as in other publications on
this topic, that the case of low-frequency data (ob-
servation horizon tends to infinity, when the fre-
quency of observations is fixed) is much more diffi-
cult; one may wonder if any kind of statistical in-
ference is possible in this situation at all. The first
results showing that a consistent estimation of the
BG index based on low-frequency data is possible,
were obtained by Belomestny [4] for the case of
Lévy processes. Later, this methodology was ap-
plied to a broad class of affine stochastic volatility
models (see [6], [17]). In this respect, the second
aim of the paper is to estimate the characteristics
of small jumps for time-changed Lévy processes.

More precisely, we are interested in the estima-
tion of the so-called Blumenthal -Getoor index,
which is in fact a quite reasonable characteristic
of the activity of small jumps (see [17]). For a one-
dimensional Lévy process Z = (Zt)t≥0 with a Lévy
measure ν , the Blumenthal-Getoor index of Z is
defined as

BG(Z) = inf
{

r > 0 :
∫
|x|≤1
|x|rν(dx) < ∞

}
.

From practical point of view, the importance of the
Blumenthal-Getoor index lies in the fact that it de-
termines the smoothness properties of the marginal
density of Z and has significant impact on the con-
vergence of different approximation algorithms (see
[12] and [13]).

3. Set-up

3.1. Lévy process X

In this paper, we assume that the process Xt is a
one-dimensional Lévy process on the probability space
(Ω,F ,P). This in particularly means that the charac-
teristic function of X allows the following representation

φ(u) := E
[
exp
{

iu>Xt

}]
= exp{tψ(u)} ,

where the function ψ(u) is called the characteristic ex-
ponent of X . The Lévy-Khintchine formula yields

ψ(u) = iµu− 1
2

σ
2u2 +

∫
R\{0}

(
eiux−1− iux ·1{|x|≤1}

)
ν(dx),

where µ ∈ R, σ is positive and ν is a Lévy measure on
R\{0}, which satisfies∫

R\{0}
(|x|2∧1) ν(dx) < ∞.

A triplet (µ,σ2,ν) is usually called a characteristic
triplet of the Lévy process Xt . In this paper, we as-
sume that

(AM) ∫
|x|>ε

ν(dx) = ε
−γ(β0 +β1ε

χ(1+O(ε))), ε→+0

with 0 < χ < γ < 2 and β0 > 0. This assumption is mild;
we refer to Panov [17] for the detailed discussion.

3.2. Time change

Let T = (T (s))s≥0 be an increasing right-
continuous process with left limits such that T (0) = 0
and for each fixed s, the random variable T (s) is a stop-
ping time with respect to the filtration F . This setup
is quite typical for the processes that are referred to as
time change (see, e.g., the book by Barndorff-Nielsen
and Shiryaev [3]).

In this paper, it is assumed that

(A1T) process T has stationary and ergodic incre-
ments;

(A2T) processes X and T are independent;

(A3T) the density function of T∆ allows the represen-
tation

p∆(x) = xα−1 f (x), (1)

with positive α and infinitely smooth function f (x).

4. Preliminary remarks

Our first remark is that the compound process Ys
is not a Lévy process, since the increments of it are not
any longer independent. This yields several technical
difficulties, see [5] for discussion.

As it was already mentioned in Section 2, the first
objective of this paper is to infer on the asymptotic be-
havior of the characteristic function of Yt+∆−Yt , which
is denoted by φ ∆(u) . It is worth mentioning that under
the assumptions (A1T) and (A2T),

φ
∆(u) = Eexp{T∆ψ(u)} ,

see [5], [9] for details. Therefore,∣∣∣φ ∆(u)
∣∣∣= Eexp{T∆ Re(ψ(u))} .

The expression in the right-hand side can be considered
as the Laplace transform of the density function of T∆

at the point −Re(ψ(u)).



5. Asymptotic behavior of the character-
istic function

The first theorem can be viewed as the Abelian
theorem for time - changed Lévy processes.

Theorem 5.1 Consider the process Ys := XT (s), where
the processes Xt and Ts satisfy the conditions (AM),
(A1T)-(A3T). Then the characteristic function of the
increments of Ys allows the following representation∣∣∣φ ∆(u)

∣∣∣=
cα

u2α

(
1−

τ1αdγ

u2−γ
−

τ2αdγ−χ

u2−(γ−χ)
(1 + o(1))

)
,

u→ ∞, (2)

with some positive constants τ1,τ2, and

cα =
Γ(α) f (0)

(1/2σ2)α , dγ = Γ(1− γ)sin((1− γ)π/2) .

The proof of Theorem 5.1 is based on analyzing the
asymptotic behavior of the characteristic exponent un-
der the assumption (AM) (see [17]) and the asymptotic
behavior of the Laplace transform (the so-called Wat-
son lemma, [14]).

In comparison with the representation for the affine
stochastic volatility models (see [6] and [17]), this re-
sult has at least two important drawbacks. First, the
main term in the asymptotic behavior of the char-
acteristic function involves the parameter α, which
is unknown. Second, the natural estimators of the
Blumenthal-Getoor index γ depend on the parameter
α, and therefore the estimator of α is included in the
estimator of γ ; such construction makes the proofs of
the properties of the latter estimator complicated.

6. Estimation of the Blumenthal -
Getoor index

The main idea is close to the methodology intro-
duced by Belomestny [4] related to the Lévy processes.
Similar ideas were later applied by Belomestny and
Panov [6] to the affine stochastic volatility models.

6.1. The first step: estimation of the char-
acteristic function

First, estimate φ ∆(u) by its empirical counterpart
φn(u) defined as

φn(u) :=
1
n

n

∑
k=1

eiu(Y∆k−Y∆(k−1)). (3)

Note that by virtue of the Birkhoff ergodic theorem (see
[2]),

1
n

n

∑
k=1

eiu(Y∆k−Y∆(k−1)) −→ φ
∆(u), n→ ∞,

almost surely and in L1. For further properties of the
estimator φn(u), we refer to [19].

6.2. The second step: estimation of α

Introduce a weighting function wUn(u) =
U−1

n w1(u/Un), where Un is a sequence of positive
numbers tending to infinity, the smooth function w1 is
supported on [ε,1] for some ε > 0 and satisfies∫ 1

ε

w1(u)du = 0,
∫ 1

ε

w1(u) logudu = 1. (4)

The examples of such weighting functions are given in
[17]. Define an estimate for the parameter α in (2) by

αn :=−1
2

∫
∞

0
wUn(u) log |φn(u)|du. (5)

This estimate can be alternatively defined as the solu-
tion αn = γopt of the following optimization problem:

∫
∞

0
w̃Un(u)

(
1
2

log |φn(u)|+ γ log(u)+ β

)2

du→min
β ,γ

, (6)

where w̃Un(u) is a smooth positive function on IR that
allows the representation

w̃Un(u) =
1

Un
w̃1
(

u
Un

)
with some function w̃1 supported on the interval [ε,1].

6.3. The third step: estimation of the
Blumenthal-Getoor index

Similar to (5), we introduce the estimator of γ by

γn(αn) := 2−
∫

∞

0
wVn(u) log

(
1− |φn(u)|u2αn

cαn

)
du, (7)

where Vn is a sequence of positive numbers tending to
infinity. This estimate also allows the representation as
the solution of the optimization problem in the spirit of
(6).

7. Properties of the estimators

7.1. Properties of αn

In order to see that αn is a reasonable estimate for
α, we introduce the deterministic quantity

ᾱn =−1
2

∫
∞

0
wUn(u) log |φ ∆(u)|du,

which can be seen as the theoretical counterpart of αn.
The next lemma shows that the quantity ᾱn is close to
the true value α.



Lemma 7.1 For any n large enough, it holds

|α− ᾱn| ≤C(1) τ1αdγ

(εUn)2−γ
, u→ ∞, (8)

where C(1) > 0 is not depending on the parameters of
the underlined model.

Next step is to show that αn converges to ᾱn in probabil-
ity. The exact formulation is given in the next theorem:

Theorem 7.2 Let the assumptions of Theorem 5.1 be
fulfilled. Let also the sequence Un be such that Un =
O(nq) with some positive q. Then

P
{ √

n
logn

|ᾱn−αn|> B(1)
1

U2α
n

cα

}
≤ B2 n−1−δ , (9)

where B(1)
1 , B2, and δ are positive.

Lemma 7.1 and Theorem 7.2 give that with a probabil-
ity larger than 1−B2n−δ−1,

|α−αn| ≤ |α− ᾱn|+ |ᾱn−αn|

≤ λ1 (Un)γ−2 + λ2
logn√

n
U2α

n ,

where λ1, λ2 > 0.
Taken Un such that the summands in this represen-

tation are equal to each other, we arrive at the following
rate of convergence:

P

{
|α−αn| ≤ Λ(α,γ)

(
logn√

n

)(2−γ)/(2α+2−γ)
}

> 1−B2n−δ−1,

where Λ(α,γ) > 0.

7.2. Properties of γn: case of known α

In this subsection, we assume that the parameter
α is known. Similar to Section 7.1, we introduce the
deterministic quantity

γ̄n(α) := 2 +
∫

∞

0
wUn(u) log

(
1− |φ

∆(u)|u2α

cα

)
du. (10)

Lemma 7.3 For any n large enough, it holds

|γ− γ̄n(α)| ≤C(2)
dγ−χ d−1

γ

(εUn)χ , u→ ∞, (11)

where C(2) > 0 is not depending on the parameters of
the underlined model.

Theorem 7.4 Let the sequence Vn be such that Vn =

o
(

(
√

n/ logn)1/(2−γ+2α)
)

. Then

P

{ √
n

logn
|γ̄n(α)− γn(α)|>

B(2)
1

αcα dγ

V 2−γ+2α
n

}
≤ B2 n−1−δ , (12)

where B(2)
1 , B2, and δ are positive.

Next, we combine Lemma 7.3 and Theorem 7.4, using
the ideas given at the end of Section 7.1 with respect
to the estimation of α. This methodology leads to the
following rate of convergence:

P

{
|γn(α)− γ| ≤ ϒ(α,γ,χ)

(
logn√

n

)χ/(2−γ+2α+χ)
}

> 1−B2n−δ−1, (13)

where ϒ(α,γ,χ) > 0.

7.3. Properties of γn: case of unknown α

This subsection is devoted to the realistic case of
unknown α. The next theorem is the main result of this
study. This theorem shows that the proposed estimator
of the parameter γ is consistent.

Theorem 7.5 There exist positive constants B and δ

such that

P{|γn(αn)− γ|

≤Ψ1V−χ
n + Ψ2

logn√
n

V 2α+(2−γ)
n + Ψ3V 2−γ

n logVn |αn−α|
}

> 1−Bn−1−δ ,

where Ψ1, Ψ2 are Ψ3 are some known functions depend-
ing on α and γ.

Corollary 7.6 From this theorem, one can choose the
sequences Un and Vn such that γn(αn) converges to γ in
probability. Moreover, one can choice the sequences Un
and Vn such that the rates of convergence in the case of
unknown α is the same as in the case of known α (see
the previous section).

8. Numerical example

Let us take for a Lévy process Xt the Brownian
motion Wt , and for a time change T (s)- the gamma
process with shape parameter a = 1 and scale param-
eter b = 1. It is a worth mentioning that the param-
eter α is equal to a, and the function f is equal to
f (x) = ba exp{bx}I{x ≥ 0}/Γ(a). The parameter γ is
equal to the Blumenthal-Getoor index of the Lévy pro-
cess, which is 2 in the case of the Brownian motion.

The estimation procedure for the parameters α and
γ was introduced in Section 6. Here we choose this pa-
rameters as the solutions of the optimization problems.
More precisely, we solve the optimization problem∫ Uup

Ulow

{
1
2

log |φn(uUn)|− γ log(uUn)−β

}2

du→min
β ,γ

,

where Ulow and Uup are truncation levels, Un tends
to infinity as n → ∞, and define the estimate αn =
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Figure 1. Boxplots of the estimate αn and boxplots
of the BG index estimate for different values of n
based on 100 independent simulation runs for the
time-changed Lévy model with Brownian motion as
the Lévy process and Gamma process as the time
change. True values are α = 1 and γ = 2.

−γopt/2. In this numerical example, we take n equal to
10.000, 50.000 and 100.000, and Un equal to 1, 2 and
3 resp. Truncation levels are equal to 0.1 and 0.5;
this choice is based on the observation that the em-
pirical characteristic function behaves (approximately)
linearly on the segment [0.1,0.5].

Next, we optimize the expression

∫ Uup

Ulow

{
log

(
1− |φn(uUn)|(uUn)2αn

cαn

)
− γ log(u)−β

}2

du

with respect to β and γ. and define an estimate γn(αn) =
2−βopt .

Figure 1 shows the boxplots of the resulting esti-
mates αn and γn as a function of n based on 100 inde-
pendent simulation runs.

9. Conclusion

In this article, we study the problem of estimat-
ing the Blumenthal-Getoor index from a low-frequency
observations of the time-changed Lévy process. We in-
troduce an algorithm and show that the proposed esti-
mator is able to consistently estimate the BG index.
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